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ABSTRACT

Spanning Trails and Spanning Trees

Meng Zhang

There are two major parts in my dissertation. One is based on spanning trail, the other one is

comparing spanning tree packing and covering.

The results of the spanning trail in my dissertation are motivated by Thomassen’s Conjecture
that every 4-connected line graph is hamiltonian. Harary and Nash-Williams showed that the line
graph L(G) is hamiltonian if and only if the graph G has a dominating eulerian subgraph. Also,
motivated by the Chinese Postman Problem, Boesch et al. introduced supereulerian graphs which
contain spanning closed trails. In the spanning trail part of my dissertation, I proved some results

based on supereulerian graphs and, a more general case, spanning trails.

Let a(G), a/(G), k(G) and «’(G) denote the independence number, the matching number, con-
nectivity and edge connectivity of a graph G, respectively. First, we discuss the 3-edge-connected
graphs with bounded edge-cuts of size 3, and prove that any 3-edge-connected graph with at most
11 edge cuts of size 3 is supereulerian, which improves Catlin’s result. Second, having the idea
from Chvétal-Erdos Theorem which states that every graph G with «(G) > a@(G) is hamiltonian, we
find families of finite graphs | and ¥, such that if a connected graph G satisfies ' (G) > a(G) -1
(resp. ¥'(G) > 3 and @’(G) < 7), then G has a spanning closed trail if and only if G is not con-
tractible to a member of ¥ (resp. ). Third, by solving a conjecture posed in [Discrete Math. 306
(2006) 87-98], we prove if G is essentially 4-edge-connected, then for any edge subset Xy C E(G)
with |Xy| < 3 and any distinct edges e, ¢’ € E(G), G has a spanning (e, €’)-trail containing all edges

in X().

The results on spanning trees in my dissertation concern spanning tree packing and cover-
ing. We find a characterization of spanning tree packing and covering based on degree sequence.
Let 7(G) be the maximum number of edge-disjoint spanning trees in G, a(G) be the minimum
number of spanning trees whose union covers E(G). We prove that, given a graphic sequence
d = (d,dp,---,d,) (dy = d > --- > d,) and integers k, > k; > 0, there exists a simple
graph G with degree sequence d satisfying k; < 7(G) < a(G) < k; if and only if d, > k; and
2ky(n—1) < YL, d; < 2ky(n— 1| = 1)+ 2 Y  di, where I = {i : d; < k).
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Chapter 1

Introduction of Spanning Trails

1.1 Background

In this thesis, graphs considered are finite and loopless. We follow [6] for undefined terms and
notation. Let x(G) and k’(G) represent the connectivity and the edge connectivity of a graph G,
respectively. A graph G is nontrivial if [E(G)| > 0, and we write H C G to mean that H is a
subgraph of G. Let A C V(G) (resp. B € E(G)). Denote G[A] (resp. G[B]) be the induced
subgraph in G based on A (resp. B). An edge cut X of a graph G is essential if both components
of G — X are nontrivial. And G is essentially k-edge-connected if G is connected and does not
have an essential edge cut of size less than k. For a graph G, the line graph of G, denoted by L(G),
has E(G) as its vertex set, where two vertices in L(G) are adjacent if and only if the corresponding
edges in G are adjacent. A trail T is called a spanning trail if V(T) = V(G). If u,v € V(G) (resp.
u,v € E(G)), then T is called a (u, v)-trail if T starts with u and ends with v. Let g(G) be the girth
of G, which is the smallest circuit in G. Let K,, be the complete graph with n vertices, K, be the
complete bipartite graph with vertex bipartition |P;| = s and |P,| = t and P(10) be the Petersen
Graph. For a graph G and integer i > 1, let D;(G) = {v | dg(v) = i, v € V(G)} and d;(G) = |D;(G)|.
When G is understood, we write d; for d;(G). Let Eg(v) = {uv | uv € E(G),u € V(G)} and
Neg(v)={uluv e E(G),u € V(G)}. If U C V(G), then Ng(U) = |,y Nc(v)—U. If K is a subgraph
of G, then we also write Ng(K) for Ng(V(K)). When G is understood, we often omit the subscript

G in these notations.

By solving the famous Seven Bridge of Konigsberg problem in 1736, Leonhard Euler intro-
duced eulerian trails which contain each edge in a graph exactly once. The study of eulerian
graphs which contain closed eulerian trail as a subgraph always be a hot topic in graph theory.

On the other hand, there is another hot research direction called hamiltonian path which contains



each vertex in a graph exactly once. We call a graph hamiltonian if it has a closed hamiltonian
path. In 1965, Harary and Nash-Williams [23] found a strong relationship between dominating
eulerian subgraphs and Hamiltonian cycles in line graphs.

Theorem 1.1.1 (Harary and Nash-Williams, [23]) The line graph L(G) of a connected graph G is
hamiltonian if and only if G has a dominating eulerian subgraph and G ¢ {K,, K,, K »}.

And in 1986, Thomassen ([40]) posed a famous conjecture.

Conjecture 1.1.2 (Thomassen, [40]) Every 4-connected line graph is hamiltonian.

This conjecture remains open and many researchers worked on it. By definition, the line graph
L(G) is k-connected if and only if G is essentially k-edge-connected when L(G) # K,,. So Conjec-
ture 1.1.2 can be proved if we could prove every essential 4-edge-connected graph has a dominating

eulerian subgraph.

In 1977, motivated by the Chinese Postman Problem, Boesch, Suffel and Tindell [4] introduced
supereulerian graphs which contain spanning eulerian subgraphs, i.e. spanning closed trails.
One of the main supereulerian problems is to determine what kinds of graphs are supereulerian.
Boesch et al. indicated that this might be a difficult problem. Even when the graph are restricted to
planar graphs with maximum degree at most 3, Pulleyblank [38] showed that this problem is NP-
complete. After Boesch et al. posed supereulerian problem, many papers related to supereulerian
have been published. In 1979, Jeager [24] proved that

Theorem 1.1.3 (Jeager [24]) Every 4-edge-connected graph is supereulerian.

And since supereulerian graphs always have dominating eulerian subgraph, by using Theorem
1.1.1, supereulerian graphs can be applied to the study of Conjecture 1.1.2. So in the following
first three chapters of this thesis, we discuss the supereulerian graph and, a more general case,
graphs with spanning trails. The main method we will use is the Catlin’s Reduction Method.

1.2 Catlin’s Reduction Method

Let H be a subgraph of G. The contraction G/H is the graph obtained from G by identifying the
two ends of each edge in H and deleting the resulting loops. Let vy denote the vertex in G/H to
which H is contracted. Then H is the preimage of vy, denoted by H(vy).

Catlin [8] introduced the collapsible graphs and a strong relationship between collapsible
graphs and supereulerian graphs. Let O(G) = {v € V(G) | dg(v) is odd}. A subgraph H of graph
G is called collapsible if for any R C V(H) with |R| is even, then there exists a spanning subgraph



Sk such that O(Sg) = R. The reduction of G is the graph G’ by contracting all maximal collapsi-
ble subgraph of G. A graph G is reduced if G’ = G. By definition, each collapsible graph is
supereulerian. Catlin [8] improve Theorem 1.1.3.

Theorem 1.2.1 (Catlin [8]) Every 4-edge-connected graph is collapsible.

Theorem 1.2.2 (Catlin [8]) Let G be a connected graph, H be a collapsible subgraph of G and
let G’ be the reduction of G. Each of the following holds.

(i) G is collapsible if and only if G/H is collapsible.

(ii) G is supereulerian if and only if G/H is supereulerian.

(iii) G has a spanning trail if and only if G/H has a spanning trail.

(iv) Any subgraph of a reduced graph is reduced.

By Theorem 1.2.2, finding collapsible subgraph and the reduction of the graph become important
in the study of supereulerian problem.

In [7] and [10], Catlin et al. proved some useful results which can help us to find the graph
which is not reduced. Let F(G) be the minimum number of extra edges that must be added to G so

that the resulting graph has two edge-disjoint spanning trees (hence collapsible ([7])).

Theorem 1.2.3 Let G be a connected reduced graph. Then

(i) (Catlin [7]) If |V(G)| = 3, then F(G) = 2|V(G)| — |E(G)| — 2.

(ii) (Catlin [7]) Every cycle of G has length at least 4.

(iii) (Catlin [7]) 6(G) < 3.

(iv) (Catlin, et al. [10]) Either G € {K,, K»} U {Ky |t > 1} or F(G) > 3 and |E(G)| < 2|V(G)| - 5.

1.3 Main Results in Spanning Trail

In Chapter 3, we improve one of the Catlin’s result ([11]) to every 3-edge-connected graph G with

at most 11 edge-cuts of size 3 is supereulerian if and only if the reduction of G is not P(10).

In Chapter 4, we prove several results based on the supereulerian graphs with bounded inde-
pendence number or bounded matching number.

In Chapter 5, we prove a result based on spanning trail. That is if G is 4-edge-connected, then
for any edge subset Xy, C E(G) with |Xy| < 3 and any distinct edges e, ¢’ € E(G), G has a spanning
(e, €’)-trail containing all edges in X, which solves a conjecture posed in ([34]).



Chapter 2

On 3-edge-connected Supereulerian Graphs

2.1 Prerequisites

By Theorem 1.2.1, efforts to characterize supereulerian graphs have been within families of 3-
edge-connected graphs. Caltin and Lai ([11]) considered 3-edge-connected graphs with limited
number of 3-edge cuts. They proved the following:

Theorem 2.1.1 (Catlin and Lai [11]) Let G be a 3-edge-connected graph. If G has at most 10
edge-cuts of size 3, then exactly one of the following holds.

(i) G is supereulerian;

(ii) The reduction of G is P(10).

Theorem 2.1.2 (Catlin and Lai [11]) Let G be a 3-edge-connected graph. If G has at most 11
edge-cuts of size 3, then exactly one of the following holds.

(i) G is supereulerian.

(ii) The reduction of G is P(10).

(iii) The reduction of G is a nonsupereulerian graph of order between 17 and 19, with girth at least
5, with exactly 11 vertices of degree 3 and 1 vertex of degree 5, and with the remaining vertices

independent and of degree 4.

It has been a question whether graphs stated in Theorem 2.1.2 (iii) exist or not. In this chapter, we
settle this problem by showing that no such graphs exist.

Theorem 2.1.3 Let G be a 3-edge-connected graph. If G has at most 11 edge-cuts of size 3, then
the following are equivalent:

(i) G is supereulerian.

(ii) The reduction of G is not P(10).



Our proof depends on a new sufficient condition for a graph to be supereulerian. Let  denote
the collection of all connected graphs satisfying each of the following.
(F1) ds(G) = 1, d3(G) =11,
(F2) 3 <46(G) < AG) <5,
(F3) g(G) =5,
(F4) no edge of G joins two vertices of even degree in G.

The following associate result plays an important role in our proof of Theorem 2.1.3.

Theorem 2.1.4 IfG € 7 , then G is supereulerian.

2.2 The Proof of Main Theorem

Before proving Theorem 2.1.3, we will provide some useful theorems. By Theorem 1.2.3, we can

prove that
Corollary 2.2.1 If G is a connected reduced graph, then 2F(G) = 3d,+2d,+d3— ), j»5(j—4)d;—4.

Proof. As [V(G)| = X ;51 d; and 2|E(G)| = X5, jd;, by Theorem 1.2.3, we have 2F(G) = 3d, +
2d2+d3—zj25(j—4)dj—4. O

Theorem 2.2.2 (Catlin and Lai [11]) Let G be a 3-edge-connected graph with F(G) = 3. If G is
nonsupereulerian and reduced, then each of the following holds.

(i) G has no edge joining two vertices of even degree;

(ii) (G) = 5;

(iii) G has no subgraph H with «'(H) > 2 and F(H) = 2.

Lemma 2.2.3 Let G be a 3-edge-connected nonsupereulerian reduced graph with F(G) = 3. Then
every edge-cut of size 3 is not an essential edge-cut (i.e. the number of edge-cut of size 3 is equal
to d3(G)).

Proof. Let X C E(G) be an edge-cut of size 3, and H, and H, the two components of G — X. By
Theorem 1.2.2 (iv), H; and H, both are reduced. Then by Theorem 1.2.3,

F(G) 2lV(G) - |E(G)| -2
2(VHDI + [V(H)D) — (IE(HD| + [E(H)| + |X]) - 2
2\lV(H)| = |[E(H)| =2+ 2|V(Hy)| = |[E(H)| =3

= FH)+F(Hy) -1

and so F(G) + 1 = F(H,) + F(H,). Since F(G) = 3, min{F(H,), F(H,)} < 2, (say F(H,) < 2).
By Theorem 1.2.3, H; € {K;, K, K,,(t > 1)}. If H, = K, then X is not an essential edge-cut. If
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H, = K, or H = K;, then vertex of degree 2 will appear, contrary to «'(G) > 3. Hence H, = K3,
(t = 2). Since K,, (¢t > 2) contains Cy, this is contrary to Theorem 2.2.2(ii). This completes the
proof of lemma. O

Now we are able to prove Theorem 2.1.3.

Proof of Theorem 2.1.3. Let G’ be the reduction of G. By Theorem 1.2.2, it suffices to show
that G’ either is supereulerian or is P(10). We shall show that G is contractible to P(10) with the
following assumption:

G’ is not supereulerian. 2.1)

Since G has at most 11 edge cut of size 3, G" has at most 11 edge cut of size 3. Thus d3(G") <
11. Since «'(G") > K (G) = 3, d1(G") = d,(G") = 0. By Corollary 2.2.1, we have

2F(G") = 3d\(G") +2d,(G") + d5(G”) — Z(j -4)d(G') -4 =ds(G') - Z(j -4d(G')-4. 2.2)

=5 j=5

By (2.2) and by d5(G") < 11, F(G') < 3. If F(G") < 2, then by Theorem 1.2.3, G’ €
{Ki, K>} UKy, |t > 1) By (2.1), G' # Kj, and so G' € {Ky} U{K,, | t > 1}, contrary to the
fact that '(G”) > 3. Hence F(G’) = 3.

In the rest of the proof, we will write d; for d;(G’), j > 1. By (2.2) and by F(G’) = 3,

10=ds - > (j— 44, (2.3)

25
Thus 11 > d; > 10. If d3 = 10, by Lemma 2.2.3, G’ has exactly 10 edge-cuts of size 3. Hence
by Theorem 2.1.1, G" = P(10). If d3 = 11, then by (2.3),ds = 1,d; = O and j > 6. Thus
V(G") = D3(G") U D4(G") U D5(G"). Then by Theorem 2.2.2, G’ € ¥. Thus by Theorem 2.1.4, G’

is supereulerian, contrary to (2.1). This completes the proof of Theorem 1.3. O

2.3 Graph Classification

Let G € ¥ be a graph. Throughout this section, we always use w € V(G) to denote the unique
vertex of degree 5. Let H be the subgraph induced by the vertices of distance at least 2 from w
in G and Gy = G — E(H). Define S = Nw) N Dy(G), T = Nw) N D3(G), S1 = Uues N() — w,
T, = (UyerN(v)) N D3(G) and T, = (Uyer N(v)) N Dy(G). Let W = V(H) — (S, U T, U T3), and let
a = |D3(G) N W|and b = |D4«(G) N W|.

Lemma 2.3.1 With the notations above, each of the following holds.
(i) Nw)=S UT.



(ii) V(Go) = V(G) and E(Go) = UesurE(w).

(iii) Yu,v € S UT withu # v, Nu) N N(v) —w = 0.

(iv) Gy is acyclic.

(v)(S1UT,UT,) CV(H)and S| C D3(G).

(vi)|S1] = 3|S| and |T| + |T>| = 2|T|.

(vii) d3(G) = |S1| + |T| +|T | + a and d4(G) = |S| + |T>| + b.

(viii) |[E(H[V(H)ND3(G)D)| = 5((3a+2(1S|+|T1))—(4b+3|T|)), and 4b+3|T5| < 3a+2(|S 1|+|T})).

Proof. (i) follows from (F1) and (F2). The definition of H implies (ii). (iii) and (iv) follow from
(F3) and (v) follows from (F4). Since S C D4(G)and T C D3(G), foreveryu € S, [N(u)NV(H)| =3
and for every v € T, IN(v) N V(H)| = 2. These imply (vi).

By the definitions of S|, 7| and T, and by (F3), it is mutually disjoint between S |, T and 7.
Then direct computation yields (vii). By the definition of H, |V(H)| = a+ b +|S |+ |T:| + |T|. Let
H, = H[V(H) N D3(G)]. Then counting }, .y, dc(v) in two different ways, we obtain

3a+3(S1| +1Th]) = Z do(v) = 2IE(H)| + |S1| + |T1| + 4b + 3T,

veV(Hy)

and so (viii) follows. O

By (F1), 11 = d5(G) = 3IS| + |T| + |IT1| + a = 3IS| +|T| = 3|S| + 5 — S|, and so

IS| < 3, where |S| =3 only if |T| + a = 0. 2.4)
Throughout this section, let
S = {ul,uz,...,u|5|} (25)
Nw)NV(H) = {wsip, wii_i, w3}, where 1 <i <|[S]
T = {vl’v29---a V5—|S|}
Nv)NV(H) = {w3spj-1,W3sp2j}, where 1 < j<5—|S|=1T].

As|S|<3,3|5|+2(5—1S|) < 13. By (F3),
w; # wjifand only if i # jfor 1 <i, j < 13. (2.6)
Lemma 2.3.2 G must be one of 8 possible graphs.

Proof. By (2.4), |S| < 3 and so we can analyze cases when |§| takes different values.
Case 1|S| = 3.

Then |T| =2. By (2.4),|T1|+a =0. As d3(G) = 11, D3(G) =T US| and |T| = 2|T|—|Ty| = 4.
By Lemma 2.3.1 (viii), 0 < b < 1. If b = 1, then V(G) N W N D4(G) has a vertex z. Since

7



G |n |S S T T | Ty UT, al|b
Gy | 20 | {uy, uo} {wi, wa, Wb | {vi,v2, v3} 0 {wr,wg, -+, Wi} 210
Gy | 19 | {ug, uz, us} | {wi, wo, swob | {vi, va} 0 {wios wit, wiz,wiz} | 01 0
Gs | 19 | {u1, us} wi,wa, -, we} | {vi, vz, v3} 2 [ {wg,wg, e ,wpb |01
Gy | 19 | {ur, us} wi,wa, -+, we} | {vi,v2, v3} 1 {wr,wg,---,wi} | 1]0
Gs | 18 | {u1,ux} wi,wa, -, we} | {vi,v2, v3} 2 | {wy,wg,oe,wpb |00
Ge | 18 | {u1} {wi, wa, wa} {vi,v2,v3, 14} 3 [ {wg,ws,ooo,wnt |10
Gy | 17 | {u} {wi, wa, wa} {vi,v2,v3, 14} 4 | {wg,ws,ooo w00
Gg |16 |0 ] {(vi,v2,v3,v4,v5} | 6 {wi,wa,---,wio} 010

Table 2.1: The graphs G;, (1 <i < 8)

|T| = 0 and by (F4), N(z) € S;. Since dg(z) = 4, [IN(z) " N(i;)| > 2 for some i € {1, 2,3}, whence
G[(N(z) N N(u;)) U {z, u1}] induces a Cy4, contrary to (F3). Therefore in Case 1, b = 0, and so there
is only one possible graph, called G,, as presented in Table 2.1.

Case 2 |S| =

As d;(G) = 11,|Ty| =11 = |T| - |Si1|l—a=2—-aand |T,| = 6 — (2 —a) = 4 + a. Then by
Lemma 2.3.1 (viii), 4b + 3(4 + a) < 3a + 2(6 + 2 — a), and so, a + 2b < 2. Therefore, there will
be 4 different possible graphs in this case. Let G, G3, G4, G5 denote such a graph when a = 2 and
b=0,orwhena =0and b =1, orwhena =1and b = 0, ora = 0 and b = 0, respectively, as
presented in Table 2.1.

Case 3 |S| = 1.

In this case, |Ty| =11 - |T|-|Si|—-a=4—-aand |T,| =8 - (4 —a) =4+ a. By Lemma 2.3.1
(viii), 4b +3(4 +a) < 3a+2(3 +4 —a), and so a + 2b < 1. Let G¢, G7 denote such a graph when
a=1and b =0, or when a = 0 and b = 0, respectively, as presented in Table 2.1.

Case 4 |S| =

Then S =8, =0. Againby d5(G) = 11, |T| = 11-|T|-|S|-a = 6—aand |T,| = 10—(6—a) =
4 + a. Then by Lemma 2.3.1 (viii), 4b +3(4 +a) < 3a+2(0+6—a),and soa = 0 and b = 0. Thus
there is one such graph, denoted by Gg, as presented in Table 2.1.

Summing up, we list the 8 possibilities of G in the following Table 2.1, with n = |V(G)|. This
proves the lemma. O

Throughout the rest of this section, the graphs G; (1 < i < 8), will be these graphs defined in
Table 2.1.

Lemma 2.3.3 If G € {G,,G3,Ge, Gs), then |[E(H[V(H) N D3(G)])| = 0 and 4b + 3|T,| = 3a +



201841 + [T ]).

Proof. By Lemma 2.3.1 (viii), it suffices to show that 4b + 3|T,| = 3a + 2(IS 1| + |T4])-

IfG=G,,thena=2,b=0,|T;|=0and|S,| = 6. By Lemma 2.3.1(vi), |T,| = 2|T| = 6. Thus
4b + 3|T5| = 18 = 3a + 2(|S1| + |T|). If G = G5, thena =0,b =1 ,|T}| =2, |T,| =4 and |S,| = 6.
Thus 4b + 3|T5| = 16 = 3a + 2(|S,| + |T1|). If G = G, thena =1,b =0, |T,| = 3, |T»| = 5 and
IS1] = 3. Thus 4b + 3|T,| = 15 = 3a + 2(IS1| + |T1]). f G = G, thena=b =0, |T|| =6, |T,| = 4
and |S ;| = 0. Thus 4b + 3|T,| = 12 = 3a + 2(|S 1| + |T1]). O

Lemma 2.3.4 G # G;.

Proof. Suppose G = G3. Then as shown in Table 2.1, Gy is isomorphic to G in Figure 1. Thus
S =A{u,u}, S1 = {wi,wo,wy,wy,ws,wel, T = {vi,vo,v3},a =0,b =1, |T| =2and |T,| = 4.
Denote the vertex of degree 4 in V(G3) N W by x. If the two vertices in 7 have one common
neighbor in 7' (say v; € N(w7) N N(wg), and so T = {w7, wg}), then by (F4), N(x) € S, UTj. Since
IN(x)| = 4, either Ty € N(x), whence G[{vy, x} U T;] contains a 4-cycle, contrary to (F3); or for
some i = 1,2, IN(x) N N(u;)| > 2, whence G[(N(x) N N(u;)) U {x,u;}] has a 4-cycle, contrary to
(F3). Hence by symmetry, we may assume that 7, = {w7,we}. By (F3) and (F4), w;,wg € N(x),
wg € N(wy) and wig € N(w7), and so Nyg(wy1) €S = N(u;) U N(u»). Since wy, € D5(H), then for
some [ € {1,2}, [INg(wi1) N N(u;)| > 2, and so G{w;,u;} U (Ng(wi1) N N(u;)) contains a 4-cycle,
contrary to (F3). ]

Lemma 2.3.5 G # Gg.

Proof. Suppose G = G¢. Then as shown in Table 2.1, Gy is isomorphic to G in Figure 1. Thus we
have S = {1}, S1 = {wi,wo,w3}, T = {vi,vs,v3,1s},a=1and b = 0. Then |T;| = 3 and |T5| = 5.
Denote the vertex of degree 3 in V(Gg) N W by x. By Lemma 2.3.3, |[E(H[V(H) N D3(G)])| =
|E(Gg[S1 U T DI =0, and so Ny(w) U Ng(wz) U Ng(w3) C T».

By (F3), Nu(w;) " Ng(w;) = O foralli # j,1 <i<3,1 <j<3,andso |[Ny(wi)U Ng(wy) U
Nyg(w3)| = 6, contrary to the fact that |T,| = 5. O

Lemma 2.3.6 G = G,.

Proof. Assume that G = G7. Then as shown in Table 2.1, G is isomorphic to G, in Figure 1. Thus
we have § = {u;}, S1 = {wi,wao, w3}, T = {vi,va,v3,va}and a = b = 0. Then |T,| = 4 and |T,| = 4.
By (F4) and Lemma 2.3.1(viii), |[E(G7[S]UT,)| = |E(H[V(H)ND5(G)])| = %((3a+2(|51|+|T1|))—
(4b + 3|T|)) = 1. By (F3), Ny(w;) N Ny(w;) = 0 for any i # j (i,j € {1,2,3}). As in this case,
{wi, wa, w3} C D,(H), and so |[Ng(w;) U Ng(w,) U Ng(ws)| = 6. Since |E(G7[S]UT))| = 1, we
have [(Ny(wi) U Ng(wz) U Ng(w3)) N Ty| < 1, and so [(Ng(wy) U Ny(wa) U Ng(ws)) N To| > 5 by
Ny(wy) U Ng(wy) U Ny(ws) € Ty U T, contrary to the fact that |T5| = 4. O
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Lemma 2.3.7 If G = Gy, then G is supereulerian.

Proof. Suppose G = G. We use the notation in Table 2.1 for G;. Asa = 2, let D;(G)N'W = {x, y}.
By Lemma 2.3.3, E(G[S; U {x,y}]) = 0. Hence N(x) U N(y) C T, = {w7, wg, wg, Wig, W11, W12}

If N(x) " N(y) # 0, then there is a vertex in 7, (say w;) which is adjacent to neither x nor
y. Hence Ny(w;) € S;. Since vertex w; has degree 3 in H, C4, must be induced. Therefore
Nx) NN@y) =0.

Without loss of generality, by (F3) we may assume that x € N(w7) N N(wg) N N(wq;), and
y € N(wg) N N(wyp) N N(wyz). Thus [N(w7) N S| = [N(wg) N S4| = 2. By (F3), without loss of
generality, we may assume that w; € N(wy) N N(w4) and wg € N(w,) N N(ws). Hence |[N(w3) N
{wo, wio, wit, wiall = [N(we) N {wo, wig, Wi, wi}| = 2. By symmetry and by (F3), we may also
assume that w3 € N(wg) N N(wq;) and wg € N(wyg) N N(wyp).

By the assumptions above, we got a graph G| = G[E(Go) U {xw7, xwg, Xwy1, yws, YWig, YW12,
WiW7, WaW7, WoWwg, WsWg, WiWg, W3W11, WeWio, W6W12}] (see Figure 1) Then G,l 1S a spanning
subgraph of G. Since G| — {wv, wvy, wvs, wawi, Wewia, Xwg, ywjo} is a spanning eulerian subgraph
of G}, G is supereulerian. m|

Lemma 2.3.8 If G = G,, Then G is supereulerian.

Proof. Suppose G = G,. We use the notation in Table 2.1 for G,. Then T = (), and so by Lemma
2.3.1(vi), T, = {wio, W11, Wi2,wi3}. Asa =b =0,3a+2(S|+|T1]) —4b + 3|T5| = 18 = 12 = 6,
and so by Lemma 2.3.1 (viii) and by (F4), |[E(G[S ]| = 3. Let H; = H — E(G[S]).

By (FB), g(G) > 5, and so NHl(WIO) N NHl(Wll) = ( and NHI(WIZ) N NHI(WB) = (. Let
P = Ny,(wi9) U N, (wi1) and Q = Ng,(wi2) U Ny, (w13). Then by (F4),

PUQCS,. 2.7)

As {wig, wi, wia.wizt © D3(Hy), [INg,(Wio)l = [Nugy(wi)l = |Ng,(wi2)l = [Ng,(wi3)| = 3. Thus
|P| = |Q| = 6. If |[PNQ| > 5, then Ny, (wy9) € (PNQ) or Ny, (wi1) € (PNQ). We suppose Ny, (wyg) C
(PN Q). By [Ny, (wip)|l = 3, wio has two neighbors in some member of {Ny, (w12), Ny, (w13)}, say in
Np,(w12). Thus the two neighbors and {wo, w2} together induce a 4-cycle in G, contrary to (F3).
fIPNQl<2,then|PUQ|>10>9 =S|, contrary to (2.7). Hence 3 < |P N Q| < 4.

Casel |PN Q| =4.

Since [P N Q| =4 and |S| = 3, for some u; € S, |(P N Q) N N(y;)| > 2. Hence we may assume
that wi,wy € (PN Q) N N(uy). By (F3), Ny,(w1) N Ny, (w2) = 0. As {w;,wo} € (PN Q)N Dy(H),
we have [Ny, (wi) N {wio, wit}l = [Nu,(w1) N {wiz, wiz}l = 1 and [Ny, (w2) N {wio, wit}l = [Ng,(w2) N
{wi2, wi3}| = 1. Hence by Ny, (W) NNy, (W) = 0, {wig, w11, Wiz, wiz} © Ny, (W1)UNg, (w,). Without
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loss of generality, assume that {w;w;g, wiwia, wowiy, wowisz} € E(G,). By symmetry and (F3), we
may further assume {W10W4,W10W7,W11W5,W11W3} - E(Gg) As |P U Ql = |P| + |Q| - |P N Ql =
8 <9 = |Sll and by (27), |Sl - PU Ql = 1. If w3 € PU Q, then by {WIO,W119W12,W13} -

Np,(w1) U Ny, (wy), for some i € {10, 11,12, 13}, IN(w;) N Ny, (u1)| = 2, say [N(wip) N N, (u)| > 2.
Then G[{u;, wio} U (N(wip) N Ny, (41))] contains a 4-cycle, contrary to (F3). Therefore ws ¢ PU Q.

It follows that either wg € N(wj,) and wy € N(wy3) or we € N(wy3) and wg € N(wyp). By
symmetry, we assume wg € N(wyz) and wy € N(w;3). Thus w3 must be adjacent to one of vertices
wy, ws and we. The proofs for each of these subcases will be similar, and so we shall only prove

the case when wyw, € E(G) and omit the others.

Let G, = Go +H{wiwio, Wiwia, WaWii, Wawi3, WigWa, WigW7, WiiWs, Wi Wg, WeW12, WoW13, W3W4}
(see Figure 1). Then G is a spanning subgraph of G. As G, — {wv,, viwig, Wwiwiz, Wowy3} is a

spanning eulerian subgraph of G’,, G is supereulrian.
Case2 |PN Q| =3.

By 27)and |[PU Q| =|P|+|0|-I1PN QO =9 =|S:, PUQ =S84, and so A(G,[S]) = 1.
Let PU Q = {z1,22,z3}. Hence {Ny,(21), Nu,(22), Nu, (z3)} € {{wi0, wiz}, {wio, wizh, {wir, wial,
{wi1, wis}}. By symmetry, we may assume Ny, (21) = {wi0, Wiz}, Ng,(22) = {wi0, wi3} and Ny, (z3) =
{(wi,wio}. Let G = Go + E(H;). Then G} is a spanning subgraph of G. (An example with
71 = Wi,20 = Ws,23 = wy is shown in Figure 1). By |E(G,2[S])| = 3 and A(G,[S:]) = 1,
O(GY) = {w,vi, v2,21,22, 23} It follows that GJ — {wvy, z1wio, 2oWi0, 23Wi2, VaWi2} 1S a spanning

eulerian subgraph of G/, and so G is supereulrian. O

Lemma 2.3.9 If G = Gy, then G is supereulerian.

Proof. Suppose G = G4. We use the notation in Table 2.1 for G4. Asa = 1, let D3(G) N W = {x}.
Since |T| = 1, by Lemma 2.3.1(vi), |T»| = 2|T| — |T;| = 5. Without loss of generality, let T} = {w;}
and so T, = {wg, wg, wig, w11, wi2}. By Lemma 2.3.1(viii), |E(G4[S | U {w7, x}])| = 3a + 2(|S | +
|T|) —4b + 3|T,| = 1. Let E(G4[S | U {w7, x}]) = {e}.

Case 1 x is not incident with e.

Since E(G4[S1 U {w7,x}]) = {e}, x is an isolated vertex in G4[S; U {w7, x}] and so N(x) C
T,. If N(x) € T, — {wg}, then by |[N(x)| = 3, for some i € {2,3}, [N(v;) N N(x)| > 2, and so
Gl{x,v;} U (N(v;) N N(x))] has a 4-cycle, contrary to (F3). Hence x € N(wg). Without loss of
generality, we may assume x € N(wgy) N N(wyy).

Thus by (F4), Ny(wi9) € S1U{w;}. If Ng(wyo) € S, then as |[Ny(wyo)| = 3, for some i € {1, 2},
IN(u;) N Ng(wyo)l = 2, and so G[{u;, wio} U (N(u;) N Ny(wio))] has a 4-cycle, contrary to (F3).
Hence wyy € N(w7). Similarly, wi, € N(w7). Since [Ny(wg)| = 3, wg ¢ N(w;) and x € Ny(wg), we
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Ny(ws)isin | G has a 4-cycle in
Wo, Wig G[{ws, wg, wig, v2}]
Wo, W11 G[{ws, wg, w1y, x}]
W9, W2 G[{ws, wg, wiz, wa}]
W10, W11 G[{ws, wig, w11, ws}]
wio,wi2 | G[{ws, wig, wiz, wr}]
Wii, Wi2 G[{ws, wir, wiz, v3}]

Table 2.2: Possible 4-cycles in G

have [Ny(wg) NS | = 2. Then by (F3), wg must be adjacent to one vertex in {w, w,, ws} and to one
vertex in {wy, ws, wg}. Thus we may assume wg € N(w;) N N(wy). Since e cannot be incident with
two vertices in {wy, wp, w3}, with wg € N(wy), one of {w,, w3} must be adjacent to two vertices in
{wg, wig, w11, wi2}. Similarly, one of {ws, we} must be adjacent to two vertices in {wg, wig, W11, Wiz }.
Without loss of generality, let [N(w,) N {wg, wig, w11, wia}| = IN(ws) N {wg, wig, w1, wia}| = 2. By
(F3), {Ng(W2), Nu(ws)} = {{wo, wia}, {wio, wi1}} and Ny(wy) # Nyu(ws). By symmetry, we assume
{wowg, Wawio, wswig, wswi1} C E(Gy4). Note that Ny(ws) N {w7, wg} = 0 and Ny(wg) N {w7, wg} = 0.

Under these assumptions, we shall show e = wiwg. If Ny(ws) C {wg, wig, wi1, w12}, then
Nu(w3) € {{wo, wio}, {wo, wir}, {wo, win}, {wio, wii}, {wi0, win}, {wi1, wia}} by [Ng(w3)l = 2. In any
case, G would have a 4-cycle (see Table 2.2), contrary to (F3). Hence, by Ny(ws3) N {w;, wg} = 0,
INg(W3)N{wa, ws, we}| = 1. If INg(w3)N{wy, ws, wel| = 2, then G[N(w3)NN(u,)U{ws}] contains a 4-
cycle, contrary to (F3). Hence |[Ny(w3) N {wg, ws, we}| = 1. By symmetry, |[Ny(we) N {wy, wo, wi}| =
1. As {e} = E(G{[S| U {wry, x}]), we have e = wzwy.

Let G = Go + {xws, xwo, XWi1, WiWi0, WiW12, WIWSs, WaWs, WaWo, WaWi2, WsW1g, WsWi1, W3We}.
Thus we obtained a spanning subgraph G of G4 (see Figure 1). Since G, — {wv;, wva, wvs, wywyq,

WsWi1, WaWi2, XWg} 1S a spanning eulerian subgraph of G/, G4 is supereulerian.
Case 2 x is incident with e.

If e = xwy, then as |[E(G[S1 U {w7, x}D| = 1, Nu(wi) U Ng(wz) U Ny(ws) C {wg, wg, wio,
w11, wia} and by g(Gy) > 5, Ny(w;)) N Ny(w;) = 0 (i, j € {1,2,3} and i # j). Hence |Ny(w;) U
Ny (w2) U Ng(ws)| = 6, contrary to Ny(wi) U Ny(wa) U Ng(ws) C {wg, wg, wig, wii, wiz}. Therefore
x ¢ N(w7) and so |[N(x) N S| = 1. Thus by (F3), for every v € {wg, wyg, wig, w11, W12}, Ng(v) N
{x,w;} # 0. Therefore, {wg, wg, wig, w11, w2} € Ngy(x) U Ny(wy), and so |[Ny(x) U Ng(w7) N
{wg, wo, wig, wir, wip}| = 5. But as dy(x) = 3, dy(w7) = 2 and [Ny(x) N Sy| = 1, [(Nu(wy) U

Ny (x)) N {wg, wo, wig, wi1, wia}| < 4, contrary to |[Ny(x) U Ng(w7) N {wg, wo, wig, Wi, Wi2| = 5. O

Lemma 2.3.10 If G = Gs, then G is supereulerian.
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Proof. Suppose G = Gs. We use the notation in Table 2.1 for Gs, and so S = {uj,uy}, S =
{wi,wa, wa, wy, ws,wel, T = {vi,va,v3} and a = b = 0. Since |T1| = 2, by Lemma 2.3.1(vi),
|T>| = 2|T|—|T;| = 4. By Lemma 2.3.1(viii), |E(G5[S1 U T ]| = 3a+2(1S | +|T1]) —4b + 3|T>| = 2.
Denote E(Gs[S| U T1]) = {e1,ex}. As |Ty| = 2, we may assume that 7y = {w;,w’}, for some

w € {Wg, W9, ..uy le}.
Case 1w € N(v;). Then w' = wy.

Without loss of generality, we may assume that wy, wy and w; € N(wy), and that w;, ws
and wg € N(wyo). Then each of w;; and w;, must be adjacent to one in {w;, wg}. By symmetry,
assume wywq, wgwin € E(Gs). As wo,wy; € N(wy) and as wyg, wio € N(wg), both of e; and e,
can only be adjacent to vertices in S ;. By (F3), g(Gs) > 5, and so ¢; is not adjacent to e,. Since
Ny(wg) = {wyi,wy, w7} and Ny(wyg) = {w,, ws, wg}, each of ws and wg is adjacent to at least one
in {wy;,wi2}. Thus we may assume that wiw;, wew, € E(Gs) (The proofs for the other cases

wiwia, WeWi1 € E(Gs) or wawi1, wewi1 € E(Gs) or wawia, wewia € E(Gs) are similar).

Let G = Go+{w1wg, wawg, wwg, Wawig, WsWig, WgW1ig, WiW11, WgWi2, Wawi, Wewi2}. Then G
is a spanning subgraph of G5 (see Figure 1). Since G{ — {wv, wvy, wvs, wywyy, wgwia} is a spanning

eulerian subgraph of G2, Gs is supeuelerian.
Case 2 w' ¢ N(v;). Thus we may assume that w’ = wy.

Then by (F3), wgwy, wiow; € E(Gs). By symmetry, each of wy; and w;, must be adjacent
to one in {wy, wo}, to one in {w;, w,, w3} and one in {wy, ws, we}. Without loss of generality, we
assume vertex wy,wy and wy € N(wyy), and wa,ws and wg € N(wyp). Let G = G + {wgwo, wywio,

WiW11, WaW11, WiW11, WaoW12, W5W12, W9W12}. Thus G;’ isa spanning subgraph G5 (see Figure 1)

As Ny(wy7) = {wio, wii} and Ny(wo) = {ws, win}, E(Gs[S]1 U T)) = E(Gs[S]). By (F3),
A(G5[S 1] = 1. Since Ny(wy1) = {wi,ws, w7} and Ny(win) = {wo, ws, we}, each of ws and wyg
is adjacent to wg or wyg. If {wswyg, wews} C E(Gs), (or similarly, {wswg, wew1o} C E(Gs)), then
GY + {wswig, wews} — {wvi, wyva, wyz, wgwo, wywio} is an eulerian subgraph of G7' + {wszwyo, wews}

which spans Gs, and so G5 is supereulerian.

If {wswg, wgwg} C E(Gs), (or similarly, {wswip, wewio} C E(Gs)), then G’Sl + {w3swg, wewg} —
{wv3,vyiw7,1awo} is a spanning eulerian subgraph of G7 + {wswg, wswg} that spans Gs, and so Gs

must be supereulerian. O

Lemma 2.3.11 If G = Gg, then G is supereulerian.

Proof. Suppose G = Gg. We use the notation in Table 2.1, s0 S = 0 and T = {vy, v, v3, V4, vs}. By
Lemma 2.3.3, |E(H[V(H) N D;(G)]) = 0, and so

H is a bipartite graph with a vertex bipartition (T, 7). (2.8)
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By (F3), forany i with 1 <i <5,

Nu(waiz1) N Np(wy) = 0. (2.9)

Without loss of generality, assume that wg, wig € T,. Define
T"={veT:NyQk) T,

If|T’| > 2, as |Ty| = 6 and |T,| = 4, we may assume {w;, wg, wg, wio} = T». By (F3) and (2.8),
Nu(Ww7)UNg(wg) = {w, wa, w3, wa, ws, we} = Ng(wo) UNp(wio), INg(W7)| = |Ng(ws)| = |Nu(wo)| =
INy(wig)l = 3 and Nyg(w7) N Ny(wg) = Nu(we) N Ny(wyg) = 0. It follows that either [Ny(w;) N
Ny(wo)| = 2 or |[Ny(w;) N Ny(wyo)| = 2, forcing Gg to has a 4-cycle, contrary to (F3). Hence
7" < 1.

Casel. |T’| = 1.

We may assume that 77 = {vs}, and so by symmetry, assume that 7, = {wg, wg, wg, wio}.
By (2.9) and (F3), we have that Ny(wy) U Ny(wyg) = {wi, wa, ws, Wy, ws, w7}. By symmetry, let
{wiwg, wiwg, wswy} C E(Gy), it follows {wowig, wawig, wiwio} C E(Gg). By (F3), wew7, wswg €
E(Gs). Let Gg = Go+{wwg,w3wg, Wswg, WaWig, WaW1g, WiW19, WeW7, wswg}. Thus Gy is a spanning
subgraph of Gg (see Figure 1). Since G§ — {wvy, wvy, wyvs, wswo, wovs, wyvy} 1s eulerian, Gg is
supereulerian.

Case 2. |T’| = 0.

Then we may assume that 7, = {w4, we, wg, wio}. By (2.9) and by symmetry, we may assume
that {wywg, wiwe, wowsg, wowyo} C E(Gg). As wg, wig € N(w,), by (F3), ws ¢ N(wg) N N(wyp), and
so wiwg € E(Gg). Similarly, waws, wiwig, wgwg € E(Gg). Let Gy = Go + {wiwy, wiwg, wows,
WaWi0, W3We, WaWs, wiwig, wgwol. Thus G¢ is a spanning subgraph of Gg (see Figure 1). As

WV3WsW4aVa W3WeW Vi WawioW7Vawgwovsw is a Hamilton cycle of G¢, Gg is supereulerian. O

Both Theorem 2.1.1 (Theorem 3.12 of [11]) and Theorem 2.1.3 in this paper raise the following
a question: if G is a 3-edge-connected graph and if the number of 3-edge-cuts of G is k, what is
the largest value of k such that every 3-edge-connected graph G with at most k edge-cuts of size 3
is supereulerian if and only if G cannot be contracted to P(10)? Theorem 2.1.1 says that £ > 10
and in this paper we prove k > 11. However, since either of the two Blanusa snarks (see [3] or
[18]) is 3-edge-connected and nonsupereulerian, has exactly 18 edge-cuts of size 3, and cannot be
contracted to P(10), we kave k < 17. We conclude this section by conjecturing that k = 17.
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Chapter 3

Chvatal-Erdos Like Conditions

3.1 Prerequisites

Let a(G), a/(G) be the independence number, the matching number of a graph G, respectively.
Motivated by a well-known result of Chvétal and Erdos ([19]) that every graph G with k(G) > a(G)
is Hamiltonian, there have been researches on conditions analogous to this Chvatal-Erdés Theorem
to assure the existence of spanning trials in a graph utilizing relationship among independence
number a(G), matching number @'(G) with edge-connectivity «’(G) and connectivity «(G). See
[1], [22] and [27], among others. Let K»53(1,2,2), 512, K 5 be the graphs depicted in Figure 2. The

following are proved.

Theorem 3.1.1 (Han, Lai, Xiong and Yan [22]) Let G be a simple graph with k(G) > 2. If k(G) >
a(G) — 1, then exactly one of the following holds.

(i) G is supereulerian.

(ii) G € {P(10), K33, K25(1,2,2),8 12, K3 3.

(iii) G is a 2-connected graph obtained from K, 5 (resp. S 1 2) by replacing a vertex whose neighbors

have degree three in K, 3 (resp. S 1) with a complete graph of order at least three.

g G ) &

P(14) K>3(1,2,2) Si2
Figure 2. P(14) and some graphs in Theorem 3.1.1

The supereulerian property for graphs G with @’(G) < 2 and «’(G) > 2 have been completely
determined in [1] and [27].
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The purpose of this chapter is to investigate the existence of spanning trails in graphs with

given relationship between edge-connectivity and independence number, or matching number.

3.2 Bounded Independence Numbers

In this section, we investigate the relationship between minimum degree and independence number

that assures supereulerian property.

Lemma 3.2.1 Let G be a reduced graph with 6(G) > 2 and a(G) < 3. Then G is supereulerian if
and only if G & {K»3, K»3(1,2,2), 512}

Proof. Since G is reduced, by Theorem 1.2.3(ii), G is simple and K3-free. Thus, A(G) < a(G) < 3.
Assume that G has a cut vertex u. Since A(G) < 3, at least one of the edges incident with u is a cut
edge of G. Let uv be this cut edge. Suppose G; and G, are two connected components in G — uv.
Since 6(G) > 2, ID1(G))| <1 (i = 1,2). Since G is K;3-free, the girth of G; is at least 4. Hence
we may assume that, for 1 < i < 2, G; — {u, v} has two vertices u;, v; with u;v; ¢ E(G;). It follows
that {u;, vy, u,, v,} is an independent set in G, contrary to the assumption a(G) < 3. Thus we may
assume that k(G) > 2 and so x(G) > a(G) — 1. Since G is reduced with a(G) < 3, by Theorem
3.1.1 and a(P(10)) = 4, either G is supereulerian or G € {K> 3, K>3(1,2,2),51,}. O

Theorem 3.2.2 (Chen [13], Chen and Lai [16]) Let G be a connected graph with |V(G)| < 11 and
K'(G) = 3, and G’ be the reduction of G. Then either G is collapsible or G’ = P(10).

Corollary 3.2.3 Let G be a connected reduced graph with |V(G)| < 11 and 6(G) > 3. Then
G = P(10).

Proof. By contradiction, we assume that G is a nontrivial reduced graph with at most 11 vertices
and with 6(G) > 3, but G # P(10). By Theorem 3.2.2, G must have an edge cut X with |X| < 2.
Let G, and G, be the two components in G — X with |V(Gy)| < |V(G,)|. Since |V(G)| < 11, we have
|[V(Gy)| < 5. Since |X| <2 and 6(G) > 3,

either |D,(G)| <2 and |D;(Gy)| = 0 or |[D,(Gy)| = 0 and |D(G)| = 1. 3.1

Hence |E(G))| > ‘Dl(G')'J'Z‘DZ(G')'+3(W2(G‘)'_'D](G')'_'DZ(G])') > 6. By Theorem 1.2.3, F(G;) < 2, and so

G, € {K;, K,}, contrary to (3.1). Then G = P(10). O

Theorem 3.2.4 (Chen [15]) Let G be a connected reduced graph with order n.
(i) If «(G) = 2, thenn < 5.
(ii) If (G) = 3, then n < 8.

0(G)a(G) +4

(iii) If a(G) > 4, then B E— <n<4a(G)->5.
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Let k > 1 be an integer, and let u denote a vertex of degree 3 in given K, 3. Let P" be a path of
order n. Define
F1 = (K2 P, P! K3, K23(1,2,2), S 12, P(10)).

The results above can be applied to prove our main theorem of this section, as stated below.

Theorem 3.2.5 Let G be a connected reduced graph with 6(G) > a(G)—1. Then G is supereulerian
ifand only if G ¢ F 1.

Proof. It is routine to verify that every graph in ¥, is not supereulerian. It suffices to prove the
necessity. Since K is supereulerian, |V(G)| > 2. By Theorem 1.2.3(iii), 6(G) < 3. If 6(G) = 3,
then @(G) < 4. By Theorem 3.2.4, |V(G)| < 11. By Corollary 3.2.3, we have G = P(10). If
0(G) = 2, then a(G) < 3. By Lemma 3.2.1, we have G € {K;3, K»5(1,2,2),5,}. If 6(G) = 1, and
so a(G) < 2. Since G is Kj-free, A(G) < a(G) < 2. Thus, G must be a path with length at most 4.
Thus, G € {K,, P?, P*} C ¥ . Theorem 3.2.5 is proved. O

Corollary 3.2.6 Let G be a connected graph with k'(G) > a(G) — 1. Then G is supereulerian if
and only if G' ¢ F 1.

Proof. Assume that G is a graph satisfying «'(G) > a(G) — 1. Let G’ be the reduction of G. By
the definition of graph contractions, we have «'(G’) > ¥'(G) > a(G) — 1 > a(G’) — 1. By Theorem
3.2.5, G’ is supereulerian if and only if G’ ¢ F ;. O

3.3 Bounded Matching Numbers

In this section, we will investigate supereulerian graphs with a bounded size of maximum match-
ings. A component H of G is an odd component if |V(H)| = 1 (mod 2). Let ¢(G) = {Q | Q is an
odd component of G}|. Tutte [41] and Berge [2] proved the following theorem.

Theorem 3.3.1 (Berge [2], Tutte [41]) Let G be a graph with n vertices. If
= Slg%){CI(G -S) IS}, (3.2)
then o/ (G) = (n—1)/2.

For reduced graphs, Chen and Lai [14] have found a lower bound of the size of matching

number.

Theorem 3.3.2 (Chen and Lai [14]) Let G be a reduced graph with n vertices and 6(G) > 3. Then

@(G) = min{55t, 224},
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Following a similar idea in [14], the lower bond in Theorem 3.3.2 can be slightly improved as

shown in Theorem 3.3.4 below. We start with a lemma on reduced graphs.

Lemma 3.3.3 Let G be a connected reduced graph with 6(G) > 3 and @’(G) = c. Suppose that
S C V(G) is a vertex subset attaining the maximum in (3.2) with |S| > 0, m = g(G — §) and
that G1,G,, - -+ ,G,, are the components in G — S with odd number of vertices such that |V(G,)| <
lV(Gy)| < --- <|V(G,)|. Define

X={G;|IV(G)l=L1<i<m}Y ={G;||V(G)I=3,1 <i<m}x=|X],y=|Y]

x+y

V' = U V(Gy), G* = G[V* U S, S*={seS |vise EG), vieVY}iand s*=1|S". (3.3)
k=1

Thus G* is spanned by a bipartite subgraph with (V*,S*) being its vertex bipartition with |V*| =
x +y > 1. By the definition of x, V* contains x isolated vertices in G*[V*]. Then each of the
following holds.
()n = YL VG +IST = mV(G))| + S|
(ii) If x > O, then s* > 3.
n+4x+2y—|S|
(iii) m < %
(iv) G* ¢ {K1, K>, K12, K>}
(v) |[E(G")| = 3x + Ty.

Proof. Statement (i) follows from the definition of m and G;. If x > 0, by 6(G) > 3, there must
be at least 3 vertices in S * adjacent to the only vertex in G, and so s* > 3. This justifies (ii). By
(3.3), we have n > |S| + x + 3y + 5(m — x — y), and so (iii) follows. As 6(G) > 3, every vertex in V*
must have degree at least 3 in G*, and so (iv) must hold. Since 6(G) > 3 and G does not contain a
3-cycle, every vertex in (Jg,cx V(G) is incident with at least 3 edges in G*; and every component

in G*[Ug,ey V(G)]1s a K » and is incident with at least 5 edges with one end in §* plus two edges

in E(G;). Hence |E(G*)| = 3x + 7y. This proves (v). O
Theorem 3.3.4 Let G be a connected reduced graph with n vertices and 6(G) > 3. Then o' (G) >
min3, 223}

Proof. Let ¢ be defined as in (3.2). By Theorem 3.3.1, if t = 0, @’(G) = 5 > min{7,
we assume that + > 1. If n < 11, then since 6(G) > 3, by Corollary 3.2.3, G = P(10). As

@'(P(10)) =5 = 1, Theorem 3.3.4 holds when n < 11.

n+5

Hence we assume that n > 12, and so =

3.3.4, it suffices to show that

< % By Theorem 3.3.1, in order to prove Theorem
> % or equivalently, t < %. (3.4)
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In the rest of the proof, we shall show that (3.4) always holds in any case, which implies the validity
of Theorem 3.3.4. Define S, m, G1,G>,--- ,G,,, V*, S*, s* and G* as in Lemma 3.3.3. Since G
is reduced, by Theorem 1.2.3 (ii), G is simple and Kj-free. If |S| = 0, since G is connected and
n > 12, we have t = 1 and so |V(G)| is odd and n > 13. By Theorem 3.3.1 and as n > 13,
@' (G) = % > % and so (3.4) holds. Hence we assume that |S| > 1.

Case 1. x =0, i.e. |V(Gy)| = 3.
Subcase 1.1. |V(G,)| = 3.

Since G 1s Kj-free, G| = K. By 6(G) > 3, we have || > 3. It follows by n > 3m + |§| that

IS —4S| n-12
r=m—ts| <P g2 3”5"3 :

and so (3.4) must hold.
Subcase 1.2. |V(G))| = 5.

If |S| = 1, then as G is K3-free and 6(G) > 3, we have |[E(G[V(G,)JS])| = 175 > 7. On the
other hand, by Theorem 1.2.3 (i) and (iv), we have |[E(G[V(G)US]D <25+ 1)-5=17. A
contradiction is obtained. Hence we assume that |S| > 2. Asn > 5m + |S|, we have m < "_T'S' It

follows by n > 12 and t = m — |S| > 1 that

n—|S| n—-6S| n-12 n-10
< <

t=m—|S| < -S| = 5 <3 3

and so (3.4) must hold.
Subcase 1.3. |V(G))| > 7.
Sincet=m—|S|>1,wehavem > 2. Thenn > 7m+ |S| > 15and m < ”_Tlsl It follows that

n—1|S| n—8|S| n-8 n-10
< <

1= — S| < —|S| = s
m—|S| < N - S 3

and so (3.4) must hold.
Case2. x> 1.

By Lemma 3.3.3 (iv), G* is not in {K}, K, K| », K>}, and so by Theorem 1.2.3 (iv), either for
some integer £ > 3, G* = K, , or F(G") > 3.

Subcase 2.1. For some integer £ > 3, G* = K.

Since 6(G) > 3, every vertex in V* must have degree at least 3 in G*. Then |V*| = x = 2 and
s* = { > 3. By the definition of y, we must have y = 0 and |S| > |S*|. It follows by Lemma 3.3.3
(i) that 1 <t =m—|S| < M—ISI < %ﬁ,andson > 65" — 3. As s > 3, we have
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n>6s"-—3>15>32-9s", 0or5n—-10) > 3(n + 8 — 6s5*). Hence

n+8—-6s n-10
< < ,
5 3

and so (3.4) must hold.
Subcase 2.2. F(G*) > 3.

By Theorem 1.2.3 (i) and by Lemma 3.3.3 (v), 2x + 7y < |E(G")| < 2([V(G")| - 1) -3 =

2(x + 3y +|S]) — 5. This implies that |S| > 2= and so n > x + 3y + || > 22 ¢ follows that
18| < n+4x+2y—|S| S| < n+x—-y—15 < n-— 10,
5 5 3
and so (3.4) must hold. This completes the proof of the theorem. O

In [12], W. Chen and Z. Chen characterized 3-edge-connected supereulerian graphs with order
at most 15. Define ¥, = {P(10), P(14)}.

Theorem 3.3.5 (W. Chen and Z. Chen [12]) Let G be a 3-edge-connected graph and G’ be the
reduction of G.

(i) If |V(G)| < 13, then either G is supereulerian or G' = P(10).

(ii) If |V(G)| < 14, then either G is supereulerian or G’ € .

(iii) If |V(G)| = 15, G is not supereulerian and G’ ¢ F », then G is an essentially 4-edge-connected
reduced graph with girth at least 5, k(G) > 2 with V(G) = D3(G) U D4(G) where |D4(G)| =3

A few more former results are needed in the proof of the main theorem in this section.

Theorem 3.3.6 (Reiman [39], Bollobds [5]) Let G be a connected bipartite Cy-free graph with
vertex bipartition {X, Y}, where |X| < |Y|. Then

|Y© |2 Y|
2 .
Lemma 3.3.7 Every 3-edge-connected reduced graph G with order n > 15 and o'(G) < 7 is

|E(G)] < \/IYI IX10X] = 1) +

supereulerian.

Proof. By contradiction, assume that G is not supereulerian. As @’(G) < 7and n > 15, by Theorem
3.3.4,
15<n<3d(G)-5<16. (3.5)

Let ¢ be the integer satisfying (3.2) in Theorem 3.3.1. Then o’(G) = %*. By (3.5) and Theorem
3.34,wehave7 > o'(G) = ”7_’ > % Thus "‘Tlo >t>n—14. By (3.5), wehaver > 1 whenn = 15
and ¢ > 2 when n = 16. We shall show that each case can occur to reach a contradiction to the

assumption that G is not supereulerian, thereby proving the theorem. Define S, m, G1,G,, -+ , G,
V* S§*, s"and G* as in Lemma 3.3.3.
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Claim 1. G* ¢ (K|, K)} U (K, € > 1}.

Proof of Claim 1. By Lemma 3.3.3 (iv), G* ¢ {K,, K>, K2, K»»}. Suppose that G* = K, ,, for
some ¢ > 3. By the definition of G*, we have x = 2. This implies thaty = O and |S| = s* = € > 3.
By Lemma 3.3.3 (i), n > |S|+ x4+ 5(m — x) = |S| + 5m — 4x. As|S| > 3,n € {15,16}, x = 2 and
m=|S|+¢t,wehave 16 > n > 6|S|+5t-8 >18—-5t-8 =10-5¢t,andso ¢t < g < 2. Thus,
t = 1and n = 15. By Theorem 3.3.5(iii), G does not have cycles of length at most 4, contrary to

the assumption that G* = K, . This proves Claim 1.

Claim 2. Each of the following holds.
QIR

i) x—y=>5t+15-n.

Proof of Claim 2. By Claim 1, G* ¢ {K;, K>} U {K5,, ¢ > 1}. By Theorem 1.2.3 (iv), F(G*) > 3.
As G is reduced, G* is also reduced. And by Theorem 1.2.3(1) and Lemma 3.3.3 (v), 2x + 7y <
|E(G™)| < 2(x+ 3y +|S|) — 5. Hence (i) must hold.

By Lemma 3.3.3 (iii) and by m — |S| = , we have ““*2Bl _|§| > ¢ It follows by Claim 2 (i)
that s
n+4x+2y -5 x+4y+5 _ntdxt2y-|s|
5 2 B 5
which implies x —y > 5¢ + 15 — n. Hence (i1) holds as well. This proves Claim 2.

-S>t

Casel.r> 1 whenn = 15.

By Claim 2 (ii) withn = 15, x > 5 +y > 5. Assume that |S| > x + 1. By the choice of §,
wehave | <tr=m—-|S|,andsom = |S|+1 > x+ 2. By Lemma 3.3.3 (i) and by |S| > x + 1,
n> Y2 IVGH + IS = x+ V(G + VGl + IS = x+3+3+(x+1) > 17, contrary to
n = 15. Hence |S| < x. Let E* = {uv € E(G) | u € [Ug,exV(G))], v € S} and G* = G[E"]. By (3.3)
and the definition of G*, G* is a bipartite graph with a vertex bipartition {Ug,exV(G;),S}. Since
0(G) = 3, |[E(G")| = 3x. Since |V(G")| £ n = 15, by Theorem 3.3.5, G* is C4-free. Since [S]| < x,
by Theorem 3.3.6,

Xz x [ X2 x
| < . _ A 200 AN .
3x < |[E(G )|_\/x IS1(S | 1)+4+23 x?(x 1)+4+2 (3.6)

Solving (3.6) for x to get 254—x2 <X -2+ %2’ and so x > 7. In particular, when x = 7, the
equality in (3.6) holds. Thus, if x = 7,|S| = x = 7and som = |S| + ¢t = 8. By Lemma 3.3.3(1),
IS| < 15 —x -7 1 IV(G)l £ 15—-7 -3 =5, contrary to that |[S| = 7. Hence we must have
x>8 Asn=15and x—|S| <m—|S| =1t =1, we have |S| = 7 and x = 8. By Theorem 3.3.6,
|E(G™)| < 23. As 6(G) > 3, 23 > |E(G")| = 3x = 24, a contradiction. This proves that Case 1 does

not occur.

Case 2.t > 2 whenn = 16.
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By Claim 2(ii), x > 9+ y. By Claim 2(i), |S| > 7 +y. Since n = 16, we must have x = 9 = |V*|,
IS| = 7 and V(G") = V(G). As 6(G) > 3, we have |E(G)| > |E(G")| > 3x = 27. By Theorem
1.2.3 (1) and (iv), |[E(G)| < 2|V(G)| = 5 = 27. Therefore, |E(G)| = 27, F(G) = 3 and G* = G is
a bipartite graph with bipartition D3(G) = V* and S. By Theorem 2.2.2, g(G) > 5. By Theorem
3.3.6, |[E(G)| < 24, contrary to |E(G)| = 27. This proves that Case 2 does not occur as well, and

completes the proof. O

Theorem 3.3.8 Let G be a connected graph with n vertices and k' (G) > 3, and G’ be the reduction
of G. If &' (G) <7, then G is supereulerian if and only if G’ ¢ F».

Proof. As P(10) and P(14) are not supereulerian, the necessity is clear. By Theorem 1.2.2, G
is supereulerian if and only if G’ is supereulerian. By the definition of contractions, we have
k(G") > K(G) > 3 and @'(G’) < @'(G) < 7. Hence we only need to prove that

if a reduced graph G is not supereulerian, then G € 7. (3.7

By Lemma 3.3.7, (3.7) holds if |V(G)| > 15. By Theorem 3.3.5, (3.7) holds if |V(G)| < 14. This
completes the proof of the theorem. O

Corollary 3.3.9 Let G be a connected graph. If|V(G)| < 15 and k' (G) > 3, then G is supereulerian
if and only if the reduction of G is not in F .

Proof. If |[V(G)| < 15, then &/(G) < % So @’(G) < 7. By Theorem 3.3.8, this corollary holds. O

Corollary 3.3.10 Let G be a connected reduced graph. Each of the following holds.
(i) If IV(G)| < 15 and 6(G) > 3, then G is supereulerian if and only if G ¢ F ».
(ii) If 5(G) > 3 and a(G) < 5,then G is supereulerian if and only if G # P(10).

Proof. First we prove (i). Suppose that «'(G) < 2. Let X be a minimal edge cut in G with |X| < 2.
Let G, and G, be the two components in G — X with |V(G)| < |V(G»)|. Since |[V(G)| < 15,
IV(Gy)| < 7. Since |X| < 2 and 6(G) > 3, |D1(Gy)| = 0 and |D,(G,)| < 2. By Theorem 1.2.3,
IE(G))| < 2[V(Gy)| - 5. Since §(G) > 3, |E(G))| > ¥ D Therefore, $2MEUED < |E(G))| <
2|V(G1)|—5. Then |V(Gy)| > 8, contrary to that |V(G)| < 7. Thus, «’(G) > 3. Statement (i) follows
from Corollary 3.3.9.

Now we prove (i1). If a(G) < 5, by Theorem 3.2.4, |V(G)| < 15. Since a(P(14)) = 6, the
statement follows from (i) above. O
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Chapter 4

Spanning trails Containing Given Edges

4.1 Prerequisites

By the definition of essentially k-edge-connected, we have the following proposition:

Proposition 4.1.1 Let G be an essentially k-edge-connected graph with the minimum degree 5(G)
and the edge-connectivity k' (G). Then «'(G) = min{6(G), k}.

As shown in [34], Theorem 1.1.3 can be improved in the sense that a 4-edge-connected graph
can have spanning closed trail containing some fixed edges. In [34], Luo et al. called a graph G
r-edge-Eulerian-connected if for any edge subset X C E(G) with |X| < r and any distinct edges
e,e¢’ € E(G), G has a spanning (e, ¢’)-trail containing all edges in X. Define &£(r) to be the smallest
integer k such that every k-edge-connected graph is r-edge-Eulerian-connected. They proved the

following:

Theorem 4.1.2 (Luo, Chen and Chen [34]) Let r > 0 be an integer. Then

4, 0<r<?2,
-]

r+1, r>4.

For r = 3, Luo et al [34] indicated that 4 < £(3) < 5, and conjectured £(3) = 4.

In this chapter, we introduce a reduction method on essentially 4-edge-connected graphs and
investigate spanning trails in essentially 4-edge-connected graphs. As an application, we prove the

following.

Theorem 4.1.3 If G is a 4-edge-connected graph, then for any X, C E(G) with |Xo| < 3 and any
distinct edges e,e’ € E(G), G has a spanning (e, e’)-trail T such that Xy C E(T). Thus, G is
3-edge-Eulerian-connected and so £(3) = 4.
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Theorem 4.1.3 confirms the conjecture above, and so all the values of £(r) are determined for

all integer r > 0.

4.2 Reductions of Essentially 4-edge-connected Graphs

Let G be a graph with vertex set V(G) and edge set E(G). For vertex disjoint subsets Vi, V, C V(G),
let [V, V2] denotes the set of all edges in G with one end in V; and the other in V,. For vertex
disjoint subgraphs H, L of G, we write [H, L] = [V(H), V(L)]s, and define dg(H) = [V(H), V(G)—
V(H)]g, called the boundary of H in G. When H = K is a single vertex v, we denote dg(v) as
0g(H) and |06(v)| = dg(v). We often omit the subscript G in these notations when G is understood.

Letz € DQ(G) with NG(Z) = {Z],Zz} such that z; € D4(G) and NG(ZI) = {Z,Wl, W2,W3}. Fori e
{1,2,3},if w; € D»(G), then let Ng(w;) = {z;, w}. For j € {1,2}, let GJ‘. = (G —{z}) +{zwj, ws_jws},
and W(G]‘.) =f{e=xye€ E(GJ‘.) DX,V € DZ(GJ_.)}. Define

G; = G;/W(G)). (4.1)

For an essentially 4-edge-connected graph G, if w; € D,(G), then Ng(w;) = {zi,w!} N D»(G) = 0.
Thus, if an edge e € W(G]‘.), then e € {zw;, wi_jws}.

X; = Wy Or w) X| = Wy Or w)

Wi
V) Z 2 w3 22 Z/ X3 22 Z \53
W X) =Wy orw/ N2 = W) or W)

G G, G,
Figure 3: the graphs G| and G, from G in Theorem 4.2.1

Theorem 4.2.1 Let G be an essentially 4-edge-connected graph with 5(G) > 2 and D5(G) = 0. Let
z € Dy(G) with Ng(2) = {21, 22} such that z; € D4(G) and Ng(z1) = {z, w1, wa, w3}. Fori € {1,2,3},
if wi € Dy(G), then let Ng(w;) = {z1,w!}. Let G| and G, be the graphs defined by (4.1) above. Then
either Gy or G, is also essentially 4-edge-connected and 6(G;) > 2 and D3(G;) = 0 (j=1,2).

Proof. Since G is essentially 4-edge-connected with 6(G) > 2, by Proposition 4.1.1, G is 2-edge-
connected. Then by the definition of G; (j=1,2), G, is connected with 6(G;) > 2 and D3(G;) = 0. It
suffices to show that either G, or G, is essentially 4-edge-connected. For j € {1,2}, by (4.1), when
Wi_jwz € W(G;), we shall use ws_; to denote the vertex 8(ws_;jws) in G;; and when w; € D»(G),

use z to denote the vertex 8(zw;) in G;. Let x;, x, and x3 denote the vertices in G; and G, such that

. {w] if wi ¢ D>(G) {wQ if w, ¢ D(G)
1 =

. , Xp = . , (4.2)
W"1 if wp € DQ(G) W’2 if Wy € DZ(G)

Xy =

25



and
ws ifws_; € Dy(G)in Gy, j € {1,2}

x3=14 wy 1ifw, € Dy(G)in G . 4.3)
w; if w; € D,(G) in G,
The notation xj3 in (4.3) is for the convenience in our discussion below for G; and G,, respectively.
In Gy, if w, € D,(G), then (4.3) defines x3 = w, in Gy; if w, € D,(G), then (4.3) defines x3 = w;
(See Figure 4 below for G). Similarly, one can find what x3 is in G, from (4.3).

D W(G)) = {zw1} (I W(GY) = {zw1}
wi Wi X1=w| wi W x1=w}
;2—/—. w3y == ;2—/ X3=W3 ;2_% - §2—§/X3 :»—$W2 3
% %Wz wh w2 X2=w)
Gyt w) & Dy (G) Gi = G[/W(GY) = G [awy Gyt wy € Dy(G) Gy =Gy /W(GY) =Gy [aw
(I1D) W(GY) = {waws} (Iv) W(GY) = {zw1, waws}

/

x=wy ;—;}_X"i x=w)
X3=WwW X3=w
sy 2 3 24 2 , = 2 3 2e 7
AW H_/MS L)
W2 1%

w3 W; 3
Wy wa Xo=w), X2=w)

N

GT: wy € D2(G) G| = GI/W(GI) = Gl’/wzwg GI: wi, w2, w3 € D2 (G) G| = GI/W(GI) = Gl’/(zwhwzwﬂ

Figure 4:All the cases of G| with labels xj,x,, and x3 from G| with W(G)) # 0

Since G is essentially 4-edge-connected, by D;(G) = 0 and by (4.2),

do(x) >4, if 1 <i <2 (4.4)

By way of contradiction, suppose both G, and G, are not essentially 4-edge-connected. Then
G, and G, have minimum essential edge cuts X and Y, respectively, such that 2 < |X| < 3 and
2<L|Y|<3.

Claim 1. For any essential edge cuts X in G; and Y in G, with 2 < |X] < 3and 2 < |Y| < 3,
X N{zxy, xox3} = 0, and Y N {zxp, x1x3} = 0.

We will prove the case for X only. The proof for Y is similar and hence omitted. By way of
contradiction, suppose X contains either zx; or x,x3, (we may, without lose of generality, assume

that z and x, are in the same component of G; — X), then define

(X—Z.X])U{lel} ifZXl € X and Xoxs € X
X' ={ (X —xx3) U {zyw3) if xox3 € Xand zx; ¢ X
(X - {ZX],X2X3}) U {Z]W],Z]W3} if X2X3 € X and x| € X

Thus, X’ is an essential edge cut of G with |X’| = |X]|, contrary to the assumption that G is essentially

4-edge-connected. Claim 1 is proved.
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Since X N {zx;, x,x3} = 0, zx; and x,x3 must be in distinct components of G; — X. Let A; and
A, be the two components of G; — X with zx; € E(A;) and x,x3 € E(A»).

Similarly, since {zx,, x;x3} N Y = 0, zx, and x;x3 are in distinct components of G, — Y. Let B,
and B, be the two components of G, — Y such that zx, € E(B;) and x;x3 € E(B,). Hence

106,(A1)| = 106, (A2)| = IX| < 3 and |0,(B1)| = |06,(B2)| = [Y| < 3. (4.5)

By the definition of G, and G,, A; N By, A; N B,, A, N By and A, N B, are subgraphs of G.
Furthermore, we may assume that z € V(A; N By), x; € V(A; N By) and x; € V(A; N By).

Claim 2. |05(A; N By)| > 4 and [06(A, N By)| > 4.

By symmetry, we prove |0G(A; N By)| > 4 only. By contradiction, suppose [0g(A; N B,)| < 3.
Since G is 2-edge-connected and essentially 4-edge-connected with D3(G) = (), we must have
|06(A1 N By)| =2 and so |[V(A; N By)| = 1. Hence V(A N B,) = {x1}, contrary to (4.4). This proves
Claim 2.

In the fOHOWng, we deﬁne | = |[A1 N Bz,AQ N Bg]l, y = |[A1 N Bz,AQ N B]]l, a3 = |[A1 N
B, A, N B, 51 = [A1 N B, A1 N By]|, B> = |[A1 N By, Ax N Boll, B3 = |[[A2 N By, Ay N By]|. Thus
by (4.5),

Lo+ =1XI<3and XL, B+ = Y] <3

and so
CL’1+CL’2+Q’3S3—ﬁ2 and,81+,83+a2§3—,32. (46)

Note that
06(AiNBy) C[AINBy,A\NBJU[A N By,A,NBJU[A| N By,A, N By],

06(Ay N By) C[AyN B, AyNB,]U[Ay N B, Ay N B JU[Ay N By, A N By].

By Claim 2, we have

4 < |(9g(A1 N Bg)l Sﬁ] + @, + aq, and 4 < |(9G(A2 N B])l §,83 + a3 + as. (47)

By (4.7) and (4.6),
8<Bi+B3+m+a+ar+a3; <3-F,+3-B,=6-28,<6.

This contradiction establishes the theorem. O
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4.3 Spanning Trails in Essentially 4-edge-connected Graphs

For a reduced graph G with 6(G) > 2, let d; = |Di(G)|, then |V(G)| = X5, d; and 2|E(G)| = X, id;.
By Theorem 1.2.3(1),
2FG) =4 di— ) id;—4. (4.8)

i>2 i>2

Hence, if F(G) > 3, then (4.8) implies

Z(i —dd; + 10 < 2d, + ds. (4.9)

i>5

We are now ready to prove the main result of this section, which will be needed to prove the

conjecture £(3) = 4 in next section.

Theorem 4.3.1 Let G be an essentially 4-edge-connected graph with 6(G) > 2 and |D,(G) U
D;(G)| < 5. Then each of the following holds.

(i) If ID2(G)| < 3, then G is collapsible.

(ii) Either G is supereulerian or the reduction of G is K, s such that all the vertices of degree 2 in
the reduction are trivial.

(iii) If |D2(G)| = 2, then for any pair of distinct vertices u,v € D,(G), G has a spanning (u, v)-trail.

Proof. Since G is an essentially 4-edge-connected graph with 6(G) > 2, by Proposition 4.1.1,
k’(G) = 2. We argue by contradiction and assume that

G is a counterexample with |V(G)| minimized. (4.10)

If G is collapsible, then Theorem 4.3.1(i) holds. Hence we may assume that G is not collapsible.
Let G’ be the reduction of G. Then G’ # K; and k' (G") > 2. If F(G") < 2, then by Theorem 1.2.3(iv)
G’ is a K, for some ¢ > 2. Since G is essentially 4-edge-connected, we must have ¢ € {4,5} and
any vertex in D,(G’) must be a trivial contraction, and so we can view D,(G") € D,(G). Thus,
|D2(G)| = |D2(G")| =t > 4. If t = 4, then K, = K;4 1s eulerian and so by Theorem 1.2.2(i1) G
is supereulerian. If G is not supereulerian, then the reduction of G must be K, s, and so Theorem
4.3.1(i1) must holds. Moreover, by inspection, if u € D,(K,,) and v € V(K;, — u), then K, , always
has a spanning (u, v)-trail, and so by Theorem 1.2.2 (iii), Theorem 4.3.1(iii) must hold. Hence we
may assume that

the reduction of G is not a K, for any integer ¢ > 2. 4.11)

Thus by Theorem 1.2.3(iv), F(G") > 3. By (4.10), we may assume that G is reduced. Thus,
G =G'. By (4.9),d, + d3 < 5. It follows from (4.9) that we must have d, = 5, d; = 0 and

V(G) = Dy(G) U Dy(G). (4.12)
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Hence, G must be eulerian, and we are done for the proof of Theorem 4.3.1(i) and (i1). It

remains to prove Theorem 4.3.1(iii).

We introduce the following notations in our argument. For each vertex z € D,(G), let Ng(z) =
{z1,22}. As G is essentially 4-edge-connected, 71,220 € D4(G). Let Ng(z1) = {wi, wa, w3, z} and
Ng(z2) = {w}, w5, w}, z}. Define

M(z) = {wi, wp, ws} and M*(z) = {w], w3, w3}.

Wi wa w3 Wi Wi owy

21 Z 22
Figure 5: M(z) and M*(z) in G

By (4.10), there exist a pair of distinct vertices u, v € D,(G) such that

G has not spanning (u, v)-trails. 4.13)

We proceed our proof by verifying the following claims and let D,(G) = {a, b, c, u, v}.

Claim 1. For any z € {a, b, ¢} = D>(G) — {u, v},
(a). |M(z) N D2(G)| = 2 and [M*(z) N D,(G)| > 2
D). IM(z) N{u,v}| = 1 and |M*(2) N {u,v}| > 1.

Proof of Claim 1 (a): By symmetry, it suffices to show that |M(z) N D,(G)| > 2. By contradiction,
suppose |M(z) N D,(G)| < 1. Then we may assume M(z) N D,(G) C {ws}.

Using the reduction method and the same notations in Theorem 4.2.1, we obtain two graphs G
and G, from G with 6(G;) > 2 and D3(G;) = 0 (i=1,2). By Theorem 4.2.1, we may assume that G,
is essentially 4-edge-connected. Since M(z2) N D,(G) C {w3}, wi, wo € D,(G), and by (4.1), we have
G| = (G —{z1}) + {zw1, waws}, X1 = wy, X, = wy and x3 = wz. Thus we may view D,(G;) = D,(G).
By (4.10), G, has a spanning (u, v)-trail H]. Since z has degree 2 in G, and z ¢ {u, v}, zx| € E(HY).
Define

_ ) GLE(H| — zx1) U {zz1, ziwi}] if x,x3 ¢ E(HY)
1= ) .
GE(H| = {zx1, x2x3}) U {zz1, 71w, wazi, ziws}]  if xox3 € E(HY)

Then H, is a spanning (u, v)-trial of G, contrary to (4.13). This proves Claim 1(a).

Proof of Claim 1(b): By way of contradiction, suppose Claim 1(b) is not true. Let z be a vertex in
{a, b, c} such that M(z) N{u, v} = 0. We may assume that z = a. By Claim 1(a), |[M(z) N D,(G)| > 2.
Since z = a ¢ M(z) and M(2)N{u, v} = 0, M(z2)ND,(G) = D>(G)—{a,u,v} = {b, c}. We may assume
that w; = b, and w, = ¢, and so dg(w1) = dg(Ww2) = 2 and dg(w3) = 4. Let Ng(w;) = {z,w}} (i =
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1,2). Again using the reduction method on G as in Theorem 2.2, we obtained two graphs G, and
G, with 6(G;) > 2 and D5(G;) = 0 (i=1,2). By Theorem 2.2, we may assume that G, is essentially
4-edge-connected. Then since dg(z) = dg(w1) = 2, and dg(w3) = 4, G = (G — {z1}) + {zw1, waws}
with W(G) = {zw;} = {zb}, and so G| = G|/zw; with z = 6(zw) and zw| € E(G,), and with
x; = wj, x, = wj and x3 = wy = ¢ (See Figure 4 (II) for G). Thus, by (4.10), G, has a spanning
(u, v)-trail H,.

Since {z, x3} = {a,c} € Dy(Gy) — {u, v}, zx; = zw| and x,x3 = wiw, are both in E(H,). Since
dg,(Wy) = dg,(c) = dg(c) = 2 and ¢ ¢ {u, v}, wows is also in E(Hy). Define

H, = (Hy — {zx1, wows}) + {221, 2awi, wiw), 21wa, Ziws).

Then H, is a spanning (u, v)-trail in G, a contradiction. Thus, Claim 1(b) is proved.
Claim 2. For any z € D,(G), |D>(G) N M(z) N M*(z)| < 1.

By the definition of M(z) and M*(z), |D,(G) N M(z) N M*(z)| < 3, where equality holds if and
only if G = Kjy4. Since |Dy(G)| = dy = 5, G # Ky, and so |D,(G) N M(z) N M*(z)| < 2. If
|D>(G) N M(z) N M*(z)| = 2, then we may assume that w; = wj and w, = wj in D»(G). Then
{ziw3, zow3} is an essential edge cut of G, contrary to that G is essentially 4-edge-connected. This
proves Claim 2.

Claim 3. For all y € {u, v}, M(y) N M*(y) N {a,b,c} = 0.

Without loss of generality, we may assume y = u. By way of contradiction, suppose there is a
vertex z in {a, b, ¢} such that z € M(u) N M*(u). Let Ng(u) = {u;, u,}. Then zu; and zu, are the two
edges incident with z. Let Gy = G/zu, with uy = 6(zu,). Then uu, € E(Gy). Note G has the same
essentially edge-connectivity as G and 6(Gy) > 2 with |V(Gy)| < |[V(G)|. Therefore, by (4.10), Gy
has a spanning (u, v)-trail H,.

If uyu, € E(Hy), then H = Hy — uju, + {112, 7u5} 1s a spanning (u, v)-trail in G, contrary to
(4.13). If uyu, ¢ E(H,), then since H, is a spanning (u, v)-trail in Gy, one and only one of uu,
or uu, (say uuy) is in Hy, then H = Hy — uuy + {uu,,upz,zu,} is a spanning (u, v)-trail in G, a

contradiction again. Claim 3 is proved.

e x
u b Y u bV u b c v
aj a a aj a a, aj a ap
Figure 6: (A) B) be M(a) C) be¢M(a)

For {a, b, c} = D2(G) — {u, v}, let Ng(a) = {ay, a2}, No(b) = {b1, by}, and Ng(c) = {cy, c2}. Then
since G is essentially 4-edge-connected and by (4.12), d(a;) = d(b;) = d(c;) = 4 where i = 1,2.
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Let S = Ng(a) U Ng(b) U Ng(c). If |S| = 2, then S = Ng(a) = Ng(b) = Ng(c), contrary to Claim 2.
Thus, |S| > 3. In the following, we assume Ng(a) = {a;,a,} € S and let x € S — {a;, a,}. Thus,

S ={ay,a,x,---}.

By Claim 1(a) and (b), [M(a) N D,(G)| > 2, IM*(a) N D,(G)| > 2, |M(a) N {u,v}| > 1 and
|M*(a) N {u,v}| > 1. We may assume that b € M(a) = Ng(a,) — {a}, u € M(a) = Ng(a,) — {a}, and
by Claim 3 v € M*(a) = Ng(a;) — {a} and so u ¢ M*(a) and v ¢ M(a) (See the Figure 6(A)).

Case 1. b € M*(a) (See Figure 6(B)).

Then Ng(b) = {ay,a,} = Ng(a). Since Ng(c) € S, ¢ must be adjacent to x, and so x € Ng(c). We
may assume that x = ¢; and M(c) = Ng(c;)—{c}. By Claim 1(a), ¢; must be adjacent to another two
degree 2 vertices in addition to c. Hence, since Ng(a) = Ng(b), u and v must be the two vertices
adjacent to ¢y, and so Ng(u) = {ay,c1} and Ng(v) = {ay, c1}. Therefore, another vertex ¢, in Ng(c)
is not in {ay,a,}. Otherwise, c € M(u) N M*(u) or c € M(v) N M*(v), contrary to Claim 3. Note
M*(c) = Ng(cy) — {c}. Thus,

D>(G)NM*(c) ={a,b,u,v,c} " M*(c) = 0,
contrary to Claim 1(a) that |M*(c) N D,(G)| > 2.

Case 2. b ¢ M*(a) (See Figure 6(C)).

Then by Claim 1(a), M*(a) = Ng(ay) — {a} must have at least two degree 2 vertices, and so ¢ €
M*(a) = Ng(a,) — {a}. Since b ¢ M*(a), Ng(b) NS # 0, and so we may assume x € Ng(b) — {a;}
(See Figure 6(C)). Then since both u and b are adjacent to a;, by Claim 3 u is not adjacent to x. By
Claim 1(a), M*(b) = Ng(x) — {b} must have at least two degree 2 vertices other than b and u. Thus,
v and ¢ must be in M*(b) = Ng(x) — {b}. Therefore, Ns(v) = {a,, x} = Ng(c), contrary to Claim 3.

We have a contradiction for each case above, and so the statement (4.13) is false. The theorem
is proved. O

Lemma 4.3.2 (Lai, Shao, Yu and Zhan [25]) If G is collapsible, then for any u,v € V(G), G has a

(u, v)-trail.

In Theorem 3.12 of [10], Catlin and Lai proved that if a 3-edge-connected graph G has at most
9 edge cuts of size 3, then G is supereulerian. For an essentially 4-edge-connected graph G with
0(G) > 3, we have the following:

Theorem 4.3.3 If G is an essentially 4-edge-connected graph with 6(G) > 3 and |D;(G)| < 10,
then G is collapsible and has a spanning (u, v)-trail for any u,v € V(G).

Proof. Since G is essentially 4-edge-connected with 6(G) > 3, by Proposition 4.1.1, ' (G) > 3. Let
G’ be the reduction of G. By way of contradiction, suppose G is not collapsible. Then G" # K; and

31



K'(G") > 3. Letd; = |D;(G")|. Then since «'(G") > 3, d, = d, = 0. Since G is essentially 4-edge-
connected, G does not have an essential edge cut of size 3, and so d; = |D3(G’)| < |D5(G)| < 10. If
F(G") <2, then by Theorem 1.2.3(iv), G’ € {K;, K>} (t > 2), contrary to G’ # K; and «'(G") > 3.
Hence, F(G") > 3, then by (4.9) and d, = 0,

IA

Z(i —4)d; + 10

i>5

2d, + ds;
10 < ds <10,

a contradiction. Thus, G must be collapsible. By Lemma 4.3.2, for any u,v € V(G), G has a
spanning (u, v)-trail. The theorem is proved. O

4.4 Graphs That Are 3-Edge-Eulerian-Connected

In this section, we shall investigate what graphs are 3-edge-Eulerian-connected. First, we prove

the following theorem, as stated in Theorem 4.1.3, which proves the conjecture posed in [34].

Theorem 4.4.1 If G is a 4-edge-connected graph, then G is 3-edge-Eulerian-connected. And so
£3) =4

Proof. Let G be a graph with «'(G) > 4, and let X € E(G) be an edge set with [X| = 3. Pick
any pair of edges ¢’,¢” € E(G) — X. Let L be the graph obtained from G by subdividing each
edge e € X U {¢’, ¢”} exactly once. (That is, for each edge ¢ = a.b, € X U {¢’,e"}, we replace e
by a path a,v.b, by inserting a new vertex v,). Then D,(L) is the set of the five degree 2 vertices
generated by the subdivision, and L is 2-edge-connected and essentially 4-edge-connected. By
Theorem 4.3.1(iii), L has a spanning (v,/, v, )-trail. This implies that G has a spanning (¢’, e’ )-trail

containing X, and so by definition, G is 3-edge-Eulerian-connected. O

As we know many 3-edge-connected graphs such as P(10) have no spanning closed trail, the
edge-connectivity in Theorem 4.4.1 cannot be lowered to 3-edge-connected. However, a 3-edge-
Eulerian-connected graph is not necessarily 4-edge-connected. For example, let G be a graph
obtained from K, (n > 8) and a vertex v by joining v to v; and v, with two edges vv; and vv,, where
vi,v, € V(K,) and v ¢ V(K,). Then G is a 3-edge-Eulerian connected graph with d(v) = 2. We

have the following necessary conditions for 3-edge-Eulerian-connected graphs.

Proposition 4.4.2 Let G be a 3-edge-Eulerian-connected graph with |E(G)| > 6. Then G must be
essentially 4-edge-connected with D;(G) = 0.

Proof. We shall first show that G does not have an edge cut of size 3. By contradiction, assume
that G an edge cut of G with |X| = 3. Let H, and H, be the two components of G — X with |E(H})| <
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|E(H,)|. Since G is 3-edge-Eulerian-connected with |[E(G)| > 6 and |X| = 3, we may assume that
|E(H,)| > 2. Let e; and e, be two distinct edges in E(H,). Then G has a spanning (ey, e;)-trail T
with X C E(T). Since both ey, e, € E(H,), T’ = T/(H, N T) is a spanning closed trail of G/H, that
contains X. Since 7’ is a spanning closed trail and X is an edge cut, |X| = |E(T") N X| = 0 (mod 2),
contrary to that |[X| = 3. Hence G does not have an edge cut of size 3 and so D3(G) = 0.

To show G is essentially 4-edge-connected, it suffices to show that G does not have an essential
edge cut X’ with |[X’| = 2. By way of contradiction, suppose that such an edge cut X’ exists and
G — X’ has two components H| and H),. Since X’ is an essential edge cut, we can pick an edge
e; € E(H)), (1 <i<2).Since |X’| =2 < 3 and G is 3-edge-Eulerian-connected, G has a spanning
(e}, e5)-trail T such that X" C E(T”). Let ¢” be an edge not in G joining the two end vertices of T”.
Then T’ + €” is a spanning closed trail of G + ¢”, which contains a 3-edge-cut X’ U {€¢”'} of G + ¢”.
This yields a contradiction as the intersection of any close trail and any edge cut must have an even

number of edges. O

€1

()

€3

Figure 7

Let G be the graph shown in Figure 7 with s > 6, where v is a vertex of degree 2, ¢’ € E(H;) and
e” € E(H,). Let X = {ey, e5, e3} be the set of the three edges shown in Figure 7. As we can see that
a trail started from e, in H; must ended in H, after tracing through the three edges in X and vertex
v. Hence, there is no spanning (¢’, ¢”’)-trail T in G such that X € E(T) and V(T') = V(G). Thus, an
essentially 4-edge-connected graph G with D;(G) = 0 may not be 3-edge-Eulerian connected. It
remains a problem to completely characterize the structures of 3-edge-Eulerian connected graphs.

Let Gy = G — {v} + viv,. Then Gy 1s 4-edge-connected and X, = {ey, e>, e3, v{,} is an edge-cut
of Gy. And Gy has no spanning (¢’, ¢”)-trails containing Xy. This shows that Theorem 4.4.1 is best
possible in the sense that 4-edge-connected graph G cannot be 4-edge-Eulerian connected.
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Chapter 5

Spanning Tree Packing and Covering
Degree Sequence Characterizations

5.1 Background

The problem of designing networks with n processors each of which has a given number of con-
nections and with a certain level of expected network strength is often modeled as a problem of
finding graph realizations with certain graphical properties for a given degree sequence. For more
on the literature on the degree sequence realization with given properties, see a resourceful survey
by Li [28].

Following [6], ¢(G) denotes the number of components of a graph G. An integral sequence
d=(d,d,,--- ,d,) is graphic if there is a simple graph G with degree sequence d. Let (d) denote
the set of all simple graphs with degree sequence d. Any graph G € (d) is called a realization of d,
or simply a d-realization. The spanning tree packing number of G (see [37]), denoted by 7(G),
is the maximum number of edge-disjoint spanning trees in G. There have been many studies on
the behavior of 7(G), see [20, 21, 32, 35, 42], among others. In a recent paper [26], the authors
characterized the degree sequences d for which there exists a graph G € (d) with 7(G) > k.

Theorem 5.1.1 (Laietal [26]) Let k > 0 be an integer. For a graphic sequence d = (d,,d,, - ,d,)
withd, > d, > -+ > d, with n > 2, there exists G € (d) such that ©(G) > k if and only if both
d, > kand ¥\, d; > 2k(n — 1).

The arboricity of G, denoted by a(G), is the minimum number of spanning trees whose union
equals E(G). By definition, 7(G) < a(G). The main result of this paper is the following. (Any

empty summation is considered to have value zero).
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Theorem 5.1.2 Let k; > ki > 0 and n > 1 be integers. Let d = (dy,d,,--- ,d,) withd, > d, >
.-+ >d, be a graphic sequence and let I = {i : d; < k,}. Then there exists a graph G € (d) such
that ky > a(G) > 1(G) > ky if and only if each of the following holds.

(i) d, > k.

(ii) 2ky(n — |I| = 1) + 2 Yie;d; = X0, di = 2k (n — 1).

Theorem 5.1.2 has two immediate corollaries, as stated below, by letting k; = 0 and k, = k in
Corollary 5.1.3 and let k; = k, = k in Corollary 5.1.4.

Corollary 5.1.3 Letn > 2 and k > 0 be integers. For a graphic sequence d = (d,,d,, - ,d,) with
dy>dy > - >d,, the following are equivalent.

(i) There exists a d-realization G such that a(G) < k.

(ii) iy di < 2k(n — |11 = 1) + 2 Y, di, where I = {i : d; < k}.

Corollary 5.1.4 Letn > 2 and k > 0 be integers. For a graphic sequence d = (d,,d,,--- ,d,) with
di > dy > --- > d,, there exists G € (d) such that a(G) = 17(G) = k if and only if d, > k and
Y di =2k(n—1).

We shall utilize the properties related to uniformly dense graphs (see [9]) together with a de-
composition (introduced in [32]) based on subgraph densities in the proofs of the main result. In
the next section, we present the preliminaries on uniformly dense graphs and the related decom-
position, which will be deployed in the proof arguments of our main result. The proof of Theorem

5.1.2 and the corollaries will be given in last section.

5.2 Prerequisites

In this section, we introduce some notations and results that will be needed in the proofs of our
main results. For a vertex subset V; C V(G), define E[V;] = {uv € E(G) : u,v € V;}. For an
integer r > 1, let 7,denote the family of all graphs G with 7(G) > r. Let G be a connected graph.
A subgraph H of G is called r-maximal if H € 7, and if there is no subgraph K of G, such that K
contains H properly and K € 7,. An r-maximal subgraph H of G is called an r-region if 7(H) = r.
A subgraph H of G is aregion if H is an r-region for some integer r. Define n(G) = max{r| G has

a subgraph as an r-region}.
Let H be a graph with |[V(H)| > 1. The density of H is

|E(H)|

H) = ———.
AH) = =

It should be indicated that when H is a graph, d(H) denotes the density of H, but when v € V(G)

35



is a vertex of a graph G, dg(v) denotes the degree of v in G. In the following, we list some known

results which will be used in Section 3.

Theorem 5.2.1 (Nash-Williams, [36]) Let G be a graph. Then
a(G) = max[d(H)],
where the maximum is taken over all induced subgraphs H of G with |V(H)| > 2.

By definition, for a connected graph,

|E(G)
V(G -1
Theorem 5.2.2 (Catlin et al, [9]) If a(G) > T(G), then d(G) > 1(G).

a(G) > d(G) = > 7(G). (5.1)

Theorem 5.2.3 (Liu et al, [32]) Let G be a nontrivial connected graph. Then

(i) there exists an integer m € N, and an m-tuple (i, 1, - ,i,,) of integers in N with 1(G) = i; <
ip < -+ <1, =nG), and a sequence of edge subsets E,, C --- C E, C Ey = E(G) such that each
component of the spanning subgraph of G induced by E; is an r-region of G for some r € N with
r>i; (1 < j<m), and such that at least one component H in G[E|] is an i;-region of G;

(ii) if H is a subgraph of G with T(H) > i}, then E(H) C E};

(iii) the integer m and the sequences in (i) are uniquely determined by G.
Theorem 5.2.4 (Liu et al, [32]) If G is a nontrivial connected graph, then a(G) > n(G) > a(G)—1.

Lemma 5.2.5 (Lai et al, [26]) Let k > 1 be an integer, G be a graph with n(G) > k. Then each of
the following statements holds.

(i) The graph G has a unique edge subset X, C E(G), such that every component H of G[X,] is a
maximal subgraph with T(H) > k. In particular, G & T if and only if E(G) # X;.

(ii) If G ¢ T, then G/ X contains no nontrivial subgraph H with t(H') > k.

(iii) If G & T, then d(H') < k for any nontrivial subgraph H of G|/X,.

By Theorem 5.2.4 and by n(G) = i,, we deduce that the same conclusions of Lemma 5.2.5
also hold if the condition 7(G) > k in Lemma 5.2.5 is replaced by the condition a(G) > k.

Lemma 5.2.6 (Lai et al, [26]) Let G be a graph with d(G) > k and let X; C E(G) be the edge
subset defined in Lemma 5.2.5(i). If G[X;] has at least two components, then for any nontrivial
component H of G[X;], d(H) > k, and G[X;] has at least one component H with d(H) > k.

Next, we shall show that the same conclusions of Lemma 5.2.6 hold if we replace the condition
d(G) > k in Lemma 5.2.6 by the condition a(G) > k. For this purpose, the following result is

needed.
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Theorem 5.2.7 (Liu et al, [32]) Let G be a connected graph, and let r,r’ be integers with v’ > r >
0. Each of the following holds.

(i) If T(G) > r, then for any e € E(G), 7(G/e) > r.

(ii) If H is a subgraph of G with T(H) > r’, then ©(G/H) > r if and only if 1(G) > r.

Theorem 5.2.8 Let G be a graph with a(G) > k and let X;, C E(G) be the edge subset defined in
Lemma 5.2.5(i). Then G[X;] has at least one component H with d(H) > k.

Proof. Since a(G) > k, by Theorem 5.2.1, there exists Gy C G with d(Gy) > k.

Let X; C E(Gy) be the edge subset defined in Lemma 5.2.5(i). If Go[X]] has only one compo-
nent, then Go[X[] = Gy and d(Go[X]]) = d(Gy) > k. If Go[X]] has at least two components, then
by Lemma 5.2.6, Go[X]] has at least one component K with d(K) > k. In both cases, we use K to
denote a component of Go[X;] with 7(K) > k and d(K) > k.

Let X; C E(G) be the edge subset defined in Lemma 5.2.5(1). Then X; C X, and there
exists a component H of G[X,] such that K € H and 7(H) > k. By Theorem 5.2.7, we have
T(H/K) > k, and so |[E(H/K)| > k(|lV(H/K)| — 1). Since d(K) > k, |[E(K)| > k(JlV(K)| — 1). By
\V(H)| = |V(H/K)I + [V(K)| - 1, |[E(H)| = |[E(H/K)| + |[E(K)|, we have

d(H) EGD)] _ _|E@H/K)] +EK)
V) -1 [VH/K)| +|V(K)| -2
KVEH/BOI - D+ kVIEI =D
[V(H/K)| + V(K| -2 '
This completes the proof. O

The following lemma is useful in the proof of the main result. The related matroidal extensions
can be found in [29] and [30].

Lemma 5.2.9 (Lai et al, [26]) Let G be a graph and let X; C E(G) be the edge subset defined in
Lemma 5.2.5(i). If H' and H" are two components of G[ X1, then each of the following holds.

(i) I[H', H']| < k.

(ii) If d(H") > k, then H' has a subgraph K such that d(K) > k and 1(K — e) > k for any e € E(K).
(iii) If d(H") > k, then H' has an edge e’ such that T(H' — ¢’) > k, and E(G) — X has at most one
edge jointing the ends of e’ to H .

5.3 The Proofs

Throughout this section, suppose k;,k, > 0 and n > 1 are integers and that d = (dy,d,,--- ,d,) is

a nonincreasing graphic sequence. For this degree sequence d, define I = {i : d; < k,} and t = |]|.
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For a graph G € (d), define V; = {v : d(v) < kp} and V};; = {v : d(v) > ky}. Thus |V,| = t and
Vil =n—1.

Lemma 5.3.1 If some G € (d) has a(G) < ks, then

Zn:d,- < 2ky(n — |I| - 1)+22d,~.
i=1

iel

Proof. Since a(G[V};]) < a(G) < ky, by (5.1), |[E[V ;]| < ko((n—1) — 1). By counting the incidences
of vertices in V;, we have |[V;, V/JUE[V/]| < Y.;c; d;. Ttfollows that )", d; = 2|E[V]|+2|[V}, ViU
E[V,]| £ 2ky(n—t—1) + 2 };.; d;, and so the lemma follows. O

In the following, we assume that d = (d;, d,, - - - , d,) satisfy Theorem 5.1.2 (i) and (ii).

Since d satisfies Theorem 5.1.2 (ii), by the definition of I, we have },;.;di < D k. As
di L2k(n == 1)+ 23, di = 2ky(n — 1) = 2(ka|l] — Y je; dy), it follows that

Z d; < 2kr(n —1). (5.2)
i=1

The next lemma will be needed in the proof of Theorem 5.1.2.

Lemma 5.3.2 Letk’ > k > Q0 andr > k be integers. Let G be a graph with a(G) > k' and 7(G) > k,
and let H be an r-region of G such that for some e = uv € E(H) with T(H — e) > r. For any edge
e =xye E(G-H), if f =ux, f' =vy ¢& E(G), then

(G —{e, ') UL, f'}) > k.

Proof. Let G' = G/H and G” = (G — {e,€'}) U {f, f'}. Since 7(G) > k, by Theorem 5.2.7 (i),
7(G’') > k. Let T{,T},--- ,T| be k edge-disjoint spanning trees of G’. Since T(H—e) > r >k, H—e
has k edge-disjoint spanning trees L, L,,--- ,L;. Since G’ = G/H and since e € E(H), e ¢ E(G’).
Foreachiwith 1 <i<k,ife’ ¢ E(T}), then E(L;) U E(T]) € E(G”). Let

T; = G"[E(L;) U E(T})].
Then, T; is a spanning tree of G”. In particular, if ¢ ¢ Ule E(T)), then T,T,--- , Ty are k
edge-disjoint spanning trees of G”, and so G’ € 7.

Thus we assume that ¢’ € E(T7). Let T}, and T, be the two components of 7| — ¢’ in G'. We
may assume that 7], contains the vertex vy in G” onto which the subgraph H is contracted. Since
¢’ = xy, we may also assume that x € V(T{,)andy € V(T|,). LetT{" = G"[E(L))VE(T|—¢")U{f"}].
Then T’ is a spanning tree of G”. It follows that 7(’, T, - - - , T are k edge-disjoint spanning trees
of G”, and so G” € 7. O
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Proof of Theorem 5.1.2. By Theorem 5.1.1 and Lemma 5.3.1, the necessity of Theorem 5.1.2
follows immediately. It remains to prove the sufficiency.

Let (d); = {G € (d) : 1(G) = k}. By Theorem 5.1.1, (d); # 0. To prove the sufficiency, we

argue by contradiction and assume that
for any G € (d)1, a(G) > k. (5.3)

Thus by (5.2), for any G € (d);,

N

d; < 2ky(n - 1) < 2a(G)(n — 1). (5.4)

i=1

By Theorem 5.2.3, there exists a sequence of positive integers 7(G) = i} < i < +++ < i, =
n(G).

Claim 1. Forany G € (d),, m > 2.

Proof of Claim 1. By contradiction, we assume that m = 1 for some G € (d);. By Theorem 5.2.4,
7(G) = a(G) or 7(G) = a(G) — 1. If 7(G) = a(G), then by (5.1), 2a(G) = 2|E(G)|/(n — 1), and
so0 2a(G)(n — 1) = Y, di < 2ky(n — 1), contrary to (5.4). Thus we must have 7(G) = a(G) — 1.
By Theorem 5.2.2, 27(G) < 2d(G) = 2|E(G)|/(n — 1), and so by (5.2), 27(G)(n — 1) < 2|E(G)| =
Yy di < 2ky(n — 1). It follows that 7(G) < k, — 1, and so a(G) = 7(G) + 1 < k, contrary to (5.3).
This proves Claim 1.

By Claim 1, m > 2. By (5.3) and by Theorem 5.2.3, there exists an m-tuple (i, i», - - ,,) of
integers as stated in Theorem 5.2.3 with k, < a(G) — 1 < i,, < a(G). Thus there exists a smallest
index i; such thati; > k. By Theorem 5.2.3, G has a unique edge subset E;; C E(G) such that each

component of G[E; ] is a ko-maximal subgraph of G.
Claim 2. For any G € (d)1, E;;, # E(G).

Proof of Claim 2. By contradiction, assume that for some G € (d);, E;; = E(G). By Theorem
5.2.3, E(G) has i, edge-disjoint spanning trees, and so 2k,(n — 1) < 2i;(n — 1) < 2|E(G)| = }i_, d;.
By (5.2), we have i; = k; and |E(G)| = ko(n — 1). It follows that E(G) is a disjoint union of k,
spanning trees, and so by definition, a(G) = k,, contrary to (5.3). This proves Claim 2.

By Theorem 5.2.3 with a given value k,, for any G € (d),, E;; is uniquely determined by G.
Throughout this paper, we define X(G) = E(G) — E;;, and when G is understood from the context,
we also use X for X(G). By Claim 2, X # 0. Let ¢ = ¢(G — X). (Thus ¢ = ¢(G[E;,]) as well). Label
the components of G — X as Hy, H,, - - - , H, so that

d(Hy) > dHy) > -+ >d(H,) > ij,and H, = --- = H, = K. (5.5)

39



Notice that Hy, H,, ..., H are all the nontrivial k,-maximal subgraphs of G. Since X = X(G) is
uniquely determined by G, it follows that the components of G — X and the value of s = s(G)
satisfying (5.5) above are also uniquely determined by G. Since G — X is spanning in G and by
Claim 2, we have ¢ > 2. By (5.3) and by Theorem 5.2.8,

for any G € (d);, we always have d(H,) > k. (5.6)

Throughout the rest of the proof in this section, we choose G € (d); such that
¢ = ¢(G[E;,]) is minimized, (5.7)

and subject to (5.7),
|X(G)| is maximized. (5.8)
Claim 3. If s > 2, then d(H,) < k».

Proof of Claim 3. Suppose that s > 2 and d(H,) > k,. By Lemma 5.2.9(iii), there exists e; =
uv; € E(Hy) and e, = u,v, € E(H») such that 7(H; — e;) > k, and 7(H, — e;) > k,, and there
exists at most one edge in X joining the ends of e; and e,. Without loss of generality, assume
Uiy, vivy ¢ E(G) and let

G| = (G — {uyvi, uxv2}) U {uguz, viva} and Xy = X U {uguy, viv2). (5.9)

It follows from Lemma 5.3.2 that G| € (d),. For each i € {1,2}, by the choice of ¢; = u,v;,
H; — u;v; is contained in a ky-maximal subgraph of G/. It follows by (5.7) that G| — X(G}) =
(Hy —uyvi)U(Hy —upv2) UH3 U - - - U H,, and so |X(G))| = |X(G)| +2, contrary to (5.8). This proves
Claim 3.

By Claim 3 and by Lemma 5.2.8, there exises G € (d); such that
G has a unique k,-maximal subgraph H, with d(H,) > k,. (5.10)
Among all such graphs in (d); satisfying (5.10), choose G so that
|V(H)| is maximized, (5.11)

and subject to (5.11),
|X(G)| is maximized. (5.12)

Throughout the rest of the proof, we shall assume that G € (d), satisfies (5.10), as well as (5.11)
and (5.12).

Claim4. s=1.
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Proof of Claim 4. Suppose s > 2. By Lemma 5.2.9, H, has an edge ¢, = uv € E(H,) with
d(H, —e;) > 1(H; —e;) > i;and |[H;[{e}], H]| < 1. (5.13)

By (5.13), H, has an edge e, = xy such that xu, yv ¢ E(G). Let G; = (G — {xy, uv}) U {xu, yv}. By
Lemma 5.3.2, G| € (d),. By Claim 3, d(H;) = k; and so 7(H; — e;) < k. Let Hy 1, -+, Hy; be the
k,-maximal subgraphs of H, — e,. Thus for each z € {1,2,...,1}, either d(H, ;) = k, or H,, = K.
By the choice of ey, 7(H; —e1) > k,. If 7(H, — e1) = ky, then by Claim 3, and by the fact that either
d(H,;) = ky or H,; = K;, we must have a(G) < k,, contrary to (5.3). Hence d(H, — e;) > k,, and
soH,—ej,H,,,- -, Hy; are the k;-maximal subgraphs of G,[(H| —e;) U (H; —e,)]. 1t follows that
X C X" — {xu,yv}, and so |X’| > |X| + 2, contrary to (5.12). This proves Claim 4.

By Claim 4, s = 1. If ¢ = 2, then |V(H,)| = n — 1. Let V(H,) = {x}. By the definition of X(G)
and i;, 7(H,) > i; > k,. By Theorem 5.2.8, we have

Z d; = 2|E(H))| + 2|[{x}, Hi ]| > 2ka(n — 2) + 2dg(x). (5.14)
i=1

If dg(x) > ko, then )., d; > 2ky(n — 1), contrary to (5.4). Hence d,, < dg(x) < k,. For any v €
V(H,), we have dg(v) > dy,(v) > 7(H,) > k. It follows that r = 1, that is, there is a unique vertex
whose degree is smaller than k,. By (5.14), we have Y7, d; = Y di+d, > 2ky(n—t—1)+2 Y, d.,

contrary to Theorem 5.1.2 (i1).

Thus for the rest of the proof, we shall assume that s = 1 and ¢ > 2. Since s = 1, for each i
with 2 < i < ¢, denote V(H;) = {x;}. Since 7(H;) > k,, if for some i, |[INg(x;) N V(H;)| > k,, then
G[V(H;) U {x;}] should have been in a k;-maximal subgraph of G, contrary to the choice of E; .
Hence we have

for any i with 2 < i < ¢, |Ng(x;) N V(H})| < k. (5.15)

Claim 5. For some i # j, x;x; € E(G).

Proof of Claim 5. By contradiction, we assume that {x;, x3,--- , x.} is an independent set of G.
Then for any x; with i > 2, Ng(x;) € V(H;). By (5.15), ds(x;) < k,. Since for any v € V(H)),
dc(v) > dy,(v) 2 7(H)) > ky, it follows that ¢t = |[I| = ¢ — 1 and

i=1

2IEH))| +2 " [k, VD]

i=2

2k2[n—(c—1)—1]+22di:2k2(n—t—1)+22di,

i€l iel

\

contrary to the assumption in Theorem 5.1.2 (ii). This proves Claim 5.
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By Claim 5, we may assume ¢’ = x,x3 € E(G). By Lemma 5.2.9 (i1), H; has a subgraph K
such that d(K) > i;, 7(H) > i}, and such that 7(K — e) > i; for any e € E(K). As G is a simple
graph,

[V(K)| > i; > k. (5.16)

Claim 6. For any edge ¢ = uv € E(K), if ux, ¢ E(G), then vx; € E(G); if ux; ¢ E(G), then
vx, € E(G).

Proof of Claim 6. By contradiction, suppose for some edge ¢ = uv € V(K) such that ux,,vxs ¢
E(G). Define G, = (G — {uv, xpx3}) U {ux,, vx3}. By Lemma 5.3.2, G, € (d),. Since 7(K —¢e) >
ij > ky, it follows by Theorem 5.2.7 (i1) that 7(H; — e) > k,, and so H; — e belongs to a k,-maximal
subgraph H{" of G,. By Claim 4, H{' is the only nontrivial k»-maximal subgraph of G,. It follows
by (5.11) that V(H{") = V(H,) and so H{ = H; — e;. Hence X(G) € X(G>) — {ux,,vx3}, and so
|X(G)| < |X(G>), contrary to (5.12). This proves Claim 6.

Define
S1 = Ng(x2) N Ng(x3) N V(K).
S2 = (Ng(x2) — Ng(x3)) N V(K).
S3 = (Ng(x3) — Ng(x2)) N V(K).
Ss = VIK)=(S;US,US3).

Claim7. S, # 0.

Proof of Claim 7. By (5.15) and by (5.16), we have V(K) — Ng(x3) # 0, and so S, U S4 # 0.
Assume by contradiction that S, = (). Then S, # 0. By Claim 6, Nx(S,) € S U S», and so
IS1 US| > INk(S2)| = 6(K) > i; > k. On the other hand, it follows by (5.15) that |[S; U S,| =
|Ec(V(K), {x:})| < |Ng(x2) N V(H))| < k,. This contradiction establishes Claim 7.

By Claim 7, S4 # 0. By Claim 6, Ng(S4) € § . It follows that |S ;| > [Ng(S4)| > 6(K) > i;. On
the other hand, we have |S | < [V(K) N Ng(x2)| < |Ng(x2) N V(H,)| < i;. This contradiction proves
the theorem. O
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