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ABSTRACT

Integer Flows and Circuit Covers of Graphs and Signed Graphs
Jian Cheng

The work in Chapter 2 is motivated by Tutte and Jaeger’s pioneering work on convert-
ing modulo flows into integer-valued flows for ordinary graphs. For a signed graphs (G, o),
we first prove that for each k € {2,3}, if (G,0) is (k — 1)-edge-connected and contains
an even number of negative edges when k = 2, then every modulo k-flow of (G, o) can be
converted into an integer-valued (k + 1)-flow with a larger or the same support. We also
prove that if (G, o) is odd-(2p + 1)-edge-connected, then (G, o) admits a modulo circular
(2+ %)—ﬂows if and only if it admits an integer-valued circular (2 + %)—ﬂows, which im-
proves all previous result by Xu and Zhang (DM2005), Schubert and Steffen (EJC2015),
and Zhu (JCTB2015).

Shortest circuit cover conjecture is one of the major open problems in graph theory.
It states that every bridgeless graph GG contains a set of circuits F such that each edge
is contained in at least one member of F and the length of F is at most I|E(G)|. This
concept was recently generalized to signed graphs by Macajova et al. (JGT2015). In
Chapter 3, we improve their upper bound from 11|E(G)| to ¥|E(G)|, and if G is 2-edge-

connected and has even negativeness, then it can be further reduced to 4 |E(G)|.

Tutte’s 3-flow conjecture has been studied by many graph theorists in the last several
decades. As a new approach to this conjecture, DeVos and Thomassen considered the
vectors as flow values and found that there is a close relation between vector S'-flows and
integer 3-NZFs. Motivated by their observation, in Chapter 4, we prove that if a graph

G admits a vector S'-flow with rank at most two, then G admits an integer 3-NZF.

The concept of even factors is highly related to the famous Four Color Theorem. We
conclude this dissertation in Chapter 5 with an improvement of a recent result by Chen and
Fan (JCTB2016) on the upperbound of even factors. We show that if a graph G contains
an even factor, then it contains an even factor H with |E(H)| > 2(|E(G)|+ 1)+ £|V2(G)],

where V5(G) is the set of vertices of degree two.
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Chapter 1

Introduction

1.1 Notation and terminology

Graphs in this dissertation are undirected, finite, and may have multiple edges or loops.
Readers are referred to [4, 8, 50] for undefined terminology and notations. Let G be a
graph with vertex set V(G) and edge set E(G). For each vertex v € V(G), the set of
vertices adjacent to v (known as the neighborhood of v) and the set of edges incident
with v are respectively denoted by N(v) and E(v), and the degree of v is deg(v) = |E(v)].
A cycle is a connected subgraph of G in which each vertex has even degree, and a circuit

refers to a minimal cycle of G.

For each edge subset F' C F(G), we use G—F' to denote the subgraph of G obtained by
deleting all edges in F', and use G/F to denote the graph obtained from G by identifying
the two ends of each edge in F' and then deleting the resulting loops.

For each vertex subset X C V(G), we use G[X] to denote the subgraph of G with
vertex set X and edge set {uv € E(G): u,v € X}, and use G — X to denote the subgraph
of G by deleting the vertices in X together with the edges incident with at least one vertex
in X. For any two disjoint subsets A, B of V(G), we use E(A, B) to denote the set of
edges with one end in A and the other end in B, and e(A, B) to denote their number.
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A vertex v is a cut-vertex if G — {v} has more components than G. An edge set F
is a A-edge cut if |F'| = A and G — F has more components than G. A graph G is odd-
A-edge-connected if it contains no odd-(A — 2)-edge cut. The odd-edge-connectivity
of G is the smallest integer A for which G is odd-A-edge-connected. If F' = {e}, we simply
call e a bridge of GG. A graph G is bridgeless if G contains no bridges.

For any two subgraphs H, K of GG, we respectively use H U K and H N K to denote
the subgraphs of G induced by E(H) U E(K) and E(H) N E(K), and the symmetric
difference of H and K, denoted HAK, is the subgraph of G induced by (HUK )—(HNK).

1.2 Signed graphs

A signed graph is a graph G associated with a signature o: F(G) — {—1,1}. An edge
e € E(G) is positive if o(e) = 1 and negative otherwise. The set of negative edges of
(G, 0) is denoted by En(G, o). For signed graphs (G, o), every edge e € E(G) consists of
two half-edges, each of which is incident with one end of e. For each vertex v € V(G), we
use H(v) to denote the set of all half-edges incident with v. Let H(G) = U,cy(q) H(v).
For each half-edge h € H(G), we use e; to denote the parent edge containing h. An
orientation of (G, o) is a mapping 7: H(G) — {—1, 1} such that 7(hy)7(hy) = —0o(e)

for each edge e of GG, where hy and hy are two half-edges contained in e.

A circuit of G is balanced if it contains an even number of negative edges and
unbalanced otherwise. To generalize the concept of shortest circuit covers to signed
graphs, we introduced the concept of signed circuits, which is defined as follows (see
Figure 1.1):

e cither a balanced circuit,

e or the union of two edge-disjoint unbalanced circuits meeting at exactly one single

vertex (known as a short barbell),

e or the union of two disjoint unbalanced circuits together with a path that meets the

circuits only at its ends (known as a long barbell).
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A signed graph (G, o) is s-bridgeless if each edge of G is contained in a signed circuit.
The length of a signed circuit C' is the number of edges in C.

(7 LT T

A balanced circuit A short barbell A long barbell

Figure 1.1: Three types of signed circuits

For a signed graph (G, o), switching at a vertex v means changing the sign of each
edge incident to v such that in the resulting signed graph (G, o) o'(e) = —o(e) for each
edge e € E(v) and o’(e) = o(e) for all other edges. See Figure 1.2 for all illustration. Two
signatures are said to be equivalent if one can be obtained from the other by making a
sequence of switchings. Let X(q ) be the set of signatures (of G) equivalent to o. The
negativeness of (G, o) is defined as the smallest integer ¢ for which G has a signature

o' € X, with exactly ¢ negative edges, and is denoted by en(G, o)

o >

Figure 1.2: A switch at vertex v (bold edges are negative edges)

1.3 Integer-valued flows on signed graphs

In the flow theory, an integer-valued flow and a modulo flow are different by their

definitions. For graphs (equivalently, signed graph with all edges positive), Tutte [47]
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showed that a graph admits a nowhere-zero integer-valued k-flow if and only if it admits
a nowhere-zero modulo k-flow. We also notice that most landmark results were initially
proved for modulo flows (such as, the 8-flow theorem by Jaeger [20], the 6-flow theorem
by Seymour [42], the weak 3-flow theorem by Thomassen [44], etc.) and stated as an

integer-valued flow results due to the theorem by Tutte.

However, Tutte’s result [47] cannot be applied for signed graphs (see Figure 1.3). That
is, there is a big gap between modulo flows and integer-valued flows for signed graphs.

The first known result was proved by Bouchet [5] in his study of chain-group.

Theorem 1.3.1 ([5], Proposition 3.5). If a signed graph (G,o) admits a modulo k-flow
fi1, then it admits an integer-valued 2k-flow fo with supp(fi) C supp(fa).

In this dissertation Theorem 1.3.1 is improved for some important cases: modulo

2-flows, modulo 3-flows, and modulo circular (2 + é)—ﬂows.

1.3.1 Two analogs of Tutte’s flow theorem

Definition 1.3.2. Let (G,0) be a signed graph associated with an orientation T. Let k
be a positive integer and f be an integer-valued mapping defined on E(G) such that 0 <
|f(e)] < (k—1). Theboundary of f at a vertez v is defined as Of (v) = 3y, f(en)T(h).
The mapping f is a modulo k-flow of (G, o) if f(v) = 0 (mod k) for each vertex v of
G, and is an integer-valued k-flow of (G,0) if Of(v) =0 for each vertex v of G.

Let (G, 0) be a signed graph and f be a flow of (G, o). The support of f, denoted by
supp( f), is the set of edges e with f(e) # 0. A flow f is nowhere-zero if supp(f) = E(G).
For convenience, we respectively shorten the notations of nowhere-zero flows into integer-
valued k-NZFs and modulo k-NZFs. A signed graph (G, o) is said to be flow-admissible
if it admits an integer-valued k-NZF.

It is well-known that the admission of nowhere-zero flows is independent of its orien-
tation. For a signed graph (G, o), for convenience, we can always assume its orientation

is 7 without mentioning it.
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o———°

Figure 1.3: (G, o) admits a modulo 3-NZF, but no integer-valued 3-NZF.

In 1949, Tutte made the following observation.

Theorem 1.3.3 (Tutte [47]). A graph G admits a modulo k-NZF' if and only if it admits
an integer-valued k-NZF.

To verify Bouchet’s 6-flow conjecture [5] for 6-edge-connected signed graphs, Xu and
Zhang [51] proved the following two results, which generalize Tutte’s theorem to signed
graph with k& = 2, 3.

Theorem 1.3.4 (Xu and Zhang [51]). If a signed graph (G, o) admits a modulo 2-flow
f1 such that each component of supp(f1) contains an even number of negative edges, then

it also admits an integer-valued 2-flow fy with supp(fi) = supp(fa).

Theorem 1.3.5 (Xu and Zhang [51]). If a signed graph (G,o) admits a modulo 3-flow
f1 such that supp(f1) is bridgeless, then it also admits an integer-valued 3-flow fo with

supp(fi) = supp(fa).

In this dissertation, under the weaker conditions, we prove the following two results

which are analogs of Theorem 1.3.1 and respectively improve Theorem 1.3.4 and 1.3.5.

Theorem 1.3.6. If a signed graph (G, o) admits a modulo 2-flow f, such that supp(fi)

contains an even number of negative edges, then it also admits an integer-valued 3-flow

fo with supp(fi) = {e € E(G): fa(e) = £1}.
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Theorem 1.3.7. If a signed graph (G, o) is bridgeless and admits a modulo 3-flow fi, then
it also admits an integer-valued 4-flow fo with supp(f1) C {e € E(G): fs(e) = £1,+2}.

The concept of flows on signed graphs arises naturally as a dual of local tensions
on non-orientable surfaces. In 1983, Bouchet [5] proposed the following well-known

6-flow conjecture, which motivated most of the studies in this area.

Conjecture 1.3.8 (Bouchet [5], 6-flow conjecture). Every flow-admissible signed graph
admits an integer-valued 6-NZF.

This conjecture remains widely open and Bouchet [5] himself proved it is true with 6
replaced by 216. The best published result is 30-flow by Zyka [57]. Khelladi [27] showed
that for 4-edge-connected graphs, the upper bound can be reduced to 18 and was improved
to 4 by Raspaud and Zhu in [40]. Xu and Zhang [51] confirmed it for 6-edge-connected
signed graphs. Recently, DeVos [7] improved Zyka’s result to 12-flow, which is the best
approach until today. Readers are also referred to a recent survey by Kaiser et al. [26] for

more discussions.

As an application of Theorem 1.3.6 and 1.3.7, we further improve DeVos’ result to

integer-valued 11-NZF's for bridgeless signed graphs.

Corollary 1.3.9. Fvery bridgeless flow-admissible signed graph admits an integer-valued
11-NZF.

1.3.2 A generalization of Jaeger’s circular flow theorem
Definition 1.3.10. Let (G, 0) be a signed graph associated with an orientation T.

e Let k and d be two positive integers. An integer-valued (respectively modulo)
circular 2-flow of (G, o) is an integer-valued (respectively modulo) flow f such that
d<|f(e)| <k —d for each edge e € E(Q).

e Let p be a positive integer. The orientation T is a modulo (2p + 1)-orientation if
> ecH(w) T(€) =0 (mod 2p + 1) for each vertex v € V(G).
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When k = 3, Tutte’s theorem [47] implies that a graph G admits a modulo circular
3-flow if and only if it admits an integer-valued circular 3-flow. This result was generalized

to integer-valued circular (2 + %)—ﬂows by Jaeger [21] as follows.

Theorem 1.3.11 (Jaeger [21]). Let G be a graph and p be a positive integer. Then the

following statements are equivalent:

(A) G admits a modulo (2p + 1)-orientation.
(B) G admits a modulo circular (2 + %)-ﬂow.

(C) G admits an integer-valued circular (2 + %)—ﬂow.

For signed graphs, using an identical proof in [21], we can prove that (A) and (B) are
still equivalent. However, similar to modulo flows, the equivalent relation between (B)
and (C) does not hold for signed graphs (see Firgure 1.3). For more details, readers are
referred to [25], [34], [40], [41], [51], [56], etc.

The following are some early results on the equivalent relation between (B) and (C)

for signed graphs.
Theorem 1.3.12 (Xu and Zhang [51]). If a signed graph (G,o) is cubic and contains

a perfect matching, then it admits a modulo circular 3-flow if and only if it admits an

integer-valued circular 3-flow.

Theorem 1.3.13 (Schubert and Steffen [41]). If a signed graph (G, o) is (2p+ 1)-regular
and contains a p-factor, then it admits a modulo circular (2 + I%)—ﬂow if and only if it
admits an integer-valued circular (2 + %)—ﬂow.

Theorem 1.3.14 (Zhu [56)). If a signed graph (G,o) is (12p — 1)-edge-connected with
negativeness even or at least 2p + 1, then it admits a modulo circular (2 + %)-ﬂow if and

only if it admits an integer-valued circular (2 4+ ﬁ)—ﬂow.

In this dissertation, we generalize all results above as follows.

Theorem 1.3.15. If a signed graph (G, o) is odd-(2p+1)-edge-connected, then it admits a

modulo circular (2+ %)—ﬂow if and only if it admits an integer-valued circular (2+ %)—ﬂow.
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1.4 Shortest circuit covers of signed graphs

A circuit cover of a bridgeless graph G is a family C of circuits such that each edge of
G belongs to at least one member of C. The length of C is the total length of circuits in
C and the minimum length of circuit covers of G is denoted by SCC(G).

For ordinary graphs (signed graphs with all edges positive), the subject of shortest
circuit cover is not only a discrete optimization problem [17], but also closely related to
some mainstream areas in graph theory, such as, Tutte’s integer flow theory [1, 3, 10, 18,
23, 37, 52|, circuit double cover conjecture [24, 28], Fulkerson conjecture [11], snarks and

graph minors [2, 19].

In 1985, Alon and Tarsi [1] proposed the following conjecture that motivates the most

of the studies in this area.

Conjecture 1.4.1 (Alon and Tarsi [1]). Every bridgeless graph G has SCC(G) < 7‘EEEG)|.

The following are some early results related to Conjecture 1.4.1

Theorem 1.4.2 (Bermond, Jackson, and Jaeger [3]). Every graph G admitting an integer-
valued 4-NZF has SCC(G) < 42

Theorem 1.4.3 (Alon and Tarsi [1], and Bermond, Jackson, and Jaeger [3]). Every
bridgeless graph G has SCC(G) < m

Theorem 1.4.4 (Jamshy and Tarsi [24]). Conjecture 1.4.1 implies the Circuit Double

Cover Conjecture.

Theorem 1.4.5 (Fan [12]). Every 2-edge-connected graph G has SCC(G) < |E(G)| +
V(@) —1.

The relations between SCC(G) and Fulkerson conjecture, Tutte’s 3-flow and 5-flow
conjectures were studied by Fan, Jamshy, Raspaud, and Tarsi in [11, 10, 23].

It is natural to generalize the concept of shortest circuit covers from bridgeless graphs

to s-bridgeless signed graphs. That is, let signed circuits in signed graphs play the role of
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circuits in graphs. It is obvious (see [40]) that the switching operation preserves signed
circuits and thus the existence and the length of a signed circuit cover of a signed graph
are two invariants under the switching operation. For the topic of signed circuit covers,
it is convenient to say that G is a signed graph without mentioning the signature and
SCC(G) denotes the minimum length of signed circuit covers of G. Recently, the following
upper bounds for SCC(G) were first estimated in [36].

Theorem 1.4.6 (E. Macajova, A. Raspaud, E. Rollovéa, M. Skoviera [36]). Let G = (V, E)
be an s-bridgeless signed graph. Then SCC(G) < 11|E|. Furthermore, if G is 2-edge-
connected, then SCC(G) < 9|E|.

In this dissertation, we further improve Theorem 1.4.6 as follows.

Theorem 1.4.7. Let G = (V, E) be an s-bridgeless signed graph with negativeness ey > 0.

(1) In general, we have
.2 4
SCC(G) < |E| + 3]V| 4+ min g\E\ +gen - T, V]+ 2eny —8 5.
(2) If G is 2-edge-connected and ey is even, then

2 1
SCC(G) < |E| +2|V| + min {§|E\ + 36N ~ 4 V]+ ey — 5} :
Remark.

(a) Theorem 1.4.7 is an analog of Theorem 1.4.5 by Fan [12] that solves a long standing
open problem proposed by Itai and Rodeh [17].

(b) For a connected s-bridgeless signed graph G, G — En(G) is a connected ordinary
graph (by Lemma 3.4.3) and therefore |E| > ex + |V]| — 1. Hence, if G is an
s-bridgeless signed graph with ey > 0, by Theorem 1.4.7-(1), then

S00(G) < 1—34|E| - geN e 1—34|E|.
This is an analog of Theorem 1.4.3 by Alon and Tarsi [1] and by Bermond, Jackson,
and Jaeger [3].



CHAPTER 1. INTRODUCTION 10

1.5 Vector flows on graphs

The concept of integer-valued flows on ordinary graphs (signed graphs with all edges pos-
itive) was introduced by Tutte as a dual of map coloring problem. One of the major open
problems in this area is Tutte’s 3-flow conjecture: every 4-edge-connected graph admits an
integer-valued 3-NZF. Extended from a recent breakthrough in [44], this conjecture has
been verified for all odd 7-edge-connected graphs [32].

Theorem 1.5.1 (Lovdsz, Thomassen, Wu, and Zhang [32]). Every odd-7-edge-connected
graph admits an integer-valued 3-NZF.

Definition 1.5.2. Let T be a subset of vectors in the Fuclidian space R™ and G be a graph
with an orientation D. An ordered pair (D, ®) is a vector T-flow of G if ® : E(G) — T
such that, for each verter v of G,

D )= ), (o),
GEEB(’L}) e€EL (v)

where E}(v) and E,(v) are the sets of edges oriented away from and towards to v. See

Figure 1.4 for an illustration.

0,-1,-1)

(1,0,—1)

(—1,1,0)

(1,0,—-1)

(1,1,0) (1,1,0)

(0,-1,1) (0,-1,1)

(—1,0,-1)

Figure 1.4: A vector S?-flow of a graph G

Let S' denote the set of all vectors e in R? with ||| = 1. The following conjecture

motivates most of our research in this area.
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Conjecture 1.5.3 (Jain [22], vector S'-flow conjecture). Every 4-edge-connected graph

admits a vector S*-flow.

DeVos [22] and Thomassen [45] proved that a graph admits a vector S'-flow if it
admits an integer-valued 3-NZF. Thomassen [45] pointed out that a graph admitting a
vector S'-flow may not necessarily admit an integer-valued 3-NZF and presented a family

of examples showing that the converse is not true.

In this dissertation, we follow [45] and study the relation between the two graphic
properties: integer-valued 3-NZFs and vector S'-flows.

I. A graph G admits an integer-valued 3-NZF.
II. A graph G admits a vector S!-flow.

III. A graph G admits a vector Cs3-flow where C5 consists of three complex roots of the
unit.

It was asked by DeVos [22] whether I and IT are equivalent. The following theorem

responds to this question and unveils some relations between these two graphic properties.

Theorem 1.5.4 (Thomassen [45]).

(1) T and I1II are equivalent.
(2) I implies I1, but not vise versa.

(3) I and IT are equivalent for cubic graphs.

Recall that Thomassen [45] discovered a family of graphs that admit vector S'-flows
but no integer-valued 3-NZFs. See Section 4.2 for the detailed discussion. Due to the

existence of such counterexamples, it is natural to ask the following problem.

Problem 1.5.5. Characterize vector S*-flows for which II implies 1. That is, if G admits
a vector S'-flow (not necessary a vector Cs-flow) with certain properties, then G also

admits an integer-valued 3-NZF.
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The vector Cs-flow (described in III) is one of such examples for which IT implies I.

Problem 1.5.6. Characterize graphs for which II wmplies 1. That is, if G is a graph
with certain properties and admits a vector S'-flow, then G also admits an integer-valued
3-NZF.

The following is one of our main theorems, which is a partial solution to Problem 1.5.5.

Theorem 1.5.7. If a graph G admits a vector S'-flow with rank at most two, then G
admits an integer-valued 3-NZF'.

Note that all the vector Cs-flows (in III) are vector S'-flows with rank one. Theo-
rem 1.5.7, in some sense, is an extension of Theorem 1.5.4-(1) and is the study of the
converse of Theorem 1.5.4-(2). Theorem 1.5.7 is sharp in the sense that there are graphs
that admit vector S'-flows with rank three, but no integer-valued 3-NZFs (discovered by

Thomassen [45], see Section 4.2). In fact, we prove a stronger result as follows.

Theorem 1.5.8. If a graph G admits a vector S*-flow with rank at most two, then either
G is eulerian and thus admits an integer-valued 2-NZF, or G admits an integer-valued

circular (2 + i)—ﬂow for some positive integer p.

The following result is motivated by Problem 1.5.6 and extends Theorem 1.5.4-(3).
Theorem 1.5.9. Let G be a graph and V3 be the set of vertices of degree 3 in G. If G[V3]

is connected and G — V3 is acyclic, then I and 11 are equivalent (That is, G admits an
integer-valued 3-NZF if and only if G admits a vector S*-flow).

Remark. In one of Thomassen’s examples (see Figure 4.1-(a)), it is easy to see that

G[V3] has two components. Thus the condition that G[V3] is connected in Theorem 1.5.9
may not be dropped.

1.6 Even factors of graphs

An even factor of GG is a spanning subgraph of GG in which each vertex has a positive

even degree. If an even factor is 2-regular, then we call it a 2-factor of GG. In the following
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context, a [-circuit (resp. (> [)-circuit) is a circuit whose length is [ (resp. at least [).

Petersen’s theorem [39] says that every bridgeless cubic graph G has a 2-factor F'.
In [16], Fleischner improved this result and showed that if G is a bridgeless graph with

minimum degree at least three, then G has an even factor.

By applying the Matching Polytope Theorem [9] and Splitting Lemma [14], the size

of a maximum even factor was first estimated by Lai and Chen [29].

Theorem 1.6.1 (Lai and Chen [29]). If G is a bridgeless graph with minimum degree at
least three, then G has an even factor F such that |[E(F)| > 2|E(G))|.

Relaxing the requirements of bridgeless and minimum degree for graphs, Favaron and
Kouider [13] proved the following result.

Theorem 1.6.2 (Favaron and Kouider [13]). If a graph G has an even factor, then it has
an even factor F such that |E(F)| > %(|E(G)| + 1).

Chen and Fan [6] recently improved this ratio to %, which is the best possible. The
extremal graphs can be obtained from trees by blowing up each vertex with pairwise

disjoint K4 (complete graph of order 4).

Theorem 1.6.3 (Chen and Fan [6]). If a graph G has an even factor, then it has an even
factor F such that |E(F)| > 2(|E(G)| +1).

Our interest in this problem was motivated by the relation between V5(G) (the set of
vertices of degree two) and even factors. Let F' be any maximum even factor of a graph
G and subdivide one edge of F'. Note that F' generates an even factor F’ of the resulting
graph G’ and the numbers of edges of F' and G both increase by 1. The inequality in
Theorem 1.6.3 still holds, but the gap between the left side and right side is larger with
the increase in |Vo(G)|. Based on these observations, we conjecture that when |[V5(G)|

increases, the size of a maximum even factor gets larger.

Conjecture 1.6.4. There exists a constant ¢ > 0 such that every graph G having an even
factor F will have an even factor H such that |E(H)| > 3(|[E(G)|+ 1) + ¢|[Va(G)].
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In [6], Chen and Fan introduced an optimized edge-coloring technique. In this disserta-
tion, we adopt this technique and further introduce the concept of Q-subgraphs. Using the
discharging method, we confirm aforementioned conjecture and strengthen Theorem 1.6.3

as follows.

Theorem 1.6.5. If a graph G has an even factor F', then it has an even factor H such
that |E(H)| = 7(|E(G)] + 1) + 3|Va(G)|.

Remark. The family of extremal graphs in Theorem 1.6.3 shows that the first part
of the lower bound in Equation (5.8) (that is, 3(|E(G)| + 1)) cannot be improved any
more. We do not know whether the coefficient 1/7 of |Vo(G)| is best possible or not, but
the example of Figure 1.5 shows that it cannot be larger than 2/7. Note that G* has a

maximum even factor H* consisting of 4-circuits and satisfying

(Y| = 2B+ 1)+ 266 (1)

Figure 1.5: G*



Chapter 2

Flows on Signed Graphs

2.1 Proof of Theorem 1.3.6

Let (G, o) together with a flow f; be a counterexample to Theorem 1.3.6 such that |E(G)|
is minimized. Thus, G must be connected. In each of the following context, we are to
yield a contradiction by showing that (G, o) actually admits an integer-valued 3-flow fo

satisfying Theorem 1.3.6. For convenience, let B = supp(f1).
Claim 1. B # E(G) and each edge of E(G) — B is a bridge.

Proof. If B = E(G), then G is an eulerian graph containing an even number of negative
edges. By Theorem 1.3.4, G admits an integer-valued 2-NZF, say fo. If e* € E(G) — B is
not a bridge of G, let G’ = G—{e*}, then f; is a modulo 2-flow of G’ with |E(G")| < |E(G)|.
Thus, (G', ) admits an integer-valued 3-flow f; such that B = {e € E(G’): fa(e) = £1}.
In both cases, f is an integer-valued 3-flow of G satisfying Theorem 1.3.6. [

Claim 2. For an edge e € E(G) — B, denote by Q1 and Qs the components of G — {e}.

Then neither BN Q1 nor BN Qo contains an even number of negative edges.

Proof. Since B contains an even number of negative edges, BN, and BNQ5 contain the

same parity number of negative edges. Suppose to the contrary that each contains an even

15
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number of negative edges. For i € {1,2}, it follows from |E(Q;)| < |E(G)| that (Q;,0)
admits an integer-valued 3-flow g; such that BN @Q; = {e € E(Q;): gi(e) = £1}. One
can verify that fo = g1 + g2 is an integer-valued 3-flow of G satisfying Theorem 1.3.6. [

Now we first choose an edge e* € E(G) — B and denote its endpoints by z; and x5,
respectively. Let @)1 and Qs be the components of G — {e*} such that x; € V(Q;) and
x9 € V(Q2). Fori € {1,2}, let (H;,0;) be the resulting signed graph obtained from Q);
by adding a negative loop e; at x;. Denote B; = (BN Q;) U{e;}. It follows from Claim 2
that B; contains an even number of negative edges. Assigning fi(e;) = 1 and thus f;
is a modulo 2-flow of (H;,0;) with support B;. Note that |E(H;)| < |E(G)|. Thus,
(H;,0;) admits an integer-valued 3-flow g; such that B, = {e € E(H;): gi(e) = £1}.
Note that |dg;(z;)| = 2 for each component ();. We can without lose of generality assume
0go(x9) = —o(€*)0g1(x1) since otherwise we can replace g; by —g;. Now we define f; by
assigning fa(e) = gi(e) if e € E(Q;) and fy(e*) = 2 (or —2) (such that the boundaries
of fo at x1 and x are both zero). Finally, f» is an integer-valued 3-flow of G satisfying
Theorem 1.3.6. B

2.2 Proof of Theorem 1.3.7

First let us recall the vertex-spliting operation and Splitting Lemma.

Definition 2.2.1 (Vertex Splitting). Let G be a graph and v be a vertex of G. Suppose
F C E(v), then we denote G ,.py to be the graph obtained from G by splitting the edges of
F away from v. That is, adding a new vertex v* and changing the common endpoint of

edges in F from v to v*. See Figure 2.1 for an illustration.

Lemma 2.2.2 (Splitting Lemma [14], or see [15]). Let G be a bridgeless graph. If v is
a vertex with deg(v) > 4 and ey, ey, e3 € E(v) are chosen in a way that ey and es are in
different blocks when v is a cut-vertex, then either G (e, es1) 0T Gofer,es}) 5 bridgeless.

Furthermore, G (yife, e5)) has this property if v is a cut-vertex.
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v
,U*
€1 €9
G G (vi{er,e2})

Figure 2.1: Splitting {ej, e2} away from v

Proof of Theorem 1.3.7. Let (G, o) together with a flow f; be a counterexample to
Theorem 1.3.7 such that

(1) [supp®(f1)| is minimized, where supp(f1) = E(G) — supp(f1);

(2) subject to (1), >°,cv (g | deg(v) — 3| is minimized.

Thus, G must be connected. Similar to the proof of Theorem 1.3.6, we are to yield a

contradiction by finding an integer-valued 4-flow satisfying Theorem 1.3.7.

Claim 3. supp(fi) # 0 and supp(f1) # 0.

Proof. 1f supp(f1) = 0, then simply let fo(e) = 0 for each edge e of G. If supp(fi) = 0,
then supp(f1) = E(G) and thus f; is a modulo 3-NZF of (G, o). Since G is bridgeless,
Theorem 1.3.5 implies that (G, o) admits an integer-valued 3-NZF fy. In both cases, fo

is an integer-valued 4-flow satisfying Theorem 1.3.7. O

Claim 4. The maximum degree of graph G is at most 3.

Proof. Suppose that G has a vertex v with deg(v) > 4. Since G is bridgeless, it follows
from Lemma 2.2.2 that we can split a pair of edges {e1, e2} from v such that the resulting
signed graph, say (Gi,0y), is still bridgeless. Denote by v* the common endpoint of e;
and ey. In Gy, we have df;(v*) = —0f1(v) (mod 3).
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Choose w € {v,v*}. If 0fi(w) = 0 (mod 3) and degg, (w) = 2 (say Eg,(w) =
{€w:,ewr}), then we further suppress the vertex w and denote the resulting edge by e,
(see Figure 2.2-(1)). Now we assign e,, with value fi(e, ), signature o;(e,)oi(e,r), and
an orientation (based on its signature and value) such that both endpoints of e, have
zero boundary. If 9 f;(w) #Z 0 (mod 3), then we add a positive edge vv*, which is oriented
from v to v* and assigned with value Jf;(v*) (see Figure 2.2-(2)). In both cases, denote
the resulting signed graph and mapping by (G2, 02) and gy, respectively.

e’
w =
ew//
(1) 0f1(w) =0 (mod 3), degg, (w 2) 0f1(w) #0 (mod 3)

Figure 2.2: Construction of signed graph (Gs,02)

It is easy to see that ¢; is a modulo 3-flow of (G, 02) and | supp®(g1)| < | supp(f1)|. It
follows from 3 y(g,) [ dega, (v) = 3] < X2,cv () | deg(v) — 3| that (G2, 02) has an integer-
valued 4-flow go such that supp(g1) C {e € E(Ga): g¢ao(e) = £1,+2}. It is trivial to
derive an integer-valued 4-flow f, of (G, o) from gy, which satisfies Theorem 1.3.7. n

Combining the fact that G is connected and Claim 3, we know that G has a vertex
x such that E(z) Nsupp(fi) # 0 and E(z) Nsuppc(fi) # 0. Choose an edge e* €
E(x) Nsupp®(fi) and denote the other endpoint of e by y. Without lose of generality, we
can assume that e* is positive since otherwise we can make a switch at x, and that e* is
oriented from x to y. Furthermore, we contract e* and denote the resulting signed graph
by (G',¢"). Thus, the restriction of f; to E(G’), denoted f{, is a modulo 3-flow of (G', o).
Note that supp(f]) = supp(f1) implies | supp®(fi)| < | supp(f1)|. Hence, (G’,0’) admits
an integer-valued 4-flow f5 such that supp(f]) C {e € E(G'): fi(e) = £1,£2}.

Now we consider the mapping fi on F(G). Each vertex (possibly except x and y)
has zero boundary and 0fi(x) = —0fi(y). If Of5(x) #Z 0 (mod 3), then we extend f5 to
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a new function h; by assigning hi(e*) = —Jf}(x). Note that h; is a modulo 3-flow of
G with supp(hy) D supp(fi). This implies | supp(hy)| < |supp®(f1)|, which contradicts
the assumption (1). Thus, we can assume Jf;(z) = 0 (mod 3). In summary, x a vertex
of G satistying d(x) < 3, E(z) Nsupp(f1) # 0, and 1 < |f5(e)| < 2 for each edge e in
E(z) Nnsupp(f1). Hence, 0 < |0f5(z)| < 4 and furthermore [0f5(x)| € {0,3}. Finally,
we can extend f) to a new mapping fy by assigning fo(e*) = —0f}(x). Clearly, f; is an
integer-valued 4-flow satisfying Theorem 1.3.7.

2.3 Proof of Corollary 1.3.9

Lemma 2.3.1 ([20] or [42]). Let G be an ordinary graph and ki, ke be two integers. If G
admits an integer-valued ki-flow fi and an integer-valued ko-flow fo such that supp(fi) U
supp(fa) = E(QG), then both ke f1 + fo and fi + k1 fo are integer-valued kike-NZF's of G.

Remark. Lemma 2.3.1 can be naturally generalized to signed graphs.

Let (G, o) be a signed graph and ¢ = f1 x g1 : E(G) — Zs X Z3 be a flow of (G, 0),
where f; and g; respectively represent a modulo 2-flow and modulo 3-flow of (G, o). The
flow ¢ is balanced if supp(f;) contains an even number of negative edges. The following
technical lemma was proved in the proof of 12-NZF by DeVos [7].

Lemma 2.3.2 ([7]). Every flow-admissible signed graph admits a balanced Zo X Z3-NZF.

Proof of Corollary 1.3.9. It follows from Lemma 2.3.2 that (G, o) admits a balanced
Zo x Z3-NZF ¢ = f1 X g1. Now we apply Theorem 1.3.6 to f; and Theorem 1.3.7 to g;.

Then (G, o) admits an integer-valued 3-flow f, and an integer-valued 4-flow g, such that

supp(f1) = {e € E(G): [fa(e)] = 1} (2.1)
supp(g1) € {e € E(G): [ga(e)] = 1,2} (2.2)

By Lemma 2.3.1, h = 4 f; + g, is an integer-valued 12-NZF of (G, o). Here, we claim that
|h(e)| # 11 for each edge e in G. Suppose |h(e)| = 11 for some edge e € E(G). Since
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If2(e)] < 2, |ga(e)| < 3, and h = 4fs + go, we have |fo(e)| = 2 and |go(e)] = 3. But
supp(f1) U supp( 1) = E(G), it follows from Equations (2.1) and (2.2) that,

{e € E(G): |g2(e)| = 3} C supp(f1) — supp(g1)
{e € E(G): |fa(e)] = 2} C supp(g1) — supp(f1)-

Clearly, such an edge e does not exist and this completes the proof of Corollary 1.3.9.

2.4 Proof of Theorem 1.3.15

2.4.1 A new vertex splitting lemma

The vertex splitting method is one of the most useful techniques in graph theory (espe-
cially, in the studies of integer flow and cycle cover problems). In Section 2.2, we have
discussed Splitting Lemma introduced by Fleischner (see Lemma 2.2.2). Here are more

early results about vertex splitting.

Theorem 2.4.1 (Nash-Williams [38]). Let A be an even integer and G be a A-edge-
connected graph. Let v be a vertex of G and a be an integer such that X < a and A <
deg(v) — a. Then there is an edge subset F' C E(v) such that |F| = a and G(yr) remains

A-edge-connected.

Theorem 2.4.2 (Mader [35]). Let G be a graph and v € V(G) such that v is not a cut-
vertex of G. If deg(v) > 4 and v is adjacent to at least two distinct vertices, then there
are two edges ey, eq € E(v) such that, for each pair of vertices {x,y} in V(G) — {v}, the

local edge-connectivity between x and y in the graph G e, e,}) remains the same as in G.

Theorem 2.4.3 (Zhang [54]). Let G be a graph with odd-edge-connectivity at least A\, and
v € V(G) such that deg(v) # A\, and E(v) = {eg, e1, ..., €daegw)—1}. Then there is a pair of
edges {e;, e;11} in E(v) with indices taken modulo deg(v) such that the graph G (e, e;i11)

remains odd-\,-edge-connected.

Definition 2.4.4. Let G be a graph and v be a vertex of G. Suppose that S(v) is a subset of
{(ei,e;): ei,ej € E(v) and e; # e;}. The subset S(v) is sequentially connected if, for
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each pair of edges {€’,e"} in E(v), there is a sequence (e, e1), (e1,€2), ..., (€_1,¢;) € S(v)
(mod deg(v)) such that € = ey and " = ;.

In Theorem 2.4.3, the subset S(v) is taken to be {(e;,€i41): ¢ € Zgeg(w)}. In this
dissertation, using an identical proof of Theorem 2.4.3 in [54], we prove the following

result which is expected to have many applications in graph theory. An alternative proof
of Theorem 2.4.3 can be also found in [43].

Theorem 2.4.5. Let G be a graph with odd-edge-connectivity at least \, and v € V(Q)
such that deg(v) # X,. Let S(v) be a subset of {(e;,ej): ei,ej € E(v) and e; # e;}. If
the subset S(v) is sequentially connected, then there is a pair (¢/,€") € S(v) such that the

graph G (4o eryy remains odd-\,-edge-connected.

Corollary 2.4.6 is an analog of Theorem 2.4.1 with respect to odd-edge-connectivity.

Corollary 2.4.6. Let G be a graph with odd-edge-connectivity at least A\, and v € V(G)
with deg(v) > A,. Let S(v) = {(ei,ej): ei,e; € E(v) and e; # e;}. Let a be an even
integer such that a < deg(v) — A\,. Then there is an edge subset ' C E(v) of size a and

consisting of disjoint elements of S(v) such that G(,.ry remains odd-A,-edge-connected.

Proof. Let a = 2b. Now we apply Theorem 2.4.5 to v repeatedly b times at v. Denote
by {v},...,v;} the set of resulted new vertices of degree two. We further identify these b
new vertices as a new vertex v*. Note that the resulting graph, denoted by G*, remains
odd-\,-edge-connected. Thus, Fg«(v*) is a desired edge subset F' of E(v). B

2.4.2 Application of Tutte’s factor theorem

Theorem 1.3.15 will be proved by applying not only Theorem 2.4.5 but also some f-factor

lemmas (such as, Lemma 2.4.10) in this section.

Definition 2.4.7. Let G be a graph and f be an integer-valued function defined on V(G).
An f-factor of G is a subgraph H of G such that degy(v) = f(v) for each vertex v of G.
In particular, if the range of f is {1,2}, we simply call H an {1,2}-factor.
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In [48], Tutte gave an necessary and sufficient condition of the existence of f-factors.

Theorem 2.4.8 (Tutte [48]). A graph G has an f-factor if and only if for any two vertex
subsets S, T of V(G) with SNT =,

D F) =08, T)| + > (f(v) — degg_s(v)), (2.3)
ves veT
where O(S,T) is the set of components of G — S — T for which
> fw)+e(U,T)=1 (mod 2). (2.4)

velU

Next we apply Tutte’s f-factor theorem to find an {1, 2}-factor for graphs given below.

Lemma 2.4.9. Let \, be an odd integer and G be an odd-)\,-edge-connected graph. Let
{Vi,Va} be a partition of V(G) such that degs(v) = A\, if v € Vi and degq(v) = 2N, if
v € V. If f is a function defined on V(G) such that f(v) = degqs(v)/A, for each vertex
v of G, then G has an f-factor.

Proof. Let S and T be two disjoint vertex subsets of G and O = O(S,T). Let
{Q1,Q2,Q3,Q4} be a partition of T', where for each ¢t € {1,2}, @, consists of the vertices
v € TNV, such that dg_s(v) = 0, Q3 consists of the vertices v of T'N V3 such that
dg_s(v) =1,and Q4 =T — Q1 — Q2 — Q3. The following claim directly follows from the
definitions.

Claim 5. (1) A\, f(v) =dg(v) and f(v) = dg(v) (mod 2) for each vertex v.
(2) Ypevda(v) +e(U,T) =1 (mod 2) for each U € O.
Now we partition O into O; and O, where O = {U € O: ¢(U,T) = 0} and
O, ={U € O: ¢U,T)# 0}
Claim 6. ¢(U,S) > X\, if U € Oy and e(U,S) > 1 if U € Oy. Therefore

D (U, S) = |01 + |Oa].

UeO
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Proof. Note that if U € Oy, then e(U,T) = 0 and thus E(U, S) is an edge-cut. Since G is
odd-\,-edge-connected, it suffices to show that e(U,S) =1 (mod 2) for each U € O.

For each U € O, we have ), dg(v) = e(U,T) + e(U,S) (mod 2). Since a = —a
(mod 2) for every integer a, it follows from Claim 5-(2) that e(U,S) =1 (mod 2). O

Claim 7.

e(S,T) = [da(v) — da—s(v)] = Ao Y _[f(v) — da—s(v)] + (Ao — 1)|Oa].

veT veT
Proof. Since dg_g(v) =01if v € Q1 U Qs and dg_s(v) = 1 if v € @3, we have

Yo ldew)—das@)] =X > [f0)=das©)]+PN—1) Y da (v

vEQR1UQ2UQ3 vEQ1UQ2UQ3 vEQR3

Since A\, f(v) = dg(v) for each vertex v, we have

Z [da(v) — da—s(v)] = Z Aof (v) — dg-s5(v)]

vEQ4 vEQ4

=X Y _[f(0) = do_s(0)] + (Ao — 1) Y _ da—s(v).

VEQ4 vEQ4

(2.6)

Combining (2.5) and (2.6), we have

Z[dc( ) dG 5 = /\ Z dG 5 )} +()\O— 1) Z dG_S(U). (27)

veT veT vEQ3UQ4

Since each vertex v € Q3 U ()4 is adjacent to at most dg_g(v) components in Oy, we

have

> da_s(v) > |0a]. (2.8)

vEQ3UQ4
Combining (2.7) and (2.8), we have

e(S.T) = X Y _[f(v) — dg_s(v)] + (A — 1)|Os].

veT
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Denote S¢ = V(G) — S. Now we are to estimate e(S, S¢) in two ways by finding a

lower bound and upper bound. Obviously,

e(S,5%) <) da(v) =X Y f(v). (2.9)
vES vES
On the other hand,
e(S,5%) = e(S,T)+ > _e(S,U). (2.10)
Ueo

By (2.9) and (2.10) together with Claim 6 and 7, we have

Ao D F(©) 2 XY [f(v) = da-s(v)] + (Ao — 1)|Oa] + Ao| O] + O]
veS veT
=X Z — dg—s(v)] + A(|O1] + |O2]) (2.11)
-y (va) ~do_sw)] + |O|> -

By (2.11), we have

D F@) =01+ [f(v) — da-s(v)].

vES veT

Therefore, by Theorem 2.4.8, G has an f-factor. B

Lemma 2.4.10. Let G be a graph with odd-edge-connectivity at least (2p + 1). If there
is a mapping w : V(G) — Z* such that, for each vertex v of G, degs(v) = (2p + 1)u(v),
then there is a spanning subgraph F' of G such that degp(v) = pu(v).

Proof. For each vertex v of G with degq(v) ¢ {2p + 1,2(2p + 1)}, we first apply Corol-
lary 2.4.6 to v with a = 2(2p + 1) and A\, = 2p + 1. Repeat this process until the degree
of every vertex is either (2p + 1) or 2(2p + 1). Let G’ be the resulting graph.

Now we apply Lemma 2.4.9 to G’ with A\, = 2p + 1. Let F be a (1, 2)-factor of G’
such that for each vertex v of G, degy, (v) = 1 if deg(v) = 2p + 1 and degp, (v) = 2 if

dege (v) =2(2p+1).
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Let G" = G'— E(F}). Next we split each vertex v of G” with degg.,(v) = 4p into a pair
of degree 2p vertices (no need to preserve the odd-edge-connectivity here). Let G” be the

resulting 2p-regular graph. By Petersen theorem, G has a 2-factorization {F7,..., F,}.

When p is even, say p = 2s, the subgraph F' of G induced by edges of Fi,..., F;is a
desired spanning subgraph. When p is odd, say p = 2s + 1, the subgraph F' of G induced
by edges of Fy, F1,...,F, is a desired spanning subgraph. H

2.4.3 Completion of the Proof of Theorem 1.3.15

The proof of necessity is identical to that in [21]. Therefore, we only need to prove its
sufficiency. Assume that (G, o) admits a modulo circular (2+ %)—ﬂow. By the equivalency
between (B) and (C) in Theorem 1.3.11, we can further assume that 7 itself is a modulo
(2p + 1)-orientation of (G, o).

For each vertex v € V(G), let Hf(v) = {h € H(v): 7(h) = 1} and H_(v)
{h € H(v): 7(h) = —1}, and denote deg'(v) = |H,} (v)| and deg. (v) = |H (v)
If deg'’(v),deg; (v) > 0 for some vertex v, then apply Theorem 2.4.5 with S(v)

{(e1,e2): e € HF(v) and e € H-(v)} and one can split a pair of half-edges (one
from H7(v) and the other from H_(v)) away from v. Let G’ be the new graph obtained
from G after all possible splittings. Thus, in G’, (2p+ 1) is a divisor of each deg/(v) and
either deg! (v) = 0 or deg_ (v) = 0 for each vertex v of G', and, G’ remains odd-(2p + 1)-

edge-connected.

Applying Lemma 2.4.10 to the graph G’, let F' be the spanning subgraph of G’ such
that degp(v) = pu(v) if dege (v) = (2p+1)u(v) where p is a mapping of G': V(G') — Z7.

Then f* is an integer-valued circular (2 + %)—ﬂow where

P ifed F,
—p—1 ifeeF.



Chapter 3

Shortest Circuit Covers of Signed
Graphs

3.1 Notation and Terminology

Definition 3.1.1. Let F be a family of signed circuits of a signed graph G and K be a

set of some nonnegative integers.

(1) F is a signed circuit cover (resp. signed circuit K-cover) of G if each edge e
of G belongs to k. members of F such that k. > 1 (resp. k. € K ). In particular, F
is a signed circuit double cover of G if K = {2}.

(2) The length of F, denoted ((F), is the total length of signed circuits in F.

(3) A signed circuit cover F is a shortest circuit cover of G if its length ((F) is
minimized. Furthermore, we denote by SCC(G) = ((F).

26
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3.2 Lemmas and outline of the proofs

Definition 3.2.1. Let b be a bridge of a connected signed graph G and Q,Qs be the
two components of G — {b}. The bridge b is an g-bridge of G if ex(Q1) = en(Q2) =0
(mod 2). A signed graph G is g-bridgeless if it contains no g-bridges.

Theorem 1.4.7-(2) can be revised as follows in a slightly stronger version.

Theorem 3.2.2. Let G be an s-bridgeless signed graph with negativeness ey > 0.

(1) In general, we have
2 4
SCC(G) < |E| + 3|V]| + min {§|E| + 3N = 7,V +2en — 8} :
(2) If G is g-bridgeless and €y is even, then

2 1
SCC(G) < || + 2|V| + min {§|E\ g =4[V +en - 5} .

The following is the major lemma for the proof of Theorem 3.2.2.

Lemma 3.2.3. Let G be an s-bridgeless signed graph with |Ex(G)| = ex(G). Then G
has a pair of subgraphs {G1,Gs} such that

(1) E(G1) U E(G2) = E(G),
(2) Gy contains no negative edge and is bridgeless, and

(3) Go — En(G) is acyclic and Gy has a signed circuit {1,2, ..., k}-cover, where k = 2

if G is g-bridgeless with an even negativeness, and k = 3 otherwise.

Lemma 3.2.3 will be proved in Section 3.4 after some preparations in Section 3.3. The
main result, Theorem 3.2.2, will be proved as a corollary of Lemma 3.2.3 in Section 3.5.
The following is the outline of the proof. By (1) of Lemma 3.2.3,

SCC(G) < SCC(Gy) + SCC(Gy).

Lemma 3.2.3-(3) provides an estimation for SCC(G2). For the bridgeless unsigned sub-
graph Gy, we use the classical results in Theorem 1.4.3 and 1.4.5.
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3.3 Signed circuit covers of generalized barbells

In this section, we study signed circuit covers of generalized barbells which play an im-

portant role in the proof of Lemma 3.2.3.

Recall that a graph is eulerian if it is connected and each vertex is of even degree.

A vertex v is a k-vertex of a graph G if v € Vi (G).

Definition 3.3.1. A signed graph H is a generalized barbell if it contains a set of
vertex-disjoint eulerian subgraphs B = {By, ..., B;} such that

(1) the contracted graph X = H/(U._B;) is acyclic;

(2) for each vertex x of X, |En(B:)| = |Eu(V(B;))| (mod 2), where B, is the corre-

sponding eulerian subgraph of B if x is a contracted vertex and E(B,) = () otherwise.

We first study signed eulerian graphs with even number of negative edges which is a

special case of generalized barbells.

Let T be a closed eulerian trail of a signed eulerian graph. For any two vertices u and
v of T', we use uTv to denote the subsequence of T" starting with u and ending with v in

the cyclic ordering induced by T'.

Lemma 3.3.2. Fvery signed eulerian graph with even number of negative edges has a

signed circuit double cover.

Proof. Let B be a counterexample to Lemma 3.3.2 with |F(B)| minimum. Then the
maximum degree of B is at least 4 otherwise B is a balanced circuit. By the minimality
of B, B cannot be decomposed into two signed eulerian subgraphs, each of which contains

an even number of negative edges. Thus we have the following observation

Observation. For any eulerian trail 7' = wjejuges - - - upenuy of B where m = |E(G)]
and for any two integers ¢,j € [1,m| with i < j and u; = u;, w;Tu; is a signed eulerian

graph with odd number of negative edges.
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Pick an arbitrary eulerian trail T' = ujejuses - - - ue,u;. We consider the following

two cases.
Case 1. For any two integers i # j € [1,m], if u; = u;, then |j —i| =1 (mod m).

In this case, the resulting graph obtained from B by deleting all loops is either a single
vertex or a circuit. Since B has an even number of negative edges, one can check that B

has a signed circuit double cover, a contradiction.
Case 2. There are two integers ¢, j € [1,m] such that 2 < j —¢ <m — 2 and u; = u;.

Let By = w;Tu; and By = u;Tu;. Then, by Observation, both B; and B, are signed
eulerian subgraphs of B with B = By U By such that |E(By)| > 2 and |En(By)| = 1
(mod 2) for each k =1, 2.

If V(By) NV(By) = {uw;}, then for each k = 1,2, let B}, be the resulting graph
obtained from By by adding a negative loop e} at u;. Clearly, B; remains eulerian,
|E(B},)| < |E(B)|, and |En(B},)| is even. By the minimality of B, Bj, has a signed circuit
double cover Fj. Since e} is a negative loop of By, it is covered by two barbells, say
Cl and C%, in Fy. Let C¢ = U (CL — ¢},) for each £ = 1,2. Since V(B;) NV (By) =
{u;}, both C* and C? are two barbells of B, and so B has a signed circuit double cover
Ui_, (Fr — {C},C?}) U {C*, C?}, a contradiction.

If V(By) NV (Bg) # {u;}, then there are two integers s and ¢ such that s € [, j],
t ¢ [i,j], and us = wy. By Observation, |Ey(usTu;)] = 1 (mod 2). Let T* be a new
closed eulerian trail of B obtained from 7' by reversing the subsequence w;Tu; in T'
Then E(usT*u,) is the disjoint union of E(u;Tu,) and E(u;Tu;) and thus En(usT™*u;)
is the disjoint union of Ex(u;Tus) and En(u;Tu;). Since |En(u;Tu;)| =1 (mod 2) and
|En(usTu;))] = 1 (mod 2), we have |Ey(u;Tus)| = |En(ujTu;)| (mod 2). Therefore
|En(usT*us)| = 0 (mod 2), a contradiction to Observation. This completes the proof of

the lemma. Wl
The following lemma is a generalization of Lemma 3.3.2.

Lemma 3.3.3. Fvery generalized barbell H has a signed circuit double cover.
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Proof. Let {Bj,...,B;} be a set of vertex-disjoint eulerian subgraphs of H and X =
H/(U:_B;) as described in Definition 3.3.1. We proceed the proof by induction on
|E(H) — Ui B(B;)].

If E(H)—VU._, E(B;) = 0, then by the definition of generalized barbell, each component
of H is a signed eulerian graph with an even number of negative edges. Thus H has a

signed circuit double cover by Lemma 3.3.2.

Now assume that F(H) — U._,E(B;) # (. Let uwv € E(H) — U._;E(B;) and H' be
the new signed graph obtained from H by deleting uv and adding negative loops e, and
e, at u and v, respectively. By the definition, H' remains as a generalized barbell. Since
X is acyclic, H' has more components than H, and thus by induction to each component
of H', H' has a signed circuit double cover F'. Let {C}, C2} and {C}, C?} be the sets of
barbells in F’ containing e, and e,, respectively. Since e, and e, belong to two distinct
components of H', C* = (C! —e,) U (C" —¢e,) +uv (i = 1,2) is a barbell in H. Hence

(f/ - {C&, CS? C&? Cg}> U {017 CQ}
is a signed circuit double cover of H.

Lemma 3.3.4. Let H be a generalized barbell with a set of vertex-disjoint eulerian sub-
graphs B = {By, ..., B}, and assume that {By, ..., Bs} (2 < s <t) is the set of eulerian
subgraphs corresponding to the 1-vertices of the contracted graph X = H/(Ui_\B;). If
each B; (1 < i <t) is a circuit, then there is a family of signed circuits F in H such that
each edge e of H belongs to

(a) ezxactly one member of F if e € Ui_E(B;),
(b) one or two members of F if e € Ul_,  E(B,), and
(c) at most one member of F if e € E(H) — U._, E(B;).
Proof. Assume that H is embedded in the plane and let X* be a graph obtained from X

by first clockwise splitting each vertex x with even degree into %degx(x) 2-vertices, and

replacing each maximal subdivided edge with a single edge. Then each vertex of X* is of
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odd degree. By the definition of generalized barbell, X* is a forest and V (X*) corresponds
to the set of unbalanced circuits of B. Thus X* has a spanning subgraph satisfying that
each component is a star graph with at least two vertices. Let Ky,, (i =1,...,() be all

such star subgraphs.

Note that V(X*) = U{_,V(K,,,) corresponds to the set of unbalanced circuits of
B. For 1 < ¢ < /¢, one can check that the subgraph of H corresponding to K ,, has a
signed circuit cover JF; such that each edge of the unbalanced circuits corresponding to
1-vertices of K, ,, is covered by F; exactly once and each edge of the unbalanced circuit
corresponding to the unique vertex of K, ,, with degree r; > 2 is covered by F; once or
twice. Therefore the union of Ule]:i together with the set of balanced circuits of B is a

desired family F of signed circuits of H. B

The following result is stronger than Lemma 3.3.3 which states that a generalized

barbell has a signed circuit {1, 2}-cover with some edges covered only once.

Lemma 3.3.5. For each generalized barbell, it either

(1) can be decomposed into balanced circuits, or

(2) has a signed circuit {1,2}-cover F such that there are two edge-disjoint unbalanced

circuits Cy and Cy whose edges are covered by F exactly once.

Proof. Let H be a counterexample to Lemma 3.3.5 with |F(H)| minimum. Thus H is
connected. Otherwise each component of H satisfies either (1) or (2). This implies that
H satisfies either (1) or (2), a contradiction to the choice of H.

Claim 8. H is eulerian and therefore contains an even number of negative edges.

Proof. By the definition of generalized barbell, it is sufficient to show that H is bridgeless.
Suppose to the contrary that H has a bridge. By Lemma 3.3.3, H has a signed circuit
double cover F'. Since H has bridges, F’ contains a barbell C' with two unbalanced
circuits C; and Cy. Then F = F' — {C} is a signed circuit {1, 2}-cover of H and covers

Ch and Cy exactly once, a contradiction. This proves the claim. O
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Since H is eulerian by Claim 8, H has a decomposition

C= {Cla SR Ch7Ch+17 R Ch+m7 Ch+m+17 R Ch+m+n}7

where h, m and n are three nonnegative integers, and each C}; is an unbalanced circuit if
1 <7 < h, a short barbell if h +1 <7 < h + m, and a balanced circuit otherwise. We

choose such a decomposition that
(a) h+2m + n is as large as possible,
(b) subject to (a), n is as large as possible, and

(c) subject to (a) and (b), m is as large as possible.

Claim 9. h > 2 is an even integer and |V (C;) NV (C;)| =0 for 1 <i<j <h.

Proof. If h = 0, then C satisfies (1) if m = 0, and C — {C} } satisfies (2) otherwise. Thus
we can assume h > 0. Since |Ey(H)| = S |Ex(Cy)] is even and |Ey(C;)| is even

7

for h+1 <17 <h+m-+n, we have that h > 2 is even.

Let C; and C; be two circuits in C with 1 < ¢ < 57 < h. If |V(C;) NV (Cj)| > 3,
then C; U C; can be decomposed into three or more circuits (balanced or unbalanced), a
contradiction to (a). Thus, |V(C;)NV(C;)| < 2. If |[V(C;) NV (C;)| = 2, then C; UC; has
a decomposition into two balanced circuits since both C; and C; are unbalanced circuits,
which contradicts (b). If |V(C;) N V(C;)| = 1, then C; U Cj is a short barbell, which

contradicts (c¢). Thus, the claim is true. O

Let H = H/(U",C;) and for 1 < i < h, let ¢; be the vertex of H’' corresponding to
C;. Let T be a spanning tree of H' since H is connected. By Claim 9, h > 2 is even. Let
P(1<j< %) be a path in 7" from ¢y;_1 to co; and let

h
Fr=T'[A7E(F)]

Then F’ is a forest and {ci,...,¢,} is the set of vertices of F’ with odd degree. By the
definition, the subgraph of H corresponding to F” is a generalized barbell satisfying the

conditions in Lemma 3.3.4, and thus, by Lemma 3.3.4, it has a family F* of signed circuits
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such that F = F*U{Chi1,...,Chimin} is a signed circuit {1,2}-cover of H and at least
two unbalanced circuits in {C1,...,Cy} are covered by F exactly once, a contradiction.

This completes the proof of Lemma 3.3.5. B

3.4 Proof of Lemma 3.2.3

In this section, we complete the proof of Lemma 3.2.3. For a signed graph G, we use
B(G) to denote the set of bridges of G and for each e € En(G), define

Sa(e) ={e} U{f: {e, f} is a 2-edge-cut of G}.

Let B,(G) be the subset of B(G) such that, for each b € B,(G), at least one component
of G—{b} contains an odd number of negative edges, and let Bs(G) be the subset of B(G)
such that, for each b € Bs(G), each component of G — {b} contains negative edges. We
need the following lemmas.

Lemma 3.4.1. Let H be a signed graph satisfying that |Ex(H)| > 2 and H — Ex(H) is
a spanning tree of H. If |Enx(H)| is even, then H has a generalized barbell containing all
edges of By(H) U (Uecpym)Su(e)).

Proof. Let T'= H — Ex(H). Then E(H) is the disjoint union of E(7T') and Eyx(H). For
each e € Ex(H), let C, be the unique circuit of 7'+ e.

Let H' = Accpym)Ce and O be the set of all components of H' containing an odd
number of negative edges. Since |En(H)| is even, so is |Og/|. Let {vq, v, ..., v9_1,v9} be
the set of vertices of the contracted graph H/H' corresponding to Op. For each 1 < i <,
there is a shortest path P; in H/H' from ve;_1 to vy;. Note that Ex(H) C E(H’) and
hence E(P;) C FE(H/H') C E(T). Since T is a tree of H, H" = H' U (Al_P) is a

generalized barbell.

For every bridge b € B,(H), each component of H — {b} contains an odd number of
negative edges since |Ex(H)| is even, and thus contains an odd number of members of

Oy This fact implies that b must belong to an odd number of members of {P;, ..., P}
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and thus b € E(H"). Hence B,(H) C E(H"). For every e € Eyx(H), it is obvious that
Su(e) C E(C.) and Sg(e) N E(Cy) = 0 for any f € En(G) — {e}, which implies that
Su(e) € E(H'). Therefore, UecpymSu(e) € E(H') C E(H"). R

Lemma 3.4.2. Let H be a signed graph satisfying that |Ex(H)| > 2 and H — Ex(H) is
a spanning tree of H. Then H has a signed circuit {0,1,2,3}-cover such that each edge
of Bs(H) U (Ueckym)ySu(e)) is covered at least once and each negative loop (if any) is

covered precisely twice.

Proof. Let H be a counterexample with |F(H)| minimum.

Claim 10. B(H) = 0.

Proof. Suppose to the contrary B(H) # 0. Let b = ujus € B(H) and @ and @, be the
two components of H — {b} such that u; € Q; for i = 1,2.

If b € B(H)— Bs(H), then there is one member in {Q1, Q2 }, without loss of generality,
say (1, satisfying that By(Q1) = Bs(H) and En(Q1) = En(H). By the minimality of H,
@1 (and thus H) has a desired signed circuit {0, 1,2, 3}-cover, a contradiction.

If b € Bs(H), then |Ex(Q1)] > 1 and |En(Q2)| > 1. For each i = 1,2, let Q7
be the graph obtained from @); by adding a negative loop e; at u;. It is easy to see
that B,(Q%) U B,(Q3) = B,(H) — {b} and U?_,(En(Q}) — {e;}) = Enx(H). By the
minimality of H, each Qf has a signed circuit {0, 1,2, 3}-cover F;* which covers each edge
of B4(QF) U En(Q7) at least once and covers each negative loop of QF exactly twice. Let
C} and C? be the two signed circuits in F; containing e;. Since ¢; is a negative loop, Cl-j
(j = 1,2) is a barbell of Q#, and thus C7 = (CJ —e;) U(C) — e3) + b is also a barbell of H.
Therefore, F = (F; — {C},C3}) U (Fy —{C3,C2}) U{C*, C?} is a desired signed circuit
{0,1,2,3}-cover of H, a contradiction. O

Claim 10 implies that H is 2-edge-connected. Thus, Lemma 3.4.2 follows from Lem-
mas 3.4.1 and 3.3.3 if |Ex(H)| is even. Since |En(H)| > 2, in the following context, we
assume that |En(H)| > 3 is odd.
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Let T'= H — Ex(H). Note that T is a spanning tree of H and F(H) is the disjoint
union of F(T") and Ex(H). For each e € Ex(H), let C, be the unique circuit of 7"+ e.

Claim 11. For every e € Ex(H), H has a signed circuit containing all edges of Sy(e).

Proof. Let e € Ex(H) and f € Ex(H) —{e}. Note that Sg(e) C E(C.), Su(f) C E(Cy)
and Sy(e) N Sy(f) = 0 (it can be checked easily since T = H — Ex(H) is a spanning
tree of H). If [V(C.) NV (Cy)| < 1, then there is a shortest path P in T joining C, to Cf
(note that P is a single vertex if |V(C,) NV (Cy)| = 1), and thus C. UCy U P is a desired
signed circuit. If |V(C.) NV(Cy)| > 2, since T' is a spanning tree of H, then C. N Cy is a
path containing no edges of Sg(e). Thus C.AC} is a balanced circuit as desired. [

Claim 12. Fach edge e € Ex(H) is contained in a 2-edge-cut of H.

Proof. Suppose to the contrary that there is a negative edge e € En(H) such that Hy =
H — {e} remains 2-edge-connected. If H contains negative loops, we choose e which is a

negative loop.

Since Hj is 2-edge-connected and |En(Hy)| = |Enx(H)—{e}| > 2 is even, Lemma 3.4.1
implies that Hy has a generalized barbell H; containing all edges of Uscg, (1,)S, (f). Let
Fi be a signed circuit double cover of H; by Lemma 3.3.3. Note that Sy(e) = {e}
and Sp(f) C Suy(f) for any f € En(Ho) = En(H) — {e}. Thus Usepy)Su(f) S
{e} U (Usery (#0) S0 (f))-

If e is not a negative loop of H, then H has no loop, but has a signed circuit C
containing e by Claim 11. Thus F = F; U {C} is a signed circuit {0, 1,2, 3}-cover of H
covering all edges of Uscg, (m)Su(f), a contradiction. Assume that e is a negative loop of

G and let u denote the unique endvertex of e.

If 77 contains a barbell C, then let C; and C5 be the two unbalanced circuits of C'.
Since H is 2-edge-connected, there are two edge-disjoint paths in H from u to C; and Cj,
denoted by P, and P, respectively. Then C! = C; U P; + eq for i = 1,2 is a barbell of
H. Since F is a signed circuit double cover of Hy, F = (F; — C) U {C}, C4} is a desired

signed circuit {0, 1,2, 3}-cover of H, a contradiction.
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If F7 contains no barbells, then e is the unique loop of H. Note that H; is a generalized
barbell. By Lemma 3.3.5, H; has either a decomposition F] into balanced circuits or a
signed circuit {1,2}-cover F; and two edge-disjoint unbalanced circuit Cy and Cy such
that each edge in E(C}) U E(Cs) is covered by F7 exactly once. In the former case, let
C’ be a signed circuit containing e by Claim 11. Then the family F = Fj U {C’,C"}
is a desired signed circuit {0, 1,2,3}-cover of H. In the latter case, since H is 2-edge-
connected, there are two edge-disjoint paths of H from u to C; and C5, denoted by P;
and Ps, respectively. Similar to the case when F; contains a barbell, we can construct a

desired signed circuit {0, 1,2, 3}-cover of H, and thus obtain a contradiction. O

By Claim 12, H contains no negative loops and |Sg(e)| > 2 for each e € Ex(H). For
every e € En(G), let M, denote the set of all components of the subgraph H — Sg(e).

Claim 13. For any e, e’ € Ex(H), Su(€') is contained in exactly one member of M..

Proof. Note that each member of M, is 2-edge-connected, and Sy (e) N Sy (e’) = O since
H — En(H) is a spanning tree of H. Then Sy(e') C Uprem, E(M). Let e* be an arbitrary
edge in Sy (e’) — {€’'}. If there are two distinct members M; and M; of M, such that
¢ € E(M;) and e* € E(M,), then both M; — ¢’ and M, — e* are connected, and thus
H — {¢',e*} is also connected. This contradicts that {e’, e*} is a 2-edge-cut of H. Thus,
e/ and e* are contained in a common member of M,. The arbitrariness of e* implies that
the claim holds. O

For every e € Ex(H), let m, = max{|Exy(H)NE(M)|: M € M_,}. It is obvious that
Me S |EN(H)| — 1 since e ¢ UMGMEE(M).

Claim 14. max{m.: e€ Ey(H)} =|Ey(H)| — 1.

Proof. Let ey € Ex(H) and My, € M., such that
Mey = |En(H) N E(Mgy)| = max{m.: e € Ex(H)}.

Suppose that m., < |Ex(H)| —1. Then there is a member My, € M., — { My } such that

My, contains a negative edge e; of H.
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By Claim 13, Sy (e1) € E(Myz) and there is a member M;; € M., such that Sy (ey) C
E(Miy). Thus,

{eo} U E(Mo1) € Suleo) U (Unrem.,—(mo} E(M)) C E(M),
which implies that
Me, > |En(H) N E(M)| 2 1+ [Ex(H) N E(Moy)| = 14 me,.

This contradicts the choice of ey, and thus the claim holds. O

By Claim 14, there is an edge e € En(H) such that Ex(H) — {e} is contained in
exactly one member of M,. Let M, = {M],..., M!}. Without loss of generality, assume
that Ex(H) — {e} C E(M]) and all edges of M| (i = 2,...,s) are positive. Since H is
2-edge-connected, it follows from the definition of Sg(e) that H/ U;_, M/ is a circuit, and
each M/ is also 2-edge-connected. Since |En(M])| = |En(H)| —1 > 2 is even, M] has a
generalized barbell Hy containing all edges of Usepy (r7)Sar (f) by Lemma 3.4.1, and Hj

has a signed circuit double cover F; by Lemma 3.3.3.
Since Enx(Mj) = Ex(H) — {e} and Sy (f) 2 Su(f) for any f € Ex(Mj),

Urerym)ySu(f) € Su(e) U (Urery ) Suy(f))-

By Claim 11, H has a signed circuit C' containing all edges of Sy (e), and thus F = FU{C'}
is a desired signed circuit {0, 1,2, 3}-cover of H, a contradiction. This complete the proof
of the lemma. W

Lemma 3.4.3 (see [33]). Let G be a signed graph. Then |En(G)| = en(G) if and only if
for every edge cut T of G, |[En(G)NT| < @

Proof. Let G be an s-bridgeless signed graph with |En(G)| = en(G). Without loss of
generality, we further assume that G is connected. Since G is s-bridgeless, we have
|En(G)| # 1. If |[Ex(G)| = 0, then G is a 2-edge-connected unsigned graph. The lemma
is trivial, and thus assume that |Eyx(G)| > 2.

Denote G = G — B(G) — (Uecry(c)5c(€)). By the definitions of B(G) and S¢(e), Gy
contains no negative edges of G and is bridgeless. To construct Gs, let H =T + Ex(G),
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where T is a spanning tree of G— En(G) (the existence of T'is guaranteed by Lemma 3.4.3).

We have the following observations:

(1) En(G) = En(H);
(2) Bg(G) C BQ(H);
(3) Bs(G) C Bs(H);

(4) Sg(e) C Sy(e) for each e € En(G).

By Lemma 3.4.2, H has a signed circuit {0, 1,2, 3}-cover F, such that each edge of
By(H) U (UecpymSu(e)) (2 Bs(G) U (Uecrn(@)Sa(e))) is covered by F, at least once.
Let Gy = G|Ucer,E(C)]. Since G is s-bridgeless, Bs(G) = B(G) and thus E(G) =
E(G1)UE(G,). It is obvious that Gy — En(G) is acyclic and F; is a desired signed circuit
{1, 2, 3}-cover of Gb.

In particular, if G is g-bridgeless with even negativeness, then By(G) = B(G) and
by Lemma 3.4.1, H has a generalized barbell, denoted by (3, containing all edges of
By(H) U (Urery S () (2 By{G) U (Usemy(@Sc(e))). Thus E(G) = E(Gy) U E(Gy),
Gy — En(G) is acyclic and by Lemma 3.3.3, Gy has a signed circuit double cover. This

proves Lemma 3.2.3. O]

3.5 Proof of Theorem 3.2.2

In this section, we complete the proof of Theorems 3.2.2 by applying Lemma 3.2.3. Let
G be an s-bridgeless signed graph with ex(G) > 0. We only need to consider the case
|En(G)| = en(G) since the existence and the length of a signed circuit cover are two

invariants under the switching operations.

Since G is s-bridgeless and ex(G) > 0, we have that |En(G)| = en(G) > 2. If G
contains positive loops, then we may consider the subgraph obtained from G by deleting

all positive loops. Thus we further assume that G contains no positive loops.
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By Lemma 3.2.3, G has a bridgeless unsigned subgraph G; and a signed subgraph
G such that E(G1) U E(Gs) = E(G), Go — Ex(G) is acyclic and G has a signed circuit
{1,2,...,k}-cover Fy, where k = 2 if G is g-bridgeless with even negativeness and k = 3

otherwise.

Note that E(G1) € G — En(G) and thus E(G1)NE(Gs) C E(Gy) — En(G) is acyclic.

Hence we have the following two inequalities.

[E(G)|+ |E(G2)| = |E(G1) U E(Gy)| + |E(G1) N E(Gy)]
< |[E@)]+[V(G) -1 (3.1)
[E(Go)] < (V(G)] =1) + [En(G)] = [V(G)] = 1 +en(G).  (3:2)

Let F3, be a subset of F, such that F is still a signed circuit cover of G2 and the

number of signed circuits of F, is as small as possible. We have the following claim.

Claim 15. ((F;) = |E(G2)| < k|E(G2)| — 2(k - 1).

Proof. Let t be the number of signed circuits in F,. Since |En(Gs)| = |En(G)| > 2,
t > 1. By the choice of F}, every signed circuit in Fj has an edge which is covered
by Fi exactly once, and so G5 has at least ¢t edges which are covered by Fj exactly
once. Note that & = 2 or 3, and each signed circuit in F3 is of length at least 2 since
G has no positive loops. If t = 1, then G, is the unique signed circuit in F}, and thus
UF) = |B(Go)| < KE(G)] — 2(k —1). IE £ > 2, then ¢(F}) < K(|E(G)| — ) +t =
KE(Ga)| — (k — 1)t < k|E(Gy)| — 2(k — 1), =

Since (G is bridgeless and unsigned, it follows from Theorem 1.4.3 and 1.4.5 that G,

has a circuit cover F; with total length
. (D
(F) < min {2|BG) [B(G)]| + V(G| - 1}, (3.3)

Therefore, F = F; U F} is a signed circuit cover of G and by Claim 15 and Equation (3.3)
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together with Equations (3.1) and (3.2), the total length of F satisfies that

UF) = UF) + (FY)
< min { 2|B(G)], [E(G)] + V(G| ~ 1} + KIE(G)] 20k~ 1)
< min { 2(B@] + V(@) ~ 1)+ (k= D(V(E)] 1+ ex(G)) — 2(k — 1),

(E(@)]+ V(@) = 1)+ (V(E)] = 1)+ (k= D(V(E)] ~ 1+ en(G)) —2(k ~ 1)}
= min { 2[B(G)] + HV(G)] + (k ~ 2)en(G) — (3~ 2),
[E(G)] + (k+ DIV(G)| + (k= Den(G) = (3k = 1) }.

This completes the proof of Theorem 3.2.2.



Chapter 4

Vector Flows and Integer Flows

4.1 Notation and Terminology

Let (D, ®) be a vector S'-flow of a graph G with flow values
{®(e): ec BE(G)} ={tay,*ay,...,Tay},

where the set {a, ao, ..., ap} consists of b pairwise linearly independent vectors of St
We may further assume {®(e): e € E(G)} = {ay, vz, ..., oy} since otherwise we may
reverse the orientations of all edges with flow values —a; and negate their flow values.
An edge e is an ay-edge of G if f(e) = a;. For each 1 < i < b, we denote the collection
of all ay-edges by E;(G).

Definition 4.1.1. Let (D, ®) be a vector S'-flow of a graph G and {o, s, ..., ) be

the set of flow values. For each vertex v of G, define a vector by
€(v) =< €1(v), €2(v), ..., (V) >,

where €;(v) = ¢ (v) —€; (v), ¢ (v) = |ET(v) N E{(G)], and €; (v) = |E~(v) N Ei(G)| for
each 1 <i <b. The vector €(v) is the balanced vector at vertex v. A vertex v is trivial
if €(v) = 0, and is unsplittable if either € (v) or €; (v) is zero for each 1 < i <b. The

41
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balanced equation of a verter v is defined as
e1(v)ay + e(v)ag + - - + 6(v)ay, = 0. (4.1)

Let S(®) be the linear subspace of R® generated by all balanced vectors of (D, ®) of G.
The rank of the subspace S(®), denoted rank(®), is also defined as the rank of the vector
St-flow (D, ®).

4.2 Vector S'-flows of the dual of unit distance graph

In [45], Thomassen characterized planar graphs admitting vector S!'-flows as follows.

Lemma 4.2.1 (Thomassen [45]). Let G be a planar graph. Then G admits a vector S*-
flow if and only if the dual graph G* is homomorphic to a subgraph of a unit distance
graph, where a unit distance graph is a graph whose vertices are points in Euclidian plane

R? such that two vertices are adjacent if and only if they have distance 1.

Based on Lemma 4.2.1, Thomassen [45] constructed a family of graphs that admit
vector S'-flows but no integer 3-NZFs. One of them, denoted by G, is illustrated in
Figure 4.1-(a). The graph G admits a vector S'-flow since its dual graph is homomorphic
to a unit distance graph G* (see Figure 4.1-(b)). With no confusion and slight abuse of
notation, let G* be the dual of G. Note that G* is the Hajés graph [4] with chromatic
number 4. By Tutte’s Theorem [49], G admits an integer 4-NZF but no integer 3-NZF.
In fact, G* can be obtained from two K, by Hajdés construction. Repeatedly adding K,

to G* by Hajos construction, we can construct an infinite family of counterexamples.

Since G* is a unit distance graph, each edge of G* can be considered as a unit vector
under some orientation D*. Observe that there are seven pairwise linearly independent
unit vectors among 11 edges of G*. If we associate the vectors and orientations of edges
in G* to its dual edges in G, respectively, then we obtain a vector S'-flow of G with
orientation D. From Figure 4.1-(b), one can easily see that the following is the set of all

balanced vectors of the vector S*-flow

{£<1,1,1,0,0,0,0 >, +<0,0,0,0,1,1,1 >, £<1,1,0,1,0,1,1 >}.



CHAPTER 4. VECTOR FLOWS AND INTEGER FLOWS 43

(a): graph G (b): graph G*
Figure 4.1: Thomassen’s counterexample G

Thus, the rank of the vector flow is three since they are linearly independent.

Inspired by Theorem 1.5.7 and the above discussion related to the counterexample,

we propose the following problem.

Problem 4.2.2. Find an integer r such that if a graph G admits a vector S*-flow (D, ®)
with rank at most r, then G admits an integer 4-NZF.

Jain [22] also proposed another vector flow conjecture related to Tutte’s 5-flow con-
jecture. It says that every bridgeless graph admits a vector S*-flow. Inspired by this, we
proposed another problem as follows.

Problem 4.2.3. Find an integer r such that if a graph G admits a vector S*-flow (D, ®)
with rank at most r, then G admits an integer 5-NZF.
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4.3 Proof of Theorem 1.5.7

4.3.1 Vector S'-flows with rank one

The following lemma is a direct consequence of Definition 2.2.1.

Lemma 4.3.1. Let (D, ®) be a vector S*-flow of a graph G. Letv € V(G) and A C E(v)

such that
Y@= > @(e).

e€ANEL (v) e€ANEL (v)

Then
(1) The graph Gay admits a vector S*-flow (D, ®4) and S(®4) = S(®).

(2) If G(w;a) has a modulo k-orientation, then so does G.

Definition 4.3.2 (Elementary Balanced Vector). Let (D, ®) be a vector S'-flow
of a graph G with set of flow values {1, o, ..., ap} and rank(®) < 1. Let € =<
€1,€2,...,6 > be a vector such that either € = 0 when S(®) = {0}, or € is a nonzero

vector in S(®) satisfying that

(1) all coordinates of € are integers;

(2) subject to (1), |l€]| = S20_, |ei| is as small as possible.

Then the vector € is the elementary balanced vector of (D, ®). Clearly, € is unique

up to scalar multiplication of —1. Its length k* is defined by
= el = Z|€z :

In the following context, if (D, ®) is a vector S'-flow of a graph G, then we denote
by {1, @, ..., o} the set of flow values. If rank(®) = 1, we further denote by € =<

€1, €2, ...,€, > the elementary balanced vector and k* the length of e.
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Lemma 4.3.3. Let (D, ®) be a vector S'-flow of a graph G with rank(®) < 1. If G has
at least one nontrivial vertex, then k* > 3 and for each vertex v, either v is unsplittable
and deg(v) is a multiple of k*, or v is splittable. Furthermore, if v is unsplittable, then v

eg(v)

can be split into d o vertices such that the balanced vector of each new verter is either

€ O —€.

Proof. (1) Since G has at least one nontrivial vertex, € # 0. Note that k* # 1,2 by
Equation (4.1) and Definition 4.3.2. This implies £* > 3.

(2) Tt suffices to prove that each unsplittable vertex v has the balanced vector €(v) = se
for some integer s. Since (D, ®) has rank one, for each vertex v in G, there exists some
s € Q such that €(v) = se. Suppose to the contrary s = §> where p, ¢ are integers, |q| > 1
and ged(p, ¢) = 1. Then there exist two integers a, b such that p = ag+band 0 < |b| < |g].
Thus, ge = €(v) —ae is an integer vector but has smaller length than €, which contradicts
the definition of €. l

Let G be a graph admitting a vector S'-flow (D, ®) with rank one. If G contains some
splittable nontrivial vertex v (that is, there exists at least one pair of edges incident with
v with the same flow value but opposite orientations), then one can repeatedly split all
possible pairs of edges at v and other splittable vertices until no more splittable vertices.

Let G’ be the resulting graph. By Lemma 4.3.3-(2), for each vertex v of G', one can split v

deggr (v)
k*

either € or —e. The resulting graph is defined as the core of G.

into vertices such that each new vertex has degree k£* and has the balanced vector

The following is a straightforward observation of Lemma 4.3.1 and definition of core.

Proposition 4.3.4. Let G be a graph admitting a vector S*-flow (D, ®) with rank one.
If H 1is the core of G, then

(1) it is a k*-regular bipartite graph with vertex bipartition (A, B), where

A={veV(H): €v)=€} and B={veV(H): elv)=—¢€}.

(2) it admits a vector S*-flow, say (Dy, ®1,), and S(®y) = S(P).
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(3) it has a modulo k*-orientation and therefore G has a modulo k*-orientation.

(4) for each 1 <i <b, E;(H) has a decomposition into |¢;| perfect matchings.

Remark. Orienting all edges of H from A to B, the resulting orientation is a modulo
k*-orientation of H. Meanwhile, F;(H) has a perfect matching decomposition since the

subgraph induced by E;(G) is an |¢;|-regular bipartite spanning subgraph of H.

Theorem 4.3.5. If a graph G admits a vector S*-flow (D, ®) with rank(®) < 1, then
either G is eulerian and thus admits an integer 2-NZF, or G admits an integer circular

(2+ %)-ﬂow for some integer p where k* =2p+1 and p > 1.

Proof. If £* = 0, then v is trivial and deg.(v) is even for each vertex v of G. This implies

that G is eulerian and thus admits an integer 2-NZF.

Now we assume k* > 0. Then G contains at least one nontrivial vertex and thus G
admits a modulo k*-orientation by Proposition 4.3.4-(3). If k* is even, then G is eulerian
and admits an integer 2-NZF. Otherwise, by Theorem 1.3.11, G admits an integer circular
(24 ;)-flow with k* =2p+ 1. W

4.3.2 Some useful lemmas

In this subsection, we present some lemmas which will be applied in the proof of the case

of vector S'-flows with rank two.
Lemma 4.3.6. Let {a,as,...,ap} be a set of b pairwise linearly independent vectors

in S*. Then the following statements hold.

b .
(1) If >, eict; = O for some nonzero integers €1, €, . .., €, then

1-a) for each j with 1 < j <b,
(

e < Y leal:

G
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(1-b) 327y leil # 1,2,4.

(2) If ay + tag + taz = 0 for some integer t, then for any nonzero integers €, €3, €,
with |e4| = 1, we have

€200y + €303 + €404 7& 0.

Proof. (1-a) Note that b > 3 since each ¢; is nonzero. For each j with 1 < j < b, we

have €;a; = — Z#j e;o;. Thus,

651 = lejoy| = 1D e <D e,

G i#]

with equality holds only if all a;’s are pairwise linearly dependent. Thus, |e;| < >, [€i].

(1-b) Clearly, 2% || # 1,2. Suppose to the contrary S0 |e;| = 4. By (1-a),
2le;| < Z?Zl le;] = 4 and therefore |e;| < 1 for each j = 1,2,...,b. Without lose of

generality, we assume |¢;| = 1 for each ¢ = 1,2,3,4 and ¢; = 0 for each j > 5. Then
€10 + €009 + €33 + €44 = 0.

This implies that the vectors €, a1, eaas, €33 and e,y form a parallelogram in R?, which

contradicts the assumption that they are pairwise linearly independent vectors.

(2) Suppose €saxy + €33 + €44 = 0. Since €4 = £1, we have |ea| = |e3| by (1-a). If

€2 = —e3, then by equations oy + tas + taz = 0 and ey — a3 + €44 = 0, we have

€001 + 2t€2a2 + te4a4 =0.

Since |eo| > 1, |t] > 1, and |es] = 1, we have
12tes| = |tea| + |tea| > |ea] + |tes],
which contradicts (1-a).
If e = €3, then by equations a; +tas +tas = 0 and esas + a3 + €404 = 0, we have
€0 + tegay = 0,

implying that a; and oy are linearly dependent, a contradiction. Hl
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Lemma 4.3.7. Let (D, ®) be a vector S*-flow of a graph G with rank(®) < 1. If k* <5,
then G has a modulo 3-orientation D' such that either D' = D or D’ can be obtained from

)

D by reversing the orientations of all edges of some F;(G)’s.

Proof. If k* =0, let D’ = D and D itself is a modulo 3-orientation of G. Otherwise, G
contains at least one nontrivial vertex and k* € {3,5} by Lemma 4.3.6-(1-b). Let H be
the core of G. By Proposition 4.3.4-(2), H admits a vector S'-flow, say (Dy,, ®;). Based
on the definition of the core, it suffices to show that H has a modulo 3-orientation Dj,

which can be obtained from D, by reversing the orientations of all edges of some E;(H)’s.

By Proposition 4.3.4-(1),

b

b
[deg, (v) — degp, ()| = )_e(@) =) el
i=1 i=1
Thus, if Z?:l ¢; =0 (mod 3), then let D) = Dj, and Dy, itself is a modulo 3-orientation
of H. Next we assume Y0, & # 0 (mod 3).

If k* = 3, by Lemma 4.3.6-(1-a), € has exactly three coordinates with absolute value
equal to 1. Without loss of generality, we assume |e;| = 1 for each ¢ = 1,2,3 and ¢; =0
for all j with 4 < j < b. By Proposition 4.3.4-(4), E;(H) is a perfect matching of H for
each ¢« = 1,2,3. Thus, we can obtain a modulo 3-orientation from D) by reversing the

orientation of all edges of E;(H) for each ¢ with ¢; = —1.

Now we assume k* = 5. Then |¢;| < 2 for each ¢ by Lemma 4.3.6-(1-a). Note that
E;(H) is a perfect matching if |¢;| = 1. We first assume |¢;| = |¢;| = 1 for some i # j. If
€; = €;, then we reverse the orientations of all edges of E;(H) and all edges of E;(H) for
each t # i, j and ¢, < 0. If ¢, = —¢;, we reverse the orientations of all edges of E(H) for

each t #i,j and ¢ < 0. In either case, we obtain a modulo 3-orientation D} of H.

Now we assume that € has at most one coordinate with absolute value 1. Without
loss of generality, we assume either € = (1,—2,2) or € = (1,2,2). By Proposition 4.3.4-
(4), E2(H) and E3(H) induce two edge-disjoint spanning 2-regular subgraphs of H, and
Ey(H) is a perfect matching. If € = (1,—2,2), we reverse the orientations of all edges of
Es(H). If € = (1,2,2), we reverse the orientations of all edges of F1(H). In either case,
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one can obtain a modulo 3-orientation D; of H. W

Lemma 4.3.8. Let (D, ®) be a vector S*-flow of a graph G with rank one. If the vector
€ =< €1,€2,...,€q,..., € > satisfies |3, €| > 2 for some 1 < a < b, then G has a
modulo 3-orientation D' such that D' agrees with D on | J;_, Ei(G).

Proof. Similar to the discussion in Lemma 4.3.7, it suffices to prove that the core of G,
say H, has a modulo 3-orientation Dj, such that Dj, agrees with D, on J;_, E;(H), where
H is the core of G. We further assume 30_ ¢; = ¢ (mod 3) for some t = 1 or 2.

By Proposition 4.3.4-(1) and [} ,_, €| > 2, H has a vertex bipartition (4, B) and
has two edge-disjoint perfect matchings, say M; and Mo, such that M, C E;,(H), My C

E;,(H) for some ji,j2 > a (it is possible that j; = j»), and, M;, M, have the same

orientation either both from A to B or both from B to A. One can obtain a modulo 3-
orientation by reversing the orientations of all edges of 2¢ (mod 3) members of {M;, M}
in Dh~ |

Lemma 4.3.9. Let (D, ®) be a vector S'-flow of a graph G with rank two. Let {m, ¢} be
two integer vectors such that

(1) {n, ¢} is a basis of S(P);

(2) n=<m=1,1m,...,04,0,...,0> and ¢ =< ¢ =0, g, ...... , Op >

(3) the greatest common divisor of nonzero coordinates in ¢ is 1.

If V(G) can be partitioned into Vi and Vs, where
Vi={veV(G): €w)=4n} and Vo={veV(G): €lv) ==+¢},

then G has a modulo 3-orientation if one of the following statements is satisfied:

(1) S il <5 and |20, 651 > 2.

(2) D¢ m =2 (mod 3), and for some 2 < j <a,n; =1 and |¢;] > 2.
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Proof. We can assume that each vertex of G is unsplittable by Lemma 4.3.1-(2). Let

Vi= {0 €V(G): e)=n), Vie={veV(G): ) = —m},
Vor ={v e V(G): €(v)=¢}, Vau={veV(G): elv)=—¢}.

Thus, G[V}] is a bipartite graph with vertex bipartition (Vj1,Vj2) for each j = 1,2. Note
that F(G) is a perfect matching of G[V4]. Thus, [Vi;| = [Vi2| = £|Vi] and the balanced
vector of the edge-cut [Vi, V5] is

dew)=> n+ > -n=0. (4.2)

veEV] veViL vEV12

Case L. Y% | |n;] <5 and |Z§.>a o] > 2.

Let G; be the graph obtained from G by contracting V3_; into a new vertex wvs_; for
each i = 1,2. Let (Dy,®;) be the restriction of the vector S'-flow (D, ®) of G to Gj.
Then (D;, ®,) is a vector S*-flow of G;. By Equation (4.2), €(v2) = 0 and thus (D;, ®;)
is a vector S'-flow with rank one. Since n; = 1, the vector 7 is the elementary balanced
vector of (Dy, ®;).

Since "¢, il < 5, by Lemma 4.3.7, Gy has a modulo 3-orientation D) such that
either D} = D; or D] can be obtained from D; by reversing the orientations of all edges of
some E;, (G1)’s. Denote by E; (G1) with j = 1,...,t the set of all edges whose orientations

have been reversed. Note that ¢; < a.

Let D' be the orientation obtained from D by reversing the orientations of all edges
of U;Zl E; (G). Thus, (D', ®') is a vector S'-flow of G where ®'(e) = —®(e) if e €
U;:1 E;;(G) and ®'(e) = ®(e) otherwise. For each i < b, let ¢ = —¢; if the orientations
of all edges of E;(G) are reversed and ¢; = ¢; otherwise. Since i; < aforeachj=1,...,1,

the balanced vector of each vertex v € V5 is either ¢’ or —¢’, where

¢/:< 07¢/2a"'7¢;a¢a+17"'7¢b>-

Similarly, Gy admits a vector S*-flow (Dy, @) which is a restriction of (D', ®') with

rank one. Since the greatest common divisor of nonzero coordinates of ¢ is 1, the new
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vector ¢’ is the elementary balanced vector of (Dy, ®5). Since | Z?M ¢il = | Z?M o, > 2,
by Lemma 4.3.8, Gy has a modulo 3-orientation Dj such that D) agrees with D, on
Ui, Ei(G2). Since Dj and D, are restrictions of D', D} agrees with Dy on [Vi, V5] C
Ui, Ei(G2). Thus, D} agrees with D} on [V, V3]. Note that D{ND} = [V4, V3]. Therefore,

the union orientation D} U D), is a proper modulo 3-orientation of the graph G.
Case IL. > 7  n; =2 (mod 3), and for some j with 2 < j < a, n; =1 and |¢;| > 2.

Since each vertex of GG is balanced with balanced vector either +£n or +¢, for each

vertex v € V; and each vertex u € V5, we have

a b
| degy(v) — degp(v)| =Y m| and |deg(u) — degp(u)] = | il.
=1

=1

Since 71 = 1 and ¢; = 0, we know that F;(G) is a perfect matching in G[V;] and
no vertex in V5 is incident with an a;-edge. Let D; be the orientation obtained from D
by reversing the orientations of all a-edges of E1(G). Since Y ¢ 7; = 2 (mod 3), for
cach vertex v € V; and each vertex u € V5, we have |deg}, (v) — degp, (v)| = 0 (mod 3),

deg}, (u) = degh(u), and degp, (u) = degp(u).

If 2?22 ¢; = 0 (mod 3), then D; is a modulo 3-orientation of G, done. Now we
assume Z?:Q ¢; # 0 (mod 3) and regard D; as digraphs. Let L be the subgraph of D;
induced by (E1(G) U E;(GQ)) N (E(G[V4]) U E(V4, V3)), the set of all ay-edges and all ;-
edges with at least one endpoint in V;. Since 1, = n; = 1, for each vertex v € V; we have
deg} (v) = deg} (v) = 1 and for each vertex u in Vo NV (L) we have either deg} (u) = 0 or
deg; (u) = 0. Therefore, L can be decomposed into a collection of edge-disjoint directed
circuits with all vertices in V; and directed paths with both endvertices in V5. Note that
all directed circuits are contained in G[Vi]. Let {P, ..., P;} be the collection of directed
paths in L and denote by x; and y; the head and tail of P;, respectively, for each 1 <17 < t.

Construct a new digraph D, from D; by replacing each directed path P; with a new
arc e; oriented from y; to x; and assigned o for each ¢ = 1,2,...,¢t. Let K be the
underlying graph of Dy and ®5 be the resulting “flow” function of K. Note that (Ds, ®2)
is not a vector S'-flow of K since all the vertices of V; are not balanced. But each vertex

of V5 is balanced with balanced vector either ¢ or —¢ in K. By the construction of
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K, each aj-edge of K is either in K[V5] or in the alternating (o, av;)-circuits of K[V;].
Thus, the subgraph induced by E;(K[V5]) is a |¢;|-regular bipartite graph with bipartition
(Va1, Vag). Since |¢;| > 2, the graph K has at least two edge-disjoint perfect matchings,
say M; and M,, such that M; and M, have the same orientation which is either both
from V51 to Vag, or both from Vg to Vay.

By the definition of Ds,

|degp, (v) — degp, (v)] = |degp, (v) — degp, (V)| =0 (mod 3)
for each v € V;, and
|deg}, (2) — degp, (u)| = |degp, (u) — degp, (u)] =7 (mod 3)
for each v € V5, where r = 1 or 2. One can obtain a modulo 3-orientation D} of K by

reversing the orientations of 2r (mod 3) members of {M;, Ms}.

Now we construct D] from D; as follows: for each reversed edge e in Dy, if e = e; for
some 1 < ¢ < t, then we reverse the orientations of all edges of P; in D;; otherwise, we

reverse the orientation of e in D;. Finally, we obtain a desired modulo 3-orientation D]
of G. I

4.3.3 Vector S!'-flows with rank two

In this subsection, we will prove Theorem 1.5.7 for the case of vector flows with rank two.

Theorem 4.3.10. If a graph G has a vector S*-flow (D, ®) with rank two, then G admits
an integer 3-NZF.

Proof. Note that G is bridgeless since G admits a vector S'-flow. By Theorem 1.3.11,
it is equivalent to show that G admits a modulo 3-orientation. By Lemma 4.3.1-(2), we
can assume that each vertex of G is unsplittable. Note that we can further assume that
G has an odd-k-edge cut with 2 < k < 7. Otherwise, by Theorem 1.5.1, G admits an
integer 3-NZF. Denote the balanced vector of the smallest odd-edge cut by

n=<n,nm,...,M>.
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Thus, ||n| € {3,5}. In either case, by Lemma 4.3.6-(1-a), there exists some ¢ such that
In:| = 1. Without lose of generality, assume |n;| = 1 and n =< n1,m2,...,74,0,...,0 >,
where a < b and n; # 0 for each 1 < ¢ < a. We further assume 7; > 0 for each i < b,

otherwise we reverse the orientations of all a;-edges if 1; < 0 and negate their flow values.

For each a;-edge uv directed from u to v in D, we subdivide this edge into a path of
length 3 by inserting two new vertices w; and ws. Denote this path by uw,wsv. Orient
wywy from w; to wy and assign wyws with the vector ;. Replace wyu with ||| — 1
multiple edges oriented from w; to w and assign these ||n|| — 1 edges with vectors in
{ay, ..., ap} such that wy is balanced with the balanced vector 1. Similarly, replace vw,
with ||n|| — 1 multiple edges oriented from v to wy and assign these ||n|| — 1 edges with
vectors in {ao, ..., o} such that wy is balanced with the balanced vector —n. Denote
the resulting graph by G’. Note that G’ admits a vector S'-flow, say (D', ®’), and has
the same balanced vector space as G. Moreover, if G’ has a modulo 3-orientation, then
G has a modulo 3-orientation. Similarly, by Lemma 4.3.1-(2), we can assume that each

vertex in G’ is unsplittable.

Now we choose a vector ¢ =< ¢1, P, ..., ¢, > of S(P’) such that

(1) each coordinate ¢; is an integer and ¢; = 0;
(2) {n, ¢} is a basis of S(P');

(3) subject to (1) and (2), ||¢|| is as small as possible.

Remark. Note that such ¢ does exist in (D', ®’) because there are some vertices with
the first coordinate equal to zero in their balanced vectors. Moreover, all those balanced

vectors are linearly independent of 7.
Claim 16. For each vertex v € V(G'), the balanced vector of v is either m or —n or is

an integer multiple of @.

Proof. If v is incident with an a;-edge, then by the definition of G’, €(v) is either n or —n.
Otherwise, we have € (v) = 0. Since {n, ¢} is a basis of S(®'), we have €(v) = pn + q¢
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for some rational numbers p and ¢. Since €(v) = ¢; = 0 and ; = 1, we have p = 0.
Thus, €(v) = q¢p. Note that the greatest common divisor of nonzero coordinates in ¢
is 1 by the minimality of ||¢||. Since each ¢; and each ¢;(v) are integers, ¢ must be an

integer. 0

Note that n; = 0if 7 > a+ 1. Thus, if ¢; < 0 for some j > a + 1, we may reverse the
orientations of all a;-edges and negate the flow values to make ¢; > 0 without affecting
1. Thus, we can assume ¢; > 0 for each j > a + 1. By relabeling a;’s, we may further

assume 1y > --- > 1, >0 and ¢,r1 > -+ > ¢ > 0. In summary, we assume

77:<7717-~77Ia707---70> and ¢:<¢17¢27"'7¢b>7

which satisfy the following:

(1) m=11nl {35} andn >n =+ =n, > 0.
(2) ¢r =0and ¢gp1 > --- > ¢ > 0.
Since G’ is unsplittable, combined with Claim 16 and Lemma 4.3.3-(2) we can further
split each vertex v whose balanced vector is g¢ into |g| vertices such that the balanced
vector of each new vertex is either ¢ or —¢. Let H denote the resulting graph. Thus, H

admits a vector S*-flow by Lemma 4.3.1-(1), say (D, ®;,), such that the balanced vector
of each vertex is in {#+mn,+¢}. Therefore, V(H) can be partitioned into V; and V5, where

Vi={veV(H): €lv)=+4n} and Vo={veV(H): elv)==+e}.

By Lemma 4.3.1-(2), it suffices to show that H has a modulo 3-orientation. Suppose,

in the following context, that H does not have a modulo 3-orientation.

Claim 17. Z?:aﬂ ¢; <1 and a > 4. Moreover,

(1) dar1 €{0,1} and ¢pgro =+ = ¢p = 0.

(2) |In|l =5 and eithern =< 1,1,1,1,1,0,...,0 > orp =< 1,2,1,1,0,...,0 >.
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Proof. 1f Z;’.:aﬂ ¢; > 2, then by Lemma 4.3.9-(1), H has a modulo 3-orientation since
> i Imil < 5. This yields a contradiction. Thus, Z?:aﬂ ¢; <1 and thus ¢,+1 € {0,1},

Gay2 ="+ =@ =0.

If a < 3, then a = 3 since a; and @y are linearly independent. Since ||n|| = 3 or 5,
we have 15 = 7n3. Denote t = 1. Thus, a; + tay + tag = 0. Since ¢; = 0, we have
¢4 # 0 and thus |¢p4] = 1. Now we have o + ¢33 + psars = 0 where |¢p4] = 1, a
contradiction to Lemma 4.3.6-(2). Therefore, a > 4. This implies ||| = 5 and either
n=<111,1,1,0,...,.0>0ormn=<1,2,1,1,0,...,0 >. O

Claim 18. ||¢| > 5.

Proof. Suppose ||¢|| < 5. By Lemma 4.3.6-(1), ||¢|| = 3 and ¢ has exactly three coordi-
nates with absolute value equal to 1. If there exist ¢ and j such that ¢; = ¢; =t € {—1,1}
and 2 <1i < j < a, then it is easy to see that (1 — t¢) has length either 2 or 4, a contra-
diction to Lemma 4.3.6-(1-b). Otherwise, by Claim 17-(1), ¢+1 < 1 and thus ¢, = 1,
and there exist ¢ and j such that ¢; = —¢; € {—1,1} and 2 < i < j < a. By Claim 17-(2),
n; = 1. Now one can obtain a obtain a modulo 3-orientation of H by reversing the orien-
tations of all ax-edges for each k € {j,a + 1} with ¢, # ¢;. This is a contradiction. [

Claim 19. n; = |¢;| =1 for some j € {2,3,4,5} and ¢o41 = 1.

Proof. Since H does not have a modulo 3-orientation, it follows from Lemma 4.3.9-(2)
that for each j = 2,...,a, if n; = 1, then |¢;| < 1. Suppose |¢;| = 0 for each j with

By Claim 17-(2), either n =< 1,1,1,1,1,0,...,0 > or n =< 1,2,1,1,0,...,0 >.
Thus, ¢35 = -+ = ¢, = 0. By Claim 17-(1), ¢o11 < 1 and ¢; = 0 for each j > a+2. Thus,
Doy + ¢g0eg1 = 0. Since oy and o, are linearly independent, ¢ = ¢,r1 = 0. This
implies that ¢ is a zero vector, a contradiction to the choice of ¢. Therefore, there must
be some j € {2,3,4,5} such that n; = |¢;| = 1.

By Claim 17-(1), if ¢441 # 1, then ¢,.1 = 0 and thus ¢; = 0 for each i > a + 1. By
Claim 18, >>7  |¢| > 5 = > 7 mi, ¢1 = 0, and there must exist some j € {2,...,a}
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such that 1 < n; < |¢;|. Since n; = 1 implies |¢;| < 1, we have n; > 2 and |¢,;| > 3. By
Claim 17, 71 =< 1,2,1,1,0,...,0 > and thus j = 2. Now we have

P20 + P30z + Pro = 0,

where |p] > 3 and |¢s|, |¢4| < 1, a contradiction to Lemma 4.3.6-(1-a). This proves
¢a+1 - 1 D

The final step.

If 2522 ¢; =0 (mod 3), then one can obtain a modulo 3-orientation of H by reversing

the orientations of all edges of F1(H) in Dy, since ¢; = 0, a contradiction.

If 2?22 ¢; =2 (mod 3), then one can obtain a modulo 3-orientation of H by reversing
the orientations of all edges of F1(H) U E,1(H) in Dy, since ¢qr1 = 1m1 = 1 and 1,11 =
¢1 =0, a contradiction again. Therefore, ZLQ ¢; =1 (mod 3).

By Claim 19, n; = |¢;| = 1 for some j < a. Note that ¢,+1 = 1 and 7,41 = 0.
If ¢; = 1, then we reverse the orientations of all edges in E;(H)U E,41(H) in Dy. and
otherwise reverse the orientations of all edges of E;(H) in Dy, In either case, the resulting
orientation is a modulo 3-orientation of H, a contradiction. This completes the proof of
Theorem 4.3.10. W

4.4 Proof of Theorem 1.5.9

Proof. We only need to prove the sufficiency by Theorem 1.5.4. Suppose that G admits a
vector S'-flow (D, ®). Let v be a vertex of G of degree three. Without loss of generality,
we assume E~(v) = (). Denote {a, s, a3} = {®(e): e € ET(v)}. Thus,

o+ o+ oy = 0. (43)

We further assume that no edges of G have flow value —a; for each i = 1,2, 3 since
otherwise we can reverse the orientations of all (—a;)-edges and negate their flow values.

By Equation (4.3), we have the following claim.
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Claim 20. Let B = tiax+tsas+t3a where ty, to, and tz are integers. Then the following
two statements are true.

(].) ]f,B = 0, then tl = t2 = t3.

(2) If|B] = 1, then B € {£au, T, Tas}.
Proof. Without loss of generality, we assume t; < t; < t3. By eliminating a; using
Equation (43), ,6 = (t2 - tl)ag + (t3 - t1>0t3

(1) If B = 0, then (ty — t1)ag + (t3 — t1)ag = 0. Since as and ag are linearly
independent, to —t; = t3 — t; = 0 implying t; = t5 = t3.

(2) If |B| = 1, suppose to the contrary B ¢ {+ay, tas, +az}. Then (3 is linearly
independent of as and ag. Thus, to —t; # 0 and t3 —t; # 0. By Lemma 4.3.6-(1-a),

we have [ty — t1| = |t — t1]. Since t; < ty < t3, we have to — t; = t3 — t;. Thus,
,8 = (tz — tl)(ag -+ ag) = —<t2 — tl)al. Since ‘,8’ = ]al\ = 1, we have tg — tl = ’,6‘ =1
and B = —a. This contradiction implies B € {+ay, tao, Tas}. ]

Claim 21. For each vertex u of degree three, {®(e): e € E(u)} = {a, as, as}.

Proof. Since G[V3] is connected, it suffices to show that, for each vertex u of degree three
and adjacent to v, {®(e): e € E(u)} = {ay, oz, a3}. Without loss of generality, assume
®(vu) = az. Since deg(u) = 3, there are two other vectors 3y, 3, € S! such that

Bi+ B2 — o3 =0. (4.4)
Adding Equation (4.3) to Equation (4.4), we have
a1+a2+ﬁ1+,32:0.

Since all vectors in S! are unit vectors, the vectors o, a, 31, and B35 form a parallelogram
in R?. Thus, {31,832} = {—a1, —as} and E*(u) = 0 since there is no edge e in G having
®(e) = —a for each i = 1,2, 3. Therefore, {®(e): e € E(u)} = {ay, as, a3}. O

Claim 22. For each edge e of G, ®(e) € {1, s, a3}
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Proof. Let E' = {e € E(G): ®(e) # ay,for each i = 1,2,3} and G' = G[E']. We only
need to show E’ = (). Suppose to the contrary E’ # ().

By Claim 21, G’ is a subgraph of G — V3 and thus is acyclic. If E' # (), then there
exists a vertex w of degree one in G’ since G’ is acyclic. Let wz be the edge in £’ with
flow value 3. Then except wz, the flow value of each other edge incident with w is a; for
some i € {1,2,3}. Without lose of generality, we assume that wz is oriented from w to

z. Then the balanced vector of w is

€(w) = B+ riag + reas + ryag = 0,

where r{,7ry, and r3 are integers. Thus, 8 = —rja; — rpas — r3az. By Claim 20,
B € {ay, s, a3} because |G| = 1 and no edge has flow value —a; for each i = 1,... k.
This contradicts the assumption that 3 € {a, as, az}. Therefore, E' = (). O

Claim 22 implies that the balanced vector of each vertex v is €(v) = t1ay + tocs +
tsaz = 0 for some integers t,to,t3. By Claim 20, t; = ty = t3 and thus €(v) = t;(a; +
ay + a3). This implies that the rank of S(®) is one. Therefore G admits an integer
3-NZF by Theorem 1.5.7. B



Chapter 5

Even Factors of Graphs

In this chapter, our goal is to show that if a graph G has an even factor F, then it has

an even factor H such that
4 1
B()| 2 Z(BG)|+ 1) + Z[Va(G)].

Without loss of generality, all graphs considered in our proof are connected, since the

inequality being considered as above is obviously additive over connected components.

Proof of Theorem 1.6.5. Let (G, F') be a contra pair to Theorem 1.6.5 such that

(1) |E(G)| is minimized,;

(2) subject to (1), m(G) = ZUGVZ3(G)(deg(v) — 3) is minimized;

(3) subject to (1) and (2), |E(F)| is maximized,;

(4) subject to (1)-(3), the number of components of F' is as small as possible.

Claim 23. V5(G) is an independent subset of V(G).

Proof. Suppose that there are two vertices u,v € Vo(G) such that uv € E(G). Let G
(and F”) be the graph obtained from G (and F') by identifying u and v into a new vertex

29
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w and deleting the resulting loop. Clearly, |E(G")| < |E(G)|, w € Va(F’), and F' is an

even factor of G’. By assumption (1), G’ has an even factor H’ such that
4 1
()| > 2B(E)] +1) + 2%(C)

Let H be the subgraph of G induced by (E(H') — Eg(w))UE(u)UE(v). Since w € Vo(F'),
H is an even factor of G with |E(H)| = |E(H')|+ 1. Note that |[E(G)| = |E(G')|+1 and
V2(G)] = [Va(G')| + 1. Hence,

B2 (FUEG)] + 1+ (G +1
4 1
= E(G)| + =(V2(G) = 1) +1
= 2UB@) + 1) + 21(0)] + 2
> (BG)] +1) + 2%(G)]
This contradicts the choice of (G, F). O
Claim 24. F is a 2-factor of G.

Proof. Suppose that one component I of F' contains a vertex v such that deg,(v) = 2t > 4.
Since each component of F' is an eulerian subgraph of GG, we have an eulerian tour 7" from
I. We split v into t vertices of degree 2, each of which is incident with two consecutive
edges in T'. Denote the resulting graphs by F’ (from F') and G’ (from G), respectively. By
assumption (2), (G’, F') is not a contra pair since |E(G")| = |E(G)| and m(G’) < m(G).
Thus, G’ has an even factor H' such that

B(H)| > (B +1) + 2Va(G)]

Note that |Vo(G")| = |Va(G)| +t > |Va(G)|. Let H be the subgraph of G induced by
E(H’), then H is an even factor of G with |E(H)| = |E(H')|. Furthermore,

[B(H)| 2 Z(B(G)] +1) + 21V3(G)
= 2(B(@)]+ 1)+ (@) + 1)

4 1
> LB +1) + 21(0)
This contradicts the choice of (G, F). O
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Figure 5.1: The {B,Y, R}-edge-coloring around an odd circuit of F', and the selection of the

vertex v

5.1 {B,Y,R}-edge-coloring of G

In this part, we follow an edge-coloring introduced by Chen and Fan [6] and define an
{B,Y, R}-edge-coloring (x) of G as follows.

For a maximum matching B of F, let Y = E(F) — B and R = E(G) — E(F). For
simplicity, we use R, B, and Y to denote the subgraphs induced by F(R), E(B), and
E(Y), respectively. Note that F' is a union of disjoint circuits by Claim 24. We will pick
a particular maximum matching B out of F' by choosing, for each odd circuit C' of F', the
vertex v not incident with any member of E(C') N B according to the following rules. See

Figure 5.1 for an illustration.

(a) if C' is an odd circuit of F' and F' has more than one component, then let v be
a vertex of C' such that deg,(v) is as large as possible in D = G[V(C)] and v is
incident with both Y-edges in C;

(b) subject to (a), degp(v) is as large as possible.

Denote the collection of such vertices by Vo(G). An edge e is called an B-edge
(Y-edge, R-edge, respectively) if e € B (e € Y, e € R, respectively).
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Claim 25. RU B is a spanning subgraph of G.

Proof. Suppose that G has a vertex v € V(G) — V(R U B). Then v is incident with
only Y-edges and therefore v € V4(G). By Claim 24, deg(v) = 2 and v is incident with
precisely two Y-edges. By the definition of V4(G), there is an odd component C' of F'
such that v € V(C). By rule (b) in (x), each vertex of C has degree 2 in G. This implies
G = C, a contradiction to the choice of (G, F). O

Claim 26. Fach circuit in RU B is alternately { R, B }-edge-colored, and any two circuits

are disjoint.

Proof. Suppose that Z is a circuit of R U B that is not alternately {R, B }-edge-colored.
Since B is a matching of F', Z A F is an even factor larger than F', a contradiction to

assumption (3).

Suppose Z; and Z, are two non-disjoint circuits in R U B and denote K = Z; U Z.
Then K contains a vertex v of degree at least 3. Note that any vertex of degree 4 in K
must be incident with two R-edges and two B-edges contradicting that B is a matching.
Thus, degy(v) = 3 and each vertex of degree 3 is incident with one B-edge and two
R-edges (one is in Z; and one is in Z3). This implies that Z; A Z5 contains a circuit of
RU B in which two R-edges are adjacent to each other. This contradicts that each circuit
in RU B is alternately { R, B}-edge-colored. O

Claim 27. If Z is a circuit of length 2u of RU B, then the number of components of F

intersecting with Z is at most max{y — 1,1}.

Proof. Suppose that there is a circuit Z of RU B of length 2y intersecting with p (1 > 2)
components of F. By Claim 26, the circuits in RU B are alternately { R, B }-edge-colored
and pairwise disjoint. Thus, F* A Z is an even factor of G. Since the (2u)-circuit Z
intersects with a set X of p distinct components (circuits) of F, |[E(Z) N E(C)| =1 for
every C' € X and therefore (|Jocr C) A Z is a single circuit. Hence, F' A Z has (u — 1)

components less than F', a contradiction to assumption (4). ]
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Figure 5.2: The forest T UTy, = (RU B)/Z and its extension T” (a rooted tree)

5.2 (-subgraphs in RUR*UB

In Claims 25, 26, and 27, the structure of circuits contained in G|RU B] has been studied.
Note that not every B-edge is contained in some circuit of G[RU B]. Denote the collection
of such B-edges by By and call each of its elements an By-edge. By Claim 25, each vertex
of degree 2 must be incident with an By-edge. By Claim 23, none of these By-edges is
incident with two vertices of degree 2. Thus, |By| > |Va.

Let Z ={Zy,---,Z} be the collection of all circuits in RU B. Let t; be the number
of k-circuits of Z. Let T be the graph obtained from R U B by contracting each Z; into
a vertex. By Claim 26, the circuits in Z are pairwise disjoint and therefore 1" is acyclic.
Let {T1,---,T,} be all components of 7" and assign an orientation to each 7; as a rooted
tree with the root z; (z; is selected arbitrarily). Then we further extend the rooted forest
T, U---UT, to be a rooted tree 1" as follows: add a new vertex v, as the root of 7"
and add a new arc v,z; (z; is the root of T;) for each 1 < ¢ < a. See Figure 5.2 for an
illustration. Denote R* = {v,z; : 1 <i < a}.

Finally, we construct a tree T* from T” by further contracting all remaining B-edges
in 7”. Note that all those B-edges are not contained in any circuit of RU B and therefore
are Bp-edges. In 7%, each edge is an (R U R*)-edge and each vertex except v, is incident

with a unique incoming arc. Now we can classify the vertex set V(7T™) — {v,} as follows.
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(1) A vertex z is a Type I vertex if it is contracted from a circuit of Z in RU B.
(2) A vertex z is a Type II vertex if it is contracted from an By-edge in T”.

(3) A vertex x is a Type III vertex if it is an original vertex in G. In this case, x is

not incident with any B-edge. Thus, x € V.

For any vertex x € V(T*) —{v,}, let yx be the unique arc towards z in 7%, and let yu
be the edge of GG corresponding to yx in 7. In RU R* U B, we define the corresponding

@-subgraphs as follows. See Figure 5.3 for an illustration.

(1) If = is Type I, let Z € Z be the circuit contracted into z in 7. The subgraph
induced by the circuit Z and the edge yu is called a Type I Q-subgraph. (A Type
I Q-subgraph looks like a tadpole with the “body” Z and the “trail” yu.)

(2) If z is Type 11, let uv be the By-edge contracted into x in T*. The subgraph induced
by the edges uv and yu is called a Type IT Q-subgraph. (A Type II Q-subgraph
is a path of length 3, not looking like a tadpole at all. However, we still call the
By-edge uv the “body” and the edge yu the “tail”.)

(3) If x is Type 111, then x = u remains as a vertex of RUR*UB. The subgraph induced
by the edge yz is called a Type III Q-subgraph. (A Type III @-subgraph is a
single edge yx. Similarly, we call the single vertex x the “body” and the edge yx
the “tail”.)

Denote the body and the tail of each @-subgraph @; by b(Q;) and ¢(Q;), respectively. Note
that the collection of all @-subgraphs, denoted by Q, is an edge partition of RU R* U B.

Let Q; (Qys, Qpyr, respectively) be the collection of all Type I (Type II, Type III,
respectively) Q-subgraphs. Then

Q=09,UQnUQs, |Qul=|B, and |[Q|=I|Vo(G)|
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R or R* R or R*
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Qv g
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Type II. Type III.

Figure 5.3: Three Types of Q-subgraphs

5.3 Charge and Discharge

In RU R* U B, assign each vertex v of G with initial charge hy(v) = 1 and v, with
initial charge hy (v,) = 0; assign each edge e € R U R* with initial charge hg(e) = 1 and

each edge ¢’ € B with initial charge hg(e’) = 0, respectively. Then we have equations as

follows.
Claim 28.
n=V(@&)|= > h)=> (@) (5.1)
veV(G) QicQ
[RI+|R[= > hele)= ) hu(Q) (5.2)
e€RUR* Qi€Q

where hy (Q:) = -, cp0n v (v) and hp(Qs) = 3 cpo,) he(e) for each Q; € Q.

Proof. The proof of Equation (5.2) is trivial. The Equation (5.1) follows from Claim 25
that RU B is a spanning graph of G. ]
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Now we define a ratio to each @)-subgraph @); as follows:

hv (Qi)
(Qi) + he(Qi)

r(Qs) = hy

Then we have the following observations.

(1) For each Q; € Qy, it follows from Claim 26 that the body b(Q;) is an alternately
{R, B}-edge-colored circuit Z of Z. If |Z] = 2, then r(Q;) = ; with p > 2.

2p
2p+(p+1
. . . 4 . . . . . .
This implies r(Q;) > % since it is an increasing function on .

(2) For each Q; € Qyy, the body b(Q;) is a single By-edge. Thus, r(Q;) = % (> %)

(3) For each Q; € Qyyy, the body b(Q;) is a single vertex. Thus, r(Q;) = 1 (< 2).

To increase the ratio of Q; € Qi to we either take some charge from a Type I

4
7
@-subgraph whose body is a (> 6)-circuit of Z, or take some charge from a Type II

@-subgraph.

The following result guarantees that each @); € Q; can take some charge from an
@-subgraph in Q; U Q.

Claim 29. Fvery odd circuit C' of F either contains at least one By-edge, or intersects
with some (> 6)-circuit Z; of RU B.

Proof. Suppose that there is an odd circuit C of F such that each B-edge of C'is contained
in a 4-circuit of R U B. By Claim 27, each of those 4-circuits intersects with C' only,
no other components of F. Denote G[V(C)] = K. By rule (a) in (*), the minimum
degree of K is at least three. Note that |V(K)| = |E(C)| is an odd integer. Thus,
|E(K)| > 2|V(K)| = 3|E(C)|. By Theorem 1.6.1, K has an even factor D such that
|E(D)| > 2|E(K)| > |E(C)]. Thus, DU (F — C) is an even factor of G larger than F, a
contradiction. ]

The Discharging Rule: Let C' be an odd circuit of F' with = € V(C) N V,(G). We

redistribute the charge as follows.
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(R1) If C intersects with some (> 6)-circuit Z of Z, then z takes 5 from some v €
V(C)nV(Z).

(R2) Otherwise by Claim 29, C' contains at least one Bj-edge uv. Let x take % from wu.

Now we have the following two observations.
Claim 30. Both Equations (5.1) and (5.2) remain the same after redistributing the charge.

Claim 31. The ratio of any Type III Q)-subgraph is ‘—; now.

For each QQ; € Qy, the body b(Q);) is a circuit Z of RU B. We define lg, to be the
length of Z, and kg, to be the number of times of being discharged of ();. Then we have

the following result.

Claim 32. For each Q; € Qy,

4

M (Q0) = 2 (v (Q0) + hie(@)) + (g, — kg, —4). (5.9

Moreover, r(Q;) > 2 if kg, < lo, — 4.

Proof. Since @); is discharged kg, times,

1 3 1
hv(Qi) = lg, — gk‘Qi and  hy(Qs) + he(Q:) = 55621- - gk’Qz— + 1.

Then Equation (5.3) follows and 7(Q;) > 2 if kg, < lg, — 4. O

Note that each By-edge is contained in at most one odd circuit of F'. Thus, it can be

discharged at most once. For each ); € Q;;, we have the following result.
Claim 33.

> (@)= % ( > @)+ ) hﬂ@») +§|Bo - Byl + %lBaL (54)

Qi€Qrr Qi€Qrr Q:€Qrr

where B)) is the set of By-edges with one endvertex being discharged once.
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Proof. For each Q; € Q;r with b(Q;) € Bj, we have
1 5 1

8

Hence,

(@) = 2 (@) + ho(Q)) + 7.

Similarly, for each Q; € Q;; with b(Q;) € By — B(,, we have

hyv(Qi) = %(fw(@) + hp(Q)) + %

Then Equation (5.4) follows from above two equations. O

5.4 The Final Step

Assume the Discharging Rule (R1) and (R2) occur x; and x5 times, respectively. Thus,
|By| > 2. By Claim 30, both Equations (5.1) and (5.2) remain the same. Combing with
Claims 31, 32, and 33, we have

n=3 @+ Y W@+ Y (@

QeQr QeQrr QeQrrr

(S @+ (@ )+ £ Y o — g —4) + 2 (Bl — ) + o

== % E - Q Q - {150 2 -T2

QeQ QeQ QeQr

4 o1 1

= (n+|RI+|R) + 2 (Z lo— > ko— ) 4) + = QB —32) (55

QeQr Qe QeQr
Note that

Z ZQ = 22/1152#, Z k?Q = T, and Z 1= ZtQ#. (56)

QeQr p=>2 QeQ; QeQr pn=>2

Since n = |E(F)| and |E(G)| = |E(F)| + |R|, it follows from Equations (5.5) and (5.6)
that

|E(F)| = §|E(G)\ + Z—;|R*y + % ((Z@“ - 4)@) — xl) + % (2|Bo| — ). (5.7)

n>2
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69

By Claim 27 and the Discharging Rule, for each Q € Q;, we have kg < %Q —1iflg > 6

and kg = 0 otherwise. It follows from Equation (5.6) that

=Y ko< Y (%Q— )=Z<u—1>mgz<2u—4>m

QeQr QeQr: lg>6 =3 p=>3

That is,

(Z(QM — 4)t2u> — T = (Z(Q,u — 4)152#) — x> 0.

u=>2 n>3
It follows from Equation (5.7) that
4
7
Since |By| > |Vo(G)| and |By| > x4, we have

41
[E(F)] 2 2| E(G)| + Z|R| + = (2| Bo| — 22).
(2|Bo| — w2) > | Byl > [V2(G)].
Note that |R*| > 1. Thus,
4 1
E(F)| 2 SE@)] +1) + 11(C)]

This last inequality contradicts the choice of (G, F). B

(5.8)
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