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ABSTRACT

Mesomechanics of Fabric Reinforced Composites

Thomas Miles Damiani

Fiber reinforced plastic composites are an attractive alternative to traditional
materials because of, among other things, the ability to concurrently design the materials
and ratios to fit a specific need. One method of fiber reinforcement is through the used of
woven fabrics, which provide more balanced overall strengths and durability during
fabrication. The weaving and interlacing of the fibers, however, adds a level of
complexity when predicting material properties and strengths using micromechanical
models. Traditional models have mostly been based on classical thin lamination theory,
and this method is limited in its scope and applicability for woven fabric composites.
This research sought to develop a novel procedure for predicting the overall material
properties (a complete set) and internal stresses for a plain weave fabric composite. The
new model is based on periodic microstructure, taking advantage of the sinusoidal
weaving nature of the plain weave geometry. The new application of periodic
microstructure combines the power and comprehensiveness of the finite element method
with the ease of use and speed of a micromechanical model based in classical lamination
theory. All of the relevant equations and relationships pertaining to the application of
periodic microstructure to a plain weave fabric composite were developed. The
analytical weave geometry of Ito and Chou and the experimentally determined geometry
developed by the Construction Engineering Research Laboratory (Army Corps of
Engineers), along with the derived equations, were inputs into a Mathcad program that
calculates the effective stiffness matrix of the representative volume element (RVE) as
well as the point wise stresses at any location within the RVE volume. Results were
compared with existing experimental and finite element data, with excellent correlation in
both cases.
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Chapter 1

Introduction and Objectives

1.1 Introduction

Composite materials, specifically fiber reinforced plastic (FRP) composites, are
being researched and marketed as an alternative to traditional load-carrying materials
(steel, aluminum, etc.) because of their enhanced properties, some of which are an
increased strength to weight ratio, corrosion resistance, and the ability to concurrently
design both the constituent materials and orientations necessary to meet the specifications
required for a given structural member. However, these advantageous properties are
offset, in some instances dramatically offset, by the uncertainty that comes with the
implementing an FRP member. There is a sense of security that is associated with the
use of traditional materials because their properties are well known and their
effectiveness has been proven over time. Materials such as steel and aluminum have
been extensively tested and their properties and characteristics have been well
documented over the last century. Compared with the variety and property variations in
traditional materials, FRP composites have an infinite number of combinations of types,
ratios, and orientations of the FRP constituents. This leads to a unique set of material
properties for each specific FRP configuration. Because of this, a comprehensive testing

program that encompasses all possible configurations is not possible.



There are many different material characteristics pertaining to FRP composites
that are in doubt. Steel and aluminum, for example, are isotropic materials. Only two
material parameters (E, G, or v) are required to fully describe the properties of an
isotropic material, and those properties are independent of the orientation of the loading.
Taking the fiber and matrix constituent materials (of which their properties are also well
known) and processing them forms a single heterogeneous material. It is significantly
more complicated to determine the “effective” material properties of the composite based
on the known material properties of the constituents. A simple unidirectional composite
is generally orthotropic in nature, meaning that instead of only two parameters describing
the material, there are now nine. This ability to predict the properties of the composite
material based on the properties of the constituents is an area of great interest to both the
research community and design engineers alike.

One method for property prediction is through micromechanical modeling. This
method establishes the overall material properties of the FRP composite as a function of
the properties and ratios of the constituent materials (fiber and matrix) as well as the
geometry of the system. For a unidirectional composite, the overall properties of the FRP
can be accurately determined through micromechanics because the geometry is simple.
This method becomes complex when the constituent properties and/or geometry are more
complex. Another tool for property prediction is through finite element modeling. By
taking the material and geometrically discretizing it into many smaller sections, the
properties of the material can be ascertained through simple micromechanical procedures.
This method is very powerful, but it can also be very complex and computationally

expensive to implement.



1.2 Fabric Reinforced Composites

A fabric reinforced composite material can be made by taking constituent fiber
tows and weaving them together into a desired pattern, which results in a fabric of
interlacing fiber tows. The fabric is then infused with a resin to form a fabric reinforced
composite material. There are a variety of commercially available fabric materials and
weave patterns. Some of the most common fabric weaving patterns are the plain weave,

twill weave, and satin weave, as seen in Figure 1.1.

Plain Weave Twill Weave

4 Harness Satin
Weave

8 Harness Satin Weave

Figure 1.1: Schematics of some woven fabric geometries



In Figure 1.1, the blank boxes represent the fiber tows that are running in the left-
to-right direction on the page, also known as the warp direction when looking at the
fabric cross section. The boxes with the vertical lines inside represent the fiber tows that
run from top to bottom on the page, and that direction is known as the fill direction.
These materials possess some additional advantages to using directional fiber tows.
Through the interlacing of the fiber tows to form a fabric, the fiber material becomes
more of a self-supporting system. Fabrics can be draped and manipulated to form more
complex shapes. In addition to the fabrication advantages, the interlacing of the tows
provides both bi-directional rigidity in the plane of loading (E;, E>, Gj») and increased
interlaminar strength out of the plane of loading (Es, Gy3, Gi3). For these and other
reasons, fabric reinforced composites are an attractive alternative to traditional materials,

as well as ordinary directional tow FRP composites.

1.3 Objectives

In Sections 1.1 and 1.2, the methods of FRP composite material property
prediction were outlined, and fabric reinforced composites were introduced. The
objective of this research is to develop a novel mathematical model, using the principle of
periodic microstructure, to determine the material properties and internal stresses of a
woven fabric composite material. In Chapter 2 of this dissertation, a literature review of
the current available micromechanical models is presented, and from that review a need

will be established for a novel method of determining the material properties. Chapter 3



consists of a full derivation and explanation of all equations and relationships required to
justify and implement periodic microstructure. Chapters 4 and 5 detail the construction
of the mathematical models for a plain weave fabric composite using Mathcad 2001 and
the comparison of the results with experimental and similar micromechanical modeling
data. The research is culminated in Chapter 6 and Chapter 7 with a summary of the

current work and recommendations for future extension and/or expansions.



Chapter 2

Review of Literature

2.1 Background

Research pertaining to the modeling of woven fabrics for use in the textile industry began
in the 1930’s. Pan [1] provides an excellent review of the origin of the analysis of woven
fabrics for use in the textile industry, which are summarized in references [2] through
[10]. The paper by Pierce [2] is acknowledged to be the first model to describe the
behavior of a woven fabric under loading. Subsequent papers that were published in the
following years sought to build new and/or refine existing models that could provide
more accurate representations, or to predict properties that had yet to be accurately
determined. The approach in these references was to idealize the geometry and material
characteristics in such a way that would make the analysis as simple as possible and that
would still maintain the integrity of the system. In light of the fact that computers were
either non-existent or not readily accessible, these approaches had to be idealized to the
point to where their application was limited. The research that was done on textile
fabrics, though idealized, provided a foundation for the research that developed in the
1980’s when the woven fabric geometry was used in the formation of woven fiber tow

systems that could be fabricated into FRP composites.



2.2 Classical Lamination Theory

The first significant paper dealing with the analysis of woven fabric composites
was authored by Ishikawa and Chou [11] in 1982. This research produced three
analytical models to predict the linear elastic properties of woven fabric composites: the
mosaic model, the fiber undulation model, and the bridging model. The mosaic model
idealizes the woven fabric geometry as an assemblage of asymmetrical cross-ply
laminates, as seen in Figure 2.1. This assumption enables the mechanics of the system to
be solved by classical thin lamination theory, as would be the case for a ply laminate
composite material. The mosaic model completely neglects the undulation and
interlacing of the fiber tows, and is not capable of completely describing all of the

material properties (CLT cannot predict out of plane properties, i.e. E3, Gy3, etc.).

4
S
5%

o3,
o::’ %

X
9,

R
2002000102/
55 :.,;z,zol,,

20520,

Figure 2.1: Mosaic model [11] idealization of a plain woven fabric RVE



The fiber undulation model takes the undulation of the fiber into partial account by
looking at the undulation of the fabric in either the warp or the fill direction, and
assuming no undulation in the opposite direction. In Figure 2.2, the formation of the
fiber undulation model is presented. The cross section that contains the undulation is
segregated into three sections. The outer sections are analyzed by traditional classical

lamination theory.

Figure 2.2: Idealization of the fiber undulation model [11] (top) with the discretization of the cross
section (bottom).

The same can be done for the middle section, but it must be discretized into smaller
sections. Each small section of laminate is assumed to be a linear, but set at an angle to
the outer section. The properties are solved for in the local or material coordinates of the
discretized section and then transformed to the global coordinates of the representative
volume element. The bridging model is a combination of the mosaic and the fiber

undulation models, and was developed for the analysis of satin weave fabric composites.



Many authors have taken the general approach of Ishikawa and Chou and developed a
wide variety of models for both material property characterization as well as strength and
failure prediction. Hahn and Pandey [12] developed a relationship for the effective
stiffness C* of a plain woven fabric composite simply by taking the volume average of all
of the constituents in the fabric RVE in conjunction with the assumption that the strain in
the RVE is uniform (iso-strain). The volume averaging was presented in the form of
classical lamination theory and equations were derived to predict both the mechanical and
thermal material properties, namely the longitudinal and transverse thermal expansion
coefficients. The results they attempted to correlate with experimental data were limited
to only the in-plane modulus of elasticity and shear modulus (E;; and Gj,). Ito and Chou
[13], [14] researched the effect of the laminate stacking sequence through the modeling
of the representative volume element (RVE) as being either in phase, out of phase, or a
random phase. Their analysis used the iso-strain assumption along with classical
lamination theory to describe the stiffness and strength of a plain weave fabric composite.
Naik and Ganesh [15] applied the method of cells approach of Aboudi [16] to the
idealized cross ply laminates and assumed material nonlinearity in order to predict
material failure for plain weave fabric laminates. They took into account the undulations
in both the warp and the fill direction by discretizing along the fill direction and using the
geometric shape functions to determine the idealized laminate size and material
properties. Scida et al. [16] used a technique similar to that used in [15] by discretizing
each infinitesimal section of the fabric through its depth and calculating the material
coordinate stiffness of each of the composite constituents (warp strand, fill strand, or

matrix). These incremental stiffnesses are then averaged over volume of the



infinitesimal slice. The calculated stiffness terms are then transformed into the global
coordinate system and averaged over all of the discretized sections in order to determine
an average effective stiffness term, denoted as [Agobal] 1n the paper. This method was
programmed using computer software called MESOTEX (MEchanical Simulation Of
TEXtile), providing users a general method to predict properties of a wide variety of
fabric dimensions and loadings. It was tested on a-glass composites with epoxy and vinyl
ester resins and plain, 8 harness satin, and 2/2 twill weave fabrics. Vandeurzen et al.
[18], [19] developed a similar program called TEXCOMP using Microsoft Excel. The
program was built in order to analyze complex unit cells that have the capability to depict
complex fabric reinforced composite RVE’s. These complex unit cells are constructed
by means of a bank of rectangular macro cells that have been developed and
programmed. This program incorporates a variation in the methods of discretizing the
cross sections, either through mixing, not mixing, or combining the different constituent
properties in each section. The contrast of the traditional classical lamination theory
approach (fabric geometry model) and their combi-cell model expose the limitation of
CLT for computing the out-of-plane properties. The combi-cell model is evaluated
through the use of the complementary variational principle. The discretization
procedures of references [16] and [19] allow for the calculation of a complete set of
stiffness terms, which is a significant improvement of the mosaic and fiber undulation

models of [11].
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2.3 Alternative Approaches

Some novel approaches exist that derive from a theory other than classical lamination
theory. Zhang and Harding [20] used an energy equivalence method that combines a
finite element analysis with the 1D fiber undulation model of [11] to ascertain the
mechanical properties of a one ply plain weave fabric composite. This method was also
used to obtain values for all of the material properties except the out of plane shear terms
(G13, G23). The values, however, were not effectively compared with experimental
results. Sheng and Van Hoa [21] developed a 3D model and used variational principles,
namely the variational potential energy method and the variational complementary
energy method, along with an iso-strain assumption. This method predicted a full set of
material properties for Carbon/Epoxy and E-Glass/Epoxy plain weave fabric composites
as well as an S2-Glass/C-50 Resin twill weave specimen. Experimental verification
through testing was not complete for these specimens, either.

A vast number of researchers have done finite element analyses on a variety of
fabric geometries. These methods vary in, among other things, geometric modeling,
mesh generation, element type, and the material properties of the constituents. Dasgupta
et al, [22], [23] developed a finite element model that uses a two-scale asymptotic
homogenization theory. This model also includes the effect of matrix nonlinearity and
damage. The research of Kollegal and Sridharan [24]-[26] produced a series of papers
dealing with the modeling of plain weave fabrics for the prediction of both tensile and

compressive strength. These are just a few examples of the finite element analysis
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research that has been published, and more research can be investigated concerning the
use of finite element analysis in woven fabric composite modeling in the following

references: [22]-[31].

2.4 Conclusions

The method of finite elements can be a very powerful method of solution, and one
can include a variety and combination of material and geometric complexities
simultaneously. However, this method can be very complex to implement and is often
only applicable to a specific design. So on one hand there are the generalizations and
assumptions of classical lamination theory that provide ease of use with limited results.
On the other hand, there is the finite element method that can provide complete material
characterizations, but is very complex and time consuming to construct and to solve.
From the review of the literature, it is evident that there is a need to be able to meld the
two extremes together with a new constituitive approach that maximizes the accuracy and
completeness of the material property characterization at a minimum of preliminary setup

and computer expense.
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Chapter 3

Periodic Microstructure

The literature review of Chapter 2 outlined the need for a method of analysis in
the area of woven fabric composite materials that takes the best attributes of finite
element analysis (ability to handle complex parameters) and classical lamination theory
(ease of solution) and, through a new analytical method, combines them so as to produce
a simple, efficient, and accurate way to determine a complete set of composite material
properties.

There are essentially two aspects of a woven fabric composite that result in a
more complex situation: The undulation and interlacing of the warp and fill fiber tows.
The idealization of classical lamination theory can take into account the undulation of the
fiber tows through the discretization of the representative volume element (RVE) and
subsequent transformation of the local material properties to the global coordinate system
(i.e. the fiber undulation model). However, it does not take into account the effect that
the warp tow has to the fill tow, and vice versa. Each set of material properties is
determined for that specific discretized section and the contributions of each part are

averaged to determine the overall RVE properties. The finite element method can
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account for these two complexities, but the disadvantages of using this method have
already been outlined in Chapter 2.

From a careful analysis of the existing literature on both woven fabrics, as well as
existing micromechanical models for unidirectional composites, it was determined that a
woven fabric composite could be modeled using periodic microstructure because the
undulation of the fiber tows in a fabric reinforced composite are generally periodic in the
weaving between the warp and the fill tows. The book authored by Nemat-Nasser and
Hori [32] outlines the theory behind periodic microstructure and its application to
materials with micro-cracks or micro voids. This chapter deals with the derivation of all
the equations and relationships necessary to extend this technique to the analysis of

woven fabric composites.

3.1 [Eigenstress and Eigenstrain

Periodic microstructure is applied through the homogenization of a heterogeneous
woven fabric representative volume element. The RVE section consists of the warp
fibers, the fill fibers, and the matrix material that impregnates and surrounds the fiber
tows. The new material is effectively homogeneous, with a unified set of material
properties. Homogenization is the basis for some existing micromechanical models that
are available in composite textbooks and literature. For a simple unidirectional
composite, the determination of the modulus of elasticity is found simply by using the

rule of mixtures:
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E,=E,V,+E_V_ 3.1

where E is the modulus of elasticity, V is the volume fraction of the material, and the “f”
and “m” subscripts represent the property of the fiber and matrix, respectively. This is a
simple example of homogenization, which produces a single material property (E;) from
a combination of the geometric (Vy, Vy,) and material (Eg, E,) properties. Even with the
simple case of a unidirectional FRP composite, however, there are five independent
material constants (If the material is assumed to be transversely isotropic) that need to be
determined, and the rule of mixtures is only accurate in the determination of the
“effective” modulus of elasticity in the direction of the fibers. Therefore, four other
relationships are needed in order to fully describe the effective material properties of a
unidirectional composite (The balance of these properties can be found in Barbero [33]).
The homogenization approach that was used in this research, and is outlined in
[32] by Nemat-Nasser and Hori, utilizes the concepts of eigenstrain and eigenstress.
Consider a heterogeneous material (total volume of V) that consists of a matrix material
(M) that surrounds an inclusion (£2). Assume further that each of constituent materials is
linear elastic and homogenous (the materials need not be isotropic). Each constituent
has an independent set of material properties, which are summarized by stiffness matrices
and denoted as C for the matrix material and CQ(X) for the inclusion. The stiffness
matrix fully describes the material properties of the constituents and in the most general
form is a 6 x 6 matrix consisting of 36 terms (for a fully anisotropic material). In order to
homogenize the material, it is assumed that both of the constituents have the same

stiffness matrix. For the purposes of this research, the inclusion is homogenized to the
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surrounding matrix material because the surrounding matrix is usually isotropic, which is
much simpler to represent.

Figure 3.1 depicts the process of homogenizing the inclusion to the matrix in
terms of the total strain on the system, in which €° is the applied external strain on the
system and sd(x) is the disturbance strain induced due to the presence of the inclusion.
To account for this assumption, an eigenstrain term €*(x) is added to the total strain term
so as to “correct” the constitutive equation such that the consistency condition holds. The

entire process is represented in the following equations

o(x)=C:(g"+£'®)) in M (3.2)
o(x)=C"(x):(e" +&'®)) in Q (3.3)
* C:(g+&' ) inM
o(x)=C:(e" +£'®) - ®)=1" * (3.4)
C:(e'+e'@-g®) inQ

where Equations (3.2) and (3.3) represent the heterogeneous constitutive equations for
the matrix and the inclusion, and Equation (3.4) is the homogenized relationship with the
addition of the eigenstrain term €*(x). A similar relationship can be developed through

the use of an eigenstress 6*(x)
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* C:(e"+¢' ) inM
o(x)=C:(e’ +&' )+ (x)=1" ) (3.5)
B g:(§°+§d(_))+g (x) inQ
in which the disturbance stress Gd(x) can be written as
o' (x)=C:e'(x)+0 (x). (3.6)

There are several complexities that have to be resolved in order to apply the
relationships derived from the homogenization of the material using eigenstrains. In the
most general form, the terms in Equations (3.2)-(3.4) are functions of position. The
stiffness of the matrix C is independent of position if we assume an isotropic matrix,
which is more than valid. The stiffness of the inclusion, CQ(X), cannot be assumed to be
isotropic, and therefore remains a function of position. However, the material properties
can be determined using a variety of other methods, depending on the specifics of the
inclusion. The terms that are difficult to determine are the disturbance strain ed(x) and
the eigenstrain €*(x). Since both of the strain fields are induced due to the presence of
the inclusion, the disturbance strain can be written as an integral operator acting on the

corresponding eigenstrain [32]. This relationship can be written as follows

d k
e (x)=S(x; €) (3.7)
where S is the integral operator. The same form of an integral operator is written for the

solution of the eigenstress, and is written as
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o' (x)=T(x; ). (3.8)

A unique relationship will be derived in subsequent sections that will be specific to the

periodicity of the woven fabric system.

3.2 Periodic Microstructure

The technique of homogenizing an inherently heterogeneous material, as outlined
in Section 3.1, can be a useful step in the process of determining a unified or “effective”
set of material properties. One of those processes utilizes the periodic nature of the
material, either through the geometric shape of the constituents, or the placement and
spacing of the heterogeneities throughout the RVE.

Figure 3.2 and Figure 3.3 illustrate geometric and spacing periodicity,
respectively. In Figure 3.2 it is clear that both the warp and fill tows exhibit periodicity.
The warp tow is an example of geometric periodicity, since its pattern of undulation is
sinusoidal, which is inherently periodic. The fill tow is likewise sinusoidal in nature, and
if another cross-section were illustrated it would have similar shape. Figure 3.3 is an
example of periodic spacing. The figure could be representative of a variety of material
views. It could be an idealized cross-section of a unidirectional composite with
cylindrical fibers. Also, it could be a view of the top of a material with spherical
inclusions spaced throughout. In either case, the spacing of the heterogeneities is

uniform, and thus periodic. This technique has been used by Luciano and Barbero [34] to
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develop micromechanical models to predict material properties for directional ply

laminates.

3.2.1 Fourier Series

Fourier series expansion is a useful mathematical tool for representing generally
discontinuous functions with a summation of a series of sine and cosine functions (such
as square waves or saw tooth waves). In a one dimensional case, the Fourier series

expansion is as follows

f(x)= i C, 'ei[Lj (3.9)

1 T
C, :Z_J;g(x) ’ e( - jdX (3.10)

where g(x) is the local function definition in the range of L and f(x) is the resulting
function from the summation. This procedure can be extended into three dimensions, and

Nemat-Nasser and Hori [32] stated the Fourier series in this manner

fip (&) = ZF£3D (5) ' ei(z‘é) (.11)
&
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Ff,p(8)= % J'gm(&) e *Fav (.12)
U

where Ff3p(x) is the three dimensional Fourier coefficient, and the vector & is represented

in the following way

¢ =¢; zgi(ni):; (3.13)

in which a; is the vector that represents the domain of the RVE in question. For the

formulation in this dissertation, the volume of the RVE, denoted as U, is defined as

U=TT(2-a) [Uis(20)x(28,)x(28,)]. @10

=1

When there exists a level of periodicity in the material (either geometric or spacing), the
Fourier expansion can be applied to all of the relevant field variables, some of which
being the strain (g), stress (), displacements (u), etc. This leads to an approximation of
the exact field variable that is as accurate as the number of terms considered.

In addition to the Fourier expansion being a tool to represent the field variables,
the field variables themselves exhibit periodic behavior. Consider the illustration
inFigure 3.4, where the material is periodic at a spacing of d in the x direction. In this

simple case, the effective stiffness tensor is only a function of x. Due to the repeating
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nature of the material at an x coordinate spacing of d, the effective stiffness tensors

C(Xl) and E(X 2) are equal and can be expressed as follows

Q(XI)ZQ(Xz)ZQ(XI +d) (3.15)

This simple illustration shows that the field variables in addition to the physical geometry

repeat as multiple of the dimensions of the RVE.

3.2.2 Expansion of field variables

Recall from Section 3.1 that the homogenization resulted in there being two
terms, Sd(g) and 8*(§) that are unknown, and that the disturbance strain Sd(ﬁ) is written as
an integral operator acting on the eigenstrain 8*(3), as described in Equation (3.7). In
general, these terms are not able to be resolved, except in the case where the inclusion is
ellipsoidal in shape. Eshelby [35] presented a solution for this case, and it turns out that
the eigenstrain is uniform throughout the inclusion Q. The expansion of the field
variables through the use of a Fourier series produces a solution for these terms, and
therefore provides a method of resolving the effective properties of the material. In this
section, the relevant field variables are expanded in a Fourier series due to the application

of either a macro-strain €° or macro-stress G°.
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The Fourier expansion of the displacement and strain fields are addressed first,

and are written as follows

u(x)=3 |Fu()-ew(ix-g)] 316
2(5)-exp(—i§-§)d\/ (3.17)

§(§)=; | Fe(8)-exp (ix-€)| (3.18)

g(x)-exp(—ix-§)dV (3.19)

where Fu(§) and Fe(§) are the Fourier coefficients and the prime " in front of the
summation term in Equations (3.16) and (3.18) represent an exclusion of the term that

corresponds to §=0. This term is omitted because it corresponds to rigid body

translation. The Fourier expansions for some pertinent field variables are listed in Table
3.1.

Along with the terms that have been listed and outlined above, the utilization of
the Fourier expansion in the context of periodic microstructure provides a method of
solving for the eigenstrain e'(x) and the eigenstress o (x), and thus determining the
effective properties of the material. This is perhaps the most important transformation,
and the variable with which the entire method hinges. The expansion of the eigenstrain is

as follows
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e (x)=D, Fe'(&)exp(ix &) (3.20)

&

with the Fourier coefficient being
Fe <§)=EI§ (x)-exp(—ix-&)dV (3.21)
Similarly, the eigenstress expansion is

o (x)= ; Fo (€)exp(ix &) (3.22)

with the Fourier coefficient being

) =% o (x)-exp(~ix-§)dV_ (3.23)

In addition to being able to functionally represent a system that is locally continuous, the
Fourier series expansion produces continuum relationships that can be resolved in terms
of the Fourier coefficients, which are not dependant on the position x. The constitutive
equations have already been discussed in Section 3.1. The compatibility and equilibrium

equations and their resulting relationships will be discussed in subsequent sections.

3.2.3 Compatibility equation expansion

The compatibility equation is the relationship between the strain and the

displacement for a given RVE. The assumptions in these derivations, along with all of
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the work in this dissertation, work within the bound of a compatibility relationship in
which the following conditions exist:

1. The real body forces and inertia terms are zero
2. Surface tractions must be self-equilibrating

3. Surface displacements must be such that they do not
produce rigid body translations or rotations.

With these conditions in mind, the strain-displacement, or compatibility, equation is as

follows

§(§)=l[2®g(§)+(2®2(5))1 (3.24)

where the term V®u(x) denotes the vector gradient of the displacement. When the

gradient of u(x) and its transpose are equal, then the Equation (3.24) simplifies to
e(x)=V®u(x) (3.25)

The vector gradient of u(x) can be expanded in a Fourier series, just as the displacement

field u(x) was in Equation (3.16). The expansion is as follows:

Vou(x)=) |F(V®u(x))(&) exp(ix )| (3.26)
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where the Fourier coefficient is expressed as

1

F(Veu(x))(&) =5 [V®u(x)-exp(-ix-§)dv. (3.27)

Equation (3.27) can be rewritten through the use of the divergence theorem of Gauss to

be
? ) . (3.28)

Because of the periodicity that exists, the surface integral in Equation (3.27) equates to

zero. The second term can be simplified through the resultant scalar gradient

V{exp (—i§ : é)} in the following manner

v [eXp (-ix- §)] =—igexp (_iﬁ ' §) . (3.29)

From the simplifications that have been made, Equation (3.28) can be rewritten as

follows

F(Y®u(x))(&)= —% Uf[—iéexp(—ié'é)] ®u(x)}dV. (330
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From this equation, it can be seen that the negative signs cancel, and since the integral is
over the volume, the isolated vector & as well and the imaginary term i can be taken out

of the integral. This further modification results in
: 1 .
F(V®u(x))(8)=i&® [u(x)exp(-ix-EjV (331)

which further reduces to

£). (3.32)

Equations (3.26) and (3.32) make up the Fourier expansion of the vector gradient of the
displacement. These relationships, along with the expansion of the strain term in
Equation (3.24) yields a modified compatibility equation that relates only the Fourier
coefficients of the field variables, which in case are the strain and displacement. The

expansion is as follows:

| : 1 _%'[i§®FE(§)-eXp(i§.§)]+ |
2 [Fg(é)'e"p(lﬁ'é)]:5_(%{@@Fg(é)-exp(i&é)]f_ -

which further reduces to
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Fe(g)=5[E@Fu()+Fu(2)oE] 334

3.24 Equilibrium equation expansion

The equilibrium equation, in light of the assumptions made in Sub-section 3.2.3,
is free of real body forces. This means that, in general, the equilibrium equation can be

written as
V-o(x)=0 (3.35)

The stress term g(g) can be expanded in terms of both the constitutive equation

(Equations (3.2) and (3.3)) and the homogenization using eigenstrains (Equation (3.4)).
If we homogenize through an applied eigenstress, then the stress distribution follows the
form of Equation (3.6). Substituting that equation into Equation (3.35) yields the

following

Y'[Q@(&)}*‘Y'[Q* (&)} =0 (3.36)
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It can be seen from Equation (3.36) that the modification of the constitutive equation
results in the “corrective” eigenstress that can be thought of through the equilibrium
equation as a distribution of body forces.

From Equation (3.36), a relationship can be established that relates the Fourier
coefficients of the strain €(x) to the eigenstrain 6*(§). First, the strain term is replaced by
Equation (3.25), creating a relationship between the displacement u(x) and the

eigenstress. The substitution is a follows:
Y'[Q=(Y®H(§))}+Y'[Q*(§)]=0. (3.37)

The field variables V® E(&) and G*(X) can be expanded as a Fourier series from

Equations (3.26) and (3.22), and then substituted into Equation (3.37). The substitution

results in
z-{g : @ [i&® Fu(&)exp(ix- é)m +V- {% 'Fo' (é)exp(ig-é)} =0. (3.38)

The divergence term only operates on the exponential term, because that is the only term

that is a function of position. Distributing the del operator through each term and

evaluating V -exp (i§ : é) simplifies Equation (3.38) to

sz [izoFu(z)(iz-ew(ix-8))] J+ £ Fo (2)(i-exwix-E)) =0 639
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Because both terms are summations over &, the summations can be removed, realizing
that the equilibrium exist for a summation of all of the terms inside the summation
evaluated for all values of £, except for § = 0. This simplification yields the following

relationship

C:iE®Fu(&)-if+Fo (§)-iE=0 (3.40)

which can be further rearranged to be

-&-C:|E®Fu(g)|+Fo’(8)-i&=0 G.41)

which is valid for all § # 0. If the term &-C-& in Equation (3.41) has a defined inverse,

then the Fourier coefficient of the displacement, Fg(é) , can be resolved as a function of

Fo' (&) to be

Fu(g)=i(g-C&) [&Fa (8)] (3.42)

The results from Equation (3.42) can be substituted into Equation (3.34), which relates

the Fourier coefficients of the strain to the displacement, in order to obtain the following
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o). e@|i(e-ce) [&Fo (8)]]+
Fe(S)=—
2 lilecy [ero ()])et -
which can be rewritten as
Fe(8) =-sym| £@(6-C-E) ®E|:Fo'(5) G

where “sym” stands for the symmetric part of the bracketed term é@(é -C -é)il ®E.

Equation (3.44) represents the relationship between the Fourier coefficients of the strain
and the eigenstress. In order to equate the strain and eigenstrain coefficients, the
equilibrium equation (Equation (3.35)) can be rewritten, using the eigenstrain constitutive

equation (Equation (3.4)), as

V[Cie]-V-[Cie'®)]|=0. (3.45)

The subsequent Fourier expansions and simplifications are done in the same order as in
Equations (3.38) through (3.44). The result of those steps, for a prescribed eigenstrain, is

as follows for the displacement-eigenstrain relationship:

Fu(g)=-i(e-c8) [&(c:re (8)] 346
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The strain-eigenstrain relationship follows the form of Equation (3.44) and is presented

as

Fe(g) =sym| £0(8 C-¢) ' ®E | C:Fe' () 347

Equation (3.47) represents the integral operator expression of Equation (3.7) in terms of

the Fourier coefficients of the field variables. The expression can be rewritten as follows

Fe(§)=Fs"(§):Fe (&) (3.48)

in which
8" (€)=sym| £0(2-C-E) @8 :C. (3.49)

Recall from Equation (3.7) that the disturbance strain is written as S(x; € '), which relates
the disturbance strain to the eigenstrain. Equation (3.48) provides that relationship
through the respective Fourier coefficients. S, the periodic integral operator, can be

written as follows by substituting Equation (3.48) into Equation (3.18)

S"(x)=)_ FS"(&):Fe' (&)exp(ix-§). (3.50)

§
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The Fe* term can be replaced by Equation (3.21), realizing that the position term
contained in the Fourier coefficient is different from the position term for S’ because the
term is integrated over the volume U. The expression can be rearranged in the following

manner

S"(x)=2, Fs"(&): gfﬁ*(z)'exp(—ix'é)d"y exp(ix &) (.51

£ U

and Equation (3.51) can be further simplified by condensing the exponential term as

I‘E* (y) eXp(@ ' (5_2’)) dVy | (.52

Equation (3.52) represents the periodic integral operator that acts on the eigenstrain 8*(X).

The equations developed in this and previous sections, though complicated,
underscore the power of the periodic microstructure method. Through the use of the
Fourier expansion, the relationships that were all generally functions of position have
been replaced by functions of &, which is the additive term of the expansion and is
independent of position. From this foundation, the constitutive, consistency, and
equilibrium equations can be applied to a heterogeneous representative volume element

(RVE) in order to ascertain its effective material ~ properties.
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3.3  Periodic consistency conditions

The consistency condition for the homogenized inclusion relates the stiffness or
compliance of the inclusion to that of the homogenized reference term and corresponding
eigenstrain/eigenstress. For the case of periodic microstructure, the relationship can be

written as follows

C* (x):(e"+e" (x))=C: (" +€" (x) € (x)) (3.53)
for an applied strain and
D”(x):(0"+0" (x))=D:(0" +0"(x)-0"(x)) (3.54)

for an applied stress. The periodic disturbance strain €°(x) is determined according to
Equation (3.52), because Equation (3.7) equates the disturbance strain, S, to the periodic

integral operator. It is written as

33



An equation of the same form could be written for the disturbance stress, 6'(x). For

purposes of this research, only an applied strain €° was considered. Replacing the £"(x)

term in Equation (3.53) with Equation (3.55) and rearranging yields the following

equation

[gg (x) _g} : Lgo 4 ; Fs' (&): {% [€'(y)- exp(ig-(é—z))dVyD. 56

Through expansion of the eigenstrain and inclusion stiffness terms into their respective

Fourier series, Equation (3.56) can be rewritten in terms of only the Fourier coefficients:

(3.57)

where the { term is an identical vector of the form of & that is needed because the
summation term must be done for every value of &. Equation (3.57) represents a linear
system of equations for all values of & This equation can be solved for any degree of
accuracy in & required to determine the Fourier coefficients of the eigenstrain Fe*(x).
Once the Fourier coefficients of the eigenstrain are known, the expanded eigenstrain is

known according to Equation (3.20) as a function of the number of & terms that are

considered.
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3.4 Average eigenstrain approximation

The resolution of the linear system of equations prescribed by Equation (3.57) is
an involved process, and one that will be outlined in the subsequent chapters in this

dissertation. A simplification of the analysis is to assume that the eigenstrain is equal to

some average value, which is denoted as E*. This assumption has the effect of
simplifying the periodic disturbance strain term €"(x) given by Equation (3.55), which

results in the following

e’ (x)=2 Fs"(§): %fg*'exp(i?(ﬁ—l))d"y NER)

Since the eigenstrain exists only in the domain of the inclusion, which was previously

defined as 2, Equation (3.58) can be rewritten in the following form

—%k

;Fép (&) % JeXP(‘ié'X)dVy exp(i&-x):e (350

1o
a~]
—~

>
~

I

35



in which the domain of the volume integral has been modified from U to Q. If the

Q
algebraic term ¢ is multiplied to the right side of Equation (3.59), then it can be

simplified further to be

e (x)=> 'f'g(—é)FS) (&)exp(i&-x):e (3.60)

in which f :9 and

g(—é) :éJeXp(_ié'i)dVy . (3.61)

Given that the eigenstrain has been assumed to be an average (uniform) value, then the

subsequent volume average of the periodic disturbance strain can be written as

1 —k
) I§P (x)dv=8":¢ (3.62)

Q

where S" is found according to

S"=) f-g(-£)s(E)FS (&) (3.63)

§
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and the g-integral values are determined according to Equation (3.61). The modified

consistency condition in light of the average eigenstrain can be expressed as
Q* —% —%
g 3(80+SP18 ):QI(SO+(SP—1(4S))IE ) (3.64)

in which gg is a defined here as the average value of the general inclusion stiffness

matrix C* (x)and 1" is a fourth order identity tensor. Similarly, the effective stiffness

consistency condition can be expressed according to

o]
mO
I

g

3(30 —fe ) (3.65)

By solving Equation (3.64) for E* and substituting into Equation (3.65), the following

expression can be written for the effective stiffness matrix

-1
(- s) Q _1. P
g—C. 1™ —f ((g_g ) g_§ ) (3.66)

This equation is valid for a heterogeneous RVE consisting of a single inclusion
surrounding an isotropic matrix region. In the case of multiple inclusions, the analysis is

e 9%

the same with the exception that there will be “n” number of consistency equations
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corresponding to the number of inclusion present in the RVE. This is represented as

follows:

(gg)a :(80 +e’ (5))=g:(80+8p(§)_’3*(§)). (3.67)

In addition, the term SP is written as

S" (€,.9) = ; g, (&) (E)FS"(8) (3.68)

in which the o and B terms correspond to the considered inclusion. For multiple
inclusions, there are S terms that correspond to the effects that inclusion o (1 .. n) has on
inclusion B (1 .. n). Equation (3.68) takes into account the interaction between the

various inclusions present in the RVE. Subsequently, the g integral is now represented as
ga(—é) 0 Iexp(—@-z)d\/y_ (3.69)

Replacing the periodic disturbance strain term in Equation (3.67) with the summation of
S” terms for all of the interactions transforms the consistency equation to the following

form
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C:| e+ n [SP(QQ,QB) S, 1<4s>] = (3-70)

This equation is valid for every o™ inclusion. The effective stiffness matrix can also be
rewritten to account for multiple inclusions. The procedure for deriving the effective
stiffness term is similar to that of the single inclusion outlined in Equations (3.64)
through (3.66). Solving Equation (3.70) for the eigenstrain results in a linear system of

equations of the form of

= A (Al - (ALl T'TC -0 e
{_*2} _ c [An]L. : (C=C):¢°

= ; : ; (3.71)
{—*a} _[Aal ]6x6 [Aaa]6x6_ _(Ca -0): g’ i

in which the [Aij] sub matrices are all 6x6, and each of the eigenstrain terms are all 6x1,

which completely describes all of the components of the eigenstrain. Subsequently, the

entire matrix that encompasses all of the [Aij] sub matrices 1s 60 x 6a. The [Aij] sub

matrices are written as
A=C: (§P (Qa’QB ) - 50431(45) ) ‘gm : §P (Qa’QB) : (3.72)
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The effective stiffness consistency equation for a multiple inclusion case is written as

i@}

(3.73)

n —xp
e =C:| e° - ) fie
= Z

and the effective stiffness matrix is resolved by substituting the eigenstrain terms found

in Equation (3.71) and simplifying, which results in the following:

~ _ . (4s) -1, o . 1(4s)
C=C1 _Zf o (€~ 01 (3.74)

The equations that have been derived and expounded upon in this Chapter detail
the mechanical and mathematical foundations that were used in developing the meso-
scale models for the material property prediction of fabric reinforced composite
materials. In the next two chapters, the procedures that were taken to apply these
equations to the woven fabric geometry for both the average eigenstrain assumption and
the exact eigenstrain term will be presented, along with the analysis and comparison of

the results with experimental data.
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Field Variable

Fourier Expansion

Fourier Coefficient

u(x)=Y [Fu(&)-exp(ix-g)|

Displacement ;, | Fu(¥)= 5 Jux)-exp(-ix £)av
Strain §(§)=;[F_s* (é)-exp(@-é[ E(é):%Ug(g) exp (—-ix-£)dV
S| =R [EC (G ewling] | EC () [ ) e (i gav
Marix | C(x)= [FC(g)-ew(ixE)] | EC(E)= [clx)-ew(-ix-Eav

&

Table 3.1: Listing of the Fourier expansions and coefficients for some pertinent field variables
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80+8d(X) 80+8d &)
CQ(K)Z(SO-I-Sd(&)) C2(80+8d(§))
a) Heterogeneous Material b) Equivalent Homogeneous Material

Figure 3.1: Illustration of the homogenization of an RVE using eigenstrains.
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Warp tows Fill tows

Figure 3.2: Cross section of a plain weave fabric, illustrating an example of geometric periodicity
with the sinusoidal shape of the warp tows.
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Figure 3.3: An example of periodic spacing in a material cross-section or RVE.
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Figure 3.4: An illustration showing that if the material is periodic at an interval d, the material
properties are equivalent at a spacing that are multiples of d.
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Chapter 4

Average Eigenstrain Approximation

The application of periodic microstructure set forth by Nemat-Nasser and Hori in
[32] was applied to heterogeneous representative volume elements containing micro-
voids and micro-inclusions in which the fraction of the total void volume to the RVE
volume is small (~0.10). The contribution of this dissertation is to apply these techniques
of homogenization and effective material property determination in order to ascertain the
effective material properties of a plain weave fabric composite material. The inclusions
are defined as the system of fiber tows and the matrix that impregnates the tow during
fabrication. For the woven fabric architectures analyzed, the void/RVE volume fraction
is on the order of 0.5 for a given RVE, meaning that the inclusions exist in the meso
scale, instead of the micro scale.

This chapter details the geometric representation of the boundaries of each yarn
through three dimensional surface functions, and even though the inclusions consist of a
sub-level of fiber and matrix (micro scale), the model assumes that the tows are locally
unidirectional and the material properties are already known (the properties of a
unidirectional composite can be accurately determined from existing micromechanical

models). Once the inclusion geometry has been completely described, the equations
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derived in Chapter 2 can be evaluated and the effective material properties of the RVE
can be determined. Those subsequent equation evaluations will be described herein.

Two plain weave fabric geometries were investigated: AS4 Carbon/Vinyl Ester
fabric composite analyzed by Ito and Chou [13] and an E-glass/Epoxy fabric composite
for use by the Construction Engineering Research Laboratory (CERL) of the US Army
Corps of Engineers. The geometry of Ito and Chou is derived solely from sinusoidal
functions that were reported in their investigation. For the CERL geometry, the
sinusoidal functions were fit from photomicrographs of the composite cross section. The
objective of the geometric characterization is to describe with surface functions the
volume boundaries of the tows, i.e. where the pure matrix and the fiber/matrix regions
meet. From the functional representations of the faces of the RVE, three dimensional

surface functions were generated.

4.1 Geometric characterization procedures

This section details the procedures for obtaining the surface functions that define
the boundaries of the fiber/matrix tow system. For a plain weave fabric composite, the
representative volume element is represented according to Figure 4.1. From this
illustration, it is evident that the weaving and interlacing of the tows in the 0 and 90
degree directions are sinusoidal in nature. The general weaving shape of the fiber/matrix

tow can be represented according to the following function
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f(x)=Asin(B-x+C)+D (4.1)

in which the variables A, B, C, and D are all curve fitting parameters. This equation
holds not only for the general shape of the tow, but also for the shape of the tow cross-
section as well. From photomicrographs of the four faces of the RVE, the warp (tow
running across the face) and fill (the two tows that come out of the page) tows can be
plotted and curves can be fitted in accordance with Equation (4.1). This concept is
portrayed in Figures 4.2 and 4.3. From these two dimensional plots, two things can be
determined for a given cross-section: The shape of the fill tow cross-sections, and the
nature of the warp tow undulation through the RVE. For the cross-section modeled in
[13], only one face is defined. Because the authors used classical lamination theory to
analyze the system, there was no need to define or model the other three faces of the
RVE. It was assumed in this work that the 0 and 90 degree front faces were identical,
and the corresponding rear faces were mirror images. This was done for the simplicity of
the equations. For each tow, there exists boundaries on each of the four faces of the RVE
that define the top and the bottom of the tow, respectively. The top fill tow on the front
face in, say, the 0 degree direction is aligned with the bottom fill tow on the rear face, and
so on. Therefore, from Figures 4.2 and 4.3 the outermost boundaries and the cross-
sections are defined, with there being two equations to describe each fill cross section,
respectively. The shape of the warp tows in the 0 degree direction defines the sinusoidal
path that the fill tows in the 90 degree direction take, and vice versa. By resolving the
two dimensional representations of all four RVE faces, the three dimensional surface

functions corresponding to the boundaries of the fiber/matrix tow system can be derived.
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4.1.1 Ito and Chou geometry

The graphs in Figures 4.4 through 4.7 depict the cross sections that are defined in
[13]. The equations that describes that warp tow for the front faces are (the function

defined with f denotes the 0 degree direction and g described the 90 degree direction).

a T
f (x)=—3sin X
front ( ) 2. al 4.2)
a; . T
= —S1n
gfront (Y) 2 2 . az y (43)

in which a;, ap, and a3 are the dimensions of the RVE that describe the total volume (V =
2a; x 2a; x 2a3). The outermost warp boundaries correspond to lines which are displaced
a distance equal to 'z the vertical RVE dimension, a;. Therefore, the warp boundaries on

each cross section have the following form:

a

f’ gfront,top (X’ Y) = ffront (X’ Y) + 73 (4.4)
— a3
f’ gfront,bottom (X’ y) - ffront (X’ y) B 3 (4.5)
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The equations for the top and bottom fill boundaries for the 0 degree front face are

—|_1 : Tag )\ _ 1 Ll T~ n(ag—4a1) _
fit.cop (X) = ( 7% sm( Za, ) Ea3) SIn ( ag—2a, X 2a,2a)
| . (ma, | (4.6)
5 a5 Sin Ta, + 5 ds
f (x)=(-21a,sin(3x)—La, | sin[—= x g M)
fill,bottom - 293 4.a, 293 a,~2a Z(ag—Zal)
4.7)

in which the term a, is the measured distance between the innermost fill points, as they
intersect with the warp tow boundaries. The equations that describe the top and bottom

fill tows in the 90 degree direction are:

n(a,

—(1 I 1 . n ¢ ~4as)
oo (V) = (533 sm(M12 )+3a3) : sln(ag_%12 -y + 2(ag_2a2))_

(4.8)

nag

1 - 1
Saysin(5) + 4a,

(1 o 1 . n m(a, —42,)
gﬁll,bottom (y) - (33'3 Sln( 4-a, ) * 33.3) ' Sln( ag—2a, Y- 2( . +

1 . Tcag _L
233 Sm(E) 243
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The lines described by Equations (4.6) to (4.9) are for the top or bottom cross section
boundary for each respective fill yarn. The other boundary is described by the equation
for the top or bottom warp tow boundary, signified by Equations (4.4) and (4.5). In order
to account for the rear faces, the equations for the front face need only to be multiplied by
-1, given the simplifications of the geometry. For the photomicrographs from CERL, this
will not be the case.

Now that the equations for all of the boundaries are taken into account, the next
step is to combine the boundary values of the front and rear fill cross sections along with
the corresponding warp shape on the adjacent face to develop a surface function that
blends the two faces together. Consider first the 0 degree front face. In Figure 4.8, only
the top boundary of the top fill is plotted with respect to the RVE on the front face. On
the rear face, the top portion of the top warp tow boundary is plotted along the same
distance in ay. These two extremum are going to be the “points” that are used to fit a
surface function to the two lines. Recalling the general form of a sinusoidal function in

Equation (4.1), this term can be rewritten for the surface function purposes to be

Faopo (%:¥) = A(x)sin| B(x)-y+C(x) |[+D(x) (.10

in which the terms A through D are now functions of the position in X, and the surfaces is
swept in the y, or 90 degree, direction. In Mathcad 2001, there is a tool called a symbolic
solve block, in which linear systems of equations can be solved simultaneously. Four
conditions exist at the boundaries that enable the unknowns A through D to be

determined as functions of the position in x. The equations of the lines on the front and
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rear face are known from Equations (4.4) and (4.6). The other two conditions come
from the shape of the RVE. Looking at the shape of the warp tow in the 90 degree
direction, the slope of that line at the end points —a, and a, are zero. From this, four
conditions exist with which to symbolically determine the values of A, B, C, and D. The
results of that calculation for the upper portion of the top fill yarn in the 0 degree

direction are summarized below

1 .| X 1
Ao (X) = — &8I0 [g] o
1

+&sin n(2x—ag+4a1) sin Ty
4 2(ag—2a1)

n(2x—a_ +4a Ta
( 2 1) +la3sin[ g]

2(ag—2a1) 4_al

4.11)

a, .
+—sin
4

T
B 0p.0 (x)= 2a. (4.12)
2

Cﬁll,top,O (X) =0 (4.13)
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1 ) | m(2x—a, +4a [ ma
Dﬁu,mp’o(x)=—Za3s1n(§—axj+%sm ( g ‘) s1n[ g]
1

These four terms are then inserted into Equation (4.10) in order to plot the surface
function that maps the upper portion of the top fill yarn in the 0 degree direction, as seen
in Figure 4.9. This same procedure can be done for the bottom portion of the top fill yarn
in the zero degree direction, along with the other 3 yarns, respectively. The result of
finding the coefficients and plotting the surfaces for all of the fiber/matrix tow systems is

plotted in Figure 4.1.

4.1.2 CERL geometry

The steps that were taken to resolve the surface functions for the bounds of the
fiber/matrix tow system can be implemented for any plain weave system. For the fabric
analyzed by CERL, all of the faces of the E-GLASS/epoxy composite were plotted, the
results of which are presented in Figures 4.10 through 4.13. Therefore, there exists no
simple relationship between the front and rear faces in both the 0 and 90 degree
directions. The reality of measuring and analyzing all of the separate faces produces a
range of values for the curve fitting function parameters. These parameters were
averaged and normalized from the measurement of 5 separate specimens in order to allow

for the surface function generation. The values of the parameters are summarized in
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Table 4.1 and Table 4.2, and the functions are plotted in Figures 4.14 through 4.17. The
general shape of the warp tow on each face was fit to a sinusoidal function according to
Equation (4.1), and the upper and lower boundaries were found by translating the curve
such that the difference between the upper and lower bounds was the measured height of
the warp tow, denoted as by or by, respectively. From these boundary functions, the

surfaces are generated in the same manner as Section 4.1.2.

4.2 [Evaluating the g-integral

When the eigenstrain is assumed to be an average value of the inclusion, the
effective stiffness é can be determined from Equation (3.66) for a single inclusion and
Equation (3.74) for multiple inclusions. In order to solve the equations, there are three
terms that need to be evaluated: FSP(ﬁ), g(&), and S”. The g-integral will be discussed in
this section.

Recall from Chapter 3 that the g-integral for a single inclusion was expressed

according to Equation (3.61) as

o(8)- ol g,

in which Q is the volume of the inclusion. Generation of the surface functions to
describe the bounds of the 0 and 90 degree tows was necessary for the evaluation of the

g-integral. It requires, first, the volume of the inclusion Q. Looking at the geometry of
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Ito and Chou, the volume of the tow that starts at the top on the 0 degree face is evaluated

0 IR S

The notation is important. Viy stands for the volume of the top fill tow that starts from

as follows

the 0 degree front face and is swept to the 0 degree rear face. Fino stands for the surface
function that defines the top fill lower surface that is swept from the front face in the 0
degree direction. Similarly, Fino stands for the surface function that defines the top fill
upper surface that is swept from the front face in the 0 degree direction. All of the
functions swept from the front and rear 0 degree faces will be “F”, and for the functions
swept through the 90 degree faces will be “G”. Equation (4.15) is used to find the
respective volumes of all the tows. The limits of integration are defined by the surface
functions, and these can also be used for expressing the g-integral. Substituting Equation

(4.15) into Equation (3.61) and rewriting yields

tquXy
gth(é —f [ Jj eXP ig- )dZdXdY. (4.16)

tf()

In Equation (4.16), the term & is defined by Equation (3.13) and y is a position vector.

The dot product of the vectors & and y can be expanded in the following way
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g.zzn& n, n3}[x y 2]

(4.17)
DX Dy . n3z}

a, a, a3

13 3? GC 2

where the terms are the dimensions of the RVE and the terms are indexes

according to

n =0,£L,£2,...+00 (4.18)

Substituting the results of Equation (4.17) into (4.16) yields

1fu0 . y
exp| —im i dzdxd
gtfo é V 'r f J.tﬂO p[ [ a a, a; jJ ’ 4.19)

The g integral, as expressed in Equation (4.19), is now a function of nj, ny, and n3. As the
values of the “n” terms increases, the shape of the exponential term becomes highly

oscillatory, and therefore the integral becomes more difficult to evaluate. For small

values of n (-5 <n < 5), Mathcad is an acceptable tool for calculating the g-integral.

4.3 Evaluating FS*(§)

If it is assumed that the matrix surrounding the tows is isotropic, then FS® can

be written according to the following equation:
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FSP (&) :2sym(§®l(2) ®§)_L@®§®§®§)+

—=/iso 1_

v - - (4.20)
+:(§®§®1@>)

in which v is Poisson’s ratio for the matrix. This equation can be rewritten in indicial

notation in the following form [37]

1
FSPijkl (é)iso = §|:

gj (Silzk + Oy 1) +Ei (Sjlzk T Sjkzl):|

4.21)

in which E has the following form

o)l
[l
[Fax

(4.22)

AN

and & is the Dirac delta function. With FS” expressed in the form of Equation (4.21), it
can now be easily programmed into any language or commercial mathematics software
(such as Mathcad) for evaluation. A simple routine was written in Mathcad to not only
evaluate Equation (4.21) as a function of &, but to also output the results in contracted

notation. The result of evaluating the expression is a 6 x 6 matrix.

4.4 [Evaluating s*

57



The g-integral and FS® were defined in the previous sections, and are needed to

evaluate S” according to Equation (3.63), which is written below as

; 'f~g(—§)g(§)FSP (é) (4.23)

All of the terms in Equation (4.23) can be evaluated, and the volume fraction of the

inclusion to the RVE is found by

f — th 0
Vave (4.24)
and the volume of the RVE is expressed as
Veve =8-2,-2, -2, . (4.25)

The summation is done for all § terms from -0 to co. From Section 4.3, the g-integral
was expressed as a function of nj, n,, and n3. Equation (4.23) can also be rewritten in the

Same manner as

" =>>> 'f-g,(n,n,n;)g (n,n,,n,)FS" (n,n,,n,) 4.26)

n, n
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in which the g, and g, are the g-integrals that correspond to a positive or negative
exponential term, respectively. The ‘ in front of summation denotes an exclusion of the
term when nj, ny, and ns all are equal to zero. This equation can also be programmed into
Mathcad, and for a single inclusion the result is a 6 x 6 matrix. For multiple inclusions,

the modification of S¥ would look like this

S (9,2 )= 2.2 T g (01001 ) gy (1,1, )FST (00,0, ) (4.27)
in which the determination of the g-integrals depend on the set of inclusion combinations.

S” for multiple inclusions results in a 6*m x 6*m matrix where m is the number of

inclusions.

4.5 Determination of material and global tow properties

The final step in determining the effective stiffness of a plain weave fabric
composite is the resolution of the material properties of the undulating tows in the warp
and fill directions, respectively. This resolution is done in two steps: Finding the global
material properties with respect to the direction of undulation and then transforming them
into the global RVE coordinate system. For the tows that traverse from the front to the
rear 0 degree face, the global coordinates of the local tow and the RVE are identical. For
the two tows that sweep from the front to the rear 90 degree face, there needs an
additional transformation to go from the local tow to the RVE. Since a given tow only

undulates in one plane (either the x-z plane for the 90 degree tows or the y-z plane for the
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0 degree tows), at any given point along the local longitudinal axis the tow is transversely
isotropic to a coordinate system in which the abscissa is along its slope. In order to
transform the properties into the global RVE coordinates, the following steps must be
followed:

1. Determine the compliance matrix [S] of each tow assuming that it is a
unidirectional composite.

2. Transform the [S] matrix from the unprimed (material) coordinate system to the
primed (global) coordinate system.

3. Average the point-wise global compliance matrix values over the length of each
tow.

4. Invert the average global compliance matrix to obtain the average global stiffness
matrix [C] for each tow.

Step 1 of the process, determining the compliance matrix assuming it was a unidirectional
composite is equivalent to saying that the tow has the same material properties with
respect to a coordinate system in which the abscissa is coincident to the slope of the tow.
This step can be done using a variety of available micromechanical models for
unidirectional composites [33]. For purposes of consistency, the micromechanical
modeling developed by Luciano and Barbero in [34] employed periodic microstructure,
so this was the modeling technique used to determine the local compliance matrix for
each respective tow. A property that is necessary for this computation is the fiber volume
fraction of the tows, denoted as Viw. This value is considerably more than the overall
fiber volume fraction because of the regions of pure matrix that surround the woven
structure. From experimental techniques such as the resin burn out test, the overall fiber
volume fraction can be found, which is denoted as V¢, Viiow can be computed from the

overall fiber volume fraction and the volume fraction of the tows to the total RVE,
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Vimesor From these properties, the value of Vi, can be calculated according the
following equation

. Vf,oVRVE

fiow = 7 . (4.28)

meso

Step 2 of the tow material property resolution is the transformation of the local
compliance matrix to the global coordinate system. The transformation of the
compliance matrix requires the calculation of the direction cosines matrix, denoted as [a],
and the transformation matrix, denoted as [T]. The [a] matrix for transformation from the
local to global tow coordinate systems is

cos(0) 0 sin(0)
a(0)= 0 | 0
—sin(@) 0 cos(0)

(4.29)

in which 0 is the approximated slope of the tow undulation. The transformation matrix
[T] is a function of the [a] matrix, and its form is listed in Appendix A of this dissertation
as well as in the Mathcad files of Appendix B. Once the transformation matrix is
calculated at a given point in the tow, the transformed compliance matrix [S’] is

calculated in the following manner

s']= [T] [S][T]. (430)

The value of [S’] can be calculated for any point through the length of the tow. For

averaging purposes in atep 3, a number of points equally spaced throughout the length of
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the tow were selected, and values of [S’] were calculated at each incremental value.
These calculated values were divided by the number of selected points to obtain an
average tow compliance across the undulation. Finally, for the tows that traverse the 90
degree faces the averaged compliances were then transformed again to conform to the
controlling 0 degree direction. This process necessitates a unique set of [a] and [S] terms,

and they are presented below:

01 0
32_(1) 8 (1) 431)
[S,1=[T, ]S |IT.] (432)

in which the transformations are simply a rotation by 90 degrees in the x-y plane. These
details are also available in Appendices A and B. The calculation of the averaged

stiffness matrix [C] is determined by matrix inversion of Equation (4.32).

4.6 Evaluating Q

The steps outlined in Sections 4.2 through 4.5 outline a building block approach
in which the next step is dependant upon the previous one. It was seen that evaluating the
g-integral was dependant upon the surface functions that bound the tows, and resolving

S” was dependant upon the evaluation of both the g-integral and FS*. The same is true
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for evaluating the effective stiffness matrixg. The evaluation of g is dependant upon
the determination of S¥, as well as the material property definitions of the matrix and the
inclusion, respectively. For a single inclusion, Q was written according to Equation

(3.66) as

c=C: {1 —f{((g—gg ) :g—gl’)l} @3

and for multiple inclusions as (Equation (3.74)

C=¢: {I(“’ -2 A, {Z Ay (€ -0O): I(“)}} (4.34)

o=l B=1

These relationships were applied to two distinct geometric forms: The purely analytical
form develop by Ito and Chou in [13] and the experimentally determined parameter

developed at CERL. The results of the analyses are presented in subsequent section.

4.7 1Ito and Chou geometry results

From the execution of the average eigenstrain periodic microstructure model, the
geometry and material characteristics of the RVE of Ito and Chou were determined, and
the results are summarized in Table 4.3 through Table 4.5., and a full text of the program

is listed in Appendix B. The model showed excellent agreement with the experimental
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result, as well as the authors’ classical lamination theory model when looking at the
longitudinal modulus of elasticity, E;. From their results, this was the only material
property listed. If it is assumed that the plain weave fabric is effectively orthotropic, that
leaves 8 other material characteristics that need to be defined. As you can see from the
comparison with the work in [13], the periodic microstructure model returns all of the
material properties, not just E;. A complete set of experimental data and numerical
predictions are found in Scida et al. [17], who applied their model to an E-glass/vinyl
ester plain weave fabric composite. As an example of the versatility of the periodic
microstructure model, the original Ito and Chou geometry and material properties were
modified to reflect the material properties of an E-glass/vinyl ester plain weave
composite. This new model was calculated, and the results are reported in Table 4.8.
From the table, it is seen that the periodic microstructure model accurately predicted all

of the material properties either within or close to the listed tolerances.

4.8 CERL geometry results

The results of the model for the geometry of CERL are summarized in Table 4.11
and Appendix B. The results are compared with the finite element analysis of Kollegal
and Sridharan [25] and they show a favorable comparison for the limited data reported.
The finite element data of [25] only report values of Ei, Gj,, and v;,. For all of those
values, the model showed good agreement, further validating the procedures developed

and adapted herein.
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Figure 4.1: Illustration of the plain weave fabric representative volume element.
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Figure 4.2: Two dimensional plot of the 0 degree front and rear faces of a plain weave fabric RVE.
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Figure 4.3: Two dimensional plot of the 90 degree front and rear faces of a plain weave fabric RVE.
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Figure 4.4: Plot of the 0 degree front face of the RVE of Ito and Chou [13].
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Figure 4.5: Plot of the 0 degree rear face of the RVE of Ito and Chou [13].
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Figure 4.7: Plot of the 90 degree rear face for the RVE of Ito and Chou [13].
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Figure 4.8: Plot of the top fill boundary that exists for the front and rear faces of the 0 degree
direction in [13].
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Figure 4.9: Plot of the surface function generated by Equation (4.10) for the upper portion of the top
fill yarn in [13].
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Figure 4.10: 0 degree front face for the fabric geometry of CERL.
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Figure 4.11: 0 degree rear face for the fabric geometry of CERL.
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Figure 4.12: 90 degree front face of the fabric geometry of CERL.
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Figure 4.13: 90 degree rear face of the fabric geometry of CERL
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Figure 4.14: 0 degree front face for the CERL geometry
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0 degree

Top fill front | Bottom fill rear Bottom fill Top fill rear
front
A (m) 1.29E-4 -2.01E-4 1.01E-4 1.04E-4
B (1/m) -2153.1 1646.0 -2554.6 2499.8
C -0.4100 3.08514 0.7794 -0.7290
D (m) 9.10E-5 -1.9E-5 -1.19E-4 1.16E-4

Warp tow parameters

Height of 0 degree fill tow

Pio

7.4E-5m

bo

187.6 um

Pio

i

1710 1/m

RVE dimensions

a1 920 um
a 920 um
a3 250 pm

Table 4.1: 0 degree face parameters for the CERL geometry.

82




90 degree

Top fill front | Bottom fill rear Bottom fill Top fill rear
front
A (m) 1.00E-4 -2.251E-4 9.37E-5 -1.889E-4
B (1/m) 1965.7 1415.5 2405.7 1561.4

C -0.2376 0.2685 0.64245 -0.13432

D (m) 4.459E-5 5.547E-5 -7.592E-5 -1.927E-5

Warp tow parameters Height of 0 degree fill tow

P1,90 1.37E-4 m bgo 212.5 um
P2.90 1726 1/m

RVE dimensions

a1 920 um
a 920 um
a3 250 pm

Table 4.2: Averaged values of the 90 degree face parameters for the CERL geometry
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AS4/
Vinyl Ester (Ito and
Chou)
Ef 221 GPa
Em 3.4 GPa
M i 0.22
Vm 0.30
V¢ 0.7536

Table 4.3: Micro-scale properties of the fiber matrix tow system for the geometry of Ito and Chou.
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AS4/
Vinyl Ester (Ito and
Chou)
E, 171.7 GPa
E, 23.09 GPa
Gyy 9.370 GPa
Gy, 7.988 GPa
\ 0.29007
Vy, 0.44523

Table 4.4: Meso-scale averaged properties over the undulations for the fiber/matrix tow system for
the geometry of Ito and Chou.
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Effective Material Properties

Periodic Ito and Chou
Microstructure (experimental)
E1 43.11 GPa ~43.5 GPa
| ) 42.89 GPa -
E3 8.429 GPa -
G23 4.750 GPa -
G13 4.740 GPa -
G12 6.721 GPa -
V23 0.224 -
V13 0.211 -
V12 0.228 -

Table 4.5: Effective material property comparison for the AS4/vinyl ester composite from [13].
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E Glass/
Vinyl Ester (Scida et al.)
Ef 72.45 GPa
Em 3.4 GPa
Vf 0.22
Vm 0.38
Vg 0.8

Table 4.6: Micro-scale properties of the fiber matrix tow system for the geometry of Ito and Chou
and the material properties of Scida et al. [17].
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E Glass/
Vinyl Ester (Scida et al.)
E, 59.58 GPa
E, 21.51 GPa
Gyy 8.770 GPa
Gy, 7.591 GPa
Vyy 0.2916
Vyz 0.4171

Table 4.7: Meso-scale properties over the undulations for the fiber/matrix tow system for the
geometry of Ito and Chou and material properties of Scida et al. [17].
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Effective Material Properties
Periodic Scida et al.
Microstructure (experimental)

Eq 22.10 GPa 24.8 + 1.1 GPa
E) 21.85 GPa 24.8 + 1.1 GPa
E3 8.98 GPa 8.5+2.6 GPa
G123 4.37 GPa 4.2+0.7 GPa
G13 4.35 GPa 4.2+0.7 GPa
G12 6.37 GPa 6.5+ 0.8 GPa
V23 0.229 0.28 +0.07
V13 0.224 0.28 +0.07
V12 0.247 0.1+0.01

Table 4.8: Comparison of periodic microstructure vs. the experimental results from Scida et al. [17]
for an E glass/vinyl ester plain weave fabric composite.
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E Glass/Epoxy (Kollegal
and Sridharan)
Ef 72.45 GPa
Em 3.5GPa
Vf 0.22
Vm 0.35
Ve 0.7

Table 4.9: Micro-scale properties of the fiber matrix tow system for the CERL geometry and the
material properties of [25].
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E Glass/Epoxy (Kollegal
and Sridharan)

E, 52.63 GPa
E, 16.69 GPa
Gyy 5.90 GPa
Gy, 5.58 GPa
\ 0.32341

Vy, 0.49535

Table 4.10: Meso-scale properties over the undulations for the fiber/matrix tow system for the
geometry of CERL and material properties of [25].
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Effective Material Properties
Periodic Kol.legal and
. Sridharan
Microstructure .
(experimental)
Eq 19.251 GPa 19.29 GPa
E) 16.489 GPa -
E3 7.243 GPa -
G23 2.952 GPa -
G13 2.950 GPa -
G12 4.656 GPa 3.18 GPa
V23 0.261 -
V13 0.233 -
V12 0.265 0.2

Table 4.11: Comparison of periodic microstructure vs. the experimental results from Kollegal and
Sridharan [25] for an E glass/epoxy plain weave fabric composite.

92




Chapter 5

Exact Eigenstrain Analysis

5.1 Evaluation procedures for point-wise RVE stresses

From the periodic microstructure derivations of Chapter 3, the assumption that the
eigenstrain was an average value enabled the formation of Equations (3.58) through
(3.74) in Section 3.4. The implementation of those relationships to the geometries of Ito
and Chou and CERL produced a complete set of material properties. In this Chapter, the
implementation of Equations (3.1) through (3.57) will be presented for the purpose of
determining the point-wise stresses at any give location within the RVE. The solution of
Equation (3.57) is the starting point for a sequence of Fourier coefficient and equation
evaluations that will enable the resolution of stress at any give point inside of the RVE.
All calculations were done in Mathcad 2001, and the equation formations and program

results are listed in Appendix C.

5.1.1 Solution of the Linear System of Equation (3.57)

Recall from Sub-sections 3.2 through 3.3 that all of the field variables,

consistency, and equilibrium conditions were expanded by means of three-dimensional

93



Fourier series. These expanded terms were then substituted into the consistency

conditions and the result was the following linear system

R (¢)"+| TR (607 (917 (0)
=C:[e"+FS" (8):Fe () -Fe (§)

which is Equation (3.57). The size of the linear system is dependant upon the number of
N terms (n;, ny, and n3 combinations) that were taken in order to evaluate the Fourier
coefficients. In order to solve the system, one assumption was made: The Fourier

coefficient of the tow stiffness matrix, represented as

FC(&) =% [C(x)exp(-ix-§)dV. 5.1)

U

was approximated by assuming that the stiffness term, C(x), was not a function of
position. The average values of tow stiffnesses outlined in Section 4.5 were inserted for

purposes of calculating g( é) . For this research, the resolution of the linear system was

only solved for N = 1. The number of equations in the linear system grows exponentially
when the value of N increases. This increase results in longer run times for the Mathcad

shell, which is slower than a program written with a computer language.

5.1.2 Evaluation of ¢ (x)

According to the following consistency equation derived in Section 3.3:
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C¥(x):(e°+eP (x))=C: (e +£" (x) € (x)) (3.53)

the terms that require evaluation are the periodic disturbance strain, €’ (x), and the

eigenstrain, e ( X ) . Once the Fourier coefficients of the eigenstrain, Fg* (é) , have been

calculated the next step is to evaluate the expanded eigenstrain equation according to

e (x) =2 Fe (&)exp(ix-¢) (3.20)

for a given point in the cross section. Since the evaluation of the Fourier coefficient is
not dependant upon the position inside of the RVE, the eigenstrain can be easily

calculated at any point within the RVE for any desired N.

5.1.3 Evaluation of £" (x)

Evaluation of € (§ ) must be done first because resolving the periodic

disturbance strain is a function of the eigenstrain. The relationship has been listed in

Equation (3.55) and is as follows

)= FS(§): [ljfﬁ*(z)'eXP(i?(é—X))dVy (3.55)

3 U
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in which the x vector is the same point to which the eigenstrain was calculated in
Equation (3.20). From the resolution of € (x) and €"(x) the stress values can now be

determined at the pre-determined point.

5.2 Selection of the consistency conditions for stress
calculation

The consistency equations listed in Sections 3.1 and 3.3 are relationships that
equate stress terms at a given point. The homogenization of the tows to the matrix

surrounding the tows produced the following consistency condition:
C*(x):(e°+€"(x))=C:(e"+&" (x)-€"(x)). (3.53)

From the evaluations of £ (x) and €"(x) in Section 5.1, the right side of Equation

(3.53) can be evaluated provided that the selected point is within one of the four
fiber/matrix tows. If the selected point lies outside of the tows and in the pure matrix
region, then Equation (3.53) will not work because the tows were homogenized to the
matrix due to the isotropic nature of composite resins. Therefore, the point wise stresses

for locations outside of the tows can be computed using

o(x)=C:(e"+¢"(x)). (32)
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From the geometric modeling of Section 4.1, bounds for each of the tows are described
according to surface functions and the boundaries of the RVE. A simple routine was
written in Mathcad to distinguish the location of a given point so that the appropriate
stresses can be calculated, and subsequently use the correct consistency condition with

which to calculate the point wise stresses.

5.3 Comparison of Ito and Chou geometry with Finite
Element Data

The availability of internal or point wise stress data has been limited to only finite
element analyses of plain weave fabric composites. Therefore, the idealized geometry of
Ito and Chou was use to determine point wise stresses under a given longitudinally
applied strain, normally in the range of 0.1 to 1.0 % and for a convergence value of N =
1. Point wise stresses were calculated for internal points corresponding to each of the
four tows. The results are listed in . No suitable data has been found or generated to date
that could be compared to the data produced with the periodic microstructure model.
That effort is ongoing. However, from the procedures outlined in this chapter, along with
the Mathcad program listed in Appendix C, this research has verified that the procedure
can be applied in this application. The data used in the preliminary comparison was from
a finite element analysis done of the Ito and Chou geometry for a separate project at West

Virginia University.
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Point wise stress calculations
Periodic microstructure Finite Element Model
AS4/Vinyl Ester AS4/Vinyl Ester
Ox 193 MPa 660 MPa
Oy -157 MPa -117 MPa
Oy 4.054 MPa -7.097 MPa
Txy -4.69 MPa -6.224 MPa
Txz -3.49 MPa -5.887 MPa
Tyz -7.51 MPa -8.249 MPa

Table 5.1: Comparison of point wise stress calculations with finite element analysis of the geometry
of Ito and Chou.

98




Chapter 6

Summary and Conclusions

6.1 Summary

The research that produced this dissertation came about from a combination of
military demand, previous work of the principal investigator, and a review of current
literature on woven fabric composites. Periodic microstructure was used by Luciano and
Barbero [34] in the development of micromechanical models for the property prediction
of unidirectional fiber reinforced composite lamina. The literature review, as written in
Chapter 2, outlined the previous research on woven fabric composites, and from that it
was determined that a new analytical model could be developed through the use of
periodic microstructure that would combine the advantages of classical lamination theory
and the finite element method. The derivation of all the relevant equations and
relationships was done in Chapter 3, with an emphasis on application to a plain weave
fabric geometry. In Chapter 4, the fiber/matrix tows inside of the RVE were
mathematically characterized from both existing two dimensional yarn equations as well
as photomicrographs of the fabric cross-section, resulting in the derivation of three
dimensional surface functions that describe the bounds of the tows. From the equation

derivations and the tow descriptions, a Mathcad program was written to evaluate both the
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effective stiffness of the plain weave fabric as well as point wise stresses throughout the
RVE. These results were compared with published experimental, analytical, and finite

element data from a variety of sources.

6.2 Conclusions

Based on comparisons of the periodic microstructure model with experimental
data for both effective material property and point wise stress prediction, the objectives
stated in Section 1.3 have been successfully fulfilled. This novel technique produces a
full set of effective material properties for given constituent values and fiber volume
fractions, the results of which compared very well with experimental data, as seen in
Table 4.3 through Table 4.11. This is a significant extension of classical lamination
theory, which is capable of only predicting the in plane properties. In addition, the
solution of the linear system and subsequent calculations defined in Chapter 5 enable this
analytical model to calculate point wise stresses anywhere through the volume of the
cross section. This capability is entirely unique to the periodic microstructure model.
However, further verification of the point wise stress model is necessary to validate the
process of internal stress calculation. For the simplest case, N=1, it required 5 hours of
calculation time on a 1.33 GHz windows based computer. This time constraint grows
exponentially for increase N values, and the result is only the stress value at one point.
These issues limited our ability to comprehensively examine the results from the model.

Even with the limited validation, we were able to effectively demonstrate the procedures
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necessary to extract the internal point wise stresses without the need of a finite

element model.
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Chapter 7

Recommendations

There are several areas in which the work done in this research could be extended
and/or expanded. The application of this model to other geometries and material
properties is limited only by the geometric modeling of the inclusion in a given RVE.
The same Mathcad program was used in the effective material property prediction for
both geometric models, as well as the point wise stress calculations. The differences are
only the tow geometries and meso-scale tow properties. A further extension of the
effective material property prediction would be to apply this technique to a different
fabric geometry, such as a twill weave or a satin weave. In such cases, the RVE would
be considerably more complex. However, once the tows were geometrically defined, the
model could be easily modified to accommodate the new weaving pattern. The model is
not limited to any specific type of material. The application in this research was for
woven fabric composites. In actuality, this program could be applied to any
heterogeneous system with a pseudo-periodic structure, as long as the heterogeneities can
be geometrically defined.

With regard to the point wise stress model, there are still many areas that need to
be investigated in order to verify the procedure. A more complete convergence study

would be necessary, in light of the fact that the model required five hours for the simplest
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calculation. Also, a detailed finite element model developed specifically for the purpose
of comparison with the periodic microstructure model would provide a dependable
benchmark with which to compare. The finite element models in the literature are
difficult to compare because even if stress distributions are published, it is usually on the
free edges and not internal stresses.

These are a few recommendations that would help in acquiring a better
understanding of this novel technique, with the hope that continued research and

development would reinforce the work done herein.
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Appendix A

Matrix Representation of 4t Order
Symmetric Tensors and Coordinate
Transformations

The stresses (o), strains (€), and material property terms (stiffness C or compliance S)
that comprise the generalized constitutive equations are generally expressed in tensor notation.
The stress and strain terms are second order tensors and the material properties are 4™ order
symmetric tensors. The tensor representation of the constitutive equation, similar to that of

Equation (3.2), would be

G, = Cijklgkl (A.1)
in which 1,j,k,1 are indices that run from 1 to 3, respectively. In general, Equation (A.1) could be
expanded into a system of nine equations because there are nine possible combinations of the 1
and j indices for ¢ and €. This general system of nine equations results in C having 81 terms.
Because of symmetry, 6; =0; and g; =¢; and the system is reduced to six equations, resulting
in the stiffness C having 36 terms. This representation is equivalent to the notation of Equation
(3.2). The tensor notation can be further reduced, due to the symmetry of the system, to matrix

notation through the used of contracted notation. The contraction is done according to the

following system:
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o=i ifi=]

. i e A2
oa—9—-1—3 ifi#] (A-2)
For a second order tensor such as the stress, the contraction is as follows
611 Gl
622 G2
c o
o,=| ° -  o,=| " (A.3)
Gy O,
613 GS
612 n _66 n

the result of which is a first order tensor, which is a column vector. The same contraction can be
performed on the stiffness or compliance tensors, but in this case there are two sets of terms to be
contracted, the 1,j and k,I terms, respectively. This is referred to as double contraction, and the

result reduces the 4™ order tensor to a 6 x 6 matrix. The contraction is illustrated below

Cllll C1122 C1133 C1123 C1113 C1112

C2211 C2222 C2233 C2223 C2213 C2212

Cijkl — 83311 23322 23333 23323 23313 23312
2311 2322 2333 2323 2313 2312

C1311 C1322 C1333 C1323 C1313 C1312

_C1211 C1222 C1233 C1223 C1213 C1212

- . . (A.4)
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Now that the 2™ and 4™ order tensors are contracted, there is an additional modification
necessary to equivalently express the tensor and matrix equations for the constitutive
relationship. The double contraction of C and €, which is expressed in Equation (3.2), is written

in matrix form as
[0, ]= [Caﬁ][wﬁy] [87] (A.5)

in which W, is referred to as the Reuter matrix, and is expressed as

(A.6)

S O O O O =
S O O O = O
o O o = O O
S O N O O O
S N O O O O
N O O O O O

Writing these terms in matrix form allowed for the equations derived in the body of this
dissertation to be programmed into Mathcad 2001, and any required matrix manipulations or
operations could be easily done using its built-in functions.

The determination of the average stiffnesses in each of the fiber tows required the use of
coordinate transformations for the stiffness and compliance terms in the material coordinate
system. These terms are generally written as fourth order tensors, but because of symmetry the
terms can be reduced to matrix form by means of contracting the notation. The general form of

the constitutive equation for an anisotropic material in a general coordinate system is

G; = Cijklgkl (A7)

and for a different coordinate system is
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0ij =Ciju€u . (A.8)
The relationship between the stiffness tensors is expressed in terms of the [a] matrices of

Equations (4.29) and (4.31), respectively, as

Cin=a,a;a,a,C, (A9)

which can also be expressed as

Ciiit = Tipjy T Crars (A.10)

in which the T terms constitute the transformation from the unprimed to the primed coordinate

system. Rewriting Equation (A.10) in matrix form results in the following

C] =[T][C][T] (A1)

when going from the unprimed to the primed coordinate system. To go in the opposite

direction, the matrix form is

[c]=[T]" [ ][T]. (A12)

The [a] matrix is often written in the following form
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(A.13)

in which the 1, m, and n values are the direction cosines. Using this notation, the transformation

matrix can be written as

2 2 2
2 2 2
2 2 2

These terms were used in the Mathcad files to do all of the necessary transformations.
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Appendix B

Computation of the Effective Material
Properties of a Plain Weave Woven
Fabric Composite

This is the text of a Mathcad file written to compute the effective material properties of a
plain weave fabric composite using periodic microstructure. All of the effective material
property data generated in this research was computed in a file of this general form. The only
differences are the RVE and weave geometry, the material properties and fiber volume fractions

of the constituent materials, and the convergence value N used to calculate the matrix SP.

This file contains geometric descriptions determined by the Construction Engineering Research
laboratory of the US Army Corps of Engineers.

Part 1: Geometric description, function derivation, and 3-D plotting

The basis of the RVE from the respect of the 2D view is to start from the fill tows, as represented
by a series of sine curves

The dimension of the RVE is 2a, by 2ay by 2a,, and the dimensions are as follows:

um=10"°%m  a, :=920-um a,=920um  a, =250 pm

Data from CERL for the equations that represent the geometry for the 0 degree direction
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o
—
o
QO
~—
Q
o
‘i

P44ata0 :

bO = bo-m
PO,

Pity110

P1tharo

P1ty1r0

P1ty2r0

P3ty1f0
P3thafo

P3th1ro

P3ty2r0

Xcb1f0
Xch2f0

Xcb1r0

Xcb2r0

Data from Army Corps for the equations that represent the geometry for the 90 degree

direction

0.00007

0.00013

0.0001

-0.0002

gl | W N| =

0.0001

1

0.00009

-0.00012

-0.00002

Bl W N| =

0.00012

F)1data01 1

P1 data02’ 1
P1 dataOS’ 1
P14ata0 4.1
P1 dataOS’ 1
F)3data01 E
F)3dataoz’ 1
I:’3data03, 1
P3data0 4.1
*data0, 1

X
data02’ 1

Xdata03 1

XdataO4 1

Xdata0 =

; P34ata0 = ;
1 1710 1 -0.41005
2 -2153.098 2 0.77941
3 -2554.569 3 3.08514
4 1646.022 4 -0.72899
5 2499.771
1 b0 = 1
1 -0.00017 1 0.00019
2 0.00017
3 -0.00017
4 0.00017
F)zdataO1 1
P02 ,
P2
P2tb1f0 dataOZ, 1
1
P2tporo | = PzdataO& -
P2ty 1r0 F)ZdataO4 1
P2t ’
b2r0 F)2data05 1
F)4data0
Path1fo 1.1
P4
P4tb2f0 dataOz’ 1
PAtb1ro | | P4datao, |
P4tporo P4data0, |,
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P1data0 =

1

1 0.00014
2 0.00016
3 0.00008
4 0.00027
5 -0.0002
P3datag0 = 1
1 -0.0967683
2 1.003615
3 3.481002
4 -0.1294923
Ydata90 = -
1 0.00017
2 -0.00017
3 0.00017
4 -0.00017
bgg :=bgg m
P1dat3901 ]
P90, :
P1
P1tb1f90 dat39027 1
P1t —| P14ata9o
b2f90 atad0;
"o1r90 | | Plgatago, |,
P1t ’
b2r90 P1datago;
P34atag0
P3th1t90 11
P3
P3tb2f90 dat3902 , 1
P3tb1roo | | P3dataso, |
P3tph2ro0

P34ata00 1

P24atag0 = -
1 1726.67
2 1812.57
3 2798.27
4 1338.46
5 1566.63
P44atago = 1
1 0.000025
2| -0.000099
3 0.000085
4| -0.000019
bgg = 1
1 0.00021
P2dat3901 ]
P90, :
P2
P2tb1f90 dat390271
P2tyof90 I32data903 1
21190 | | P2gatago, |,
P2t ’
b2r90 P24atago; |
P4
data90
P4tp1f90 1.1
P4
P4tb2f90 dat3902 , 1
Patb1roo | | PAdataso, |
P4thorg0
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PO
Veprroo ) | 91901 4 1 74.42109
Pt
s Vaatasn, b1f0 128.8584
= -m P1tyofg | =| 100.5215 |um
Yeb1r90 Ydata90, Pityqo | | ~200.7841
PO
2 0.00171 P3tp 110 0.41005
P2t1f0 | | —0.00215 P3t '
1 b2f0 0.77941
P2t 0.00165
b1r0 Pat ~0.72899
o 0.0025 b2r0
th2ro
. P90, 0.00014
o —-0.41005 P1tb1f90 0.00016
b2f0 0.77941
- P1thoro0 | =| 8.16908x 102
P3ty 1,0 3.08514 '
oy | 072000 P1tp1r90 0.00027
P1ty pra ~0.0002
P90
2 1726.667 P3ty 1790 0.09677
P2th1590 1812.57 P3t '
P2t _| 2798273 | PER0 || Too%s
b2fo0 | = : - P3tyqego | | 3481
Bot 1338.464
b1r90 Pat ~0.12949
1566.634 b2r90
P2ty2r90
Patyqr00 ) [ 2.52333x 107°
P4thorg0 | | —9.89974x 10”°
Pip1ro0 | | 8.46611x 107 °
Path2ro0 ) | _1.92365% 1075

Equations that form the 2 tows in the 0 degree direction
For each tow, there are 2 surface functions that define the top and bottom faces of the tow,

receptively. These equations were developed using the symbolic solve block function, with
properties of the tows in at the front and rear faces as boundary conditions.
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Tow 1
Top Equation

b
1 ) 1 790 1 ) 1
A1t0p(x) = EPO»] -sm(POZ-x + TC) - ET - EP1tb1fosm(P2tb1f0x + P3tb1f0) - Ep4tb1fc

5. 12500 7
Mtop™ " o3 1y
C1t0p =0
1 , 1 bgo 1 , 1
D1t0p(X) = EPO»] 'SII’](POZ'X + TC) - ET + Ep1tb1f0$|n(P2tb1f0X + P3tb1f0) + Ep4tb1fc

Fitop(Xs ¥) = Attop(¥)-8in (B4top ¥ + Crtop) + Ditop(X)

Bottom Equation

1 1 , 1 bgo 1 .
A1b0t(x) = Ep4tb1r0 - EPO»I 'Sln(POZ'X) - ET + Ep1tb1rosln(P2tb1r0X + P3tb1r0)
PO, =1710 1
2 m
5. . 12500 7
Tbot™ o3 1
Cibot =0
1 1 , 1 g 1 .
D1 bOt(X) = Ep4tb1r0 + EPO»I 'Sln(POZ'X) + ET + Ep1tb1r03'n(P2tb1r0X + P3tb1ro)

F1bot(X: ) = Aqpot(X)8in (B1potY + Cpot) + D1pot(X)
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Tow 2

Top Equation
- b
1 , 1790 1 , 1
A2t0p(X) = ?PO»] ~SII’1(P02~X) + ET + E~P1tb2ro~SIn(P2tb2ro-X + P3tb2l’0) + E-P4tb2rc
12500 x
2top™ o3 1y
P3ty,or0 = —0.72899
C2t0p =0
1 , 1 bgo 1 , 1
D2t0p(X) = E P01 'SII’](POZ'X) - E T + E P1tb2r03|n(P2tb2r0X + P3tb2r0) + E P4tb2rc
Fatop(Xs ¥) = Agtop(X)-5in (Batop ¥ + Cotop) + Datop(X)
Bottom Equation
1 1 _ 1 bgo 1 .
AZbOt(X) = ?P4tb2f0 + E P01 -S|n(P02-x + TE) + E 7 - E P1tb2fosln(P2tb2f0X + P3tb2fo)
5. 12500 7
2bot™ 53 Ty
Copot =0
1 1 , 1 P90 1 .
D2b0t(x) = E P4tb2f0 + E P01 'Sln(POZ'X + TC) + E 7 + E P1tb2f0$|n(P2tb2f0X + P3tb2f0)

Fabot(X: ¥) = Agpot(X)-8in (BapetY + Capot) + Dapot(X)

117



Equations that form the tows (labeled 3 and 4) in the 90 degree direction
Tow 3

Top Equation

Astop(¥) = %’FZbot(ax Y) - %'P1tb1f90'3i”(P2tb1f90’y + P3ty1190) - %'P‘”mfgc

12500 T
B3top =03

m

C3top =0

1 1 _ 1
D3top(y) = E’FZbot(ax’y) + E'P1tb1f90's'”(P2tb1f90’y + P3ty1590) + > PHb1s9c

Fatop(X:Y) = A3top(y)'5i”(53top'x) + D3top(y)

Bottom Equation

1 1 _ 1
Asbot(Y) = ?'Fﬂop(_ax’y) + 5‘P“mrgo‘s'”(P?tmrgo‘y + P3ty1r90) + > P4biarac
12500
Babot =03 1,
C3pot =0

1 1 _ 1
D3pot(y) = E'F1top(_ax’y) + 5‘P“mrgo‘s'”(P?tmrgo‘y + P3ty1r90) + > P4bargc

Fapot(X,Y) = A3bot(y)'5‘”(53bot'x) + D3pot(Y)
Tow 4

Top Equation

1 1 1 .
Astop(¥) = 2 P4th2r90 = = Fibot(-ax: ¥) + 5 -P1tbrg0sin(P2ty2r90'Y + P3tharg)
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12500 m

Batop™="%3 T,

C4top =0
1 1 1 .
Datop(y) =7 -P4p2rgo + E'F1bot(‘ax’y) + 5'P“bzrgo's'”(P?tbzrgo'y + P3tyor90)

Fatop(X:Y) = A4top(y)'5in(B4top'x) + Dytop(y)

Bottom Equation

-1 1 1 .
Apot(¥) = —PAtbara0+ 7 Fatop(ax- ¥) = 5 P1tp2ra0'sin (P2tbte0Y + P3th21o0)

12500 m

B =—
4bot 23 m

Capot =0
1 1 1 .
Dapot(y) =7 -P4pore0+ 5 Fotop(ax-¥) + > Ptpog0sin(P2tpom907Y + P3tpofao)

Fapot(X¥) = Agpot(¥y)-sin (BapotX) + Dapot(y)

3D Representation

Once the respective top and bottom surface functions are generated, the RVE is plotted in order
to visually inspect and verify the overall weaving shape of the tows.

Xp10="8  Xp1f*=Xcb1fC Xb20 = Xch2fC Xp2f=3x Xgph1fo = —0.00017m
Ypb10="8y  Yp1f=3y Yo20="8y  Yp2f=3y Xp1900 = ~3
mesh =28

Fit:= CreateMesh(F1top, Xb10° Xb1f: Yb10: Yb1f: mesh)
F1 b= CreateMeSh(F1 bot> Xb1 0’ Xb1f’ yb1 0’ yb1f’ mesh)

F2t = CreateMesh(FZtop , Xb20’ Xb2f’ yb20’ yb2f’ mesh)
F2b = CreateMesh(FZbot, szo, Xb2f’ yb20’ yb2f’ mesh)
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Xp190f = 8x  Xp2900= "8 Xp290f=3  Yb1900 = Ycb1roC

Yb190f =3y  Yb2900: =8y Yp290f = Ycb2roC

F3t = CreateMesh(F 3105 X51900- Xb190f: Yb 1900+ Yb190f- Mesh)
F3p, := CreateMesh(F 0t X 1900: Xb190f- Y1900+ Yb190f: Mesh)
F4¢ = CreateMesh(F 4105 X52900- X6290f> Y52900+ Yb290f- Mesh)
F4p, = CreateMesh(F 40t X52900: X6290f- Y2900 Yb290f- Mesh)

2104

110

S0k

214y

510

510

Fat-F1b. Fot- Fop Fat> F3p. F4t- Fap

Location of tow 1 (0 degree minus):

x from -ax to -.00017
y from -ay to ay

Location of tow 3 (90 degree plus):
x from -ax to ax
y from .00017 to ay

Location of tow 2 (0 degree plus):
x from .00017 to ax
y from -ay to ay

Location of tow 4 (90 degree minus):

X from -ax to ax
y from -ay to -.00017
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The 3D surface functions are simplified for future calculations by means of indexing.

i=1.. minc
Xol - Xfl - yoi - yfl -
~ax Xcb1f0 —ay ay
X cb2f0 ax —ay ay
—ax ax Ycb1f90 ay
~ax ax —3y Y cb2f90
Ftop(x,y,i) = F1t0p(x,y) if i=1 Foot(X,Y,i) == | Fqpot(X,y) if i=1
Fotop(x,y) if i=2 Fopot(X,y) if i=2
F3top(xy y) if i=3 F3b0t(x’ y) if i=3
F4top(xf y) if i=4 F4b0t(x’ y) if i=4

Determination of the tow volumes

[Vfi (Xfi (Ftop(x, y.i)

V= 1 dz dx dy

Jy0i JXoi Fhot(%: 1)

Determination of the RVE volume and fiber volume fractions
VRVE = 8-ax-ay-b90
Volume of the total RVE

Vmeso = Z Vi
i

Total volume of all of the 4 tows

~10_3
Vimeso = 7:06515x 107 " m

121



\

£ . meso
meso -~

VRVE
feso = 0-49094

Volume fraction of the tows to the RVE

Vig = 0.37 overall fiber volume fraction of the RVE

1—ve )V —(V -V
f RVE RVE .
Vimeso =1 - ( o) ( meso) Meso-scale fiber volume fraction of an
\Y
meso

inclusion

Vimeso = 075366

Vi

fi =
VRVE
fi =
0.11578
0.11309
0.13223
0.12984

Part 2: § vector definition

The vector & is a terms that is used in the construction of the Fourier series expansion of all field
variables, such as stresses and strains.

r s t T
ﬁ(r,s,t) ::Tc(a_x a_y a_ZJ gabs(r,s’t) I=‘\/§(F,S,t)'§(r,s,t)
,S,t
ébar(r,s,t) ::% X(X’y’z) ::(X y Z)T
abs\'>°>
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Part 3: The G-integral

1 yfi Xfi FtOp(x’y,i) i-(&(r,s,t)-X(x,y,2))
gp(r,s,t,i) ::V-J J . e T Y2 4z dx dy
' Mo, X0, “Foot(*¥.1)
1 A Fropy:i)
I (r.s,t,i) ::—-J J J e FE(ns, D X%y 2) 4 4y dy
" Mo, %0, “Foot(x.y.1)

Part 4: Material properties of the constituent materials

In order to homogenize the the properties of the inclusions (tows) to that of the
surrounding matrix, the constituent materials, i.e. the matrix and the tow (meso scale), must be
determined. The results for the CERL geometry and an E Glass/Epoxy composite are reported
here.

Material Properties of the matrix

GPa=10" Pa
Ep:=3.4-GPa Vi =0.38
1=V, Vm Vm 0 0 0
Vm 1-Vm Vm 0 0 0
Vm Vm  1-vnp 0 0 0
E 1
m
Cpori= | o 0 0 —=(1-2v 0 0
(V) (1-2v) 2( m)
1
0 0 0 0 5(1_2Vm) 0
1
0 0 0 0 0 E(1—2vm)
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Material Properties of the Inclusions

C are the stiffness matrices of the o. number of inclusions. In this example, all of the

avg,
inclusions are orthotropic in the direction of the undulation of the fibers in the inclusion. The
material coordinate stiffnesses of each tow is determined by assuming transverse isotropy with
respect to a coordinate system in which the abscissa corresponds to the slope of the tow. Those
transformed properties are averaged over the length of the inclusion. The data for the tow
constituent properties were taken from Table 1.1 of Barbero, E. J. "Introduction to Composite
Materials Design" for E-Glass/Epoxy. The accompanying software, CADEC, was used to
determine the transversely isotropic properties as if the tow were unidirectional. In addition, the
value of the fiber volume fraction inside of the tows was determined above for given overall
fiber volume fraction and the volume fraction of the tows.

E, :=59.58-GPa E, :=21.51-GPa E, =E

Xo, Yo Zq Yo
Gy =8770GPa Gy, :=7591GPa Gy =Gy
v :=0.2915& v :=0.4170€ v =V

XY o, yz,, XZ,, XY o,

1 _nya —v Xz,
= = = 0 0 0
XOL yO( ZO(
- XY 1 - ¥z
= = = 0 0 0
Xo, Yo 2o,
Vxz o Vyz o 1
= - - 0 0 0 B
Smata = Xo. Yo 2o Cmata = (Smata)
1
0 0 0 0 0
Gyzoc
1
0 0 0 0 o 0
Xz,
1
0 0 0 0 0 o
XY,

Coordinate Transformation for contracted stiffness notation
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Fy(o,x) = F3top(x,ay) if o=3va=1

F4top(x"ay) if a=4v a=2

F (e %) = F, (0. %) Oy (0, x) = atan(F'y (o, X))
ox
cos(6) 0 sin(0)

a(e,8)= 0 1 0

—sin(0) 0 cos(0)

T(o,0):= | for ie1..6

for je1..6

Tij e (ate,0) ) if i<34j<3

for iie1..3 if i<37j>3
for jjeii.. 3
if i #

Y 9—ii—

Ti,J'F(Za(aye)i,ii'a(aye)i,jj) if y=j

for iie1..3 if i>3Aj<3
for jjeii..3
if i # j
B 9—ii—j
Ti,j < (a(o, 0)ii,j-a(a, 0)j,j) if B=i

for iie1..3

for jjeii..3

if i # jj
Y 9—ii—jj
for kke1..3 if oy =

for llekk..3

if kk = Il

S 9—Kkk -1l

Ti,j < a(o,0)ii kk-a(o,0)jj 5 ... if =i
+a(o, 0)ii,n-ale, 0)jj, kk

Ty(0,0):=T(cx,8)
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S'mat (0, %) = ((Tx(oc : Ox(a,x)))T-Smata.TX(a : ex(a,x)))

mstep := 10C nstep :=1.. (mstep + 1)
2-ay 2-ay
X =-a, + (nstep — 1)- =-a,, + (nstep — 1)-
nstep x T ( p )mstep Ynstep y ( p )mstep
Siaug = | for ic1.6 Cava =(Savg )
avg, = or ie. avga"( avgoJ
for je1.6
1 mstep +1
ST S' o,Xp)ii If <2
) mstep Z mat( n)I,J
n=1
1 mstep +1
Si i« S' o,ynli i if o0>2
LI nstep Z mat( yn)l,J
n=1
S
010
a(a)=|1 0 O
0 01
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T1(o):= | for ie1..6

for je1..6

Ti,j<—(~%1(0t)i,j)2 if i<3Aj<3

for iie1..3 if i<37j>3
for jjeii.. 3
if i # jj

Y 9—ii—jj

Ti,j < (2a(a) j-a(a), j) if y=]
for iie1..3 if i>3Aj<3
for jjeii.. 3
if i jj
Be9—ii—j
Ti’j<—(a((x)ii,j~a((x)jj,j) if B=i
for iie1..3 if i>3Aj>3
for jjeii..3

if i # j
X — 9 —ii —jj
for kke1..3 ity =j
for llekk.. 3
it kk Il
8 9-kk -1l
Ti,j < a(aii, kk-a@)jj, i .. if 8=
+a(a)ij, i1-ao)jj, kk

Savg, = T1((x)~S'ana'T1(0ﬂ)T if o<3 Cavg, :=(Savga>_1

S'ana otherwise

1
C =— C
meso 4 E avga
o
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Part 5: FSP calculation

FSP(r,s,t):= | for ie1.n

for jei.n

o«—i if i=]j
o—9—i—jif i#]j

for ke 1. n

for lek..n

Bek if k=1
Be9-—k—1I if k=1

Fo,p < % &bar(r,s,t)j-[é(i,I)~E_,bar(r,s,t)k j
+ (i, k) -Epgr(r, s, )
+ Epar(r, 8, 1)i-( 8(j, 1) -Epar(rs s, k -
("' S(j’k)'ébar(r’s’tn j
+ Vm%'ﬁbar(r’S’t)i’gbar(r’S’t)J'ﬁbar(r’S’t)k'gbar(r’s’t)l
Vm
+ ———Epg(rs s,t)i-gbar(r,s,t)j-é(k, 1)
-

Part 6: SP tensor formulation

The SP tensor is the key computational aspect of the periodic microstructure micro
mechanical model. Evaluation of this term for all possible combinations of inclusions is where

the model becomes computationally expensive. An alternate program to compute SP that
encompasses all of the previous calculations has been written in Fortran. It is a more efficient

way of determining SP, and the values can be entered into this program with for the continuation
of the model computation.
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Calculation of the SP tensor as a function of N

SP(N,a,B):= | Sold « 0
for re -N.. N
for se-N.. N
for te -N.. N
continue if (r=0)A (s=0)A (t=0)
SefB-gp(r,s,t,(x)-gm(r,s,t,B)-FSP(r,s,t)
Snew « S + Sold

Sold « Snew

Snew

Matrix representation of SP for all possible combinations of inclusions

SPy.p :=SP(1,0,)"

SPtotal is the construction of the 6*mj;c by 6*mj, matrix using the computed value of SP
above.

SPtotaI =|for aoe1.. Minc

for Be 1. mjc
Sold «~ SPy 1 if B=1

otherwise

Saug « augment(Sold, SPy )

Sold « Saug

Soldstack « Saug if a=1
otherwise

Sstack « stack (Soldstack , Saug)

Soldstack « Sstack

Sstack
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SPdata is an input variable for externally computed values of SP for N:=3

SPdata =

1 2 3 4 5 6
1 0.18721 0.07201 0.05628 -0.00221 0.00016 | -0.000021
2 0.00585 0.03623 -0.01325 0.03879 | 0.0000045 | -0.000021
3 0.11897 0.11559 0.35259 -0.01209 | -0.0000611 | 0.0000288
4 0.01615 0.05715 0.00627 0.14594  0.0000172 [ 0.0000907
5 0.00023 | 0.0000784 [ 0.0000128 [ 0.0000172 0.22649 0.01921
6| -0.000031( -0.000031| 0.0000189| 0.0000907 0.01921 0.0919

Because of the imported data, the SP terms need to be separated into the sub-matrices, as given

in the Mathcad computation of SP

astep(a) ==+ 5-(a — 1)

SP =

o O O O o

for ooe1.. m;

Inc

for Be 1. mj

Pstep(B) =B +5-(B-1)

Sq,p < submatrix (SPdata, astep(a.), astep(a) + 5, Bstep (B), Bstep (B) + 5)

000O00O
10000
01000
00200
000260
00O0©O02

W is the Reuter matrix, which is used to resolve the double contraction of two tensors
represented by matrices.

Part 7: Determining the A matrix and its inverse

A=

for ooe1..m;

for Be 1. mjy

AA

Inc

AAg B« [Cm~W~(SPa’B -8(a, B)-W 1) - Cavga'W'SPOL,B:|'W
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Afgha1 1S the combination of all possible interactions of inclusions

. —1
Afinal= | for ae 1. mj,c AiNVfina| = Afinal

for Be 1. miyc
A0|deAOL,1 If B: 1
otherwise
Aaug «— augment(Ao|d,Aa’B)

AO'd «— A

aug
Aoldstack < Aaug if =1
otherwise

Astack < stack (Aoldstack , Aaug)

Aoldstack < Astack

A

stack

Calculation of the inverse of Ag,

astep(a) :==o + 5-(ax — 1) Bstep(B) =P + 5-(B-1)
Ainvi= | for ae1..4
for Be1.4

Ag,B < submatrix(Ainvﬁna|, astep(a), astep(a) + 5, Bstep(B), Bstep(B) + 5)
A

Cpar 1s the effective stiffness of the homogenized RVE

4 4

-1 . 1

Coar=CmW{ W™ — Z for Z Amva,B-W.[(Canu—cm).w-w }
a=1 p=1

30.684876 12.538234 9.222006 0.006812 0.000551 0.000698
12.343095 26.955036 9.067244 -0.012031 0.00164 -0.000183
9.653916 9.190744 12.196127 -0.001284 0.000174 0.000001
Coar = -0.005143 -0.01238 -0.002963 3.399771 0.00006 0.00069 GPe
-0.011013 -0.006405 -0.005154 -0.00002 3.335631 0.003261

0.000399 0.000184 0.000082 0.00069 0.002892 5.360821
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-1
Spar = Cbar

H1e Sbar
1,1

Eo:= s 1
barz’2

Eg:= s 1
bar3’3

E4=21.95038GPa

E, = 18.88755GPa

Eg =8.01202GPa

V1o =0.23899

v43=0.20063

bar4’4
1

bar5’5
1

bar6 6
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Appendix C

Computation of Point-wise Stresses in
the RVE of a Plain Weave Fabric
Composite

This is the text of a Mathcad file written to compute the point-wise stresses throughout
the RVE of a plain weave fabric composite using periodic microstructure. All of the stress data
generated in this research was computed in a file of this general form. The only differences
between different files are the RVE and weave geometry, the material properties and fiber
volume fractions of the constituent materials, and the convergence value N used to calculate the

matrix SP.

This file contains geometric descriptions determined by the research of Ito and Chou.

Part 1: Geometric description, function derivation, and 3-D plotting

The basis of the RVE from the respect of the 2D view is to start from the fill tows, as represented
by a series of sine curves

The dimension of the RVE is 2a, by 2ay by 2a,, and the dimensions are as follows:

um =10~ %.m
i=1.3 ji=1.2
ag. =
ai= ] a is the gap width between the tows

1608-pum 392-um

1527.5-um 275-um
318-um

ay = aq ay = az a,=ag
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Distance between the top of the transverse tow and the contact point with the longitudinal tow

Equations for the front side of the 0 degree direction of the RVE (x-z plane)

() i= -2 gin[ 21X fou(X) =T () + - %
X) = — i x) =fp(x) +
00 = wsin| = 0u(¥) =T

5 f0|(X) = fo(X) - ?

Assuming as sinusoidal shape for the transverse tows, the two equations below represent
the bounds for the transverse fill tows in the 0 degree direction

a a, —4a
o, (X) az-sin 1 o 1a sin T +_1 (91 1)
Otu X)i=| —- 3 | — - — _ — 3 -S| _— X _

2 4 aq 2 (ag1 —2-a1) 2 (ag1 — 2-aq
a
—1 11 91 1
+ —-az-sin| —n-— [+ —-a
2 BN GT ) T2
a a, —4a
B 1 L1 9] x 1 (91 1)
ot|(X) =| —-azg——-ag-sin| —m-— | ['sin| 7——F——< X+ - o=
2 2 4 ay (ag1 —2-a1> 2 (391 —2-a1>
a
+ - az + —-az-sin 1 %
—_— _— . | —.TC._
2 BT a1
~4g, 4, 4g
Xty =—a1,-aq1 + 10-um.. —— Xy =—,—— + 10-um.. a
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—4

fou(X¥

fOtu(xtu)

210 4

fol(%) PR

-4.10 *

—0.0015

Equations for the rear side of the 0 degree direction of the RVE (x-z plane)

-0.001 -5-10 *

0.001 0.0015

() = sin| 22X (x) = () + — () = 10 — —
ra(x) :=——-sin I X) =rn(X) + — rni(X) =rn(x) — —
0 2 vy Ou 0 > ol 0lX) =3
rot (X) = ~fou (X) rotu(*) = —Toy (x)

—ag1 ag1 391
Xy =-a1,-aq + 10-um.. T Xty .=T,— + 10-um.. a4

—4

rou® 2.10 *

ro1(X)

"otu ( Xtu)

rOtI(XtI)

-2.10 4

-4.10 4

peeceoo,,
® e
.
o....
.
e
e
e
.

\_

[ ]
B .'.I '.oo..... ]
o @ 'o..
o« .."o
—o‘°-.' ...."'0001
] ] ] ] ] ] ]
-0.0015 -0.001 -5-10 0 5.10 * 0.001 0.0015
XX Xy Xy

135



as ) 27-cy as
fgo(y) = —?sm 4-32 fgou(y) = fgo(Y) + ?
a
() 1 11 92 1 , T
:=| —-ag-sin| —m-—— | + —-a3 |-sin
90t Y 533 4" ey 3
a
+ ! as-sin 1 ic: ! a
—_— . | —.n.— —_——
2 NN, T2
a
f (y) az + —-agz-sin 1 %2 sin T
= —- —_ -S| — - — -S|
9otuly 3 > 3 4 ap (ag —2-32)
2
a
1 11 9
+ —-az3 ——-a3-sin| —-n-—
2 BT,
—392 ag2 ag
yy =—az,-az + 10-um.. > Ytu =7,—

—4

asz

fao1(Y) =Tgo(y) >

410 *
foou¥ 2.107* - -
foo1(y) —/
o0 00 0 .........-.-
f90tu(ytu) AT ot
..
o"‘

fo0u(%) Lt L et ~. |
o ’ .....0° ~0§.‘

.ooo""..... .~'-.-.-

_4.10_4 ] ] ] ] ] ] ]
0.00197

Ys¥s Yus Vil

a3
roou(Y) =rgo(y) + >

ran( )~—E sin 2y
90 =7 4-ay
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a3
rooI(y) =rgo(y) - >



rootu(¥) =—fgot(¥) raoti(¥) = ~footu(y)

9, %, %,
Yiy =—a2,-a2 + 10-um.. —— Yil ::7,7+ 10-um.. ap

—4
10 T T T T T T T

0.00032%"

foou 2.10 *

rgo1(¥)

r 90tu<ytu)

r 90tl(ytl) —p 107t

~0.00032,4 4o74 ! ! ! ! | |
0.00197  0.00147 9.725-10 *4.725-10 *-2.75-10 °-5.275-10 * -0.00103 —0.00153

az y’ysytuayﬂ —az
Equations that form the 2 tows (1 and 2) in the 0 degree direction

For each tow, there are 2 surface functions that define the top and bottom faces of the tow,
repectively.

Tow 1
Top Equation
2x-ay +4a a
A1top(X) _1as'n1 X+1as'n1 i 1) s,'n1 i + 1
X =" -S| —_ - — —_ .Sl —- T . ] —_T-—
1top 4 BN e T a2 (ag1—2.a1> 4" a
a
11 94 1
+|—-a3-sin| —n-— | - —-a
PR VI P
1
B1top'=§'a_2 Citop =0
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2x—-ay +4-a4 a
D()—1,1x1,1 91 11 9
X) :=—-ag-sin| —-w-— | — —-sin| — 7 -ag-sin| —-w-——
Ttop 4 3N 2 e ) T 2 (391 —2-a1> 3T
2-x—a, +4a a
. ( 91 1) 1 |1 9
+ o —-sin| —-m -agz + —-ag-sin| —-n-—
2 (ag —2-a1) 4 4 aq
1
Fitop(X:Y) 1=A1top(x)'Si”(Bﬂop'y + C1top) + D1top(X)
Bottom Equation
2. x—ay +4-a
Ao () s - ( g 1) 1 1 x) 1
X):=—-8In| — as-sin w— |[——-a
Tbott) =7 =) 5 a _2. 31) 3 3 1) 2
2x— +4a a a
! 1 91| 1 |1 9
-ag-sin| —-m-— |+ —-a3-sin| —-n-—
a —2a1> 4 a1
1=
B1bot =5 5 C1pot =0
2x—-ay +4-a
D (x) sin ( i 1 a az-sin X
| T | - | ...
1bot (ag —2-a1) 3 3 a1
2x—ay, +4a a a
1 ( 94 1 1 9 1 |1 %9
+ —-SIn T az-sinf —-nt-—— | + —-az-sin| —-n-——
4 2 (ag —2~a1> 4 ay 4 a4
1
F1bot(X: ¥) = A1pot(X)sin (B1pgry + Cpot) + Dipot(X)
Tow 2
Top Equation
2x+a, —4-a a
A (x) 1s,'n1 ( i 1 as'n1 i 1as'n1 X+1a
X) :=—-8| — T .Sl — .- — — .Sl — .- — —
2top'™) =5 S 5 (ag1 —2-a1) ST G T T AR 2 e ) T2
2x+a, —4a a
1 ( 99 1 1 91
+ —-sin| =1 az ——-az-sin| —-n-—
4 2 (ag —2~a1> 4 ay
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) 1 r
B2top = Py 'a_2 C2top =0

2xX+ay —4-a4 a
Doy (x) 1 91 11 91 1 (1 x
X) :=—-sin| —-m -ag-sin| —-n-—— | + —-ag-sin| —n-— | ...
2top™ =4 S (391 —2-a1> 35 ey ) T 2
2-x+a, —4a a

. ( 94 ! 1 11 79

+ —-sin| = -a3 — —-ag-sin| —-w-—

4 2 (391 —2-a1> 4 4 ay

Fotop(X:Y) = A2top(x)'3i”(B2top'y + C2top) + Dotop(x)

Bottom Equation

2X+ay —4-a4
Ao (%) —1 (1 x 1 1 11 91

X) :=—-ag3-sin| —-n-— | + —-a3 + —-sin| — - -agz ..
2bot 4 3 2 a4 27" 2 (391_2‘30 3

2:x+a, —4a a a
, ( 94 1) 1 9| 1 9
+ —-sin| — - -az-sin| —-w-—— | — —-az-sin| —-w-——
2 (ag —2-a1> 4 ay 4 4 ay
1
By g e C 0
2bot -~ 2 ay 2bot =

2x+ay, —4-a
D (x) - az-sin ! X ! sin ! i a
X) i=—- .Sl —_ - — — —.S] — Tt .
2bot 4 3 2 ay 4 2 (ag1 —2-a1) 3

(2~x + a

-4.a a a
94 1) 1 9 1 1 9

— T -agz-sin| —-w-— | + —-az-sin| —-w-——
2 (391 —2~a1> 4 ay 4 4 ay

Fabot(X: ¥) = Agpot(X)-5in (BapatY + Capot) + Dapot(X)
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Equations that form the 2 tows (3 and 4) in the 90 degree direction

Tow 3
Top Equation
2y+a, —4a
A ()1as'n1 y 1a 1s'n1 (y %2 2>a
=— -S| —-— _ — — —.S] — T .
Btopty) = A SN S | T TN (agz—Z-az) 3
[ 2y+a, —4ay)| a a
BE ( Y+ 4 2) 11 %% o1 |1 %9
+ ——-sin| =1 -az-sin| —-w-—— | + —-agz-sin| —-w-——
2 (ag —2~a2> 4 ap 4 4 ap
2
) 1=
B3top = Py .a_1 C3top =0

2y+a, —4a
D ] (1 y 1 |1 ( y 9 2)
3top(Y) «—2'33-Sln Ena—z + —-sin

_'TC' 2 .as
(20, ~222)
2.y+a, —4a a a
. ( Y4, 2 11 9 | 1 B 9
+ —-sin| —-m- -az-sin| —-n-—— | - —-ag-sin| —-t-——
4 |2 (agz—z.az> 4 ap | 4 4 ap

F3t0p(X7Y) = A3top(Y)’S‘in(BC%top'x) + D3t0p(y)

Bottom Equation

2y+a, —4a

A (y) — .sin ( ' %2 i az-sin ! ic: + 1 az-sin ! y a
= —-9| — T . .Sl —_-— —_ -S| —-— P

3botlY) =7, 5 (ag —2-a2) 3 4 4% 2 3

az

-a3 + —-az-sin| —-w-——
) 3 4 3

Bap o=~ — Capot =0
3bot ™~ 5 ar 3bot -~
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2y+a, —4a a
4|1 (y g, T2 1 99

1Ty
D =—-sin| —-m- -ag-sin| —-m-—— | - —-ag-sin| —n-— | ...
3bot(¥) = 2 (agz—Z-a2> S IR RS (2 agj

(Z-y +ag, - 4.ap

a
1 .11 1 92
+ —-sin| — - -az + —-ag-sin| —-m-—
4 2 (ag2—2-az) 4 4 a

Fapot(X,Y) = A3bot(y)'5‘”(53bot'x) + D3pot(Y)

Tow 4
Top Equation
2 ay +4a
A ()= sl - ( Y~ 4 2) 1 (1 1
—-sin| —-m- -a3 + —-ag-sin| —-n-— |+ —-a
4top!y) =7 2 (ag —2-32) 3 3 2 %3
2
2y-a, +4a
RE Y% 2 AR N R
+—-sin| =1 -ag-sin| —-m-—— | - —-az-sin| —-1-—
(agz - 2-a2> 4 as 4 4 as
. 1 n
B4top = E '3_1 C4top =0

D (y) 1 sin L a ! az-sin L y
= —-9] — T . [ .Sl —-—
4topl¥) =7, 2 (agz -~ 2-a2) 3743 2 ap

2'y—a, +4a a a
. ( Y™ %, 2 1 92 1 1 9
+ sin| — - -az-sin| —-w-—— | — —-az-sin| —-w-——
2 (ag —2~a2> 4 ap 4 4 ap
2
F4t0p(X7Y) = A4top(Y)’S‘in(B4top'x) + D4t0p(y)
Bottom Equation
i 2y-ay +4a a
A (y) 1as'n1 y+1a 1s'n1 (y %2 i as'n1 %2
=— -S| —_-— —_ — —.S] — Tt . .Sl —n-—
AbotlY) =7 Ay S o T W TN G a, —2.ap S IV,
9
I 2y-a, +4a)) ]| a
| 1 ( Y ™%, 2) 1 |1 %%
+ —-sin| —-m- -a3 ——-az-sin| —-w-—
2 (agz—Zag) 4 4 ap
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1n

B4bot =73 5 Capot =0
2.y—a, +4-a a
D (y) 1a sin L y +1s'n ! ( ' ic: i az-sin 1 ic:
=— -S| —-— — .S — T . .Sl —_ - —
AbotlY) =7 Ay s o T g (ag2—2~a2> Sk DR
2y-a, +4a a

, ( Y~ 4, 2) 1 11 9

+|—-SIn| — -7 -a3 + —-agz-sin| —-n-——

2 (agz—Z-a2> 4 4 ap

Fabot(X. ¥) =Agpot(¥)-sin (Bgpot ) + Dgpot(y)
3D Representation

—a a

91 91
*p10° =781 Xp1f =T, X207 T, Xp2f =@

Yb10 =32 Ypb1f =282 Yp20 = —82 Yp2f = a2
mesh =25

Fit:= CreateMesh(F1top, Xb10° Xb1f: Yb10: Yb1f: mesh)
Fp = CreateMesh(F1pot. Xp10, Xp1f> Yb10- Yp1t- Mesh)
Fot:= CreateMesh(FZtop, Xp20: Xp2fs Yb20: Vb2t mesh)
Fap, = CreateMesh(Fapot, Xb20, Xb2f> Yb20- Y2f- Mesh)

Xp1900 =81  Xp190f = a1 Xp2900 =81  Xp290f = a1

agz —agz

Yb1900="75" Yb190f=32  Yb2900'="32 Yb200f=""

F3t = CreateMesh(F 3105 X51900- Xb190f> Yb 1900+ Yb190f- Mesh)
F3p, := CreateMesh(F3p0t. X1, 1900 Xb190f> Yb1900: Yb190f> Mesh)
Fat= CreateMeSh(FMop’ Xp2900° Xb290f> Yb2900> Yb290f> meSh)

Fap = CreateMeSh(F4bot’ Xp2900° Xp290f: Y2900 Yb290f: meSh)
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0.001

-0.001

2o

Location of tow 4 (90 degree minus):

x from -ax to ax

Location of tow 2 (0 degree plus):
y from

x from 0.5a, to ax
y from -ay to ay

F1t:F1b- Fat- Fob- Fat Fap: Fat- Fap
Location of tow 1 (0 degree minus):

x from -ax to -0.5 a,

y from -ay to ay
Location of tow 3 (90 degree plus):

x from -ax to ax

'O.Sag

ay to

y from 0.5 ag to ay

Yf. -

Yo.:

—0.5~ag2

—0.5-ag1
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Ftop(x,y,i) =

F1t0p(x > Y)
F2top(x > y)
F3top(x ’ Y)

F4t0p (X > Y)

if i

if i

Determination of the tow volumes

V=

[Vfi (Xfi (Ftop(x, y. i)

Jyoi Jxoi Foot(X: ¥, 1)

1 dz dx dy

Determination of the RVE volume

VRVE ::8-ax-ay-aZ

3

Vmeso = Z Vi
i

Vmeso

fmeso =

f

eso = 0.5444

VfO =0.37

VRVE

Fbot(X,y, i) = F1b0t(x’ y) if i=1
Fopot(X,y) if i=2
F3pot(x,y) if i=3
Fapot(X,y) if i=4
Vi=
3
0.7925 mm
0.7925
0.90838
0.90838
Volume of the total RVE

Total volume of all of the 4 tows

Volume fraction of the tows to the RVE

overall fiber volume fraction of the RVE

(1~ ¥o) VRVE ~ (VRVE ~ Vmeso)

Vimeso = 1~

meso

Meso-scale fiber volume fraction of an inclusion

Vfmeso

=0.67965
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Vi
fi:

VRVE
fi =
0.12683 | a
0.12683
0.14537
0.14537

Part 2: § vector definition

The vector & is a terms that is used in the construction of the Fourier series expansion of all field
variables, such as stresses and strains.

&(r s t) — L i L ! t '—\/ t t
»S,1) =T ax ay az éabs(r’s’ )'_ é(r,s, )‘&(r,s, )
,S,t
ébar(r,s,t) ::% X(X’y’z) ::(X y Z)T
apst > v

Part 3: The G-integral

[Vfi [Xfi rFtop(x, v i)

gp(r. 5. t.1) :ZL-'J ] e (&80 X6y.2) 4 gy gy
Viidyo Jxp IFpotxy.i)
1 o Fiop(x-y.1)
gm(r,s,t,i):z—_-[ J J o ENSDXY.D) g4y gy gy
"o, X0, “Fpot(ey:)

Part 4: Material properties of the constituent materials

In order to homogenize the the properties of the inclusions (tows) to that of the
surrounding matrix, the constituent materials, i.e. the matrix and the tow (meso scale), must be
determined. The results for the Ito and Chou geometry and an E Glass/Epoxy composite are

reported here.

Material Properties of the matrix
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GPa = 10°-Pa

Epp:=3.12-GPa vy = 0.30
1=V, Vm Vm 0 0 0
Vm 1-Vm Vm 0 0 0
Vm Vm  1-vnp 0 0 0
E 1
Cryi= 6 +Vm)'(n1]—2‘vm)' 0 0 0 —(1-2vy) 0 0
0 0 0 0 %(1 - 2-vp) 0
0 0 0 0 0 %(1 -2-vp)

Material Properties of the Inclusions

C are the stiffness matrices of the o. number of inclusions. In this example, all of the

avg,

inclusions are orthotropic in the direction of the undulation of the fibers in the inclusion. The
material coordinate stiffnesses of each tow is determined by assuming transverse isotropy with
respect to a coordinate system in which the abscissa corresponds to the slope of the tow. Those
transformed properties are averaged over the length of the inclusion. The data for the tow
constituent properties were taken from Table 1.1 of Barbero, E. J. "Introduction to Composite
Materials Design" for E-Glass/Epoxy. The accompanying software, CADEC, was used to
determine the transversely isotropic properties as if the tow were unidirectional. In addition, the
value of the fiber volume fraction inside of the tows was determined above for given overall
fiber volume fraction and the volume fraction of the tows.

o:="1. Mo

EXOC :=56.52-GPa Eyoc :=19.90-GPa EZOC = Eyoc
nyOC :=6.983-GPa Gyza :=6.553-GPa zeOC = nyOC
nya :=0.31844 vyza :=0.51802 sza = nya
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1 “Vxy o Vxz o
= = = 0 0 0
X(X yOL ZOL
_nyoc 1 - YZ 4
= = = 0 0 0
XO(. yO( ZO(
—v —v
xz,, yz,, 1
= = = 0 0 0 1
S = X y z C =(S B
mata o o o mata ( mata)
1
0 0 0 G 0 0
Yz,
1
0 0 0 0 e 0
Xz,
1
0 0 0 0 0 e
XY,

Coordinate Transformation for contracted stiffness notation

Fy(o,x) = F3top(x,ay) if o=3va=1
Fatop(X-—ay) if a=4vo=2

F(a. %) = L F, (0. %) Oy (0, x) = atan(F'y (o, X))

oX

cos(6) 0 sin(0)
a(o,0) = 0 1 0
—sin(0) 0 cos(0)
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T(o,0) =

for

ie1.6

for je1..6

T

ﬂJé-@ﬂhenDZifis3Ajg3

for iie1..3 if i<3Aj>3
for jjeii.. 3
if i # jj

Y9 —ii - jj

Ti,J'F(Za(aye)i,ii'a(aye)i,jj) if y=]

for iie1..3 if i>3Aj<3
for jjeii..3
if i # jj
B 9—ii—j
Ti,j < (a(o, 0)ii,j-a(a, 0)j,j) if B=i

for iie1..3
for jjeii.. 3
if i #
X 9—ii - j
for kke1..3 it o=
for lle kk..3
if kk =l
d—9-kk -1
Tj,j < a(a,0)ji, kk-a(o, 0)j 5 .. if d=i

+a(o, 0)ii11-a(e, 0)jj, kk

Ty (o, 8):=T(a, )

Smat(®.X) = ((TX((X : eX(a’X)))T’Smata'TX(a ’ Gx(a,x)))

mstep := 10C

nstep :=1.. (mstep + 1) Xnstep =8y + (nstep — 1)

Ynstep = —ay + (nstep — 1)-

2-aX

mstep

2-ay

mstep
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' o . ' - ] _1
Savg, = | for ic 1.6 cavga._(savga>
for je1.6
1 mstep +1
Si i« . S o,Xpli i if <2
1) mstep Z mat( n)I,J
n=1
mstep +1
Si i« . S o,ynli i if a>2
LI nstep Z mat( yn)l,J
n=1
S
010
a(a)=|1 0 O
00 1
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T1(o):= | for ie1..6
for je1..6
T.je (alo) ) if i<3Aj<3
for iie1..3 if i<37j>3
for jjeii.. 3
if i # jj
Y 9—ii—jj

Ti,j < (2a(0)i i-a(a)i, j) if v=]
for iie1..3 if i>3Aj<3
for jieii..3
if i # jj
B« 9—ii—jj
Ti.j < (a(eii, j-ae),) if p=i

for iie1..3 if i>3Aj>3

for jjeii.. 3
it i # jj
X — 9 —ii —jj
for kke1..3 ity =j
for llekk.. 3
it kk = I
8 9-kk -1l
Ti,j < a(aii, kk-a@)jj, i .. if 8=
+a(a)ij, i1-ao)jj, kk

Savg, = T1(oc)-S'ana-T1(oc)T if <3

otherwise

S'avg(x
C — S -1
an(x '_( avga)
1
Crmeso = 2 Z Canoc
o

Part 5: FSP formulation for an isotropic reference elasticity tensor
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n:=3

FSP(r,s,t):= | for ie1.n

for jei.n

o«—i if i=]j
o—9—i—jif i#]j

for ke 1. n

for lek.. n

Bek if k=1
Be9-—k—1I if k=1

Fo,p < % &bar(r,s,t)j- 8(i, 1)-Epgp(r, s, )k -
+ (i, k) -Epgr(r, s, )
+ Epar(r, 8, 1)i-( 8(j, 1) -Epar(r. s, i -
("' S(j’k)'ébar(r’s’tn j
+ ;-ﬁbar(r,s,t)i-gbar(r,s,t)j-ﬁbar(r,s,t)k-ﬁbar(r,s,t)|
Vi — 1
\Y

m
+ ————Epglrs s,t)i-gbar(r,s,t)j-é(k, 1)
1-vp

Part 6: SP tensor formulation

The SP tensor is the key computational aspect of the periodic microstructure
micromechanical model. Evaluation of this term for all possible combinations of inclusions is

where the model becomes computationally expensive. An alternate program to compute SP that
encompasses all of the previous calculations has been written in Fortran. It is a more efficient
way of determining SP, and the values can be entered into this program with for the continuation
of the model computation
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SP(N,a,p) =

Sold « 0
for re N. N
for se-N.. N
for te N. N

continue if (r=0)A(s=0)A (t=0)
S <—fB~gp(r,s,t,(x)~gm(r,s,t,B)~FSP(r,s,t)
Snew « S + Sold
Sold « Snew

Snew

SPy.p:=SP(1,2,a,p)"

Matrix representation of SP for all possible combinations of inclusions

SPtotal .= | for ave 1.. m;

nc

for Be 1. mj

Sold « (SPg, 1), if p=1

otherwise
Saug « augment[so'd (SPa, B)z]

Sold « Saug

Soldstack « Saug if o=1
otherwise

Sstack « stack (Soldstack , Saug)
Soldstack « Sstack

Sstack

SPtotal is the construction of the 6*mj;, by 6*mj, matrix using the computed value of SP

above.

SPdata is an input variable for externally computed values of SP for N:=3
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SPdata =

1 2 3 4 5 6
1 0.2774 0.1147 0.0793 -0.005 0.0005 -0
2 0.0122 0.0677 -0.0217 0.0659 -0 0
3 0.2358 0.2373 0.629 -0.0248 -0.0002 -0
4 0.03 0.1009 0.0102 0.2561 -0 0.0003
5 0.0009 0.0003 0.0002 -0 0.3587 0.0305
6 0 0 -0 0.0003 0.0305 0.1312

Because of the imported data, the SP terms need to be separated into the sub-matrices, as given
in the Mathcad computation of SP

astep(a) ==a + 5-(a — 1)

pstep(B) =B +5-(B-1)

SP:=[for ae 1. mj
for Be 1. mjc
Sa,B « submatrix (SPdata, astep (o), astep(a) + 5, Bstep (B) , Bstep (B) + 5)
S
100000
010000
001000
W =
000200
000020
000O0O0?2

W is the Reuter matrix, which is used to resolve the double contraction of two tensors
represented by matrices.

Part 7: Resolution of  and { vectors for solution of the linear
system to produce the coefficients of the eigenstrain, Fe*

N:=1 M:=N
2N+ 13 1
Nogro = — + 2 N, = 14 C(r,s,t) =¢&(r,s,t)
) 3
Niotal = (2-N +1) Niotal = 27
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Ec=|i<0 c=1]i«<0
for re-N.. N for ue-M.. M
for se-N.. N for ve -M.. M
for te -N.. N for we-M.. M
i+ 1 i+ 1
Xpe— (i r s t) Zi— (i u v w)
X z
r(x) = (&), u@) = (%), s(x) = (&,
v2)= (%), 4 1) = (&), , w(z) =G,

Evaluation of the integral form for each tow geometry

1 [Vfi [Xfi rFtop(x,y,i)

how(@. 1) = .
VRV D by Jrgnn

e~ F@XXY.2) 4 gy gy

Evaluation of the Fourier coefficient of the tow stiffness matrices, FC(§)

FC(a,i) := | expint « Itow[(é(r(a),s(a),t(a))),i]
for iie1..6

for jje1..6

Cii,jj «— (Cavq)" ”-expint
I, )

CCq« C

Applied strain field

e9=(0.001 0 0 0 0 0)

€( 1s the tensorial strain field that is applied to the RVE

Evaluation of the Fourier terms for (&-0)
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FCyiff(a, b, i) := | expint « L\ [(E(r(a),s(a), t(a)) — L(u(b), v(b), w(b))), ]
for iie1..6
for jje1..6
Gii,j< (C -expint
I, ) ( avg')ii,jj
CCy«C

FSPé(a) =FSP(r(a),s(a),t(a))

zero .= -Pa

O O O o o o
o O O o o o
o O O O o o
O O O o o o
O O O o o o
o O O O o o

FSPC(b) :=FSP (u(b), v(b), w(b))

Evaluation of the Left side of the linear system of Equation (3.57) for a given tow

Left(a,i) = for be 1.. Nigtq

L « FCyjff(a.b,i)-W-FSP¢(b)W if (a#b) A (a# Nygr)

L« (chiﬁ(a, b, i)-W~FSPC(b)~W) - Cm~W-(FSP§(a) W 1) if (a=Db) A (a # Nzero)

L« zero if (a#b)a (a = Nzero)

-1 .
Le—Cm-W(FSPé(a)—W ) if (a:b)/\(a:Nzero)
if b=1
LOIdFL

continue
if b>1

Lnew «— augment(Lo|d, L)

Lold < Lnew
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Evaluation of the right side of Equation (3.57)

Right(a, i) := (Cm - FC(a, i))-W-sO

The terms AA and b are the routines that assemble each Left and Right calculation into a matrix
form.

AAj:= | for ae 1. Niygl bj:= | for ae 1. Niyig

L « Left(a, i) R < Right(a, i)

if a=1 if a=1
Loig < L Rolg < R
continue continue

if a>1 if a>1
Lnew < stack (Lojg:L) Rnew < stack (Rgyg, R)
Lold < Lnew Rold < Rnew

Lold Rold

The Fourier coefficients of the eigenstrain are determined for a given N value by solving the
linear system: [AA] [FS*]=[b]

Festar; := Isolve(AA;, bj)

Fﬁ(l) = for ﬁ e1.. Ntotal

eigeng « submatrix(Fastari , Bstep(B), Bstep(B) + 5,1, 1)

eigen

E€star 18 the equation representing the addition of the coefficient terms for all values of ny, ny, and
n3 and a given point in the RVE

Niotal
estar(x,y,z,i) = Z Fs(i)a-ei'(i(r(a),S(a)st(a))'x(x’y’z))

a=1

—-0.00435

—0.0003

. —-0.00084

estar(~.001:m, -ay , Fpot(~001:m. -ay . 4),4) = » estardata:=\ 500201

-0.00147

0.00192
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Bounds on the RVE:

—a, > X < ay 2y<a, —a,>z<a,

Determining if a given point in the RVE is in a given tow, or the matrix

-a
w(x,y,z)= i1 if | -a,<x< 291J/\(—ay£ysay)A(ZZFbOt(x,y,1))A(sttop(x,y,1))
. . 91
i 2 if aXZXZT /\(—aYSySay)A(zzFbot(x,y,Z))/\(sttop(x,y,Z))

g
2] A (—aX <x Sax) A (z > Fbot(x,y,?:)) A (Z < Ftop(X,y,3))

. . 9
i—4 if —aYSys A (—aXSXSaX) A (zzFbot(x,y,4)) A (sttop(x,y,4))

i < 5 otherwise

w(-.001-m, -ay, Fpoy(—001-m, -y, 4)) = 4

e€psum(X,Y,2,8) = [i < w(x,y,2)

for je1..6 if i<b

f Xfi Ftop(u,v,i)
AJ - J J J’ Estar(U,V,W, i)j_el-[é(r(a),s(a),t(a))~(X(X, Y, Z)—X(U,V,W))] dw du dv
Yo, /%0, “Foot(U:v:1)
for je1.6 if i=5
Aj<0

A

gpsumn1:= | for ae 1.. Nigiq

Aa  epgym(—001-m, —ay, Fyot(—001-m, -ay. 4) . a)

A

Evaluation of the disturbance strain at a given point
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Evaluation of the disturbance strain by means of Equation (3.55)

[ |
Ntotal

Z FSPg(a)-W-(epsumn‘a)

a=1

ey(X,y,2) =
P VRVE

0.0001
—0.00024

7.02796x 10°°

epdata = e5(~.001-m, —ay , Fpot(-.001-m, —a, . 4))" epdata :=

2.69811x 10 °

0.00045
0.00018

1

2.46365-107

1.17005:107

Seffdata ™= Cm.W.(eo + epdata — sstardata) Ceffdata= 137412107

7.04875-106

4.608-106

||l | W[N] =

-4.176-106
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