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ABSTRACT

A circuit is a connected 2-regular graph. A cycle is a graph such that the degree of each
vertex is even. A graph G is Hamiltonian if it has a spanning circuit, and Hamiltonian-
connected if for every pair of distinct vertices u,v € V(G), G has a spanning (u,v)-
path. A graph G is s-Hamiltonian if for any S C V(G) of order at most s, G — S has
a Hamiltonian-circuit, and s-Hamiltonian connected if for any S C V(G) of order at
most s, G — S is Hamiltonian-connected. In this dissertation, we investigated sufficient
conditions for Hamiltonian and Hamiltonian related properties in a graph or in a line
graph. In particular, we obtained sufficient conditions in terms of connectivity only for a
line graph to be Hamiltonian, and sufficient conditions in terms of degree for a graph to

be s-Hamiltonian and s-Hamiltonian connected.

A cycle C of (G is a spanning eulerian subgraph of GG if C' is connected and spanning.
A graph G is supereulerian if G contains a spanning eulerian subgraph. If G' has vertices
U1, Vg, -+, Uy, the sequence (d(vy),d(va), -+ ,d(vy,)) is called a degree sequence of G. A
sequence d = (dy,ds, - - ,d,) is graphic if there is a simple graph G with degree sequence
d. Furthermore, GG is called a realization of d. A sequence d € G is line-hamiltonian if
d has a realization G such that L(G) is hamiltonian. In this dissertation, we obtained
sufficient conditions for a graphic degree sequence to have a supereulerian realization or

to be line hamiltonian.

In 1960, Erdos and Pdsa characterized the graphs G which do not have two edge-
disjoint circuits. In this dissertation, we successfully extended the results to regular

matroids and characterized the regular matroids which do not have two disjoint circuits.

Cycles in Graph Theory and Matroids

Ju Zhou
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Chapter 1

Introduction

1.1 Notation and Terminology

We use [2] for notations and terminology in graph theory not defined here, and consider
finite loopless connected graphs. For a graph G, we use V(G), E(G), 6(G) and a(G) to
denote its vertex set, edge set, minimal degree and independence number, respectively.
In particular, x(G) and £’(G) represent the connectivity and edge-connectivity of a graph

G.

A graph is trivial if it contains no edges. A vertex cut X of G is essential if G — X
has at least two nontrivial components. For an integer k£ > 0, a graph G is essentially
k-connected if G does not have an essential cut X with |X| < k. An edge cut Y of G is
essential if G — Y has at least two nontrivial components. For an integer k£ > 0, a graph
G is essentially k-edge-connected if G does not have an essential edge cut Y with |Y| < k.

The line graph of a graph G, denoted by L(G), has E(G) as its vertex set, where two
vertices in L(G) are adjacent if and only if the corresponding edges in G have at least one
vertex in common. From the definition of a line graph, if L(G) is not a complete graph,
then a subset X C V(L(G)) is a vertex cut of L(G) if and only if X is an essential edge
cut of G.
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A circuitis a connected 2-regular graph. A cycle is a graph such that the degree of each
vertex is even. A graph G is Hamiltonian if it has a spanning circuit, and Hamiltonian-
connected if for every pair of distinct vertices u,v € V(G), G has a spanning (u, v)-path.
A graph G is s-Hamiltonian if for any S C V(G) of order at most s, G — S has a
Hamiltonian-circuit, and s-Hamiltonian connected if for any S C V(G) of order at most
s, G — S is Hamiltonian-connected. A cycle C' of G is a spanning eulerian subgraph of
G if C is connected and spanning. A graph G is supereulerian if G contains a spanning

eulerian subgraph.

The contraction G/X is the graph obtained from G be identifying the two ends of
each edge in X and then deleting the resulting loops. When X = {e}, we also use G/e
for G/{e}. For an integer ¢ > 0, define

D;(G) ={v € V(G) : dega(v) = i}.
For any v € V(G), define

Ec(v) = {e € E(G) : e is incident with v in G}.

Catlin in [3] introduced collapsible graphs. A graph G is collapsible if for any subset
R C V(@) with |R| = 0 (mod 2), G has a spanning connected subgraph Hp such that
O(Hpg) = R. Note that when R = (), a spanning connected subgraph H with O(H) = ) is
a spanning Eulerian subgraph of G. Thus every collapsible graph is supereulerian. Catlin
([3]) showed that any graph G has a unique subgraph H such that every component of
H is a maximally collapsible subgraph of G and every nontrivial collapsible subgraph of
G is contained in a component of H. The contraction G/H is called the reduction of G.

A graph G is reduced if it is the reduction of itself.

If G has vertices vy, vg, - - - , U, the sequence (d(vq),d(v2),- -+ ,d(v,)) is called a degree
sequence of G. A sequence d = (dy,ds, -+ ,d,) is nonincreasing if d; > dy > ---d,. A
sequence d = (dy,ds, - -+ ,d,) is graphic if there is a simple graph G with degree sequence
d. Furthermore, G is called a realization of d. Let G be the set of all graphic degree
sequences. A sequence d € G is line-hamiltonian if d has a realization G such that L(G)
is hamiltonian. A sequence d = (dy,dy, -+ ,d,) is collapsible if d has a simple collapsible

realization.
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Let Hy, H, be subgraphs of a graph G. Then H; U H, is a subgraph of G with vertex
set V(H;y) UV(Hy) and edge set E(H,) U E(Hs); and Hy N Hy is a subgraph of G with
vertex set V(Hy) NV (Hz) and edge set E(Hy) N E(Hs). If Vi, V5 are two disjoint subsets
of V(G), then [Vi, V5] denotes the set of edges in G with one end in V; and the other
end in V5. When the graph G is understood from the context, we also omit the subscript
G and write [Vq, V5] for [V, Vslg. If Hy, Hy are two vertex disjoint subgraphs of G, then
we also write [Hy, Hy| for [V (Hy), V(Ha)].

We use Oxley [18] or Welsh [24] for notations and terminology of matroids not defined
here. In combinatorics, a matroid is a structure that captures the essence of a notion of
independence that generalizes linear independence in vector spaces. One of the most
valuable definitions is that in terms of independence. In this definition, a finite matroid
M is a pair (E,Z), where E is a finite set and Z is a collection of subsets of E (called the
independent sets) with the following properties:

(1) The empty set is independent.

(2) Every subset of an independent set is independent.

(3) If A and B are two independent sets and A has more elements than B, then there
exists an element in A which is not in B and when added to B still gives an independent

set.

Besides the vector spaces of linear algebra, a second original source for the theory of
matroids is graph theory. Every finite graph (or multigraph) G gives rise to a matroid as
follows: take as E the set of all edges in G and consider a set of edges independent if and
only if it does not contain a simple circuit. Such an edge set is called a forest in graph
theory. This is called the cycle matroid or graphic matroid of G ; it is usually written
M(G). Any matroid that is equivalent to the cycle matroid of a (multi)graph, even if it
is not presented in terms of graphs, is called a graphic matroid. The matroids that are

graphic have been characterized by Tutte.

A subset of E that is not independent is called dependent. A circuit in a matroid M
is a minimal dependent subset of E. A cycle in a matroid M is disjoint union of circuits
M. A matroid is regular if it can be represented by a totally unimodular matrix (a matrix
whose square submatrices all have determinants equal to 0, 1, or -1). It’s not hard to

verify that every graphic matroid is regular matroid.
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1.2 Road Map

This dissertation consists of 5 chapters. Starting from chapter 2, each chapter will be a
study on a specific topic. In Chapter 2, we will investigate the sufficient condition in terms
of connectivity for a line graph to be Hamiltonian. In Chapter 3, we will investigate the
sufficient conditions in terms of degree for a graph to be s-Hamiltonian or s-Hamiltonian
connected. In Chapter 4, we investigate sufficient conditions for a graphic degree sequence
to have a supereulerian realization or to be line hamiltonian. In Chapter 5, we extend
the characterization of graphs without two edge-disjoint circuits to the characterization

of matroids without two disjoint circuits.

1.3 Main Results

There are extensive researches about circuits in graph theory. One part of my work
is related to problems in graph theory involving Hamiltonian, Hamiltonian-connected,

s-Hamiltonian, S-Hamiltonian connected and supereulerian.

Bill Tutte once said: if a theorem about graphs can be expressed in terms of edges
and circuits alone, it probably exemplifies a more general theorem about matroids. The

other part of my work is to generalize some known results in graph theory to matroids.

1.3.1 Partial Results Towards Thomassen Conjecture

In 1986, Thomassen proposed the following conjecture.
Conjecture 1.3.1 (Thomassen [23]) Every 4-connected line graph is hamiltonian.

A graph that does not have an induced subgraph isomorphic to K 3 is called a claw-
free graph. It is well known that every line graph is a claw-free graph. Matthews and

Sumner proposed a seemingly stronger conjecture.
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Conjecture 1.3.2 (Matthews and Sumner [16]) Every 4-connected claw-free graph is

hamiltonian.
The best result towards these conjectures so far were obtained by Zhan and Ryjacek.
Theorem 1.3.3 (Zhan [25]) Every 7-connected line graph is hamiltonian connected.

Theorem 1.3.4 (Ryjdcek [19])
(i) Conjecture 1.1 and Conjecture 1.2 are equivalent.

(i) Every 7-connected claw-free graph is hamiltonian.

It is well known that the line graph of the graph obtained by subdividing each edge of
the Petersen graph exactly once is a 3-connected claw-free graph without a hamiltonian
circuit. We consider the following problem: For 3-connected claw-free graphs, can high
essential connectivity guarantee the existence of a hamiltonian circuit? This leads us to

prove the following Theorem 1.3.5.

Theorem 1.3.5 Fvery 3-connected, essentially 11-connected line graph is hamiltonian.

Ryjacek [19] introduced the line graph closure of a claw-free graph and used it to show
that a claw-free graph G is hamiltonian if and only if its closure c/(G) is hamiltonian,
where cl(G) is a line graph. With this argument and using the fact that adding edges will

not decrease the connectivity of a graph, the following corollary is obtained.

Corollary 1.3.6 FEvery 3-connected, essentially 11-connected claw-free graph is hamilto-

nian.

However, what is the smallest positive integer k£ such that every 3-connected, essen-
tially k-connected claw-free graph is hamiltonian? This question remains to be answered.
Corollary 1.3.6 suggests that 4 < k£ < 11. We fail to construct examples to show that
there exists a 3-connected essentially 4-connected non-hamiltonian claw-free graph, and

we conjecture that k£ = 4.
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1.3.2 s-Hamiltonian and s-Hamiltonian Connected

The following sufficient conditions to ensure the existence of a Hamiltonian circuit in a

simple graph G of order n > 3 are well known.

Theorem 1.3.7 (Dirac [6]) If 6(G) > n/2, then G is Hamiltonian.

Theorem 1.3.8 (Ore [17]) If d(u) + d(v) > n for each pair of nonadjacent vertices
u,v € V(G), then G is Hamiltonian.

Theorem 1.3.9 (Fan [9]) If G is a 2-connected graph and if max{d(u),d(v)} > n/2 for
each pair of vertices u,v € V(G) with d(u,v) = 2, then G is Hamiltonian.

Theorem 1.3.10 (Chen [4]) If G is a 2-connected graph and if max{d(u),d(v)} > n/2
for each pair of vertices u,v € V(G) with 1 < |N(u) N N(v)| < a(G) — 1, then G is

Hamiltonian.

Theorem 1.3.11 (Chen et al [5]) If G is a k-connected (k > 2) graph and if max{d(v) :
v €I} >n/2 for every independent set I of order k such that I has two distinct vertices
x,y with d(x,y) = 2, then G is Hamiltonian.

Zhao et al recently proved Theorem 1.3.12 below, which unified and extended the

above theorems.

Theorem 1.3.12 (Zhao et al [14]) If G is a k-connected (k > 2) graph of order n and
if max{d(v) : v € I} > n/2 for every independent set I of order k such that I has two
distinct vertices x,y with 1 < |N(x) N N(y)| < a(G) — 1, then G is Hamiltonian.

We shall obtain sufficient conditions for s-Hamiltonian graphs and s-Hamiltonian

connected graphs, respectively, as shown below.
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Theorem 1.3.13 Let k,s be two integers with k > s+2 and 0 < s <n—3. If G is a
k-connected graph of order n and if maz{d(v) : v € I} > (n+s)/2 for every independent
set I of order k — s such that I has two distinct vertices x,y with 1 < |N(z) N N(y)| <
a(G) + s —1, then G is s-Hamiltonian.

Theorem 1.3.14 Let k,s be two integers with k > s+ 3 and 0 < s < n—2. IfG
is a k-connected graph of order n and if maz{d(v) : v € I} > (n+ s+ 1)/2 for every
independent set I of order k — s — 1 such that I has two distinct vertices x,y with 1 <
IN(z) " N(y)| < a(G) + s, then G is s-Hamiltonian connected.

Note that Theorem 1.3.12 is a special case of Theorem 1.3.13 when s = 0. Applying

Theorem 1.3.14 to the case when s = 0, we get the following corollary.

Corollary 1.3.15 If G is a k-connected (k > 3) graph of order n and if maz{d(v) : v €
I} > (n+1)/2 for every independent set I of order k — 1 such that I has two distinct
vertices z,y with 1 < |N(z) N N(y)| < «(G), then G is Hamiltonian-connected.

1.3.3 Degree Sequence and Supereulerian Graphs

In [26], Zhang et al. proved the following theorem.

Theorem 1.3.16 [26] Every bipartite graphic sequence with the minimum degree § > 2

has a realization that admits a nowhere-zero 4-flow.

We first get the following result.

Theorem 1.3.17 If d = (dy,ds, -+ ,d,) € G is a nonincreasing sequences with d, > 2,

then d has a supereulerian realization.

In [12], Jaeger proved the following result.
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Theorem 1.3.18 [12] Every supereulerian graph admits a nowhere-zero 4-flow.
Combining Theorem 4.1.3, we get a result analogous to Theorem 1.3.16.

Theorem 1.3.19 If d = (dy,d,--- ,d,) € G is a nonincreasing sequences with d,, > 2,
then d has a realization that admits a nowhere-zero 4-flow.

Furthermore, we get a result about line-hamiltonian sequence as follows.
Theorem 1.3.20 Ifd = (dy,ds, - ,d,) is a nonincreasing graphic sequence with n > 3,
then the following are equivalent.

(i) d is line-hamiltonian.

(i) d € G and either dy =n — 1, or

dodi< ) (dj-2). (1.1)

d;>2

(i1i) d has a realization G such that G — D1(G) is supereulerian.

1.3.4 Regular Matroids without Disjoint Circuits

In 1960, Erdos and Pdsa consider the problem of determining all connected graphs that
do not have edge-disjoint circuits. We view the complete graph K3 as a plane graph and
let K3 denote the geometric dual of the plane graph K.

Theorem 1.3.21 (Erdds and Pdsa [8], also see Theorem 3.1, Theorem 3.2 of Bollobds
[1]) Let G be a graph with 6(G) > 3. The following are equivalent.
(i) G does not have edge-disjoint circuits.

(1) G € {Ks3, K3, K4}
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Since a graph G does not have disjoint circuits if and only if any subdivision of G

does not have disjoint circuits, the following corollary follows immediately.

Corollary 1.3.22 (Erdds and Pdsa [8], also see Corollary 3.3 of Bollobds [1]) Let G be
a simple graph of order n > 3.

(i) If |E(G)| > n+4, then G has 2 edge-disjoint circuits.

(ii) The graph G with |E(G)| = n + 3 does not have edge-disjoint circuits if and only if
G can be obtained from a subdivision Gy of K33 by adding a forest and exactly one edge,

joining each tree of the forest to Gy.

Theorem 1.3.21 can be viewed as a result on cosimple graphic matroids. Thus we
consider generalizing Theorem 1.3.21 to matroids. Our main results of this note are the

following.

Theorem 1.3.23 Let M be a connected cosimple regular matroid. The following are
equivalent.

(i) M does not have disjoint circuits.

(i) M € {M(K33)} U{M*(K,),n > 3}.

Corollary 1.3.24 Let M be a regular matroid. Then M has no disjoint circuits if and
only if one of the following holds:

(1) M = Upym, for some integer m > 0, or

(i1) M is a serial extension of a member in {M(Ks3),Ups} U {M*(K,),n > 3}, or

(1ii) M = My @ My is the direct sum of two matroids My, and Ms, where M, is a serial
extension of a member in {M(Ks3), U1} U{M*(K,),n > 3} and where My = Uy, n, for
some m = |E(M)| — |E(M;)| > 1.



Chapter 2

Partial Result towards Thomassen

Conjecture

2.1 The Problem and the Main Results

In 1986, Thomassen proposed the following conjecture.
Conjecture 2.1.1 (Thomassen [23]) Every 4-connected line graph is hamiltonian.

A graph that does not have an induced subgraph isomorphic to K; 3 is called a claw-
free graph. It is well known that every line graph is a claw-free graph. Matthews and

Sumner proposed a seemingly stronger conjecture.

Conjecture 2.1.2 (Matthews and Sumner [16]) Every 4-connected claw-free graph is

hamiltonian.
The best result towards these conjectures so far were obtained by Zhan and Ryjacek.

Theorem 2.1.3 (Zhan [25]) Every 7-connected line graph is hamiltonian connected.

10
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Theorem 2.1.4 (Ryjdcek [19])
(i) Conjecture 1.1 and Conjecture 1.2 are equivalent.

(i) Every 7-connected claw-free graph is hamiltonian.

It is well known that the line graph of the graph obtained by subdividing each edge of
the Petersen graph exactly once is a 3-connected claw-free graph without a hamiltonian
circuit. In this chapter, we consider the following problem: For 3-connected claw-free
graphs, can high essential connectivity guarantee the existence of a hamiltonian circuit?

This leads us to prove the following Theorem 2.1.5.

Theorem 2.1.5 Fvery 3-connected, essentially 11-connected line graph is hamiltonian.

Ryjacek [19] introduced the line graph closure of a claw-free graph and used it to show
that a claw-free graph G is hamiltonian if and only if its closure ¢/(G) is hamiltonian,
where cl(G) is a line graph. With this argument and using the fact that adding edges will

not decrease the connectivity of a graph, The following corollary is obtained.

Corollary 2.1.6 FEvery 3-connected, essentially 11-connected claw-free graph is hamilto-

nian.

However, what is the smallest positive integer k£ such that every 3-connected, essen-
tially k-connected claw-free graph is hamiltonian? This question remains to be answered.
Thus Corollary 2.1.6 below suggests that 4 < k& < 11. We fail to construct examples to
show that there exists a 3-connected essentially 4-connected non-hamiltonian claw-free

graph, and we conjecture that k£ = 4.

2.2 Reductions

We shall introduce some of the reduction techniques to be used in the proof.
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Theorem 2.2.1 Let G be a connected graph and let G' denote its reduction. Let F(Q)
denote the minimum number of edges that must be added to G so that the resulting graph
has two edge-disjoint spanning trees. Fach of the following holds.

(i) (Catlin [3]) If H is a collapsible subgraph of G, then G is collapsible if and only if
G/H is collapsible; G is supereulerian if and only if G/H is supereulerian.

(ii) (Catlin, Theorem 8 of [3]) If G is reduced and if |E(G)| > 3, then §(G) < 3, and
2lV(G)| = [E(G)| = 4.

(#ii) (Catlin, Theorem 5 of [3]) A graph G is reduced if and only if G contains no nontrivial
collapsible subgraphs. As circuits of length less than 4 are collapsible, a reduced graph does

not have a circuit of length less than 4.

Let G be a connected, essentially 3-edge-connected graph such L(G) is not a complete
graph. The core of this graph G, denoted by Gy, is obtained by deleting all the vertices of
degree 1 and contracting exactly one edge xy or yz for each path xyz in G with dg(y) = 2.

Lemma 2.2.2 (Shao [22]) Let G be a connected, essentially 3-edge-connected graph G.
(i) Gy is uniquely defined, and k'(Gy) > 3.

(i1) If Gy is supereulerian, then L(G) is hamiltonian.

A subgraph of G isomorphic to a K 5 or a 2-circuit is called a 2-path or a P, subgraph
of G. An edge cut X of G is a Py-edge-cut of GG if at least two components of G — X
contain 2-paths. By the definition of a line graph, for a graph G, if L(G) is not a complete
graph, then L(G) is essentially k-connected if and only if G does not have a P, edge cut
with size less than k. Since the core Gy is obtained from G by contractions (deleting a
pendant edge is equivalent to contracting the same edge), every Py-edge-cut of Gy is also

a Py-edge-cut of G. Hence we have the following.

Lemma 2.2.3 Let k > 2 be an integer, and let G be a connected, essentially 3-edge-
connected graph. If L(G) is essentially k-connected, then every Py-edge-cut of Gy has size
at least k.
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2.3 Proof of Theorem 2.1.5

Throughout this section, we assume that G is a graph such that L(G) is 3-connected,
essentially 11-connected, and that L(G) is not a complete graph. Let Gy denote the
core of G and G, denote the reduction of Gy. We shall show that G, = K, and so Gy
is collapsible, which implies that Gg is supereulerian. Hence by Lemma 2.2.2, L(G) is

hamiltonian.
By contradiction, we assume that G is a nontrivial graph. By Theorem 2.2.1(iii),

G}, does not have a circuit of length less than 4. (2.1)

Since L(G) is 3-connected, G is essentially 3-edge-connected. By Lemma 2.2.2, GJ, is
3-edge-connected. By Theorem 2.2.1(ii), D3(Gy) # 0.

Lemma 2.3.1 For each u,v,w € V(Gy) such that P = uvw is 2-path in V(GY), the edge
cut X = [{u,v,w}, V(Gy) — {u,v,w}]g, is a Py-edge-cut of Giy and | X| > 11.

Proof:  Suppose that G — X has components Hi, Hy,--- , H. with ¢ > 2 and with
H, = Gy[{u,v,w}] denoting a 2-path of Gj. To show that X is a Py-edge-cut of Gy, it

suffices to show that for some i > 2,

\V(H,)| > 2 and |E(H,)| > 2. (2.2)

Suppose first that for some ¢ > 2, |E(H;)| = 1. Since H; is a component of Gy — X,
[{u,v,w}, V(Hy)lay| = &'(Gp) = 3, and so Gy would have a circuit of length at most 3,
contrary to (2.1). Similarly, suppose that for some i > 2, we have E(H;) = {xy}. Then by
K'(Gy) = 3, each of z and y has degree at least 3 in Gy, and so |[{u, v, w}, V(H;)]ay| > 4.
It follows again that G, would have a circuit of length at most 3, contrary to (2.1). This
proves (2.2).

Thus X is a Py-edge-cut of Gj. Since L(G) is essentially 11-connected, |X| > 11. []
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Lemma 2.3.2 Every component of Gy[D3(Gy)] contains at most 2 vertices.

Proof: By contradiction, we assume that one component of Gy[D3(G})| contains at
least 3 vertices, and so this component has three vertices u,v, w such that Gj[{u, v, w}]
is connected. Thus X = [{u,v,w},V — {u,v,w}] is a Py-edge-cut of Gj,. Since u,v,w €
Ds(Gy), | X| <5, contrary to Lemma 2.3.1. []

Define a real valued function

—14
fz) = ’ , over the interval [3, 00).
x

For each v € Gy, define [(v) = f(degq (v)). Note that (i) of Lemma 2.3.3 below is a fact

from Calculus and (ii) of Lemma 2.3.3 follows from (i) of Lemma 2.3.3.

Lemma 2.3.3 FEach of the following holds.
(i) f(x) is an increasing function.

(ii) If degey, (v) = k, then l(v) > f(k).

Lemma 2.3.4 Suppose that v € D3(Gy) is an isolated vertex of Gy[Ds(Gy)] such that

v1, U2, v3 are the vertices adjacent to v in Gi. Then l(vy) + I(v2) + [(vs) > 1.

Proof: Since v is an isolated vertex in D3(GY), v; € D3(GY). Relabelling the vertices if

needed, we may assume that

4 < degay (v1) < degay (v2) < degey (v3). (2.3)

Fori,j € {1,2,3}, by Lemma 2.3.1, degg; (vi) +degay (v;) —2+1 = |[{v, v, v;}, V(Gh) —
{v,v;,v;}]| > 11, and so
degay (vi) + degay (v;) > 12. (2.4)

If deggy (v1) > 6, then by (2.3) and by Lemma 2.3.3(ii), [(v1)+1(v2)+l(vs) > 3f(6) = 1.
Suppose then that deggr (v1) = 5. Then by (2.4), both degg; (v2) > 7 and dege (vs) > 7.
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It follows by Lemma 2.3.3(ii) that I(v1) + l(ve) + I(vs) > f(5) +2f(7) > 1. Finally, we
assume that degg,(v1) = 4. Then by (4), both degg (v2) > 8 and deggy (vs) > 8. It
follows by Lemma 2.3.3(ii) that {(vy) + [(ve) + l(vs) > f(4) +2f(8) =1. ]

Lemma 2.3.5 Suppose that v,w € D3(G{) and vw € E(Gy). If vy, vy, w are the vertices
adjacent to v in Gy and if vs, v, v are the vertices adjacent to w in Gy, then

(i) v1,v9,v3,v4 are mutually distinct vertices, and

(ii) both l(vy) + l(vy) > 1 and l(v3) + l(vg) > 1.

Proof: If [{v1,ve,v3,v4}| < 4, then Gf, could contain a circuit of length at most 3,

contrary to Theorem 2.2.1(iii). Thus Lemma 2.3.5(i) follows.

Fori € {1,2,3,4}, by Lemma 2.3.1, degey (v;) — 1+ 3 = [{v,w,v;},V — {v,w,v;}]| >

11, and so
degay, (vi) > 9. (2.5)
It follows by (2.5) and Lemma 2.3.3(ii) that both I(v;) + I[(ve) > 2f(9) > 1 and I(v3) +

Let d; = |D;(GYy)], for each ¢ > 3. By Lemmas 2.3.2 Lemma 2.3.4 and Lemma 2.3.5,

we have

ds = > 1<> > dw=> D ) (2.6)

vED3 v€D3 weE,u¢ D3 u¢ D3 wvEE,veD3

=2 0 > M=) > i)

1>4 ue€D; weFE,veD3 >4 ueD;

= D> D i—49=) (i—4)-d.

i>4 ueD; i>4

It follows by (2.6) that
22V(G)] = [E(G)]) = 4]V(G)| - 2|E(G)] = 2(4 — i) di=d3 — Z(’i —4)-d; <0,

contrary to Theorem 2.2.1. Thus G} = K; and Gy is supereulerian. By Lemma 2.2.2,
L(G) is hamiltonian. This completes the proof of Theorem 2.1.5.



Chapter 3

s-Hamiltonian and s-Hamiltonian

Connected

3.1 The Problem and the Main Results

Let G be a graph. If v € V(G) and H is a subgraph of G, then Ng(v) denotes the
set of vertices in H that are adjacent to v in G. Thus, dg(v), the degree of v relative
to H, is [Ng(v)|. We also write d(v) for dg(v) and N(v) for Ng(v). If C and H are
subgraphs of G, then No(H) = UyevmyNe(u), and G — C denotes the subgraph of G
induced by V(G) — V(C). Let P = x1xs - - x,, denote a path of order m. To emphasize
the end vertices of the path P, we also say that P is an (z1, z,,)-path. Define N (u) =
{xiy1 € V(P) : #; € Np(u)}. So if z,, € Np(u), then |Nj(u)] = |[Np(u)] — 1. Two
vertices are consecutive in P if they are the ends of an edge in E(P). Thus, each pair of
vertices z;, ;11 are consecutive in P for any ¢ € {1,--- ,m —1}. When 1 <7 < j < m,
we use [z, ;] to denote the section z;x;1;---x; of P and [z;,z;] to denote the section
xjxj_q---x; of P. If there is an (21, z,,)-path P* in G such that V(P) C V(P*) and
|[V(P*)| > |[V(P)|, then we say that P* extends P. Let C' = x;---x,21 be a circuit.
Define N} (H) = {z;41 € V(C) : z; € Ne(u)}, where the subscriptions are taken by

modulo m. Two vertices are consecutive in C' if they are the ends of an edge in E(C). If

16
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there is a circuit C* in G such that V(C) C V(C*) and |V(C*)| > |V(C)], then we say
that C* extends C.

The following sufficient conditions to ensure the existence of a Hamiltonian circuit in

a simple graph G of order n > 3 are well known.

Theorem 3.1.1 (Dirac [6]) If 6(G) > n/2, then G is Hamiltonian.

Theorem 3.1.2 (Ore [17]) If d(u) 4+ d(v) > n for each pair of nonadjacent vertices
u,v € V(G), then G is Hamiltonian.

Theorem 3.1.3 (Fan [9]) If G is a 2-connected graph and if max{d(u),d(v)} > n/2 for
each pair of vertices u,v € V(G) with d(u,v) = 2, then G is Hamiltonian.

Theorem 3.1.4 (Chen [4]) If G is a 2-connected graph and if max{d(u),d(v)} > n/2
for each pair of vertices u,v € V(G) with 1 < |N(u) N N(v)| < a(G) — 1, then G is
Hamiltonian.

Theorem 3.1.5 (Chen et al [5]) If G is a k-connected (k > 2) graph and if max{d(v) :
v €I} >n/2 for every independent set I of order k such that I has two distinct vertices
x,y with d(x,y) = 2, then G is Hamiltonian.

Zhao et al recently proved Theorem 3.1.6 below, which unified and extended the above

theorems.

Theorem 3.1.6 (Zhao et al [14]) If G is a k-connected (k > 2) graph of order n and
if max{d(v) : v € I} > n/2 for every independent set I of order k such that I has two
distinct vertices x,y with 1 < |N(z) " N(y)| < a(G) — 1, then G is Hamiltonian.

In this chapter, we shall obtain sufficient conditions for s-Hamiltonian graphs and

s-Hamiltonian connected graphs, respectively, as shown below.
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Theorem 3.1.7 Let k,s be two integers with k > s+ 2 and 0 < s <n—3. IfG is a
k-connected graph of order n and if maz{d(v) : v € I} > (n+s)/2 for every independent
set I of order k — s such that I has two distinct vertices x,y with 1 < |N(z) N N(y)| <
a(G) + s —1, then G is s-Hamiltonian.

Theorem 3.1.8 Let k,s be two integers with k > s+ 3 and 0 < s <n—2. If G is a k-
connected graph of order n and if mazr{d(v) : v € I} > (n+s+1)/2 for every independent
set I of order k—s—1 such that I has two distinct vertices x,y with 1 < |N(x)NN(y)| <

a(G) + s, then G is s-Hamiltonian connected.

Note that Theorem 3.1.6 is a special case of Theorem 3.1.7 when s = 0. Applying

Theorem 3.1.8 to the case when s = 0, we get the following corollary.

Corollary 3.1.9 If G is a k-connected (k > 3) graph of order n and if maz{d(v) : v €
I} > (n+1)/2 for every independent set I of order k — 1 such that I has two distinct
vertices x,y with 1 < |N(z) N N(y)| < a(G), then G is Hamiltonian-connected.

The following Lemma 3.1.10 is very important for the proof of the main theorems. A

proof can also be found in [15].

Lemma 3.1.10 Let G be a connected graph, F = xy---x,(x1) be a longest path (or
circuit) in G and H be a component of G—V (F). If x;,x; € Np(H) with 1 <i < j<m,
then

(i) imizj & E(G);

(i) N(zen) N V(H) = 0;

(iii) N (H) U {x} is an independent set of G, where x € V(H).

Theorem 3.1.7 and Theorem 3.1.8 will be proved in the following two sections, respectively.
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3.2 Proof of Theorem 3.1.7

Throughout this section, let k, s denote two integers with £ > s+ 2 and 0 < s <n — 3.

Lemma 3.2.1 [7] Let G be a graph and P = xy---x, be a Hamiltonian-path of G. If

d(x1) + d(x,) > n, then G contains a Hamiltonian-circuit.

Lemma 3.2.2 Let G be a k-connected graph of order n, S C V(G) be a vertex set of
order s, C'=xy---xpmxy be a circuit of G — S with |V (C)| <n—s and H be a component
of G—S —=V(C). Then G — S contains a circuit C* extending C, if one of the following
holds:

(i) there exist two distinct vertices x;,x; € V(C) with zq,2541 € NG (H) such that
d(zit1) > (n+9)/2 and d(xj41) > (n+s)/2, or

(ii) there exists a verter x;.1 € NG (H) and a verter y € V(H) such that d(z;41) >
(n+s)/2 and d(y) > (n+ s)/2.

Proof Since the proof when (ii) holds is similar to the proof when (i) holds, we only
present the proof of the lemma assuming (i) holds. Let z}, 2% € V(H) (possibly z} = %)
be such that zjz;, ¥r; € F(G) and let P be an (2%, z})-path in H. Then G[V(C'U P)] has
a Hamiltonian-path P* = [x;11, | P [z;, 21][Tm, xj41]. Let H = G-V (SUCUH). If
Np(2ig1) Ny (xj41) # 0, let 2 € Ny (2441) Ny (2541) and then G—S has a circuit C* =
z[xip1, 2] P [, x1][®m, T41]7 extending C. Now suppose that Ng/(x;11) NV Ny (z41) = 0
and so dg(it1) + dp(zjp1) < |V(H')|. If Ng_p(241) U Ng_p(z;41) # 0, without loss
of generality, let y € Ny_p(xit1) U Ng_p(xj41) and yz;41 € E(G) and let P’ be an
(«},y)-path in H. So G — S has a circuit C* = x; P"[x;11, Ty)[21, z;] extending C. Now
we can suppose that Ny_p(z;41) UNg_p(zj+1) = 0 and so dg_p(xit1) +dg—p(xj41) = 0.
By (i) of Lemma 3.2.2, both d(z;41) > (n+ 5)/2 and d(z;41) > (n + s)/2. Thus,

dp«(it1) + dp-(Tj41) = d(@iv1) + d(z)11)
—(dsurro—p)(Tit1) + dsuro—p)(T41))
> n+s—2s—|V(H)| >|V(PY).

By Lemma 3.2.1, G[V(C U P)] contains a Hamiltonian-circuit C* extending C. []
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Lemma 3.2.3 Suppose that G satisfies the hypothesis of Theorem 3.1.7. Let S C V(QG)
be a vertex set with |S| = &' < s, C = x1---x,x1 be a longest circuit of G — S with
V(C)| <n—s and H be a component of G — S —V(C). Then

(1) INe(H)| = k —s;

(i) if v € V(H),xz; € V(C) are such that zz; € E(G), then 1 < |[N(x) N N(z41)] <
a(G)+s—1;

(111) d(z) > (n+ s)/2 for each x € V(H) with |Nc(x)| > 1.

Proof (i) Since C' = xy---xp,x; is a longest circuit of G — S with [V(C)| < n — ¢, it
follows that H # () and V(C) — No(H) # (. By the facts that No(H) U S separates H
and G — H — (SUN¢(H)) and that G is k-connected, we have |No(H)| + |S| > k and so
INc(H)| > k-5 >k —s.

(ii) By Lemma 3.1.10 (iii), NS (H) U {z} is an independent set and so |N¢(H)| =
ING(H)| < a(G)—1. Tt follows that 1 < |[N(2)NN(z41)| < [Ne(H)US| < a(G)+s'—1 <
a(G)+s—1.

(iii) Suppose, to the contrary, that there exists an x € V(H) with |[Ng(z)| > 1 and
with d(z) < (n+ s)/2. Let x; € No(z). By Lemma 3.1.10 (iii) and by the fact that
IN&(H)| = [Nc(H)| > k — s, G has an independent set J = J' U {z} of order k — s
with z;41 € J' C NS (H). By (i), 1 < |[N(z) N N(zi41)| < a(G) + s — 1. Hence by
the hypothesis of Theorem 3.1.7 and by the fact that d(x) < (n + s)/2, there must exist
an x41 € J' satisfying d(x41) > (n+ s)/2. By (i), INZ(H)| = [Nc(H)| > k — s > 2,
and so there exists an z;11 € NS (H) — {z;11}. Since x;41 € NA(H), z; € No(H)
and we may assume y € V(H) with yz; € E(G) (possible y = z). By (ii), we have
1 <|N(y) N N(xj+1)| < a(G)+ s — 1. Similarly, G has an independent set J; = Jj U {y}
of order k — s, where x4 € J; C N} (H) — {z;41}. By the hypothesis of Theorem 3.1.7,
there exists a z € J; such that d(z) > (n+s)/2. Consequently, either 2 € N} (H), whence
by Lemma 3.2.2 (i), G— S has a circuit C* extending C'; or z = y, whence by Lemma 3.2.2
(i), G — S has a circuit C* extending C'. In either case, a contradiction to the assumption
that C' is a longest circuit of G — S is obtained. []

Proof of Theorem 3.1.7 Let GG be a graph satisfying the hypothesis of Theorem 3.1.7.

Suppose, to the contrary, that G is not s-Hamiltonian. Then there exists a vertex set
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S C V(G) with |S| = ¢ < s such that G — S does not have a Hamiltonian-circuit. By
the fact that k — s’ > k — s > 2, G — S is 2-connected. We may assume that

C =uwx1- - x,r is a longest circuit in G — S. (3.1)

Then |V (C)| < n—s". Let H be a component of G — S — V(C). By Lemma 3.2.3 (i), we
have |[No(H)| > k — s > 2. Choose z;,2; € No(H) to be such that

X N Ne(H) =0, and |X| is minimum, (3.2)

where X = {x;41,---,2j_1}. Then |X| > 0. Otherwise, there exist vy;,y;+1 € V(H)
such that z;y; € E(G),zi11yi41 € E(G) (y; and y;1; might be the same vertex). Let
Pylyi, yisa] be a (y;,yir1)-path in H. Then C* = [y, 2| Pylyi, vi + 1][xiv1, zm]z1 is a
circuit extending C', contrary to (3.1). By Lemma 3.2.3 (iii), for each vertex x € V(H)
with |[No(z)| > 1, d(z) > (n+ s)/2. Since N(z)U{z} C V(H)U N¢(H) U S for each
reV(H), |V(H)|+|Nc(H)| +|S] > (n+5)/2+ 1, and then

n—s'

[V(H)| + |Ne(H)| = +1 (3-3)

Claim 1. G — S —V/(C) has only one component H = G — S —V(C) and | X| < |V(H)|.

Proof. Suppose, to the contrary, that G—S5—V (C) has at least two components. Assume
that H is the component with the smallest order and let H* = G — S —V(C' U H). Since
|V (H)| is minimized, |V (H)| < |V (H*)|. It follows by (3.3) and |N¢(H)| > 2 that

V(O = INe(H)| _ n—|V(H")| =5 = (V(H)|+ [No(H)])

A ] No ()
_ (= )2— 1= V) _ VD] + INe(H) 2= [V (H")
< No () < No(H)
V)| — [V | |Ne(H)] 2 o
No () No(H) '

Then as |V(H)| < |V(H*)|, (4) implies |X| < 1, contrary to the fact that |X| > 0. Hence,
H is the only component of G—S—V(C). Since |[No(H)| > 2, we have that | X| < |[V(H)|.

[]
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Choose zj, 2 € V(H) with z;z; € E(G), r;2; € E(G) to be such that [V(F')| is as

g
large as possible, where P’ is an (7, 2})-path in H. Then C" = [z1, 2] P'[x;, zm]71 is &
circuit such that
V(C)\ X CV(C') and |V (C")| is maximized. (3.5)

By (3.5), C" is a longest path containing V' (C')\ X and so by applying Lemma 3.2.3 and the
argument on C' to C’, it follows that G — S — V(C”) has only one component H' and that
H' = G[XUV(H—P')]. By (3.2) and the fact that |X| > 0, H— P’ = (). Otherwise, H' is
connected while G[XU(H — P’)| is disconnected, a contradiction. Therefore P’ is a path of
order |V (H)|. By the fact that | X| < |V (H)|, we have |V (C")| = |[V(C)|—|X|+|V(H)| >
|V(C)|, contrary to (3.1). This completes the proof of Theorem 3.1.7. ]

3.3 Proof of Theorem 3.1.8

Lemma 3.3.1 Let G be a graph and P = z1---x, be a Hamiltonian-path of G. If
d(x1) +d(x,) > n+1, then for any edge e = v;x;41 € E(P), G has a Hamiltonian-circuit
C such that e € (C).

Proof Let T = {x]\ T1T541 € E,fﬂj+1 € V(P)} Then
TN N(z,)| =|T|+ |N(z,)| = |[TUN(zp)| >n+1—(n—1)=2.

That means there exists ; € TN N(x,) — {z;}, and so G has a Hamiltonian-circuit
C = [z, 2][xn, xj41]21. Clearly, E(P) — {zjz;11} € E(C), and so e = z;z,41 € E(C).
Thus the lemma holds. []

Lemma 3.3.2 Let G be a k-connected graph of order n, S C V(G) be a vertex set with
S| =5 <s, P=uxy--xy be a path of G— S with |V (P)| < n—s and H be a component
of G—S —=V(P). Then G — S contains a path P* extending P, if one of the following
holds:

(i) there exist two distinct vertices x;,x; € V(P) with x;41,2j41 in Nf(H) such that
d(zit1) > (n+s+1)/2 and d(zj41) > (n+ s+ 1)/2, or
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(ii) there exists a vertex x;11 € Nj(H) and a verter y € V(H) such that d(z;yy) >
(n+s+1)/2 and d(y) > (n+s+1)/2.

Proof Since the proof when (ii) holds is similar to the proof when (i) holds, we shall
only present the proof of the Lemma 3.3.2 assuming (i) holds. Let x},z) € V(H) with
ziry, iy € E(G) and let P’ be an (2, z7)-path in H. Define G to be the graph obtained
from G by adding a new edge 1z, if z12,, ¢ F(G) and to be G if zy2,,, € E(G). Then
we have an (2,41, xj11)-path P = |21, 2] P' [, 21|, vj41] with V(P) = V(P) U
V(P') in G;. Moreover, z1z,, is an edge of P,. Let H* = G —V(SUPUH). If
Np«(xit1) N Ny« (zj11) # 0, let z € Ny« (2i41) N N+ (2j41) and then G[V(Py) U {z}] has
a Hamiltonian-circuit C' such that =z, € E(C). Therefore, C' — {z12,,} is an (21, )-
path in G — S which extends P. Now suppose that Ng«(2;11) N Ny«(2;41) = 0 and so
we have dy(xiy1) + dp-(zj11) < |[V(H*)|. If Ny_p(xiy1) U Ng_p(zj11) # 0, without
loss of generality, let y € Ny_p/(2i41) U Ng_pr(2;41) and yz, 41 € E(G) and let P” be an
(«%,y)-path in H. So G — S has a path P* = [z, ;] P"[7;41, Tm] extending P. Now we
can suppose that Ny_p/(z;41) U Ng_pr(zj11) = 0 and so dg_pr(2i11) + du—p(xj41) = 0.
Since d(x;11) > (n+s+1)/2 and d(zj11) > (n+ s+ 1)/2, we have

dp (Tiy1) +dp (vj41) = d(wir) +d(wj11)
—(dsuru(H-P)(Tit1) + dsurruE - (Tj41))
> n+s+1-—2s—|V(H")| > |V(P)| + 1

By Lemma 3.3.1, G1[V(P;)] contains a Hamiltonian-circuit C' such that xyz,, € E(C),
and then C' — {z12,,} is an (21, z,,)-path P* in G — S extending P. []

By a proof similar to that for Lemma 3.2.3, we obtain the following lemma.

Lemma 3.3.3 Suppose that G satisfies the hypothesis of Theorem 3.1.8. Let S C V(G) be
a vertex set with |S| = §' < s, P =z -+, be a longest path of G—S with |V (P)| < n—s'
and H be a component of G — S —V(P). Then

(i) INo(H)| > i — 5;

(ii) if x € V(H),x; € V(P) with xx; € E, then 1 < |N(z) N N(z;41)| < a(G) + s;

(i11) d(z) > (n+ s+ 1)/2 for each x € V(H) with |[Np(x)| > 1.
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Proof of Theorem 3.1.8 Let GG be a graph satisfying the hypothesis of Theorem 3.1.8.
Suppose, to the contrary, that G — S is not Hamiltonian-connected for some vertex set
S C V(@) with |S| = ¢ < s. Then there exists a pair of vertices, say x and y, such
that G — S does not have a Hamiltonian (x,y)-path. Since k — ¢ > k—s >3, G— S is

3-connected and we can choose
P = xyx9- - x,, to be a longest (z,y)-path in G — S, (3.6)

where x = 21,y = x,. Then |V(P)| <n —s'. Let H be a component of G — S — V(P).
By Lemma 3.3.3 (i), we have |[Np(H)| > k — s > 3. Choose z;,z; € Np(H) to be such
that

X N Np(H) =0 and | X| is minimum, (3.7)

where X = {x;11,---,2;_1}. Then |X| > 0. Otherwise, there exist v;,v;11 € V(H)
such that z;y; € E(G),zi11yi41 € E(G) (y; and y;11 might be the same vertex). Let
Pylyi,y; + 1] be a (yi,yiy1)-path in H. Then P* = [z1,2;]Py[yi, viv1)[Tiv1, ] is an
(21, T, )-path extending P, contrary to (3.6). By Lemma 3.3.3 (iii), for each vertex x €
V(H) with |No(z)| > 1, d(z) > (n+ s+ 1)/2. Since for each z € V(H), N(z) U {z} C
V(H)UNp(H)US,

[V (H)| + [Np(H)| = (n—s")/2+ 3/2. (3.8)

By a proof similar to that for the Claim 1 in the proof of Theorem 1.7, we get the following.
Claim 2. G — S — V(P) has only one component H = G — S —V(P) and | X| < |V(H)|.

Choose i,z € V(H) with zj,2; € V(H) to be such that [V(F')| is as large as
possible, where P’ is an (wj, z})-path in H. Then P* = [z, 2;]P'[z;,7,,] is a path such
that

V(P)\ X C V(P*) and |V (P*)| is maximized. (3.9)

By (3.9), P* is a longest path containing V' (P)\ X and so by applying Lemma 3.3.3 and the
argument on P to P*, it follows that G —S — V(P*) has only one component H’ and that
H' = G[XUV(H - P")]. By (3.7) and the fact that | X| > 0, H— P’ = (). Otherwise, H' is
connected while X U (H — P’) is disconnected, a contradiction. Therefore, P’ is a path of
order |V (H)|. By the fact that | X| < |V(H)|, we have |V (P*)| = |[V(P)|—|X|+|V(H)| >
|V (P)|, contrary to (3.6). This completes the proof of Theorem 3.1.8. []



Chapter 4

Degree Sequence and Supereulerian
Graphs

4.1 The Problem and the Main Results

Let G be a graph with vertex set V(G) and edge set F(G). A vertex v € V(G) is called
a pendent vertex if d(v) = 1 and denote the set of all pendent vertices of G by D;(G).
An edge e € E(G) is called a pendent edge if one of its endpoints is a pendent vertex. If
v € V(G), then N(v) = {u:uwv € E(G)}. If T C V(G), then N(T) = {u e V(G)\ T :
w € E(G) and v € T},

In [26], Zhang et al. proved the following theorem.

Theorem 4.1.1 [26] Every bipartite graphic sequence with the minimum degree 6 > 2

has a realization that admits a nowhere-zero 4-flow.
In this paper, we first get the following result.

Theorem 4.1.2 If d = (dy,da, -+ ,d,) € G is a nonincreasing sequences with d, > 2,

then d has a supereulerian realization.

25
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In [12], Jaeger proved the following result.
Theorem 4.1.3 [12] Every supereulerian graph admits a nowhere-zero 4-flow.
Combining Theorem 4.1.3, we get a result analogous to Theorem 4.1.1.

Theorem 4.1.4 Ifd = (dy,dy, - ,d,) € G is a nonincreasing sequences with d, > 2,

then d has a realization that admits a nowhere-zero 4-flow.
Furthermore, we get a result about line-hamiltonian sequence as follows.

Theorem 4.1.5 If d = (dy,ds, -+ ,d,) is a nonincreasing graphic sequence with n > 3,

then the following are equivalent.
(i) d is line-hamiltonian.

(i) d € G and either dy =n — 1, or

Y di< ) (dj-2). (4.1)

d;>2

(i11) d has a realization G such that G — D1(G) is supereulerian.

4.2 Collapsible Sequences

Theorem 4.2.1 Let G be a connected graph. Fach of the following holds.

(i) (Catlin, Corollary of Lemma 3, [3]) If H is a collapsible subgraph of G, then G is
collapsible if and only if G/H s collapsible.

(ii) (Catlin, Corollary 1, [3]) If G contains a spanning tree T such that each edge of T is
contained in a collapsible subgraph of G, then G s collapsible.

(i1i) (Caltin, Theorem 7, [3]) Ca, K3 are collapsible.

(iv) (Caltin, Theorem 2, [3]) If G is collapsible, then G is supereulerian.
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Theorem 4.2.1(ii) and (iii) imply Corollary 4.2.2 (i); Theorem 4.2.1(i) and (iii) imply
Corollary 4.2.2(ii).

Corollary 4.2.2 (1) If every edge of a spanning tree of G lies in a K3, then G is col-
lapsible.

(i) If G — v is collapsible and if v has degree at least 2 in G, then G is collapsible.

Corollary 4.2.3 If d = (dy,dy, -+ ,d,) is a nonincreasing graphic sequence with d; =

n—1 and d,, > 2, then every realization of d is collapsible.

Proof. Let G be a realization of d with N(vy) = {vs, -+ ,v,} and let T" be the spanning
tree with E(T) = {viv; : 2 < ¢ < n}. Since d,, > 2 and N(v;) = {vg, -+ ,v,}, for any
v; € {v1v; 1 2 <@ < n}, there is v; € {v1v; : 2 < i < n}\ {v;} such that v;v; € E(G). So
every edge of T lies in a K33, and by Theorem 4.2.1(ii), G is collapsible[]

Lemma 4.2.4 Ifd = (di,ds, - ,d,) is a nonincreasing graphic sequence with ds = - -+ =
d, = 3, then d is collapsible.

Proof. Let vy, vy be two vertices and let

o { {51,892, ,8a,} : if dyiseven
{s1,82, "+ ,Say—1} : ifdyisodd
be a set of vertices other than {vy,vo} and let T = {t1,t9, -+ ,t4,_a, } be a set of d; — dy
vertices other than S U {vy,v9}. Let H denote the graph obtained from {vy,vo} USUT
by joining v, to each vertex of S and joining v; to each vertex of SUT (if dy is odd, then
we also join vy and vy). Note that dg(v1) = da + dy — ds = dy, dg(v2) = da, dy(s) = 2 for
se€Sanddy(t)=1forteT.

Let C' = tyty -+ - tg,_q,t1 be a cycle passing all vertices of T' and let H' = H U E(C).

As |S| is even, we join all vertices of S in pairs (i.e., 189, 5354, --) in H' and denote
) ) )y 9394,
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the resulting graph by H”. Note that dg»(v1) = dy,dy»(v2) = dy and dy»(v) = 3 for
veSUT.

Also note that
2+d, : ifd,iseven

V(H")| = o
1+d; : if dyis odd.

Let m =n — |V(H")| and so

) n—(2+dy) : ifdyiseven
)l n—(01+4d) : ifdyisodd

is even. By the construction of H”, H"” contains a triangle v;s;55. We subdivide v;s; and

m

v1Sy 3 times, respectively, and let x1,29,--- , 2= and y1,42, -+ ,y= be the subdivision
vertices of v1s; and v;sy, respectively. Then for 1 < j < %, we join ;y; and denote the
resulting graph by G (see Figure 1). Hence, by the construction of G, GG is a realization

of d.

Figure 1: G

By Theorem 4.2.1(iii), K3 is collapsible. If we contract vyz1y;, then we get a triangle
vy and if we contract vixays, then we get a triangle vix3ys and so on until we get
v18189. After contracting vit1t, we get a graph in which each edge lies in a triangle. By
Theorem 4.2.2(i), G is collapsible. []

Theorem 4.2.5 (Ezx. 1.5.7(a) on page 11, [2]) Let d = (dy,ds, - - - ,d,,) be a nonincreasing
sequence. Then d is graphic if and only if d = (dy—1,dg—1,-++ ,dg, 1 —1,dg, 12, - ,dyp)
18 graphic.
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Lemma 4.2.6 [fd = (di,ds,- - ,d,) is a nonincreasing sequence with n > 4 and d,, = 3,
then d is graphic if and only if ' = (dy — 1,dy — 1,d3 — 1,dy, -+ ,d,,_1) is graphic.

Proof. Let G be a realization of d with d(v;) = d; for 1 <i <n. If N(v,) = {v1,v2,v3},

then G — v, is a realization of d’. So it is suffices to prove the following claim.

Claim 1 There is a realization G with d(v;) = d; for 1 <i <n and N(v,) = {v1,ve,v3}.

Proof. Choose G to be a realization of d such that |N(v,) N {v1,va,v3}| is as large
as possible. If |N(v,) N {vy,ve,v3}| = 3, then we are done. Suppose that |N(v,) N
{v1,v9,v3}] < 3. Then v,v; ¢ E(G) for some i € {1,2,3}. As d(v,) = 3, there exists z €
N(v,) such that x ¢ {vy,v9,v3}. Then there must exist v; € N(v;) such that viz ¢ E(G),
otherwise |N(z)| > |N(v;) U{v,}| = d; + 1, contrary to the fact that d(z) < d3 < d;. Let
G' =G — {vv, vpx} + {vjv,, vix}. Then |Negi(v,) N {vy,ve,v3}] > | Na(v,) N {vr, va, v3},
contradicting the choice of G. []

Conversely, if G’ is a realization of d’, then can get a realization G of d by adding
a new vertex v to G’ and joining u to the vertices of degree dy — 1,ds — 1,d3 — 1 in G,

respectively. []

Theorem 4.2.7 If d = (dy,ds, -+ ,d,) is a nonincreasing graphic sequence with n > 4

and d, > 3, then d has a collapsible realization.
Proof. We argue by induction on n. First we assume that n = 4. Then the realization
of d must be a K4. By Theorem 4.2.1, K, is collapsible.

Next we assume that n > 5. If d, >4, thendy, —1>ds—1>--- >dg 41 —1>3
and dg, 12 > -+ > d, > 3. By Theorem 4.2.5 and the induction hypothesis, (dy —

lLyds — 1, -+ ,dg41 — 1,dgy42, -+ ,dy,) has a collapsible realization H and assume that
Vg, Vs, ,Vq,+1 have degree dy —1,d3 —1,---  dg+1 — 1, respectively. Then we can get a
realization H' of d from H by adding a new vertex v; and joining vy to ve,vs, - , Vg, +1,

respectively. By Corollary 4.2.2(ii) H' is collapsible. Now we may assume that d,, = 3.
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Case 1. If d3 = 3, then by Lemma 4.2.4, (d;,ds, 3, - ,3) is collapsible.

Case 2. Ifd3 >4,thend; —1>dy—1>d3—1>3anddy > --->d, = 3. By
Lemma 4.2.6, (dy —1,dy —1,d3—1,dy, -+ ,d,,_1) is graphic. By the induction hypothesis,
(dy—1,dy—1,d3—1,dy, -+ ,d,_1) has a collapsible realization K and assume that uy, us, us
has degree dy — 1, dy — 1, d3 — 1, respectively. Then we can get a realization K’ of d from K
by adding a new vertex u and joining u to uy, us, ug, respectively. By Corollary 4.2.2(ii)
K’ is collapsible. []

4.3 Supereulerian Sequence and Hamiltonian Line Graph

Lemma 4.3.1 Ifd = (dy,ds, -+ ,d,) is a nonincreasing graphic sequence with d, > 2,

then there exists a 2-edge-connected realization of d.

Proof. Choose GG to be a realization of d such that G has as few components as possible.

Therefore,the following claim holds.
Claim 2 G is connected.

Proof. Suppose, to the contrary, that G has more than one components. Let G, Gy be
two components of G and e; = uyv; € E(G1),eq = ugvy € E(Gy). Then G — {ey,ex} +
{uqug, v109} is a realization of d with fewer components than G, contradicting the choice

of G. []

Ifd =dy=---=d, = 2, then C,, is a 2-edge-connected realization of d. Now
suppose that d; > 2. Then the following claim holds.

Claim 3 There is a a 2-edge-connected realization of d.

Choose G to be a realization of d with x'(G) as large as possible. By Claim 2,
k'(G) > 1. Suppose, to the contrary, that #'(G) = 1 and furthermore, we can choose
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G to be a realization of d with as few cut edges as possible. Let e = uv be a cut edge
such that one of the component G of G — e is 2-edge-connected. Assume u € V(Gy).
Then d(u) > 3. Suppose that uv---w is a path of G such that the internal vertices
on this path are of degree 2 and so d(w) > 3 (it is possible that w = v). Then there
are uuy,uus € E(Gy) and wwy, wwy € E(Gy). Now we can get G’ from G by deleting
Ul , Uy, wwi, wwe and adding ujwy, ugws, and get G” from G’ by first dividing ujw; into
upt’ and v'wq, dividing usws into ujw’ and w'wsy and then identifying v and v/, w and w’.

Then G” is a realization of d with fewer cut edges than G, contradicting the choice of G.

[]

Lemma 4.3.2 [fd = (d1,ds, - ,d,) is a nonincreasing sequence with dy = n—1,d,, = 2,
then d = (dy,ds,--- ,dy,) is graphic if and only if (i) d = (dy — 1,dy — 1,-++ ,d,_1)
is graphic when dy > n — 2 and (i) d’" = (dy — 2,ds, -+ ,d,_2) 1s graphic or d”" =
(dy — 1,dg, -+ ,di—1,d; — 1,disq,- -+ ,dy_1) for some d; > 3 is graphic when dy < n — 3.

Proof. Let d = (dy,ds, - ,d,) be a nonincreasing sequence with d; = n — 1,d,, = 2.
Suppose that d = (dy,ds, - ,d,) is graphic. We consider the following three cases.
Case 1. dy = n — 1.

Let G be a realization d with d(v;) = d; for 1 <i <n. Since d; =ds =n — 1, vjv, €
E(G) and vyv, € E(G) and so G — v, is a realization of ' = (dy — 1,ds — 1, -+ ,d,,_1).

Case 2. dy = n — 2.

In this case, the following claim holds.

Claim 4 d has a realization G such that N(v,) = {v1,vs}.

Proof Let G be a realization of d. If N(v,) = {v1,v2}, we are done. Otherwise, since
d(v1) = n—1, N(v,) = {v1,v;}. Then d(v;) < n — 2 and there exists v; such that
vv; ¢ E(G). Since d(vy) = n —2 and v, ¢ N(vg), v; # v and v; € N(v2). So
G — {vvj, vivy } + {vavy, viv;} is a realization of d with N(v,) = {v1,v2}. []
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Let G be a realization of d with d(v;) = d; for 1 <i <n and N(v,) = {v1,v2}. Then
G — v, is a realization of ' = (dy — 1,ds — 1,- -+ ,d,,_1).

Case 3. dy <n — 3.

In this case, there exists a realization G of d with N(v,) = {v,_1,v1}, N(v,—1) =
{vi,v,} or N(v,) = {v1,v;} and d(v;) > 3. In the former case, G — {vn,v,—1} is a
realization of d’ = (dy — 2,dy,- -+ ,d,_2). In the latter case, G — v, is a realization of

d" = (dy —1,dg,- - ,di_1,d; — 1, dir1,- -+ ,dp_q).

Conversely, if d = (dy — 1,dy — 1,--+ ,d,_1) is graphic, then there is a realization G’
of d" and so G' + {v1v,,, vov, } is a realization of d; if d’ = (dy — 2,ds, - - - ,d,—2) is graphic,
then there is a realization G” of d” and so G” 4+ {viv,,, v, U,—1, V101 } 1S a a realization of
d;if d" = (dy—1,ds, -+ ,di_1,d; —1,d;41,- -+ ,d,_1) is graphic, then there is a realization

G" of d” and so G" + {viv,, v;v,} is a realization of d. []

Lemma 4.3.3 Ifd = (dy,ds, -+ ,d,) is a nonincreasing sequence with dy < n — 2 and
d, = 2, then d = (dy,ds,--- ,d,) is graphic if and only if (i) d = (di,dg, -+ ,dp_1) is
graphic or d" = (dy,dy, -+ ,d; —1,--- ;d; — 1,-++ ,d,_1) for some d; > 3 and d; > 3.

Proof. Let d = (dy,ds, - ,d,) be a nonincreasing sequence with d; < n — 2 and d,, =
2. Suppose that d = (dy,ds, -+ ,d,) is graphic. Then there exists a 2-edge-connected
realization G' of d with d(v;) = d; for 1 < i < n. Suppose that N(v,) = {v;,v;}. If
vv; & E(G), then G — v, + {v;v;} is a realization of (dy,ds, - - ,d,—1). Now suppose that

v;v; € E(G) and we distinguish the following two cases:
Case 1: {v,,v;,v;} UN(v;) UN(v;) # V(G).

Let T = V(G) \ ({vn,vi, v} U N(v;) U N(v;)). If there is vy € T such that N(vs) N
(N(v;)AN(v;)) # 0, then we assume that v; € N(vs) N (N(v;) \ N(v;)). Now we can
get a realization G’ of d' = (dy,ds, -+ ,d,—1) from G by deleting v,, splitting vsv; to
VsV, Uy Uy, Upvy and then identifying v; and vy, v; and vy. Otherwise, for any vertex
v eT, Nw)n(N(w)AN(v;)) = 0, which implies N(T') € N(v;) N N(v;). Since G is
2-edge-connected, then there are v,,v, € N(v;) N N(v;) (it is possible that v, = v,) and
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vs, vy € T (it is possible that vy = v;) such that vsv,, vv, € E(G). Then we can get a
realization G’ of (dy,da,--- ,d,—1) from G by deleting v,, splitting v,v, into vy, vin,,

splitting v,v, into vsvj, v, and then identifying v; and vy, v; and vy,
Case 2: {v,,v;,v;} UN(v;) UN(v;) = V(G).

In this case, d; > 3 and d; > 3. Otherwise, A(G) = n — 1, a contradiction. So G — v,
is a realization of d" = (dy,dy, -+ ,d; — 1,--- ,dj — 1,--- ,d,_1).

Conversely, if d' = (dyi,ds, -+ ,d,_1) is graphic, then there is a realization G’ of d’and
so we can get a realization G of d by choosing an edge e = v;v; € E(G’) and dividing it
into v;v,, and v,v;. If " = (dy,ds,--- ,d; —1,--- ,dj —1,--- ,d,_1) is graphic, then there
is a realization G” of d” and so we can get a realization G of d by adding vertex v, and

1"
edges v;vn, vjv, to G”. []

Theorem 4.3.4 If d = (dy,da, - ,d,) € G is a nonincreasing sequences with d,, > 2,
then d has a supereulerian realization.
Proof of Theorem 4.1.2. By induction on n.

If n =3, then (2,2,2) € G, K3 is supereulerian.

Suppose the theorem holds for all nonincreasing graphic degree sequences with fewer

than n entries. Let d = (dy,ds,- -+ ,d,) € G be a nonincreasing sequences with d,, > 2. If
d, > 3, then by Theorem 4.2.7, d has a collapsible realization G. By Corollary 4.2.2 (iii),
G is supereulerian. If dy = dy = -+ = d,, = 2, then C,, is a supereulerian realization of d.

In the following, we assume that d; > d,, = 2. We consider two cases.
Case 1: d; <n—2.

By Lemma 433, d = (dl, dg, ce 7dn—1) is graphic ord’ = (dl, dg, tet 7di_ 1, Tt 7dj —
1,---,dn—1) withd;, > 3 and d; > 31is graphic. If d’is graphic, by the induction hypothesis,
there is a supereulerian realization G’ of d’. Let C' be a spanning eulerian subgraph of G’

and e = wv be an edge of C’. Then by splitting e of G’ into uv,, v,v, we get a supereulerian
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realization of d. If d” with d; > 3 and d; > 3 is graphic, then by the induction hypothesis,
there is a supereulerian realization G” of d’. Let C” be a spanning eulerian subgraph of
G". If vv; € E(G"), then let Cy = v;v;v, and so G = G” 4 {v;v,, vjv, } is a supereulerian
realization of d. If v;v; € E(G"), then we can get a realization G of d from G” + {v;v,}

by splitting an edge e = uv of C’ into uv,, and v,v.
Case 2: d; =n — 1.

By Lemma 4.3.2, d = (dy — 1,dy — 1,--+ ,d,_1) or d" = (dy — 2,ds,-++ ,d,_3) or
d"=(dy—1,-- ,di_1,d; —1,d;11,- -+ ,dp_1) is graphic. If d'(or d” or d") is graphic, then
by the inductive hypothesis, there is a supereulerian realization G’ of d’ (or d” or d").
Let C’ be a spanning eulerian subgraph of G’. Let C} = v,v109v,, (or C} = v10,v, 107 Or
Cy = vivvvy ). Since vivy € E(G') (or v,_1,v, € V(G') or viv; € E(G') ), G'ACY is a

supereulerian realization of d with a spanning eulerian subgraph C'AC}. []

Note that if G is supereulerian, then 6(G) > 2 and so d,, > 2, we have the following
corollary.

Corollary 4.3.5 If d = (dy,ds, -+ ,d,) € G is a nonincreasing sequences, then d has a

supereulerian realization if and only iof d,, > 2.

Theorem 4.3.6 (Harry and Nash-Williams, [11]) Let |E(G)| > 3. Then L(G) is hamil-

tonian if and only if G has a dominating eulerian subgraph.

Proof of Theorem 4.1.5. (i) = (ii). Let G be a realization of d such that L(G) is
hamiltonian. By Theorem 4.3.6, G has a dominating eulerian subgraph H. If d; =n — 1
and Zdi:1 d; > ZdeQ(dj —2), then G = K;,-1. Assume that G is not K;,_1. Then H
is nontrivial. For any v; with d(v;) = 1, v; must be adjacent to a vertex v; in H and so
de—pm)(v;) is no less than the number of degree 1 vertices adjacent to v;. Furthermore,
since H is eulerian and nontrivial, dy(v;) =2 2 and so 32,y di < 32 ~o(d; — 2).

(1) = (iii) Suppose d € G is a nonincreasing sequence such that d, > 1 and
Doam1 di S Xog50(dj —2). If dy > 2, then by Theorem 4.3.4, d has a supereulerian

realization. So we assume that d,, = 1.
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Claim 5 Any realization of d contains a cycle.

Suppose that there exists a realization G of d such that G is a tree. We may assume
that d; > 2for 1 <i<kandd; =1for k+1<j <n. Then

k k n n
Y di+(n—k)=Ydi+ Y di=)» di=2EG)=2(n-1),

i=k+1 1=1

and so
k

D (di—2)+ (n—k)=2(n—1) -2k

i=1
Hence

k
Z(dj_2>:Z(di—Q)22(n—1)—Qk—(n—k):n—k—2<n—k:Zdi,
contrary to (4.1). This completes Claim 5 and we assume G is a realization of d containing

a nontrivial cycle C'.
Claim 6 There is a realization G of d such that 6(G — D;(G)) > 2.

As G contains a nontrivial cycle C, G — D;(G) is not empty. Let S = N(D1(G)).
It suffices to show that for each s € S, Ng_p,(e)(s) > 2. Suppose, to the contrary, that
there is s € S such that Ng_p,(¢)(s) = 2. Choose G to be a graph such that the elements
in P(G) = {s : s € S with dg(s) = d; > 2 such that Ng_p,(¢)(s) = 1} is as few as
possible. Let x € P(G). Then x ¢ C. Choose e € E(C) and we subdivide e and let
v. denote the subdivision vertex. And we delete d; — 1 pendent edges of x, add d; — 2
pendent edges to v, and denote the resulting graph G, ( Note that if d; — 2 = 0, then
we subdivide e without adding any pendent edges). So dg,(ve) = 2+ d; — 2 = d; and
|D1(G)| = [(D1(G) — Ny(2)) U{z}| +d: —2 = |D1(G)| — (d: — 1) + 1+ d; — 2 = | D1(G)|
but |P(G,)| < |P(G)|, contradicting the choice of G.

(17i) = (i) If G is a realization of d such that §(G' — D;(G)) is supererulerian, then
by Theorem 4.3.6, L(G) is hamiltonian. []



Chapter 5

Regular Matroids without Disjoint

Circuits

5.1 The Problem and the Main Results

If G is a graph and if Vi, V, are two disjoint vertex subsets of G, then [V}, V5] denote the
set of edges in G with one end in V; and the other end in V5. For a vertex v € V(G), let

Eq(v) = {e € E(G) : e is incident with v}.

Let M and N denote two matroids. If {e, f} is a circuit of M* and if M/f = N,
then M is a serial extension of N. In this case, we say that f is serial to e. Note that
being serial is an equivalence relation on E(M) for a matroid M. The corresponding
equivalence classes are the serial classes of M. Dually, two elements e, f are parallel in
M if they are serial in M*; being parallel is an equivalence relation on E(M) and the
equivalence classes are the parallel classes of M. An equivalence class is nontrivial if it

has more than one elements.

In 1960, Erdos and Poésa consider the problem of determining all connected graphs

that do not have edge-disjoint circuits. We view the complete graph K3 as a plane graph
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and let K3 denote the geometric dual of the plane graph K.

Theorem 5.1.1 (Erdés and Pdsa [8], also see Theorem 3.1, Theorem 3.2 of Bollobds
[1]) Let G be a graph with 6(G) > 3. The following are equivalent.

(i) G does not have edge-disjoint circuits.

(ii) G € {Ks3, K3, Ky}

Since a graph G does not have disjoint circuits if and only if any subdivision of GG

does not have disjoint circuits, the following corollary follows immediately.

Corollary 5.1.2 (Erdds and Pdsa [8], also see Corollary 3.3 of Bollobds [1]) Let G be a
simple graph of order n > 3.

(i) If |[E(G)| > n+4, then G has 2 edge-disjoint circuits.

(i) The graph G with |E(G)| = n + 3 does not have edge-disjoint circuits if and only if
G can be obtained from a subdivision Gy of K33 by adding a forest and exactly one edge,

joining each tree of the forest to Gy.

Theorem 5.1.1 can be viewed as a result on cosimple graphic matroids. Thus we
consider generalizing Theorem 5.1.1 to matroids. Our main results of this note are the

following.

Theorem 5.1.3 Let M be a connected cosimple reqular matroid. The following are equiv-
alent.

(i) M does not have disjoint circuits.
(i1) M € {M(K33)} U{M*(K,),n > 3}.

Corollary 5.1.4 Let M be a reqular matroid. Then M has no disjoint circuits if and
only if one of the following holds:

(i) M = Uy, for some integer m > 0, or

(i1) M is a serial extension of a member in {M(Ks3),Ups} U{M*(K,),n >3}, or

(11i) M = My @ My is the direct sum of two matroids My and My, where My is a serial
extension of a member in {M(Ks3),Ups} U{M*(K,),n > 3} and where My = Uy, , for
some m = |E(M)| — |[E(My)| > 1.
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5.2 Proof of the Main Results

We follow Seymour [21] to introduce the notion of binary matroid sums. Given two sets
X and Y, the symmetric difference of X and Y, is

XAY = (XUY)—(XNY).

Let M; and M, be two binary matroids where E(M;) and E(M,) may intersect. Define
M AMj; to be the binary matroid on F = E(M;)AFE (M) whose cycles are all subsets of
E of the form C;AC,, where C is a cycle of M; and (5 is a cycle of M. The binary
matroid sums are defined as follows.

(i) If E(My) N E(My) = 0, then MyAM; is the I-sum of M; and Ms(also referred as a
direct sum).

(i) If E(My) N E(Ms) = {eo}, such that, for each i € {1,2}, the element ¢, is neither a
loop nor a coloop of M;, then M;AM, is the 2-sum of My and Ms.

(iii) If E(M;) N E(My) = C, where C is a 3-circuit of both M; and Ms, such that C
includes no cocircuit of either M; or My, and such that for i € {1,2}, |E(M;)| > 7, then
M;AMS, is the 3-sum of M; and Ms.

For k = 1,2, 3, we also use M; @, M, to denote the k-sum of two matroids A, and
M. If each of M; and M, is isomorphic to a proper minor of M; @, M-, then we say
that M is a proper k-sum of M; and M,. For the case k=1, we also use M; @ M, for
M, €, to denote the direct sum of M; and M.

Let A denote the matrix below

2

Il
R R R
o o o~ o
c o~ o o
o~ o o o
— o © © ©
— O O = &
o R = =
O = == O

and let Ry denote the binary matroid Ms[A].

Seymour’s regular matroid decomposition theorem can be applied to cosimple ma-

troids in the following form.
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Theorem 5.2.1 (Seymour [20]) Let M be a cosimple connected reqular matroid. Then
one of the following holds.

(i) M is cosimple and graphic.

(i) M is cosimple and cographic.

(#ii) M is isomorphic to Ryg.

(w) Fori € {2,3}, M = M, @, M, is the proper 2-sum or 3-sum of two cosimple regular

matroids My and My, where both My and Ms are isomorphic to proper minors of M.

The following lemma is straightforward.

Lemma 5.2.2 Let G be a graph. If M(G) is cosimple, then 6(G) > 3.

Proof: Note that any edge incident with a degree 1 vertex in G must be a loop of
M*(G), and that the edges incident with a degree 2 vertex in G must be in a parallel
class of M*(G). Since M (G) is cosimple, M*(G) does not have loops or nontrivial parallel
classes. Hence we must have §(G) > 3. []

Proof of Theorem 5.1.3 We first show that Theorem 5.1.3(i) implies Theorem 5.1.3(ii),
and so we assume the M is a connected cosimple regular matroid with no disjoint circuits.

By Theorem 5.2.1, one of the conclusions in Theorem 5.2.1 must hold.

If M is graphic, then we may assume that for some connected graph G, M = M(G).
By Lemma 5.2.2, §(G) > 3. Since G has no disjoint circuits, by Theorem 5.1.1, G €
{K33, K3, K4}, and so Theorem 5.1.3(ii) holds.

If M is cographic, then we may assume that for some graph G, M = M*(G), where
G is a connected graph with n = r(M) + 1 vertices. Since M is cosimple, G is a simple
graph, and so GG is a spanning subgraph of K, the complete graph on n vertices. Let
V(G) ={v1,v9, - v, }. If G # K, then we may assume that vjve ¢ E(G). In this case,
Eg(v1) N Eg(ve) = 0, contrary to Theorem 5.1.3(i). Therefore, we must have G = K,
and so M € {M*(K,),n > 3}.

If M is isomorphic to Rjg, then it is well known that R;y is a disjoint union of a

4-circuit and a 6-circuit, contrary to Theorem 5.1.3(i). Thus M = Ry, is impossible.



CHAPTER 5. REGULAR MATROIDS WITHOUT DISJOINT CIRCUITS 40

Now suppose that Theorem 5.2.1(iv) holds. We argue by induction on |E(M)]|. Since
any matroid with at most 3 elements must be graphic, we assume that |E(M)| = n >
4, and Theorem 5.2.1(ii) holds for any matroid M satisfying Theorem 5.1.3(i) with

Since Theorem 5.2.1(iv) holds, for some i € {2,3}, M = M; @, M, is the proper
i-sum of two cosimple regular matroids M; and Ms, where both M; and M, are proper

minors of M.

If one of M; or M, has two disjoint circuits, then by the definition of binary matroid
sums, M would also have disjoint circuits, contrary to Theorem 5.1.3(i). Therefore, for
each i, M; does not have disjoint circuits. Since M; is a proper minor of M, by induction,
My, My € {M(K33)} U{M*(K,),n > 3}.

If i = 2, then we may assume that ey € E(M;) N E(Ms,). By the definition of 2-
sum and by the fact that My, My € {M(K;3)} U{M*(K,),n > 3}, 3Cy € C(M;) and
Cy € C(Ms) such that eq & C;. Tt follows that C; N Cy = () and so Theorem 5.1.3(i) is

violated. Thus this is impossible.

Now assume that ¢ = 3, and Z = E(M;) N E(Ms) is a 3 element circuit of both M,
and M. Recall that My, My € {M(K33)} U{M*(K,),n > 3}. By the definition of a
3-sum, for any i € {1,2}, |E(M;)| > 7 and so M; & {M*(K3), M*(K,)}. Since there is no
3-circuits in either M (K3 3) or a M*(K,,) with n > 4, it is impossible that both |Z| = 3
and Z € C(M;) NC(Ms). This contradiction shows that this case is also impossible.

Thus if Theorem 5.1.3(i) holds, then we must have M € {M(K33)} U{M*(K,),n >
3}

Conversely, suppose M € {M(Ks33)} U {M*(K,),n > 3}. Since K33 is a bipartite
simple graph, any circuit of K33 has length at least 4. Suppose that K33 has two disjoint
circuits Cy and Cy, then since K33 is 3-regular, we must have V(Cy) N V(Cs) = 0, and
so 6 = |V(K33)| > |V(Cy)| + |V(Cs)| > 8, a contradiction. Hence M (K3 3) cannot have
disjoint circuits. Suppose that M = M*(K,,),n > 3 and write V(K,,) = {v1,vq, -+ , v, }.
Suppose that C; and Cy are two circuits of M*(K,). Then C; is an edge cut of K,
and so C7 = [V, V5], for some proper vertex subset Vi C V(G) and Vo, = V(G) — V4.
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Similarly, Cy = [Wy, Ws], where () # W, C V(G) and Wy = V(G) — Wy # 0. We may
assume that v; € ViNW,. If Vo N Wy # 0, say vy € Vo N Wy, then vivy € C; N Cy. If
Vo N Wy = (), then we have Wy C Vi, Vo C Wy, Since () # [Vo, Wh| C [Va, V4] = C and
0 # [Va, W] C [Wy, Ws] = Cy, then Cy N Cy # (). This proves that M*(K,,) does not have

disjoint circuits. []

Proof of Corollary 5.1.4 It suffices to show, by induction on |E(M)|, that if M has
no disjoint circuits, then one of (i), (ii) and (iii) holds. Let M be a regular matroid that

does not have disjoint circuits.

We first assume that M is connected. If M has a loop or a coloop, then since M is
connected, we must have M € {U1,U;,1}, and so Corollary 5.1.4 (i) or (ii) must hold.

Thus we assume that M is loopless and coloopless.

If M is connected and cosimple, then by Theorem 5.1.3, M is a member of { M (K3 3)}U
{M*(K,),n > 3} and so Corollary 5.1.4(ii) holds. Otherwise, M has nontrivial serial
classes. Let {e1, ea} be a pair of serial elements in M. Since the intersection of any circuit
and any cocircuit in a matroid M cannot have exactly one element, any circuit in M
containing e; must also contain e;. This implies that M has no disjoint circuits if and
only if M /e has no disjoint circuits. By induction, M /e, is a serial extension of a member
in {M(K33),Up1} U{M*(K,),n > 3}. Since M is a serial extension of M /ey, M is also
a serial extension of a member in {M(K33),Up1} U{M*(K,),n > 3}.

Now suppose that M is not connected. Then M = M@ My @@ --- @ My, where
My, My, -, My are connected components of M. If Vi, M; contains no circuits, then
Corollary 5.1.4(i) holds. Otherwise, since M has no disjoint circuits, exactly one connected
component, say M, has at least one circuit. It follows that My @ --- @ My = U, ,, and
so Corollary 5.1.4 (iii) must hold. ]
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