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Abstract

Nanocapillary Membrane Devices:
A Study in Electrokinetic Transport Phenomena

by

Jarrod Schiffbauer
Doctor of Philosophy in Physics

West Virginia University

Boyd Edwards, Ph.D., Chair

There is considerable interest in developing micro-total analysis systems, also known as
lab-on-a-chip devices, for applications in chemical and biological analysis. These devices
often employ electrokinetic transport phenomena to move, mix, concentrate and separate
dissolved species. The details of these phenomena in micro- and nanometer scale geometries
are not fully understood; consequently, the basic principles of device operation are often un-
clear. For example, nanocapillary membranes (NCM) and other nanometer-sized passages
can exhibit charge-selectivity and rectification effects similar to those observed in biologi-
cal membranes. This dissertation addresses several issues related to ion transport in these
membranes. Leading-order 1D steady-state models for diffusion-layer modulated transport
through non-ideal membranes are used to study ionic rectification in geometrically asym-
metric devices. These models provide qualitative explanations of the operation of a variety
of fluidic rectifiers and experimentally observed hysteresis effects. By taking the first steps
in the full boundary-layer analysis of the model, it is shown that non-ideal membranes do
not maintain local electro-neutrality under passage of electric current. This is in contrast
to the usual assumption of membrane local electro-neutrality, but is compatible with the
existence of the non-equilibrium macroscopic space charge known to appear in the flanking
electrolyte and the requirement of overall charge conservation. Lastly, the problem of elec-
trokinetic instability due to non-equilibrium electro-osmotic slip is considered for the case of
an electrolyte-membrane interface inside a 2D channel.
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Chapter 1

Introduction

1.1 Introduction

1.1.1 Applications: LOC/µ-TAS technology

Microfluidic technology emerged about 20 years ago with the development of micron-

sized chromatography systems, micropumps, valves, and flow sensors [39] and has since

transitioned into commonplace technology; for instance, the ink-jet printer employs an ar-

ray of micron-diameter channels. A more recent technological trend, driven by industrial

needs, is to integrate small-scale versions of separation, mixing, concentration, and analy-

sis processes into, ideally, a microchip-sized device. Such technology, known colloquially as

Lab-On-a-Chip (LOC) or Micro-Total Analysis Systems (µ-TAS) could potentially increase

efficiency and decrease cost in a wide array of applications such as those involving remote

chemical or biological sensing and detection, DNA sequencing, or portable/disposable med-

ical diagnostics.

The archetypal LOC device consists of several individual components performing the

separation, mixing, concentration, pumping, and analysis processes integrated into a single

platform and connected by channels with cross-sectional areas on the order of 1000 µm2

and lengths around 1 cm or less. At these scales, it is desirable to avoid mechanical pumps

and valves both because of the inherent difficulties in the precision fabrication and reliable
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function of complex devices, but also for reasons having to do with optimization in separa-

tions science, which will be discussed subsequently. Instead, advantage is taken of the novel

transport properties which can dominate in such systems. The components themselves may

be formed of such micro-channels and chambers with particular shapes, surface modifica-

tions, or as in the case of current interest, nanofluidic interconnects to facilitate the various

intended functions.

Fortunately, the challenges imposed by miniaturization of these processes entails the

study of a number of interesting problems. Strictly speaking, even though the smaller di-

mensions in these systems may reach nanometer scales, most of these are not so much

nanoscale effects in the sense that atomistic effects or fluctuations become important. They

are however the result of interfacial effects becoming increasingly important as the device size

decreases; the surface area to volume ratio increases and boundary-layer transport becomes

important.

For many practical applications, particularly related to biological sample concentration

and separation, samples are dissolved in aqueous electrolytic solutions. The parabolic flow

profile of a pressure-driven flow tends to disperse samples faster, via Taylor dispersion [58],

than the uniform flow profiles generated by the collective forces exerted by the charged salt

ions on the solution, i.e. electro-osmotic flow (EOF). Thus EOF and electrophoresis are often

used to move and control samples in LOC systems. Because of this, micro- and nanofluidic

devices, particularly devices involving the nano-microfluidic interface (NMI) provide ample

opportunity to study electrokinetic transport in aqueous solutions.

1.1.2 Electrokinetic transport in micro- and nanometer-sized ge-

ometries

Electrokinetic transport refers to the combined effects of conduction, advection, and

diffusion of dissolved ionic species and the fluid in which it is dissolved subject to some

combination of thermodynamic forces. Since typical velocities of charged particles are low,
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the effects of magnetic induction are ignored; hence the subject is sometimes called ‘elec-

trohydrodynamics’; otherwise it is somewhat physically and mathematically analogous to

the (mean-field) study of coupled transport in plasmas. When the effects of fluid flow are

neglected, the subject is often referred to as electro-diffusion. In this case, the resulting

mathematical description in a continuum approximation is similar to the classical conduc-

tion and diffusion of mobile charge-carriers through solids. It is then not too surprising that

many of the non-linear transport-modulating behaviors seen in gaseous thermionic-emission

devices and solid-state semiconducting devices, i.e. rectification of current flow and gat-

ing/valving functions, may also be exhibited by electrokinetic “fluid state” devices, albeit

with some differences.

Boundary layers and boundary-layer effects

It is well-known that the interface between two phases acquires a boundary layer in order

to achieve thermodynamic equilibrium [32]. The boundary layer will be discussed in more

detail in Chapter 1, but a brief introduction is given here. In aqueous electrolytic solutions–

or any system with mobile charge– the boundary region typically involves a small-scale sep-

aration of charge. Thermodynamically speaking, this accommodates the equilibrium of the

charged species, ensuring that the electrochemical potential of each is continuous across any

(arbitrary) boundary between the phases and can be thought of as the result of a competi-

tion between diffusive thickening and electrostatic attraction.

If a bulk aqueous electrolyte is in contact with a solid, the boundary layer extends into

the liquid 10’s to 100’s of nanometers and is known as the electric double layer (EDL) or

Debye layer. Under normal circumstances, most of the liquid is bulk-like in the sense that

it maintains local electro-neutrality (LEN), and these thin layers exhibit strong charge sep-

aration which effectively shields the surface charge present in the solid-side of the boundary.

The unbalanced charge in these layers is responsible for a number of the electrokinetic effects

critical to micro and nanofluidic device operation. In microfluidic channels with tangentially

applied E-fields, charges in the Debye layer provide a boundary-layer electric body force

which effectively drags the bulk fluid along via viscous coupling, which can eventually result
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in a steady or quasi-steady electro-osmotic flow (EOF) with a uniform, plug-like flow profile

in hydrodynamically unimpeded channels. In channels with nanometer dimensions, EDL’s

from adjacent walls may overlap, with strong effects on both species transport and fluid flow

through the channel. When strong fields and concentration gradients are present, a number

of interesting effects appear which are related to the distortion of these boundary layers and

incipient electrokinetic instabilities [6, 68].

Strictly speaking, the conductive transport of ions and charged macromolecules, known

as electrophoresis, is also dependent upon the structure of the Debye layers surrounding the

particles. However, this is often accounted for in a more elementary way without much loss of

generality, especially for small ions under moderate conditions. The Stokes drag and electric

force on the particle compete to yield uniform motion in an applied field where an effective

ionic charge and effective hydrodynamic radius can be used to define the electrophoretic

mobility. The relationship between the actual values of the ionic radius (or molecular ge-

ometry for a more general charged macromolecule or colloidal particle) and the surface/ion

charge must be taken into account for an accurate description, particularly under extreme

circumstances [32]. The electrophoretic mobility µ is typically assumed to obey the Einstein

relation,

D =
µkT

q
(1.1)

where D is the (self) diffusivity in the limit of infinite dilution, k Boltzmann’s constant, T

the temperature and q is the net charge. Thus, the two quantities are used interchangeably

both here and in much of the literature.

Some of the details of these transport phenomena relevant to the remainder of the dis-

sertation are given in the following chapter. The above discussion is intended to give a brief

introduction and to make the impression that devices containing both micrometer-sized and

nanometer-sized channels operating display a number of interesting effects. This disserta-

tion focuses primarily on novel electro-diffusive effects associated with ion transport across

so-called perm- or charge- selective interfaces, which tend to favor transport of one sign of

ion over the other. Other important effects, which are considered briefly in the last chapter,

involve the coupling between the ionic distributions, electric field, and fluid flow.
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1.2 The NCM/NMI device

1.2.1 Device construction, experimental details, etc.

The NCM/NMI experimental devices (see Figure 1.1 or Ch. 3 Figure 4.1) consist of a

roughly 1 cm long microchannel etched into a glass slide with a macroscopic reservoir and

electrode at each end of the device. The channel is approximately trapezoidal in cross-section,

with the channel depth being on the order of 10’s of microns, and the width on the order

of 100’s of microns. The glass walls acquire a negative surface charge in aqueous solution

at pH 7, which supports EOF. The left reservoir is directly attached to the channel and the

right reservoir is separated from the channel by the nanocapillary membrane, schematically

represented in Figure 1.1 by a smaller channel. The left reservoir is held at ground and the

right reservoir biased during experiments.

1.2.2 On- and Off-state Illustrations

The NCM/NMI device has two distinct modes of operation corresponding to whether or

not the right reservoir is biased positive or negative with respect to ground [37, 24]. The

pores in the nanocapillary membranes are about 10 nm in diameter and the walls have a

fixed negative surface charge under typical experimental conditions. The Debye layers in

the pores are thick enough that they effectively overlap, blocking the passage of a significant

fraction of the co-ions, i.e. those ions with the same sign as the surface charge (anions in

this case,) which would normally be present in the total ionic flux. This condition is known

as perm-selectivity, or equivalently, charge selectivity, and will be discussed in greater detail

in the next chapter. Here it is sufficient to note that charge selectivity results in a flux

imbalance across the membrane which drives the development of depleted and enriched re-

gions on either side of the membrane. A conceptual model, due to Pu [43], can be used

to understand this phenomenon, known as concentration polarization (CP). The essential
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Figure 1.1: Schematic On- and Off- state device illustrations showing the basic relationship
between species flux densities j±, i.e. number of particles per unit area per unit time, and
salt flux density, J+ ≡ (j+ + j−)/2, and charge flux density, J− ≡ (j+ − j−)/2 for a two-
species system. The depleted and enriched regions are indicated respectively by lighter and
darker shades of blue.

ingredients are shown in Figure 1.1. The resulting layers are known by a variety of names in

the literature including Nernst layers, diffusion layers (DL’s), and concentration polarization

layers (CPL’s). Here, we loosely follow the terminology and taxonomy formally laid out in

Ref. [68]. The term ‘CPL’ will generally refer to the collective structure while ‘DL’ will refer

to an individual layer.

As shown in Figure 1.1, the depleted DL for a negatively charged membrane forms on

the side of the membrane/nanochannel closest to the anode and the enriched DL forms

closest to the cathode, e.g. the electric field drives anions (co-ions with respect to the mem-

brane charge) out of the depleted DL and into the enriched DL. Since the system naturally

attempts to maintain electro-neutrality over large regions, this results in the respective de-
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pletion and accumulation of both ions. However, it is important to note that at sufficiently

high currents, the system can no longer maintain local electro-neutrality and a macroscopic

charge-separation occurs (in contrast to the microscopic separation of charge in the Debye

layers.) This results in a number of interesting effects.

1.3 NCM/NMI applications and experiments

The NCM/NMI device is representative of a wide class of sample pre-concentration de-

vices [61, 16, 11, 26, 41, 15, 25]. These devices employ either so-called classical (i.e. locally

electro-neutral) CPL effects, or effects due to the extended space charge and electrokinetic

instabilities occurring at higher-voltages/currents. Both types of concentration mechanism

can be employed in the NCM/NMI depending on the device bias. In the on-state (forward

bias) mode, classical CPL effects create a locally electro-neutral enriched DL in the mi-

crochannel adjacent to the membrane. A similar phenomenon is shown in Figure 1.2 for

a device with a V-shaped microchannel connected to a reservoir by a single nanochannel.

The off-state concentration mechanisms are much more difficult to understand and may be

a result of a complex of effects which depend on the appearance of extended space charge.

While the NCM/NMI is intended for sample pre-concentration, it also functions as a flu-

idic rectifier, permitting a higher electric current in the on-state than the off-state, hence the

naming convention. The concentration mechanism in the on-state is directly related to the

function of the device as a fluidic rectifier. As can be anticipated from the results in Chapter

2 (see Ch. 2 Figure 3.8), the enriched concentration profile in the microchannel DL increases

along with the rectification strength of the device. While the models used in Chapter 2 do

not have any direct predictive bearing on the off-state concentration effects, they may aid in

understanding the origins of these effects. Because the perm-selective membrane acts as a

barrier to electro-neutral diffusion, and further, since the microchannel restricts convective

mixing, the device also exhibits strong hysteresis effects when cycled between the off- and

on-states. While the actual sample concentration process is not a central topic in this disser-

tation, a deeper understanding of the fluidic rectification and hysteresis effects is expected

to help guide future work on the concentration process. Indeed, these results have already
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Figure 1.2: Fluorescent microscope image of dye concentrated in the on-state in a V-channel
device with a single nanochannel as the perm-selective element. The device operation
is essentially the same as that in the NCM/NMI on-state. Image courtesy of K. Kelly
(unpublished.)

been used to conduct some simple studies into steady-state concentration polarization of

3-species systems [7].

1.4 Overview of dissertation

A significant portion of the dissertation is devoted to understanding locally electro-neutral

electro-diffusive contributions to the rectification effect while ignoring complications due to

EOF and space-charge. However, the expected effects of these complications are discussed

and some effort is made to extend the theory.

Chapter 2 presents an overview of background material and notes on the modeling ap-

proach employed in the remainder of the text. The aim is to provide some necessary details

and place the results obtained in the rest of the dissertation in the broader context of the

subject of electrokinetics. Chapter 3 contains the central results of the dissertation. A survey

of fluidic rectification is presented, along with a general explanation of the fundamentals,
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different types of device, and some historical perspective. Then several variations of a sim-

ple model are used to understand fluidic rectification in greater detail and some qualitative

predictions are made.

Chapter 4 contains a study of experimental results, primarily a discussion of the observed

fluidic rectification behaviors in the context of the models of Chapter 3. The hysteresis, or

so-called ‘chemical ratchet’ effect observed in the NCM/NMI device is explained in terms

of the models of Chapter 3. There is also a brief discussion of the off-state concentration

process. The collective observations, both successes and failures of the models of Chapter

3, along with the consideration of some of the features in the off-state concentration process

are then used to motivate both future experiments, discussed at the end of Chapter 4, as

well as to provide some observations relevant to the work in Chapter 5.

The dissertation concludes with Chapter 5, where the first steps in the extension of the

simple theories of Chapter 3 are taken. While most of the work in Chapter 5 is preliminary,

one interesting result is that the membrane is shown to become polarized under passage of

an electric current. This effect complements the polarization of the double-layer, which is

known to develop into an extended, macroscopic space charge. This membrane polariza-

tion may help to explain how this excess space charge originates in realistic systems with

fixed numbers of ions while maintaining global electro-neutrality. This issue has not, to

the author’s knowledge, been addressed in any of the previously published works on the

development of the extended space charge. To conclude, the results and methods of Ref.

[51] are applied to the case of an electrolyte adjacent to an ideal membrane confined to a

narrow 2D channel. As might be expected, it is shown that there exists a minimum allowed

wavenumber for perturbations corresponding to a maximum wavelength.
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Chapter 2

Background theory and related

problems

2.1 Chapter introduction and overview

In this chapter, the basic electrokinetic transport mechanisms and the corresponding

mean-field governing equations are reviewed in dimensional and non-dimensional form. This

is followed by a discussion of the choice of scales for the various physical quantities and re-

sulting dimensionless parameters that characterize the problem. Then the structure, termi-

nology and properties of the electric double-layers are introduced in terms of the equilibrium

Gouy-Chapman model and the Poisson-Boltzmann equation. Charge-selective transport due

to overlapping EDL’s is then considered in the context of cylindrical nanochannels, along

with a brief comparison to membrane models. The non-equilibrium I-V response and the

development of concentration polarization are then discussed along with some fundamental

open problems in the field.

2.2 Continuum models of electrokinetics

A common starting point for modeling of electrokinetic phenomena in micro- and nano-

fluidic systems is to assume a continuum, mean-field description of the system. This neglects

a number of complications by assuming the solvent is a structure-less, incompressible, dielec-
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tric liquid. Also, the ions are be treated in a ”smeared-out” fashion, effectively as though

they compose a simple, charged fluid. It is generally assumed (unless appropriate reactions

are taken into account) that the ions are those of a strong electrolyte, yielding stoichiomet-

rically consistent concentrations regardless of the possibility of pH shifts, etc. The finite size

of all molecules and ions is neglected -which will be of the greatest consequence near the

solid-liquid interface- and the transport properties, specifically the diffusivity, is assumed to

be the same as in the limit of infinite dilution. Some comments regarding the consequences

of these simplifications are made in the course of discussion.

2.2.1 The governing equations

For dissolved ionic species i = 1, ...,M subject to gradients in electric potential, concen-

tration, and pressure, the net flux density (particles per unit area per unit time) of the ith

species is given by the Nernst-Planck flux,

j̃i = ṽni −Di

(

∇̃ni +
qi
kT

∇̃φ
)

(2.1)

The first term above is the advective contribution to the flux, and the term in parentheses

the combined electro-diffusive flux, where the fluid velocity is ṽ, the (dimensional1) number

density of the ith species is ni, the diffusivity Di, ionic charge qi, and the electric potential Φ.

Combining this with the requirement of conservation of mass, i.e. the continuity equation,

gives the conduction-diffusion-advection equation,

∂ñi

∂t̃
+ ṽ · ∇ñi = ∇

[

Di

(

∇ñi +
qi
kT

ñi∇Φ
)]

(2.2)

The total electric potential is given by the Poisson equation,

∇2Φ = − 1

ǫǫ0

M
∑

i=1

qini + Ñ(r̃) (2.3)

1dimensional quantities are denoted by a ‘ ˜ ’ wherever the same symbol is used for the dimensional and
dimensionless quantity.
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where Ñ(r̃) represents any fixed charge density present in the system.

Fluid flow is governed by the Navier-Stokes equation,

∂ṽ

∂t
+ (ṽ · ∇) ṽ =

ρe
ρ
∇Φ +

η

ρ
∇2ṽ − 1

ρ
∇p̃ (2.4)

subject to the following condition for incompressible flows,

∇ · ṽ = 0 (2.5)

Here, ρe is just the total charge density from the Poisson equation, ρ the mass density, and η

the dynamic viscosity. Fluid properties are usually assumed to be equal to that of the pure,

bulk solvent.

In most microfluidics applications, the second, so-called inertial, term on the left-hand

side, (ṽ · ∇) ṽ is usually neglected for reasons discussed in the following sub-section. Tem-

perature differences and the transport and dissipation of heat are typically ignored. For

sufficiently low current densities, where Joule heating is negligible, this is a safe assump-

tion. Often there is no applied external pressure, and this term is omitted. Whether or

not this is justifiable in all systems, particularly when there is strong cross-coupling between

transport mechanisms, is questionable [36, 4]. For moderate field strengths and concentra-

tion gradients the bulk-like portions of the electrolyte will be able to maintain (quasi) local

electro-neutrality (LEN) and the only appreciable electric body forces arise in the bound-

ary layers, as in the case of classical EOF as discussed in the introduction. In this case,

the body force term is omitted from the equation for bulk and replaced by an appropriate

slip condition at the boundary. At sufficiently high voltages/currents and/or concentration

(conductivity) gradients, this is not the case; local electro-neutrality may be violated over

scales larger than the Debye length near solid-liquid boundaries. These situations will be

discussed somewhat later on when relevant.

2.2.2 Dimensionless forms and important parameters

As is often the case with nonlinear systems, the equations are put into dimensionless

form, in large part for mathematical convenience in finding physically appropriate approxi-
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mations. However, since this typically results in the identification of important dimensionless

parameters that characterize the system, it also leads to some clarity and physical insight.

In this section, several important parameters are introduced and discussed along with the

appropriate non-dimensional forms of the equations.

Dimensionless forms

The scaling convention here is similar to that in Ref. [68]. The equations governing

species concentration are written

∂ni

∂t
+ Pev · ∇ni = ∇ [Di (∇ni + zini∇φ)] . (2.6)

where Pe is the Peclet number. The non-dimensional Poisson equation is given by

ε2∇2ϕ = −
M
∑

i=1

zini +N(r), (2.7)

where ε is the dimensionless Debye length Lastly, neglecting the inertial terms, the dimen-

sionless Navier-Stokes equation is written,

1

Sc

∂v

∂t
=

ρe
ρ
∇φ+

η

ρ
∇2ṽ − 1

ρ
∇p̃ (2.8)

with the Schmidt number Sc.

These equations, along with a non-dimensional incompressibility condition, must be

supplemented by appropriate boundary conditions. Generally, the body-force term in the

Navier-Stokes equation can be ignored and the body-force acting in the electric double layers

included by means of a non-zero slip velocity at the solid-liquid interface for the case of very

thin EDLs. This yields the electro-osmotic flow, as discussed in the Introduction. It is also

known as electro-osmosis of the first kind, to distinguish it from convective motions that

can arise due to modified (i.e. polarized) Debye layers, or due to instabilities in these lay-

ers. Other boundary conditions will be discussed further in the course of studying a specific

problem.

The physical meanings, relationships to the (implied) approximations, and typical mag-

nitudes of the dimensionless parameters Pe, ε, and Sc are discussed subsequently. However,
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the issue of fundamental scales warrants some discussion first.

Choice of scaling for variables

There is some latitude in choosing the appropriate scales for the non-dimensional forms.

While the choice is to some extent arbitrary for linear equations, the scales should be chosen

to reflect characteristics of the phenomena under consideration. For non-linear equations, the

choice of scale will affect the ability to resolve boundary layers in analytic approximations,

and–for numerical work– can affect the convergence and stability of the solution. There

are several apparent scales to choose from for the quantities appearing in the electrokinetic

governing equations. Some choices are less contentious than others.

The species concentrations are scaled by the bulk concentration of one of the components

(which are the same in a symmetric binary system), so that the dimensionless concentration

is

ni =
ñi

no
. (2.9)

In multi-component systems, the diffusivity may be scaled by that of one of the components,

or by some combination, average, etc. of the individual diffusivities. In any case, the choice

will be specified for a particular problem when necessary and the typical value will be denoted

as Do. Thus the dimensional diffusivity for the ith component given by Di = DoDi. For

the problems considered here, the electrolyte is assumed symmetric and binary, so that both

species have the same diffusivity, so the dimensionless value in the open electrolyte2 is then

just D = 1. In these cases, the diffusivity D is usually dropped from the equations. The

potential is scaled according to the thermal voltage, Φ = Vthφ where Vth = kT/e = 25.4 mV.

Some authors [6, 29] also scale by the applied potential.

The dimensionless time is written

t =
t̃Do

L2 (2.10)

2As opposed to electrolyte confined to nanopores or that infiltrating a polymer gel, where some effective
diffusivity different from unity will be assumed.
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Note that the time-scale chosen corresponds to the characteristic relaxation time for locally

electro-neutral diffusion over an as-of-yet unspecified length scale L. There are shorter time-

scales associated with the relaxation of the Debye layer (at all voltages) and intermediate

time-scales associated with the development of extended space charge occurring at high cur-

rents [1, 52]. Again, it is not a priori apparent which scale is the most appropriate, but since

the bulk of the work here will be concerned with systems that can be described by locally

electro-neutral (LEN) electro-diffusion, or the stability of quiescent (LEN) electro-diffusion

subject to perturbations, this choice seems reasonable. However, there is still some ambigu-

ity in that an appropriate length scale has yet to be specified.

The length scale L appearing in these definitions is usually assumed to correspond to the

typical length scale over which the (LEN) concentration varies, usually on the order of the

distance between electrodes. However, it is not clear that this is always the most appropriate

choice. With the NCM/NMI, several natural length scales are present. Which one to choose

depends on the particular phenomena of interest and also upon the duration of observa-

tion/measurement relative to the dominant intrinsic time scale. For instance, in considera-

tion of problems regarding the double-layer overlap inside of the individual nano-capillaries,

an appropriate length scale is the capillary radius (on the order of 10’s of nanometers) and

the intrinsic time-scale would be that corresponding to the growth of these double-layers,

i.e the Debye time tλ = λ2
D/Do or about 10−7 seconds 3. Outside of the membrane and

further restricting attention to electro-neutral phenomena, i.e. for low currents and times

much longer than the Debye time the various widths and lengths of the system present other

choices.

If the problem may be regarded as essentially 1D–as will be done for the majority of

the work here–then the typical membrane-to-electrode distances LE are obvious candidates.

However, so is the membrane thickness δ. The best choice for the scale is the length over

which the concentration changes from a bulk value, i.e. the value held near the entrances

to large reservoirs, to the interfacial value near the membrane(channel)-electrolyte interface.

However, in the case of devices with centimeter-long microchannels, the full development of

so-called diffusion layers of this length requires times on the order of 104 sec. (see Ch. 2

3where λD is the dimensional Debye length, to be discussed shortly
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Table 3.1.) In such cases, during most experiments, this will not be a fixed quantity. For

most of the calculations here (specifically, those assuming a quasi-steady state) the length

scale will be set by the membrane thickness. There is more to be said regarding the best

choice of time-scale.

The intrinsic velocity and pressure scales are chosen by considering steady-state force-

balancing of the Navier-Stokes equations. There are some subtleties regarding the omission

of the inertial terms and some discussions suggest this is not appropriate [6, 29]. However,

in performing a true steady-state force-balance of the dimensional form of the Navier-Stokes

equation, these do not matter. Consider that, by definition, a true steady-state of the dy-

namical variable a is given by the condition ȧ = 0, i.e. the total time-derivative is zero. For

the fluid velocity, steady-state implies that

˙̃v =
∂̃v

∂t
+ (ṽ · ∇) ṽ = 0 (2.11)

Thus, the force-balance does not depend on the vanishing of the inertial terms.

By assuming no applied pressure gradient, the natural velocity scale that arises is the

so-called electroviscous velocity,

vo =
ǫǫoV

2
th

ηL
(2.12)

Note that some scaling arguments appeal to velocities on the order of magnitude of typical

electro-osmotic velocities, i.e. about 1 cm/s. These may be appropriate when considering

systems dominated by externally driven flows, e.g. those due to electro -osmosis of the first

kind. But when considering stability of the quiescent electro-diffusion problem, the intrinsic

electroviscous scale is the correct scale.

If instead, the electric body force is assumed to be zero (i.e. no applied electric field,)

the force balance yields a scaling for the pressure,

po =
ηvo
L

. (2.13)

From these fundamental scales, several dimensionless numbers arise. They will be introduced

and discussed below.
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Important dimensionless parameters

Three dimensionless parameters appear in the governing equations. However, given the

nature of the approximations made along with the typical justification, it is prudent to

discuss four:

• Debye parameter/length

• Peclet number

• Reynolds number

• Schmidt number

The first parameter arises from the Poisson equation. The Debye parameter is a dimen-

sionless parameter often called the dimensionless Debye length, ε = λD/L where the Debye

length is

λD =

√

ǫǫokT

e2no
, (2.14)

and the length scale is L. Physically, it is a measure of the extent of the Debye boundary

layers, a.k.a. the electric double layers. For a bulk concentration of 10 mM, the bulk number

density is about no = 6× 1024 m−3 and the Debye length is about 4.8 nm.

The Peclet number, Pe = vol/Do, which is essentially a ratio of convective to diffusive

transport can and has been defined a number of ways, leading to several different estimates.

Scaling by a typical electro-osmotic velocity and considering the various length-scales, from

10 µm to 0.01 m, Peclet numbers range from 102 to 105. By using the electroviscous velocity

scale the Peclet number estimate is independent of length,

Pe =
ǫǫoV

2
th

ηDo

. (2.15)

Thus, for a typical aqueous electrolyte, η = 10−3 Nsm−3 and Do = 10−9 m2s−1 (order of

magnitude,) Pe = 2.248 × 10−3. Estimates for this number have also been given based

on considerations of finite ion radius and separation, thus also independent of system size;

these yield instead Pe ≃ 0.5 [50]. If the point of view is taken that the appropriate scale is

chosen according to the dominant velocity contribution in the system at hand, then it seems
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appropriate that the Peclet number for systems dominated by EOF differs from the Peclet

number for systems dominated by electro-diffusion with internal electro-convection above a

threshold. This point may be important in explaining some experimental observations in

Chapter 3.

The Reynolds number is a ratio of momentum transport by convection to momentum

transport by viscous dissipation, Re = voLρ/η. In introducing the approximate Navier-

Stokes equation above, the fact that the Reynolds number in microfluidic systems is typically

Re ≪ 1 has been used to linearize the full equation with respect to perturbations of fluid

velocity allowing the omission of the term (ṽ · ∇) ṽ. Following from the previous discussion,

it can be anticipated that the Reynolds number may be evaluated in a number of ways. In an

EOF-dominated4 microfluidic system, the typical fluid velocity is on the order of cm/s and

the typical linear dimension on the order of 10−4cm. If we assume the kinematic viscosity

of the solution to be approximately the same as the solute, generally water, with a value

ν = η/ρ ≈ 1× 10−2cm2/s at room temperature, this gives Re = 10−2. If instead the applied

voltage and electroviscous velocity scale are used, Re ∼ 100 [29]. This can be expected to

alter the value for the Peclet number as well. For the thermal voltage scale and electroviscous

velocity, one obtains

Re =
ǫǫoV

2
th

ην
(2.16)

where ν = η/ρ is the kinematic viscosity, = 10−6 m2s−1. This gives Re = 2.2× 10−6.

Lastly, the Schmidt number may be introduced as the ratio of Peclet and Reynolds

numbers,

Sc =
Pe

Re
=

ν

Do
(2.17)

Physically, the Schmidt number, like the Peclet number, may be interpreted as a measure

of viscous to diffusive transport of momentum but is strictly a property of the fluid, rather

than the flow [42]. However, this begs an important question: If the Schmidt number is a

property of the fluid, shouldn’t the diffusivity appearing in its definition include in some way

4In the sense that the fluid flow is primarily due to microchannel EOF of the first kind.
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the self-diffusivity of the solvent molecules instead of only the solute?

Summary: Why scaling is important

The point of all the preceding, and inconclusive, discussion of scaling is simply that there

are many possible relevant scales; which ones to choose are not automatically clear and

the literature on electrokinetics offers little in the way of concrete guidance. To re-iterate

and re-state, both theory and simulation rely on proper choice of scaling to reliably resolve

the phenomena of interest. In this dissertation, the question does not need to be answered

completely; the instability calculations and work towards threshold estimates in Chapter 4

which do rely on the choice of scale are only preliminary calculations and no directly testable

predictions are made for which this should matter. The theoretical and numerical studies

in the references use various scalings and all predict apparently related phenomena, namely

vortices and other electro-kinetically driven, often unstable, hydrodynamic responses. How-

ever, these occur under a variety of conditions and for fundamentally different electrokinetic

systems. Later, in the course of studying experiments in Chapter 3 and the first sections of

Chapter 4, it becomes clear that the NCM/NMI displays a number of features reminiscent

of many of these instabilities. It seems that one must take the issue of scale-choice very

seriously in order to make any real progress on understanding instabilities in these systems.

In particular, a predictive theory of diffusion-layer/depletion length selection will require a

careful consideration of these issues and the choice is likely to be highly device-dependent,

i.e. is the system dominated by EOF of the first kind or internal electroviscous velocity?

What is the appropriate model for the Peclet and Schmidt numbers, i.e. should solvent

self-diffusivity be accounted for, particularly with the Schmidt number?
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2.3 The electric double layer

2.3.1 Thermodynamic basis for boundary layers

The importance of interfacial phenomena in physical systems is underscored by the ubiq-

uity of boundary layers occurring at interfaces between any two distinct phases as a result

of relaxation to equilibrium. This manifests itself, for instance, in solid-state physics at the

interface between two different crystalline materials. The layers on either side of the inter-

face must be stretched or compressed with respect to the bulk phase of the pure material

so that the new lattice spacings on either side of the interface reflect a mechanical equilib-

rium between the (now deformed) lattices of the constituent phases. When these conditions

cannot be met by relatively small re-arrangements about the original equilibria of the sub-

stances, more drastic measures are taken; defects may form and propagate, localized phase

changes may occur, and/or instabilities may develop. Thus the structure of the interface is

altered even more dramatically, or perhaps even loses its integrity altogether. In addition

to purely mechanical mechanisms, chemical and electrical equilibria must also be reached,

and accordingly the composition and bonding at the interface must re-arrange somewhat as

well. Similar layers occur in fluid and plasma physics at the interfaces between the fluid or

plasma and the container walls, as well as between regions with distinctly different prop-

erties. Generally speaking, unless the scale of these layers is similar to the scale of other

important physical features in the systems, they may be treated as boundary-layers, or even

ignored completely in some cases.

These double-layers exist outside of equilibrium as well, sometimes undergoing radical struc-

tural changes, but often retaining some aspects of the equilibrium layers. Ignoring the

mechanical aspect, solid state physics supplies yet another (and more relevant) example;

electrical interfacial layers form across junctions between materials with different carrier

densities (i.e. conductivities.) These layers persist under applied fields and in macroscopic,

room-temperature devices, they may be described using similar electro-diffusive models (mi-
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Figure 2.1: Thermo-mechanical double-layers (green box) formed by chemical and physical
relaxation at the boundary between basaltic lava and the surrounding limestone, resulting in
a macroscopic region – the darker flint-like material– of different appearance and composition
than either of the two ‘bulk’ materials. Similar features can be found in many of the rock
formations of the Negev desert.
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nus any analogue to convective flow) to those employed here to study electrokinetic phenom-

ena. As seen in the description of the NCM and Nafion I-V curves in the preceding section,

many of the same non-linear response phenomena exhibited in semi-conductor junction de-

vices such as carrier depletion, the accompanying limiting current behavior, and non-ohmic

current-voltage response are observed in electrokinetic systems.

In non-equilibrium situations, these layers may exert a strong influence on the behavior

of the bulk phases, i.e. on the net transport of material or momentum through the sys-

tem in question. There exist regimes in which the properties of the double-layer are largely

un-affected by the conditions on the bulk and likewise other regimes in which the bulk con-

ditions and the structure of the double-layers are not independent. As the length scale of

the systems approaches that of the double-layers, this situation becomes acute in the sense

that it is difficult, if not impossible, to divide the system neatly into boundary-layers and

bulk phases. Thus, on the scale of these layers, the distinction is seen to be largely one of

convenience and somewhat semantic in nature. For electro-kinetic systems, the discussion of

the distinction between the bulk-like phases and the boundary region can be facilitated by

the introduction of the so-called Gibbs dividing plane, an artificial boundary across which

the net electro-chemical potentials of each species µi = lnni + qiΦ are assumed continuous

but where the concentrations and electric potentials may change from one phase to another.

In equilibrium, the gradient of the electrochemical potentials is zero so there is no species

flux. However, the concentration and electric potential change from the bulk value of phase

1 to the bulk value of phase 2 across the boundary region. When the layers are thin and

quasi-equilibrium conditions may be assumed to hold (in the sense that the boundary layer

structure does not deviate appreciably from its equilibrium configuration) the discontinuities

in the electric potential and concentrations across the Gibbs plane and boundary region may

be included in the problem by imposing continuity of the electrochemical potentials between

phases across an infinitesimally thin boundary. This idea is employed to provide boundary

conditions at the membrane-electrolyte boundaries in Chapter 2.
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2.3.2 Equilibrium electric double-layers: Poisson-Boltzmann equa-

tion and the Gouy-Chapman theory of the electric double-

layer

As a general physical principle, there is a separation of charge at the interface between

two distinct phases [17, 32]. While a great body of work is devoted to both general thermo-

dynamic discussions of this phenomenon as well as specific and detailed treatments of the

structure of the electric double-layer at the solution-solid interface, we will be content with a

brief overview of one of the simplest-yet highly successful- versions of the theory, the Gouy-

Chapman picture. Here it is assumed that, by some mechanism, a charge is embedded in the

solid side of the interface which attracts a predominance of counter-charge in a boundary

layer of the solution nearest the surface (and necessarily implies a deficit of co-charge in this

region.) Since the electrolyte is at some finite temperature, the associated thermal kinetic

energy of the molecules prevents them from accumulating on top of one another, and the

resulting distribution of charge is of the form of a diffuse boundary layer with a thickness

determined by the competition of thermal and electrostatic energy.

The charges are all assumed to be ‘smeared out’ continuum charges and may approach the

surface infinitesimally close, and furthermore there is no competition for space on the sur-

face between, say, solvent molecules, and charged ions and that the ‘structure’ of the solvent

is essentially unchanged. In short, the picture ignores many important effects, particularly

steric effects, often overestimating the ion densities nearest the wall. Nonetheless this consti-

tutes a reasonable description for systems large enough that discrete effects may be ignored.

Some corrections may enter due to finite-size effects of the ions and the discrete nature and

location of surface groups, etc. The most significant of these is a capacitative contribution of

the so-called Stern layer, and corrections often include a reduced or modified charge density

close to the surface (within a nanometer or so).

As mentioned in the introductory chapter, electric double-layers play several important



Jarrod E. Schiffbauer Chapter 2. Background theory and related problems 24

Figure 2.2: Schematic EDL anatomy showing various important features in the electric
double-layer for a fixed negative surface charge, including the variation in potential from
the so-called surface of shear which separates the compact, relatively immobile Stern layer
from the diffuse portion of the double-layer. The zeta potential is defined as the value of
the electric potential at this surface. This picture is fundamentally similar to the usual one
appearing first in Ref. [17]
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roles in micro- and nanofluidic devices. They are responsible for generating EOF at the

microchannel walls, i.e. what is known as EOF of the first kind, they provide the ionic

atmosphere around dissolved ions and macromolecules, which affects the electrophoretic

mobilities of these particles, and they serve as an intermediate region between bulk-like (lo-

cally electro-neutral) electrolyte and the ion profiles inside of membranes and nanochannels.

Inside the nanochannels themselves, the overlap of the electric double-layers from adjacent

walls is responsible for charge-selective transport, as will be discussed shortly. It has also

been reported that the large electric body forces due to the relative thickness of the layers

compared to the overall dimension of the channels can create a strong EOF response inside

the channels of nanocapillary membranes [27]. While the channels considered here are at

the lower bounds for the validity of this treatment (a = 5nm) this should be a sufficiently

good approximation to make some general conclusions.

The Poisson-Boltzmann equation

Consider the electric double-layer in a sufficiently dilute aqueous electrolytic solution in

contact with a material that has acquired (by means to be discussed shortly) a negative

surface charge, for instance, the double-layer in a glass of salt water. For the time being, the

ions due to dissociated water may be neglected, since these are typically negligible in number

in comparison to ions in dilute solutions By definition, in equilibrium, the net generalized

fluxes and forces are zero, implying the gradients of the corresponding potentials are zero,

hence these potentials are spatially uniform. The electrostatic potential Φ in a 1-1 electrolytic

solution, where the solvent is treated as a background continuum with dielectric constant ǫ,

is given by the Poisson equation,

∇2Φ = −e

ǫ
(n+(~r)− n−(~r)) (2.18)

Here the number density (concentration) of each species is a function of position, and for

the equilibrium problem, the bulk fluid is taken to be electrically neutral so that n+(∞) =

n−(∞) = no. The condition of thermodynamic equilibrium is given as

∇µi = 0 (2.19)
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where µi is the electrochemical potential of the ith species,

µi = qiΦ+ kT lnni (2.20)

Applying the equilibrium condition and integrating from some reference point where both

electrostatic potential and concentration are known,

ni(~r) = nref exp (−qi(Φ(~r)− Φref )/kT ) (2.21)

Typically, the reference point is taken deep inside the bulk where, as stated above, the con-

centrations of cations and anions are equal and the electrostatic potential is defined to be

zero. In this case, setting nref = no and Φref = 0 and substituting the resulting expres-

sions for the concentrations in the Poisson equations gives the so-called Poisson-Boltzmann

equation for the electrostatic potential,

∇2Φ =
2eno

ǫ
sinh

eΦ

kT
(2.22)

This equation governs the equilibrium electric potential in a solution of ions near a solid-liquid

interface with either embedded surface charge, held at an applied potential, or both. It also

holds reasonably well around equilibrium, particularly when the applied field is tangential to

the structure, i.e. as in the typical microchannel or nanochannel (interior) walls. It has been

used to estimate quasi-equilibrium transport properties (see Ref’s [32, 18, 17, 54, 57, 10]

and references therein for examples.) However, it is well-known that the double-layer may

become polarized under even moderate applied fields [12] and this can yield dramatic effects

when the fields/currents are perpendicular to the double-layer.

Sources of surface charge

Fixed surface charge at the solid-liquid interface can be attributed to a number of mech-

anisms [32], among those most important for micro-nanofluidic systems are the following:

• Surface charge due to dissociation of surface groups

• Surface charge due to specific adsorption of ions
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The first mechanism is most relevant for the microfluidic portion of the system. Typically, a

functional surface site can lose or gain a proton (or, in principal, a hydroxide ion) to main-

tain chemical equilibrium with the adjacent solution. These changes happen fast enough

relative to other dynamics in the system so as to consider them instantaneous. Since the

relevant equilibrium generally depends on the population of hydrogen and hydroxide ions,

it is a pH dependent effect. However, it has also been shown in a number of studies that

both salt content and channel size can affect the distribution of surface charge [54, 57, 10, 2].

The primary role of microchannel surface charge is to determine the strength of the EOF

of the first kind. Changes in microchannel wall surface charge can also lead to non-uniform

velocities. This could be employed to effect a mixing process, or detrimentally, it can cause

abnormal (i.e. non-Taylor) broadening of samples.

Materials like the polycarbonate of the NCM membranes most likely acquire the majority

of their surface charge through adsorption of negative ions. The details of the mechanism

are beyond the scope of this dissertation and it generally considered is an un-resolved topic

in the field. However, in a rough way, it may be understood as the result of two things; the

hydrophobicity of the PC material and the relative size of anion hydration shells in compar-

ison to cation hydration shells. It is energetically more favorable for the anions to shed this

shell and attach to the surface than for cations. Surface group dissociation-binding (i.e. due

to the introduction of functional surface groups by some treatment process) is not thought

to play as important a role for materials like the PC-NCM. 5 While it is also likely the

case that these mechanisms are affected by the overall chemistry of the solution as well as

likely the channel dimensions–particularly requiring consideration of surface-tension in small

capillaries–the mechanisms have, to the author’s knowledge, not been studied extensively.

5The content of this discussion from personal correspondence with Michael Hickner of Sandia Laboratories.
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2.3.3 Permselectivity near equilibrium and simple models for the

NCM

The experiments analyzed in Chapter 3 have been conducted using two different types

of membrane, Nafion and PC-NCM. Both are nanoporous membranes; they transport ions

and fluid through numerous small pores of nanometer dimension. However, the nature of the

pores, hence the characteristics, of the two types of membrane are markedly different. The

NCM has relatively straight, uniform cylindrical pores at a controllable density. The pores

have complete connectivity in the sense that a pore starting at one surface exits through

the other. By comparison, the Nafion membranes have much more tortuous and irregular

pores with poor connectivity, i.e. less than half of the pores connect the two surfaces [14].

Accordingly, one might anticipate that total currents are lower and hydraulic resistance much

higher in the Nafion than the NCM; in fact, it is assumed here that no fluid flows through

the Nafion at all. This assumption seems valid, but the same cannot be said of the NCM

with as much certainty [27].

Pore models vs. membrane models

NCMs have characteristics like ion-exchange membranes [63], so using models like those

used to study ion-exchange membranes [46, 49, 50, 51, 68]is justified to some extent. How-

ever, NCMs can produce significant EOF, while ion-exchange membranes virtually eliminate

it [27]. The position here is taken that, based on the similarity between ion-exchange mem-

brane and track-etched membrane I-V characteristics that EOF is not critical to the general

qualitative features of NCM I-V response. It is, however, anticipated to have some effects.

Since Nafion is intermediate between the track-etched NCMs with straight pores and com-

plete connectivity, it assumed that the ion-exchange membrane models may be more accurate

for the Nafion. Overall, the I-V characteristics of charge-selective channels and membranes

appear to be primarily governed by electro-diffusion, so the modeling, specifically the mem-

brane models, will neglect fluid flow.

The models used here treat the membranes as a uniform solid with a fixed surface charge

and an effective diffusivity different than bulk (to be specified/fitted, etc.) Two types of
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model may be distinguished, the so-called ideally permselective model, which permits no co-

ion current through the membrane and has a constant and uniform density of counter-ions

with total charge equal and opposite that of the fixed charge. So-called non-ideal membranes

permit ions of both sign, but most models (including those in Chapter 2) assume the mem-

brane obeys local electroneutrality so that the sum of co-, counter- and fixed charges is zero

everywhere inside. This assumption is investigated in Chapter 4.

Permselectivity and double-layer overlap

The two types of perm- (or equivalently, charge-) selective membranes, PC-NCM and

Nafion, used in the experiments studied here both acquire their perm-selectivity because of

overlapping EDL’s inside the nanopores of the membranes. The basic picture of the mecha-

nism is that the overlap of the electric double layers implies that the channel is mostly filled

with positive ions which more-or-less compensate the fixed surface charge. However, since

the layers overlap, they do not quite reach bulk electro-neutral conditions, i.e. the excess

positive charge in solution balances the fixed charge on the walls and the net electrical po-

tential inside the pore is negative, rising to zero infinitely far away in some bulk reservoir. In

equilibrium, this implies that for the electro-chemical potentials of all species to be contin-

uous in space, there will be a decreased number of co-ions (negative) inside the membrane.

It is typically assumed that the structure of the double-layer deep inside the pore does not

change dramatically (for an argument to this effect, see [54]) even under non-equilibrium

conditions. Thus, double-layer overlap effectively limits transport of co-ions. It is also often

assumed that the pore is more-or-less locally electro-neutral including the surface charge, i.e.

that no charge-separated fronts develop over scales appreciably larger than the appropriate

Debye length. This may not hold in strong non-equilibrium conditions and there is, to the

author’s knowledge, no conclusive research on the subject.

Assuming that the essential relationship between EDL overlap and permselectivity doesn’t

change much under non-equilibrium conditions, three ranges of overlap can be (very roughly)

distinguished and result in three essentially different transport regimes:
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• strong overlap

• intermediate overlap

• weak to no overlap

Strong overlap results in very few co-ions passing through and has a nearly uniform dis-

tribution of potential throughout the (equilibrium) pore. Nanochannels/pores with strong

overlap might be reasonably well modeled by ideal membranes. Weak overlap implies essen-

tially bulk-like transport and is taken to refer to the case when the double-layer thickness is

much more than about an order of magnitude or so smaller than the channel width, but this

is by no means rigorous. The division between ‘weakly selective’ and ‘non-selective’ may

be practically made by considering whether or not the channel exhibits responses consis-

tent with charge-selective transport (such as concentration polarization in adjacent solution

layers, to be discussed in the following section.) Intermediate permselectivity results when

the double-layers are an appreciable fraction of the channel, and like the other definitions,

is hardly rigorous. The non-ideal models with adjustable selectivity may prove the most

useful. The effects of permselectivity on non-equilibrium transport are discussed next.

2.4 Non-equilibrium electro-diffusion through charge-

selective membranes

This section provides an overview of concentration polarization, related effects, and im-

portant terminology. While fluid flow inside nanochannels, particularly the EOF generated

by nanochannels themselves[27], may be important in obtaining good quantitative predic-

tions for NCM’s, it is clear from the previous discussion that the I-V characteristics are

primarily controlled by electro-diffusion. Therefore it is not essential to include fluid flow in

the model to understand the basic I-V response and ion-exchange membrane models should
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yield a qualitative understanding of related phenomena in the NCM and Nafion NMI devices.

While NCMs have been reported to generate strong EOF, other authors have cited the high

hydrodynamic resistance of single nanochannels as justification for the neglect of fluid flow

through NMI systems [8, 66, 64]. However, electro-osmotic effects outside of membranes and

nanochannels are known to play a critical role in the high-voltage characteristics of NMI

systems [50, 51, 68, 64, 66, 5, 67]. This section also includes some brief discussion of related

electro-osmotic effects and related open questions.

2.4.1 Concentration polarization and (quasi-) steady-state membrane-

electrolyte I-V characteristics

Consider a 3-layer 1D electrolytic cell such as shown in Figure 2.3. Upon application of

the voltage, the positive ions (cations) migrate towards the cathode and the negative ions

(anions) migrate towards the anode. For simplicity, consider the membrane to be ideally

cation-selective, so that there are no anions present inside the membrane itself and the only

negative charge is due to the fixed charge of the membrane itself. During an initial transient

period, excess anions will begin to accumulate on the right side of the membrane and deplete

on the left side. For the regions beyond the Debye layer to maintain local electro-neutrality,

the cation and anion fluxes must be equal. Therefore an excess of anions builds up on the

right side of the membrane, slowing the migration of cations through the membrane and

causing an overall increase in salt concentration. As the concentration gradients of both

species increase, both species diffuse towards the cathode, e.g. there is a net flux of salt, and

this layer thickens, growing towards the cathode until it fills the right side of the system.

On the left side of the membrane, the situation is slightly more complicated. The ab-

sence of anionic flux through the membrane causes the concentrations of both ions to deplete

at the interface. Anions are drawn away from the membrane and at sufficiently low volt-

ages corresponding to low currents, i.e. currents below the so-called classical limiting value,

local electro-neutrality is maintained as the cation concentration is simultaneously lowered

to a value dictated by the current density. At higher currents, the system cannot maintain

local electro-neutrality in the depleted region. The two cases are considered separately below.
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Figure 2.3: Anatomy of 1D concentration polarization layers (CPL) near a cation-selective
membrane showing the LEN salt concentration in black and the cation (red) and anion
(blue) concentrations. Five distinct regions are identified. Regions 1 denote electrolyte at
bulk concentrations. This situation is somewhat artificial in the sense that CP will spread
out from the electrodes towards the membrane as well, however if the electrodes are in large
enough reservoirs located far from the membrane, the picture is realistic enough. Following
the terminology of Ref. [68], regions 2 and 3 are the left and right quasi-1D diffusion layers
(Q1DL) and regions 4 are known as the quasi-electroneutral bulk (QEB), which may be
taken to be the same as the diffusion layers when space-charge can be ignored. Regions 5
correspond to the charged Debye layers and the depleted membrane-electrolyte interface can
thicken above the classical limiting current.
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Classical limiting current

After a sufficient amount of time has passed, on the order of the diffusional time-scale

L2/Do (where L here is identically the linear size of the system) a steady-state is reached

wherein the overall ion distributions are bi-linear functions of position and current, i.e. the

stoichiometric salt concentration c ≡ (c+ + c−)/2 is c ∝ Ix. The true steady-state cor-

responds to the situation where the diffusion layers reach from the membrane surfaces to

the electrodes. However, these layers change on a sufficiently slow scale in comparison to

concentration changes across the membrane. After a few seconds (for a few microns-thick

membrane) the current may be considered quasi-steady. Since the anion current is zero for

the ideal case, it can be shown that it is given by the Boltzmann formula, c− ∝ expΦ/kT and

that the electric potential is a logarithmic function of current density and position. Similar

ion distributions arise in the more general case considered in Chapter 2, and details will be

given there. For now, it is sufficient to note the qualitative behaviors. This picture of steady

electric current and locally electro-neutral ion distributions is known as the classical picture

of concentration polarization and is due primarily to Levich [28].

Since the salt concentration is linear in the current and position, there exists a maximum

current corresponding to the concentration going to zero at the membrane surface. And,

noting that the potential is logarithmic in the concentration, the interfacial value of the

electric potential approaches a singularity as the current approaches the maximum current.

The asymptotic approach to this maximum value at increasingly higher applied voltages

corresponds to a decreasing interfacial conductivity, or equivalently an infinitely increasing

differential resistance. This same limiting current phenomenon can be understood as the

leading-order behavior for the more general case.
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Figure 2.4: Typical form for a classical I-V curve showing the diffusion-limited current
saturation associated with the decrease of interfacial ion concentration.
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LEN breakdown and over-limiting currents

As the interfacial concentration approaches zero, the concentration within the membrane

remains higher, at some (usually assumed) uniform and constant density equal to the den-

sity of fixed charges within the membrane. This implies an increasing cation concentration

gradient, therefore cation diffusive flux, out of the membrane and into the depleted diffusion

layer with increasing voltage. Since the salt concentration itself is approaching zero, the ad-

ditional cation flux results in the build-up of an excess positive space charge in the depleted

region adjacent to the membrane.

The development of extended space charge has been studied numerically, [47, 46, 35] and

theoretically [49] and can be associated with a number of effects [12, 50, 68]. Some of the

relevant details will be discussed later in this chapter. The motivation behind this body

of work, particularly the initial numerical investigations, was the fact that experimentally

obtained I-V characteristics frequently do not exhibit the limiting current phenomenon, and

when observed, it takes the form of a finite-width (in terms of voltage) plateau followed by

an over-limiting current qualitatively similar to the curve in Figure 2.5.

The over-limiting conductance is generally attributed to mixing between the depleted

region and bulk which occurs due to electro-convective vortices that develop in such systems

at sufficiently high voltages. A number of studies [53, 64, 67] have supplied experimental

evidence supporting the notion that the over-limiting conductance itself is due to mixing

which is preceded or caused directly by the development of vortices which arise due to a

non-equilibrium electro-osmotic slip occurring at the highly polarized extended space charge

which develops above the limiting current [50, 51, 68]. There are other contributing factors

as well, in particular so-called EOF of the second kind, which is vortex formation due to

tangential electric field components acting directly on the space charge [12]. These vortices

have been determined to diminish the width of the limiting current plateau, but are not

believed to be directly responsible for the mixing and over-limiting current [66].

While it is certainly the case that suppressing electro-convection eliminates the over-

limiting current [53] and that the over-limiting current can be correlated with a sequence

of events which includes the development of an apparently stable vortex array displaying
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Figure 2.5: Typical features seen in an experimental I-V curve for a membrane-electrolyte
system with a sufficiently non-viscous fluid (i.e. water) as the solvent. (a) At low voltages,
there is an Ohmic response region. (b) The limiting current begins to saturate near a critical
voltage. Depending on the system, the limiting current region may have either a small or
pronounced slope, but typically less than the slope in the Ohmic region. (c) Finally, at
a second critical voltage, charge-selective systems typically develop a severe over-limiting
response with a slope equal to or higher than the Ohmic slope. Note the over-limiting region
may be suppressed by using a highly viscous fluid or gel instead of a relatively in-viscid
aqueous electrolyte.[53]



Jarrod E. Schiffbauer Chapter 2. Background theory and related problems 37

characteristics indicative of the vortices predicted by Rubinstein and Zaltzman’s theories,

certain questions remain un-answered. Perhaps most importantly, the effective depleted dif-

fusion layer length – or more likely, the size of the space charge layer in region 5 of Figure 2.3

(equivalently, region C of Ref. [49])–is clearly selected by a process related to the formation

of an electro-convective vortex array [64] but the observable size is not predicted by the the-

ory. There is certainly no question that the vortices due to electro-convective instability of

the non-equilibrium space charge region [50, 51, 68] occur and coincide with the development

of over-limiting current [64, 5, 66, 67].

What is not clear is whether or not the instability of the double-layer that allows the

vortex-array to develop is responsible for arresting the growth of the depleted region nearest

the electrode, thus selecting the vortex size, or if some other stability-related process limits

the size of this region and/or the adjacent electro-neutral layers. In fact, the entire sub-issue

of diffusion-layer dynamics is not well-understood (in terms of a strong consensus across the

electrokinetics community.6) Some comments regarding various open questions and prob-

lems related to transport in systems with charge-selective elements are given in the following

sub-sections.

2.4.2 The problem with locally electro-neutral membranes and

the existence of extended space charge

Consider the typical model system used to investigate extended space charge and related

phenomena such as used in Refs. [49, 50, 51, 68]. In these cases, an electrolyte is located be-

tween two ideally cation-selective membranes wherein the cation density is considered fixed

and equal to the membrane charge density, thus maintaining a locally electro-neutral mem-

brane. Since the membranes are ideal, the number of anions between the two membranes

must be held constant while it is usually assumed that additional cations may be drawn from

reservoirs, which is a physically reasonable assumption.

6This statement could be updated somewhat; diffusion-layer dynamics is well understood in simple ge-
ometries, in 1D and 2D, but complex geometries and 3D problems are a topic of current research.
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Below the classical limiting value, there are no obvious problems with this model; ions

re-distribute and the side of the system closest to the cathode becomes depleted while the

anodic end becomes enriched with respect to the initial (bulk) values, maintaining local

electro-neutrality everywhere except within the Debye layers. Above the limiting current,

nothing much changes on the anode side except the concentration can reach even higher en-

riched values, as it is proportional to the current. However, the development of space charge

at the cathode causes some problem. If the bulk-like reservoirs (not formally considered)

and the membrane interiors are both to maintain local electro-neutrality, how is the devel-

opment of extended space charge compatible with the requirement of charge conservation,

i.e. of global electro-neutrality? It seems unreasonable to suppose the reservoirs (which are

not explicitly included) develop significant space charge. A more questionable assumption,

however, is whether or not the membrane maintains local electro-neutrality. This question

could be addressed with a theory that both permits a non-negligible fraction of co-ions and

does not a priori impose membrane electro-neutrality. This is effectively the same as asking

the question “what is the source of the extended space charge?”[48]. This issue is taken up

in Chapter 5.

2.4.3 Transient effects, diffusion-layer dynamics, and a quasi-static

approximation

A large body of theory and modeling of microfluidic-nanofluidic devices and other elec-

trokinetic systems employs a steady-state model [46, 62, 23, 22, 8, 64, 66, 47] to study the

I-V characteristics of electro-kinetic systems. In some cases, particularly systems which op-

erate for long times compared to the LEN time-scale corresponding to the largest relevant

length, this approach is fully justified. In other systems, specifically the NCM/NMI and the

experiments of Chang, Yossifon, and collaborators (see particularly [64],) it is not clear that

this is a valid approach.

Consider the model 1D system from Figure 2.3for conceptual ease. After a sufficiently

long time, the transient (relaxational) anionic flux to the anode-region will die off completely
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and the transient component of the cationic flux to the cathode-region will likewise decrease

until the cation flux reaches a steady-state value equal to the total electric current. A valid

question is whether or not the total electric current itself changes under application of a fixed

voltage. Experimentally (see Chapter 4) –in the absence of significant fluid-flow– it would

seem that after some initial re-distribution of ions across the membrane and the formation

of any charge-separated regions (less than or on the order of Debye lengths at low voltages)

that it does not, despite the much slower (LEN) stoichiometric re-distribution of ions due to

diffusion on either side of the membrane. However it should be emphasized that, at present,

the topic of transient behavior and the various relevant time-scales in such systems is the

subject of on-going research [1, 52].

The relevant time-scales themselves are partly determined by the magnitude of the cur-

rent driven through the system. Above the limiting current, additional intermediate electro-

diffusive time-scales can become important, not to mention electro-convective phenomena

which will also have corresponding time-scales. Ignoring all of these complications, there is

still the issue of the growth of the entire CPL. For a an electrodiffusive system to reach a

true steady-state, the entire device length becomes concentration polarized, which requires

a finite amount of time. For systems that have sufficiently long distances (∼ 1 cm) between

electrodes, the system may not reach a true steady-state. So the operative question becomes

whether or not, or under what conditions, a quasi-steady-state description might be em-

ployed. The evidence in Chapter 3, as well as several of the references seems to indicate this

may be done much of the time (or at least is done in practice, [5].)

Quasi-static electro-diffusion

The following discussion outlines a suggestive argument for the validity of a quasi-static

approach, but by no means offers rigorous proof. First, the quasi-static approach can be

justified below the classical limiting current (in the absence of fluid flow) by appeal to

experiments and scaling arguments. Preliminary simulations [3] and the experiments in

Chapter 4 both seem to justify this claim empirically. The scaling argument is in the spirit



Jarrod E. Schiffbauer Chapter 2. Background theory and related problems 40

of regular perturbations.

The following is asserted without any attempt at proof, but by appeal to analogy with

the appearance of mixed time-scales above the classical limiting current [1, 52].

If a voltage is applied to the system, after a time longer than (a few multiples of) the

characteristic diffusional relaxation across the membrane, i.e. δ2/Do, a reasonable choice for

the time-scale is

ts =
δL

Do
, (2.23)

where the membrane thickness is δ and the electrode distance is L. With this choice of

time-scale, either L or δ may be chosen as the length scale, since both imply quasi-static

currents in leading order. The sub-limiting problem is given by the solution of an electro-

neutral diffusion equation, in 1D, ct = Dcxx [49]. The suggested scaling introduces a factor

of δ/L on one or the other side of this equation. The left-side is multiplied by this fac-

tor if the length is scaled by δ and the right side if the length is scaled by L. In either

case, the leading-order problem is time-independent. The distinction is one of point-of-view.

Choosing the length scale as the membrane thickness implies that interest is focused on the

structure of the diffusion layers when they are on the order of or larger than the membrane

thickness, yet considerably smaller than the device length. Conversely, choosing the device

length implies that interest is focused on the concentrations far from the membrane, where

they are approximately both uniform and steady-state for times less than L2/Do, which can

be on the order of hours (see Ch. 3.) Accordingly, the application of a quasi-static approach

can be expected to yield the best results for systems with thin membranes in comparison to

the electrode distance at sub-limiting currents for measurements of reasonable duration in

which fluid flow is negligible.

Transient diffusion layer growth

Above the limiting current, as mentioned previously, the CPL undergoes a fundamental

structural change [49]. The Debye layers begin to thicken as the concentration at the mem-

brane surface drops to zero. The growth dynamics of the problem reflect this change, and
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while the growth of the electro-neutral portion of the CPL structure, the so-called quasi-

electroneutral bulk, retains the usual diffusive character, the space charge growth is driven

by dynamics that resemble front formation, i.e. a growing free boundary [49].

The electro-neutral diffusive growth problem is well-understood. An equivalent version of

the sub-limiting problem has been analyzed by Hunter [18] and this result has been compared

to experiment [64]. Some of the more important points of the analysis and experiments will

be discussed in this section. The analysis of the problem in Ref. [49] is somewhat formal

and does not deal with explicit spatio-temporal profiles. However, practically speaking, the

calculation of explicit time-dependent profiles is of limited use for fluidic systems since a

length selection process related to the formation of electro-convective vortices is known to

become operative above a critical voltage corresponding to over-limiting currents [64]. A

comprehensive and predictive understanding of this length-selection process is one of the

major open questions in the field.

In both sub- and super-limiting conditions, the electro-neutral portion of the CPL main-

tains diffusive growth dynamics. Hunter solves a 2-component electro-diffusion problem on

the half-plane with a bounding surface emitting one species of ion at a flux density j per

unit area [18]. His analytic result keeps first-order terms, linearizing about the equilibrium

solution by an arbitrary perturbation of the salt concentration and charge. Incidentally, this

is essentially the same as the quasi-static approach above and suggests that since changes

in the concentration from equilibrium c are first-order, any time-dependence in the current

would be first-order in δ/L as well.

The salt concentration perturbation is then

c(x, t) =
j

2
√
D

{

2

[

t

π

]1/2

exp
(

−x2/4Dt
)

− x√
D

[

1− erf

(

x

2
√
Dt

)]

}

(2.24)

This expression may be used on either side of the membrane to describe the change in salt

concentration, with decrease or increase denoted by the sign of the flux density j for the

selected ion. Hunter then gives a simplified expression, valid for large distances as

c(x, t) ∼= 2jt3/2
√
Dt

x2
exp

(

x2

4Dt

)

. (2.25)
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This expression holds sufficiently far from the membrane, i.e. for distances much greater

than
√
Dt and the width of the advancing concentration disturbance may be estimated by

√
Dt Yossifon et. al. [64] have shown that this estimate for diffusion layer thickness holds

reasonably well up to the onset of vortex-array formation and over-limiting conductance.

This confirms the basic picture of diffusive growth in a realistic system. However, it also

seems to indicate that below the onset of vortex-formation, the presence of the free-boundary

dynamics associated with the growing space charge do not radically affect the observable re-

sponse of nanochannel systems.

As will be considered in more detail in Chapter 5, one other important observation that

can be made from the Yossifon et. al. experiments as well as the NCM/NMI experiments

is that the apparent onset of vortex-driven overlimiting conductance corresponds well with

Zaltzman and Rubinstein’s estimates of the loss of stability of the so-called Q1DL [68], i.e.

the point at which tangential components cannot be neglected in any problem. However,

the relationship between the vortex dynamics, depleted Q1DL space charge region length

selection, and QEB diffusive growth is not completely understood.
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Chapter 3

A classical electro-diffusive model of

fluidic rectification

3.1 Chapter introduction and overview

The main goal of this chapter is to study fluidic rectification in the simplest context

possible and demonstrate how it is fundamentally a result of underlying asymmetry in the

micro-nanofluidic device. In the course of doing this, several variations on a simple model are

considered which yield some qualitative and semi-quantitative predictions for the behavior

of electro-diffusive rectifiers.

Section 3.2 gives a brief review of the wide variety of devices and models that have ap-

peared in the literature over the years along with a classification scheme for the different

kinds of asymmetry that result in fluidic rectification. This allows fluidic rectification to

be understood in general terms, i.e. how the device asymmetry – due to asymmetric sur-

face properties, geometry, or both– induces an asymmetry in the flux densities of the ionic

species, causing asymmetric concentration polarization, which in turn results in a net cur-

rent that is asymmetric with respect to the direction of the applied electric field. Section 3.3

discusses possible mechanisms by which geometric asymmetry in the microfluidic portion of

the system results in asymmetric concentration polarization.

A 1D model using the locally electro-neutral approximation to the full Poisson-Nernst-
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Planck formulation of electro-diffusion is developed in section 3.4. The asymmetry is repre-

sented here by diffusion layers of different lengths. Both ideally perm-selective membranes,

which completely restrict the passage of co-ions, and non-ideal membranes which permit

both co- and counter-ions to pass through the membrane, are examined in detail. This spe-

cific model permits the calculation of model I-V curves, concentration and potential profiles,

selectivity versus voltage, and rectification factors. These are used to study the effects of

various representative parameters such as overall asymmetry, membrane charge and diffu-

sivity in various limits. While this simplified model cannot be anticipated to capture all of

the details present in a realistic 3D system with charged nanochannels, it does contain the

essential qualitative relationships and provides an intuitive understanding of fluidic rectifi-

cation.

Section 3.5 demonstrates how asymmetric diffusion layer (DL) lengths compare to a more

general asymmetry in the concentration polarization layer (CPL) structure due to a flux-

focusing effect. This is accomplished via a basic extension of the 1D model to a quasi-1D

approximation of a 2D model wherein the flux density is considered to vary discontinuously,

but the net flux is conserved. The effects are essentially similar to those in the genuine 1D

model with different diffusion lengths.

Finally, section 3.6 recapitulates the main results and discusses on-going work as well as

some open questions.

3.2 A review of fluidic rectification

3.2.1 Historical development, device types

Earliest work

The underlying ideas for fluidic rectification have been developed over the last 50 years.

Two independent observations of the similarity between doped semiconductors and the de-

ficiency or excess of protons in aqueous alkaline or acidic solutions [45, 13] motivated some

simple experiments with bi-polar ion exchange membranes in which fluidic rectification was
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observed [31]. Over the intervening years, membrane-based systems with similarities to bi-

ological membranes were shown to exhibit similar effects [20]. About 40 years after the first

membrane rectifier, Wei et al. observed fluidic rectification in quartz nanopipette electrodes

[62]. Wei et al.’s work was concerned primarily with the improvement of spatial resolution in

a relatively new technique known as scanning electro-chemical microscopy, and not LOC/µ-

TAS systems.

The pipette-electrodes have a conical aperture on the order of nanometers across at the

entrance, and the silanol-like surface groups on quartz develop a surface charge according

to a mechanism similar to the site-binding/dissociation mechanism in Ch. 2. However, Wei

et al’s models did not explicitly treat the modulated transport properties inside the mem-

brane, assuming instead an Ohmic current-voltage relationship for the counter-ions in the

nanochannel itself with an adjustable perm-selectivity parameter and treating the adjacent

solution as being confined to infinitely long cones of differing solid angle. Wei et al. were

able to obtain I-V curves that corresponded qualitatively to experiments, showing a recti-

fication response similar to that observed in membrane-based systems. However, given the

two very different systems, it is reasonable to wonder how the mechanism responsible for

rectification in Wei et al’s pipettes compares to that in Lovrecek et al’s bi-polar membranes.

Wei’s work attributed their observations to two phenomena: charge-selective transport (due

to double-layer overlap in the nano-portion of the pipette) and asymmetric entrances to the

nano-sized region. Lovrecek et. al offered no theoretical explanation, however it is clear that

the device exhibits asymmetry at the junction between the two perm-selective membranes.

Following the work of the Wei (Bard) group, interest and development in fluidic rectifica-

tion stagnated for a few years until the development of microfluidic devices with nanofluidic

interconnects gained interest in the research community. Around the same time, two dif-

ferent classes of nanofluidic-based rectifiers were being studied, primarily by two different

groups. Phenomenologically, these two classes of device appear to be representative of the

two types of earlier fluidic rectifier.
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Geometrically symmetric nano-fluidic diodes

The work of the Daiguji group and collaborators was concerned with fluidic rectifica-

tion in symmetric nanochannels [8, 22] and gating/control via electro-static addressing of

surface properties in such devices [9, 8, 23]. These devices did not exhibit the kind of geo-

metric asymmetry believed responsible for the rectification in the Wei pipettes, but instead

contained a junction in the nano-channel between regions with different surface charge. The-

oretical studies by the Daiguji group considered both scenarios in which half of the channel

surface is positively charged, and the other half negatively charged. Thus each side would

preferentially carry ions of opposite sign, making these devices the nanofluidic analogues

of the early bi-polar membranes. They, as well as Vlassiouk [60], also considered uni-polar

diodes - cylindrical diodes wherein only the magnitude of the charge was modulated. Char-

acterization of the experimental set-up [22] showed that the uni-polar scenario more likely

provided the correct description of the operation of their devices with differential surface

coating.

For the gating-electrostatic control experiments, field-effect-like control of nano-fluidic

transport is achieved by applying a voltage to gate electrodes deposited across the middle

of the nano-channels [23] which modulate the double-layer. Some modeling work, mostly

numerical, by these researchers, led to similar conclusions as the earlier work by Wei, et. al

regarding the necessity of charge-selective transport due to double-layer overlap and the role

of depletion zones in the occurrence of a reversed-bias or off-state for these devices. However,

the focus of these studies was on the role of the effects of modified surface properties rather

than the fundamental rectification mechanism itself.

Siwy group’s conical nanopore papers

The other development, occurring roughly parallel to the work of the Daiguji group,

concerns work done on conical nanopores by Siwy and collaborators [55]. Much of this work

focused on the transport properties of small conical pores with a range of tip openings from

a few to tens of nanometers and base openings of a few hundred nanometers. In addition
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to rectification effects, Siwy and co-workers also demonstrated asymmetric transport due to

an applied concentration gradient [56] and gating-control effects [21] similar to those in the

symmetric nano-transistors of Daiguji and Karnik.

The asymmetric transport induced by the concentration gradient is essentially the com-

plement of the rectification effect and is suggestive of a cross-coupling between transport

response functions, i.e. how, if at all, does the asymmetric system alter form of the Onsager

relations for steady-state electrokinetic transport in symmetric systems[36, 4]? Similar ef-

fects are also present in the so-called chemical ratchet application of the NCM/NMI (see

Ch. 3.). The Siwy group has done some theoretical work in addition to the experiments

(see [55] and references therein), but of a significantly different character (at first glance)

than the electrokinetic models introduced in the previous chapter. The relationship between

the types of model invoked by the Siwy group to explain rectification in conical nanopores

and other models will be explored somewhat later on in this overview. But a comprehensive

comparison– like a detailed consideration of the Onsager relations– is left for future investi-

gation.

Thimble geometry of Jung et. al.

Jung and collaborators have reported observation of the rectification effect in a thimble-

like geometry consisting of a single 175 nm diameter nanopore situated in the center of a 2 µm

diameter counter-sink at the end of a 100 µm diameter microchannel [19]. A diagram appears

in Figure 3.1 along with diagrams of several other rectifiers. Their results confirm the earlier

results regarding the role of double-layer overlap and bulk-concentration on rectification and

help to clarify an important point; the asymmetry need not be confined - or even exist at- the

nano-meter scale in order to achieve fluidic rectification. This, like the NCM/NMI, represents

a device with symmetric, (essentially) uniform surface charge inside of a symmetric, uniform

nano-porous region in which the asymmetry resides entirely in the fluidic portion of the

system. In both Siwy’s conical pores and Wei’s pipettes, it is not clear from actual dimensions

and geometry in the experimental set-up that the geometric asymmetry outside the pore
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plays an important role. However, Wei’s model does suggest this, as will be discussed

shortly.

Rectifying nano-slot array of Yossifon and Chang

Yossifon, Chang and collaborators have used single nano-slot and nano-slot arrays to

experimentally investigate a number of important fundamental electrokinetic effects [64, 66,

5, 67] including fluidic rectification due to geometric asymmetry [5, 65]. In these devices, the

asymmetry arises because on one side of the device, the individual nano-slots in the array,

each approximately 100 microns wide, enter directly into a reservoir and on the other side,

they first join into a common wide nano-slot before entering the reservoir. This effectively

increases the width of each nano-slot from 100 microns to 350 microns across the entrance

region. For a diagram of an individual cell from such an array, see Figure 3.1 (b).

While it is tempting to associate this 350 micron-wide entrance as analogous to the base

of a conical nano-pore, this is not the case. The device should rectify with or without this

wide nano-slot entrance, though it may change the characteristics. The critical feature is

that the narrower 100 micron ends have a non-negligible region in which there is no double-

layer over-lap - hence the region is not perm-selective- and mixing with the bulk is limited by

the relatively narrow walls. The method of assembly involving an intentional mis-alignment

of the top and bottom slides which make up the device creates the wide entrance nano-slot

and ensures that the individual ends of the channels (at the right in Figure 3.1 (b)) behave

essentially as micro-channels.

The design of Yossifon and Chang’s devices permit them to use fluorescent dye at low (10

µM) concentrations to image the growth of enrichment and depletion zones in the rectifier.

The device exhibits CP effects consistent with those expected for the NCM and other rec-

tifiers. In the on-state (forward bias) a depletion zone forms at the positively-biased (wide

slot) side of the device and enriched zones are visible at the narrow cathodic ends of the 100

micron wide slots. The opposite is true when the bias is reversed.

Yossifon and Chang use a variation on the PNP-based model of Manzanares, et. al. [35]

to study their systems. Some of the details will be discussed subsequently in comparison
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to several other approaches to understanding fluidic rectification. The explanation for flu-

idic rectification they ultimately put forth is that it is due to asymmetric polarization in

the extended space charge layers. This is justified based on the absence of significant rec-

tification below (approximately) the voltage at which space charge effects are expected to

become important and a very strong rectification factor at high voltages. While the model

does support the notion that polarization of the extended space charge may significantly

affect rectification, the results presented here suggest that the rectification effect is strongly

influenced by classical concentration polarization.

3.2.2 Comparison to the NCM/NMI: Flux- and field-focusing ge-

ometries

The NCM/NMI and Nafion/NMI I-V devices exhibit current rectification up to very

high voltage. The NCM/NMI, as mentioned previously, contains an array of thousands of

symmetric, cylindrical pores of 10 nm diameter connecting a micro-channel on one side with

a larger cylindrical opening (r ≈ 0.8 mm) which is connected directly to a macroscopic

reservoir. The on-state (forward bias) occurs when the electric field and salt flux are di-

rected from the large reservoir-side of the membrane into the micro-channel. In this case, an

enriched diffusion layer forms in the micro-channel itself and depleted regions are expected

to form in the reservoir opening. Under reverse bias, a depleted region has been imaged in

the micro-channel (see Ch. 3 and Ref. [24]) and an enriched region is expected to form in

the reservoir opening. While images of the micro-channel have been obtained and analyzed,

because of the device design, it is not possible to image the reservoir opening. However,

from an overall comparison with the other devices– including the V-channel NMI device in

Figure 1.2 of Chapter 0– it seems reasonable to assume the device behaves similarly to all

of the other geometrically asymmetric devices above.

Upon consideration of the relative magnitudes and directions of the net salt flux density

J+, individual species flux densities, and the electric field direction for the geometrically

asymmetric devices, it becomes apparent that all of them exhibit essentially the same be-
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havior. It seems then likely that the behavior is due to essentially the same mechanism.

In the on-state, as pictured in Figure 3.1, the wide regions to the left of the perm-selective

region (shaded grey) will have a lower flux density at a given steady-state current than the

narrow regions to the right of the perm-selective region. Because of conservation of net flux

the diffusion layers forming in regions of low flux density will differ less dramatically from

bulk-like conditions than those forming in the narrow regions of high flux density. This may

be thought of as flux-focusing, in analogy to the field-focusing effect [66] acting at an NMI.

At least for the cation-selective, geometrically asymmetric devices, the on-state occurs when

the net salt flux and the cation flux are both being focused from a region of large geometric

size, e.g. low flux density, into one of a smaller size/higher flux density. The relationship

between geometry and diffusion layer growth will be considered in more detail in section 3.3.

In section 3.2.3 below, the various theoretical approaches to understanding the rectification

phenomenon are discussed further along with some general observations.

3.2.3 Comparison of theoretical explanations, models, and exper-

iments

The majority of the work on fluidic rectification has included a modeling component,

and in general these all yield I-V characteristic curves with varying degrees of qualitative

similarity to those observed experimentally. The models make a variety of assumptions,

however all of them have two things in common: some kind of underlying asymmetry and

charge-selective transport through regions with nanometer-sized passages.

The position put forth in this manuscript is that all geometrically asymmetric recti-

fiers rely on variations of a common mechanism. An examination of the body of published

literature appears to support this position. The most essential and basic features of this

mechanism can be understood using the model by Wei et al.. The flux densities on either

side of a perm-selective region differ because of the geometric asymmetry - in Wei et. al.’a
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Figure 3.1: Flux-focusing geometries for several theoretical and experimental studies of flu-
idic rectification. (a) Wei’s infinite-cone model, (b) A single channel ’cell’ for the nanochannel
array of Yossifon and Chang, (c) the NCM/NMI, (d) Jung et. al’s thimble, and (e) Siwy et.
al’s conical pores.
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case, a difference in solid angle- and this results in a difference in the net current through the

device. Wei et. al. do not consider the details of the ion distributions in these infinitely long

conical diffusion regions, so the connection between concentration polarization and fluidic

rectification was not clear. However, this is evident in the 2D numerical solution for the

steady-state PNP model of a conical nano-pore by Liu et. al. [30], where they correctly

attribute rectification to the formation of asymmetric concentration polarization layers both

inside and outside of the tip of the cone consistent with the diagram in Figure 3.1 (e.)

Liu et. al. make a number of important connections to other devices, comparing the con-

ical nano-pore to a geometrically distorted diode, although they do not go into great detail.

The comparison is most apt for the uni-polar diode, variations of which were studied by both

the Daiguji group [8, 22] and Vlassiouk, et. al. [60]. A key point, noted by Vlassiouk, is that

the rectification mechanisms for bi-polar and uni-polar diodes differ, with the bi-polar diode

functioning somewhat analogously to a P-N junction and the uni-polar diode reminiscent of a

Schottky diode, where the formation of a depleted region at a metal-semiconductor junction

is responsible for the off-state response. In terms of the flux densities, the bi-polar diode rec-

tifies because discontinuity in the individual species fluxes cause a depletion in the off-state

and enrichment in the on-state. The effect does not require any field or flux-focusing and

is asymmetric about the junction between cation and anion selective devices. The uni-polar

diode rectifies because, like the geometrically asymmetric devices, a depletion zone forms

inside the device in the off-state. While neither Vlassiouk nor Karnik’s models for uni-polar

diodes predict a depletion (in the on-state) or enrichment (off-state) outside of the diode

body, if Liu’s comparison between conical nano-pores and diodes is accurate, this should

be expected to occur in a model which takes the CPL outside the nano-pore into account.

In any physical device, field and flux focusing at the nano-pore edges would augment the

internal effects predicted by these models.

The models employed by Siwy et. al. [55] to describe the potential inside a pore point to

a more subtle relationship between geometrically asymmetric rectifiers and the space-charge

modulated devices. These models result in ratchet-like potentials and are similar in many

respects to transport models derived from a Fick-Jacobs type approximation to the problem

of diffusion plus drift in geometries with constrictions or bulges [69, 44]. In these latter stud-
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ies, an effective 1D potential is derived for transport through regions where the cross-section

and potential energy change along the axis, thus effectively introducing entropy and energy

barriers. Accordingly, one may think of rectification in geometrically asymmetric devices as

being an entropic effect and the cylindrical diodes as an energetic effect. If the area changes

in a region where the sign or magnitude of the charge is also varying, there are both kinds

of barrier . In [44] the situation is clarified further; purely energetic barriers correspond

to (single-particle) probability distribution functions governed by a Fokker-Planck equation

while purely entropic barriers are governed by a Fick-Jacobs equation. While such a kinetic

description may seem most appropriate for very small (a few nm) nano-channels [40], in

this case there is a clear physical and mathematical correspondence between a probability

density and a number density. The connection between the continuum diffusion-advection

equation and stochastic equations was even the subject of a Physics Today article [38]. The

possibility of using this approach to model fluidic rectification is considered as a possible

topic for future investigation.

The spectrum of experiments and models, taken together, demonstrates that fluidic recti-

fication can arise due to electrical asymmetry, geometric asymmetry, or the combined effects

of the two. In general, the asymmetry creates either an enriched or depleted region, the

non-linear conductivity of which dominates the response of the entire system and is respon-

sible, respectively, for the high-(average) conductivity on (forward-bias) or low-conductivity

off (reverse) states. The principle differences between the devices are ultimately due to the

manner in which the asymmetry affects the nature, location, and shape of these enriched

and depleted regions.

The collective understanding of the mechanisms responsible for fluidic rectification may

be summarized as follows:

• Flux densities inherit geometric and/or electrical asymmetries present in a system

• These cause the CPL to be asymmetric w.r.t. the direction of applied fields. This

asymmetry may also be carried over into the non-LEN regions, causing asymmetric

polarization of the double-layers and, at high enough voltages, the extended space
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Figure 3.2: On and off cartoons using Wei’s geometry and Pu’s intuitive flux balancing model

charge.

• Regardless of the details of charge-selective conduction inside regions with overlap-

ping double-layers, the asymmetric, non-linear conductivity/resistivity due to the CPL

asymmetry -including polarization of the EDL/SCL- is such that the net conductivity

is lower in one state than the other.

Using Wei et. al.’s model geometry and reasoning regarding the CPL formation similar to

that in [43], the general picture appearing in Figure 3.2 emerges. Notice that, in terms of

the charge-selectivity, the flux density of the majority carrier is converging in the on-state

configuration and diverging in the off-state.

It would be desirable to clarify several things further using an intuitive analytic approach

similar to that of Wei et. al. Since it is known that the magnitude of the current and

selectivity can be influenced by conditions in the adjoining microfluidic/reservoir layers [59],

it would be interesting to consider these effects as well. The next two sections of this chapter
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employ simple arguments and results (see Ch. 2.4.3) and (quasi-) 1D steady-state models to

address the following three questions:

• In general, how can fluidic geometry influence the CPL in geometrically asymmetric

systems?

• What can be determined about the relationship between the CPL, properties of the

nano-channel/membrane, and rectification response?

• How do these depleted and enriched regions influence transport inside the nano-channel/membrane?

These models are then used to make some qualitative predictions regarding the relation-

ship between geometry, buffer concentration, and rectification effects for the NCM/NMI. In

Chapter 3, experimental I-V data from several NCM/NMI devices are analyzed and com-

pared to these predictions and the model used to understand some apparent history effects

in the system.

3.3 The relationship between geometric asymmetry and

asymmetric concentration polarization in the NCM/NMI

device

In the majority of the published studies where the effects of diffusion layers are explicitly

taken into account (see references in previous section), is often assumed that the diffusion

layers extend from the perm-selective interface to the electrodes and undergo no significant

changes during the measurement. Provided the amount of time elapsed between the applica-

tion of voltage and the actual measurement is sufficiently long (in comparison to the relevant

device dimensions and species diffusivities, see Table 3.1) this is a safe assumption. How-

ever, since all disturbances propagate at a finite speed, it seems reasonable to suppose there

are circumstances where this assumption fails to hold. Two theoretical results concerning

the growth of diffusion layers adjacent to planar ion sources have been published. The first
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Table 3.1: Estimates of characteristic time for diffusion of various ions present in the
NCM/NMI experiments for 1 cm and 100 micron lengths. According to the universal scaling
limit from Hunter’s analysis [?], which is expected to be approximately valid for systems
operating below the classical limiting current, this gives an estimate of the time required for
diffusion layer growth across such distances.

Ionic species Diffusivity (cm2/s) τD(s) for L = 1cm τD(s) for L = 100µm

Na+ 1.32× 10−5 75757.6 7.57576

H+ 9.2× 10−5 10869.6 1.08696

OH− 5.29× 10−5 18903.6 1.89036

Fluorescein (z = −2) 1.70× 10−6 588235. 58.8235

result, see Ref. [?] can be shown to yield the standard diffusive scaling estimate, ∆x =
√
Dt

for the width of a diffusion layer as a function of time.

A separate result, see Ref. [49] shows that the typical diffusive growth, i.e. the previous

result in Ref. [?], is expected to hold for currents below the classical limiting current, but

that above this current, a free-boundary problem of a different nature governs the growth

of boundary layers. To the author’s knowledge, this second result has not been analyzed in

the limit of large distances and long times. The approximate formula for simple diffusive

growth has been experimentally verified [64] to hold reasonably well up to the point where

electro-convective instabilities occur [68, 50]. A process related to the vortex-arrays, possi-

bly the stability of these arrays, then selects the diffusion length according to an unknown

mechanism.

The goal in the remainder of this section will be to obtain a rough idea of how the

asymmetric cross-sections can influence the growth of the diffusion layers using the diffusive

growth solution from [18]. The fact that the diffusive growth dynamics have been empirically

shown to provide reasonably good quantitative agreement with the simple scaling law lends

this approach some credence. However, the description here neglects many important effects

and is intended to serve as means of gaining some initial understanding of the relationship
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between fluidic geometry and diffusion layer properties.

3.3.1 Flux conservation in a geometrically asymmetric discontin-

uous system

In the pseudo-1D model of the asymmetric NCM system, we consider two half-plane

regions on opposite sides of the membrane with a flux rate of ions J+,r out of the reservoir

and into the membrane and a flux rate J+,µ into the microchannel from the membrane. Since

the cross-sections of both differ, continuity demands that

J+,µAµ = J+,rAr (3.1)

where Aµ,r refers to the microchannel or reservoir, respectively. In a situation such as that

depicted in Figure 3.3, this expression could be expected to be accurate far from the mem-

brane region. Close to the membrane, since the active area of the membrane itself is the

same as the channel (in this particular model,) the flux densities should be approximately

the same on each side of the membrane and a realistic calculation would be expected to show

a region of nearly hemispherical growth which would persist until the diffusion layers reached

the channel walls, at which point the growth might be expected to more closely resemble the

quasi-1D picture presented here.

It is conceivable that other geometries, particularly ones similar to the devices of Yossi-

fon et. al. [65] would exhibit front growth which is much closer to the quasi-1D front growth.

Nonetheless, the model here gives some useful ideas regarding diffusion layer growth. More-

over, the point is that the difference in cross-sectional area is anticipated to have two different

effects:

• A flux-focusing effect, analogous to the field-focusing effect [66]

• An effect upon the relative lengths of (quasi) 1D diffusion layers

The effects of flux-focusing are considered in section 3.5. In this section, the possible effects

of discontinuous cross-sectional area on the DL growth are considered.
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Figure 3.3: An asymmetric discontinuous geometry similar to that in the NCM/NMI.

3.3.2 Using Hunter’s result to compare the DL lengths

Following this reasoning, we expect the boundaries of the diffusion layer with bulk so-

lution to correspond to the limits x → ±∞. In that limit, the magnitude of the change in

reduced concentration from equilibrium near the edge of such a layer is given by

|c| ∼ 2J+t
3/2

√
D

x2
exp

−x2

4Dt
(3.2)

The value of the quantity |c| should be the same in the region where the diffusion layer

becomes indistinguishable from bulk (making note of the fact that the coordinates have

opposite signs in the two half-planes) so that we can compare the estimates for lengths of

the layers, xr = ℓ− 1 and xℓ = L− 1 by equating |cr| = |cℓ|, or,

Γ ≡ Ar

Aµ
=

(

L− 1

ℓ− 1

)2

exp

[

1

4Dt

(

(L− 1)2 − (ℓ− 1)2
)

]

(3.3)

Yossifon and Chang’s work demonstrated that the experimentally measured diffusion

layer width can be estimated reasonably well by ∆x ≈
√
Dt when the system is driven at

sub-limiting currents (see Figure 3 in [64].) While it is a crude assumption, this makes it
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Figure 3.4: A plot of the diffusion-layer length asymmetry versus ratio of cross-sectional
areas according to the quasi-1D argument. Data points show values from a preliminary 2D
FEM calculation

reasonable to suppose that, in an asymmetric quasi 1D geometry, the diffusion layer lengths

may be written as follows:

(L− 1) = γ
√
Dt (3.4)

for the microchannel and

(ℓ− 1) =
√
Dt (3.5)

for the reservoir. Substituting these into equation 3.3.2 yields the time-independent expres-

sion,

Γ = γ2 exp

[

(γ2 − 1)

4

]

(3.6)

The hand-waving argument has been tested by preliminary simulation using COMSOL

FEM software [3]. This demonstrates that the diffusion layers do grow asymmetrically,

with the length asymmetry increasing as the cross-sectional asymmetry increases. Available

data is shown along with a plot of the quasi-1D behavior in Figure 3.4. This, and related
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calculations showing the effects of net fluid flow on diffusion layer growth, as well as an

analysis of the Stephan problem of Ref. [49] are planned for future studies [3].

3.4 Rectification due to asymmetric concentration po-

larization using a 1D model

According to the simple picture of DL dynamics discussed in Sec. 3.3, the diffusion

layers in geometrically asymmetric systems can evolve asymmetrically themselves so that,

for the NCM/NMI and similar devices, the reservoir DL may be shorter than that in the

microchannel at reasonably long times. Aside from the possibility that the diffusion lengths

differ, as will be shown subsequently, focusing of the electro-neutral flux through an asym-

metric region can result in an essentially similar effect. Thus, quantitative accuracy aside,

the straightforward 1D picture will provide some additional insight into how asymmetry in

the electro-neutral parts of the concentration polarization layers can cause fluidic rectifica-

tion.

Provided attention is confined to sub-limiting currents, and the LEN approximation is

assumed valid [46], we may use a 1D steady-state electro-diffusive model to investigate the

consequences of having asymmetric DL lengths. Formally, the LEN approximation amounts

to making the assumption that the Debye layer thickness is negligible. e.g. taking the limit

ǫ → 0. This approach provides the 0th order approximation to the full electro-diffusive

problem (see Ref. [68] and Chapter 5.3 for details) and gives a reasonably good picture of

the electro-diffusive processes at applied voltages corresponding to currents below Levich’s

classical limiting values. It should be emphasized that, even though this model is crude

and does not provide a valid picture of DL growth above the classical limiting current [49],

the basic notion that changes in cross-section on either side of a perm-selective region can

cause asymmetric diffusion layer growth seem reasonable. While the details of this demand

further investigation, preliminary work suggests this idea may be qualitatively correct if

quantitatively inaccurate. In summary, these models provide a reasonably complete picture

of electro-diffusive effects in a simple and intuitive framework which can be used both to un-
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derstand fluidic rectification in geometrically asymmetric systems and to help explain some

of the experimentally observed behavior of the NCM/NMI.

3.4.1 The 1D LEN model equations

The steady-state electro-diffusion of ions in a symmetric binary electrolyte is described

in 1D by the dimensionless PNP equations

D(x)
[

c′± ± z±c±ϕ
′
]

= −j± (3.7)

for the species fluxes and Poisson’s equation

ǫ2ϕ′′ =
∑

±z±c± +N (3.8)

for the electric potential, and j′± = 0 in the steady-state. N(x) is the (negative) charge

density responsible for selectively favoring the passage of counter-ions over co-ions. It is

defined piecewise, N(x) = N inside and N = 0 outside the membrane. The (effective)

diffusivity D(x) is also defined piecewise with D(x) = D inside the membrane and = 1

outside. This allows for a variety of effects which result in an apparent modification of the

diffusivity to be bundled into a single constant, which could in principle be defined semi-

empirically from experimental data or obtained from 2 or 3D simulations.

The concentrations c± have been scaled by the value of the bulk concentration n± (in

(m−3)), i.e. n±(x) = noc±(x) and potentials are scaled by the thermal voltage, Vth = kT/e.

The dimensionless Debye parameter ǫ is defined 1

ǫ2 =
εεokT

4πnoe2δ2
(3.9)

The length scale δ is the (dimensional) membrane half-thickness and these equations are

supplemented by boundary conditions at the bulk edges (see Figure 3.5). Restricting atten-

tion to the LEN assumption results in the left-side of the Poisson equation being set to zero,

1This quantity is defined slightly differently, with various choices of length scale or multiplicative con-
stants, depending on the circumstances. For instance, when considering double-layer overlap, the distance
scale is often taken as the channel height or radius, whereas here it is defined in terms of a linear dimension.
This can be the source of some ambiguity when attempting to interpret estimates, such as those in Refs
citeMMM1996, MMM2001, JFM2007 if not considered carefully.
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i.e.,

ǫ2ϕ′′ ≈ 0 (3.10)

The model equations may be integrated to obtain a closed-form solution in this approxima-

tion. By substitution of a series expansion of the form

ϕ(x) =

m
∑

n=1

ǫnϕn (3.11)

into the Poisson equation, it is apparent that the LEN approximation is equivalent to the

leading-order contribution to the full boundary-value problem.

A reduced ion concentration may be defined

c =
c+ + c−

2
(3.12)

Notice that for a binary electrolyte, this is equivalent to the (electro-neutral) stoichiometric

salt concentration.

3.4.2 Geometry and boundary conditions

The model geometry used in both ideal and non-ideal membrane models is shown in

Figure 3.5. Quantities for each respective region will be denoted by the subscripts l for

−L < x < −1, r for 1 < x < ℓ and m for the region inside the membrane, x ∈ (−1, 1). The

applied electric potential difference is a known control parameter and indicated in the figure

and the concentrations at both x = −L and x = ℓ are assumed fixed and set to unity.

In the approximation employed herein (see below,) the regular boundary conditions must

be supplemented by additional conditions at the membrane to close the problem. This

is because, even though the thickness of the EDL will be neglected, the accompanying

jump in electric potential and ion concentration across the Gibbs’ plane between the bulk-

like DL’s and the membrane interior must be taken into account. In the steady-state, the

electrochemical potential of each species, µ±(x) = ln c±(x)±ϕ(x), will be continuous across

the Gibbs’ plane so that we have the four conditions,

µ±,l(−1) = µ±, m(−1) (3.13)
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Figure 3.5: Geometry of the model system showing each region

µ±,m(1) = µ±,r(1) (3.14)

3.4.3 The CP solution in the diffusion layers

For modest currents and voltages, the ion concentrations in the diffusion layers are ap-

proximately equal, so the regions are locally electro-neutral (LEN.) The non-LEN boundary

layers are thin, of order O(ǫ) for sub-limiting currents and may often be neglected in micron

and above sized structures at low voltages, effectively setting the left-hand-side of Eqn. 3.4.1

to zero. In this case, the governing PNP equations may be solved for the reduced concen-

tration, cl/r = (c+ + c−)l/r /2 and potential ϕl/r in each region subject to known boundary

conditions at the boundaries between the diffusion layers and bulk at x = −L and x = ℓ.

The solution algorithm is the same in each region and consists of adding and subtracting

the two governing equations coupling the reduced concentrations and potential as in the ideal

case. Since we are concerned with the steady-state, ∇ · I = 0 (where I is the net electric

current density) which implies the species flux densities are also continuous throughout the

system. For convenience, introduce the following two definitions,

J+ =
j+ + j−

2
(3.15)
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which is the density of the salt flux, and

J− =
j+ − j−

2
(3.16)

which defines the density of charge flux, so that the net electric current density is given by

I = 2J− (3.17)

with the sign convention such that a positive cationic flux results when the electric field

points towards the right in the system, e.g. flowing down the electric potential gradient.

Left side of system, −L < x < −1

Here the governing equations become,

c′l = −J+ (3.18)

and

clϕ
′
l = −J− (3.19)

Both may be integrated, with the known values at x = −L as the lower limits of integration.

This results in

cl(x) = 1− J+(x+ L) (3.20)

for the ion concentration profile, and for the electric potential, we obtain

ϕl(x) =
J−

J+
ln [1− J+(x+ L)] (3.21)

Right side of system, 1 < x < ℓ

The problem on the right hand side of the system is essentially the same, with the

governing equations

c′r = −J+ (3.22)
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and

crϕ
′
r = −J− (3.23)

Integration yields the solutions for the right side, the only difference being the lower limits

of integration are the unknowns and the upper limits are the known values at the right

boundary (x = ℓ) of the system. So we obtain

cr(x) = J+(ℓ− x) + 1 (3.24)

for the ion concentration profile, and for the electric potential,

ϕr(x) =
J−

J+
ln [J+(ℓ− x) + 1] + V (3.25)

The changes in concentration and potential across the the membrane must be taken into

account. and the continuity of the electro-chemical potential for each species, µi = ln ci+ziϕ,

imposed at the membrane-electrolyte boundaries x = −1 and x = 1. However, before doing

this, a few points warrant mentioning. Note that the locally electro-neutral approxima-

tion breaks down whenever the reduced concentration goes to zero at one of the membrane

boundaries. Since it is assumed the diffusion layers are a priori asymmetric, a quick inspec-

tion of the above equations suggests that the transport properties of this system inherit this

geometric asymmetry.

The fundamental connection between diffusion layer length and the rectification effect

may be understood entirely in terms of Levich’s classical diffusion-limited current for the

asymmetric 1D system without any reference to the details of transport through the mem-

brane itself. Since the concentration in the depleted region is non-negative, a limiting current

corresponds to c → 0. For a system with asymmetric diffusion lengths, there are two differ-

ent limiting values depending on the direction of the applied field, i.e. depending on which

side of the membrane is depleted. Thus, there will be a preferential direction for current

transport determined by which side has the higher limiting current density. This can be ex-

pressed in terms of the salt flux density in the locally electroneutral (LEN) approximation by

evaluating the concentrations immediately outside of the membrane (x = ±1). A depleted
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region forms on the left side of the membrane when the E-field, hence cation (and salt) flux

density, are directed towards the right. In this case, the limiting salt flux density is

J+,lim =
1

(L− 1)
(3.26)

When the field is directed towards the left, the depleted region forms to the right of the

membrane and the limiting flux density is

J+,lim =
1

(ℓ− 1)
(3.27)

So if the right diffusion layer is longer than the left diffusion layer, the device rectifies with

the off-state occurring when the right side is at a lower voltage than the right and the on-

state when the right side is at a higher voltage.

Above this limiting current, the LEN approximation breaks down. Physically, the ap-

proach to this breakdown is accompanied by the appearance and growth (with increasing

current) of a macroscopic extended space charge front in the depleted diffusion region. Math-

ematically, it corresponds to the increasing importance of higher-order terms and the appear-

ance of an intermediate length scale larger than O(ǫ). While the appearance of an extended

space charge region can reasonably be expected to affect transport, the argument presented

here shows that rectification in geometrically asymmetric systems is a leading-order effect.

In principle, this simple explanation may be extended to determine the off- and on- states

for any device by comparing the limiting currents. To obtain any more detail, such as the

relationship between salt-flux density and electric current density, requires the introduction

of a membrane model. Doing so will also provide additional insight into the relationship

between diffusion layers and trans-membrane transport, including rectification.

3.4.4 The ideal membrane case

Inside the LEN ideal membrane, −1 < x < 1, the reduced concentration is assumed

constant and entirely due to cations, cm(x) = N , so that the equation for the potential is

DNϕ′
m = −j (3.28)
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or, integrating,

ϕm = − j

DN
(x+ 1) + ϕm(−1) (3.29)

The current through the membrane is due to the electrical conduction of cations only, so that

J+ = j+/2 and J−/J+ = 1 and the ± subscripts may be omitted without risk of confusion.

Since the electrochemical potential of the anions is equal to zero, we have only the

two continuity conditions on the cationic electrochemical potential at each of the solution-

membrane interfaces,

µℓ(−1) = µm(−1) (3.30)

and

µm(1) = µr(1) (3.31)

Using the known solutions for concentrations in the electrolyte layers along with the concen-

tration and potential in the membrane, the voltage drop across the system can be written

as a function of the (cationic) current density,

V = 2 ln

[

− j
2
(L− 1) + 1

j
2
(ℓ− 1) + 1

]

− 2
j

DN
(3.32)

Several I-V curves are plotted in figure 3.6 for constant membrane parameters and values of

L increasing from symmetric (L = 1) to asymmetric (L = 10) where the non-dimensional

left-hand side diffusion-length is L−1. The current-voltage curves in figures 3.6 clearly show

current rectification as an effect dependent upon the asymmetry of the diffusion layers. The

I-V response may be understood by considering the behavior of the terms in the voltage

characteristic above. The total voltage drop in the ideal case may be thought of as the sum

of an Ohmic part ∆Vm, representing the drop across the ideal membrane, and a logarithmic

term, ln [cr(1)/cℓ(−1)] representing (equivalently) the difference in drops across the diffusion

layers, or the osmotic (≡chemical) drop imposed across the membrane. DN may be identified

with the membrane conductivity, or equivalently, the membrane resistance, defined as

Rm =
2

DN
(3.33)

As the current approaches zero from either the right, i.e. j → 0+, from an off-state

current, or the left, j → 0− from the on-state, it can be shown that the voltage drop across
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the membrane is always larger in the on-state than the off-state. Compare two Taylor

expansions of the membrane drop ∆Vm term-by-term using the expression j = 2α/(L − 1)

for the limit j → 0− (approaching zero from the off-state) and using j = −2α/(ℓ − 1) for

the on-state limit, with the formal limit α → 0. Defining the asymmetry factor γ as

γ =
L− 1

ℓ− 1
(3.34)

we may write the logarithmic terms corresponding to the ’chemical drop’ across the mem-

brane in each case as,

ln
cr
cℓ

=

∞
∑

n−odd

αn (γn + 1) +

∞
∑

m−even

αm (γm − 1) (3.35)

for the off-state and for the on-state,

ln
cr
cℓ

= −
∞
∑

n−odd

αn (γn + 1) +
∞
∑

m−even

αm (γm − 1) (3.36)

Note that if γ = 1, then the m-even terms vanish in both series so the membrane voltage

drop is symmetric, with sign of the chemical shift opposite the sign of the applied voltage

V and equal in both off- and on- states. Otherwise the symmetry is broken; for γ 6= 1 the

on-state series has alternating terms and the off-state series is monotonic. In terms of the

potentials, the chemical drop associated with the on-state is less than the chemical rise in

the off-state, so the magnitude of ∆Vm is larger in the on-state than the off-state even as

the current goes to zero.

The ideal membrane model serves a purely one-dimensional analogue to Wei’s dual-cone

model [62] and deepens the understanding of the relationship between rectification and CPL

asymmetry provided by the classical limiting current arguments. It clearly shows the mag-

nitude of the voltage drop across the membrane or channel depends on the direction of the

applied field and that this persists even in the limit of vanishing current. The on-state cor-

responds to a device orientation with lower resistance (higher conductivity) in the diffusion

layers than the off-state.
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Figure 3.6: Ideal membrane I-V curve showing rectification dependent on DL length asym-
metry. I = −j is the dimensionless current density (zero co-ion flux.) The parameters are
N = 10, D = 0.1, and ℓ = 1.5

3.4.5 The non-ideal membrane case

For the non-ideal membrane, the electro-neutrality condition is

c+ = c− +N(x) (3.37)

An obvious question, the affirmative answer to which is often taken for granted, is whether

or not this condition holds across any reasonably large section of a membrane outside of thin

boundary layers. This issue will be examined more rigorously in chapter 4, but for now, the

LEN assumption will be employed.

Employing the electro-neutrality condition and the piecewise definition of the fixed charge

density, the governing equations are re-written in terms of the reduced concentration. Since

in either the left or rightmost regions (subscripts ℓ or r,) c+ = c−, the equations have

the same form as the original equations with the diffusivity set to unity. However, in the

membrane itself c+ = c+N/2 and c− = c−N/2, so instead,

c′m +

(

cm +
N

2

)

ϕ′
m = −j+

D (3.38)
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c′m −
(

cm − N

2

)

ϕ′
m = −j−

D (3.39)

Membrane interior,−1 < x < 1

In this case, addition of the two governing equations results in

c′m +
N

2
ϕ′
m = −J+

D (3.40)

and subtraction in,

ϕ′
m = − 1

cm

J−

D (3.41)

Combining these two equations yields

c′m − NJ−

2D c−1
m = −J+

D (3.42)

or re-arranging for convenience,

c′m =
NJ− − 2J+cm

2Dcm
(3.43)

This may be integrated directly, giving the following transcendental equation for the ion

distribution inside the membrane,

D [cm(x)− cm(−1)] +
DN

2

J−

J+

ln

[

cm(x)− NJ−
2J+

cm(−1)− NJ−
2J+

]

= −J+ (x+ 1) (3.44)

Given the solution to this equation, the potential may be found,

ϕm(x) = −J−

D F(x) + ϕm(x) (3.45)

where the integral

F(x) =

∫ x

−1

c−1
m (x′)dx′ (3.46)

has been introduced.

Here the left membrane boundary is taken as the lower limit of integration, with the

variable x and the functions cm(x) and ϕm(x) as the upper limits. This could have just

as easily been done in the opposite fashion. The values at both boundaries are unknowns

which must be determined by applying the continuity conditions and employing the known
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solutions from the left and right regions of the model. Also notice the appearance of the

membrane conductivity. However, as will be apparent later on, it cannot be considered as the

single parameter governing the membrane response nor will the diffusion layer conductivity

be independent of membrane charge in the non-ideal membrane.

Application of continuity conditions, exact current-voltage relationship

The continuity conditions at the membrane surfaces (Eqns. ??) are written out explicitly

below for each species at each boundary.

The continuity condition for cation electrochemical potential at x = −1 is,

ln cℓ(−1) + ϕℓ(−1) = ln

[

cm(−1) +
N

2

]

+ ϕm(−1) (3.47)

and for the anions,

ln cℓ(−1)− ϕℓ(−1) = ln

[

cm(−1)− N

2

]

− ϕm(−1) (3.48)

At the x = 1 boundary, the cation condition is

ln

[

cm(1) +
N

2

]

+ ϕm(1) = ln cr(1) + ϕr(1) (3.49)

and for the anions,

ln

[

cm(1)−
N

2

]

− ϕm(1) = ln cr(1)− ϕr(1) (3.50)

Combining the first two equations yields

c2m(−1)− N2

4
= c2ℓ(−1) (3.51)

and evaluating the left-side solution (Eqn. [?]) at x = −1, we obtain an expression for the

value of the membrane concentration at the left membrane boundary,

cm(−1) =

√

[1− J+ (L− 1)]2 +N2/4 (3.52)

The second pair of equations may combined to give a similar condition holding at the right

membrane boundary,

c2r(1) = c2m(1)−
N2

4
(3.53)
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or, evaluating Eqn. 3.4.3 at x = 1,

cm(1) =

√

[J+ (ℓ− 1) + 1]2 +N2/4 (3.54)

Using the expressions for the potentials at the left and right solution-side of the respective

membrane surfaces, i.e. ϕr(1) and ϕℓ(−1), combining the equations for continuity of cation

electrochemical potentials (Eqns. ??,) and eliminating the potential ϕm(−1) in the process,

the following equation for the current-voltage relationship is obtained,

V = ln

[

cm(1) +N/2

cm(−1) +N/2

]

− (Q+ 2) ln

[

cr(1)

cℓ(−1)

]

− J+ (Q+ 1)

D F(1) (3.55)

Here we have introduced the parameter Q, defined through

J−

J+
= Q+ 1 (3.56)

Two additional pieces are required from the solution of equation for cm(x) to obtain the

explicit current-voltage relationship. The integral F(1) must be evaluated and the solution

for Q in terms of J+ obtained using the expressions in equations ?? for the ion concentration

at the membrane edges. The exact solutions of the transcendental equation and its integral

require numerical evaluation. However approximate analytic solutions are also available.

The various approximations are discussed in the following section, along with the results for

the limit of large N , which is intended to approach the ideal membrane case.

After evaluating the transcendental equations for cm(x) and for Q(J+) numerically, the

current-voltage characteristic may be obtained. This is plotted in figure ?? for several values

of L, these are indicated in the inset along with the selectivity as a function of voltage for

each value. The selectivity is related to Q, i.e. defining the membrane selectivity as

β = j+/j− =
1 +Q

1−Q
(3.57)

This quantity, or equivalently, Q, is useful in understanding the behavior of a non-ideal

perm-selective membrane.

In the non-ideal case, the total current is given by I = −2Dcmϕ
′
m so even though the

concentration profiles inside the membrane are no longer exactly linear, the potential drop

across the membrane can still be used to qualitatively understand the behavior of the non-

ideal membrane rectifier. To facilitate the discussion of these results in comparison with the
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Figure 3.7: Non-ideal membrane IV curve for systems with several values of asymmetry γ,
and fixed charge density N = 10, effective diffusivity D = 0.2, and ℓ = 1.5. The variation of
selectivity with voltage, along with a legend for the asymmetry values, is shown in the inset.

ideal case, it is useful to go back to the continuity equations and write expressions for the

voltage drop across the membrane, ∆Vm, in both cases and compare. These expressions are

essentially equivalent to the current-voltage equations, with

∆Vm = 2 ln
cℓ(−1)

cr(1)
+ V (3.58)

for the ideal membrane and

∆Vm = Q ln
cℓ(−1)

cr(1)
+ V (3.59)

for the non-ideal membrane. Since Q ≤ 1 for a cation-selective membrane, the above ex-

pressions suggest the non-ideal membrane will generally carry more current than the ideal

membrane. This may be anticipated also because there are now charge carriers of both sign

inside the membrane. While the off-state response is essentially similar in the ideal and non-

ideal cases, aside from a generally higher overall current due to the anion flux, the on-state

classical limiting current increases with increasing asymmetry in the system. This result can

be expected to influence the behavior in asymmetric systems even above the classical limit.
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Figure 3.8: Concentration (top) and electric potential (bottom) profiles for the off- and on-
states near the limiting current for the same parameter values as the previous plot, with
γ = 6.33. The cation concentration is shown in red, the anion concentration in blue and
the reduced (salt) concentration in black. The membrane edges are denoted by vertical lines
at x = ±1.Note the strong concentration polarization in the on-state CP profile and the
ratchet- like potential in the off-state.
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3.4.6 Limit of large N for non-ideal membrane

Higher charge fixed charge density leads to higher perm-selectivity since more co-ions are

excluded. Thus we expect there to be some limit in which the charge density increases and

the non-ideal membrane behaves similarly to the ideal membrane. The low-voltage behavior

of the two models bears this out. However, the correspondence between the two models

can be studied further and is not quite as straightforward as simply finding an asymptotic

expression for the voltage-current relationship for very large N . The formal limit N → ∞ is

not taken. Instead, because the current must remain finite and non-zero for a finite non-zero

voltage, the product DN must also remain finite if this limit were to be imposed formally.

This implies that D = O(1/N) and hence vanishes in the limit of infinite fixed charge density.

Therefore we will take the product DN to be a constant of order unity.

One more ingredient is required to find this limiting value; bounds must be placed on the

various terms in the equation governing cm(x). Consider the first (linear) term in equation

3.4.5,

D [cm(x)− cm(−1)] (3.60)

Since this difference will be greatest at the ends, or formally,

max |cm(x)− cm(−1)| ≤ |cm(1)− cm(−1)| (3.61)

we can evaluate the order of the right-hand side of the above inequality to place bounds

upon the linear term in equation 3.4.5. This is evaluated by Taylor-expanding the radicals

in equations ?? and looking at the difference of the lowest-order (non-constant) terms.

cm(1) =
N

2

[

1 +
1

2

(

4 [J+(ℓ− 1) + 1]2

N2

)

+O(N−4)

]

(3.62)

and

cm(−1) =
N

2

[

1 +
1

2

(

4 [1− J+γ(ℓ− 1)]2

N2

)

+O(N−4)

]

(3.63)

Notice that the expansions are about small N2, however the difference itself is of order

O(1/N). The resulting order of the linear term from equation 3.4.5 is then O(1/N2), consis-

tent with the Taylor expansions. Thus this term may be neglected in the limit N → ∞ and
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efforts focused on linearizing the logarithmic term, the argument of which is indeterminate.

Exponentiating both sides of the remaining terms in equation 3.4.5 yields,

cm(x)− NJ−
2J+

cm(−1)− NJ−
2J+

= exp

[ −2J2
+

DNJ−

(x+ 1)

]

(3.64)

This may be solved immediately for cm(x) using the approximation for cm(−1) and the

quantity Q. However, in the limit of large N , the fluxes J+ → J− so that Q ≪ 1, in

particular Q = O(N−2) as will be shown subsequently, so that to leading-order,

1

Q + 1
≈ 1 (3.65)

and thus, for cm(x) we may write

cm(x) =

[

[1− J+γ(ℓ− 1)]2

N
− N

2
Q

]

exp

[

−2J+

DN
(x+ 1)

]

+
N

2
(Q+ 1) (3.66)

Two more steps are required to obtain the current-voltage relations for the limit of large N ;

the above equation must be integrated to find the function F(1) and (separately) it must

be evaluated at x = 1 and re-arranged to solve for Q as a function of J+. First, the latter

step is accomplished by evaluating the equation and using the expansion for cm(1) found

previously. After some manipulation, this yields the following expression for Q,

Q =
2

N2

[J+(ℓ− 1) + 1]2 − [1− J+γ(ℓ− 1)]2 exp
(

−4J+
DN

)

1− exp
(

−4J+
DN

) (3.67)

which is O(N−2) as advertised.

The integration in equation 3.4.5 is greatly facilitated by re-writing cm(x) slightly (a non-

essential step, but less cumbersome in terms of notation,) as

cm(x) = θeκx + ξ (3.68)

where the quantities appearing above are temporarily defined

θ =

{

[1− J+γ(ℓ− 1)]2

N
− N

2
Q

}

eκ (3.69)

κ = −2J+

DN
(3.70)
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and

ξ =
N

2
(Q+ 1) (3.71)

Thus, the integral is

F(x) =

∫ x

−1

dx′

θeκx′ + ξ
(3.72)

The substitution y = cm(x) is then be used, so that

dx′ =
1

κ(y − ξ)
dy (3.73)

and the integral may be evaluated in a straightforward way. Keeping in mind that 1/(Q+1) ≈
1, and evaluating the upper limit at x = 1, we arrive at the following expression,

F(1) =
4

N
+

D
J+

ln







[

[1− J+γ(ℓ− 1)]2 − N2

2

]

e−
4J+
DN + N2

2
(Q+ 1)

[1− J+γ(ℓ− 1)]2 + N2

2







(3.74)

Finally, we re-write equation 3.4.5 for the voltage using the appropriate approximate forms

for the concentrations to obtain,

V = ln

{

N + [J+(ℓ− 1) + 1]2 /N2

N + [1− J+γ(ℓ− 1)]2 /N2

}

− (Q+ 2) ln

{

J+(ℓ− 1) + 1

1− J+γ(ℓ− 1)

}

− J+ (Q+ 1)

D F(1)

(3.75)

Notice that the voltage drop across the system is now a sum of four terms (breaking F into

two parts.) There is an Ohmic part, 4(Q+1)J+/DN , and a logarithmic term depending only

on the concentrations at the solution-membrane interface. These are completely analogous

to the terms in the ideal case. However note the appearance of two additional terms in

the non-ideal case that depend on not only the membrane conductivity DN , but also on

the membrane charge density itself. Also note the appearance of the N−2 pre-factor in

the expression for Q (equation 3.4.6,) so that even though the forms of the two terms

corresponding to the Ohmic drop and diffusion layer drop appear similar to the ideal case,

they too depend on the membrane charge density.

Comparison of ideal and non-ideal membranes

If we consider a fixed diffusion length L on the left side of the system, and keep the

conductivity constant while varying only the membrane charge density, we see that as the
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Figure 3.9: Non-ideal cases (solid lines) for several values of membrane charge density N
γ = 6.3333, and ℓ = 1.5 and adjusting the membrane diffusivity to keep the product DN = 1.
For comparison, the red plot shows the ideal membrane case for the same conductivity

charge density increases, the non-ideal behavior approaches that of the ideal case (see Fig.

3.9 below.)

In general, the trend is that less ideal membranes with a high degree of left-right asymmetry

in the diffusion layers will tend to have low values of the limiting current in the off-state, com-

parable to an ideal membrane with a similar degree of asymmetry and the same membrane

conductivity σm. However, the on-state limiting current along with the voltage corresponding

to the knee of the curve, is dramatically increased with increasing asymmetry and decreasing

membrane charge density.

In the limit of large N , the non-ideal case shares some general trends with the ideal case.

In particular, the low-voltage behavior and off-state limiting current appear to more-or-less

coincide. One noticeable difference, however, is that the on-state limiting current increases

significantly with increasing asymmetry in the left-right diffusion lengths, and this effect

depends on membrane charge. As noted previously, in the ideal case, the membrane charge

itself is not an independent parameter; it is the product σm = DN - the membrane con-
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ductivity - that determines the low-voltage response. Thus in the ideal case, the on-state

limiting current depends only on the membrane thickness and the off-state current only on

the degree of asymmetry. However, in the non-ideal case, the varying ratio of salt to charge

flux density, related to the parameter Q, de-couples the charge density and diffusivity - which

makes sense physically, as one might anticipate the charge density to regulate the ratio of

cationic to anionic current independently of the diffusivity (assuming a symmetric binary

electrolyte.)

3.4.7 Ohmic behavior in the low-voltage limit

In chapter 2, it was stated that the low-voltage response is expected to be linear, and

that the solution of the Poisson-Boltzmann equation could in principal be used to relate the

surface properties of the channel to the channel resistance and perm-selectivity for very near

equilibrium conditions. The voltage drop across an ideal membrane can be approximated by

assuming that as Vapp → 0, j → 0 so that

V (j+) =

[

(2 + L− ℓ)− 2

DmN

]

j (3.76)

So, at low voltage, the total voltage is indeed Ohmic and given as the sum of the drop across

the two diffusion layers, i.e. the first linear term, and the drop across the membrane.

Low-voltage limit for the non-ideal membrane

The non-ideal membrane response is also linear at low voltage, though the dependence

on membrane parameters and diffusion lengths is not as simple as the ideal case. First the

logarithmic parts of the potentials in the left and right regions (Eqns. ??) by assuming that

J+ → 0 as V → 0 should be linearized obtaining

ϕℓ ≈ −J+G(x+ L) (3.77)

and

ϕr ≈ J+G(1− x) + V (3.78)
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where here we have introduced a new parameter (not small) G that is analogous to Q in the

large-N limit.

G =
J−

J+
(3.79)

We will also require expansions for the concentrations at the membrane boundaries for small

J+, these are given by

cm(1) ≈
N

2

[

λ+
4(ℓ− 1)

λN2
J+

]

(3.80)

and

cm(−1) ≈ N

2

[

λ− 4(L− 1)

λN2
J+

]

(3.81)

where the parameter

λ =

√

4

N2
+ 1 (3.82)

has been introduced for the sake of convenience. Note that it may be desirable in some

circumstances to truncate these even further and use only the leading-order terms to keep

the final results linear for small J+. This point will be emphasized when appropriate.

By substituting the above directly into equation 3.4.5, evaluated at x = 1 and keeping

terms linear in J+, we obtain an expression for the ratio G independent of the flux,

G = λ− D(γ − 1)(ℓ− 1)

N
(3.83)

This is compatible with the assumption that, at very low voltages and hence currents well

below the limiting current, the applied voltage does not distort the double-layer. Thus a

quasi-equilibrium ratio of cations to anions should determine the ratio of cationic to anionic

flux, dependent only on the membrane charge and thickness. This result will permit a di-

rect comparison of the 1D non-ideal membrane transport models here to so-called classical

transport models for nanopores obtained using solutions of the Poisson-Boltzmann equation

for a nano-pore geometry.

By employing the above expressions and returning to the continuity conditions for elec-

trochemical potentials, essentially following the same general procedure as before and using

the above expressions, the voltage V may be written as a function of J+ as follows,

V = ln

{

λ+ 4J+(ℓ− 1)/λN2

λ− 4J+γ(ℓ− 1)/λN2

}

+ ln

[

1− J+γ(ℓ− 1)

J+(ℓ− 1) + 1

]

−
[

D−1F(1) + (γ − 1)(ℓ− 1)
]

GJ+

(3.84)
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In the above expressions, the appropriate asymptotic forms of the logarithms and the function

F(1) must be obtained. The Taylor expansion of the logarithms is straightforward, with

ln

{

λ+ 4J+(ℓ− 1)/λN2

λ− 4J+γ(ℓ− 1)/λN2

}

≈ 4(γ + 1)(ℓ− 1)

λN2(λ+ 1)
J+ (3.85)

and

ln

[

1− J+γ(ℓ− 1

J+(ℓ− 1) + 1

]

≈ −(γ + 1)(ℓ− 1)J+ (3.86)

The asymptotic treatment of F requires careful consideration. First, we must return to

the original expression for cm(x), but making a substitution in a similar spirit to that utilized

in linearizing the same equation for large N . The reasoning behind the argument in this

case is slightly different, though the same sort of formal constraint expressed in inequality

3.4.6 still holds. But in this case, O(N−1) is not necessarily small, though in principle it

could be for large enough N . The salient point is the difference C(x) = cm(x) − cm(−1)

is at least O(J+) for arbitrary N , which is what we require. A more intuitive and physical

explanation is based on the fact that the system is close to equilibrium and the concentration

across the membrane is practically constant in equilibrium, excepting of course the double-

layers at the interface (which we are ignoring in this approximation anyway.) This intuitive

argument is demonstrated by the solution of the Poisson-Boltzman equation for the finite-

length capillary case [54]. In any event, though we cannot neglect the term DC(x), we

can expand the logarithm about small C(x), keeping first-order terms. However, note that

within this approximation, to be consistently first-order in J+ it will be necessary to use the

(constant) leading-order expression for cm(−1) in subsequent parts of the calculation.

Re-writing the equation in terms of the difference C(x) keeping things (for simplicity) in

terms of cm(−1),

DC(x) +
DN

2
G ln

[

(C(x)− cm(−1))− N
2
G

cm(−1)− N
2
G

]

= J+(x+ 1) (3.87)

To first order in C(x), this is just

DC(x) +
DN

2
G

[

C(x)

cm(−1)− N
2
G

]

= J+(x+ 1) (3.88)

or, re-arranging and solving for cm(x),

cm(x) = Ω(x+ 1) + cm(−1) (3.89)
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where we have introduced another symbol for convenience,

Ω =
J+

(

cm(−1)− N
2
G
)

Dcm(−1)
(3.90)

Note that in the subsequent integration, as mentioned previously, we will use only the leading-

order contribution to cm(−1), or

cm(−1) ≈ N

2
λ (3.91)

Upon carrying out the integral in equation 3.4.5, we obtain

F(1) =
D
Ω

ln

[

2Ω

Dcm(−1)
+ 1

]

(3.92)

After expanding the logarithm, using the above approximation for cm(−1), we have

F(1) =
4

Nλ
(3.93)

Putting all of the above results together, we finally arrive at an expression for the voltage

as a function of current valid for very low voltages,

V =

{

4(γ + 1)(ℓ− 1)

λN2(λ+ 1)
− (γ + 1)(ℓ− 1)−

[

4

DNλ
+ (γ + 1)(ℓ− 1)

]

G

}

J+ (3.94)

Notice again the appearance of an Ohmic membrane resistance term as well as the typical

conductance terms for the diffusion layer, i.e. those involving the quantity (γ + 1)(ℓ − 1).

However, unlike the ideal case, this quantity depends on the explicitly on the membrane

charge separately from the membrane resistance term. Note also that in the limit N → ∞
both λ and G approach unity while J+ → j+/2; thus the above expression approaches the

low-voltage limit for the ideal case.

Low-voltage rectification factor

The rectification factor, defined as R(V ) = ‖I(V )/I(−V )‖ must generally be obtained

numerically in the course of obtaining the I-V curves from the function V (J+). However,

the above analysis permits the leading order contribution to the rectification factor to be

determined by inspection, assuming locally electro-neutral membrane and solution layers.
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Since the leading-order selectivity function, G, does not depend on the voltage, the low-

voltage limit yields Rlow v = 1. This limit will be shown to correctly estimate the order of

magnitude of experimentally determined rectification factors in the in the next chapter.

3.5 Including flux-focusing effects

The purely 1D models illustrate the basic principles behind fluidic rectification due to

asymmetric concentration polarization, and as was shown in section 2.3, asymmetric geome-

tries can induce asymmetric diffusion lengths. However, the modeling work of Liu et. al.

[30] and the experiments of Yossifon and Chang [65] demonstrate that it is not necessary

that the DL’s have different lengths in order to rectify. Therefore, it would be desirable to

consider simply the effects of flux-focusing on the symmetry of the DL’s, disregarding any

length asymmetry. It would be reasonable to suppose both effects act in any real system,

to a greater or lesser degree. By simply re-scaling the current density in the reservoir re-

gion, some idea of the relative strength of the flux-focusing effect compared to (1D) diffusion

layer length asymmetry can be gained without making any radical changes in the modeling

approach. In this case, the reservoir concentration profile is given by

cr(x) =
J+

Γ
(ℓ− x) + 1 (3.95)

Then the corresponding terms in equation 3.4.5 must also be modified.

In figure 3.10 the resulting I-V characteristics are plotted for a number of values of Γ, the

cross-sectional asymmetry (with γ = 1) and these are compared to the pure 1D model with a

range of γ corresponding to the range of Γ used in the flux-focused calculations. The param-

eter values are the same as those used in figure 3.7. The overall qualitative behavior of the

two versions of the model as a function of the relevant asymmetry parameter is comparable.

While the on-state current density is higher for the flux-focused system, the knee voltages

appear to be very similar. The low-voltage and off-state currents in the flux-focused cases

are practically indistinguishable while the 1D DL asymmetry models show a visible decrease

in the magnitude of the low-voltage and off-state current with increasing asymmetry. The

rectification factor, defined here as the ratio of on- to off- state current density is slightly
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lower for the flux-focused cases, but is otherwise similar. The selectivity shows the greatest

differences between the two models. The flux-focused model shows a higher selectivity value,

about a factor of two, and it is not entirely clear why this is the case from the analysis here.

It might be interesting to delve into the matter further. Overall, it would be very difficult

to distinguish between the two cases experimentally from examining the I-V curves alone,

and it is clear that the general conclusion that devices with greater asymmetry are stronger

rectifiers with higher limiting on-state currents and knees at higher voltages applies equally

well to both cases. 2D numerical studies could provide an interesting and more realistic

comparison between the two types of asymmetry. Calculations with a DL model using finite

length conical regions, similar to the approach of Wei et. al. [62], with the non-ideal mem-

brane model could be interesting as well.

Variation of bulk concentration

Since the concentrations-hence charge densities including the fixed N - are scaled by the

bulk concentration, varying the bulk concentration is equivalent to varying the membrane

charge density N in the above model. Thus, high values of N correspond to relatively low

values of bulk concentration and visa versa. A general trend is that higher charge density in

the membrane corresponds to a lower overall value of the limiting current density. This is

shown using both the 1D asymmetric DL and flux-focused model (with γ = 1) in figure 3.11.

Again, the on-state currents are generally higher for the flux-focused model. This may be

understood, at least in a hand-waving fashion, by considering that the resistance of a con-

ductor goes as the inverse of the cross-section. At low (positive) voltages, the slopes of the

low concentration/high charge density curves are higher than the high concentration/low N

slopes. The rectification factors for the two cases are almost identical, with the flux-focused

value slightly lower than the 1D value. The selectivity, again, shows the greatest difference;

in this case, the flux-focused values are about an order of magnitude greater and vary over

an order of magnitude with voltage as compared to the 1D model. Further study of this
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Figure 3.10: IV characteristics for non-ideal membrane with flux-focusing effect only, assum-
ing same DL lengths, γ = 1 and varying the area ratio Γ only. All other parameters are the
same as in figure 3.7
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would indeed be interesting, as it is not immediately clear from the models or the equations

why this should be the case.

3.6 Summary, conclusions and future work

The principal results of chapter 2 are summarized below, followed by a discussion of

on-going and future work related to fluidic rectification.

3.6.1 Summary and conclusions

In the process of reviewing the body of published work on fluidic rectification and re-

lated topics, a coherent picture of the phenomenon emerges along with a general scheme for

classification of fluidic rectifiers. The fundamental idea is that steady-state fluidic rectifica-

tion arises because the concentration polarization layers of the device inherit the underlying

device asymmetry, via asymmetric flux-densities. Thus, even in a device where the perm-

selective element is completely symmetric, the asymmetric CPL corresponds to a voltage

drop across the element which is itself asymmetric in magnitude with respect to the direc-

tion of an applied field. The work of the Siwy group [56] confirms that this effect may also

be induced by applying an asymmetric concentration gradient.

Using a simple model, it is demonstrated that increasing asymmetry in the CPL, either

by increasing the DL length ratio (section 2.4) or by strengthening the flux-focusing effect by

increasing cross-sectional asymmetry, the strength of the rectification effect is increased as

well. Because the model is a leading order model and does not include effects related to the

emergence and polarization of extended space charge, it is fundamentally a low-voltage ef-

fect. However, in analyzing the low-voltage behavior, two conflicting observations are made:

the voltage drop induced by the DL’s upon the perm-selective element is asymmetric at all
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Figure 3.11: I-V characteristics and rectification factor for several N comparing flux-focusing
to DL length asymmetry alone
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currents and, at the same time a low-voltage limit for the concentration profile and mem-

brane selectivity imply a J+ → 0 limit for the rectification factor which is 1 to leading order.

The contradiction suggests that it may be appropriate to keep the next-order terms in this

limit. In any case, as will be seen in the next chapter, this leading order value seems to yield

a lower-bound for experimental situations in which effects of net fluid flow and sealing issues

with the membrane itself do not cause un-wanted effects.

3.6.2 Future/continuing work

Several questions arose during the investigation presented above. Some of these are the

subject of on-going research, and others may be appropriate for future projects. In any event,

while the overall picture of fluidic rectification itself is reasonably complete but broad, there

are a number of un-resolved issues. Not only would further investigation of these enrich

and deepen the current understanding of fluidic rectification - and aid in device optimiza-

tion for practical applications - but would contribute to the fundamental understanding of

electrokinetic phenomena in general. The following discussion is of course a short list, but

representative of the open problems most directly related to the study of fluidic rectification.

Geometry-dependent diffusion layer growth without electro-convective instabil-

ity

This is a multi-faceted issue which is the subject of several partially complete and unpub-

lished studies within the micro-nanofluidics research group. Recent and on-going work [3]

has employed finite-element methods to perform calculations in two-dimensional geometries

with promising preliminary results both with and without net fluid flow. The overall goal is

to better understand the relationship between fluidic geometry and the growth of boundary

layers in asymmetric systems. It is suggested that the solutions to the Stephan problem [49]

should be considered along with the diffusive growth models so that a better understanding

of the formation of these layers, both in the classical (diffusive) regime and the super-limiting

Stephan regime be explored both with and without the effects of fluid flow. As will be seen
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in subsequent chapters of this thesis (and anticipated from a botdy of published work, see

[50, 68, 64]) the quasi-1D electro-diffusive picture remains reasonably valid up to the point of

electrokinetic instability - which can correspond to fairly high applied voltages. Competition

between convective effects due to net (1D “toy”) EOF should also be considered, as it may be

anticipated (and shown using simple conservation arguments, as will be done subsequently)

that the convective mixing length can compete with the diffusive mixing length to determine

the overall extent of the so-called Nernst layers adjacent to perm-selective membranes or

nanochannels which also permit fluid through-flow.

Over-limiting conductance, electrokinetic instability, and DL length selection

Well above the classical limit, it is known [50, 68, 51] that the quasi-1D picture breaks

down and the onset of more exotic electrokinetic effects, particularly related to instability-

driven vortices, play an important role in the overlimiting current as well as selection of the

effective mixing length [53, 64, 66]. However, the bulk of the theoretical work appearing in

the literature concerns these effects at interfaces with ideally permselective membranes in

very open geometries with no net fluid flow. As of yet, no comprehensive predictive theory

of DL length selection has emerged and there are a number of confusing and (potentially)

conflicting reports in the literature regarding the correlation between vortex arrays, instabil-

ities, overlimiting conductance, and the non-linear wavenumber selection processes occurring

at these interfaces. The issue itself is quite complex, and likely depends upon properties of

the specific system at hand; indeed it is conceivable that there is no simple general estimate

or rule.

However, application of the theory for ideal membranes presented in Refs. [50, 68] suggest

that it may be possible to make some progress in this direction, and in the process, arrive

at a deeper understanding of the general phenomena. The groundwork for the extension of

the theories in the references to the case of non-ideal membranes and confined geometries is

laid in Chapter 4. A complete study is beyond the scope of this thesis, but would make for

very interesting future work.
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Fluidic rectification, entropic barriers, and the relationship to kinetic models

The work of Siwy et. al. and related references [69, 44] concerning effective 1D models

for the diffusion of neutral particles through passages with constrictions or bulges, i.e. 1D

models with entropy barriers, suggests that such models might well describe time-dependent

diffusive fluidic rectification without appealing to quasi-static diffusion layer asymmetry.

Indeed, similar ideas have been employed to develop kinetic models for transport through

small nanochannels in other contexts [40]. These models might offer some computational

advantages over fully 2 and 3D finite-element methods, and in any case, would provide an

alternative descriptive framework from which to understand the phenomena and compare

results.

Fluidic rectifiers and the Onsager relations

In the 1D LEN approximation, the steady-state Navier-Stokes equation is

ũ′′ = −p̃′ (3.96)

which is just

p̃′ = 0 (3.97)

for an incompressible fluid. However, the total pressure may be written in terms of the

mechanical and osmotic contributions [4],

p̃ = p̃m − kT
M
∑

i

ni (3.98)

If the pressure is scaled by the osmotic value in bulk, po = 2kTno for a symmetric binary

electrolyte, we have

p′m = −2c′ (3.99)

where c = (c+ + c−)/2 as usual. Thus, the CP effect corresponds to an osmotic pressure

gradient across the system. This results in a difference in mechanical pressure across the

membrane,

∆pm = −2 [cr(1) + cℓ(−1)] (3.100)
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In a symmetric system, there would be an equal and opposite osmotic contribution to the

pressure gradient on either side of the membrane, regardless of the magnitude or direction

of the applied electric field, so this quantity would vanish and the applied voltage will have

no effect on the mechanical pressure. Thus, the only coupling between the fluid-flow and

the applied voltage is due to the electric body force in the boundary layers (which, in the

LEN approximation we are assuming to be vanishingly small in the micro-system) and the

coupling coefficients are known to obey Onsager relations [36, 4]. In an asymmetric system,

the drop in mechanical pressure across the membrane reflects the asymmetry in the CPL’s

and the magnitude of the associated pressure drop will now depend on both the magnitude

of the voltage and the direction of the field. This should correspond to an induced fluid

flow across the membrane and it seems natural to wonder how this modifies the relationship

between coupling coefficients. Study of the problem from the suggested point of view of

the previous subsection, i.e. Fick-Jacobs and Fokker-Planck-like formulations, would be an

interesting compliment and might help to cast the problem in terms of the original arguments

of Onsager, i.e. in terms of reversibility.
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Chapter 4

Analysis of experimental data

4.1 Chapter introduction and overview

Chapter 4 concerns the analysis of a variety of experimental results using the NCM/NMI

device and a similar device with a Nafion membrane. An overview of experimental details

is given in section 4.2. Section 4.3 contains an analysis of previously published data [37]

comparing the Nafion and NCM devices in different device configurations while Second 3.4

presents an analysis of new data, including the effect of varying asymmetry and bulk concen-

tration on I-V curves and rectification strength. The end of section 3.4 contains an analysis

of a “chemical ratchet effect”, which is shown to be fundamentally related to the rectification

phenomenon. Section 3.5 contains an analysis of the early stages of sample concentration in

the NCM/NMI under very high reverse bias.

The theory developed in chapter 3 may be used to qualitatively understand the results

of sections 4.3 and 4.4. However, several factors, including the comparably large operat-

ing voltages and difficulties with reproducibility make it difficult to verify any quantitative

predictions. Furthermore, some of the observed trends provide a conflicting picture, which

may have to do with a number of effects not included in the models of chapter 3. Despite

these difficulties, the theory is able to account for several important qualitative behaviors

in the rectifiers, and it provides a simple explanation of the hysteresis effect. Furthermore,

the comparison of the NCM and Nafion systems reveals an interesting persistent feature
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in the I-t behavior not previously reported which seems nonetheless intimately related to

the breakdown of quasi-1D behavior and a change in the stability of the system. Also, the

high-voltage rectification effect, seen both in these devices and those in Ref [65], is explained

here as a secondary - though very strong- effect due to the suppression of electro-convective

mixing by the microchannel walls in the off-state. The analysis of the concentration pro-

cess reveals complex dynamics, with very different behaviors at different times, including

evidence of electro-convective instabilities quite unlike those related to the vortices caused

by non-equilibrium electro-osmotic slip. Finally, in section 4.5 a number of additional ex-

periments are suggested which might help to test the applicability of the theory of chapter

3 and clarify some of the difficulties with these systems.

4.2 Overview of experimental details

4.2.1 A brief description of the experimental set-up and process

Figure 4.1 shows the two device configurations used to obtain the experimental data.

Both devices consist of a 2cm long microchannel etched into a glass slide using standard

photolithography techniques. The channels are roughly trapezoidal in cross-section with a

mean width on the order of ≈ 200µm and depths varying from approximately 12 to 40µm a

in the side-mounted device. The horizontal connecting channel in the top-mounted device is

approximately 12µm a deep, however the relevant cross-section is that of the 150µm-diameter

vertical access to the membrane interface. In both cases, the reservoir-entrance is approxi-

mately 1mm in diameter, with an O-ring of i.d. 0.8mm seating the membrane against the

chip (O-ring not shown.)

The reservoir entrances are approximately cylindrical and made of Delrin and/or Teflon, in

the side-mounted configuration (thus unlikely to generate much EOF.) The longer entrance

for the side-mounted configuration is a somewhat irregular cylinder. In all experiments, a
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Figure 4.1: Diagram showing geometries and approximate dimensions for the two device
configurations used in the experiments, (a) the side-mounted membrane device and (b) the
top-mounted membrane device
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Figure 4.2: Schematic of experimental set-up for data collection. Note: NMI fluidic rectifier
represented by a the symbol for a Schottky diode with the ‘+’ denoting cation-selectivity.

sodium phosphate buffer at pH7 is used at three different concentrations, 1mM, 10mM, and

20mM. Note, this is not a binary buffer, however since only qualitative comparisons to theory

are being made, this is not a critical issue. The reservoirs are filled so the fill-lines are level

(see Figure 4.1.) Devices for the LOC paper were allowed to sit filled for an hour before

measurements, those used in the newer experiments were de-gassed in a vacuum chamber

for a minimum of one hour, and a maximum determined by the patience of the particular

experimenter and/or the apparent cessation of bubble formation. For some of the newer

data, the NaOH pre-rinse was omitted, resulting in some additional noise in the data but

no other readily apparent differences. It was hoped that if the glass microchannel surface

were not actively de-protonated, the net device EOF might be lower if this resulted in less

dissociation of the Silanol groups in the glass microchannel. Omission of this step proved to

be neither particularly useful nor detrimental.

The fluidic rectifier is connected to a computer-controlled high-voltage power-supply via

two platinum wire electrodes, with the current through the system determined from the volt-

age drop in the ground-line resistor, as shown in Figure 4.2. The voltage drop is measured
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with a standard digital multi-meter and data collected at a rate of 1 measurement per second.

This reduces the drop across the rectifier by a small amount compared to the full applied

voltage, however for measurements at the present ranges, this is negligible (i.e. typically no

more than a few to a few tens of millivolts.) The voltage-stepping of the high-voltage power

supply is controlled by a Labwindows program, and the exact sequences employed varied

somewhat, covering three ranges: -800V to 800V for the Nafion and PC-NCM comparisons

in the LOC paper, -80V to 80V for experiments using a side-mounted PC-NCM in devices

with a range of microchannel sizes, and -20V to 20V for side-mounted PC-NCM on a 40

micron channel at three different buffer strengths. In all cases, the voltages were swept at a

rate of 5 minutes per voltage.

The equipment, set-up, and procedures for the experiments in the references and the

new experiments presented in this chapter are similar to those used in the cited publica-

tions. Relevant details for the current-voltage characteristic experiments are discussed in

the sub-section below. Some details regarding the concentration and band-broadening ex-

periments are given in section 4.4. For further information on these details, error bars, etc.,

the interested reader is referred to [37, 24]

4.2.2 A typical I-t curve for the NCM/NMI

While I-t characteristics for different device configurations and parameters as well as

individual runs on the same device tended to vary somewhat, several features common to

some degree to all of the runs can be seen in Figure 4.3. This is even true with the same

membrane under ostensibly the same experimental conditions. However at least part of this

issue has to do with the so-called chemical ratchet effect discussed later on in this chapter.

Another problem with reproducibility has to do with ensuring a good membrane seal without

creasing the membrane or breaking off the reservoir housing. This appears to be more of a

problem with the PC-NCM in the side-mounted configuration, while not apparently affect-

ing the Nafion device. This may be in large part due to the fact that the Nafion effectively

suppresses net hydrodynamic flow while not only do NCM’s permit some flow, they may also



Jarrod E. Schiffbauer Chapter 4. Analysis of experimental data 97

-80V

-40V -10V

0V 2V

10V

22V

0 50 100 150

-6

-4

-2

0

2

4

tHminL

IHΜAL

40 Μm 10mM

Figure 4.3: I-t response for a 40 micron channel with 10mM buffer with stepped voltage
applied showing several typical features for the NCM/NMI. Note the voltage intervals are
not all equal; 10V steps are used in the off-state and 2V steps in the on-state.

generate significant amounts [27] of it.

The low-voltage behavior can be characterized by a very nearly quasi-steady current, which,

according to the ideas discussed in chapter 1, is consistent with expectations for a device

with a perm-selective interface operating below the classical limiting current. In some cases,

a slight, monotonically decreasing transient is present at the first positive voltage in a se-

quence. But this feature is not ubiquitous and may have only occurred in systems which were

not allowed to rest sufficiently between off- and on- state voltages so as to dissipate residual

concentration gradients. In any case, the appearance of a persistently increasing slope, i.e.

such that the magnitude of the current increases with time while held at a given voltage, can
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be taken as an indication of the appearance of an extended space charge and possibly the

onset of electro-convection below voltages high enough to sustain fully-formed vortices. Full

development of electro-convection does not seem to occur immediately above some specific

voltage, nor does it follow the same course of events in the NCM device as does a Nafion de-

vice. While these considerations prevent the establishment of a well-defined experimentally

observable criterion for the critical voltage corresponding to the classical limiting current

corresponding to the knees of Chapter 2, they provide some guidance in comparing the onset

of effects precipitated by the breakdown of local electro-neutrality above the limiting current.

In particular, there is an inflection in the NCM I-t slope (at about 22V in the example figure)

occurring at some point above the threshold for the formation of extended space charge, and

likely related to a change in electro-hydrodynamic stability. To the author’s knowledge, this

feature has not been reported before.1 The LEN theory might reasonably be expected to

yield some insight into the behavior of these devices below -and perhaps quite close to- this

point, but cannot be expected to have any quantitative predictive power anywhere except

perhaps the lowest voltages. However, given the estimates presented in the following chapter

and the apparent systematic drift of about 2V of the power supply, it is unlikely that the

current experimental set-up would be useful for such low-voltage (< 0.5V ) measurements.

One important qualitative note is the distinct differences between the appearance of the

transient current in the off- and on- states. If, as seems reasonable, the appearance of ex-

tended space charge and the onset of electro-convection can be associated with the transient

behavior in the system, it appears that (at least for the NCM devices) the limiting current

is reached at much lower voltages in the off- state as compared to the on-state. This is con-

sistent with the predictions of the simple theory in the previous chapter; asymmetric devices

will have lower off-state limiting currents corresponding to the appearance of extended space

charge at lower voltages. But note, unlike the on-state (particularly the on-state for the

Nafion device, as will be seen subsequently) the off-state current appears to rapidly reach a

quasi-steady value. This does not necessarily correspond to a complete absence of electro-

convective vortices, however, as will be seen; their behavior in these systems is somewhat

different than in other systems, in particular, those observed in the Yossifon and Chang

1Is it possible these are somehow related to Teorell oscillations? See for instance, chapter 5 of [46, ?]
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experiments [64, 5, 66].

As stated above, the macroscopic LEN violation which can lead to Rubinstein’s electro-

osmotic instability may be associated with the appearance of a net increasing slope in the

I-t curves. This may be in part due to the importance of the intermediate time-scales at

currents above the classical limit [52, 1]. This may be most apparent in the intermediate-

voltage time-dependence of the off-state system. In the on-state, a small slope begins to

emerge at intermediate voltages, which may correspond to the emergence of an extended

SCL and the onset of electro-osmotic convection cells of the type predicted by Rubinstein

and Zaltzman’s work [49, 50, 68]. In general, these effects seem to appear at voltages several

orders of magnitude above the theoretically estimated threshold. Even the lower voltages

( 10V) corresponding to the onset of electro-osmotically driven vortices in other nano-channel

systems, notably those of Yossifon and Chang [66, 5, 64], are considerably higher than the

estimates, leaving a very wide voltage window between predicted ESC development and the

onset of electro-convection.This may be attributable to net EOF and/or to the fact that the

nanochannel/nanopore systems allow significant co-ion fluxes through the perm-selective el-

ement in comparison to the ideal models used to develop the theory. The issue of extending

the theory of non-equilibrium electro-osmotic slip used in the determination of the associated

stability criteria is discussed extensively in the next chapter, along with some preliminary

work in that direction.

A second feature, at a higher voltage than the appearance of the non-zero (increasing)

I-t slope is the inflection of the slope at a critical voltage. What is not clear is whether or

not this corresponds to the full development of (stable) vortices according to the Rubsinstein

and Zaltzman model (with appropriately modified slip conditions) or if this is some other

process. A different type of instability, known to be responsible for mixing in other electroki-

netic systems, that of an electro-viscous instability ([6].) Also note that sharp transients in

the off-states tend to appear at much lower magnitudes of negative voltage than transients in

on-states, indicating that non-locally electro-neutral effects are observable which is in some

sense, consistent with expectations based on the 1D LEN theory.
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4.3 Fluidic rectification in two types of asymmetric

PC-NCM and Nafion membrane device

2

4.3.1 Top-mounted PC-NCM device

The I-t response for a typical run of the top-mounted NCM device is shown in Figure 4.4.

Several similar runs were collected and time-averaged over each voltage step to produce I-V

curves. The average I-V curve is shown in Figure 4.5, further information on the averaging

and statistics may be found in [37]. The low-voltage behavior is typical and nearly linear

at very low voltages. However, for this particular system, ‘very low’ seems to mean voltages

in the range ±100V , which almost 4 orders of magnitude higher than the most reasonable

estimate for the critical voltage corresponding to the classical limiting current (see chapter

5, Table 3.1.) Even at these low voltages, it is apparent that the the device exhibits no-

ticeable rectification. It is difficult to assess to what degree these effects can attributed to

polarization of extended space charge. However, because of the device design, for modest

space charge layers up to several microns, it is unlikely that asymmetry of the space charge

alone can account for the effect.

At or around 150V, it is apparent that the I-t slope increases markedly over the 5 minute

measurement interval. The I-t inflection occurs between 300V and 400V, more than an order

of magnitude higher than what is seen in the side-mounted NCM devices. After this point,

the current-voltage relationship appears to be approximately linear again with a higher over-

limiting conductance, similar to that observed in other systems [67, 64], albeit this occurs

at much higher voltages in this particular system. Given the nature of this system, i.e. a

membrane with 10nm diameter pores which are comparatively widely spaced, the limiting

current plateau should not be discernable [67] and the apparent plateau in the I-V curve

(Figure 4.5) is related to the inflection. What is not clear is the connection between the

inflection, Rubinstein and Zaltzman’s instability, and the vortices which are anticipated to

2The data analyzed in this section was originally published in [37, 24]
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Figure 4.4: I-t curve for a top-mounted PC-NCM/NMI showing several distinct response
regimes. In particular, note the differences between the regions -400V to -100V and between
100V- and 400V.

develop because of Dukhin’s EOF of the second kind.

The off-state NCM device seems to have three distinct regimes of behavior: low-voltage be-

tween 0V and about -100V, intermediate between about -100V and -400V, and high off-state

voltages, between about -400V and -800V. The lowest off-state I-V response is nearly linear.

For voltages greater in magnitude than about -100V, the off-state exhibits the characteristic,

relatively-rapid current transient, which as mentioned, likely corresponds to super-critical

electro-convective effects in the microchannel. However, unlike the corresponding effects in

the reservoir, it is believed that confinement in the channel prevents mixing with bulk-like

electrolyte, hence the current becomes limited by the confining geometry of the microchan-
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Figure 4.5: Interpolated I-V curve for top-mounted NCM device (solid line) with averaged
I-V data points. Dashed lines are linear extrapolations of the I-V behavior on either side of
the origin, the slopes of which are almost indistinguishable by inspection.

nel itself in the off-state. At voltages much below -400V, this well-defined transient current

increase is no longer as apparent in the I-t curves. This may be because the threshold for

the Q1DL layer which supports the formation of these vortices has been exceeded (see Ref.

[68] and Table 3.1 in chapter 5.) Some imaging and analysis of vortex dynamics has been

done for the NCM/NMI system which helps to shed some light on the behavior at very high

negative voltages, as will be discussed later in this chapter. In particular, there is an absence

of any stable vortex pattern. However, as will be shown, there is evidence of transient vortex

formation and annihilation. It would be interesting to analyze images from lower magnitude

(i.e. up to about -100 to - 200V) off-state voltages as well to determine whether or not and

how vortices form and/or propagate at lower voltages.
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Figure 4.5 shows an ensemble average over 5 runs of the time-averaged I-V characteristics.

The dashed lines show the extrapolated linear behavior, and the slopes are (very slightly

in this case) different on each side of the origin. There is some ambiguity since the lowest

voltage magnitude is 10V here, so the actual response at very low voltages can only be es-

timated. Note the on-state response remains very close to linear as high as 100V. This is

consistent with the observation that significant I-t transience only occurs at higher voltages.

The rectification factor vs. voltage for the top-mounted NCM is shown in Figure 4.6, and is

defined as the absolute value of the ratio of on- to off- state current as a function of voltage.

The rectification factor is calculated in two ways. Since many of the runs do not have

matched pairs of off-on voltages, i.e. data points at every ±Vapp, a polynomial interpolation

of the I-V data was carried out. The optimal order of the interpolation was determined by

comparing the interpolated I-V curve to the original I-V data points. For the high-voltage

devices, where there were more matched data pairs, a fourth-order interpolation produced

the best curves. For the matched pairs, the rectification factor was calculated directly. Both

are plotted in the figure, the points showing the pairs and the solid line is a plot of the

rectification factor as calculated from the interpolated I-V curves. The dashed line shows a

limiting value obtained by taking a ratio of the linear I-V extrapolations (dashed lines in Fig-

ure 4.5.) Hence, both the interpolated rectification factor and this extrapolated limit blow

up as V → 0. These low-voltage blow-ups can be ignored as artifacts of the interpolation

process. As was noted in chapter 2, the classical electro-diffusive formulation has a limiting

value of R = 1 at V = 0, and the value from both the interpolated and extrapolated data

appears to bottom out at approximately twice this value.

Qualitatively, this curve is very similar to the published rectification factor curves for the

Yossifon-Chang rectifier [65], and it is evident that there is significant low-voltage rectifi-

cation. The much larger rectification factor at super-critical voltages occurs because mixing

is inhibited in the microchannel off-state while it can occur freely in the reservoir on-state.

Thus there is a secondary rectification effect due entirely to the suppression of over-limiting
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Figure 4.6: Rectification factor for top-mounted NCM device, interpolated (solid line), data
points (points,) and extrapolated experimental V = 0 limit (dashed line.)
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conductance by the microchannel. This effect is extremely strong and allows the device to

pass very high currents in the on-state, which makes the on-state device advantageous as a

sample concentrator, since (as shown in both chs. 2 and 3) the (LEN) on-state concentration

profile increases linearly with the current. The ‘classical’ electrodiffusive rectification behav-

ior is evident up to about 100V, as anticipated from the I-t and I-V curves, is qualitatively

similar to the curves in chapter 2 up to this point, and also of the same order of magnitude.

4.3.2 Side-mounted Nafion device

By comparison, the I-t behavior of the Nafion device is much cleaner; there is very little

noise evident in these plots and one possible reason is that net EOF is largely responsible

for the noise, and Nafion suppresses the net fluid flow. In general, the magnitudes of the

currents are too small to determine what is happening in the off-state, but apparently several

features evident in the PC-NCM devices are absent, or at least appear markedly different in

the side-mounted Nafion device. Another possible reason is that the Duhkin’s EOF of the

2nd kind vortices appear at very low voltages in the PC-NCM, causing excess electrical noise,

which is not evident in the Nafion device. There are a number of other interesting points.

There is little to no evidence of the off-state transient behavior seen in the top-mounted PC-

NCM device, which suggests that net EOF may play some role in this phenomenon. Note

also that, even at the highest on-state voltages, where the EC vortices are expected to act,

the signal is relatively clean. Even though the cross-sectional asymmetry is greater for the

side-mounted configuration than the top-mounted, the apparent limiting current and LEN

threshold voltage are considerably lower, occurring somewhere between 50V and 100V in the

on-state. However, since it is known that the fixed charge density in Nafion is higher (and

the effective diffusivity lower,) this is not necessarily inconsistent with the LEN predictions.

To make the comparison complete, it would be necessary to study a top-mounted Nafion

device, and neither this data nor the device were available.

In addition to the lower threshold voltage (and presumably lower classical limiting cur-

rent,) the over-limiting behavior of the Nafion device is noticeably different. There is no
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Figure 4.7: I-t curve for a side-mounted Nafion device. Note the relatively steady currents
(albeit with barely perceptible slope at voltages as low as 100V) up to voltages close to
300V and the marked increase between 600V and 700V. The off-state transients appear to
be suppressed.

apparent inflection, and the I-t slope just appears to increase indefinitely with increasing

voltage. Note this implies a much higher over-limiting conductance, relative to the sub-

limiting behavior, in comparison to the NCM device. Since the I-t inflection in the on-state

appears in both side-mounted and top-mounted NCM devices, we can safely conclude that

the difference has to do with the membranes themselves and net EOF is the likely culprit.

Another way to test this would be to use coated microchannels that suppress EOF and see

if this limits the I-t noise and significantly changes the I-t inflection and off-state transients.

However, given that NCM’s can produce significant EOF due to the relatively large electric

body force in the overlapped double-layers, this may not be a viable approach.
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Figure 4.8: Time-averaged and interpolated I-V curve for a side-mounted Nafion device (solid
line), time-averaged I-V data points, and extrapolated V = 0 lines.

Overall, the Nafion device is a stronger rectifier, despite the fact that the fixed charge density

is expected to be much higher than that of the PC-NCM. This may be understood -at least

at sub-critical voltages- by considering that, according to the models of chapter 3, changing

the device asymmetry has a more profound effect on the I-V response and rectification factor

than does changing the charge density. However, this has little bearing on the difference in

performance at very high voltages and it must be concluded that electro-convective effects

near NCM’s are markedly different than Nafion membranes. Again, the likely culprit is net

EOF, however the question of stability for non-ideal membranes is open and may be relevant

in this case. The NCM is much more non-ideal than the Nafion membrane, even ignoring

net fluid flow. Both net fluid flow and passage of a significant number of co-ions can be

anticipated to affect the electro-hydrodynamic stability of the system.
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Figure 4.9: Rectification factor for side-mounted Nafion device, interpolation (solid line,)
data points (points,) and the classical (theoretical) low-voltage limit, R = 1, (dashed.) Note
the Nafion device approaches this limit much more convincingly than the NCM, which may
indicate the dominance of electro-diffusive transport in the former and the importance of
EOF in the latter

4.3.3 Comparison of the current density and low-voltage rectifi-

cation

It is somewhat misleading to compare the total current in these devices, and in fact, since

it is the current density at the membrane-electrolyte interface that determines whether or

not the system is being driven above the classical limit, it is desirable to look at the current

density, normalized by the cross-section of the microchannel (since this is approximately the
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Figure 4.10: Comparison of current density vs. voltage, w/ current normalized by channel
cross-section. Inset shows very low-voltage behavior, though given the sparsity of data points,
that the Nafion current density appears to be lower than the NCM current density at very
low voltages must be taken with a grain of salt.

same ‘active’ surface area on both sides of the membrane.) Upon doing so, as in Figure 4.10,

several things become clearer. First, the sub-limiting behavior of the systems is compara-

ble and consistent with expectations derived from the LEN theory. The current density in

the off-state Nafion device is lower; it has a higher charge density (and no net EOF.) The

over-limiting current density in the Nafion device is much higher than either the sub-limiting

current density, or the NCM current density. For the NCM, the conductance of the system

does not radically depart from the value near the critical voltage, but in fact, above the

I-t inflection point, seems to return to a value rather close to the sub-limiting conductance,

which appears to confirm the picture provided by the elimination of the limiting current

plateau via the field focusing effect [67].
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A comparison of the low-voltage rectification factors is given in Figure 4.11 along with the

low-voltage limit R = 1 from Chapter 2. Again, the Nafion is obviously a much stronger

rectifier, even at low voltages. Here it is tempting to attribute this to a combination of device

asymmetry and the effects of net EOF. As was mentioned previously and will be discussed in

the following section, where the PC-NCM is studied in the side-mounted configuration, net

EOF may have a deleterious effect on the diffusion layers, reducing any length asymmetry

because of the difference in fluid velocity on either side of the membrane. This point should

be investigated thoroughly in future studies.

In the next section, the performance of a side-mounted NCM is studied for three different

channel cross-sections and three different buffer concentrations. Since the model scales all

species densities, including that of the fixed charges, to the bulk buffer concentration, it is

tempting to compare changing buffer concentration to changing fixed charge density. This

should be done with caution. It is well-known that the conductivity of nanochannels at low

concentration approaches a limit independent of the buffer concentration due to effectively

complete double-layer overlap [57, 66]. Furthermore, if there is any amount of concentration-

dependent charge-regulation, which is physically reasonable (see Ch 2 or [54, 10, 2]) this can

be anticipated to have an effect. In order to make a more complete comparison, the same

experiments should be performed with a top-mounted Nafion device and side-mounted Nafion

with different channel sizes.



Jarrod E. Schiffbauer Chapter 4. Analysis of experimental data 111

æ

æ

æ

æ

æ
æ

æ

æ

Low-V limit
PC-NCM

Nafion

0 20 40 60 80 100
0

5

10

15

20

VappHVL

R

Low-voltage rectifiation

Figure 4.11: Rectification factor for both devices at low voltage with the low-voltage LEN
limit indicated by the dashed line. Note that the Nafion case bears a close resemblance to
the LEN models below about 50-60V and approaches the classical limit much more con-
vincingly than the NCM. This may be some indication of space-charge/electro-convective
effects appearing well below the high voltage range, however still considerably higher than
the typical classical limit for an ideal membrane.
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4.4 Rectification and hysteresis in an asymmetric side-

mounted PC-NCM device

4.4.1 Rectification

Figure 4.12 shows the on-state current density vs. time for side-mounted NCM devices

with three different channel depths in 2V voltage steps. Assuming the inflection of the I-t

slope can be used as a reliable indicator of the relative location (in terms of voltage and

current) of an absolute upper bound for the classical limiting current, these devices appear

to behave as would be expected according to chapter 3. The most asymmetric device, the

12 micron case, has the highest voltage and current density at the inflection, with the 30

micron having the next highest voltage, followed by the 40 micron case. While only one run

is shown, similar runs show similar features; the chief difficulty is that, given all of the other

variability in the systems, the similarity in size of the 30 and 40 micron channels makes it

difficult to distinguish which actually has the higher limiting current.

Nonetheless, this seems to indicate that increasing device asymmetry has the predicted

effects; the point at which the system reaches the limiting current in the on-state increases

with increasing geometric asymmetry. However, things are not quite so straight-forward,

as will be discussed shortly. Before returning to this point, two other points warrant some

brief discussion. Note that the inflections here occur about an order of magnitude lower

than the inflection in the top-mounted NCM device, which, by virtue of the diameter of the

vertical entrance channel, has the least fluidic asymmetry. However, the current densities

near these inflections are similar in magnitude to those in the top-mounted case, despite the

tremendous difference in applied voltage. Secondly, at least in the 12 micron case, there

appear to be additional inflections at higher voltages above the first, a little above t = 200m

(i.e. 50V) and again around t = 250m (62V). It might be worth asking what the relationship

is between these inflections and the so-called Teorell’s oscillations which are known to occur

in similar systems subject to stepped voltages [46].

In Figure 4.13, it is evident that the off-states have significantly higher current den-

sities than the top-mounted NCM device and 12 micron deep side-mounted Nafion device
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Figure 4.12: On-state current density vs. time for stepped voltages for the three microchannel
sizes, 10mM buffer. 2V steps shown. Note the apparent multiple I-t inflections in the 12
micron case.
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Figure 4.13: Averaged current density vs. voltage for the three microchannel sizes, 10mM
buffer. The 12 micron channel off-state for the side-mounted NCM has an unusually high
current density.

(see Figure 4.10) even though the on-state sub-limiting current densities are comparable.

This will obviously lead to lower values for the rectification factors, as shown in Figure 4.14.

Since the Nafion device was much more well-behaved, it seems reasonable to suspect that net

EOF is at least partly responsible for this. A further clue can be gleaned from the fact that

the top-mounted NCM, while a less strong rectifier than the side-mounted Nafion device,

is still rectifies more strongly than the side-mounted NCM devices with higher asymmetry.

In fact, while the positions (in terms of voltage) of the inflections increase with increasing

asymmetry - which, by the models in Chapter 3, indicate the rectification factor should also

increase- it is clear from the rectification factors that, at least for the side-mounted NCM

devices, exactly the opposite is true.

The key piece seems to be the behavior in the off-state. While the on-state behaviors

appear consistent with the 1D theory, the off-states clearly are not. It should be noted that
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Figure 4.14: Rectification factors for the side-mounted NCM device with three different
microchannel depths, 10mM buffer. The unusually high off-state current densities (by com-
parison with the top-mounted NCM and side-mounted Nafion membrane) seem to be the
source of difficulty. The on-state densities, below the inflections, are comparable to those in
the top-mounted device at higher voltages.

in the off-state, both device and membrane EOF are directed outward from the microchannel

into the reservoir, which may lead to tenting and issues with the membrane seal against the

glass chip. However there is another possible effect which is fundamentally related to the

fluidic asymmetry.

In the presence of both fluid flow and electro-diffusion, for sufficiently strong flows, prelim-

inary work shows that the DL length is determined both by diffusive growth and convective

mixing [3]. A simple estimate of the convective contribution to the mixing length can be

made using the Peclet number.

Conservation of fluid flux yields vr = vµ/Γ, recalling that Γ = Ar/Aµ is the area ratio.

Thus the fluid velocity in the reservoir is slower than that in the microchannel. Since the
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Peclet number for electrokinetic systems is 0.5 [50], we can equate this on both sides of

the membrane to yield a relationship between the convective contributions to the mixing

length. Since Pe = vℓ/D, the relationship between convective mixing lengths on either side

of the membrane is just ℓr = Γℓµ, which indicates that for larger degrees of asymmetry, the

convective contribution to the mixing length in the reservoir will be greater than that in

the microchannel. Thus, it seems as though changes in the mixing length due to convection

compete against those due to diffusion in asymmetric systems. Even if the rectification is

chiefly due to flux-focusing rather than DL length asymmetry, convective mixing will act to

reduce the overall rectification strength by providing for a larger convective mixing length

in the reservoir than the micro-channel. This argument, while suggestive, is by no means

rigorous and requires further investigation before any definitive conclusions may be made.

4.4.2 Varying bulk concentration

As mentioned previously, since all charge densities are scaled by the bulk electrolyte

concentration, it is tempting to consider the behavior of the NCM at several values of bulk

concentration as a means of testing the applicability of the 1D theory. However, as evi-

dent in the preceding experiments, the situation is not so simple. The I-V plots shown in

Figure 4.15 agree well enough with the predictions of the 1D theory. In all cases, the cur-

rent density for the highest N/lowest concentration is the lowest, and the converse holds,

at least for voltages up to around 20V. However, the inflection points (not shown) taken as

indicators of the relative voltages at which LEN breakdown occurs are not consistent at all.

There are several reasons this is not too troubling. First, according to the theory in chapter

3, the asymmetry is anticipated to play a larger role than charge density in determining

this behavior. Secondly, the I-t inflections, while indicative of electro-convective processes

related to the extended space charge, likely involve other factors, such as net EOF. This

might help explain the difference in response between the side-mounted NCM devices with

the top-mounted NCM, which is markedly less asymmetric and operating at considerably

higher voltages.

The rectification factors plotted in Figure 4.15 show behaviors comparable to other
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Figure 4.15: Averaged I-V curves for the 40 micron side-mounted NCM device at three
different concentrations. The I-t inflection point was not visible on the 1mM case, but
occurred between 18V and 20V for the 10mM and 20mM cases.
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Figure 4.16: Rectification factors for the 40 micron side-mounted NCM at three different
concentrations. The behavior near V = 0 is an artifact of the interpolation. The dashed line
shows the theoretical low-V limit of chapter 2.

experiments, and at least superficially for the lowest voltages, appear to agree with the 1D

theory and the assumption that changing the bulk concentration is equivalent to compar-

ing different values of fixed charge density. At the lowest voltages, it appears as though

the highest concentration, which under these assumptions corresponds to the lowest charge

density, has the highest rectification factor. However, due to the lack of data at extremely

low voltages and the resultant nature of the ratio of interpolated I-V curves, this conclusion

cannot be trusted.

In this case, while EOF is expected to play a role, there is yet another issue, mentioned

earlier. For nanochannels, it was shown in chapter 1 that the concentration of electrolyte

in the channel can affect the surface charge. While it is generally accepted that simple site-

dissociation is not the primary mechanism responsible for the NCM surface charge 3, it is

3The content of this discussion from personal correspondence with Michael Hickner of Sandia Laboratories.
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likely the case that the actual mechanism, possibly involving the adsorption of negative ions

from solution, does in fact depend on both the concentration and pH. Another potential

issue here is similar to what has been observed in other nanochannel systems [57, 10, 65];

that at extremely low concentrations, the overlapped double-layers dominate and the con-

ductivity saturates at a value independent of the bulk concentration. As the limiting current

is approached in either the off- or on- states, the formation of a strong depletion zone at one

or the other ends of the channel might be expected to modify the local Debye length. Thus,

for either very low concentrations or voltages near/above those corresponding to the limiting

current, these effects may play an important role. To understand transport across a range

of conditions, this issue must be explored further both theoretically and experimentally.

4.4.3 Chemical rachet: electrokinetic hysteresis

There is at least one effect in the literature that the 1D theory does a reasonably good

job of explaining without extensive hand-waving or overbearing use of caveats: the hys-

teresis effect. This effect has been observed in similar systems [5] and is relatively simple

to understand in terms of concentration polarization. Hysteresis occurs in these systems

because residual concentration polarization from prior measurements can impose a concen-

tration gradient across the membrane. The concentration polarization due to subsequent

measurements must effectively be super-imposed upon this residual gradient.

In the experiments of Yossifon and Chang using a symmetric device, the voltage is incre-

mentally increased, then decreased. The two curves do not rest on top of one another, but

exhibit a clear hysteresis effect. Here, since the devices used are asymmetric, the changing

microchannel concentration dominates the response of the device. The voltage is stepped up

from an off-state negative voltage through positive on-state voltages. During the off-state

runs, the degree of depletion in the microchannel decreases with each step in voltage. This

may be the reason behind the small decaying transients apparent in some of the I-t curves at

low positive voltage, and may play some role in the fact that the measured off-state responses

tended to be the most problematic. To be sure, experiments could be carried out in which

the voltage is stepped down from zero and compared to the increasing voltage steps. One
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might expect that there is some residual enrichment on the reservoir-side, but this can be

expected to dissipate quickly since there will generally be a steeper gradient (assuming the

DL is shorter.) Besides, the enhanced reservoir concentration is not as critical in determining

the response of an asymmetric device.

During the on-state runs, the voltage is increased step-wise, and the degree of enrichment

in the microchannel increases with each step. This will not affect the response of subsequent

steps, except in as much as we might anticipate the system reaches a quasi-steady state cor-

responding to the fully-developed CPL for that voltage more rapidly than if that particular

voltage were applied to a fresh system. However, if a new run is performed immediately after

the completion of the first run, i.e. returning to the lowest off-state voltage, it is done with a

microchannel concentration that is enriched with respect to the reservoir. Even for reason-

ably long intervals (up to about a minute or so) between subsequent runs, the microchannel

enrichment does not dissipate appreciably. If in fact the microchannel does have a longer

DL than the reservoir, hence a less steep concentration gradient, the relaxational diffusion

current will be smaller in the microchannel. So, the net effect is that the microchannel

conductivity increases with each subsequent run.

This effect can clearly be seen in Figure 4.17, where the initial current density at the

lowest voltage is higher for each subsequent run. What is also very clear in the figure is that

the on-state seems to be relatively un-affected. The effect can be simulated by calculating

three I-V curves, in this case using the ideal model for simplicity, wherein the microchannel-

side bulk concentration is increased from run-to-run while keeping the reservoir bulk fixed.

The microchannel bulk boundary value for the n+1th run was chosen to be half of the aver-

age of the peak on-state concentration at the membrane and the microchannel bulk value for

the nth run. While somewhat arbitrary, this parameter choice is representative of the fact

that the concentration profile from a prior run will dissipate somewhat between switching

measurements. In the experiments, the time between runs was not carefully controlled. In

fact, these experiments were not exactly designed to test this effect. We were actually trying

to save time in performing the runs for analysis in the previous sections, and were initially

troubled by the apparently severe irreproducibility in these cases and almost threw the data

out; applying the same voltage twice to the system without making any apparent changes
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Figure 4.17: Experimental observation of chemical ratchet effect in a 40 micron side-mounted
device at 1mM buffer concentration. The runs were performed in (somewhat) rapid succes-
sion, starting at the largest negative voltage, where the system sat for 10 minutes (first five
minutes not shown) before stepping up through the sequence of voltage.
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Figure 4.18: Calculated chemical ratchet effect using arbitrary parameters and the ideal
model to demonstrate the basic mechanism

should yield the same value. However, upon thinking a little, it becomes quite clear what

is happening, and brings great relief that the theory of chapter 3 has provided at least one

un-ambiguous explanation for the NCM/NMI experiments.

4.5 High-voltage off-state analyte concentration

A number of studies have looked at NMI-based analyte preconcentrators [43, 41, 26,

15, 11, 33, 34, 61, 16]. As mentioned in the introduction to this thesis, there are two dis-

tinct modes of concentration. These modes, in systems with fluidic asymmetry such as the

NCM/NMI correspond to the off- and on- biased rectification states. Again, as was dis-

cussed previously, the on-state corresponds to simple concentration polarization, occurs in

symmetric devices as well [43], and does not depend on effects related to the extended space
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charge. Two general types of explanation have been offered for the off-state concentration

devices, and it seems reasonable to suppose that, to a greater or lesser degree, both can act

simultaneously in the same system. The first mechanism can be described by 1D averaged

models and corresponds essentially to a competition between net EOF and electrophoresis.

This explanation, along with comparison between experiment and modeling, has been offered

by (at least these) two groups, [41, 33, 34]. One note is that this effect does not seem to

require extended space charge and may occur at lower voltages. The other effect involves

trapping by vortices associated with the extended space charge [26, 61, 16], though from the

geometries involved, i.e. nanochannel interconnects between parallel microchannels, thus

involving sharp corners, it is not clear whether these vortices are due to Duhkin’s EOF of

the 2nd kind or vortices of the Rubinstein-Shtillman-Zaltzman type.

In this section, the off-state concentration effect will be studied for extremely high volt-

ages in the NCM/NMI. The effect has been observed at lower voltages as well (see [24], and

from that data, as well as the I-t curves presented earlier in this chapter, it seems as though

there may be distinctly different regimes of operation. Here, no attempt is made to clarify

the concentration mechanisms, but instead a quantitative description of the change in plug

position and width with time is presented, intended for use in future modeling studies. One

question which begs serious consideration is whether or not the region near the analyte plug

itself is not locally electro-neutral. Some preliminary work 4 suggests that this is indeed

the case, and that the charge separation even persists for a brief period after the voltage is

switched off. This was ascertained from an averaged 1D analysis of the band-broadening of

the analyte during the first few seconds after switching off the voltage. However, the results

were somewhat ambiguous and require further investigation.

4.5.1 Some notes on use of fluorescent imaging to obtain informa-

tion about concentrations

The equipment and methods used here are essentially the same as those in [24], and the

interested reader is referred to that paper for more details. However a few experimental

4Unpublished work presented at the 2009 APS March meeting
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issues relevant to the present analysis are discussed. The bulk concentration of the Fluore-

scien analyte is 20µM, so in bulk the contribution of the analyte to solution conductivity

is negligible and it can be treated essentially as a passive background molecule. However,

this is not necessarily the case at high concentrations. Thus at low concentrations and for

quasi-equilibrium conditions (near the interface, i.e. under which extended space charge is

negligible) the analyte concentration can be used as a reasonable indicator of the overall

conductivity and structure of concentration polarization, this cannot be tacitly assumed at

high-off state voltages wherein both extended space charge due to the non-classical effects

can be anticipated as well as possible LEN violations due to extreme conductivity gradients

may play some role.

Another issue to keep in mind is that at high concentrations the microscope images can

become saturated, so that further increases in concentration are not measurable. Thus, the

results shown here cannot necessarily be used for a rigorous quantitative analysis of the spa-

tiotemporal changes in solution composition. In the vicinity of very high concentrations, it

is difficult to determine the extent and distribution of intermediate concentrations; the effect

is something like staring into oncoming headlights on a dark road, the periphery becomes

indistinct. Unfortunately, much of the shape of the concentration front which might indi-

cate the presence of vortices or other electrokinetic mixing-type instabilities are obscured by

the near-by regions of high concentration. To overcome this, the microscope images were

post-processed using Mathematica and an intensity-based contour map obtained. For obser-

vations of plug position and width, as well as estimates of the depletion zone growth, these

images were averaged across the channel cross-section and the 1D averages analyzed.

4.5.2 Analyte concentration process at -800V

Figure 4.19 shows several frames of contour plots of the intensity rendered from an epi-

fluorescence microscope image of a microchannel which had initially been filled with a 20µM

concentration of Fluorescein dye. The dye was allowed to diffuse (approximately) evenly

through the channel before a large negative voltage was applied at t = 2.166s. Similar con-

centration behavior has been observed at lower voltages as well (see [24].) However this is
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interesting in particular because it occurs in the extreme range of off-state voltages, where,

at least in the top mounted device, the transient behaviors occurring at intermediate neg-

ative voltages are not apparent in the I-t curves Figure 4.4.) While the data in Figure 4.4

were not taken with any analyte, as is apparent in Figure 4.20 the behavior is qualitatively

similar. From some preliminary steady-state work (see Ch 1. and also as reported in [7],) we

anticipate that the major effect of added supporting analyte is to alter the magnitude of the

net current. However, the characteristic response time does depend on an effective diffusivity

and this can be anticipated to change the overall time-scale of the response somewhat.

Six important identifiable temporal regions

From observation of movies of the concentration process and the Figures 4.19,4.20,??,4.22,

several different events are apparent. The interesting transient behavior occurs in the first

15-20 seconds under applied voltage, thereafter the plug concentration increases, the half-

width decreases while the measured current and position of the plug center-of-mass remain

approximately constant. Presumably the overall plug height continues to increase, however

saturation of the microscope image makes this difficult to ascertain the peak height accu-

rately. The initial transient phase may be divided into six different temporal regions wherein

the system exhibits various responses related to, among other things, electrokinetic insta-

bilities, electro-convective vortex formation, and possibly a high-voltage DL length selection

process.

REGION 1: ∼ 2.16s ≤ t ≤∼ 5s

During initial phase starting with the application of -800V at about 2s, the initially

uniform analyte rapidly contracts within a few hundredths of a second (sample rate at 0.057

sec per measurement) and, with little perceptible change in the image, remains close to the

membrane, but still diffuse. The microscope image shows a slightly concentrated band and

no evidence of vortices. Only very slight depletion is apparent in the sense that the maximum
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Figure 4.19: Post-processed contour intensity maps of fluorescent microscope images at
several time frames during the initial transient phase of analyte concentration in the high-
voltage off-state. The membrane is located at the far right side of the figure and the distance
from the membrane back through the channel given in microns. Undulations, characteristic
of vortex-like instabilities in the depleted region, are evident at the side of the plug closest
to the membrane. Note also these images do not show the full channel width, this reduced
box was used to improve the resolution of the image. Lastly, in the last frame, an apparent
ghost image due to image saturation appears trailing the actual plug by about 400 microns.
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Figure 4.20: Plot of the transient current pulse during this time period. By about 15
seconds, the system achieves what appears to be a quasi-steady value. The initial transient
corresponds to the formation of the depleted region.
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Figure 4.21: Plot of the position of the plug mean vs. time obtained from a 1D average
of the data presented in Figure 4.19. The change in the position of the mean may be used
as a very rough estimate of changes in the spatial extent of the depleted region. Note that
several distinct regimes of behavior are apparent in this figure. After about 17 seconds, the
plug position remains roughly constant for the duration of the experiment.
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Figure 4.22: Plot showing the variance, proportional to the full-width half-maximum, of the
plug. These were extracted from the 1D data by calculating the moments of the 1D averaged
distribution. The rapid contraction in both this plot and the previous one are indicative of
the rapid build-up of an extended space charge adjacent to the membrane.
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intensity is not at the membrane surface, but further into the microchannel.

In the same time as the initial contraction, the current drops rapidly to a minimum

around -18µA and remains around this minimum for about 1-2 seconds before the begins to

decrease. The rapid increase in magnitude is most likely due to the formation of extended

space charge, which appears to happen on the order of 0.01s. The subsequent slow decrease

in magnitude would be consistent with the formation of a depleted layer. While, for the

sake of simplicity and convenience, the discussion will often refer to the universal scaling

dynamics mentioned elsewhere in this thesis and the references, it should be well noted that,

at these voltages, the depletion layer growth will likely be governed by the Stephan-problem

like dynamics as discussed in rigorous detail in Ref [49]. These time-scales can be anticipated

to be much faster than those of electro-neutral diffusion occurring at lower voltages [1, 52].

During this time, the analyte plug rapidly contracts, as evident in Figure 4.22 while the mean

of the analyte distribution moves outward, consistent with the notion that the anticipated

positive space charge would attract the negatively charged analyte.

REGION 2: ∼ 5s ≤ t ≤∼ 7s

At about 5 seconds, another (less) rapid contraction of analyte followed by evidence of

depletion zone vortices similar to those observed by Yossifon et. al. [64] and predicted by

Rubinstein et. al. appears. There is no observable stable vortex array at any point and

the position of a now-sharp DL edge, defined by what appears to be fluctuating vortices,

begins to move outward. The magnitude of the current declines less rapidly than the prior

increase, from -15µA to around -5µA in about 3 seconds. The position of the analyte reaches

a minimum at just under 6 seconds and begins to move outward. The time-dependence of

the motion of the mean is roughly parabolic about this minimum. After a rapid increase

centered around 5 seconds, the analyte variance rapidly decreases by over 60 microns in

about 2 seconds. Whether this is related to vortices, or the motion of a concentration shock

[33] is unclear.
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REGION 3: ∼ 7s ≤ t ≤∼ 10s

At this point, the analyte has an evident front, which is moving away from the membrane,

while more analyte presumably moves into the microchannel itself via net EOF and appears

to concentrate at this front. Undulations in the front edge, which appear similar to patterns

seen in the vortex observations of Yossifon et. al, are most clearly evident during this

period. Meanwhile, the current undergoes a much slower decrease in magnitude, appearing to

asymptotically approach some steady-value. Concurrent with the apparent outward motion

of the front, the mean of the analyte moves outward more rapidly than can be accounted

for by pure diffusion of the analyte. By assuming the simple estimate ∆x ∼
√

Deff t holds

reasonably well between about 7 and 10 seconds and noting the DL increases by about

110µm in 3s, the estimated effective diffusivity is 4033µm2/s. The variance of the plug

remains approximately constant during this period, with a very slight increase. This itself

is somewhat interesting, since this implies the plug is not diffusing appreciably.

REGION 4: ∼ 10s ≤ t ≤∼ 12s

During this period, the plug appears to move forward, with some apparent increase in

overall intensity, and little to no visible evidence of vortex-patterns at the moving front. The

current decreases slowly in magnitude at this time while the plug mean position continues to

move outward at approximately the same speed as before. However, the plug width rapidly

increases by about 20 microns in 2 seconds, which does correspond approximately to the

diffusivity of Fluorescein as measured by CE in an identical buffer solution 5 This may also

correspond to the accumulation of additional analyte brought in from the reservoir, which

is consistent with the idea that net EOF effectively ’delivers’ the sample to the membrane,

counter to the electrophoretic velocity. This offers some support of the ideas presented in

Plecis, et. al. [41].

5Unpublished C.E. measurement (K. Kelly, 10/18/07) gives a value of approximately 170µm2s−1 with a
standard deviation of about 21µm2s−1
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REGION 5: ∼ 12s ≤ t ≤∼ 13s

Interestingly enough, during this period, there is an apparent re-appearance of vortex-

like undulations at the depleted edge of analyte band and wrapping around the top side of

the plug, which could be possible evidence of vortex annihilation-creation processes. Alter-

natively, this may be related to the Rayleigh-Taylor-like electro-viscous instability of Chen

et. al. [6], which depends upon a critical concentration gradient. The secondary image

appearing in Figure 4.19 is believed to be a ghost image in microscope camera due to im-

age saturation. During this time, the slow asymptotic decline in the magnitude of current

continues. Notice that this corresponds to a brief plateau in the plug position while the

plug width undergoes a rapid contraction followed by resumed expansion, which would be

indicative of some kind of electro-convective process such as might occur as a result of one

of these instabilities.

REGION 6: ∼ 13s ≤ t ≤ ∞

In this final phase of the transient period, the plug appears to reach an asymptotically

steady position, further movement out from membrane slows until no longer observable.

There is little visible evidence of vortex behavior in images during this phase (not shown)

and the current is essentially constant. The plug mean position appears to reach a maxi-

mum distance from the membrane, then moves back towards the membrane slightly before

remaining approximately steady while the plug width continues to increase un-abated.

4.6 Summary, conclusions, future work

4.6.1 Summary and conclusions

Applicability of 1D theory

Overall, the NCM/NMI experiments as a test of the applicability of the 1D theory are

inconclusive. The on-state device behavior seems for the most part to agree with the quali-

tative, and even to some degree, semi-quantitative predictions of the theory. The theory also
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seems to provide an adequate, albeit qualitative, explanation of hysteresis in these systems.

However the off-state behavior, particularly with the side-mounted NCM devices, does not

appear to be consistent with expectations from 1D LEN electro-diffusive theory at all. There

are two likely sources of this difficulty: appearance of extended space charge and attendant

electro-convective effects and net EOF (of the first kind.)

Since the 1D theory predicts lower limiting currents for the off-state, it is anticipated that

the LEN approximation breaks down sooner, with the effects of an extended space charge

becoming apparent at much lower voltages in the off-state. Electro-convective effects, which

appear to set in as low as -10V in the side-mounted devices, can be expected to alter the

current-voltage characteristics, even if large-scale mixing is suppressed. This may account

for the appearance of the off-state transients in the NCM devices.

However, the absence of these off-state transients and the absence of the I-t inflection in

the Nafion experiments indicate that EOF may play a substantial role in all of this, particu-

larly in the off-state. Further experimental evidence, such as Nafion data for different degrees

of asymmetry and/or Nafion data for a top-mounted device, could clarify this. Additional

experiments which might clarify the situation are proposed in the following subsection.

A last, and perhaps less vexing issue is that the top-mounted NCM appears to reach a

value for the limiting low-voltage rectification factor which is about twice the classical LEN

value. The low-voltage limit was derived keeping only terms to leading order in the current

density for the membrane concentration profile and also assuming the membrane could be

treated as locally electro-neutral. The former assumption seems legitimate at first. How-

ever, based on the fact that expansions in terms of small currents for the voltage drops in

the diffusion layers are asymmetric for asymmetric systems, one must wonder if including

the first-order correction might improve this agreement. One of the chief (and only) results

in the final chapter places the latter assumption on very shaky theoretical ground.



Jarrod E. Schiffbauer Chapter 4. Analysis of experimental data 134

4.6.2 Future/continuing work

In addition to conducting complimentary experiments using Nafion in a top-mounted

device and in side-mounted devices with differing degrees of cross-sectional asymmetry -

which would greatly help to clarify the issues regarding the role of net EOF, several other

suggestions for new experiments to compliment on-going theoretical work are suggested

below.

Low-voltage measurements, additional modeling/theory

To test the 1D LEN predictions and determine to what degree this rectification mech-

anism manifests itself in an experimental system while minimizing the effects of extended

space charge and EOF requires carefully performed low-voltage measurements. The current

experimental set-up is more appropriate for measurements at high voltage and has a bias of

about 2V, which makes accurate low-voltage measurements difficult if not impossible. Using

the same device designs with a more appropriate power supply, for instance something used

to make precision measurements in solid-state devices, with good stability and voltage steps

in the 0.1V or less range would be ideal.

However, a better test of the 1D model of chapter 2 does not even require a micro-

nanofluidic device. In fact, there is nothing in the theory to suggest the length scales matter

at all, apart from the requirement that there be a perm-selective element between two asym-

metric regions. A geometrically asymmetric macro-fludic rectifier constructed from plexiglass

cylinders and using a large piece of PC-NCM did not exhibit noticeable rectification, and

the failure in this device may be attributable to a number of issues outside the scope of the

simple theory. A more direct test would involve a very simple device such as that pictured

in Figure 4.23, which could be milled from plastic. By employing flat electrodes, i.e. foil or

a metallic sputter-coating on the bottoms of each of the milled plates, a 1D electric field can

be guaranteed and the dimensions adjusted so that the diffusion layers fill the device com-

pletely in a reasonable amount of time. Similar to the experiments in Ref. [53], this device

could very easily be filled with an electrolytic gel which would suppress electro-convective

effects, known to suppress the overlimiting conductance, thus permitting greater latitude in
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Figure 4.23: A simple experimental device to test the 1D steady-state theory.

the voltage range over which the experiments may be conducted. This would be advanta-

geous as well in testing non-classical theories involving violations of local electroneutrality

in both the electrolyte and membrane, such as will be presented in the next chapter.

Device design modifications

Many of the ideas regarding the growth of asymmetric diffusion layers and length-

selection processes would be best tested using a device design similar to that of Yossifon

et. al. Instead of an array with asymmetric entrances between two reservoirs, a flat single

nano-channel with asymmetric microchannels but no asymmetric overlap in the nanochannel

entrances - such as pictured in Figure 4.24 would be ideal. This would permit imaging of

diffusion layer growth and the DL length-selection phenomenon on both sides of the channel

entrance and permit thorough investigations of the role of device asymmetry on diffusion

layer growth as well as rectification to be carried out. Ideally, several such devices with

different values of Γ could be built and tested. It may also be interesting to consider various

nanochannel depths to better understand the limitations of decreasing overlap on rectifica-

tion. Such a design would also be advantageous for comparison with models, as both 1D

models and fully 2D/3D models such as the COMSOL finite-element calculations, would be

applicable to such systems.
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Figure 4.24: A device similar to the Yossifon et. al. design for investigating the relationship
between geometry, time-dependent DL length asymmetry, and fluidic rectification. Note
that the time intervals over which the experiments should be conducted are dependent upon
device geometry. This is to ensure that the slow (sub-critical, electro-neutral) diffusion
layers do not reach the electrodes so that the idea of a propagating diffuse front may be
investigated. Presumably, these restrictions require modification for tests above the LEN
threshold voltages, as per the theory in Ref. [49]
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Chapter 5

Beyond the classical approximation

5.1 Chapter introduction and overview

The model used to study rectification effects in Chapter 3 was based upon a quasi-

1D LEN theory that, strictly speaking, is only approximately valid for systems with very

small Debye lengths at low voltages. In light of this, the apparent failure of the theory

to capture quantitative details of a device that typically operates at high voltages is not

surprising. Clearly, the theory should be extended to include higher voltages, i.e. violation

of LEN and appearance of the macroscopic space charge, into the description. The systems

in question may be more accurately represented by (at least) two dimensional models; this is

especially relevant for obtaining a better picture of flux and field focusing effects, as well as

understanding the growth of diffusion layers in asymmetric systems. Lastly, electro-osmotic

and electro-convective effects should be included in the description. However, as with any

particular effort, the question is not how to extend the theory to capture all of these effects,

but rather which aspects of the behavior can be understood by a specific extension of the

theory.

In section 5.2, the relationships between the governing effective diffusion length scale,

and bulk concentration (i.e. intrinsic Debye length) for various estimated threshold voltages

in the Q1DL ∩ QEB theory of ideally permselective interfaces [68, 50, 49] are used to

compare overlimiting behavior of the data in chapter 4 and some of the experimental data of
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Yossifon et. al [66]. It is shown that estimates of this length scale increase for devices with

increasing cross-sectional asymmetry. However, these estimates were derived for a somewhat

different scenario, representative of a system with symmetric diffusion lengths and an ideally

permselective membrane. As such, they must be interpreted cautiously. The effects of a non-

negligible co-ion flux through the membrane on voltage ranges corresponding to structural

changes in the Q1DL are not yet known. Also, from chapter 3, it can be anticipated that the

limiting currents in both off- and on- states are strongly influenced by the diffusion length in

the microchannel. Because of these differences, it is not clear to which region of the device

the estimated length scale corresponds.

Section 5.3 represents the first steps in the extension of the theory to the case of an

ideally permselective membrane in an asymmetric system. Here it is shown that the range of

validity of the electric field expansion outside of the membrane is larger than the expansion

for the ideal membrane by a factor of the ratio of charge flux density to salt flux density. For

weakly perm-selective systems this factor can be much greater than O(1). It is also shown

that the membrane interior exhibits charge separation on the order of the membrane width.

A different aspect of the problem, related to the suspected mechanism for the onset of over-

limiting conductance, is considered in section 5.4. There the ideal membrane approximation

for thin non-equilibrium double-layers is employed to consider the linear stability of the

quiescent electro-diffusion problem in a manner similar to Ref. [51]. However, the geometry

studied here is similar to the off-state NCM/NMI device microchannel, where stability is

considered for an electrolyte-membrane interface system confined in a narrow channel. It

is shown that a minimum allowed wavenumber for perturbations exists, which may have

interesting implications for the process of diffusion length selection.

5.2 The effects of space charge at increasing fluxes and

breakdown of the Q1DL description

As is well-known and discussed in Chapter 2, as the voltage applied across the interface

between a permselective solid and the flanking electrolyte layer(s) increases, the classical
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Table 5.1: Important threshold voltage estimates for concentrations co ∼ 1mM and 10mM
giving Debye lengths of approximately 3.36nm and 10nm respectively. The numbers shown
for the thresholds are voltages, i.e. the dimensionless orders ×0.0254V, i.e. the thermal
voltage.

L (m) ǫ O (|ln ǫ|) O
(

4
3
|ln ǫ|

)

O
(

1

ǫ|ln ǫ|3/2

)

co ∼ 1mM
10−2 1.37× 10−6 0.34V 0.45V 374V

10−3 1.37× 10−5 0.28V 0.38V 49.5V

10−4 1.37× 10−4 0.23V 0.30V 6.9V
co ∼ 10mM

10−2 4.33× 10−7 0.37V 0.50V 1046V

10−3 4.33× 10−6 0.31V 0.41V 135V

10−4 4.33× 10−5 0.25V 0.34V 18.43V
Onset of ESC Max. quasi-equil. Max. Q1DL

limiting current is approached then exceeded. This increase is accompanied by the appear-

ance of an extended space charge region, which eventually renders quiescent electro-diffusive

conduction, corresponding to the breakdown of the quasi-one-dimensional boundary layer

approximation [50, 68, 51]. Employing Rubinstein and Zaltzman’s various estimates and

comparing with both the experiments in chapter 3 along with some of the experimental

studies of Yossifon et. al. [66], it becomes clear that there are some un-resolved issues.

While the ideal membrane estimates seem to provide some insight, particularly in relating

the threshold voltage for applicability of the Q1DL formulation ([68]) to the onset of over-

limiting conductance, they do not completely clarify the situation.

First, since it has been determined that field- and flux-focusing effects can obscure the

limiting current window in perm-selective interfaces similar to the NCM/NMI [67], consider

the experimental data of Yossifon et. al. [66]. For an electrolyte with bulk concentration
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Table 5.2: Governing effective diffusion length estimates for the asymmetric side-mounted
PC-NCM devices assuming the maximum estimated voltage for the Q1DL corresponds to
the I-t inflection.

Channel depth (µm) Vinf(V) ǫ Leff(m)

40 22 3.5× 10−5 2.9× 10−4

30 24 3.2× 10−5 3.1× 10−4

12 50 1.4× 10−5 7.1× 10−4

co = 0.1mM (no = 6.2 × 1022m−3 and assuming a diffusion length equal to the distance

to the electrode, i.e. L = 0.8mm, as in Ref. [66], the dimensionless Debye parameter is

ǫ = 1.32×10−5. Using the estimate for the threshold zeta potential (the total voltage at the

membrane-electrolyte interface, including the applied voltage and space-charge polarization)

O(1/ǫ| ln ǫ|3/2) yields a threshold estimate of about 51V. The observed onset of overlimiting

current is at about 8V. If instead the experimentally observed voltage is used to estimate

the Debye parameter and corresponding diffusion length, the results are ǫ = 1.16×10−4 and

L = 1.8× 10−4m.

There are several possible reasons for this discrepancy. One is that the diffusion length is

in fact less than the distance to the electrode. If the width of the diffusion layer is estimated

according to the scaling1 ∆x =
√
Dt and the time between voltage intervals in the I-V ex-

periments is 3s, then the diffusion length (for a KCL buffer with mobility 7.6 × 10−8m2/s)

is estimated to be 7.6 × 10−5m, or about half the value obtained by equating the voltage

threshold for overlimiting current with the Q1DL threshold of Zaltzman and Rubinstein.

This value corresponds to an estimated voltage threshold of 6.8V. Recalling the comparison

of the I-t and I-V behavior for the NCM devices in Chapter 4, it seems reasonable to suppose

the actual diffusion length is more closely approximated by this estimate. Indeed, experi-

mental work on a similar device verified the diffusive scaling holds approximately up to the

point of vortex formation, wherein the length of the layer is selected by the instability [64].

In addition to the experiments suggested in the previous chapter, this could be investigated

1This is not strictly valid!
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by considering the I-t behavior for the nanoslot device and looking for similar responses to

those seen in the NCM devices, i.e. the starting increase of the I-t slope and the inflection.

This correspondence, as well as the estimates in Table 3.1, make a compelling case for

associating the Q1DL break-down with the onset of overlimiting conductance in systems

without strong field/flux focusing, and strongly suggest that this criterion may also be asso-

ciated with the I-t inflections in the flux/field focusing NCM/NMI. However, if that is the

case, it is clear, at least for strongly perm-selective membranes, that this voltage threshold

is many orders of magnitude higher than the critical knee voltage for the classical limiting

current.

From an examination of the data in Table 5.1, the murkiness of the situation becomes

more apparent; these numbers seem to justify some of the ideas in chapter 2 and 3 regarding

a connection between increasing asymmetry and increasing effective diffusion length scale,

but the correspondence is not clear. To make matters more confounding, a consideration of

the same data for the top-mounted NCM device reveals an effective diffusion length scale

that is about two orders of magnitude larger than those for the side-mounted NCM devices.

This is completely inconsistent with the whole picture, unless something not included in any

of the fundamental theoretical descriptions considered thus far, such as net EOF, can explain

the discrepancy. As noted in the previous chapter, strong net EOF is suspected to play an

important role in the modification of diffusion layers in the NCM, resulting in some loss of

rectification strength as well as an accompanying shift in the values of these thresholds (in

as much as they are influenced by this effective diffusive length scale.)

Since in both the NCM and the devices used by Yossifon et. al., there are a significant

number of co-ions passing through the channel(s) as well as possible EOF, particularly in

the NCM, it may be useful to attempt a similar ‘back of the envelope’ estimate for the side-

mounted Nafion device. Recall that the Nafion I-t behavior lacked a conspicuous inflection.

However, the I-t slope undergoes a marked increase around 600V, so this point is chosen as

an estimate for the onset of overlimiting conductance and yields the estimates ǫ = 8.05×10−7

and Leff = 0.012m. While it is known that the picture used in Hunter’s derivation [?] of the

diffusion layer scaling
√
Dt is not strictly valid for systems above the limiting current [49],

experimental evidence [64] suggests that it gives a reasonable order-of-magnitude estimate.



Jarrod E. Schiffbauer Chapter 5. Beyond the classical approximation 142

For the phosphate buffer, using the diffusivity of the sodium ion and the total measurement

time of 300s, the diffusive thickness is about 600 µm, about half the value for the effective

length scale obtained from the Q1DL threshold estimate. If this can be taken for granted,

then it would seem that the lower permselectivity and non-negligible net EOF present in

the NCM/NMI systems must be playing an important role. Of course, in addition to the

fundamentally different character of the governing equations in the electro-diffusional free

boundary problem, once Rubinstein’s vortices develop, they will determine the length scale

by a non-linear wavenumber selection process which is not yet fully understood [64, 66].

Since the on-state side of the membranes in the side- and top- mounted devices in chapter 3

are not accessible to imaging, it is not possible to determine when the vortices develop and

how they behave in either the NCM/NMI or the Nafion devices.

Given the number of possible mechanisms contributing to the stirring and diffusional-

length scales [68, 5, 67], it is difficult to make any conclusions whatsoever, other than perhaps

that the understanding of the problem, particularly for the case of nanochannels, is at this

point unclear. The next two sections of this chapter aim to establish some basic results

which may be used in the course of developing a theory of non-equilibrium electro-osmotic

slip for non-ideal permselective membrane interfaces in geometrically asymmetric systems.

These along with a re-visitation of the diffusive scaling problem, but from the point of view

provided by the results in Ref. [49] relevant to situations above the limiting current, may

eventually resolve this confusion.

5.3 Finite-ǫ formulation of problem for non-ideal mem-

branes

The following derivation follows that in Ref [68] closely. However, there are some inherent

differences between the two scenarios which complicate the analysis. In this case, the fields

and concentrations inside the membrane itself must be taken into account, and at the least the

voltage and concentration at the right membrane boundary must be specified. As indicated
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Figure 5.1: 1D geometry showing matching, boundary, and jump conditions for the singularly
perturbed electro-diffusive problem at an interface with a non-ideal membrane. The regions
shown are: (a) and (c), the left and right electrolyte layers respectively, i.e. assumed to be
quasi-electroneutral bulk (QEB) (b) the membrane interior, (d) the inner region up to the
extended space charge outside the membrane, and (e) the inner region inside the membrane.
(f) is the Q1DL ∩ QEB overlap region. Note that the point xo is shown to correspond
to the outer edge of the extended space charge here, and that this picture is valid then
for currents above the classical limiting value. The point xi is assumed to be at the right
membrane-solution boundary, however, this picture may need revision following a rigorous
and complete boundary layer analysis

in Figure 5.1, the right boundary conditions may also be assumed to be approximated by

the LEN voltage drops and continuity of electrochemical potentials at this interface. This

is only because the situation envisioned for study involves a large negative bias at the far

right end, so that the depleted layer forms in the left side of the system and the right side

maintains quasi-local electroneutrality (see any of the references [68, 50, 49].) The point xo

is the extrapolated zero of the linear concentration profile in the left region, and may be

greater than or less than zero, depending on the magnitude of the applied voltage (i.e. upon

the current density.) However, in the current analysis, no such distinctive interpretation of

xi clearly emerges, so it will be left as arbitrary, and may be taken as the right membrane

boundary for convenience if need be.

In what follows, the first crucial steps in the complete boundary layer analysis are laid out

and may be compared to the steps and analogous results in the references. Recalling the 1D

electro-diffusion equations from chapter 3

c′± ± c±ϕ
′ = −j±

D (5.1)
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may be written in terms of the scaled field, E = −ǫϕ′, obtaining the equations

D
[

(

c′+ − c′−
)

− (c+ + c−)
E

ǫ

]

= −2J− (5.2)

and

D
[

(

c′+ + c′−
)

+ (c− − c+)
E

ǫ

]

= −2J+ (5.3)

The Poisson equation may be re-written as

c− = c+ − ǫE ′ −N(x) (5.4)

and differentiated

c′+ − c′− = ǫE ′′ +N ′(x) (5.5)

Re-writing the cation electro-diffusion equation,

c+E

ǫ
= c′+ +

j+
D (5.6)

and using the Poisson equation allows the following expressions to be written for the con-

centration profiles outside and inside of the membrane. The solution layers outside the

membrane have

ǫE ′′ − 2c′+ + E ′E = 2J+ (5.7)

which can be integrated,

c+ =
ǫE ′

2
+

E2

4
− J+ (xo − x) (5.8)

for the concentration profile outside the membrane. Notice that the leading order concen-

tration profile is essentially the same as the LEN solution, taking the limit ǫ → 0. Inside the

membrane, for an arbitrary 1D fixed charge density N(x),

ǫE ′′ +N ′(x)− 2c′+ + E ′E +
NE

ǫ
=

2J+

D (5.9)

Or, re-arranging and integrating,

c+ =
ǫE ′

2
+

E2

4
− J+

D (x− xi) +
1

2ǫ

∫ x

xi

N(y)E(y)dy +
N

2
(5.10)

in the membrane interior. Note that xo and xi are suitably defined integration constants.

The value of xo can be interpreted the same way as in [68], as the point at which the ex-

trapolated LEN concentration profile would go zero for low voltages, or equivalently for high
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voltages, the outer edge of the extended space charge. As indicated in ??, the inner scaled

solutions F can be equated at the membrane-electrolyte boundary and the inner and outer

solutions connected through asymptotic matching procedures.

Substituting the above solutions back into equation 5.3 yields the equations for the scaled

E-fields in each region. The concentration profile inside the membrane includes contribu-

tions from both the fixed charge density and the integral over the E-field, and there is no

a priori guarantee that local electro-neutrality holds over any region inside the membrane.

Determining whether or not such a condition arises naturally from the governing equations

for finite-ǫ is one of the goals in this section.

5.3.1 The electrolyte layers outside the membrane

For the two regions on either side of the membrane containing the solution layers, the

fields are governed by an equation similar to that for the ideal membrane case ([68])

ǫ2E ′′ =
1

2
E3 − 2EJ+ (xo − x)− 2ǫGJ+ (5.11)

Hence the analysis of the problem outside the membrane is similar to that in the reference.

However, just as the LEN non-ideal membrane case involved somewhat more convoluted

computation than the ideal case, so will the non-ideal case for finite ǫ. The chief compli-

cation arises in the boundary conditions themselves. Since the co-ion current is no longer

suppressed, the co-ion electrochemical potential cannot be taken to be everywhere equal to

zero. However, it is still true. Here it is assumed that the ratio of charge flux density to

salt flux density, G = J−/J+, is known, and it is further assumed that the potential at the

membrane-electrolyte interface may be found from the solution of the full problem. For now,

it is just taken as the value Vm. The concentrations may be assigned as

c+(0) = p1 (5.12)

and

c−(0) = p2 (5.13)
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Assuming a solution of the form

E(x) =
∑

n

ǫnEn(x) (5.14)

and substituting this into equation 5.3.1 above,

∑

n

ǫn+2E ′′
n =

1

2

∑

l,m,n

ǫl+m+nElEmEn − 2J+ (xo − x)
∑

n

ǫnEn − 2ǫGJ+ (5.15)

The 0-th order solutions

gives the following leading-order equation for the outer solution,

1

2
E3

o − 2J+Eo (xo − x) = 0 (5.16)

or,

Eo

[

1

2
E2

o − 2J+ (xo − x)

]

= 0 (5.17)

This equation yields the roots,

Eo = 0 (5.18)

and

Eo = ±2
√

J+ (xo − x) (5.19)

This solution will be applied to the region x ≤ 0 since the region 1 ≤ x ≤ 1+ ℓ is assumed to

be well-described by the LEN solution, ignoring the double-layers on this side and restricting

attention to the case where V < 0.

Higher-order corrections for the root Eo = 0

For the case Eo = 0 since l + m + n = 1 requires two of l, m, n to be zero, there is a

factor E2
o in the product ElEmEn so that the E3 term is zero and the first-order correction

for this root is

E1 = − G

(xo − x)
(5.20)

The second order correction is given by

−2J+ (xo − x)E2 = 0 (5.21)
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or E2 = 0.

The third order correction is given by

E ′′
1 =

1

2
E3

1 − 2J+ (xo − x)E3 (5.22)

or

E3 = − 4G+G3

4J+ (xo − x)4
(5.23)

Higher-order corrections for the non-zero root

For the second set of leading-order roots, the first-order correction is given by

3

2
E2

oE1 − 2J+ (xo − x)E1 − 2J+G = 0 (5.24)

or,

E1 =
G

2 (xo − x)
(5.25)

The second order correction for these roots is given by

E ′′
o =

3

2

[

E2
1Eo + E2

oE2

]

− 2J+ (xo − x)E2 (5.26)

which may be re-arranged and solved for E2,

E2 = ∓ 1

8J
1/2
+ (xo − x)5/2

(

1 +
3

2
G2

)

(5.27)

Outer series solution for electric field exterior to the membrane

E(x) =



















−ǫ G
(xo−x)

− ǫ3 4G+G3

4J+(xo−x)4
+ ... : (xo − x) ≫ O(ǫ2/3)

±2
√

J+ (xo − x) + ǫ G
2(xo−x)

∓ ǫ2

8
√

J+(xo−x)5/2

(

1 + 3
2
G2
)

+ ... : (xo − x) ≪ O(ǫ2/3)

The range of validity can be established by considering for what order of (xo − x) do the

terms corresponding to higher-order corrections in powers of ǫ approach the same magnitude

as the leading order term. For sufficiently perm-selective systems, G = O(1) and this is the

same order as in the ideal problem, so that the following may be assumed to hold as well,

y < O(1/| ln ǫ|) (5.28)
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|c+ − c−| ≪ O(ǫ2/3) (5.29)

and

|ϕ′| ≤ O(ǫ−2/3) (5.30)

However, this correspondence cannot be taken for granted. Consider the definition of G in

terms of the selectivity β = |j+/j−|,

G =
β + 1

β − 1
(5.31)

Clearly, for highly perm-selective systems, the solution approaches that of the ideal system

and the analysis in Ref [68] may be applied. However, the pole at β = 1 suggests that systems

like the NCM and nanochannel devices can have ranges, particularly at higher concentrations,

wherein the selectivity function G can be quite large. In such cases, by inspection of the

expansion in 5.3.1, the range of validity shifts by a factor of G. Presumably this will affect

all of the estimates. The results in this section are a first step in carrying out this analysis.

Integration of equation 5.3.1 across the QEB and up to the outer edge of the Q1DL yields

(to leading order in ǫ),

ϕ(x) = −G ln (xo − x) + Φ = ϕ̄ (5.32)

(where the overbar denotes quantities in the Q1DL
⋂

QEB.) While it is no longer the case

that the co-ion electrochemical potential is still everywhere zero, it is true that both elec-

trochemical potentials are continuous at the QEB/Q1DL boundary. Thus the relationship

between Φ and the anion electrochemical potential appearing in equation 3.13 of Ref [68]

does not hold here. However, the relationship, Φ = φ(0) still holds, where φ is the potential

in the QEB region. Also note that, for the same layer thickness (xo − x) the potential drop

for non-ideal systems is larger by a factor of G than in an ideal system with comparably thick

layers. Since this thickness is considered a control parameter in the changing morphology of

the layer and impending instability (again, see [68]), this seems to suggest non-ideal systems

may in fact tolerate higher voltages. However, this is by no means a rigorous conclusion as

much as it is a suggestive idea.
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Re-scaling and the inner solution

To study the inner solution to the b.v.p. in the regions exterior to the membrane, a new

scaling must be introduced. Since the problem is singular, with the second derivative being

multiplied by ǫ2 in the equation governing the fields, a proper re-scaling would be set this

coefficient to have a magnitude O(1). To do this, assume a transformation

E = χF (5.33)

and

z = ξx (5.34)

Now, multiplying equation 5.3.1 by D/J+ǫ and transforming,

D
J+

χξ2ǫF ′′ =
Dχ3

2J+ǫ
F 3 − 2Dχ

ǫξ
(zo − z)F − 2G (5.35)

By demanding the coefficient of the second derivative be O(1),

χ =
J+

Dǫξ2
(5.36)

For the coefficient of the linear term to be proportional zo − z, we require that 2Dχ = ǫξ

and obtain

ξ = (2J+)
1/3 ǫ−2/3 (5.37)

and

χ =
(J+ǫ)

1/3

22/3D (5.38)

and the following form of the inhomogeneous Painleve equation of the second kind is obtained,

F ′′ =
1

8D2
F 3 − (zo − z)F − 2GD (5.39)

By transforming equation 5.3 to the inner variables and evaluating at z = 0, the following

boundary condition is obtained,

(

F ′ +
1

8D2
F 2

)

z=−χ

=
21/3D

(J+ǫ)
2/3

p1 +Dzo (5.40)

Again, as in the references, the left side of the equation is bounded, but the right side un-

bounded for ǫ → 0, and by the same reasoning, implies the existence of the boundary layer.
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For very large z, with |F | ≤ O(1) from the bounding condition on |ϕ′|, the powers of the

field and its derivatives are bounded (since it is assumed that electroneutrality is approached

as z → −∞) the following asymptotic expression for F may be written,

F∞(z) = − 2DG

zo − z
(5.41)

The reduced zeta potential is defined as

ζ = −Vm − Φ (5.42)

such that this represents the drop from the membrane across the entire Q1DL and Φ is the

regular part of the electric potential, i.e. the integration constant appearing in eqn. 5.3.1.

The value of the potential at the membrane-electrolyte interface, −Vm, may be thought of

as the difference between the potential drop across the Q1DL ∩ QEB and the drop across

the (appropriate composition at a given voltage) for the inner problem,

ϕ(x)− χ

∫ 0

z

F (z′)dz′ = −Vm (5.43)

This may be re-written in a form similar to eqn. 3.18 of Ref. [68],

−G ln (xo − x)− χ

∫ 0

z

F (z′)dz′ = −Vm − Φ (5.44)

5.3.2 The membrane interior

By following the same procedure inside the membrane, a more general form of the above

equation (allowing for the presence of fixed charges) is obtained using equation 5.3,

1

2
ǫE ′′ =

E

2ǫ2

∫ x

xi

N(x′)E(x′)dx′ +
1

4ǫ
E3 − E

ǫ

[

J+

D (x− xi)−
N

2

]

− GJ+

D (5.45)

For the present purpose, it will suffice to assume thatN is uniform throughout the membrane

except for a very thin layer, at least as thin or thinner than a Debye layer. It is not clear

a priori whether this is physically realistic, especially in the case of NCM and other nano-

channel devices where the surface charge may be a function of the bulk concentration [54, 57].

For a numerical solution of the full problem, it may be advantageous to consider N to be

some step-like function of position with a smooth but rapid decay at the membrane edges.
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Here, the question being addressed is whether or not the solution of this equation implies

local electro-neutrality inside a model 1D membrane on scales of the order of the membrane

width, so this issue is ignored for the time-being.

To do this, consider a perturbation approach for the solution of the scaled field, i.e. by

assuming a solution of the form

E =
∑

n

ǫn+1En (5.46)

and substituting the series into the governing equation

Proceeding term-by-term, the following approximations are obtained for each of the four

terms that involve E,

1

2
ǫE ′′ =

1

2

∑

n

ǫn+2E ′′
n

E

2ǫ2

∫ x

xi

NEdx′ =
1

2

∑

n,m

ǫn+mEn

∫ x

xi

NEmdx
′

1

4ǫ
E3 =

1

4

∑

n,m,ℓ

ǫn+m+ℓ+2EnEmEℓ

J+E

ǫD (x− xi) =
J+ (x− xi)

D
∑

n

ǫnEn

NE

2ǫ
=

∑

n

ǫnEn

Since this is a singular problem, we anticipate that the leading-order (ǫ = 0) expansion yields

an outer solution for the problem. The inner solution can then be found by a re-scaling of

the variable, and a quick examination of dominant balance (or comparison by analogy to the

typical EDL boundary-layer problem) suggests that the appropriate scaling is

z = x/ǫ (5.47)

This will be considered shortly. However, the outer solution is itself useful and may be

obtained as follows:

The leading-order outer problem is given by the solution of

E0

2

∫ x

xi

NE0dx
′ =

N

2
+

J+

D (x− xi)−
GJ+

E0
(5.48)
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Differentiating and re-arranging the above equation one obtains,

E ′
0 =

E2
0

G

(

NE0

J+
− N ′

2J+
− 1

D

)

(5.49)

Since attention is being restricted to regions in the membrane where the charge density is

constant, this equation may be separated and integrated, neglecting the fixed charge density

gradient,
∫

dE0

E2
0

(

NE0

J+
− 1

D

) =
x− xi

G
(5.50)

to yield
1

E0(x)
− 1

E0(xi)
+

DN

J+
ln

[

E0(xi) (DNE0(x)− J+)

E0(x) (DNE0(xi)− J+)

]

=
x− xi

GD (5.51)

Notice that this is very similar to equation 3.4.5 in chapter 3 for the non-ideal membrane

concentration profile but does not yield the locally electroneutral profile there. However, as

will be seen shortly, the limit G → ∞ implies an approach to electro-neutrality, as does the

approach to equilibrium, ie. J+ → 0.

For any region inside the membrane, Gauss’s law gives,

∮

~̃E · ~dA =
qenc
εε0

(5.52)

For the 1D case, considering the membrane to be an infinite plane, where the field is defined

Ẽ = −ϕ′ we may use the pillbox construction for the Gaussian surface, with one end located

at x = xi and the other at some arbitrary point x. By symmetry considerations, it is clear

only the field fluxes through the ends of the pillbox contribute, or, per unit area of an infinite

1D membrane,

Ẽ(x)− Ẽ(xi) =
qenc
εε0

(5.53)

Thus for a membrane interior to obey local electro-neutrality on a scale comparable to the

membrane width the inverse field terms must cancel and the numerator and denominator ap-

pearing the logarithmic term must be equal and the logarithm must equal zero in the locally

electro-neutral membrane as well. However, note that the right-hand-side does not vanish

over any finite interval; the implication is that a membrane of finite, non-zero thickness can-

not be locally electro-neutral between any two points in the outer region. The leading-order
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contribution to the field Ẽ is E0, so that even in the limit ǫ → 0 the membrane does not

obey local electro-neutrality. However, it is possible that the compensating charge is con-

tained in one or more of the boundary layers, either inside or in the solution adjacent to the

membrane. The present results bear no conclusions regarding this, so to proceed further,

the full problem must be solved.

Inner problem for membrane interior

As a final starting piece, let’s attempt to re-scale the problem according to the following

general scheme:

E = ǫF (5.54)

and

z =
x

ǫ
(5.55)

1

2
F ′′ =

ǫ

2
F

∫ z

zi

NFdz′ +
ǫ2

4
F 3 − F

[

J+ǫ

D (z − zi)−
N

2

]

− GJ+

D (5.56)

Using the asymptotic expansion for F ,

F =
∑

ǫnFn, (5.57)

we obtain the following inner problem for the inside of the membrane,

1

2
F ′′
0 =

F0N

2
− GJ+

D (5.58)

For |F0(z))| bounded as z → ∞, the solution is given by

F0(z) = c exp (−Nz) +
2GJ+

DN
(5.59)

Then, looking towards matching this with the leading-order outer solution inside the mem-

brane, in the limit z → ∞,

F0(z → ∞) =
2GJ+

DN
(5.60)

From the requirements of matching conditions, this must also be the limit for E0 as x → 0,

however since it is not possible to re-arrange the leading order outer solution to provide a
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convenient expression for E0(x), the full composite expansion will not be pursued any further

at this point. The complete analysis of the possible dual-boundary layers at the membrane-

solution interface is a topic best left for future work.

5.4 Electro-osmotic instability of a confined electrolyte

due to non-equilibrium electro-osmotic slip

The goal of this calculation is to extend previous studies on electrokinetic instability

([50, 51, 68], to include the effects of confinement in a narrow channel. The most basic version

([51]) of the electrokinetic model is employed for this purpose, i.e. the LEN approximation

is assumed valid except in thin boundary layers where a non-equilibrium slip velocity allows

the inclusion of the de-stabilizing effects of the developed non-equilibrium space charge. The

results herein may be compared to those in the references for the laterally unbounded (x →
±∞) case. Variations on this theme are being considered. In particular, upon completing the

analysis in the previous section, it would be interesting to see how the linear stability of the

solution compares between ideal and non-ideal membranes. The complete analysis would

permit more accurate estimates of the threshold voltages for such systems and hopefully

clarify some of the issues raised in the first section of this chapter.

Geometry and boundary value problem

Consider the 2D LEN boundary value problem for the geometry shown in the figure.

The two side-walls at x = ±h/2 have no-slip and no-flux boundary conditions and interact

only through viscous dissipation. Thus for a symmetric, binary electrolyte, the side walls

constitute an impenetrable boundary which does not affect the x-dependence of the un-

perturbed solution (i.e. the Q1DL solution.) The cation-selective membrane surface is at

y = 0 and the outer edge of the EDL is located at y = y0, where a non-equilibrium electro-

osmotic slip condition for an ideal membrane is assumed. At y = 1, there is a boundary

with fixed electrochemical potentials and a no-slip condition. The governing equations for
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Figure 5.2: 2D channel geometry and boundary conditions for the stability problem. Notice
the membrane/non-equilibrium double-layer are located at the origin, left-side of the figure,
with the positive y-direction along the channel. No slip and no flux boundary conditions are
imposed on the walls and axial symmetry is assumed.

this version of the problem are that representing the outer part of a singularly perturbed

problem (i.e. as in [51] and references therein):

Assuming (approximate) stoichiometric electro-neutrality in the everywhere except boundary

layers, the neutral salt density is governed by

ct + Pe~v · ∇c = △c (5.61)

subject to the boundary conditions, at y = y0,

c(x, y0) = a (εcy(x, y0))
2/3 (5.62)

at y = 1,

c(x, 1) = 1 (5.63)

and also on the walls, at x = ±h/2,

cx(±
h

2
, y) = 0 (5.64)

The constant a is related to the boundary value of the inner scaled field F and its first

derivative and is of order 1. The hydrodynamic equations are the low-Reynolds’ number

Navier-Stokes equation
1

Sc
~vt = −∇p +△~v (5.65)

and the condition for incompressibility

∇ · ~v = 0 (5.66)



Jarrod E. Schiffbauer Chapter 5. Beyond the classical approximation 156

The Navier-Stokes equation may be re-written in terms of the velocity ~v = uî+wĵ by taking

the curl, since ∇×∇p = 0, and making use of the incompressibility condition above along

with the identity

△ ~A = ∇
(

∇ · ~A
)

−∇×∇× ~A (5.67)

for any vector ~A.
1

Sc
∇× ~vt = −∇×∇×∇× ~v (5.68)

There are 2 boundary conditions on each component of the fluid velocity as follows:

at y = y0,

w(x, y0) = 0 (5.69)

and the non-equilibrium slip condition,

u(x, y0) = −1

8
V 2

(

cxy(x, y0)

cy(x, y0)

)

(5.70)

at y = 1, a no-flux condition,

w(x, 1) = 0 (5.71)

and a no-slip condition

u(x, 1) = 0 (5.72)

General form of linearized equations

Assuming the perturbations may be written

c = c0 + δeλtc1(x, y) (5.73)

and

~v = ~v0 + δeλt~v1(x, y) (5.74)

the governing equations may be written to O(δ) as

λc1(x, y) + Pe (~v0 · ∇c1(x, y) + ~v1 · ∇c0) = △c1(x, y) (5.75)

for the Q1DL solution at the limiting current density, c0 = y and ~v0 = 0, this becomes

λc1(x, y) + Pew1(x, y) = △c1(x, y) (5.76)
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Upon carrying out the curls in equation 5.4, operating on the result with ∂/∂x and using the

incompressibility condition, the fluid velocity perturbations are governed by the following

equation,
λ

Sc
(w1xx + w1yy) = 2w1xxyy + w1xxxx + w1yyyy (5.77)

Linearized boundary conditions

Following the calculations in the references, the position of the outer edge of the EDL/SCL,

y0, is considered to be similarly perturbed, i.e.,

y0 = 0 + δeλty1(x) (5.78)

The value of the salt concentration at this boundary, perturbing about the Q1DL solution,

is (keeping terms to leading order in δ),

c(x, y0) = δeλt [y1(x) + c1(x, 0)] (5.79)

In this case cy = 1 + δeλtc1y(x, 0), so the following give expressions for fractional powers of

this derivative to first order,

cy(x, y0)
2/3 ≈ 1 +

2

3
δeλtc1y(x, 0) (5.80)

and

cy(x, y0)
−1/3 ≈ 1− 1

3
δeλtc1y(x, 0) (5.81)

Using these and equation (13) from [51], one obtains

y1(x) = −1

3

(

3

4
εV

)2/3

c1y(x, 0) (5.82)

Putting this together with the boundary conditions and collecting terms of O(δ),

c1(x, 0) =

[

2

3
a0ε

2/3 +
1

3

(

3

4
εV

)2/3
]

c1y(x, 0) (5.83)

As mentioned above, the parameter a0 comes from boundary layer analysis. For convenience,

the boundary condition will also be written as

c1(x, 0) = f(a0, ε, V )c1y(x, 0) (5.84)
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The linearization of the non-equilibrium slip condition proceeds along similar lines, uti-

lizing the incompressibility condition to relate the derivatives of u and w at the EDL edge,

or,
∂u

∂x

∣

∣

y=y0
= −1

8
V 2

[

cxxycy − c2xy
c2y

]

y=y0

= −∂w

∂y

∣

∣

y=y0
(5.85)

and to first order,
[

cxxycy − c2xy
c2y

]

y=y0

≈ δeλℓtc1xxy(x, 0) (5.86)

and thus

w1y(x, 0) =
1

8
V 2c1xxy(x, 0) (5.87)

Fourier series representation of perturbations

Taking the no-flux boundary conditions and symmetry about the x-axis into considera-

tion, the following form is chosen for the perturbations of the concentration,

c1(x, y) =
∞
∑

ℓ=0

Aℓ(y) cos (kℓx) (5.88)

where the wavenumber is given by

kℓ =
2ℓπ

h
(5.89)

Note the existence of a cutoff wavenumber for a non-trivial perturbation, kmin = 2π/h

corresponding to a maximum wavelength along the x-direction equal to half the channel

width. Substituting this form into equation 5.4, the following form is obtained for w1(x, y),

w1(x, y) =
1

Pe

∞
∑

ℓ=0

[

A′′
ℓ (y)−Aℓ(y)

(

λ+ k2
ℓ

)]

cos (kℓx) (5.90)

It is worth taking a moment to consider the no-slip condition at x = ±h/2 in this prob-

lem. Evidently, the only solution corresponding to a single-mode concentration perturbation

which satisfies this condition is the trivial solution for the hydrodynamic perturbation2.

2The coefficients Aℓ which allow this boundary condition to be met for a single mode obey the 2nd order
ODE A′′ −A

(

λ+ k2
)

= 0, but these solutions result in no hydrodynamic perturbation.
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Returning to the general case, the problem is transformed into a sixth-order linear homoge-

neous ODE for the y-dependent coefficients Aℓ,

A
(6)
ℓ −A

(4)
ℓ

[

3k2
ℓ +

λℓ

Sc
+ λℓ

]

+ A′′
ℓ

[

3k4
ℓ + 2λℓk

2
ℓ +

λℓ (2k
2
ℓ + λℓ)

Sc

]

−Aℓk
2
ℓ

(

k2
ℓ + λℓ

)

(

k2
ℓ +

λℓ

Sc

)

= 0

Assuming a solution of form Aℓ(y) ∼ emy, the characteristic equation is,

m6 −m4

[

3k2
ℓ +

λℓ

Sc
+ λℓ

]

+m2

[

3k4
ℓ + 2λℓk

2
ℓ +

λℓ (2k
2
ℓ + λℓ)

Sc

]

−
[

k2
ℓ

(

k2
ℓ + λℓ

)

(

k2
ℓ +

λℓ

Sc

)]

= 0

The eigenvalues of this equation are:

mℓ1 = −kℓ (5.91)

mℓ2 = kℓ (5.92)

mℓ3 = −
√

k2
ℓ + λℓ (5.93)

mℓ4 =
√

k2
ℓ + λℓ (5.94)

mℓ5 = −
√

Sck2
ℓ + λℓ√
Sc

(5.95)

mℓ6 =

√

Sck2
ℓ + λℓ√
Sc

(5.96)

Thus the solution for the coefficients is

Aℓ(y) =

6
∑

n=1

anℓe
mℓny (5.97)

and the general concentration perturbation field,

c1(x, y) =

∞
∑

ℓ=0

c1ℓ(x, y) =

∞
∑

ℓ=0

6
∑

n=1

anℓe
mℓny cos kℓx (5.98)

and for the general fluid velocity perturbations,

w1(x, y) =
1

Pe

∞
∑

ℓ=0

6
∑

n=1

{

anℓe
mnℓy

[

m2
nℓ −

(

λ+ k2
ℓ

)]}

cos kℓx (5.99)
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Re-iteration of the boundary conditions and the algebraic solution for the anℓ

For a specific perturbation of the concentration field given by a function c1(x, y) the

coefficients Aℓ(y) are just the Fourier series coefficients for this disturbance which also satisfy

the 4th order PDE for w1, so that

Aℓ(y) =
2

h

∫ h/2

0

c1(x, y) cos kℓxdx =
6
∑

n=1

anℓe
mnℓy (5.100)

To perform linear stability analysis, it will be necessary to eliminate the coefficients anℓ

by solving for them using the boundary conditions. There are two boundary conditions in

the y-direction in terms of w1 and two in terms of c1. In addition to the linearized non-

equilibrium slip condition, the no-slip boundary condition at y = 1, i.e. u1(x, 1) = 0 may

be employed once it is cast in terms of the Aℓ(y) to obtain another boundary condition. To

do this, consider that the incompressibility condition may be integrated, using the no-flux

condition at x = ±h/2, u1(±h/2, y) = 0, so that the following integral can be written for

the x-component of the fluid velocity,

u1(x, y) =

∫ h/2

x

w1ydx (5.101)

This gives

u1(x, y) = − 1

Pe

∞
∑

ℓ=0

6
∑

n=1

{

anℓe
mnℓy

kℓ

[

m2
nℓ −

(

λ+ k2
ℓ

)]

}

sin kℓx (5.102)

The six boundary conditions for the problem in the y-direction for the ℓth mode are given

below followed by the resulting expression given by the eigenvalue expansions for the A

(where Fourier’s trick has been used.)

at y = 1,

c1ℓ(x, 1) = 0 (5.103)

w1ℓ(x, 1) = 0 (5.104)

u1ℓ(x, 1) = 0 (5.105)
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yielding the equations,

6
∑

n=1

anℓb1nℓ =

6
∑

n=1

anℓe
mℓn = 0 (5.106)

6
∑

n=1

anℓb2nℓ =

6
∑

n=1

anℓe
mℓn
[

m2
nℓ −

(

λ+ k2
ℓ

)]

= 0 (5.107)

6
∑

n=1

anℓb3nℓ =

6
∑

n=1

anℓmnℓe
mℓn

kℓ

[

m2
nℓ −

(

λ+ k2
ℓ

)]

= 0 (5.108)

and at y = 0,

c1ℓ(x, 0) = f(a0, ε, V )c1y(x, 0) (5.109)

w1ℓ(x, 0) = 0 (5.110)

w1ℓy(x, 0) =
1

8
V 2c1xxy(x, 0) (5.111)

which gives,

6
∑

n=1

anℓb4nℓ = =

6
∑

n=1

anℓ [1−mnℓf(a, ε, V )] = 0 (5.112)

6
∑

n=1

anℓb5nℓ =

6
∑

n=1

anℓ
[

m2
nℓ −

(

λ+ k2
ℓ

)]

= 0 (5.113)

6
∑

n=1

anℓb6nℓ =

6
∑

n=1

anℓmnℓ

{

[m2
nℓ − (λ+ k2

ℓ )]

Pe
+

1

8
V 2k2

ℓ

}

= 0 (5.114)

Linear stability analysis

To complete linear stability analysis, it seems necessary to solve for the anℓ in the above

equations, then substitute these expressions into the conditions and solve for λℓ(kℓ). However,

the matrix bmn,ℓ is square non-singular, so the equation (for given ℓ)

bmnan = ~0 (5.115)

has an empty nullspace.

To confound matters, if exchange of stabilities is assumed and the marginal case sought, i.e.

by taking λℓ = 0, the solution for Aℓ(y) just becomes (dropping subscripts)

A(y) = a1 exp−ky + a2 exp ky (5.116)
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where the boundary condition on the concentration at y = 1 implies a1 = a2 exp 2k. Note

that, under the assumption of marginal stability, satisfying the final boundary condition

requires exp 2k = 1. If this holds, the boundary condition on the concentration at y = 0

implies a contradiction.

Barring the (very reasonable) possibility of some as-of-yet unfound error in the calculations,

the only conclusion that can be drawn from this attempt at stability analysis is that there

exists a minimum wavenumber3 for perturbations corresponding to a maximum wavelength

equal to the channel width.

5.5 Discussion, conclusions, and future work

While the preceding analysis is admittedly incomplete, it represents the first necessary

steps towards obtaining a rigorous estimate of the threshold for the electro-osmotic insta-

bilities believed to be responsible for overlimiting conductance in non-ideal permselective

systems. In the process, several intermediate results of interest have been obtained, includ-

ing evidence that the non-ideal membrane thresholds are shifted with respect to the ideal

case, depending on the strength of the selectivity as measured by the factor G. Also, it

was shown that the common assumption of local electro-neutrality inside a 1D permselec-

tive membrane is not compatible with the full formulation of the problem. Lastly, relating

directly to the issue of instabilities, it was determined that there exists a minimum cut-off

wavenumber stipulating a maximum wavelength for spatial perturbations. However, there

are a variety of instabilities in electrokinetic systems related to limiting concentration gra-

dients which may contribute to the process of diffusive length selection and overlimiting

conductance, even if not directly responsible.

A common assumption is that the vortex-instability causes mixing with the bulk-like

solution, thus enhancing the conductivity of the depleted regions and providing the source

of the overlimiting conductance. Experimental evidence from the references [53, 5, 66, 67]

as well as the NCM/NMI observations of chapter 3 supports this hypothesis. However, the

fact that no single length selection criteria has been found that adequately describes the

3the uniform perturbation of the mode ℓ = 0 is excluded by the boundary conditions
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diffusion length suggests there are some open questions. Another issue is that the vortex

arrays observed by Yossifon et. al. are relatively stable, whereas the experimental evidence

for vortices in the microchannel - at least at high off-state voltages - suggest transient vortex

formation and anihilation processes. This leads one to wonder whether or not some mecha-

nism similar to a Rayleigh-Taylor instability is responsible for the mixing. Such an instability

has been predicted in electrokinetic systems previously [6] under different assumptions than

those employed here and in the other references.
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Appendix A

Mathematica codes

A.1 Numerical evaluation for the 1D and quasi-1D LEN

non-ideal solution

The following is a version of the Mathematica code used to calculate the ion concentration

at the right-hand membrane-electrolyte interface (output: peakconc.dat,) perm-selectivity as

a function of voltage (output: permselectivev.dat,) and I-V characteristic (output: iv.dat,)

given the input parameters for the system, shown along with the equivalent parameters from

the model of Chapter 2 in Table A.1 below. A modified version of this can be used to deter-

mine potential profiles and concentration profiles. The main loop (see comments denoted by

‘(* *)’ in the code for explanation) for the modified version is shown in the next section. This

version of the code can accommodate both length asymmetry, via the variable ‘gamma,’ as

well as cross-sectional asymmetry via the variable ‘bg.’ This term modifies the reservoir salt

flux density. Setting bg = 1 yields length asymmetry only and setting gamma = 1 yields

flux-focusing only. Most of the other parameters appearing are step-sizes and internally-

generated values.

The code steps through values of the salt-flux density, solving the concentration profile

inside the membrane numerically, which is then used to calculate the selectivity and cor-
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Table A.1: Model parameters from Chapter 2 and Mathematica variable names.

Parameter Variable name Physical meaning

γ gamma Ratio of diffusion lengths

Γ bg Ratio of cross-sections

D dm Effective membrane diffusivity

N num Membrane fixed charge density

σ sig Membrane conductivity

ℓ l Reservoir dimensionless DL length

responding voltage at that value of the salt-flux density after numerically integrating the

inverse concentration profile to determine the membrane resistivity/conductivity term, F(1).

Clear[g, f, phi, phileft, phiright, phimemb, jr, jt]Clear[g, f, phi, phileft, phiright, phimemb, jr, jt]Clear[g, f, phi, phileft, phiright, phimemb, jr, jt]

Clear[bg, gamma, l, eta, eqnb, c, f, jmin, jmax, jstep, jarray, etamax, etastart, cstart, cmin, cmax,Clear[bg, gamma, l, eta, eqnb, c, f, jmin, jmax, jstep, jarray, etamax, etastart, cstart, cmin, cmax,Clear[bg, gamma, l, eta, eqnb, c, f, jmin, jmax, jstep, jarray, etamax, etastart, cstart, cmin, cmax,

dstep, jp, ivarray, psarray, clendarray, et]dstep, jp, ivarray, psarray, clendarray, et]dstep, jp, ivarray, psarray, clendarray, et]

(*jstart = jmin− jstep/10000*)(*jstart = jmin− jstep/10000*)(*jstart = jmin− jstep/10000*)

gamma = 1.0gamma = 1.0gamma = 1.0

bg = 1bg = 1bg = 1

dm = 0.2dm = 0.2dm = 0.2

num = 5.0num = 5.0num = 5.0

sig = num ∗ dmsig = num ∗ dmsig = num ∗ dm
l = 4.0l = 4.0l = 4.0

etamax = 1000000etamax = 1000000etamax = 1000000

etastart = 5.0etastart = 5.0etastart = 5.0

cstart = num/2cstart = num/2cstart = num/2
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cmin = 0.0cmin = 0.0cmin = 0.0

cmax = 100 ∗ numcmax = 100 ∗ numcmax = 100 ∗ num
dstep = 10000dstep = 10000dstep = 10000

(* Definitions of V and I *)(* Definitions of V and I *)(* Definitions of V and I *)

v[jp , et , f ]:=Log[(Sqrt[(jp ∗ (l − 1)/bg + 1)∧2 + num∧2/4] + num/2)/(Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2v[jp , et , f ]:=Log[(Sqrt[(jp ∗ (l − 1)/bg + 1)∧2 + num∧2/4] + num/2)/(Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2v[jp , et , f ]:=Log[(Sqrt[(jp ∗ (l − 1)/bg + 1)∧2 + num∧2/4] + num/2)/(Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2

+num∧2/4] + num/2)]− (et + 1) ∗ Log[(jp ∗ (l − 1)/bg + 1)/(1− jp ∗ gamma ∗ (l − 1))]− jp ∗ et ∗ f/dm+num∧2/4] + num/2)]− (et + 1) ∗ Log[(jp ∗ (l − 1)/bg + 1)/(1− jp ∗ gamma ∗ (l − 1))]− jp ∗ et ∗ f/dm+num∧2/4] + num/2)]− (et + 1) ∗ Log[(jp ∗ (l − 1)/bg + 1)/(1− jp ∗ gamma ∗ (l − 1))]− jp ∗ et ∗ f/dm

i[jp , et ]:=− 2 ∗ et ∗ jpi[jp , et ]:=− 2 ∗ et ∗ jpi[jp , et ]:=− 2 ∗ et ∗ jp

jmin = 1/(gamma ∗ (l − 1))jmin = 1/(gamma ∗ (l − 1))jmin = 1/(gamma ∗ (l − 1))

jmax = −bg/(l − 1)jmax = −bg/(l − 1)jmax = −bg/(l − 1)

jstep = (jmin− jmax)/100jstep = (jmin− jmax)/100jstep = (jmin− jmax)/100

jarray = Table[j, {j, 25 ∗ jstep,−25 ∗ jstep,−jstep}]jarray = Table[j, {j, 25 ∗ jstep,−25 ∗ jstep,−jstep}]jarray = Table[j, {j, 25 ∗ jstep,−25 ∗ jstep,−jstep}]

prelista = Table[j, {j, 49 ∗ jstep, 30 ∗ jstep,−jstep/2}]prelista = Table[j, {j, 49 ∗ jstep, 30 ∗ jstep,−jstep/2}]prelista = Table[j, {j, 49 ∗ jstep, 30 ∗ jstep,−jstep/2}]
prelist = Prepend[prelista, jmin− jstep/1000000]prelist = Prepend[prelista, jmin− jstep/1000000]prelist = Prepend[prelista, jmin− jstep/1000000]

postlista = Table[j, {j,−30 ∗ jstep,−49 ∗ jstep,−jstep/2}]postlista = Table[j, {j,−30 ∗ jstep,−49 ∗ jstep,−jstep/2}]postlista = Table[j, {j,−30 ∗ jstep,−49 ∗ jstep,−jstep/2}]
postlist = Append[postlista, jmax + jstep/1000000]postlist = Append[postlista, jmax + jstep/1000000]postlist = Append[postlista, jmax + jstep/1000000]

jarray1 = Join[prelist, jarray, postlist]jarray1 = Join[prelist, jarray, postlist]jarray1 = Join[prelist, jarray, postlist]

(* eqnb is obtained from Eqn. 3.4.5 at x = 1 and solved numerically(* eqnb is obtained from Eqn. 3.4.5 at x = 1 and solved numerically(* eqnb is obtained from Eqn. 3.4.5 at x = 1 and solved numerically

to obtain eta, the ratio of flux densities (see Chapter 3 for details.) *)to obtain eta, the ratio of flux densities (see Chapter 3 for details.) *)to obtain eta, the ratio of flux densities (see Chapter 3 for details.) *)

eqnb = dm ∗ (Sqrt[(jp ∗ (l − 1)/bg + 1)∧2 + num∧2/4]− Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4])eqnb = dm ∗ (Sqrt[(jp ∗ (l − 1)/bg + 1)∧2 + num∧2/4]− Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4])eqnb = dm ∗ (Sqrt[(jp ∗ (l − 1)/bg + 1)∧2 + num∧2/4]− Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4])

+sig ∗ eta ∗ Log[(Sqrt[(jp ∗ (l − 1)/bg + 1)∧2 + num∧2/4]+sig ∗ eta ∗ Log[(Sqrt[(jp ∗ (l − 1)/bg + 1)∧2 + num∧2/4]+sig ∗ eta ∗ Log[(Sqrt[(jp ∗ (l − 1)/bg + 1)∧2 + num∧2/4]

−num ∗ eta/2)/(Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4]− num ∗ eta/2)]/2 == −jp ∗ 2−num ∗ eta/2)/(Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4]− num ∗ eta/2)]/2 == −jp ∗ 2−num ∗ eta/2)/(Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4]− num ∗ eta/2)]/2 == −jp ∗ 2

eta = Function[{jp}, eta/.FindRoot[eqnb, {eta, etastart, 0, etamax}]]eta = Function[{jp}, eta/.FindRoot[eqnb, {eta, etastart, 0, etamax}]]eta = Function[{jp}, eta/.FindRoot[eqnb, {eta, etastart, 0, etamax}]]
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Plot[eta[jp], {jp, (jmin− jmin/1000), (jmax + jmax/1000)}]Plot[eta[jp], {jp, (jmin− jmin/1000), (jmax + jmax/1000)}]Plot[eta[jp], {jp, (jmin− jmin/1000), (jmax + jmax/1000)}]

runarray = {sig, 1/gamma ∗ (l − 1),−bg/(l − 1)}runarray = {sig, 1/gamma ∗ (l − 1),−bg/(l − 1)}runarray = {sig, 1/gamma ∗ (l − 1),−bg/(l − 1)}

Print["case: gamma = ", gamma, " dm = ", dm, " num = ", num, " l = ", l]Print["case: gamma = ", gamma, " dm = ", dm, " num = ", num, " l = ", l]Print["case: gamma = ", gamma, " dm = ", dm, " num = ", num, " l = ", l]

CreateDirectory[CreateDirectory[CreateDirectory[

"C:\\Users\\online\\Documents\\Dissertation project folder\\THE FINAL CUT\\"C:\\Users\\online\\Documents\\Dissertation project folder\\THE FINAL CUT\\"C:\\Users\\online\\Documents\\Dissertation project folder\\THE FINAL CUT\\
Mathematica stuff for final version\\flux focus only test\\concentration profiles\\Mathematica stuff for final version\\flux focus only test\\concentration profiles\\Mathematica stuff for final version\\flux focus only test\\concentration profiles\\
gamma" <> ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>gamma" <> ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>gamma" <> ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>

"\\membranecharge" <> ToString[num] <> "\\diffusion length" <> ToString[l] <> "\\"\\membranecharge" <> ToString[num] <> "\\diffusion length" <> ToString[l] <> "\\"\\membranecharge" <> ToString[num] <> "\\diffusion length" <> ToString[l] <> "\\
Gamma" <> ToString[bg] <> "\\"]Gamma" <> ToString[bg] <> "\\"]Gamma" <> ToString[bg] <> "\\"]

Export[Export[Export[

ToFileName[ToFileName[ToFileName[

"C:\\Users\\online\\Documents\\Dissertation project folder\\THE FINAL CUT\\"C:\\Users\\online\\Documents\\Dissertation project folder\\THE FINAL CUT\\"C:\\Users\\online\\Documents\\Dissertation project folder\\THE FINAL CUT\\
Mathematica stuff for final version\\flux focus only test\\concentration profiles\\Mathematica stuff for final version\\flux focus only test\\concentration profiles\\Mathematica stuff for final version\\flux focus only test\\concentration profiles\\
gamma" <> ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>gamma" <> ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>gamma" <> ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>

"\\membranecharge" <> ToString[num] <> "\\diffusion length" <> ToString[l] <> "\\"\\membranecharge" <> ToString[num] <> "\\diffusion length" <> ToString[l] <> "\\"\\membranecharge" <> ToString[num] <> "\\diffusion length" <> ToString[l] <> "\\
Gamma" <> ToString[bg] <> "\\sigmajminjmax.dat"],Gamma" <> ToString[bg] <> "\\sigmajminjmax.dat"],Gamma" <> ToString[bg] <> "\\sigmajminjmax.dat"],

runarray, "Table"]runarray, "Table"]runarray, "Table"]

ivarray = {}ivarray = {}ivarray = {}
psarray = {}psarray = {}psarray = {}
clendarray = {}clendarray = {}clendarray = {}

(*MAIN LOOP: Loop over values of J + to create an element {V [J +], I[J +]} for given eta,(*MAIN LOOP: Loop over values of J + to create an element {V [J +], I[J +]} for given eta,(*MAIN LOOP: Loop over values of J + to create an element {V [J +], I[J +]} for given eta,

append to array.*)append to array.*)append to array.*)

Do[(et = eta[jp]; Print["J+ = ", jp, " Jmin = ", 1/(gamma ∗ (l − 1)), " Jmax = ",−bg/(l − 1)];Do[(et = eta[jp]; Print["J+ = ", jp, " Jmin = ", 1/(gamma ∗ (l − 1)), " Jmax = ",−bg/(l − 1)];Do[(et = eta[jp]; Print["J+ = ", jp, " Jmin = ", 1/(gamma ∗ (l − 1)), " Jmax = ",−bg/(l − 1)];
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c = Function[{z},c = Function[{z},c = Function[{z},
c/.FindRoot[dm ∗ (c− Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4])+c/.FindRoot[dm ∗ (c− Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4])+c/.FindRoot[dm ∗ (c− Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4])+

sig ∗ et ∗ Log[(c− num ∗ et/2)/(Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4]− num ∗ et/2)]/2sig ∗ et ∗ Log[(c− num ∗ et/2)/(Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4]− num ∗ et/2)]/2sig ∗ et ∗ Log[(c− num ∗ et/2)/(Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4]− num ∗ et/2)]/2
== −jp ∗ (z + 1), {c, cstart, cmin, cmax}]];== −jp ∗ (z + 1), {c, cstart, cmin, cmax}]];== −jp ∗ (z + 1), {c, cstart, cmin, cmax}]];
values = Table[{z, 1/c[z]}, {z,−1, 1, 1/dstep}]; cinv = Interpolation[values];values = Table[{z, 1/c[z]}, {z,−1, 1, 1/dstep}]; cinv = Interpolation[values];values = Table[{z, 1/c[z]}, {z,−1, 1, 1/dstep}]; cinv = Interpolation[values];

f = Integrate[cinv[z], {z,−1, 1}];f = Integrate[cinv[z], {z,−1, 1}];f = Integrate[cinv[z], {z,−1, 1}];
ivarray = Append[ivarray, {Evaluate[v[jp, et, f ]],Evaluate[i[jp, et]]}];ivarray = Append[ivarray, {Evaluate[v[jp, et, f ]],Evaluate[i[jp, et]]}];ivarray = Append[ivarray, {Evaluate[v[jp, et, f ]],Evaluate[i[jp, et]]}];
psarray = Append[psarray, {Evaluate[v[jp, et, f ]],−((1 + et)/(1− et))}]; clendarraypsarray = Append[psarray, {Evaluate[v[jp, et, f ]],−((1 + et)/(1− et))}]; clendarraypsarray = Append[psarray, {Evaluate[v[jp, et, f ]],−((1 + et)/(1− et))}]; clendarray
= Append[clendarray, Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2]];= Append[clendarray, Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2]];= Append[clendarray, Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2]];

Clear[et, c, f, values, cinv]), {jp, jarray1}]Clear[et, c, f, values, cinv]), {jp, jarray1}]Clear[et, c, f, values, cinv]), {jp, jarray1}]

ListPlot[ivarray,PlotRange->All]ListPlot[ivarray,PlotRange->All]ListPlot[ivarray,PlotRange->All]

ListPlot[psarray,PlotRange → All]ListPlot[psarray,PlotRange → All]ListPlot[psarray,PlotRange → All]

ListPlot[clendarray,PlotRange → All]ListPlot[clendarray,PlotRange → All]ListPlot[clendarray,PlotRange → All]

Export[Export[Export[

ToFileName[ToFileName[ToFileName[

"C:\\Users\\online\\Documents\\Dissertation project folder\\THE FINAL CUT\\"C:\\Users\\online\\Documents\\Dissertation project folder\\THE FINAL CUT\\"C:\\Users\\online\\Documents\\Dissertation project folder\\THE FINAL CUT\\
Mathematica stuff for final version\\flux focus only test\\concentration profiles\\Mathematica stuff for final version\\flux focus only test\\concentration profiles\\Mathematica stuff for final version\\flux focus only test\\concentration profiles\\
gamma" <> ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>gamma" <> ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>gamma" <> ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>

"\\membranecharge" <> ToString[num] <> "\\diffusion length" <> ToString[l] <> "\\"\\membranecharge" <> ToString[num] <> "\\diffusion length" <> ToString[l] <> "\\"\\membranecharge" <> ToString[num] <> "\\diffusion length" <> ToString[l] <> "\\
Gamma" <> ToString[bg] <> "\\", "iv.dat"], ivarray, "Table"]Gamma" <> ToString[bg] <> "\\", "iv.dat"], ivarray, "Table"]Gamma" <> ToString[bg] <> "\\", "iv.dat"], ivarray, "Table"]

Export[Export[Export[

ToFileName[ToFileName[ToFileName[

"C:\\Users\\online\\Documents\\Dissertation project folder\\THE FINAL CUT\\"C:\\Users\\online\\Documents\\Dissertation project folder\\THE FINAL CUT\\"C:\\Users\\online\\Documents\\Dissertation project folder\\THE FINAL CUT\\
Mathematica stuff for final version\\flux focus only test\\concentration profiles\\Mathematica stuff for final version\\flux focus only test\\concentration profiles\\Mathematica stuff for final version\\flux focus only test\\concentration profiles\\
gamma" <> ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>gamma" <> ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>gamma" <> ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>

"\\membranecharge" <> ToString[num] <> "\\diffusion length" <> ToString[l] <> "\\"\\membranecharge" <> ToString[num] <> "\\diffusion length" <> ToString[l] <> "\\"\\membranecharge" <> ToString[num] <> "\\diffusion length" <> ToString[l] <> "\\
Gamma" <> ToString[bg] <> "\\", "permselectivev.dat"], psarray, "Table"]Gamma" <> ToString[bg] <> "\\", "permselectivev.dat"], psarray, "Table"]Gamma" <> ToString[bg] <> "\\", "permselectivev.dat"], psarray, "Table"]
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Export[Export[Export[

ToFileName[ToFileName[ToFileName[

"C:\\Users\\online\\Documents\\Dissertation project folder\\THE FINAL CUT\\"C:\\Users\\online\\Documents\\Dissertation project folder\\THE FINAL CUT\\"C:\\Users\\online\\Documents\\Dissertation project folder\\THE FINAL CUT\\
Mathematica stuff for final version\\flux focus only test\\concentration profiles\\Mathematica stuff for final version\\flux focus only test\\concentration profiles\\Mathematica stuff for final version\\flux focus only test\\concentration profiles\\
gamma" <> ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>gamma" <> ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>gamma" <> ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>

"\\membranecharge" <> ToString[num] <> "\\diffusion length" <> ToString[l] <> "\\"\\membranecharge" <> ToString[num] <> "\\diffusion length" <> ToString[l] <> "\\"\\membranecharge" <> ToString[num] <> "\\diffusion length" <> ToString[l] <> "\\
Gamma" <> ToString[bg] <> "\\", "peakconc.dat"],Gamma" <> ToString[bg] <> "\\", "peakconc.dat"],Gamma" <> ToString[bg] <> "\\", "peakconc.dat"],
clendarray, "Table"]clendarray, "Table"]clendarray, "Table"]

A.2 Version of the code for plotting concentration and

potential profiles

This is just the main loop of the modified code. It solves Eqn. 3.4.5 twice, once at

x = 1 for fixed jp to obtain eta and once at a number of points xi between x = −1 and

x = 1 to obtain values for the cm(xi). The latter provides a discrete approximation to the

concentration profile. This is used directly to plot the concentration inside the membrane

as well as interpolated and numerically integrated to give F.

Do[(et = eta[jp]; Print["J+ = ", jp, " Jmin = ", 1/gamma ∗ (l − 1),Do[(et = eta[jp]; Print["J+ = ", jp, " Jmin = ", 1/gamma ∗ (l − 1),Do[(et = eta[jp]; Print["J+ = ", jp, " Jmin = ", 1/gamma ∗ (l − 1),

" Jmax = ",−1/(l − 1)];" Jmax = ",−1/(l − 1)];" Jmax = ",−1/(l − 1)];

c = Function[{z},c = Function[{z},c = Function[{z},
c/.c/.c/.

FindRoot[dm ∗ (c− Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4])+FindRoot[dm ∗ (c− Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4])+FindRoot[dm ∗ (c− Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4])+

sig ∗ et∗sig ∗ et∗sig ∗ et∗
Log[(c− num ∗ et/2)/Log[(c− num ∗ et/2)/Log[(c− num ∗ et/2)/
(Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4]− num ∗ et/2)]/2 ==(Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4]− num ∗ et/2)]/2 ==(Sqrt[(1− jp ∗ gamma ∗ (l − 1))∧2 + num∧2/4]− num ∗ et/2)]/2 ==

−jp ∗ (z + 1), {c, cstart, cmin, cmax}]];−jp ∗ (z + 1), {c, cstart, cmin, cmax}]];−jp ∗ (z + 1), {c, cstart, cmin, cmax}]];
ctable = Table[{z, c[z]}, {z,−1, 1, 1/dstep}];ctable = Table[{z, c[z]}, {z,−1, 1, 1/dstep}];ctable = Table[{z, c[z]}, {z,−1, 1, 1/dstep}];
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Export[Export[Export[

ToFileName[ToFileName[ToFileName[

"C:\\Users\\online\\Documents\\Dissertation project"C:\\Users\\online\\Documents\\Dissertation project"C:\\Users\\online\\Documents\\Dissertation project

folder\\Pieces\\Code, data, and results\\rectificationfolder\\Pieces\\Code, data, and results\\rectificationfolder\\Pieces\\Code, data, and results\\rectification
paper figures\\concentration profiles\\gamma" <>paper figures\\concentration profiles\\gamma" <>paper figures\\concentration profiles\\gamma" <>

ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>

"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>

ToString[l] <> "\\", "cmemb" <> ToString[jp] <> ".dat"], ctable,ToString[l] <> "\\", "cmemb" <> ToString[jp] <> ".dat"], ctable,ToString[l] <> "\\", "cmemb" <> ToString[jp] <> ".dat"], ctable,

"Table"]; values = Table[{z, 1/c[z]}, {z,−1, 1, 1/dstep}];"Table"]; values = Table[{z, 1/c[z]}, {z,−1, 1, 1/dstep}];"Table"]; values = Table[{z, 1/c[z]}, {z,−1, 1, 1/dstep}];

cinv = Interpolation[values]; f = Integrate[cinv[y], {y,−1, 1}];cinv = Interpolation[values]; f = Integrate[cinv[y], {y,−1, 1}];cinv = Interpolation[values]; f = Integrate[cinv[y], {y,−1, 1}];
g = Function[x, Integrate[cinv[y], {y,−1, x}]];g = Function[x, Integrate[cinv[y], {y,−1, x}]];g = Function[x, Integrate[cinv[y], {y,−1, x}]];
vv = Evaluate[v[jp, et, f ]]; Print[vv];vv = Evaluate[v[jp, et, f ]]; Print[vv];vv = Evaluate[v[jp, et, f ]]; Print[vv];

jt = Function[r, (et ∗ Log[jp ∗ (l − r) + 1] + vv)];jt = Function[r, (et ∗ Log[jp ∗ (l − r) + 1] + vv)];jt = Function[r, (et ∗ Log[jp ∗ (l − r) + 1] + vv)];

Print[Evaluate[jt[0.2025]]];Print[Evaluate[jt[0.2025]]];Print[Evaluate[jt[0.2025]]];

jr =jr =jr =

Function[x,Function[x,Function[x,

((Evaluate[i[jp, et]]/(2 ∗ dm)) ∗ g[x]+((Evaluate[i[jp, et]]/(2 ∗ dm)) ∗ g[x]+((Evaluate[i[jp, et]]/(2 ∗ dm)) ∗ g[x]+
Log[Abs[(1− jp ∗ gamma ∗ (l − 1))/c[x]]]+Log[Abs[(1− jp ∗ gamma ∗ (l − 1))/c[x]]]+Log[Abs[(1− jp ∗ gamma ∗ (l − 1))/c[x]]]+

et ∗ Log[Abs[(1− jp ∗ gamma ∗ (l − 1))]])]; Print[Evaluate[jr[0.2]]];et ∗ Log[Abs[(1− jp ∗ gamma ∗ (l − 1))]])]; Print[Evaluate[jr[0.2]]];et ∗ Log[Abs[(1− jp ∗ gamma ∗ (l − 1))]])]; Print[Evaluate[jr[0.2]]];

ptablea = Table[{z, et ∗ Log[1− jp ∗ (z + (gamma ∗ (l − 1) + 1))]},ptablea = Table[{z, et ∗ Log[1− jp ∗ (z + (gamma ∗ (l − 1) + 1))]},ptablea = Table[{z, et ∗ Log[1− jp ∗ (z + (gamma ∗ (l − 1) + 1))]},
{z,−(gamma ∗ (l − 1) + 1),−1, 1/dstep}];{z,−(gamma ∗ (l − 1) + 1),−1, 1/dstep}];{z,−(gamma ∗ (l − 1) + 1),−1, 1/dstep}];
ptableb = Table[{x,Evaluate[jr[x]]}, {x,−1, 1, 1/dstep}];ptableb = Table[{x,Evaluate[jr[x]]}, {x,−1, 1, 1/dstep}];ptableb = Table[{x,Evaluate[jr[x]]}, {x,−1, 1, 1/dstep}];
ptablec = Table[{r,Evaluate[jt[r]]}, {r, 1, l, 1/dstep}];ptablec = Table[{r,Evaluate[jt[r]]}, {r, 1, l, 1/dstep}];ptablec = Table[{r,Evaluate[jt[r]]}, {r, 1, l, 1/dstep}];

Export[Export[Export[

ToFileName[ToFileName[ToFileName[

"C:\\Users\\online\\Documents\\Dissertation project"C:\\Users\\online\\Documents\\Dissertation project"C:\\Users\\online\\Documents\\Dissertation project

folder\\Pieces\\Code, data, and results\\rectificationfolder\\Pieces\\Code, data, and results\\rectificationfolder\\Pieces\\Code, data, and results\\rectification
paper figures\\concentration profiles\\gamma" <>paper figures\\concentration profiles\\gamma" <>paper figures\\concentration profiles\\gamma" <>
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ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>

"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>

ToString[l] <> "\\", "potentiala" <> ToString[jp] <> ".dat"],ToString[l] <> "\\", "potentiala" <> ToString[jp] <> ".dat"],ToString[l] <> "\\", "potentiala" <> ToString[jp] <> ".dat"],

ptablea, "Table"];ptablea, "Table"];ptablea, "Table"];

Export[Export[Export[

ToFileName[ToFileName[ToFileName[

"C:\\Users\\online\\Documents\\Dissertation project"C:\\Users\\online\\Documents\\Dissertation project"C:\\Users\\online\\Documents\\Dissertation project

folder\\Pieces\\Code, data, and results\\rectificationfolder\\Pieces\\Code, data, and results\\rectificationfolder\\Pieces\\Code, data, and results\\rectification
paper figures\\concentration profiles\\gamma" <>paper figures\\concentration profiles\\gamma" <>paper figures\\concentration profiles\\gamma" <>

ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>

"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>

ToString[l] <> "\\", "potentialb" <> ToString[jp] <> ".dat"],ToString[l] <> "\\", "potentialb" <> ToString[jp] <> ".dat"],ToString[l] <> "\\", "potentialb" <> ToString[jp] <> ".dat"],

ptableb, "Table"];ptableb, "Table"];ptableb, "Table"];

Export[Export[Export[

ToFileName[ToFileName[ToFileName[

"C:\\Users\\online\\Documents\\Dissertation project"C:\\Users\\online\\Documents\\Dissertation project"C:\\Users\\online\\Documents\\Dissertation project

folder\\Pieces\\Code, data, and results\\rectificationfolder\\Pieces\\Code, data, and results\\rectificationfolder\\Pieces\\Code, data, and results\\rectification
paper figures\\concentration profiles\\gamma" <>paper figures\\concentration profiles\\gamma" <>paper figures\\concentration profiles\\gamma" <>

ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>

"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>

ToString[l] <> "\\", "potentialc" <> ToString[jp] <> ".dat"],ToString[l] <> "\\", "potentialc" <> ToString[jp] <> ".dat"],ToString[l] <> "\\", "potentialc" <> ToString[jp] <> ".dat"],

ptablec, "Table"];ptablec, "Table"];ptablec, "Table"];

ivarray = Append[ivarray, {Evaluate[v[jp, et, f ]],Evaluate[i[jp, et]]}];ivarray = Append[ivarray, {Evaluate[v[jp, et, f ]],Evaluate[i[jp, et]]}];ivarray = Append[ivarray, {Evaluate[v[jp, et, f ]],Evaluate[i[jp, et]]}];
psarray = Append[psarray,psarray = Append[psarray,psarray = Append[psarray,

{Evaluate[v[jp, et, f ]],−((1 + et)/(1− et))}];{Evaluate[v[jp, et, f ]],−((1 + et)/(1− et))}];{Evaluate[v[jp, et, f ]],−((1 + et)/(1− et))}];

Clear[et, c, f, g, phi, values, cinv, ctable, ptablea, ptableb,Clear[et, c, f, g, phi, values, cinv, ctable, ptablea, ptableb,Clear[et, c, f, g, phi, values, cinv, ctable, ptablea, ptableb,
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ptablec, vv, jt, jr]), {jp, jmin, jmax,−jstep}]ptablec, vv, jt, jr]), {jp, jmin, jmax,−jstep}]ptablec, vv, jt, jr]), {jp, jmin, jmax,−jstep}]
ListLinePlot[ivarray,PlotRange->All]ListLinePlot[ivarray,PlotRange->All]ListLinePlot[ivarray,PlotRange->All]

ListLinePlot[psarray,PlotRange → All]ListLinePlot[psarray,PlotRange → All]ListLinePlot[psarray,PlotRange → All]

Export[Export[Export[

ToFileName[ToFileName[ToFileName[

"C:\\Users\\online\\Documents\\Dissertation project"C:\\Users\\online\\Documents\\Dissertation project"C:\\Users\\online\\Documents\\Dissertation project

folder\\Pieces\\Code, data, and results\\rectificationfolder\\Pieces\\Code, data, and results\\rectificationfolder\\Pieces\\Code, data, and results\\rectification
paper figures\\concentration profiles\\gamma" <>paper figures\\concentration profiles\\gamma" <>paper figures\\concentration profiles\\gamma" <>

ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>

"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>

ToString[l] <> "\\", "iv.dat"], ivarray, "Table"]ToString[l] <> "\\", "iv.dat"], ivarray, "Table"]ToString[l] <> "\\", "iv.dat"], ivarray, "Table"]

Export[Export[Export[

ToFileName[ToFileName[ToFileName[

"C:\\Users\\online\\Documents\\Dissertation project"C:\\Users\\online\\Documents\\Dissertation project"C:\\Users\\online\\Documents\\Dissertation project

folder\\Pieces\\Code, data, and results\\rectificationfolder\\Pieces\\Code, data, and results\\rectificationfolder\\Pieces\\Code, data, and results\\rectification
paper figures\\concentration profiles\\gamma" <>paper figures\\concentration profiles\\gamma" <>paper figures\\concentration profiles\\gamma" <>

ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>ToString[gamma] <> "\\membranediffusivity" <> ToString[dm] <>

"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>"\\membranecharge" <> ToString[num] <> "\\diffusion length" <>

ToString[l] <> "\\", "permselectivev.dat"], psarray, "Table"]ToString[l] <> "\\", "permselectivev.dat"], psarray, "Table"]ToString[l] <> "\\", "permselectivev.dat"], psarray, "Table"]

Clear[gamma, l, eta, eqnb, c, f, jmin, jmax, jstep, etamax, etastart,Clear[gamma, l, eta, eqnb, c, f, jmin, jmax, jstep, etamax, etastart,Clear[gamma, l, eta, eqnb, c, f, jmin, jmax, jstep, etamax, etastart,

cstart, cmin, cmax, dstep, jp, ivarray, psarray, et]cstart, cmin, cmax, dstep, jp, ivarray, psarray, et]cstart, cmin, cmax, dstep, jp, ivarray, psarray, et]
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