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ABSTRACT
Edge colorings of graphs on surfaces and star edge colorings of sparse graphs
Katherine M. Horacek

In my dissertation, I present results on two types of edge coloring problems for graphs.

For each surface ¥, we define A(X) = max{A(G)| G is a class two graph with maximum
degree A(G) that can be embedded in ¥}. Hence Vizing’s Planar Graph Conjecture can be
restated as A(X) =5 if ¥ is a sphere. For a surface ¥ with characteristic x(X) < 0, it is known
A(Y) > H(x(X2))—1, where H(x(X)) is the Heawood number of the surface, and if the Euler char-
acteristic x(2) € {—7,—6,...,—1,0}, A(X) is already known. I study critical graphs on general
surfaces and show that (1) if G is a critical graph embeddable on a surface ¥ with Euler character-
istic x(X) € {—6,—7}, then A(X) = 10, and (2) if G is a critical graph embeddable on a surface
¥ with Euler characteristic x(3) < —8, then A(G) < H(x(X)) (or H(x(X))+1) for some special
families of graphs, namely if the minimum degree is at most 11 or if A is very large et al. As
applications, we show that A(X) < H(x(2)) if x(¥) € {—22,-21,—-20,-18,—-17,—-15,..., -8}
and A(X) < H(x(2))+1if x(X) € {-53,...,23,-19,—16}. Combining this with [19], it follows
that if x(X) = —12 and X is orientable, then A(X) = H(x(X)).

A star k-edge-coloring is a proper k-edge-coloring such that every connected bicolored sub-
graph is a path of length at most 3. The star chromatic index x%,(G) of a graph G is the smallest
integer k such that G has a star k-edge-coloring. The list star chromatic index chl,(G) is defined
analogously. Bezegova et al. and Deng et al. independently proved that x.,(7) < % for any
tree 7' with maximum degree A. Here, we study the list star edge coloring and give tree-like
bounds for (list) star chromatic index of sparse graphs. We show that if mad(G) < 2.4, then
et (G) < % +2 and if mad(G) < 22, then chl,(G) < % + 1. We also show that for every ¢ > 0
there exists a constant c(e) such that if mad(G) < § — ¢, then ch},(G) < 38 4 ¢(e). We also
find guaranteed substructures of graph with mad(G) < % — ¢ which may be of interest in other

problems for sparse graphs.
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Chapter 1

Preliminaries

1.1 Introduction and History

The interesting problems of graph coloring originate in a question concerning the coloring of
regions on a map. Francis Guthrie, a student of Augustus de Morgan, made the observation
that for every map he encountered, he could, using only 4 colors, color the regions so that no
adjacent regions had the same color. This led to a straight-forward question: is this true for
every map, or is there some map that requires at least 5 colors? Though Guthrie’s question is
simple, it required more than one hundred years, as well as the invention of the computer, to
finally turn the Four Color Conjecture into the Four Color Theorem. Along the way, there were
many failed ”proofs”, including, famously, by Alfred Kempe in 1879 [20] and by Peter Guthrie
Tait in 1880 [40]. The theorem was finally proved in 1976 by Appel, Haken, and Koch [1,2].

It is worth mentioning the Four Color Theorem here not only for its long and interesting
history, but because the problem sparked the invention of tools still in use today. Firstly, the
concept of edge coloring originates in the early attempts to turn conjecture into theorem. Tait
realized that the problem of 4-coloring the regions of a map (vertices of a graph that is planar,
cubic, and bridgeless) was equivalent to 3-coloring the region boundaries (the edges). Further,
many graph theoretic techniques were invented in attempts to solve the Four Color Conjecture.
In Kempe’s attempted proof, he introduced the idea of the Kempe chain. Given a valid, proper
coloring f : V(G) — {1,--- ,k}, let V; = {v € V(G) : f(v) = i}. Consider the graph induced
by two color classes, G[V; UV;]. Let G’ be a connected component of G[V; UVj]. Consider the
coloring f’ created by switching colors at vertices in G/, i.e., f'(v) = jifv € V(G') and f(v) = 1,
fl(v)y=1iifveV(G) and f(v) = j, and f'(v) = f(v) if v € V(G) \ V(G'). This new coloring
is then a proper vertex coloring. Although Kempe’s ”proof’ was eventually determined to be
flawed, his technique could be modified to show that for a planar graph G, x(G) < 5. Moreover,

his idea applies for the edge-coloring problem. In edge coloring, we consider alternating paths:



given two (edge) color classes, the subgraph induced has connected components that are either
paths or even cycles. By examining the result of switching the colors along one or more of the
maximal paths, we can eliminate certain graph structures in a minimal counterexample. Another
graph theoretic tool was introduced in 1904, when Wernicke [46] used the discharging method
to prove a lemma for planar graphs. In discharging, the elements of a closed system are assigned
an initial charge; then, that charge is redistributed by some discharging rules. Clearly, the total
charge of the system is unchanged. Wernicke assigned to each vertex and face of an embedded
planar graph an initial charge, recognizing that he could use Euler’s formula for polyhedra to
calculate total charge. Knowing that the total much remain constant, he could make conclusions
about substructures of the graph.

The proof of Appel and Haken (as well as a later stream-lined proof by Robertson et al. [35])
used both Kempe chains and the discharging method. These tools in tandem have proven
useful in questions of edge coloring. In my results, I use lemmas derived from Kempe chains
in conjunction with the discharging method to give bounds on proper edge coloring. I also
give bounds on a variation of edge coloring, called star edge coloring. As noted in Chapter 3,
the tools of Kempe chains does not apply, but the star edge coloring bounds make use of the

discharging method.

1.2 Main Results

All graphs considered here are simple, i.e., no loops or multiple edges. An edge coloring of a
graph is a function assigning values (colors) to the edges of the graph in such a way that any two
adjacent edges receive different colors. A graph is edge k-colorable if there is an edge coloring of
the graph with colors from {1,...,k}. The chromatic index of a graph, x'(G) is the minimum
k such that G is edge k-colorable. Vizing [42] showed that A(G) < ¥/(G) < A(G) + 1.

I give the following partial characterizations of graphs that require only the minimum A(G)
colors to properly edge color, from the parameter of graph embeddings.

Let G be a simple graph with maximum degree A(G). Let H(x) be the Heawood number

for a surface ¥ with Euler characteristic .

Theorem 1.2.1. Let G be a graph embedded on a surface ¥ with Euler characteristic x(X) €
{—6,-7}. If A(G) > 11, then X'(G) = A(G).

Theorem 1.2.2. Let G be a graph with 6(G) < % which can be embedded in a surface
Y with Euler characteristic x(X) < —8. Assume that §(G) < 7, A(G) > H(x(X)) + 1, and
X'(G —e) < A(G) for any e € E(G). Then X'(G) = A(G).

Theorem 1.2.3. Let G be a graph with 6 < §(G) < 10 or §(G) = 11 < % which can be
embedded in a surface ¥ with Euler characteristic x(X) < —8. Assume that A(G) > H(x(X))+2
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and X' (G — e) < A(G) for any e € E(G). Then x'(G) = A(G).

Theorem 1.2.4. Let X be a surface with characteristic x(X) € {—53,...,—8}. Let G be a graph
embedded in 3. If

H(x(%)), if () € {—22,-21,-20,—18,-17,—15,..., -8}

A(G) > { ,
H(x(2)+1, if x(¥) € {-53,---,-23,—-19,—16}.

then X' (G) = A(G).
In conjunction with [19], we then have the following corollary.

Corollary 1.2.5. Let G be embedded in X, where ¥ is an orientable surface with x(¥) = —12.
If A(G) > H(x(X), then X' (G) = A(G).

A star edge coloring of a graph is a function assigning values (colors) to the edges of the
graph in such a way that any two adjacent edges receive different colors and the graph contains
no bicolored path or cycle on four edges. A graph is star edge k-colorable if there is an star edge
coloring of the graph with colors from {1,...,k}. The star chromatic index of a graph, x%,(G)
is the minimum k& such that G is star edge k-colorable. This definition can be easily extended to
the list case: the edge star choosability of a graph, ch’,(G), is the minimum k such every k-list
assignment L for E(G) admits a star edge coloring,.

I study star edge coloring for sparse graphs. My parameter for sparseness is maximum

average degree, mad(G) = max{ 7@%1' : H C G}.

Theorem 1.2.6. If mad(G) < 2.4, then, Xy(G) < [3A(G)] + 2.

Theorem 1.2.7. If mad(G) < 22, then, chl,(G) < [3A(G)] + 1.

Theorem 1.2.8. Let € > 0 be a real number and d = 2[2522]. If mad(G) < § — ¢, then

chiy(G) < max{gA(G) + g +2,A(G) +2d +1}.



Chapter 2

Chromatic index of embedded

graphs

2.1 Introduction

An edge coloring of a graph is a function assigning values (colors) to the edges of the graph in
such a way that any two adjacent edges receive different colors. A graph is edge k-colorable if
there is an edge coloring of the graph with colors from {1,...,k}. The chromatic index of a
graph, x/(G) is the minimum & such that G is edge k-colorable. Although the study of edge
coloring began with the Four Color Theorem, it has since been studied in part because of its
connections to the problems of matching and scheduling.

In determining bounds for chromatic index, one parameter of obvious interest is maximum
degree. Clearly, for any graph G with maximum degree A, we have x'(G) > A. The following

are early theorems regarding chromatic index.

Theorem 2.1.1 (Konig, 1916 [24]). Let G be a bipartite graph. Then, X'(G) = A(G).

. 3A(G
Theorem 2.1.2 (Shannon, 1949 [38]). Let G be a (multi)graph. Then, x'(G) < 2( ),

Shannon’s bounds are sharp in general when considering multigraphs. The ”fat triangle” (a
triangle with each pair of vertices connected by % multiple edges) obtains the upper bound.

Vizing, in 1964, improved this bound for simple graphs.

Theorem 2.1.3 (Vizing’s Theorem [42]). Let G be a simple graph with mazximum degree A.
Then, X' (G) < A+ 1.

It is easy to find simple graphs that require A+1 colors to properly edge color, by considering
odd cycles. Further the complete graph on an odd number of vertices, K941 can be shown to

be overfull and thus requires 2l + 1 = A(Kq941) + 1 colors to properly edge color. Since no
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simple graph requires more than one additional color, each simple graph may be characterized
as Class 1 if x'(G) = A and Class 2 otherwise. In 1981, Holyer [18] showed that the problem of
classification of Class 1 and Class 2 graphs is NP-complete, even for cubic graphs.

A Class 2 graph G is called critical if G is Class 2 but every proper subgraph is Class 1.
In 1965, Vizing [43] proposed several conjectures concerning Class 2 and critical graphs, all of

which remain open today.
Conjecture 2.1.1. Let G be a planar graph with maximum degree A > 6. Then, G is Class 1.

Conjecture 2.1.2. Let G be a critical graph with mazimum degree A and |V(G)| = n. Then,
the average degree of G is at least A — 1+ %

Conjecture 2.1.3. Let G be a critical graph with mazimum degree A and |V(G)| = n. Then,
a(G) < 3.

Conjecture 2.1.4. Let G be a critical graph. Then, G has a 2-factor.

Clearly, the statement that every Class 2 planar graph has maximum degree at most 5 is
equivalent to the Planar Graph Conjecture. In general, given a closed surface (or surface in
short), one may try to determine the maximum of the maximum degrees of all simple Class
2 graphs that can be embedded in the surface. We use A(G) (or simply A) to denote the

maximum degree of a graph G. For a surface 3, we define
A(Y) = max {A(G)| G is a class two graph that can be embedded in X}.

If we use S to denote the sphere, then by the above definition, Vizing’s Planar Graph Conjecture
is equivalent to the claim that A(S) = 5. In 1965, Vizing proved that 5 < A(S) < 7, and
Zhang [48] and, independently, Sanders and Zhao [36] proved that A(S) < 6.

Let x < 2 be an integer. Let H(x) = LLVA‘S_MXJ (where H(x) is the Heawood number of
a surface of Euler characteristic x). It is noticed in [39] that for a surface ¥ with characteristic
X(2) < 1 except the Klein bottle, A(X) > H(x(X))—1. Vizing’s Average Degree Conjecture [43]

implies the following:
Proposition 2.1.1. If Vizing’s Average Degree Conjecture is true, then A(X) < |34++/13 — 6x].

Proof. Let G be a critical graph embedded in a surface ¥ with Euler characteristic y. Let
[V(G)| = n and |E(G)| = m. Let d be the average degree of G. By Euler’s formula, —6x >
> vev(e)(d(v) =6) = =6n+3" ey d(v). Note that 3- oy gy d(v) =2m =dxn = (A-1)n+3.
Further, n > A+ 1. Thus, —6x > (A —=7)(A+1) + 3. O

One can easily check that either |3 + /I3 —6x| = H(x) or |3+ /13 —6x] = H(x) — 1.
In 1970, Mel’'nikov [33] proved the following bounds:

5



Theorem 2.1.4. A(Y) < mag {| V25200 | ) S12y2 1) 1y

2

In addition to the above general bounds for A(X), the exact values for some A(X) are known
if =7 < x(X) < 0. Sanders and Zhao [37] proved A(X) = 6 if x(3) = 0. Luo and Zhao [29, 30]
proved that A(X) = 7if x(£) = —1, A(X) = 8 if x(¥) € {-2,-3}, A(X) =9 if x(¥) = —5.
Luo, Miao, and Zhao [31] proved that A(X) = 8 if x(X) = —4.

The results in my dissertation include exact bounds given surfaces of Euler characteristic —6
or —7, as well as improved bounds for graphs with small minimum degree or low Euler charac-
teristic. We show that if GG is a critical graph embedded on a surface ¥ with Euler characteristic
x(X2) € {—6,—7}, then A(G) < 10. We also study critical graphs on general surfaces and show
that if G is a critical graph embeddable on a surface ¥, then A(G) < H(x (X)) (or H(x(2))+1)
for some special cases, namely if the minimum degree is at most 11. We believe that those re-
sults and the ideas used may shed light to eventually improve Melnikov’s bound in general. As
a corollary, we show that A(X) < H(x(X)) if x(¥) € {—22,-21,—-20,—-18,—-17,—-15,..., -8}
and A(X) < H(x(2)) + 1 if x(¥) € {-53,...,23,-19,—-16}. Furthermore, we show that if
X(2) = —12 and ¥ is orientable, then A(X) = H(x(X)).

Before proceeding, we introduce the following notation. A critical graph G is a connected
graph such that G is class two and G — e is class one for each edge e of G. A critical graph of
maximum degree A is called a A-critical graph. Given an embedded graph G, let V(G), E(G),
and F(G) be the vertex set, edge set, and face set of G, respectively. The order of G is [V (G)|
and the size of G is |E(G)|. A k-vertex, k™ -vertez or k™ -verter is a vertex of degree k, at least
k or at most k, respectively. Let N(z) be the set of all neighbors of z, N(z,y) = N(z) U N(y),
and N[z] = N(z)U{x}. We denote the set of all k-vertices of G by Vj, and let nj = |Vi|. We use
d(x) to denote the degree of x for each element x € V(G)UF(G). We call k-vertices adjacent to
x k-neighbors of x and define di(x) to be the number of k-neighbors of x. Similarly, we define
kT -neighbors, k™ -neighbors, dj+(x), and dj,- (z). Let 6(G) (or simply ) be the minimum degree
of G.

2.1.1 Useful Lemmas

Let G be a A-critical graph with zy € E(G) and let f be a A-coloring of G —xy. For each vertex
u, denote cf(u) the set of colors used by the edges incident with w and ¢f(u) = {1,2,...,A}\
cf(u), the complement of cy(u). If an edge incident with w is colored ¢, then we say that u sees
i. Otherwise, we say that u misses i. For i,5 € {1,--- ,k}, an i-j edge chain is a chain of edges
colored alternately ¢ and j. Clearly, each maximal i-j edge chain is either a path or an even cycle,
and any two maximal i-j edge chains are either disjoint or identical. We denote the maximal -5
edge chain containing u by L; j(u). If u sees only one of the two colors, i and j, then L; j(u) is
a path where u is one of its endvertices. We use the notation that A® B = (A— B)U (B — A),

6



Y2

<y3

---- "
Yy=u x s

Figure 1.

where A, B are sets. Let X C V(G). X is called elementary with respect to f if ¢f(u)Ney(v) =0
for every two distinct vertices u,v € X.

The following definition of a fan and theorem are a slight modification of those found in [39].

Definition 2.1.1. Let G be a A-critical graph with edge e = xy, and let f be an edge A-coloring
of G—e. A fan (See Figure 1.) at x with respect to e and f is a sequence F' = (e1,y1,-- - , €p, Yp)
with p > consisting of edges ey, --- ,e, and vertices yi,--- ,y, satisfying the following:

(F1) The edges e1,--- ,e, are distinct, e; = e, and e; is incident to x fori =1,---,p

(F2) For every edge e; with 2 < i < p, there is a vertex y; with 1 < j < i with f(e;) € ¢¢(y;).

Theorem 2.1.5. Let G be a A-critical graph with edge e = xy. Let f be an edge A-coloring of
G —eandlet F = (e1,y1, - ,€p,Yp) be a fan at x w.r.t. e and f. Then the following hold:

(a) {z,y1,--- ,yp} is an elementary set

(b) If « € ¢¢(x) and B € ¢(y;) for 1 < i < p, then Lo g(x) is a path with endpoints x and
Y-

(¢) If Fis a mazimal fan, then |V (F)| = 2 and 3oy p)(d(z) + 1 = A) = 2.
Lemma 2.1.6. (Luo and Zhao [30]) Let G be a A-critical graph and xy € E(G). Let u # y be
a neighbor of x and v ¢ {xz,y} be a neighbor of u. Let f be an edge A-coloring of G — xy with
fluz) =k and f(uv) =1. If k ¢ cf(y), then we have the following facts:

(1) u sees every color in cf(x) ® cf(y);

(2) If l € cy(x) ® cf(y), then v sees every color in cy(y) ® cr(x), if d(xz) < A.

Lemma 2.1.7. (Vizing Adjacency Lemma [42]) Let G be a A-critical graph. Then d(u)+d(v) >
A+2 for any two adjacent vertices u and v and da(x) > max{2, A—k+1} if x has a k-neighbor.

Taking d(z) = A and k = § in the above lemma, we have the following proposition.
Proposition 2.1.2. Let G be a A-critical graph with minimum degree §. Then, nao > A—4§+2.

Lemma 2.1.8. (Luo, Miao, and Zhao [27]) Let G be a A-critical graph with A > 5 and x be a
3-vertex. Then x has at least two A-neighbors which are not adjacent to any (A — 2)~ -vertices

excepl x.

Lemma 2.1.9. (Luo, Miao, and Zhao [31]) Let G be a A-critical graph with A > 6 and x be

A—1

a 3-verter. Then x has a A-neighbor which is adjacent to at least A —4 — [ =5

with d(A—3)* (Z) = O

| A-vertices z



The following lemma is a special case of Corollary 2.14 in [31].

Lemma 2.1.10. Let G be a A-critical graph and z,y be two adjacent vertices with d(z) =5 and
d(y) = A —2. Then x is adjacent to three (A — 1) -vertices z such that dia_gy+(2) > A — 2.

Lemma 2.1.11. (Sanders and Zhao [37] and Zhang [48]) Let G be critical and vy € E(G) so
that d(z) + d(y) = A + 2. Then the following hold:

(1) every vertex of N(z,y) \ {x,y} is a A-vertex;

(2) every vertex of N(N(z,y)) \ {z,y} is of degree at least A —1;

(3) if d(z),d(y) < A, then every vertex of N(N(x,y)) \ {z,y} is a A-vertex.

Corollary 2.1.12. Let G be a A-critical graph and xy € E(G) so that d(z) + d(y) = A + 2.
Then if d(x) # d(y), na > A; otherwise, na > A — 1.

Proof. We first assume d(z) # d(y). Without loss of generality, assume d(z) < d(y). If d(z) = 2,
then d(y) = A and N[y| \ {z} C Va. Then, na > |[N[y] \ {z}| = A. If 3 < d(z) < d(y), then
there is a neighbor z of y that is not adjacent to z. By Lemma 2.1.11, d(z) = A and since
d(y) < A—1, N[z]\ {y} € Va. Thus na > A.

Now assume d(z) = d(y) = %. In this case, it is possible that N[z] = N[y] and so for
z € N(y) \ {z}, da(z) = A — 2. Thus including z we have na > A — 1. O

Lemma 2.1.13. (Sanders and Zhao [36]) Let G be a A-critical graph, x € V(G) and y,z €
N(z). If 2z is in at least d(x)+d(y) — A —2 triangles not containing y, then d(z)+d(y)+d(z) >
2A +2.

Lemma 2.1.14. (i) ( [4], [5], [6], [9]) There are no critical graphs of even order at most 14;
(11) ( [6]) There are only two critical graphs of order 11 with size at most 5A, both of which are
3-critical;

(11i) ( [5])There are only three critical graphs of order 13 with size at most 6A, which are

3-critical.

Lemma 2.1.15. (Sanders and Zhao [36]) Let G be a A-critical graph and xyz be a path in G.
Ifd(z)+d(y)+d(z) < 2A41 and z, z are not adjacent, then |[N(z)NN(y)| < d(x)+d(y)—A—3
and thus |[N(z) \ N[y]| > d(z) — d(z) — d(y) + A + 2.

Lemma 2.1.16. (Luo and Zhao [30]) Let G be a A-critical graph. Let zy € E(G) with 4 <
d(x) < A—=2 and 4 < d(y). If for an integer k > 0, either y is adjacent to d(z)+d(y)—A—2—k
(2A — (d(z) +d(y)) + 1)~ -vertices u # x, where d(x) +d(y) — A —2—k > 1; ory is adjacent to
dx)+d(y)—A—2—k 2A—(d(z)+d(y))+2)~ -vertices u # x, where d(z)+d(y) —A—2—k > 2,
then

(1) there exist at least A — d(z) + 1 neighbors y' # x of y satisfying the following:
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(i) d(y') > A — k;

(ii) if d(y) # A, then v/ is adjacent to at least A — k — 2 vertices distinct from x,y of degree
at least A — k;

(iii) if d(y) # A and y' is not adjacent to x, then y' is adjacent to at least A —k — 1 vertices
distinct from y of degree at least A — k;

(iv) if d(y) = A, then replace at least A — k in (ii) and (iii) by at least A — k — 1.

(2) there exist at least d(x) — k — 1 neighbors &’ # y of x satisfying the following:

(i) d(z') > A — k;

(i) if d(y) # A, then x' is adjacent to at least A — k — 2 vertices distinct from x,y of degree
at least A — k;

(iii) if d(y) # A and 2’ is not adjacent to y, then ' is adjacent to at least A — k — 1 vertices
distinct from x of degree at least A — k;

(iv) if d(y) = A, then replace at least A — k in (ii) and (iii) by at least A — k — 1.

When A > 2d(z) —1, A —d(z) +1 > d(z) — 1 and thus there is one neighbor of y described
in (1) of the above lemma which is not adjacent to . By Lemma 2.1.16-(1) (ii) and (iv), we

have the following.

Lemma 2.1.17. Let G be a A-critical graph. Let xy € E(G) with 4 < d(z) < % Assume
for an integer k > 0, either y is adjacent to d(z) +d(y) — A —2—k (2A — (d(z) +d(y)) +1)"-
vertices u # x, where d(x) + d(y) — A —2—k > 1; ory is adjacent to d(z) +d(y) — A —2—k
(2A — (d(x) + d(y)) + 2)~ -vertices u # x, where d(x) + d(y) — A —2 —k > 2. We have the
following:

(1) If d(y) > A — k, then there are at least A — k + 1 vertices with degree at least A —k — 1
(or with degree at least A — k if d(y) # A);

(2) If d(y) < A — k, then there are at least A — k vertices with degree at least A — k.

The following result on the sizes of independent sets was proved in [28].

Lemma 2.1.18. (Luo, Miao, and Zhao [28]) Let G be a A-critical graph. Let S be an indepen-

dent set that contains no A-vertices. Then |S| < @

The following lemma, which is applied numerous times in the following proofs, is a simple
variation of Euler’s formula |V (G)|—|E(G)|+|F(G)| > x(¥) for a graph embedded in a surface
Y.

Lemma 2.1.19. For a graph G, with order n, minimum degree &, and mazximum degree A,
embedded in a surface 3, we have the following:

(1) =6x(2) = X pev(e)(d(v) =6) =n(0—6)+ (A—d)na+(A—1=6)na—1+-+2n512+1ngt.
(2) If A2 —TA < —6x or A2 —TA < > vev(c)(d(v) = 6), then A < H(x(X)).

(3) If A2 —9A +8 < —6x or A2 —9A +8 < > vev(c)(d(v) —6), then A < H(x(X)) + 1.
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2.1.2 New Lemmas

In addition to the previously existing lemmas above, we need some new lemmas for our results.

By applying Theorem 2.1.5-(c), we prove the lemma below.

Lemma 2.1.20. Let G be a A-critical graph and zy € E(G) such that d(z) +d(y) = A+ 3 and
5 <d(x),d(y) < A —2. Suppose that y has no (A — 2)~ -neighbors other than x. Then one of
the following holds:

(1) except the neighbor x, y has d(y)—2 A-neighbors, each of which has at most one (A—2)~ -
neighbor distinct from x or y and one (A — 1) -neighbor adjacent to A — d(y) + 1 A-vertices;

(2) except the neighbor x, y has d(y)—3 A-neighbors, each of which has at most one (A—2)~ -
neighbor distinct from x or y, one (A — 1)-neighbor having no (A — 2)-neighbors except x or vy,
and one A-neighbor adjacent to A — d(y) + 1 A-vertices.

Proof. Let d(z) = d, d(y) = s, z; € N(x) for i € {1,...,d} and y; € N(y) for j € {d —
2,d—1,...,A}, where y = x4 and © = yg_o. Consider G — zy. Since G is critical, G — zy
is A-colorable. Let f be a A-edge coloring of G — xy. Without loss of generality, we assume
that f(zx;) = i for i € {1,...,d — 1} and f(yy;) = j for j € {d —1,...,A}. Then either
F = {yx,z,9yy4,Yd,---,ya} or F' = {yx, 2, yYa—1,Yd—1,YYd> Yd, - - - YA} is a maximal fan at y
with respect to yx and f.

If F = {yz,x,yYq,Yd,---,Ya}, then by the fan equation ZzEV(F)(d(Z) +1—A) =2 one
can conclude that d(y;) = A for j € {d,...,A}. By Lemma 2.1.6, y; is adjacent to at most one
neighbor of degree at most (A — 2) distinct from x or y. By our condition and Lemma 2.1.7, we
have that ys_1 is a (A — 1)T vertex that is adjacent to at least A —d(y) + 1 A-vertices. Since
dly) +d=A+3, A—d+1=4d(y) —2. Thus (1) holds in this case.

If F={yz,x,9yq-1,Yd—1,YYd, Yd; - - - » YA }, then by the fan equation ZZGV(F)(d(z)—i—l—A) =
2, one can conclude that d(y;) = A for j € {d —1,...,A} — {i} and d(y;) = A — 1 for some
i€{d,...,A}. By Lemma 2.1.6, y; is adjacent to at most one neighbor of degree at most (A —2)
distinct from z or y and y; is adjacent to no (A —2)~-neighbors except x or y. By Lemma 2.1.7,
ya—1 is adjacent to at least A — d(y) + 1 A-vertices. Thus (2) holds in this case. O

A wuseful tool similar to the fans in Definition 2.1.1 is the broom (see Figure 2.). Let zy €
E(G) and let v € N(y) such that f(yv) € ¢¢(x). Let By(v) = {w € N(v) : f(vw) € ¢s(z) U
¢f(y)} \{z,y}. The broom at x with respect to y and v is Bf(v) U{x,y}. The following lemma
appears in (8], which shows that By(v) U {z,y,v} is elementary under certain conditions.
Lemma 2.1.21. (Chen, Chen, and Zhao [8]) Let v € By(y). If min{d(y),d(v)} < A and
[cr(z) UCr(y)| > 4, then By(v) U {x,y,v} is elementary.

We further expand the broom to include fans. For each u € {z,y}, let Bf(u) = {w €
N(u) : f(uw) € ¢f(x) UCs(y)} and for each v € By(u) denote Bf(v) = {w € N(v) : f(vw) €
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Figure 2.

Figure 3.

cr(x)Uer(y)y \{z, y}. Let B = [Upes, @)us;y) Br(w)]UBs(x) U By(y). We call BU{z,y} the
extended broom at zy (see Figure 3.).

The following lemma extends the above lemma.

Lemma 2.1.22. Let G be a A-critical graph with zy € E(G) and max{d(z),d(y)} < A. Let f
be a A-coloring of G — xy.

(1) If |cs(x) Ucs(y)| = 4, then By(x) U By(y) U Bp(w) U {z,y} is elementary for each w €
By(x) U By(y)-

(2) If [cs(x) UCr(y)| > 5, then BU{x,y} is elementary.

Proof. Suppose not. Thus, there exist u,v € By(x) U Bf(y) U By(w) U {z,y} for (1) (or in
B U {z,y} for (2)) with u # v and o € ¢¢(u) N¢s(v). Note that u,v ¢ {z,y}, and, by Lemma
2.1.6, we have 0 € cf(x) Ncg(y). Then, by Lemma 2.1.21 and by symmetry, we have the
following possible configurations for u,v (see Figure 4.).
(1) w € By(z) and v € Bf(y);
(2) u € By(x) and v € By(w) for some w € By(y) \ {u};
(3) u,v € Br(y);
(4) uw € By(y) and v € By(w) for some w € By(y) \ {u};
(5) u € By(w) for some w € By(y) and v € By(z) for some z € By(y) \ {w};
(6) u € By(w) for some w € Bf(x) and v € By(z) for some z € By(x) \ {w}.

Note that the conditions |¢f(x) Ucs(y)| > 4 in (1) and |¢f(x) UCr(y)| > 5 in (2) guarantee
that in each case, there is some v € ¢¢(x) UTf(y) not otherwise labeled at a relevant vertex.
WLOG, assume that v € ¢(y). Note that v € ¢f(w) for every w € B. Consider L, ,(y): since

this is a path with y as an endvertex, it cannot contain both v and v, and thus by switching
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colors along this path we obtain a new coloring with ¢ not seen at y and a vertex in B, a

contradiction to Lemma 2.1.6. O

We have the following result as a direct consequence of Lemma 77.

Corollary 2.1.23. Let G be a A-critical graph and xy be an edge of G with d(x)+d(y) = A+2+n
and max{d(z),d(y)} < A —1. Let f be a A-coloring of G — xy.

(1) If n < A — 4, then for each u € By(y), | UweB (u)u{u} cr(w)| <.

(2) If n < A =5, then |U,epcr(w) <n.
Proof. The conclusion follows from Lemma 7?7 with the facts that a subset of an elementary
set is elementary and [¢f(x) Ucr(y)| = 2A — (d(z) +d(y)) +2 = A — . O

Corollary 2.1.24. Let G be a A-critical graph with minimum degree 6 > 6 and |V| > A + 4.
Let xy be an edge in G with d(z) +d(y) = A+2+n and max{d(x),d(y)} < A where n < A —4.
Then we have the following.

(1) Doy (dw) = 6) = A2 = (5 + 6)A + (n+ 3)5 — 2.

(2) Furthermore, if G can be embedded in a surface with Euler characteristic x, then

A2—6A+35—22+6X1
A—§ '

n=>1

Proof. Let f be a A-coloring of G — xy.

(1) Let v € Bf(y) and consider B¢(v) U {z,y,v}. By Lemma 2.1.6, ¢¢(z) Ucs(y) C cp(w)
for each w € By(v) U {v}. Note that [¢f(x) UCr(y)| = A —n. Since By¢(v) doesn’t include x or
y, we have |By(v)U{v}| >A—-n—-2+1=A—-n—-1.
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By Corollary 2.1.23, we have that |U,cp, e} 7 (W) = Xuen,wupy (& — dw)) < n.
From this, we have

Yoo dw) 6= > (dw)-A+A=8)>(A-n-1)(A-5)—n

weBy(v)U{v} weEBy(v)U{v}

Hence by Lemma 2.1.19-(1),

Y (dw)—6) > (A+4)(0—6)+d(z)+dy)—20+ > (d(w)—0)
wev we By (v)U{v}
> (A4+4)(6—6)+A+n+2-20+(A—n—1)A—1

= A (6+n)A+(3+n)—22.

(2) If G is embedded in a surface of Euler characteristic x, then by Lemma 2.1.19 again, we
have
—6x > A% — (6 +n)A+ (3+n)5 — 22.

The bound for 7 follows. O

The following lemma is an easy application of Corollary 2.1.24 together with —6yxy >
2 uev (d(u) = 6).

Lemma 2.1.25. Let G be a A-critical graph with minimum degree § > 6 and |V| > A + 4
which can be embedded in a surface with Fuler characteristic x. Let xy be an edge in G with
d(xz) +d(y) = A+2+n where n < A —4. Then we have the following.

(a) If n < 1, then A < H(x).

(b) If n < 3, then A < H(x) + 1.

Lemma 2.1.26. Let G be a A-critical graph with minimum degree § > 6 and |V| > A + 4
which can be embedded in a surface with Euler characteristic x. Let vy € E with d(x) < A —2
so that there is an integer k > 0 such that either y is adjacent to d(x) + d(y) — A —2 — k
(2A — (d(z) +d(y)) + 1) -vertices u # x, where d(x) +d(y) — A —2—k > 1; ory is adjacent to
d(z)+d(y)—A—2—k (2A—(d(x)+d(y))+2) -vertices u # xz, where d(z)+d(y) —A—2—k > 2.
Then we have the following:

(i) If k <1 and A > 8, then A < H(x).

(i) If k = 2,d(z) < %, and either § > 8 or d(y) < A, then A < H(x).

(iii) If k < 3 or k =4 and d(z) < &FL, then A < H(x) + 1.

Proof. By Lemma 2.1.25, we may assume that d(z) + d(y) > A + 4. Define s as s = 0 if

d(x)z%ands:lifd(x)S%anddeﬁnetastinfd(y):Aandtzlifd(y)<A.
Then, by Lemma 2.1.16-(1), y has a neighbor y' # x such that d(y') > A — k, and ¢/

has at least A — k — 2 + s neighbors distinct from y of degree at least A — k — 1 +¢. Thus
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NA—k—14¢ > A —k—24+ s+ 1+ (1 —1t). Note that the lower bound doesn’t count x and if
d(y) < A, neither does it count y.
Thus by Lemma 2.1.19, we have

—6x > (A+4)(6—6)+(A—6+2)(A—=0)+[(A—k+s—t)—(A—5+2)|(A—k—1+t—5)+t(A+4—25).
Hence
x> A2~ (k+6—8)A+k2+(3—5)k+(3—s)0+s(t—1)—t>+3t—22.

It is easy to check all cases and our conclusion holds. O

2.2 A(X) for x(X) = —-6,—7
2.2.1 Discharging Rules

Let G be an 11-critical graph that is embedded in a surface ¥ of characteristic x(X) € {—6, —7}.
For each vertex z, let M(x) = d(z) — 8.63 be the initial charge of x and for each face f, let

M(f) = 2(d(f)—3) be the initial charge of f. We redistribute the initial charge of each element

in V(G) U F(G) according to the following rules.

(R1) Each 9" -vertex z sends di{(éz) = d(dz)__(i')ﬁ ® {0 each adjacent 8 -vertex if dg- () # 0.

(R2) Each 4T-face f sends 2(?1(2’?53) to each incident 2-vertex if da(f) # 0.

Let M'(xz) denote the new charge of x for each x € V(G) U F(G). We have the following

observations:

(I) Let = be a vertex with d(z) € {2,9,10,11}. Then M’(x) > 0. Moreover if d(z) > 9 and
dg-(x) =0, then M'(z) = M(z) = d(z) — 8.63.
By (R1), (I) is obvious if d(z) > 9.
If d(z) = 2, then by Lemma 2.1.11, each neighbor of z is an 11-vertex which has only
one 8 -neighbor. Thus z receives 2.37 from each of its neighbors. Since G is simple,
x is adjacent to a 4T-face which, by Lemma 2.1.11, is adjacent to at most L%j 2-
vertices, and thus x receives at least % > 2 from each adjacent 41-face f. Therefore

e

M'(z) >2—8.63+2x2.37+2>0.

(IT) Let z and y be two adjacent vertices with 3 < d(x) < d(y) and d(z) + d(y) =13 = A+ 2.
If d(y) > 9, then M'(x) + M'(y) = M'(z) > 0.48 and y has at least d(y) — d(x) > 5 11-
neighbors z with M'(z) = M(z) = 2.37; otherwise M'(xz)+M'(y) > 2.55 and M'(w) > 1.11
for each w € {x,y}.

By Lemma 2.1.11, all vertices in N(z,y) U N(N(z,y)) except x and y have degree 11.

14



(111)

If d(y) > 9, then d(z) < 4 and y has d(y) — d(x) > 5 11-neighbors not adjacent to x and
thus having no 8 -neighbors. By (R1), M'(z) + M'(y) = M'(z) > d(x) — 8.63 + d(y) —
8.63 + 2.37(d(z) — 1) = 2.37(d(z) — 1) — 4.26 > 0.48.

Assume d(y) < 8. Then d(y) > 7, |[N(z,y) \ {z,y}| > d(y) — 1, and each vertex in
N(z,y) has no 8 -neighbor other than x or y. Thus M'(z) + M'(y) > d(x) — 8.63 +
d(y) — 8.63 + ¥ (d(y) — 1) > 2.55 since d(y) > 7. Further, for w € {z,y}, M'(w) >
d(w) — 8.63 4 (d(w) — 1) x 23T > 1.11.

Let = be a 3-vertex. Then M'(z) > 0.
By (II), if « has a 10-neighbor, then M’'(z) > 0.48. If x is adjacent to three 11-vertices,

then by Lemma 2.1.7, each 11-neighbor is adjacent to at most two 8 -vertices and by

Lemma 2.1.8, x has two 11-neighbors, each of which is adjacent to only one 8 -vertex.
Thus M'(z) >3 —8.63 + 2.37 x 2+ 2T > 0.

Let x be a 4-vertex with four 10"-neighbors. Then M’(z) > 0.11.

If 2 has a neighbor y adjacent to d(y)—11+2 8 -vertices other than x, then by Lemma 2.1.16
(taking £ = 0,d = 4, and s € {10,11}), = has three 11-neighbors other than y, each of

which is adjacent to only one 8 -vertex. Thus

M'(z) > —4.63 + min{1.37/2 + 2.37 x 3,2.37/3 4+ 2.37 x 3} = 3.165 > 2.85.

If each neighbor y of = is adjacent to at most d(y) — 11 4+ 1 8 -vertices other than x, then
each 10-neighbor sends 1.37 to z and each 11-neighbor sends at least 237 = 1.185 to x.

2
Since 1.185 < 1.37, M’(z) > —4.63 + 4 x 2.37/2 = 0.11.

Let x and y be adjacent vertices with 5 < d(z) < d(y) and d(z) + d(y) =14 = A+ 3. If
d(z) =5 and d(y) = 9, then M'(z) + M'(y) = M'(z) > 0.75, ng > 1, and nyg + n11 > 10;
otherwise M’ (x) + M'(y) > 2.55 and M'(w) > 2.11 for each w € {z,y}.

First, assume d(z) > 6, and hence d(y) < 8.

Consider the case when w € {z,y} has another 9~ -neighbor distinct from z,y. By

Lemma 2.1.16 (taking k& = 0,d € {6,7}, and s € {7,8}), all other neighbors of x and

y must have degree 11 and have no 8 -neighbors distinct from x and y. Therefore

M) + M'(y) > d(z) — 8.63 + d(y) — 8.63 + (d(y) — 2)% +(d(z) - 1)% > 2.55

Further, M'(w) > d(w) — 8.63 + (d(w) — 2)%¥ = 2.11.

Now we assume that x and y have no other 9™ -neighbors distinct from z or y. By Lemma

2.1.20, for each vertex w € {z,y}, w is adjacent to d(w)—3 11-vertices z such that z has at
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(VD)

most three 8 -neighbors and one 10"-vertex u having at most d(u) — 10+ 2 8 -neighbors.

Since 15’7 < 257 w receives at least (d(w) — 3)23—37 + 1737 from its neighbors. Therefore
2.37 18.96
M'(z)+M'(y) > d(z)+d(y) —17.26+ 1.37+(d(3:)+d(y)—6)T =-3. 26+? > 2.55.

Now we assume d(x) =5 and d(y) = 9.

If y is adjacent to a 9~ -vertex other than x, then by Lemma 2.1.16 (taking £ = 0,d =
5,5 =9), = has four 11-neighbors, each of which is adjacent to ten 9"-vertices. Hence we

have
0.37
M’(x) + M’(y) = M'(x) >5—8.63+ - +4 x 2.37 > 5.85.

Now assume that y is adjacent to only one 8 vertex, which is z. Since d(y) = 9, by
Lemma 2.1.20, except the neighbor y, either x has three 11-neighbors each of which is
adjacent to at most two 8 -vertices and one additional 10" -neighbor distinct from y with
at least 11 — 5+ 1 = 7 11-neighbors; or z has two 11-neighbors each of which is adjacent
to at most two 8 -vertices, one 10-neighbor which is adjacent to only one 8 -vertex,
and one 11-neighbor which is adjacent to at least 7 11-vertices. Note min{@, 1.37} +

: 237 137\ _ 2.37 1. 37
min{ 5°%, {52} = Z5- + Therefore

2.37 237 137
M'(z) + M'(y) = M'(x) > 5—8.63+0.37 + 2 x 5 T T3 > 0.75.

It is obvious ng > 1. By Lemma 2.1.20, y has seven 11-neighbors each of which is adjacent
to at most one 97 -vertex distinct from = and y. Since d(z) = 5, there must be such an
11-vertex which is nonadjacent to x and thus has at least nine 10" -neighbors. Therefore

n1o0 + n11 > 10.

Let x be a 5-vertex with five 10" -neighbors. Then M'(x) > 1.295.
Let y € N(z) such that & = d(y) — dg- (y) — 7 is the minimum among all neighbors of x.
We first consider the case when k < 1. Then dg-(y) > 2 if d(y) = 10 and dg-(y) > 3

if d(y) = 11. Note 8 < 2A — (5 + A) + 2. By Lemma 2.1.16 (taking ¥ < 1, d =5
and s = d(y)), © has 5 — k — 1 = 4 — k neighbors, each of which is adjacent to at least
10 — k (10 — k)*-vertices. Denote the set that contains such neighbors of x by A; and let
As = N(z)\ A1. Thus |A1] > 4 — k and \A2| <1+ k. Then we have

—863  §~ d(2) ~8.63
S (2)

M'(z) > 363+Z R )

zEA zEA2

Let z € As. Then dg-(z) < d(z) —k — 7 by the choice of y. Since k < 1 and d(z) > 10, we

have
d(z) — 8.63

d(z) — 8.63 < 1.37
dsf(z)

d(z)—k—7"3—k

>
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(VII)

Let z € A;. Since k < 1, we have

d(z) ~8.63 _ d(z) —863 _ 2.37

> .
dg—(z) ~d(z)—10+k — 1+k
Since k <1 and %j’z > §3Z,We have
2.37 1.37
M(z) > -363+ (4 —k)— + (1 4+ k)——— > 1.295.
(x) AR R

Now we assume k > 2. Then by the choice of y, each 11-neighbor has at most two 8-
neighbors, each 10-neighbor has only one 8 -neighbor. Since dii(z) > 2 and djo(x) +
dy1(z) = 5, we have

2.
M/({L') > —-3.63 + 1.37d10(3§) + %du(l’) > 2.295.

Let x be a 6-vertex with six 9*-neighbors. Then

(VII-1) M'(z) > 2 if x has a neighbor z such that dg-(z) > d(z) — 7 if d(z) < 10 or
d7-(z) > 4 if d(z) = 11 or x has three 9-neighbors.

(VII-2) Otherwise M'(z) > —2.63+0.37dy(z) + 137 dyo(x) + 227 dy1 (z) > 0.006. Moreover,
if no neighbors of z is adjacent to an 8-vertex, then M'(z) > 1.165.

By Lemma 2.1.7, each neighbor u of x sends at least d(u ()u)g 53 o z. Note 05’7 < 12’7 <% 37

If = is adjacent to three 9-vertices, then by Lemma 2.1.16 (taking k = 0, d =9 and s = 6),
x has three 11-neighbors, each of which is adjacent to at least nine 11-vertices, and the
9-vertices have no 8 -neighbors other than 2. Hence we have M'(z) > —2.63 4+ 0.37 x 3+
23T % 3 = 2.035.

Now we assume that = has a neighbor z such that dg—(z) > d(z) — 7 if d(z) < 10 or
d;-(z) > 4 if d(z) = 11. By Lemma 2.1.16 (taking £ < 1, d = 6 and s = d(z)), = is
adjacent to at least 6 — k — 1 > 4 10T -vertices, each of which is adjacent to at least nine
9*-vertices. Since 257 < 1.37, we have M'(z) > —2.63 + (Z() )863 + 037 + 23T x4 > 2.
This proves (VII-1).

To prove (VII-2), by (VII-1) we assume that = has at most two 9-neighbors, each 9-neighbor
of z has only one 8 -neighbor, each 10-neighbor of x has at most two 8 -neighbors, and

each 11-neighbor has at most three 7~ -neighbors.
Thus we have M'(z) > —2.63 + 0.37dy(z) + 23 dyo(z) + 22%d;1(z) > 0.006.

If no neighbors of x is adjacent to an 8-vertex, then each 11-neighbor of z is adjacent to
at most three 8 -neighbors. Thus M’(z) > —2.63 + 0.37dg(z) + L3d1o(z) + %dn(x) >
—2.63 + min{2 x 0.37 + 1 x 137 43 x 237 4 x L3T 4 9 x 237} = 1 165.
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(VIII)

(IX)

Let = be a T-vertex with seven 8"-neighbors. Then M'(z) > 1.5 if z has a 9-neighbor
which is adjacent to two 8 -vertices distinct from x or if x has two 8-neighbors; otherwise
M'(z) > —1.63 + %%dy(x) + L2%d1o(2) + 287dy1 (x) > 0.295. In particular, if diy(z) > 5,
then M'(z) > 0.53.

If x has two 8-neighbors, then by Lemma 2.1.16 (taking ¥ < 1, d = 8 and s = 7), x is
adjacent to four 10" -vertices, each of which is adjacent to at least eight 10" -vertices. Since

d11(x) > 11 — 8+ 1 = 4, at least three of such neighbors are 11-vertices. Hence we have
M'(z) > —1.63 + min{ 237 x 4, 257 x 3 4 137 4 257} — 1 53,

If z has a 9-neighbor y which is adjacent to two 8 -vertices distinct from x, then by
Lemma 2.1.16 (taking k < 1,d = 7,s = 9), we have that z is adjacent to five 10" -vertices,
each of which is adjacent to at least eight 10T -vertices. Since dy;(z) > 3, at least two of
such neighbors are 11-vertices. Thus M'(z) > —1.63 4 %37 4 13T » 3 4 %37 X 2> 1.5.

Now we assume that each 9-neighbor of x is adjacent to at most one 8 -vertex distinct

from z and x has at most one 8-neighbor. Thus

0.37 1.37 2.37
M'(x) > =1.63 + —=do () + —=dio(z) + —=du (x).

If dq1(z) > 5, then since = has at most one 8-neighbor, we have

0.37 2.37
M'(z) > -1.63+ —— x 1+ —— x 5=0.53.
2 6

If dq1(z) = 4, then since = has at most one 8-neighbor, we have

. 2.
M'(z) > —1.63 + g X 2+ % x 4 =0.32 > 0.295.

If di1(x) = 3, then z has no 8-neighbor. Thus

0.37 2.37
M'(z) > —1.63 + % 4+ 5 * 3 =0.295.

If dq1(z) = 2, then dio(z) = 5 and thus

1.37 2.37
M'(x) > —1.63 + —= x 54+ == x 2= 0.53.
Let x be an 8-vertex with eight 7*-neighbors. Then M’'(z) > 2.53 if z has three 8 -
neighbors; otherwise M'(z) > —0.63 + %dg(£) + %dlo(az) + 2'—$’7d11(x) > 0.75. In

particular, if 2 has a 7-neighbor, then M'(x) > 1.06

Note that by Lemma 2.1.7, each 9T-neighbor y of z is adjacent to at least four 11-vertices
and thus sends at least to d(dy()ygf'fg to . Therefore, M'(z) > —0.63+ %37 dy(x)+ 127 dyo(2)+

2.37 0.37 1.37 2.37
lel(x). Note 5 < 6 < -
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If # has a T-neighbor, then dq;(z) > 5 and thus we have that M’(z) > —0.63 + 227 x 5 >
1.06.

Assume z is adjacent to three 8 -vertices. By Lemma 2.1.16 (taking k¥ < 1, d < 8 and
s = 8), z is adjacent to four 10T-vertices, each of which is adjacent to at least eight 107-
vertices. In this case djj(x) > 4. Hence three of such 10"-neighbors are 11-vertices and
we have M'(z) > —0.63 + min{ 237 x 4, 257 x 3 4 LIT 4 237} — 9 53,

If 2 has an 8-neighbor and has at most two 8 -neighbors, then dj;(z) > 4. Thus M'(z) >
—0.63 + 237 x 24 237 x 4 > 0.87.

If  has no 8 neighbor, then either di;(z) = 2 and djp(z) = 6 or dyi(x) > 3. Thus
M'(z) > —0.63 + min{ %37 x 54 237 x 3, 137 x 6 4+ 237 x 2} > 0.75.

2.2.2 Main Theorem

Theorem 2.2.1. Let ¥ be a surface of characteristic x(X) € {—6,—7}. Then A(X) = 10.

Proof. First we show that there is a class two graph of maximum degree 10 can be embedded
in a surface of characteristic x(X) € {—6, —7}.

Consider a surface 3 of characteristic —6. By [14], Ko can be embedded on the surface ¥
and such an embedding has twenty seven 3-faces, one 4-face and one 5-face. Here we use the
same labels {0,1,2,3,4,5,6,z,y, 2z} for vertices of K19 as in [14] and a 3-face of the embedding
has a facial walk 054, the 4-face has a facial walk yx05, and the 5-face has a facial walk 401xz.
We construct G from Kig by deleting the edge 04, which creates a 6-face with facial walk 542210,
and then adding a vertex v and edges v5,v4,vz, vz, vl,v0 in the 6-face of the embedding and
adding the edge Oy in the 4-face. Then G has maximum degree 10 with 11 vertices, 51 edges and
thus is overfull. Hence G is class two and clearly G is embedded in a surface 3 of characteristic
—6.

Now we consider a surface X of characteristic —7. Since K71; with one edge missing can be
embedded on ¥ and since K71 with one edge missing is a class two graph, we have a class two
graph of maximum degree 10 that is embedded in a surface 3 of characteristic —7.

Hence, if our theorem is not true, then there is a class two graph H of maximum degree 11
embedded in Y. Let G be a 11-critical graph that is obtained from H by deleting vertices and
edges. By [30], G that is embedded in ¥ cannot be embedded in any surface of characteristic
greater than x(X).

By Euler formula |V (G)| + |F(G)| — |[E(G)| = x(X), we have the following two equations:

> (d(z)—8.63)+ > 2(d(f) - 3) = —6x(Z) — 2.63V], (2.1)

zeV(Q) fer(G)
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n7 + 2ng + 3ng + 4nip + 5n11 = —6x(2) + 4ng + 3ng + 2ng + ns — Z 2(d(f)—3). (2.2)

feF(G)
By (I-IX), we have
0 <0.11n4 + 0.75n5 + 0.006m6 + 0.295n7 + 0.75ng < Z M (). (2.3)
zeV(Q)
By (I-IX) and (2.1), we have
0< Z M (z Y M@)< M(z) < —6x(X) — 2.63n. (2.4)

2eV (G er(G)UF(G’) 2€V(G)UF(G)

As a direct application of Proposition 2.1.2, we obtain the following:

Claim 2.2.1. ny; > 13 — 8, where § is the minimum degree of G.

Claim 2.2.2. [V(G)| =15, x(¥) = =7, and hence 3 () M'(z) < X ocv@ure) M'(z) <
42 — 2.63|V(G)| = 2.55.

Proof. By (4), it is clear that |V(G)| < 15. Hence we only need to show that |V (G)| > 15.
Suppose |V (G)| < 14. Then by Lemma 2.1.14, |V(G)| € {11,13} and the average degree of G,
g (G) > 22D — 11256 1y(G)| = 11 and dayy (G) > 2O — 1345 1y (G)| = 13. On the

other hand, by Euler formula we have dgug(G) < 6 + %. Then d,wg(G) <6+ ﬁ < 11112 if
[V(GQ)| = 11; and dgug(G) < 6—1—‘11% < 134 if [V(G)| = 13, a contradiction. Therefore, |V (G)| > 15
and thus |V(G)| = 15. By (4), no 11-cr1tlcal graph can be embedded in ¥ of characteristic —6.

Thus x(¥) = =7, and we have 0 < 3 ) M'(2) < 42 — 2.63|V(G)| = 2.55. O
Claim 2.2.3. § > 4.

Proof. Suppose to the contrary § < 3. Let x be a 37 -vertex.

If d(z) = 3, then by Lemma 2.1.9, there are four 11-vertices z in G with d<g(z) = 0.

If d(x) = 2, then by Lemma 2.1.11, every vertex with distance 2 from z is an 11-vertex which
has eleven 11-neighbors. Note that there are at least 11 — 2 = 9 vertices with distance 2 from .

In either case, there are two 11-vertices z in G with d<g(z) = 0, say z1, 22. By (I), we have
> vevic) M'(z) = M'(z21) + M'(22) = 2.37 + 2.37 > 2.55, a contradiction to Claim 2.2.2. O

Claim 2.2.4. For each edge vy € E(G), d(z)+d(y) > A+3 = 14. Further, if 5 < d(x) < d(y),
then d(x) +d(y) > A+ 4 =15.
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Proof. Let zy € E(G) with d(z) < d(y). If d(z) + d(
(II), d(y) > 9. Further, by Claim 2.2.3 and (II), d(z)
z with M'(z) = 2.37, a contradiction to Claim 2.2.2.
If d(z)+d(y) = 14 and 5 < d(z) < d(y), by Claim 2.2.2 and (V), we have d(z) = 5, d(y) =9,
ng > 1, and nyg + n11 > 10. By Claim 2.2.1, nq; > 8.
Therefore by (2.2) and Claim 2.2.3, 51 < 42 4+ n5 + 2n4. Thus ngy + n5 > 5 and n > 15, a

contradiction to Claim 2.2.2. This proves the claim. O

y) = A+ 2 =13, then by Claim 2.2.2 and
> 4 and there are at least five 11-vertices

Claim 2.2.5. § <6.

Proof. Suppose to the contrary § > 7. Then by (2.2) we have
154+ ng + 2ng + 3nig + 4n11 = 30 — n7 + ng + 2n19 + 3n11 = ny + 2ng + 3ng + 4nqg + dnqp < 42.

Thus ny11 < 6. If ny = 0, then we have 45 — ng + nig + 2n11 < 42, which implies ng # 0. By
Claim 2.2.1, n17 > 5 and we have 30 + 3 x 5 < 30 4+ 3nq1 < 42, a contradiction.

Thus n7 # 0 and by Claim 2.2.1, ny; > 13—7 = 6. Hence n1; = 6 and 39+ ng+2ng+3nyg <
42. Thus ng + n1g < 1 and ng + ng + n1gp < 3. Since n = 15, ny > 6.

Let x be a T-vertex. By Claim 2.2.4, x has no 7-neighbors.

Assume ng # 0, and let z be an 8-vertex. By (IX), M’(z) > 0.75. Clearly, z is either adjacent
to at least two 8-vertices or at most one 8-vertex. In the later case, we have di1(z) > 5 due to
ng + nio < 1. Hence in any case, by (VIII), we always have M'(z) > 0.53, which implies that
3.93=0.75+6x0.53 <} oy M'(v) <2.55, a contradiction.

Now we assume ng = 0. Since ng + nig < 1, di1(z) > 6. By (VIII), M'(z) > 0.53. Hence,
318=6x053<> M'(z) < 2.55, a contradiction. Hence our claim is true. ]

Claim 2.2.6. G is a triangulation.

Proof. Since ny = 0 by Claim 2.2.3, by our discharging rules, we have

S M@= Y M@+ Y. M@).
z€V(G)UF(G) zeV(G) z€F(Q)
Suppose that G is not a triangulation. Then by Claim 2.2.2, all faces of G are 3-faces except
one that is a 4-face and thus we have }> /() M'(z) < 0.55. Hence by (IV), (VI) and (IX), we
have ngy < 5 and n5 = ng = 0. Since ng = 0, ng = 0 by (VII). Thus by Claims 2.2.3 and 2.2.5
d =4 and by Claim 2.2.1 ny; > 13—4 =9. By (IV) and (VIII), we have 0.11n4+0.295n7 < 0.55
and thus ny < 1. Assume ny = 1 and let x be the 7-vertex. Since n; = ng = ng = 0, we
have that each 10T -vertex is adjacent to at most three 7~ -vertices. Note by Lemma 2.1.7 either
di1(xz) > 3 or dip(x) =5 and dy11(x) = 2. Hence by (R1), it is easy to check that M’(z) > 0.55,

a contradiction. So, ny = 0.
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Thus by (2.2), 3ng + 4n1g + 5n11 < 40 + 2ny4. Since ny; > 9, we have ng > 3. By (IV),
M’'(x) > 0.11 for each 4-vertex z and thus 0.11n4 > 0.33. By Claim 2.2.4, no 4-vertex is adjacent
to any 9-vertices. Hence if there is a 9-vertex z € G, we have M'(z) = 0.37. Thus if ng # 0,
then > v (g M'(z) = 0.11ng + 0.37Tng > 0.55, a contradiction. Therefore ng = 0. Since the
degree sum is even and the only vertices of odd degree have degree 11, it follows that niy is
even. Thus ny; > 10. Since 50 4+ 4n19 < 4nqig + 5n11 < 40+ 2ny, ng = 5 and ny; = 10. Let x be
a 4-vertex. Then z is adjacent to four 11-vertices. By (IV), each neighbor of x is adjacent to at
most two 8 -vertices including z. Since G has only one 4-face, there is at least one neighbor of
x, say u, that is not incident with the 4-face. By Lemma 2.1.13, u is not adjacent to any other

8~ -vertices. Hence we have M'(z) > —4.63 +2.37 + 3 x 2L = 1.295, a contradiction. O

Claim 2.2.7. ngy = 0.

Proof. Suppose to the contrary ng # 0. Then by Claim 2.2.3, § = 4. Let = be a 4-vertex. Since
G is a triangulation, by Lemma 2.1.13, each neighbor of z is adjacent to only one 8 -vertex,
which is . Hence by (R1), we have M'(z) > —4.63 + 2 x 1.37 + 2 x 2.37 = 2.85 > 2.55, a
contradiction to Claim 2.2.2. O

Claim 2.2.8. n5 + ng > 4.

Proof. Suppose to the contrary ns + ng < 3. By Claim 2.2.5, n5 + ng > 1. Denote a = ns + ng,
By (2.2), we have
(5—6)a+n—a+n8+2n9+3n10+4n11 <42,

By Claim 2.2.1, n1; > 13— and by Claim 2.3.3, § < 6. If n1; > 14— 9, then from the above
equation we have
44 < —5450 <3(8 —6) +n — 3 +4(14 — §) < 42,

a contradiction. Thus nq; = 13 — 4.

If 6 = 5, then n1; = 8 and we have 41 = —6+4+15+32 < —2a+n+ng—+2ng+3nig+4ni; < 42.
From the above inequalities, ng+2ng+3n19 < 2a—5 < 1. Thus a = 3,n9 = n19 = 0 and ng < 1.
Furthermore, since —ns+(15—3)+ng+4x8 < 42, we have ng < nz—2 and thus ns > 2. By (VI),
if 2 is a 5-vertex, then M’(x) > 1.295. Hence we have 2.59 < 1.295n5 < >, M'(x) < 2.55, a
contradiction. This implies 6 = 6. Thus n1; = 13 — 6 =7 and

n —a+ng + 2ng + 3nig + 4n11 = 15 — a + ng + 2ng + 3Inqg + 28 < 42.

From the above inequalities, we obtain ng + 2ng + 3ni1g < a—1 < 2. Thus nig = 0,ng + 2ng < 2
andny; >15—-7—2—a=6—a > 3.
Let x be a 7T-vertex. By Claim 2.2.4, x has no 7-neighbors. Since ng + ng + nig < 2,

di1(x) > 5. Hence by (VIII), M'(x) > 0.53. From 0.53n7; < Y~ -, M'(v) < 2.55, it follows that

22



n7 < 4. Thus, ng = a > 2. If ng = 0, then by (VII), M’'(u) > 1.165 for each 6-vertex u and we
have ZmeV(G) M'(x) > 2.55, a contradiction. Hence ng # 0. Then ng = 0 since ng + 2ng < 2.
Since the degree sum must be even and ni; is odd, ny must be odd. Thus ny = 3. Hence from
3=mn7y>6—a >3, we have ng = 3. Since n = 15,ng = 3,n7 = 3,n11 = 7, we have ng = 2. By
(IX), for each 8-vertex v, M'(v) > 0.75. Therefore 3.09 < 3 x 0.53 +2 x 0.75 < 3\, M'(v) <
2.55. This contradiction completes the proof of the claim. O

Claim 2.2.9. n5 =0 and thus § = 6 and ng > 4.

Proof. Suppose to the contrary ns # 0. Then n1; > 13 —5 = 8 by Claim 2.2.1 and by (2.2), we
have
ny + 2ng + 3ng + 4nig + dn1y = 42 + ns.

By (VI) and Claim 2.2.4, M'(x) > 1.295 for each 5-vertex x. Since 1.295n5 < 2.55, n5 = 1. By

Claim 2.3.3, ng > 3 and furthermore we have
ny + 2ng + 3ng + 4n1g + 5nq1 < 43.

This implies n1; < 8. Thus n1; = 8 and ny +2ng+ 3ng +4n19 < 3. The above inequality implies
ng +ng < 1 and n1g = 0. Using an argument similar to the one in Claim 2.3.3, one can show
ng # 0 and M'(z) > 0.53 for each 7-vertex x. Since ng # 0, we have ng = 1, ng = nyp = 0,
ny < 1. Since ns = 1 and n5 + n7 + n11 must be even, ns = ny = 1 and ng = 4. Therefore, we
have 2.575 < 1.29540.53 +0.75 < >\, M'(x) < 2.55. This contradiction completes the proof
of the claim. O

Claim 2.2.10. ng =1

Proof. By Claim 2.2.9, ng > 4. If ng = 0, by (VI), every 6-vertex z has M'(z) > 1.165, and
thus we have )\, M'(z) > 4 x 1.165 = 4.66 > 2.55, a contradiction. Hence ng > 1. Suppose
to the contrary ng > 2.

Since 0 = 6, n1; > 13 — 6 = 7. Note that by (2.2), 5n1; < 42 — 2ng < 38. Hence we have
n11 < 7. Thus ny; = 7. Since 0.75ng < 2.55 by (2.3) and Claim 2.2.2, ng < 3.

If ng = 3, then by (2) and Claim 2.2.6,

ny 4+ 3ng +4nig =42 — 2ng — d5ny1 =42 —-6—35=1.

Thus, n7 = 1. On the other hand, by (2.3) and Claim 2.2.2, 2.569 < 0.006 x 44+0.295+0.75x 3 <
> wey M'(x) < 2.55, a contradiction. Therefore ng = 2 and thus

ny + 3ng + 4nig = 42 — 2ng — dSn1p =42 — 4 — 35 = 3.
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The above equality implies that nig = 0,ng < 1, and ny < 3. Since n = 15,n11 = 7,ng = 2 and
ng > 4, ny+ng < 2. Further, since the degree sum must be even and ni; is odd, we have ny +ng
is odd. Thus, n7 = 0 and ng = 1 since n7+3ng = 3. Let x be an 8-vertex. Then by Claim 2.2.4, x
has no 6-neighbors. Thus, dg+(2) > 7 and di1(z) > 6. By (R1), M'(z) > —0.63+ 237 x 6 > 1.4.
Thus 2.8 = 2 x 1.4 < 3 o, M'(v) < 2.55, a contradiction. This completes the proof of the

claim. ]
Claim 2.2.11. nio = Ng = 0

Proof. Suppose to the contrary ng + n1g # 0. Since § = 6, n1; > 7. Furthermore, since G is
a triangulation, from (2), we have n; + 2ng + 3ng + 4n1g + 5n11 = 42 which implies n1; = 7
and n7 + 2ng + 3ng + 4n1g = 7 since ng = 1 and n1; > 7. Solving the equality, together with
n = 15,n11 = 7,ng = 1 and ng > 4, we obtain the following possible degree sequences for G:
(6°,71,81,101,117), (64, 72,81, 91, 117).

Note that in either case, each 11-vertex z is either adjacent to a 6-vertex or is adjacent to at
most four 10™-vertices. Hence by Lemma 2.1.7, dq1(z) > 6. Since by Claim 2.2.4, no 7-vertex is
adjacent to any 7-vertex and no 8-vertex is adjacent to any 6-vertex, each 7-vertex has at least
five 11-neighbors and each 8-vertex has at least five 11-neighbors. Thus by (VIII) M'(z) > 0.53
for each 7-vertex z and M’(y) > —0.63 + 23%d;y(y) for the 8-vertex y.

If the degree sequence of G is (6°,7',8,10',117), then the 8-vertex y has at least six 11-
neighbors and thus M'(y) > —0.63 + 227 x 6 > 2.2. Therefore, > wevicyM'(z) 2 0.53+2.2 >
2.55, a contradiction.

If the degree sequence of G is (6%,72,81,91,117), then the 8-vertex y has at least five 11-
neighbors and thus M'(y) > —0.63 + 227 x 5 = 1.74. Therefore, 3",y () M'(x) > 0.53 x 2 +

1.74 > 2.55, a contradiction. Hence our claim is true. ]

The final Step.

Since § = 6, ng = njg = 0, and G is a triangulation, from (2), we have n7 + 2ng + 5nq; = 42.
Since ng = 1, ny + 5nq1 = 40. Furthermore, since n = 15, ng > 4,111 > 7, and ng = 1, it follows
that ny < 3. By n7 + 5nip = 40, n1; > 7 and ny < 3, we have ny = 0 and ny1; = 8. Thus the
degree sequence of G is (65,8, 11%). Note that any 11-vertex y must be adjacent to a 6-vertex.
Hence by Lemma 2.1.7, d11(y) > 6. Let x be the 8-vertex. Then by Claim 2.2.4, d1;(z) = 8 and
by (R1) we have M'(z) > —0.63 + 8 x %37 = 3.162 > 2.55, a contradiction. This completes the
proof of the theorem. O
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2.3 Ciritical graphs on surfaces with small minimum degrees

In this section, we will show that when the minimum degree is small, the maximum degree of a
critical graph embedded in a surface of characteristic x is at most H(x) or H(x)+ 1. Specifically

we prove the following theorems.

Theorem 2.3.1. Let G be a A-critical graph with § < % which can be embedded in a surface
with FEuler characteristic x < —8. If § <7, then

A < H(x).

Theorem 2.3.2. Let G be a A-critical graph which can be embedded in a surface with Euler
characteristic x < —8. If either 6 <6 <10 withd <A -2 o0rd=11< %, then

A < H(x)+1.

2.3.1 The minimum degree § with § <5

Lemma 2.3.3. Let G be a A-critical graph with A > 11 and 6 = 4. Assume that nao < A —1
and na—g)+ < A. Then each neighbor of a 4-vertex x has degree at least A — 1 and is adjacent

to only one (A — 3)™ -vertex which is x. Thus na_g+ = A.

Proof. Let = be a 4-vertex. Let y € N(z). Since d(y) > A —2 > 4 and na < A, by Corollary
2.1.12, we conclude that d(y) > A — 1.

First we show that each neighbor of x is adjacent to at most two (A — 3) -vertices. If
d(y) = A — 1, then by Lemma 2.1.7, y is adjacent to at most two (A — 3)~-vertices. Hence we
assume d(y) = A and y has three (A — 3) -neighbors. By Lemma 2.1.17 with k£ = 0, we have
na—1)+ = A+ 1, a contradiction.

Second we show that y has only one (A — 3)~-neighbor which is z. Suppose to the contrary
that y has another (A—3) ™ -neighbor z. Then d(z)+d(z) < A+1 and d(z)+d(y)+d(z) < 2A+1.
Thus by Lemma 2.1.7 z is not adjacent to x and by Corollary 2.1.15, |[N(2) NN (y)| < 5+d(y) —
A—-3<d(y)—A+2and |N(2)\N[y]| > d(z)—d(y)+A—2. Since d(y) > A—1 and y is adjacent
to at most two (A — 3) " -vertices, there are at least d(y) —2+1 =d(y) — 1 (A —2)7 vertices in
Nly]. If 2z has no (A — 3) neighbors, then na_g)+ > d(y) —1+d(z) —d(y) + A-2>A+1,a
contradiction. If z has a (A — 3) " neighbor, then by Lemma 2.1.7, z has at least 4 A-neighbors
and thus there are at least 4 — (d(y) — A+2) = A —d(y)+2 A-vertices in N(z)\ N[y|. Therefore
there are at least A —d(y) +2+d(y) —1 = A+1 (A —2)T-vertices, a contradiction again. This

completes the proof of the lemma. O

For the following lemma, we define the following types of A-vertices: Let V2 be the set of A-

vertices with no 5~ -neighbors, and let VA1 be the set of A-vertices with exactly one 3~ -neighbor
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and no other 5~ -neighbors. We also define nQ = |VQ| and n} = |[Vi|. Let n} = na — (nQ +n})
and VZ =Va \ (VRU V).

Lemma 2.3.4. Let G be a A-critical graph with A > 11. Then
> zev(c)ld(z) —6) =

((A—6)nA + (A =8)(na —nd) + (A—=T5)na1+ > (d(x)—6)+0.5n5 + 1.5ns;
7<d(x)<A—2
(A=Tna+(A=T75mna+ Y (d(z)—6)+0.5n5, if >4
7<d(x)<A-2
(A-Tna+(A=T5ma1+ > (d(x)—6)+05n5+ > (da(x)+0.5da—1(z) —2),
7<d(z)<A-2 d(z)=4
Zf5 > 4, n(A,2)+ < A, and na < A—1.

Proof. For each x € V() define the initial charge M (x) = d(x) — 6. Clearly, it suffices to show
the inequalities for § < 5.

We obtain a new charge M’(x) for each vertex z by the following rules:

(R1) Each vertex y € Vi sends 2 to its 3~-neighbor.

(R2) Each vertex y € V2 sends ——L_ to each 5 -neighbor.

d-_

(R3) Each (A — 1)-vertex y Sendg Q(j:l(y) to each 5~ -neighbor if ds- (y) # 0.

By the above rules, clearly, M'(y) = A —T7Tify e Vi, M'(y) = A —6ifye VI, M'(y) = A -8
ifye Vi, M'(y) > A—175ifdly) =A—1,and M'(y) = M(y) =d(y) —6if 6 < d(y) < A —2.

Let = be a 2-vertex. Then, by Lemma 2.1.11, z has 2 A-neighbors belonging to VAl. Thus
it receives 2 from each neighbor and M'(z) =2 —-6+2x 2 =0.

Let x be a 3-vertex. Then, by Lemma 2.1.8, z has at least 2 A-neighbors with no other
57 -neighbors and so x receives 2 from each of them. Let y be the third neighbor of z. If
d(y) = A — 1, then by Lemma 2.1.11, y has no other 5 -neighbor and thus sends 0.5 to x.
Otherwise, by Lemma 2.1.7, y has at most one other 5~ -neighbor and thus sends at least 0.5 to
x. Hence M'(z) >3—-64+2x2+0.5=1.5.

Let x € V4 U V5.

(I) Assume that z is adjacent to a vertex 2’ with d(z)+d(z') = A+2. Then, d(2') > A—3 > 8
and by Lemma 2.1.11, x has d(x) — 1 A-neighbors, each of which is adjacent to only one 5 -
vertex. Thus x receives 1 from each neighbor other than 2’ and M'(z) > d(z) — 6+ d(z) — 1 =
2d(x) —7>1.

(IT) Assume that x is adjacent to a vertex y, such that d(y) > A —1 and y has d(y) +d(z) —
A — 2 neighbors other than x of degree at most A — 4. Then, by Lemma 2.1.16-(2) (taking
k = 0), all remaining neighbors of # have degree A and have no (A — 2)"-neighbors other than
x. Thus, M'(z) > d(z) —6+d(z) —1 > 1.

Case 1. d(x) = 4.
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By (I) and (II), we may assume that x has four (A—1)"-neighbors, with each (A—1)-neighbor
adjacent to only one 5~ -vertex, and each A-neighbor adjacent to at most two 5~ -vertices. Thus
by (R1) and (R2) each neighbor of z sends at least 3 to x. Therefore M'(z) > —2+4 x $ = 0.

In particular, if na_g)+ < A and na < A — 1, then by Lemma 2.3.3, = has four (A — 1)*-
neighbors and each has only one 5 -neighbor. Thus each (A — 1)-neighbor sends % to x and
each A-neighbor sends 1 to z. Therefore we have M'(z) > —2 + 0.5da—1(z) + da ().

Case 2. d(x) = 5.

If 2 has a (A—2)-neighbor, then by Lemma 2.1.10, z has three (A—1)*-neighbors z such that
z is adjacent to (A —2) 6 -vertices and thus z sends § to z. Hence M'(z) >5—6+3x 1 =0.5

If x has a (A—1)-neighbor y with two 5~ -neighbors, then by Lemma 2.1.16-(2) (taking k = 1),
x has three (A — 1)*-neighbors with at least A — 2 neighbors of degree at least A —2. By (R1)
and (R2), each of these neighbors sends at least 1 to « and we have M’(z) > 5—6+3 x 3 = 0.5.

Finally we assume that each (A — 1)-neighbor of z is adjacent to only one 5~ -vertex and
thus sends % to x. Note that by (II) each A-neighbor is adjacent to at most three 5~ -vertices
(including x) and thus sends at least % to x. Therefore M'(z) >5—6+5 x % = % > 0.5. O

Theorem 2.3.5. Let G be a A-critical graph with A > 11 which can be embedded in a surface
with Euler characteristic x. If § <5, then A < H(x).

Proof. 1t is sufficient to show the following inequality by Lemma 2.1.19:

A?—TA< Y (d(z) - 6).
zeV(G)

Suppose to the contrary A% — 7A > > zev(c)ld(z) —6).

Claim 2.3.1. § > 4.

Proof. Assume that 6 € {2,3}. Let x be a d-vertex. Then, by Lemmas 2.1.11, 2.1.8, and 2.1.9,
x has a A-neighbor with no other (A — 2)~-neighbors, and there are at least A — 4 — L%J
A-vertices z with distance 2 from z that have no (A — 3)~-neighbors. Thus, na_g)+ > A +1,
na—1)+ = A, and n% >A—4— L%j Note that the lower bound on n& can be improved if
§=2 Let s=1if§=2and s =0if § = 3. Then, nQ > A —4— L%J + 4s. Additionally,

ng > 1 —s. From Lemma 2.3.4, we have

D (@) =6) = (A—6)n]d + (A —8)(n@a g+ —nA)+1.5(1 —s)

veV
A—-1 A—-1
> (A-6)(A—4-— LTJ+48)+(A—8)(5+LTJ —4s)+1.5(1 —s)
> A2—7A—|—43A—863—|—6.53

> A2 —T7A.
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This contradiction completes the proof of the claim. O
Claim 2.3.2. na <A —1and na + na_1 +na_o < A.
Proof. Suppose to the contrary na > A. By Lemma 2.3.4, we have
> (d(z) = 6) = (A=T)A = A —T7A,
zeV(Q)

a contradiction. Hence na < A — 1.
Suppose to the contrary na + na_1 +na_o > A+ 1. Since § < 5 and nao > A —d+ 2 by
Proposition 2.1.2, we have na > A — 3. By Lemma 2.3.4, we have

Y (dx)=6) = (A-T)(A=3)+4A-8)=A*—TA+ A —11>A* - TA,
z€V(G)

a contradiction again. Hence nao +na_1 +na_o < A. L]

Claim 2.3.3. The following hold:

(1) d(x) + d(y) > A+ 3 for any two adjacent vertices x,y with d(z) < d(y).

(2) Let x be a vertex with d(x) € {4,5}. Then each A-neighbor of z is adjacent to at most
d(x) — 2 vertices with degree at most A — d(z) + 2.

Proof. (1) If d(z) + d(y) = A + 2 and d(z) < d(y), then by Corollary 2.1.12, na > A, a
contradiction to Claim 2.3.2.

(2) If y is adjacent to at least d(y) + d(x) — A — 1 vertices with degree at most 2A — (d(x) +
d(y)) + 2, then by Lemma 2.1.17 with k = 0, n(a_1)+ > A +1, a contradiction again. O

Claim 2.3.4. § = 5.

Proof. Suppose to the contrary 6 < 4. Then § = 4 by Claim 2.3.1. Let = be a 4-vertex.
By Claim 2.3.2 and Lemma 2.3.3, we have nao + na_1 +na_2 = A and na < A — 1. Note
na>A—4+42=A-2and da_1(x) + da(xz) = 4. Thus

(A=T7)(A=2)+(A—7.5)da_1(z) + (A —8)(2—da_1(x)) +0.5da_1(2) +da(x) —2 = A2~ TA.

By Lemma 2.3.4,
> (d(z) —6) = A~ TA.

zeV(Q)

This contradiction implies § = 5. O

Claim 2.3.5. Let x be a 5-vertez and y be a A-neighbor of x. Then y has at most three (A—3)~ -
neighbors and has only one (A — 4)~ -neighbor which is x. Thus nn > A — 3, na—2+ > A —2
and na—z)+ > A.
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Proof. By Claim 2.3.3, y has at most three (A — 3) -neighbors. Note that there are at least
A — 3 A-vertices and an additional (A — 2)"-vertex in N[y].

Now we show that y has only one (A — 4) -neighbor. Suppose to the contrary that y has
a (A — 4) -neighbor z # . Then z is not adjacent to x and d(z) + d(y) + d(z) < 2A + 1. By
Lemma 2.1.15, [N(2) N N(y)| <2 and |[N(2) \ N[y]| > d(z) — 3.

If z has a (A — 5) -neighbor, then by Lemma 2.1.7, z is adjacent to at least six A-vertices.
Since |[N(z) N N(y)| < 2 and y € N(z), there are at least three A-vertices not in N[y]. Thus
na > A, a contradiction to Claim 2.3.2. Hence every neighbor of z has degree at least A — 4.

Assume that z has a (A — 4)-neighbor 2’. If d(z) < 6, then by Claim 2.3.3-(1), d(z') >
A+3—6 > A—4, acontradiction. Thus d(z) > 7 and by Lemma 2.1.7, z is adjacent to at least
five A-vertices. Since |[N(z) N N(y)| <2 and y € N(z), there are at least two A-vertices not in
Nly]. Thus na > A —1, na_gy+ > A, and na_g+ > A+ 1. By Lemma 2.3.4,

> dw)—6)=(A-T)(A-1)+(A-8)+(A-10)=A7—TA+A - 11> A* —7A,

veV(G)
This contradiction implies that z has no (A—4) -neighbor. Denote t = max{A—3, A+3—d(2)}.
Then each neighbor of z has degree at least ¢t. If d(z) > 6, then t = A — 3. Otherwise, d(z) =5
and t = A — 2. Since A > 11, (d(z) — 3)(t — 6) > min{3(A —9),2(A —8)} = 2(A —38).
If ns > 6, by Lemma 2.3.4,
> (d(v) = 6) = (A= T)(A=3)+ (A —8)+2(A—8)+0.5n; > A —7A.
veV(G)
If ng <5, since A > 11, by Euler’s formula,
> (dw)—6) = (A-6)(A—3)+(A—8)+2(A—8)—n; =A?—TA+ A —11 > A* —7A.
veV(G)

In either case, we obtain a contradiction. This completes the proof of the claim. ]
Claim 2.3.6. n5 > 3.

Proof. Suppose to the contrary ns < 2. Since A > 11, by Claim 2.3.5, }_ v (d(z) — 6) >
(A—6)(A—3)+(A—8)+2(A—9)—n5 > A% —-TA+A—-8—-2> A% —-T7A, a contradiction. [

Claim 2.3.7. Let y be a (A — 1)-vertex adjacent to a 5-vertex x. Then y has exactly one
(A — 3)~ -neighbor which is x.

Proof. Assume first that y has two (A —3) -neighbors in addition to z. Then, by Lemma 2.1.17
with & = 0, since d(y) < A — k, na > A, a contradiction to Claim 2.3.2. Now, assume that y
has one (A — 3) -neighbor other than z. By Lemma 2.1.17 with k£ = 1, since d(y) > A — k,
we have na_p+ > A. Together with ns > 3 and na > A — 3, by Lemma 2.3.4, we have
Svey (@) —6) > (A=3)(A=T7)+3(A—75)+3x0.5=A%—-TA, again a contradiction. [J
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Claim 2.3.8.
(A=Tna+(A=75ma 1+ (A=8naa+ > (d(z)—6)+2n5 < Y _(d(u) —6).
7<d(z)<A-3 uev

Proof. Tt suffices to show that in Lemma 2.3.4, M'(x) > 2 for each 5-vertex x. By Claim 2.3.5
and (R2) in the proof of Lemma 2.3.4, each A-neighbor sends 1 to z. By Claim 2.3.7 and (R3)
in the proof of Lemma 2.3.4, each (A — 1)-neighbor sends 0.5 to x.

If x has three A-neighbors, then M'(z) > —1+ 3 = 2. If x has only two A-neighbors, then
by Lemma 2.1.7, the remaining three neighbors of x are all (A — 1)-vertices, and so M'(z) >
—1+2+3x0.5>2. O

The final step. By Claim 2.3.5, na > A — 3, nia_g)+ > A — 2 and na_3+ > A. And by
Claim 2.3.6, ns > 3. Thus by Claim 2.3.8,

S (d(@) —6) > (A —T)(A—3) + (A —8) + 2(A —9) +2n5 > A2 = TA =5+ 2n5 > A2~ TA,
zeV

This contradiction completes the proof of the theorem. ]

2.3.2 The minimum degree § with 6 <46 <7

Theorem 2.3.6. Let G be a A-critical graph with minimum degree 6 < 6 < 7 embedded in a
surface with Euler characteristic x < —8. If § < %, then A < H(x).

Proof. By Lemma 2.1.19, it suffices to show A2 —7A < —6y. Suppose to the contrary A?—7A >
—6x. Then by Lemma 2.1.19, ZUeV(G)(d(v) —6) < —6x < A2 — 7A. Since y < —8, we have
A > 12. Let xy € FE with d(z) = ¢ and d(y) = A. Then, by Lemma 2.1.26, y has at most 6 — 4
(A — 0 4 2)"-neighbors (not including ).

Claim 2.3.9. na_3+ <A -1 and npo_g)+ <A —2.

Proof. If niao_g)+ > A, then by Lemma 2.1.19,

S (d(0)=6) > (A+4)(0—6)+(A—5+2)(A—8)+(9—2) (A—3-0) = A2-TA+A+I—18 > AZ-TA,
veV(G)

If n(a—9)+ > A —1, then by Lemma 2.1.19 again,

D (d(v)=6) = (A+4)(6—6)+(A—6+2)(A—0)+(6-3)(A—2—-6) = A’—TA+36—18 > A*-TA.
veV(G)

In either case we obtain a contradiction and thus prove Claim 2.3.9. O

The following claim follows from Lemma 2.1.25 since A > H ().
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Claim 2.3.10. d(u) + d(v) > A +4 for any two adjacent vertices u and v.

Claim 2.3.11. For each path zuz, d(x) + d(u) + d(z) > 2A + 2.

Proof. Suppose to the contrary there is a path zuz such that d(z)+d(u) +d(z) < 2A+1. Then
d(z) <2A — (d(x) + d(u)) + 1.

First, we show that d(u) > A 46 —§. Suppose to the contrary that d(u) < A+5—4. Then
we have d(z) + d(u) < A+5 and d(u) < A. Since d(z) < 2A — (d(x) + d(u)) + 1, u has at
most two (2A — (d(u) + d(z)) + 2) T-neighbors besides the A — ¢ + 1 A-neighbors guaranteed by
Lemma 2.1.7, a contradiction to Lemma 2.1.26-(ii) (with & < 2). Thus d(u) > A+ 6 — 0.

Since d(u) > A + 6 — §, we have that d(z) < 2A — (A +6) +1 = A — 5. Further, since
dz) +d(z) <64+ A -5 < A+ 2 by Claim 2.3.10, z is not adjacent to z. We may then
apply Lemma 2.1.15. Denote s = d(u) and ¢t = d(z). Then by Lemma 2.1.15, [N (z) \ N[u]| >
t— 0 — s+ A+ 2. Note each neighbor of z has degree at least A +4 — ¢t by Claim 2.3.10.

Next, we show that 6 > 7. Assume that § = 6. Then, d(u) = A. By Lemma 2.1.26
(with k£ < 1), u has at most 3 (A — 4) -neighbors (including ). We then have |N[u] N Va| >
A — 4 and |N[u] N Via_3)+| > A — 2. Thus from N[u] we have a contribution of at least
(A=4)(A=6)+2(A—=9) to 3 cv(g(d(v) —6). From N(z) \ N[u], we have a contribution of
at least (t—6)+ (t —4)(A+4—t—6); since 6 < ¢t < A —5, this is minimized when ¢ = 6. Thus,

we have

> (d) —6) > A% —8A+6+2(A —8) = AT —TA+A - 10> A* —7A,
veV(G)

Now we assume that d(z) = 6 = 7, which implies A > 13. Assume d(u) = A — 1. Then
d(z) < A —5. By applying Lemma 2.1.26 with k& < 2, one can conclude that u has exactly two
(A — 4)~-neighbors, x and z. Hence [N[u] N VA| > A — 6 and |[N[u] N V(a_z)+| > A — 2. Thus
from Nu] we have a contribution of (A —6)(A —7) 4+ 4(A —10) to Yy (d(v) — 6). From
N(z)\ N[u], we have a contribution of at least (t —7) + (t —4)(A +4 —t — 7); this is minimized
when either ¢t =7 or t = A — 5 for a contribution of at least 3(A — 10). Thus,

D (d(v) = 6) = (A+4)(7T—6) + A = 9A + 2+ 3(A - 10) = A® = TA + 2A — 24 > A® — TA
veV

This contradiction implies d(u) = A and thus d(z) < A — 6. By Lemma 2.1.26 with
k < 1, u has at most 4 (A — 5) -neighbors (including z). Thus N[u] contributes at least
(A=5)(A—=T7)+2(A—11) to Y ¢y (d(v) — 6). We then have Y i (d(v) —6) > (A+4)(7 -
6) + (A —5)(A —T7) +2(A —11) = A% — 9A + 17 by considering n > A + 4 and N[u]. This
implies that the vertex z and the at least ¢ — 5 vertices in N(z) \ N[u| can contribute at most
2A — 18 to the sum.
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First, assume that z has a A-neighbor outside of N[u]. Thus N|[z] \ N]u| contributes to the
sum at least (t —7) + (A —7) 4+ (t —6)(A+4 —t —T7); this is minimized when ¢t = 7 and thus
we have a contribution of at least 2A — 17. This contradiction implies that N(z) N Va C Nu].
Thus, da(z) < 5, and by Lemma 2.1.7, we have d(z’) > A — 4 for each 2’ adjacent to z. Then
N|[z]\ N[u] contributes at least (t —7)+ (t —5)(A—4—7). If t > 9, we then have a contribution
of at least 2 +4(A —11) > 2A — 17. Thus, ¢t € {7,8}.

Assume ¢t = 8. If every neighbor of z in N(z) \ N[u] has degree at least A — 3, then the
contribution of N[z] \ N[u] is at least (8 — 7) +3(A —3 —7) > 2A — 17. Hence there is a
neighbor 2’ of z with degree at most A — 4. By Lemma 2.1.26 (with k£ < 1), we have all other
neighbors of z have degree at least A — 2, which implies that N[z] \ N[u] contributes at least
8=T7)4+2(A—-9)+ 1(A—11) > 2A — 17, a contradiction.

Now we assume ¢ = 7. Then z has at least 2 neighbors outside of N[u], both of which
have degree at least A +4 — 7 = A — 3. Note that by symmetric reasoning, x has at least 2
neighbors outside of N[u]. If |[(N(z) UN(z)) \ N[u]| > 3, then these vertices contribute at least
3(A—3—7)>2A —17 to the sum, a contradiction. Thus N(z)\ N[u] = N(z) \ N|[u]. Hence if
w € N(z)\ Nu|, then we have a path zwz with d(x) +d(w)+d(z) < 2A+ 1, which implies that
d(w) > A+6 —0 > A — 1. Therefore these vertices contribute at least 2(A —1—7) > 2A — 17

to the sum. This contradiction completes the proof of the claim. ]

Claim 2.3.12. (1) 6 =7 and thus A > 13.
(2) n > 8717.

Proof. (1) Suppose to the contrary § = 6. By Lemma 2.1.26-(i) (with k£ > 2), y has additional

two (A — 3)*-neighbors in addition to the (A — 5) A-neighbors guaranteed by Lemma 2.1.7.

Thus together with Claim 2.3.11, y has (A—3) (A—3)"-neighbors and A—1 (A—4)*-neighbors.

So including y, n(a_g)+ > A —2 and na_g)+ > A. Hence

A?—TA > —6x > Y (d(u) —6) > (A—6)(A—4)+2(A—9)+2(A—10) = A*—TA+ A — 14,

ueV

and we have 12 < A < 13. This implies A? — TA is always a multiple of 6, thus A? — 7TA >

—6x4+6 > A2—7TA+A—144+6 > A>—7A, a contradiction. Therefore § = 7 and A > 25—1 = 13.
(2) Since A > 13, by Claim 2.3.11, no two 7-vertices have a common neighbor and so

n > 8nry. L]

The final step. By Claim 2.3.10, each A-neighbor of x has A — 1 (A — 5)"-neighbors. By
Lemmas 2.1.7 and 2.1.26 (with k& < 1), among these vertices there are A — 6 A-vertices and
additional two (A — 4)T-vertices. Thus we have

D (dw) —6) =n+ (A=5)(A=T7)+2(A—11)+3(A—12) = A = TA 4+ n — 23,
veV
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(@) —6) = 2m+ Y (d(v)—8)

> 2(A+4)+ (A=5)(A—-8)+2(A—-12)+3(A—13) -2
> A2 T7TA+A-1T.

This implies A < 16. If A € {13,15,16}, A2 — 7A is a multiple of 6 and thus
A2—TA> —6x+6>A2—TA+A-17T+6> A2 —T7A.

This contradiction implies A = 14. By Claim 2.3.11, no 7-vertex shares a common neighbor
with an 8-vertex. Thus if ng # 0, then n > 9 + 8ny.

If ng # 0, then ny = 1 since n < 22. By Claim 2.3.10, each neighbor of an 8 -vertex is a
(A —4)*-vertex. Thus na_ysy+ > 15 = A + 1. Therefore

D (d(v) —6) = 2(A+4)+ (A —5)(A—8) +6(A—12) —1=101>98 =A% T7A,
veV
If ng = 0, then ny < 2. Thus we have
D (d(v) = 6) > 3(A+4) + (A —5)(A—9) +2(A — 13) + 3(A — 14) =2 =99 > 98 = A® — 7A,
veV

In either case we obtain a contradiction.

This contradiction completes the proof of the theorem. O

2.3.3 The minimum degree § with 8 <¢§ <11

Theorem 2.3.7. Let G be a A-critical graph with 6 < § < 10 and 6 < A — 2 which can be
embedded in a surface with Fuler characteristic x. Then, A < H(x) + 1.

Proof. By Lemma 2.1.19 it suffices to show > . (d(u) — 6) > A% — 9A + 8. Let z be a 4-
vertex and y be a A-neighbor of . By Lemma 2.1.26, we may assume that y has at least 4
(A — 6 + 2)*-neighbors in addition to A —§ + 1 A-neighbors. Then

D (dw) —6) = (A+4)(5—6)+(A—35+2)(A—5)+4A—5+2-05)
ueV
= A2 - 5A 4+ 6% - 60 — 16.

If § <9, we then have Y, .\ (d(u) — 6) > A% — 9A + 8. Thus we may assume that § = 10.
By Lemma 2.1.26-(iii), we may further assume that y has at least four (A — 7)*-neighbors in
addition to (A — 9) A-neighbors. Hence in NJy|, there are (A — 8) A-vertices with additional
four (A — 7)*-vertices. Thus

D (d(u) —6) > A% —6A 4+ - 66— 16+ 4= A" —9A+8+20 — A,
ueV
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The above inequality implies that we may assume A > 21 and thus 10 < % By Lemma 2.1.26-

(iii) again (k > 5), there is one more additional (A — 7)"-vertex and we have

D (d(u) —6) > A —9A +8+20— A+ A =710 > A* - 9A + 8.
ueV

This completes the proof of the theorem. O

Theorem 2.3.8. Let G be a A-critical graph with minimum degree § = 11 < % which can be
embedded in a surface with Fuler characteristic x. Then, A < H(x) + 1.

Proof. By Lemma 2.1.19 it suffices to show —6y > A% — 9A + 8. Suppose to the contrary
—6x < A? —9A + 8. By Lemma 2.1.19, 3>/ (d(v) — 6) < —6x < A% — 9A + 8.
Let = be a §-vertex and y be a A-neighbor of . By Lemma 2.1.26, we may assume that y has
at least five (A —8)T-neighbors in addition to (A —10) A-neighbors guaranteed by Lemma 2.1.7.
Assume that y has a neighbor z # x with d(z) < A — 10. Then, x is not adjacent to z and
d(z) +d(y) +d(z) <2A +1. Let d(z) = t. Then by Lemma 2.1.15, [N(z) \ N[y]| >t —9. By
Lemma 2.1.25, every neighbor of z has degree at least A 4+ 6 — ¢t. Thus we have

Z(d(u) —6) > (A+4)(11-6)+(A—=9)(A—=11)+5(A=19)+ (t—11)+(t—9)(A+6—t —11).
ueV
This sum is minimized when ¢ = 11 and thus we have Y, (d(u) —6) > A2—9A+8+A —16 >
A? —9A +38.

Now we assume that every neighbor of y other than z has degree at least A — 9. Then,

na > A =9, na_g+ > A =4, na_g+ > A and we have

> (d(u) = 6) > 5(A+4) + (A —9)(A—11) +5(A — 19) + 4(A — 20) = A* — 9A + 8+ 3A — 64.
ueV

Thus A < 21. Since A > 21, we have A = 21. Since A? — 9A + 8 = 260 > —6y, we have
A? —9A +8 > —6x + 2. Therefore,

A —9A+8> ) (d(u) —6) +2> A —9A +8+3A — 62 =A% —9A + 8+ 1.

ueV
This contradiction completes the proof of the theorem. ]
2.4 Surfaces with Euler characteristic y € {—53,..., -8}

In this section, as an application of the results in Sections 2.3.1, 2.3.2 and 2.3.3, we will show

the following theorem.
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Theorem 2.4.1. Let ¥ be a surface with characteristic x(X) € {—53,...,—8}. Then

A) < H(x(%)), if x(3) € {—22,-21,-20,—18,-17,—-15,..., -8}
B H(X(E))+1v ZfX(Z) € {_53a 7_237_19¢_16}‘
Proof. DenoteI" = H(x(X)) if x(¥) € {-22,—-21,-20,—18,—-17,—15,...,—8}and I' = H(x(X))+

1if x(3) € {-53,...,23,—19,—16} and x = x(X). Then I' > 11. Suppose to the contrary that
our theorem is not true. Then there is a class two graph B of maximum degree A > I embedded
in a surface ¥ of characteristic x(2). Let G be a A-critical graph with A = I' 4+ 1 obtained from
B.

Then A > 12 and thus by Theorems 2.3.5 and 2.3.6, 6 > 7. Define:

e a=(A+4)(6—6)+(A—36+2)(A—03)+6x =A%~ (4+6)A + %+ 25 — 24 + 6x;
e f=n—-(A+4)(0—6)+ (na—(A—=0+2))(A—=0)+ D g@)aldz) —0);

A% _6A+36—2246x
o= A3

o T = [%1

Claim 2.4.1. (1) a+ 8 <0.
(2) d(u) +d(v) > A+2+n for any uwv € E(G) if n < A —4 and max{d(u),d(v)} < A.
(3) ner > [2F51 if n < A—4 and B> (n— (A+4))(5 = 6) + (np+ — (A =5 +2))(r —9).
(1) and (2) follow from Lemma 2.1.19 and Corollary 2.1.24.

For (3), by
Thus n.+ > 3

(2) the set of (7 —1)~-vertices is independent and by Lemma 2.1.18, n(,_;)- < 3.
> &3 Thus n,+ > [242]. The second part follows from the definition of 3.

In the rest of the proof, let zy be an edge in G with d(z) = 0 and d(y) = A.
Case 1. x € {—9,—8}. Then I' = H(x) = 11 and A = 12.
Since § > 7 and A + 4 = 16, we have

0>a=(—6)x16+ (12— +2)(12 —8) + 6x = (6§ — 5)% + 47 + 6.

The above inequality implies 6 =7, x = —9, and a = —3. Thus 8 < 3, n =4, and 7 = 9. By
Claim 2.4.1-(3), we have ng+ > 9 and thus 8 > 2(9 — 7) = 4, a contradiction to 5 < 3.
Hence A <11 and thus A(X) < 11 = H(x) when x(X) € {-9,—-8}.

Note that I" > 12 when |x| > 10. Thus A > 13. By Theorem 2.3.1, in the rest of the proof,

we further assume § > 8.

Case 2. x € {—12,—11,—-10}. Then I' = H(x) = 12 and A = 13.
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Thus a = (§ — 5.5)2 +62.75 4+ 6x < 0. Then, ¥ = —12 and § = 8. Hence we have oo = —3,
B <3,n=5,and 7 = 10. By Claim 2.4.1-(3), we have nig+ > 9 and 8 > 2(10 — 8) = 4, a
contradiction to g < 3.

Hence A < 12 and thus A(X) < 12 = H(x) when x(X¥) € {—-12,—-11,—10}.

Case 3. x € {—15,—14,—13}. Then I' = H(x) = 13 and A = 14.
Thus o = (5—6)2+80+6xg0 and we have y < —14 and § < 9.
We first show that 6 = 8 and x = —15. Otherwise, either x = —14 or § = 9. In either case
= [2306x] > 5. So 7 > 11. By Claim 2.4.1-(3), nyy+ > 10 and 8 > (10 — (14 — § +2))(11 —
0) = (6 —6)(11 — 9). Thus,

0>a+B>(6—6)2+80+6x+ (6 —6)(11 — &) =55 + 50 + 6x > 5.

This contradiction implies x = —15 and 6 = 8. Thus a = —6 and 8 < 6.

Then n =4, 7 = 10, and nyg+ > 10. Let ¢t € {10,11}. Then t > 20—t and by Claim 2.4.1-(2),
cach t-vertex has ¢ (20 — t)*-neighbors. Note A — ¢ 42 = 8. If ny # 0, then ng_y+ >t + 1.
If t = 11, then ng+ > 12, ny; > 1 and nyg+ > 10. Thus by Claim 2.4.1-(3), 8 > (11 — 8) +
(10 -1—-8)(10 —8) +2(9 —8) = 7 > 6, a contradiction. Hence ¢ = 10 and njp+ > 11 and
B > (11 —8)(10 — 8) = 6. Thus S = 6. This implies n1g = 3, n14 = 8, ng = 7, and n = 18.
Since n = 4, no 10~ -vertex is adjacent to an 8-vertex. Hence each 107 -vertex is adjacent to
eight 14-vertices. Thus every 14-vertex is adjacent to all 107 -vertices including all 8-vertices.
By Lemma 2.1.7, each 14-vertex is adjacent to at least 14 — 8 4 1 = 7 14-vertices, which implies
that every 14-vertex has at least 10 + 7 = 17 neighbors, a contradiction. Thus n; = 0 for each
t € {10,11} and nqp+ > 10. By Claim 2.4.1-(3), 5 > (10 — 8)(12 — 8) = 8 > 6, a contradiction.

Hence A < 13 and thus A(X) < 13 = H(x) when x(¥) € {—15,—14, —13}.

Case 4. x € {—18,—17,—16}. Then I' = 14 and A = 15.
Thus o = 6% — 136 + 141 4+ 6x < 0. Since § > 8, we have § < 9 and n > [113?53%1 > 5. By
Claim 2.4.1, nyy+ > 10 and B > (10 — (17 — §))(11 — §) = —2% + 185 — 77. Thus

0>a+8>55+64+6y.

This implies § = 8 and y = —18. Hence a« = —7 and 8 < 7. Further, n = 5 and 7 = 11.
Note 8 < 2+ and A —§ + 3 = 10. By Lemma 2.1.26-(ii) and (iii), the A-neighbor y of an
8-vertex x has at least three 10T neighbors in addition to (A — 7) A-neighbors guaranteed by
Lemma 2.1.7. Thus nig+ > 3+ 9 = 12. Note ny;+ > 10. Therefore we have « = —7 and
B > (11 —8) +2(10 — 8) = 7 and thus § = 7. This implies n = 19, n15 = 9, n1g = 2, n11 = 1,
and ng = 7. Since n > 5 and A + 2+ n > 22, no 117 -vertex is adjacent to a 10~ -vertex. Thus
by Lemma 2.1.18, 11 = |V};-| < £, a contradiction.
Hence A < 14 and thus A(X) < 14 when x(X) € {-18,-17, —16}.
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Case 5. x = x(¥) € {—22,—-21,-20,—19}. Then I' = 15 and A = 16.

Thus a = (6 — 7)% + 119 + 6 < 0. Therefore § < 10.

We first consider the case when § = 8. Then o = 120 + 6y > —12, 8 < %, and n =
[L8E800x) — [16246x] > 4 Thus f < 12 and by Lemma 2.1.26-(ii) and (iii), y has at least
three 11" -neighbors in addition to 9 A-neighbors guaranteed by Lemma 2.1.7.

If y has no 97 -neighbors other than x, then 5 > 3(11 — 8) 4+ 3(10 — 8) = 15, a contradiction.

If y has a 97 -neighbor other than z, say z, then d(x) + d(y) + d(z) < 33 = 2A + 1. By
Lemma 2.1.15, [N(z) \ N[y]| > d(z) — 8 4+ 2. Since n > 4, the degree of each neighbor of z is at
least 22 —d(z). Thus 8 > 3(11—8) + (d(z) —8+2)(22—d(z) —8) = 9+ (d(z) —6)(14—d(z)) > 21
since d(z) € {8,9}, a contradiction.

Now we consider the case when ¢ > 9. Then n = (%1 > 5 and thus 7 > 12 and
Nig+ > 11. Moreover 3 > (11— (18 —§))(12 —6) = —%2 +196 — 84 and thus a+ 3 > 55 + 84 + 6.
Since oo + B < 0, we have 6 =9 and y = —22. This implies & = —9 and g < 9.

If nig = ni3 = 0, then nyy+ > 11 and so § > (11 — 9)(14 — 9) = 10, a contradiction.
So ny # 0 for some t € {12,13}. We choose ¢ to be the smaller integer such that n; # 0.
Then ¢t > 12 > 23 — ¢ and by Claim 2.4.1-(2), each t-vertex has ¢t (23 — t)*-neighbors. Since
A —0+2=9and np+ > 11, we have nijg > 9,14+ > 11, and n3_y+ > t + 1. Therefore
B>(t+1—-11)(23—-t—9)+2(t —9) > 10 > 9, a contradiction.

Hence A <15 and thus A(X) < 15 when x(X) € {—22,—21,—-20, —19}.

Case 6. x € {—52,...,—23}. Then I = H(x) + 1 > 16. More specifically,
o If y € {~23,...,-20}, then A = 17.
o If y € {—28,...,—24}, then A = 18.
o If y € {—32,...,—29}, then A =19.
o If x € {-37,...,—33}, then A = 20.
o If y € {—43,...,—38}, then A = 21.
o If y € {—48,...,—44}, then A = 22.
o If x € {-53,...,—49}, then A = 23.

By Lemmas 2.3.7 and 2.3.8, § > 11 and if § = 11, then A < 20.

Subcase 6.1: x € {-37,...,—-23}.

First, assume § = 11. Then, a = A? — 15A + 119+ 6y < 0. Since —37 < y < —23, it is easy
to check that A =20 and xy = —37. Thus, @« = —3 and § < 3. Further, ngy > 11,7 = 8,7 = 15.
By Claim 2.4.1-(3), n,+ > 13. Then, 8 > (13 — 11)(15 — 11) = 8, a contradiction.

Thus 6 > 12. Since § > 12 > %, « is increasing with respect to § and we have a >
A? — 16A + 144 + 6.
If y € {-23,...,-20} and A =17, then o > A% — 16A + 144 + 6x > 17% — 16 x 17 + 144 +

6 x (—23) = 23 > 0.
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If y € {—28,...,-24} and A = 18, then a > A? — 16A + 144 + 6y > 182 — 16 x 18 + 144 +
6 x (—28) =12 > 0.

If x € {-32,...,—29} and A = 19, then o > A% — 16A + 144 + 6y > 192 — 16 x 19 + 144 +
6 x (—32) =9>0.

If x € {-37,...,-33} and A = 20, then a > A% — 16A + 144 + 6x > 20% — 16 x 20 + 144 +
6 x (—37)=2>0.

In each case above, we obtain o > 0, a contradiction. Therefore when x € {—37,...,—23},
A< H(x)+ 1.

In the remaining cases, A > 21 and ¢ > 12 as noted before.

Subcase 6.2: y € {—43,...,—-38}. Then A =21 and o = §%2 — 196 + 333 + 6.

Thus we have n = (21276“21;_3(?722%’(} > [3251‘%‘51 > [H]=8and 7 = (%1 > 16. By
Claim 2.4.1-(3), nig+ > 13.

If nig # 0, then each neighbor of a 16-vertex has degree at least 15. Thus nys+ > 17. By
Lemma 2.1.7, ng; > 23 —0 and by Claim 2.4.1-(3), nyg+ > 13. Hence 8 > 4(15—4§)+ (13— (21—
§+2))(16—0) = —§2+225 —100. Therefore a+ 3 > 36+233+6x > 3x 12+233+6 x (—43) > 0,
a contradiction. Hence nig = 0 and nig+ = nyp+ > 13. Thus > (13 — (21 — 0+ 2))(17 - 9) =
—624-275 — 170. Therefore a4 > 85+ 163+ 6y > 8 x 12416346 x (—43) > 0, a contradiction

again.

Therefore when x € {—43,...,-38}, A < H(x) + 1.
Subcase 6.3: y € {—47,...,—44}. Then A = 22 and o = §% — 206 + 372 + 6.
Thus we have n = (222_6“%;32_22_282} > [428;3551 > [$88] = 9 and 7 > 17. By

Claim 2.4.1-(3), ny7+ > 14 and 8 > (17 — §)(14 — (22 — 6 + 2)) = —6% + 275 — 170. Hence
a+5>76+202+6x >4 >0, a contradiction.
Therefore when x € {—47,...,—44}, A < H(x) + 1.

Subcase 6.4: x(X) € {—53,...,—48}. Then A =23 and o = §2 — 215 + 413 + 6.

Thus we have n > [23276“%;3’27227318] = [521;_3551 > [8] =8and 7 = [%] > 17. By
Claim 2.4.1-(3), ny7+ > 14.

We first consider the case when ny # 0 for some ¢t € {17,18,19,20}. Let ¢t € {17,18,19,20}
be the smallest integer such that ny # 0. Since t > 33 — ¢, nzz_y+ > t + 1. Note n:+ > 14.
Hence we have 8 > (t4+1—14)(33 =t —8) + (14 — (23 =5 4+2)(t — §) = —6% + 246 + (35— t) — 429.
Thus 0 > a+ 5 > 30 +413+6x — 429+ ¢(t —35) > 36 — 16 — 318 + (35 — ¢). Since 17 < ¢ < 20,
t(35 —t) > 300. Hence o+ 8 > 2 > 0, a contradiction.

Now we assume n; = 0 for each ¢ € {17,18,19,20}. Then ng;+ > 14. Thus § > (14 — (25 —
5))(21 —8) = (5 — 11)(21 — 6). So, 0 > o+ B > 116 + 182 + 6x > 116 + 182 — 318. This implies
6=12and so a > —13 and B < 13.
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Since § =12 < %, by Lemma 2.1.26-(iii), for each A-vertex with a 12-neighbor, there are 5
14T -neighbors in addition to the 23—12+1 = 12 A-neighbors guaranteed by Lemma 2.1.7. Thus
we have ng3 > 13, n91+ > 14, and nyy+ > 18. Hence f > (14—13)(21—12)+ (18 —14)(14—12) =
17 > 13.

This contradiction completes the proof of Subcase 6.4 and thus of the theorem. O

By [19], since the class two graph Kj3 — K3 can be embedded in an orientable surface of

characteristic —12, we have the following corollary.

Corollary 2.4.2. Let ¥ be an orientable surface. If x(X) = —12, then A(X) = H(x(X2)) = 12.
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Chapter 3

Star Edge Coloring

3.1 Introduction

As with standard proper edge coloring, star edge coloring originates from a proper vertex coloring

problem.

Definition 3.1.1 (Star (vertex) coloring, Griinbaum (1973), [15]). Let f : V(G) — [k] be a
proper vertex coloring of a graph G. If G[V; UVj] is a star forest for each 1 <1i < j <k, then f
is a k star coloring of G. Equivalently, a star coloring is a proper coloring in which there are no
bicolored paths on more than 3 vertices or bicolored cycles. The star chromatic number xs(G)

s the minimum k such that G admits a k star coloring.

One may obtain an edge coloring problem from a vertex coloring problem in the usual fashion,
by considering a vertex coloring of the line graph of G, L(G). The star edge coloring problem
was introduced by Liu and Deng [26] in 2008:

Definition 3.1.2 (Star edge coloring). Let f : E(G) — [k] be a proper edge coloring of a graph
G. If f is a star (vertex) coloring of L(G), then f is a star edge coloring of G. Equivalently, a
star edge coloring is a proper edge coloring in which there are no bicolored 4-cycles or bicolored
paths on 4 edges. The star chromatic index x4 (G) is the minimum k such that G admits a k

star edge coloring.

Note that the star edge chromatic index can be bounded by acyclic chromatic index /. (G)
(in which every bicolored connected subgraph is acyclic) and the strong chromatic index x%(G)
(in which every bicolored connected subgraph has at most two edges). A greedy algorithm for

strong edge coloring then gives an upper bound for the star chromatic index.
Proposition 3.1.1. x,(G) < x4(G) < XL(G) <2A(A—-1)+1.
Liu and Deng [26] found a general bound for graphs with sufficiently large maximum degree.
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Theorem 3.1.1. Let G be a graph with mazimum degree A > 7. Then, x4 (G) < [16(A — 1)%]

Dvoiédk, Mohar, and Sdmal [11] give the following bounds for complete graphs, which imply

a near-linear upper bound for any graph.

Theorem 3.1.2. For the complete graph K, :
22\/5(1+0(1))\/10gn

2n(1+4o0(1)) < X/st(Kn) <n

N

(logn)
From this bound, for any graph G, x4 (G) < A - 200)Vieg A

It is also known that the star chromatic index is difficult to compute, even for subcubic
graphs: Lei, Shi, and Song [25] proved that it is NP-complete to determine whether y.,(G) <3
for an arbitrary graph G.

Much is known about star chromatic index for subcubic graphs. In the same paper in
which they studied complete graphs, Dvofak, Mohar, and Sdmal showed that if A(G) < 3, then
Xst(G) < 7. They further proposed the following conjecture:

Conjecture 3.1.1. If G is a subcubic graph, then x%,(G) < 6.

Wang, Wang, and Wang in [44] and [45] prove bounds for graphs G under different planarity
conditions and when A(G) < 4.

Theorem 3.1.3.
Let G be a planar graph with girth g.
(i) ¥y (Q) < 2.75A + 18
(i) If G is Ky-minor free, then X' (G) < 2.25A + 6
(111) If G has no 4-cycles, then 'y (G) < |1.5A] + 18
(iv) If g > 5, then x4 (G) < [1.5A] + 13
(v) If g > 8, then X' (G) < |1.5A] +3
(vi) If G is outerplanar, then x4 (G) < |1L.BA| +5
Let G be a graph with A(G) < 4.
(i) Xl G) < 14
(i) If G is bipartite, then x4 (G) < 13

The star edge coloring problem extends naturally to a list version:
Definition 3.1.3. Let L be an assignment to lists of E(G). Then, f is a list star edge coloring
of G if f is a star edge coloring of G such that f(e) € L(e) for each e € E(G). The star
edge-choosability of G, chly(G), is the minimum k such that for any assignment to lists L of

E(G) with |L(e)| = k for each e € E(G), G admits a star edge coloring f with f(e) € L(e) for
each e € E(G).
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Luzar, Mockovéiakové, and Sotd [32] proved that chl,(G) < 7 for a subcubic graph G.
Bezegova et al. [3] and Deng et al. [10] independently proved that for each tree T" with
maximum degree A, its star chromatic index x4, (T') < |22 ]. This result was extended to list

star chromatic index by Han et al. in [16].

Theorem 3.1.4. For any tree T with maximum degree A,

Xl < elly(1) < |22

Furthermore, this bound is sharp.
Han et al. in [16] additionally studied k-degenerate graphs, giving the following theorem.

Theorem 3.1.5. Let G be k-degenerate with k > 2. Then,
. _ k(k+3
(i) chy(G) < BFLA(G) = M2
(ii) chly(G) < 2kA(G) + k? — 4k + 2
The maximum average degree of a graph G, denoted mad(G) is the maximum of average

degrees of subgraphs of G:
2|E(H)|

mad(G) = max{ V),

:H C G}

If mad(G) is small, we say that G is sparse. Note that the condition that mad(G) < 2 is
equivalent to the condition that G is acyclic. In some sense, the closer maximum average degree
is to 2 for a connected graph G containing some cycle, the closer G is to being a tree.
Kerdjoudj, Kostochka, and Raspaud [21], Kerdjoudj and Kostochka [22], and Kerdjoudj,
Pradeep, and Raspaud [23] studied the list star edge coloring of graphs with small maximum

average degree.

Theorem 3.1.6 ( [21,22]). Let G be a subcubic graph. Then each of the following holds.
(i) If mad(G) < %, then chl(G) < 5.

(it) If mad(G) < 3, then chly(G) < 6.

(iii) If mad(G) < 39, then chly(G) < 7.

Theorem 3.1.7 ( [22,23]).

(i) If mad(G) < %, then chl(G) < 2A(G) — 1.
(it) If mad(G) < 3, then chl,(G) < 2A(G).

(iii) If mad(G) < §, then ch,(G) < 2A(G) +1.
(iv) If mad(G) < &2, then chly(G) < 2A(G) + 2.
(v) If mad(G) < 3, then chly(G) < 2A(G) + 3.

Wang et al., in [45], also give the following lemma:
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Lemma 3.1.8. Consider C,,.
(i) If n # 5, then chl (Cr) = x5 (Cr) = 3.
(i) If n =5, then chl, (Cy) = x5 (Cr) = 4.

Here, I determine structural properties of graphs G with mad(G) < % by use of the discharg-
ing method. I then use these substructures to star edge color GG, giving bounds on the same
order as the (sharp) bounds for star edge chromatic index for trees. A note on methodology: in
the results on the usual edge coloring problem, we used the tool of alternating paths (Kempe
chains) in partially colored graphs. To understand why this tool cannot be extended to the star
edge coloring problem in a straightforward way, consider the path P; on six edges. If the edges
of this path are colored blue-red-blue-green-red-green, then this is a star edge coloring. The
blue-red-blue subpath is a maximal component of the graph induced by the red and blue color
classes. Switching colors along this path results in a new coloring of P7: red-blue-red-green-red-
green. While this is indeed a proper edge coloring of Py, it contains a bicolored path on 4 edges
and so is not a star edge coloring.

The following are the results that I prove here. The first concerns the non-list version of the
star edge coloring problem, while the second two concern the list version. I will give reasons at

the end of this section for my choice in the presentation of these theorems.
Theorem 3.1.9. Let G be a graph with mad(G) < 2.4. Then, x4(G) < [32] + 2.

Theorem 3.1.10. Let G be a graph with mazimum degree A and mad(G) < 5. Then,

7
ey (G) < | 32] + 1.

Theorem 3.1.11. Let e > 0 be a real number and d = 2(%1. Let G be a graph with mazimum
average degree mad(G) < § —e. Then

3 d
chl(G) < max{iA t5t 2,A+2d+1}.

For a planar graph G with girth g, it is well known that the maximum average degree

mad(G) < gQTQQ. Thus we have the following corollaries:
Corollary 3.1.12. If G is a planar graph with girth g > 12, then x,(G) < |22] + 2.
Corollary 3.1.13. If G is a planar graph with girth g > 30, then chl,(G) < [32] +1.
Corollary 3.1.14. Let G be a planar graph with mazimum degree A and girth g.

o Ifg>09, then chly(G) < maz{32 + 11,A + 37}.

o If g > 16, then chly(G) < 32 + 4.
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A further note on my results: In the proof of the non-list bounds on planar graphs with large
girth, Wang et al. employ an edge partition technique. They assign colors {1,---,s} to one
subgraph and {s+1,--- ,t} to a second subgraph, then combine the two colorings. As such, their
technique does not apply to the general case of low maximum average degree and does extend
easily to the list version of the problem, which is the primary concern of my results. Further, I

give structural properties of sparse graphs which may be of interest in other problems.

3.2 Overview of the Proofs and Notation

Although there are some key differences between the proofs of each of the three above theorems,
they follow the same overall structure. I begin by assuming that G is a minimal counterexample
with respect to |E(G)|. I first find reducible ”tree-like” structures using arguments analagous
to those used by Bezegova et al. [3] and Deng et al. [10] to prove the bounds for trees. I then
find reducible configurations in a minimum degree 2 subgraph. I finally use the the discharging
method to show that these reducible configurations must exist, providing a contradiction.

I begin by defining the primary ”non-tree-like” graph in use:

Definition 3.2.1. Let G be any graph. From G one can obtain a (possibly empty) graph by
iteratively deleting vertices of degree 1 until no such vertices remain. I denote this graph G'.

Equivalently, G’ is the mazimal subgraph of G with minimum degree 2.
Next, I will make use of the ”tree-like” structures the extend from G:

Definition 3.2.2. Let x € V(G’). Define T, as the mazximal tree rooted at x such that V(T,) N
V(G') = {x}. Note that it is possible that T, consists of an isolated vertex (x); in this case, we
say that T, is trivial.

I also use paths in G’ where the internal vertices all have degree 2:
Definition 3.2.3. A t-thread of G’ is a path xoxy - - x4xi41 where dgr(x;) =2 for 1 <i <t.

For y € V(G'), denote da(y) as the number of 2-neighbors of y in G', dj- (y) as the number
of k~-neighbors of y in G’, and dj+ (y) as the number of kT-neighbors in G’.

3.3 Some Claims for Minimal Counterexamples

The proof of Theorem 3.1.11 requires a stronger form of list star coloring, and so the full proof
is postponed. However, the proof uses the same key ideas of the proofs of Theorems 3.1.9
and 3.1.10. I give here some structural results for the list version of the problem for minimal

counterexamples.
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Let G be a minimal counterexample to Theorem 3.1.9 or 3.1.10 with respect to |E(G)|. Let
k= L%(G)J + ¢ where ¢ = 2 if mad(G) < 2.4 and ¢ = 1 if mad(G) < L.
I give below a slightly modified proof of the bound for trees. I include the proof here because

similar ideas are used in the "tree-like” structures in the subsequent lemma.

Lemma 3.3.1. Let T be a tree. Then, chly(T) < 3A2(T).

Proof. Let T be a tree rooted at a vertex z. Let L be an assignment to lists of E(7") with
IL(e)| = 222 for each e € E(T).

Without loss of generality, assume for any vertex v € V(T'), either d(v) = A(T) or d(v) = 1;
if 1 <d(v) < A(T), simply add leaf neighbors to v until d(v) = A(T"). We use the terminology
that a vertex v is in Level ¢ if the distance between x and v is ¢. So z is in Level 0 and the
neighbors of x are in Level 1. An edge is called in Layer ¢ if its two end vertices are in Levels
i — 1 and 14, respectively. Denote Lay(i) to be the set of all edges in Layer i.

We proceed algorithmically by layer to build an L-star-edge-coloring f. Firstly, Lay(1)
may be (properly) colored greedily, since each edge has more than A(T') colors available. Let
{@1,--+ ,zA(r)} be the vertices in Level 1. Let N(x;) = {x,z;1, -,z A(r)—1}. For each m; ,
let L'(zix; ;) = L(xizj) \ {f(zxs) 10— L#j < s < i} (indices taken modulo A(T')). Then,
|L'(e)| > A(T) for each e € Lay(1) and so each edge can be assigned a color f(x;z; ;) distinct
from its incident edges. Let x; j be a vertex in Level 2 (and so z; ; has parent ;). Let N(z;;) =
{@i, @i 41, i jar)-1} Define, for each k, L'(x;;x;;1) = L(xijrijr) \ {f(xz:), f(vizis
Jj— {#J < s <j}. Then, |L'(z; xi k)| > A —1 for each x; jx; j, € Lay(2) and so each edge
can be assigned a color f(x;;x; ;) distinct from its incident edges. To determine f(e) for an
edge in Lay(t) where every edge in a layer of lower index has already been colored, we follow
the same algorithm as for Lay(2).

It remains to show that f is an L-star-edge coloring of T'. Clearly, f is a proper L-edge
coloring of T'. Since T is acyclic, there cannot be a bicolored 4-cycle. Assume that wvwyz is a
bicolored path on 4 edges in T'. Without loss of generality, assume that, of vertices {u, v, w,y, z},
w is in the furthest level from z. If wowy is a subpath of the (unique) (z,u)-path, then by the
algorithm, f(uv) # f(wy), contradicting the assumption that the path is bicolored. Thus, u
and z are in the same level of T', say [. We can follow the indexing scheme above, assuming
that w = T, in. ip 0y V= Tiyin, iy ojs U = Tiy e iy ojiss Y = Tiy iy ok, AN 2 = T4, 50 o 4.
Assume that j < k. Then, since f(yz) = f(wv) and the algorithm forbids for yz colors used at
Tiy e dy_g.c With k— L#J < ¢ < k, we have that k—j > L#J Symmetrically, j —k > L#J
Since w has only A(T') — 1 neighbors in Level [ — 1, this is a contradiction.

O

The following lemmas give structural results for the "tree-like” structures of G:
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Claim 3.3.1. Let x € V(G') and y € V(T,) \ {z}. Then, the distance dist(z,y) < 2.

Proof. Let y be a vertex in T, at farthest distance from x. Assume that dist(z,y) > 3. Let H
be the graph obtained by deleting all vertices in T}, at distance dist(x,y) from z. By minimality
of G, we have an L-star-edge-coloring f of H. We may simply extend f to G by use of the tree
coloring algorithm above: This will guarantee that no bicolored path on 4 edges exists in T.
Further, since this algorithm guarantees that no bicolored path on 3 edges extends to 3 different

levels of a tree, we guarantee that no bicolored path on 4 vertices extends from T into G'. [

Let d = 5 if mad(G) < 2.4 and d = 2 if mad(G) < 2. Note that we then have L%(G)J + 4]
colors available for each e € E(G).

Claim 3.3.2. Let x € V(G') with dg/(x) < d. Then, T, is a star rooted at x.

Proof. Assume to the contrary that T, is not a star. By Lemma 3.3.1, we know that vertices in
T, are at distance at most 2 from x. Assume that dg/(z) = k < d and, without loss of generality,
dr, () = A — k and further that for x; € Np,(z),dg(z;) = dr, (z:) = A.

Obtain a graph H by deleting all vertices in T, at distance 2 from z. Let f be an L-star-
edge-coloring of H. To extend f to G while ensuring that no bicolored paths on 4 edges exist
starting at a vertex in T, and ending at a vertex in G’, it is necessary to forbid colors f(zy) with
y € V(G"). Let y1,-- -,y be the neighbors of x in G’ and let x1,--- ,za_ be the neighbors of
x in T,. Consider z; for some 1 < i < A — k. Let uy,--- ,ua_1 be the neighbors of x; other
than . To color edges at leaf neighbors of x;, we forbid f(zxs) for i — L%J < s (indices taken
modulus L%J) in addition to f(xy;) for 1 <t < k. Thus, the total number of colors available
is (L%J +2)— (L%J + k) > A — 1. Thus, sufficient colors remain to extend f to edges at leaf
neighbors of z;. Further, this algorithm guarantees a star-edge-coloring, analagous to the above

proof for trees. O

Claim 3.3.3. Let x € V(G') such that dg(x) = 2 with neighbors y,z in V(G'). If de(y) = 2
and dgr(z) < d, then T, is trivial .

Proof. By Lemma 3.3.2, we know that T}, T}, and T are stars rooted at x,y, and z, respectively.
Assume that z has some neighbors in T,. Let 2’ be a leaf neighbor of z, H = G — 2/, and f
be an L-star-edge-coloring of H. In extending f to G, consider the possibilities for a path on
4 edges containing xz’. Necessarily, 2’ is one of the path’s endpoints. Clearly, no path on 4
edges exists between x’ and a leaf neighbor of y or z. Thus, such a path must contain at least 2
edges in G’. Thus, to ensure a star edge coloring of G, it suffices to forbid colors used at edges
of y and z inside G’, as well as the colors used at other leaf neighbors of x. Thus, the total
number of forbidden colors for zz’ is at most 2+ d+ A —3 = A +d — 1. Thus 2’ has at least
L%j + ng —(A4+d-1)> % +1 > 1 color available. This contradiction completes the proof

of the lemma. O
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Claim 3.3.4. A(G') >3

Proof. Assume that A(G’) = 2, i.e., that G’ consists of disjoint cycles. Let = € V(G'). By
Lemmas 3.3.2 and 3.3.3, T}, is trivial. By Lemma 3.1.8, chl,(G) < 4= |38] + 1. O

3.4 Proof of Theorem 3.1.9

Now, assume that G is a minimal counterexample (w.r.t |E(G)|) to Theorem 3.1.9, i.e., x4, (G) >
k = 32 + 2 but every proper subgraph H has x.,(H) < 32 + 2.

To guarantee that some configurations are reducible in G, in addition to the lemmas above,
I also need a lemma to switch colors at leaf edges. This is an easy observation in the non-list
version of the problem, but poses difficulties in the list version that are remedied by applying a

stronger version of star-edge-coloring.

Observation 3.4.1. Let H be a graph with an s-star-edge-coloring f. Let u be a vertex with
distinct leaf neighbors v,w. Assume that f(uv) = i and f(uw) = j. Let f be obtained by
switching the colors used at uwv and ww: specifically, f'(uwv) = j, f'(uw) =i, and f'(e) = f(e)
for every edge e € E(G) \ {uv,uw}. Then [ is also an s-star-edge-coloring of H.

Claim 3.4.1. G’ contains no path uzyv with dg/(u) < 3, der(x) = der(y) = 2, and dg(v) < 5.

Proof. Assume such a path exists. By Lemma 3.3.2, T),, T};, T}, and T, are stars rooted at u, z, ¥,
and z, respectively. By Lemma 3.3.3, T, and T}, are trivial.

Let H = G — xy and let f be a k-star-edge-coloring of H.

If f(uz) = f(yv) and T, contains a leaf neighbor «’ of u, then, by Observation 3.4.1, we
obtain a new star edge coloring f’ of H by switching f(uz) and f(uu'); in f’, we now have
f'(ux) # f'(yv). Thus, wlog, we may assume that f(ux) # f(yv) or both T}, and T, are trivial.
In this case, whatever color is assigned to xy, it is not possible to have a bicolored path on 4
edges that contains an edge in T}, or T;. Thus the only colors that must be forbidden are colors
used at edges of u and v inside G’. There are at most 3 + A such colors, and so a color remains

available for zy, a contradiction. O

Lemma 3.4.1. Let G be a graph with mad(G) < 2.4. Then, G' has a t-thread xoxy -+ T1T111
such that one of the following holds.

1. t= Q,dgl(ﬂjo) = 3, and dG/(LEt+1) < 5.

2. t =3 and min{dg/(x0),dg (x441)} < 5.

3.t>4
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Proof. Assume to the contrary that G’ contains none of these structures. I proceed by the
discharging method:

Assign to each vertex z € V(G’) the initial charge M (z) = d(x)—2.4. Then, since mad(G’) <
mad(G) < 2.4, it follows that }° .y gy M(z) < 0. For the remainder of this proof, a c-vertex
refers to the vertex degree in G'.

Note that if z is a 2-vertex, then M(z) = —0.4, and if y is a 3T-vertex, then M(y) > 0.

We obtain for each vertex a new charge M’(x) by the following rule:

R1: Each 3*-vertex y sends each 2-neighbor M) ¢ da(y) > 0.

da(y)
Clearly, by the initial charge and the discharging rule, M’'(y) > 0 for each 3*-vertex y.

It then suffices to show that any t-thread has net positive charge, which would imply that
ZzEV(G’) M'(z) > 0, a contradiction.
Note that cach 3*-vertex y sends at least “UrEt = 1— 2 to any 2-neighbors, and f(d(y)) =

1- % is an increasing function on d(y).

First, assume that G’ has no t-thread with ¢ > 2, i.e., each 2-vertex has no 2-neighbors.
Let x € V5. Then, x receives at least 1 — % = 0.2 from each 3T-neighbor, and so M'(z) >
—0.4+ 2 x 0.2 = 0. This contradiction guarantees that G’ has some t-thread with ¢ > 2.

Assume that G’ has no t-thread with ¢ > 3. Then, let uzix2v be a 2-thread that is guaran-
teed. Assume that dg/(u) = 3; then, dg(v) > 6. Then, u sends z; at least 0.2, and v sends 9
at least 1 — 23 = 0.6. Thus, M'(u) + M'(z1) + M'(z3) + M'(v) > —04+02—-0440.6 =0, a
contradiction. Thus, dg/(u) > 4 (and symmetrically, dg/(v) > 4). So, u sends z1 (and v sends
o) at least 1 — 22 = 0.4. Then, M'(u)+ M’ (z1)+M'(z3)+M'(v) > 2x —0.4+2x0.4 = 0. This
contradiction implies that if G’ has no ¢-thread with ¢ > 3, then G’ has the 2-thread described
above as a subgraph.

Thus, G’ has a t-thread with ¢ > 3. Assume that G has no t-thread with ¢ > 4. Let
uz1z2x3v be a 3-thread in G’. Then, we may assume that min{dg/(u),de (v)} > 6. Then, u
sends 77 (and v sends x3) at least 0.6. Then, M'(u) + M'(x1) + M'(z3) + M'(x3) + M'(v) >
—0.440.6 —0.4—0.440.6 = 0. This contradiction implies that if G’ has no t-thread with ¢ > 4,
then G’ has the 3-thread described above as a subgraph.

Thus, G’ has a t-thread with ¢ > 4. This contradiction completes the proof of the lemma. [

Lemma 3.4.1 is a direct contradiction to Claim 3.4.1, which proves Theorem 3.1.9.
Note: it is easy to see in the discharging of Lemma 3.4.1 that in order to guarantee that a
3-thread has net positive charge, we need to guarantee that one of the endpoints of the thread

has degree at most 5. Hence arises the constant added term of L%J = 2 to the bound for trees.
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3.5 Proof of Theorem 3.1.10

Let G be a minimal counterexample (w.r.t |E(G)|) to Theorem 3.1.10, i.e., there is some list
assignment L for E(G) such that each list has size L%J + 1, G admits no star L-edge coloring,
but every proper subgraph does.

In addition to Claims 3.3.2 and 3.3.3, we also must show that the following configuration is
forbidden for G”:

Claim 3.5.1. G’ has no path xix9x32425 such that d(x;) = 2 for each i € {1,2,3,4,5}.

Proof. Assume that such a path exists. Let H = G — x3x4 and let f be an L-star-edge-coloring
of H.

By Lemma 3.3.2, we have that T}, is a star rooted at z; for each . By Lemma 3.3.3, T},, T,
and T3, are all trivial. Thus, to extend f to G, it suffices to forbid colors used at edges incident
to 22 and x5. There are at most A + 2 such colors. Since k = L%J + 1, there is at least one

color still available for x3x4, a contradiction. ]

Below is a lemma that shows that the configuration in Lemma 3.5.1 is guaranteed to exist
in G if mad(G) < 2.

Lemma 3.5.1. If mad(G) < 22, then G' contains a t-thread with t > 5.

Proof. For each vertex x € V(G'), define an initial charge M(z) = d(z) — %2. Then, since
mad(G') < mad(G) < £, we have > zev(cryM(z) < 0. For the remainder of this proof, a
c-vertex refers to the vertex degree in G.

Note that M (z) = =* for each 2-vertex = and M(y) > 0 for each 3*-vertex y.

Obtain a new charge M'(z) for each x € V(G’) by the following rule:

R1: Every 3™-vertex y sends % to each 2-neighbor in G, if dy(z) # 0.

If y is a 3T-vertex, then y sends at least 1 — % to each 2-neighbor. This is an increasing
value as d(y) increases. Thus each 3%-vertex y sends each 2-neighbor at least % And clearly,
M'(y) > 0 for each 3*-vertex y.

Let zgxq - - xpxe41 be a t-thread with ¢ < 4. Then, xy sends z1 (and x4 send z;) at least
2. Thus, )5 M'(z;) > 2 x (2) -4 x (3) =0.

Since 3 ey ey M'(2) = X pev(ary M(x) <0, it follows that G contains some t-thread with
t > 5. [

Lemma 3.5.1 provides a contradiction that completes the proof of Theorem 3.1.10.
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3.6 A stronger form of Star Edge Coloring

Let G be a graph, Z C E(G), and L be a list assignment of G. A Z-star-sublist of L is a list
assignment Lg satisfying the following two conditions:

(a) Lo(e) € L(e) for each edge e and |Lo(e)| € {1,3} with |Lo(e)| = 3 if and only if e € Z.

(b) Any edge coloring ¢ with ¢(e) € Lo(e) is a star edge coloring of G.

A vertex v € V(G) is called a pre-pendent vertex if d(v) > 2 and d;(v) > d(v) — 1. In other
words, the vertex v has at least d(v) — 1 neighbors of degree one. An edge e = uwv is called a

twig of G if d(u) = 1 and v is a pre-pendent vertex.

Theorem 3.6.1. Let T be a tree with maximum degree A rooted at x. Let W be a set of twigs
in T such that W is a matching and x is not a pre-pendent vertezx of a twig in W. Then T has
a W -star-sublist of L for any list assignment L satisfying the following:

(a) |L(e)| =1 for any e € Lay(1) and L(e) # L(€") for any two distinct edges e, e’ € Lay(1);
(b) for each e € Lay(2), |L(e)| > A+ L@J if e ¢ W and |L(e)| > A+ L@j + 2 otherwise;
(c) for each e € E — Lay(1) — Lay(2), |L(e)| > A + L%J ifeg W and |L(e)| > A+ L%J +2

otherwise.

Note that Theorem 3.1.4 follows from Theorem 3.6.1 by taking W = 0.

Proof. If there are two twigs whose pre-pendant vertices are adjacent, then there is an edge
uv € E(T) — W such that each of u and v is a pre-pendant vertex of some twig in W. Thus T’
is a bistar and the result follows easily. Now we assume that W is an induced matching.

Note that for each edge e in Level 1, Lo(e) = L(e). We proceed algorithmically from lower
to higher levels to find Lg as follows.

From Level 1 to Level 2 (construct L(e) for each e € Lay(2)):

Denote | = A + L@J —d(z) and N(x) = {y1,-- -, Yd()}. Suppose that the sublist for each
e € Lay(2) incident with y; is selected for i < t—1. Now we select the sublists for edges incident
with y,. Denote N(y) = {uo,u1,...,uqqy,)—1} where x = ug. In case when y; is a pre-pendant

of a twig in W, yrug(y,)—1 is the twig in W.
Step 1: Select Lo(yiu;) for yu,; for 1 <i <.

Note that E(x) and W are disjoint. Thus |Lo(e)| = 1 for each e € E(z) and for each
1<i<l,

d(z
L)~ | Lo(@)] = ()] — dia) 2 A+ 22— aa) =1
e€E(x)
Thus for edges yiu1, ..., yiu;, one can choose mutually disjoint Lo(yiu1), ..., Lo(yiu;) such that

Lo(yrui) © L(yrui) — Ueep(a)Lo(z) for each i = 1,...,t with size 1 or 3 depending on whether
I =d(y:) — 1 and whether y;ug(,,)—1 € W or not.
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Step 2: Select Lo(yiu;) for [+ 1 <i <d(y;) — 1.
We select Lo(yru;) one by one for [ +1 < i < d(y;) — 1. Note yrx = yrup and for each
1<j<d(y) -2, yuj ¢ W.
We forbid the colors in Lg(y;uj) for each j = 1,...,4 — 1 and in Lo(zy;) for each s =
S+ L@j where the subindex s is taken mod d(z).

Since

|Ai = L(yrui) U Lo(yru;) U o(zys)] = [Llyeus)| = (1 = 1) = [—=] =1

= (L) i~ |22

> 1 (or > 3if yu; € W),

one can choose Lo(y;u;) C A; with size 1 or 3 depending on whether y,u; € W.

Assume that Lo(e) is selected for all edges e in Layers up to Layer i. We are going to select
Lo(e) for edges e in Layer i+ 1 using the same strategy by modifying [ and replacing L@j with
121
From level i to level i +1 (i > 2):

Let u be a vertex in level ¢ — 1 with a neighbor in level ¢ of degree at least 2. Denote
N(u) = {wo, w1, ..., Wq)—1} Where wp is the parent of u. Denote T, to be the subtree rooted
at u with E(Ty,) = {uwo} U Uy dlw)= 1E(wt)]. Then T, is a rooted tree with two layers, and
E(u)NW = 0.

Suppose that the sublist for each edge e € Lay(7) incident with w; is selected for each ¢ < t—1.
Now we select the sublist for edges incident with w;. Denote N(w;) = {uo,u1, ..., Ugqu,)-1}
where u = up. In case when wy is a pre-pendant of a twig in W, wiug(y,)—1 is the twig in
W. Let |l = L%j — d(u). Then we can follow Steps 1 and 2 in the above to pick Lo(wsu;) for
1 <i<d(w;) —1 (replacing L@J with |5 ]), where similar as in Step 1 we have

|A;| > |L(wpw;)| — (i — 1) — L%J —1 >1 (or > 3if wu; € W).

Note that for each | +1 < ¢ < d(w) — 1,

i—i—Lﬁj >l+1+L§J {32AJ d(u)+1+L%JZA.

Therefore by the algorithm, we have the following observation.

Observation: Lg(wiu;) N Lo(uwy) =0 for each i € {1,...,d(u) —1} and k € {t,t +1,...,t+
L@j} (mod d(u)). Furthermore, for each k € {1,2,...,| 32| —d(wo)}, Lo(woz) N Lo(uwy) = 0
for each z € Np(wq) by the coloring process of Ep(u).
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Let ¢ be a coloring of E(T') with c(e) € Lo(e) for each edge e. It remains to verify that
¢ is a star edge coloring of T' . Clearly, ¢ is a proper edge coloring. Suppose to the contrary
that vwuyz is a path of length 4 in T such that c¢(vw) = c(uy) and c(uw) = ¢(yz). Denote
N(u) = {wo, w1, ..., Wgey)—1} as above. Then w = w; and y = w; for some 7, j. WLOG assume
1< 7.

We first assume ¢ > 1. Since c(w;v) = c¢(uw;), by Observation, we have j—i ¢ {0,1,..., L@J}
(mod d(u)). Similarly, we also have i — j ¢ {0,1,..., L@j} (mod d(u)) as c(uw;) = c(w;z).
This implies j — i ¢ {0,1,...,d(u) — 1} (mod d(u)), a contradiction.

Now we assume i = 0. Since c(uw;) = ¢(wyv), by Observation, j > |32 | — d(wp) + 1. Since

d
c(wjz) = c(uwp), 0 € {j,j+1,....5+ L@J} (mod d(u)), meaning j + L@J < d(u) — 1. Since
d(wp) < A and d(u) < A, we have
d(u) d(u)

d(u) < [~ +1+ 7] <]

3
2

|- dfwg) 14 (M) <4

d(u)

AW < du) - 1.
2
This is a contradiction again and thus completes the proof of the theorem. ]

The following structural result of graphs with small maximum average degree is needed in

the proof of Theorem 3.1.11 and its proof will be completed in the next section.

Lemma 3.6.2. Lete > 0 be a real number and d = 2[2522]. Let G be a graph with mad(G) < §—

e and minimum degree §(G) > 2. Then, G contains one of the following t-threads uxizy - - - x4v

(see Figure 5.).

(C1) t > 4;

(C2) t=3 and d(u) < d;

(C3) t=2,d(u) =3, and d(g11y+(u) = 0;

(C4) t =2, d(u)

IN

d, da(u) = d(u), and d(v) < d;

(C5) t=2, d(u) < 4. do(w) > d(u) 1, digy1y+ () = 0, and d(v) < d;

(C6) t=1, d(u) =3, digp1)+(v) =0, d(v) < d, and da(v) = d(v);

(C7) t= 17 d(U) = 37 d(d+1)+ ('LL) = 07 d(’U) < %7 d2(’0> 2 d(U) - 17 and d(d-i—l)Jr (U) =0.
Theorem 3.1.11 is a corollary of the following slightly stronger result.

Theorem 3.6.3. Let e > 0 be a real number and d = 2[252]. Let G be a graph with mad(G) <
% — ¢ and mazimum degree A, and let W be a set of twigs in G which is a matching. Let
k= max{%A + % + 2,A + 2d + 1}. Then for any k-list assignment L of E(G), there exists a

W -star-sublist of L.

52



Aol R ok
D e

(C4/C5) (C6,/C7)

Figure 5.

Proof. Let the pair (G, W) be a counterexample to Theorem 3.6.3 with |E(G)| minimum where
W is a set of twigs. Thus G is connected and by Theorem 3.6.1 G is not a tree and so G’ is
non-empty. Note that no pre-pendent vertex of G is in V(G’) by definition and G — E(G’) is a

forest.

Claim 3.6.1. If dg/(x) < d, then T, is a star rooted at x.

Proof. Let Ey = E(T,) — Eg(x) be the set of edges in T, not incident to . Then the claim
is equivalent to Fy = (). Suppose to the contrary Ey # (). Denote Gy = G — Ey and Wy =
W NE(Gy). By the minimality of G, for each e € E(G1), one can have a desired W-star-sublist
Li(e) of L(e) in Gy. Since x € V(G'), z is not a pre-pendent vertex in Gy, so |L}(e)| = 1 for
each e € Eg, (z). For each edge e in Lay(2) of Ty, let

ey=Le) - |J  Lie).
e'cE(z)—E(T:)
Since A > dg(x) = dg(x) + dp, (z) and de(z) < d, we have

A — de (1’)
2

dr, (z)

3 d
‘L,(€)|Z§A+§+2—d6~/(l’)2A+ +22A+T+2.

By Theorem 3.6.1, one can obtain a desired sublist L3 of T, with Lj(e) = L3(e) for each e €
Er,(z). Then we combine L and L3 to obtain a W-star-sublist of L of G, a contradiction. [

Claim 3.6.2. Assume that x € V(G) such that dg(x) < d, dg(u) < d for every u € Ngi(x),
and ZueNG,(I) der(u) < 2d+ 2. Then dg(x) = dgr(x). That is, T, is trivial.

Proof. Suppose to the contrary that T is nontrivial. Since dg/(z) < d, dg/(u) < d for every
u € Ngr(x), by Claim 3.6.1, T,, and Ty, are stars rooted at x and u respectively. By the minimality
of G, H = G — E(T;) has a desired W-star-sublist Lo of L. Denote

Az) = U Lo(e).

uENg (), e€EEqr(u)
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Then |A(z)| < 2d+2 since |Lo(e)| = 1 for each e € Eg/(u) with u € Ng/(z). For each u € Ngr(x),
there is no path with four edges containing both one edge in T, and one edge in T}, since T,
and T, are stars. Thus, to find sublists for edges in Ty, it suffices to exclude the colors in A(x).
Additionally, since z is not a pre-pendant vertex, we only need one available color for each edge
in F(T,). For any edge e € E(T,), |L(e)\ A(z)| > A+2d+1—(2d+2) = A —1>dp,(z).
Thus, Lo can be extended to be a desired W-star-sublist of L in (G, a contradiction. [

Now we are ready to present main reductions by utilizing W-star-sublist argument.

Claim 3.6.3. There is no path xyz in G’ such that dey(x) < 3, dgr(u) < d for every u € N (),
and dgi(y) = dgr(2) = 2. Therefore G' doesn’t contain Configurations (C1), (C2), or (C3).

Proof. Suppose to the contrary that there is such a path zyz in G’. By Claim 3.6.1, T, is a star
and T, is also a star for each u € Ng/ ().

Let 21 (and x2) be the other neighbor(s) of x. Since ZueNG/ () Ao (u) < 2d+2 and der(z) +
der(z) <5 < 2d+2, by Claim 3.6.2, both T, and T, are trivial.

Let H = G — xy. Note xy,yz ¢ W and z is a pre-pendant vertex in H (but not in G). Let
W' = W U {yz}. By the minimality of G, H has a W/-star sublist L{, of L. Since yz € W/,
|Ly(yz)| = 3. We first pick a sublist Ly of L for G — xy.

(1) Lo(e) = Ly(e) for each e € E(H) \ {yz}.

(2) Pick any color

a € Ly(yz) — Ly(zw1) U Ly(zxa) if 29 exists; and o € Lij(yz) — L{(zx1) otherwise.

Set Lo(yz) = {a}. Note that this is possible since zz1 ¢ W’ (and zxo ¢ W').

For the edge zy, one can further pick a color

BeA=L(xy) - U Lo(e)
e€Eqr(u),ue{z,x1,x2}
(or B € A= L(zy) — UeGEG/(u),uE{z,m} Lo(e) if zo does not exist), and let Lo(xy) = {B}, since
we have [A| > A+2d+1—-(2d+2)=A—-1>1.
It is easy to see that Lg is a W-star sublist of L in G. This contradicts the fact that G is a

counterexample.
The second part of the claim follows from the fact that Configurations (C1), (C2) and (C3)
all satisfy the conditions of Claim 3.6.3. O

Claim 3.6.4. There is no path uzyz in G' such that dg/(u) < d, dg/(w) < d for each w €
Ner(u), ZwENG/(u) der(w) < 2d 42, der(x) = der(y) = 2, and dg/(2) < d. Therefore G' does
not contain Configurations (C4) or (C5).
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Proof. By Claim 3.6.1, T, is a star rooted at z. By Claim 3.6.2, T;,, T};, and T}, are trivial. Note
xy & W.

Let H = G — xy. By the minimality of G, H has a W-star-sublist Ly of L. Since T, is
trivial, we have dg(u) + dg(z) < d+ A, and so

|L(zy) — U Lo(e)| > A+2d4+1—(A+d)=d+1>1.
e€Eq(u)UEG(z)

Pick a color a € L(zy) — Ueep, (wure(2) Lo(e) and let Lo(zy) = {a}. Therefore Lo is extended
to be a W-star-sublist of L in GG, a contradiction. ]

Claim 3.6.5. There is no path uzxy in G’ such that dg(y) < 3, der(v) < d for each v € Nei(y),
der(x) = 2, der(u) < d, dgr(w) < d for each w € Ngi(u), and ZweNG/(u) der(w) < 2d 4 2.
Therefore G' does not contain Configurations (C6) or (CT7).

Proof. Suppose to the contrary that there is such a path. We first show dg(y) = 3. Otherwise
if de/(y) = 2, let z be the other neighbor distinct from x. Then uxyz is a path forbidden in
Claim 3.6.4. This contradiction implies dg(y) = 3. Denote N (y) = {z,y1, 2}
By Claim 3.6.2, Ty, T, and T, are all trivial. By Claim 3.6.1 both T}, and T, are stars.
Let H = G — xy. By minimality of G, H has a W-star-sublist Lg of L. We consider two

cases.

Case 1: Lo(zu) C Lo(yy1) U Lo(yy2). WLOG, assume Lo(xu) = Lo(yy1).
Then Lo(xzu) N Lo(yy2) = 0. Note that in this case it is allowed to have Lo(zy) = Lo(wy2)
for a leaf edge wys in G. Let

a€ A= L(zy) — U Lo(yyw) — U Lo(yow) — U Lo(uw)

wENg(y1) wENqr (y2) wEN g (u)
and set Lo(zy) = {a}. This is possible since |[A| > A+2d+1— (A+d+d) =1.
Case 2: Lo(zu) N [Lo(yy1) U Lo(yy2)] = 0.

In this case it is allowed to have Lo(zy) = Lo(wy;) for a leaf edge wy; for each i = 1,2. Let

BeB=Ly) - |J Loyiw)— |J Lolpw) - |J Lo(uw)

wENgr(y1) wENgr (y2) wEN g (u)
and set Lo(zy) = {8}, since |B| > A+2d+1—(d+d+d) > 1.

In either case, we can extend Lg from H to G, a contradiction. ]

By Claims 3.6.3, 3.6.4, and 3.6.5, G’ does not contain configurations (C1)-(C7), which

contradicts Lemma 3.6.2. This contradiction completes the proof of the theorem. ]
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In this section, we will prove Lemma 3.6.2. For convenience, we copy the lemma in the

following.

Lemma 3.6.4. 3.6.2 Let £ > 0 be a real number and d = 2[252]. Let G be a graph with

mad(G) < § —e and minimum degree §(G) > 2. Then, G contains one of the following t-threads

UT1TY -+ - TV.
(C1) t>4;

(C2) t =3 and d(u) < d;

(C3) t=2, d(u) =3, and d(g41)+(u) = 0;

(C4) t =2, d(u) < d, dy(u) = d(u), and d(v) < d;

(C5) t=2,d(u) <%, da(u) >d(u) — 1, digy1y+(u) =0, and d(v) < d;

(C6) t =1, d(u)

3, dgy1y+r (v) =0, d(v) < d, and da(v) = d(v);
(C7) t=1, d(U) =3, d(d+1)+ ('LL) =0, d('l)) < %7 d2(v) 2 d(U) —1, and d(d-i—l)Jr (U) =0.

Proof. If € > %, then mad(G) < 2 and so G is acyclic, contradicting §(G) > 2. Thus 0 < e < %

We prove by contradiction and proceed by the discharging method. Suppose to the contrary
that there is no t-thread as in (C1)-(CT7). For each x € V(G), define the initial charge M (x) =
d(z) — (% —¢). Note that M(z) =2 — % +e= —% + ¢ for each 2-vertex z. For each 3T-vertex
z, M(z) > % +e>0.

Obtain a second charge M’(x) by the following rule:

R1: Each (d+ 1)"-vertex y sends % to each d~-neighbor, if dg-(y) # 0.

Obtain a third charge M"”(x) by the following rule:

R2: Each 3*-vertex y sends 22Y to each 2-neighbor if da(y) # 0.

da2(y)
It is of interest to consider the amount sent from a 3*-vertex y to a 2-neighbor, given

properties of y. Firstly, we compute charges of several types in the following. Note that the

c—8/3+¢
C

function is increasing with respect to ¢ given € < 2/3.

(A) By R1, if y is a (d + 1) T-vertex, then y sends each d~-neighbor x at least

d+1—8/3+€_1 8 — 3¢ 1 8 — 3¢ 1 3e
d+1 6[(8-39/09)]+3 = 6(B8-39/(9) 2

Thus y sends x at least 1 — 3—25

(B) Assume that y is a 3-vertex with a 2-neighbor z.
e If do(y) = 1, then y sends x exactly % +e.

e Assume that y has a (d + 1)*-neighbor z. Then, da(y) < 2 an.

and y receives at least 1 — 3—28
from z by (A). Thus y sends z at least 3[(3 +¢) + (1 — %) > 2 —

€
1
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(C) Assume that 4 < d(y) < % + 1. Let x be a 2-neighbor of y.
o If do(y) 4-8/5+e
o If dg(y)
o If dy (y)

d(y), then y sends x at least =1+5

)
(y) — 1, then y sends x at least 4_Sé3+5 >
Y

4
<d 3
< d(y) — 2, then y sends x at least % > 2.
e Assume that y has a (d+ 1)T-neighbor z. Then, ds(y) <

1 — 3¢ from z by (A). Thus, y sends z at least 1[4 — 5 +c4+ (1 - %)) >T -2 > 2

d(y) — 1 and y receives at least

(D) Assume 4 +1 < d(y) < d.
o If do(y) = d(y), then y sends z at least

d/2+1-8/3+¢ 8/3—¢ o, 3e(8-3¢)
dj2+1 T [8-39)/(9)]+1 7 8+6e

o If do(y) < d(y) — 1, then y sends x at least

d/2+1-8/3+¢ 5/3-¢ 5/3—¢ 3¢(5 — 3¢)

d/2 T T8-39)/(9)] T (8—39)/(9) 8 3¢

Clearly, 3= ey M" (@) = Xsevic) M' () = X ev () M(z) < 0 since mad(G) < 8 —c. As
M"(y) > 0 for each 3*-vertex y, we have

> M'(z)<0. (3.1)
zeVa(Q)
In the following, we shall show that each of the t-threads not forbidden in G receives nonnegative

charge to yield a contradiction.

o Let uxijzoxzv be a 3-thread. Since (C2) is forbidden, we have min{d(u),d(v)} > d + 1.
By (A), u sends z7 at least 1 — 32, and v sends x5 at least 1 — 22 as well. Thus, M" (1) +
M"(z2) + M"(z3) > 3(e — 2) +2(1 — %) = 0.

o Let uxizov be a 2-thread. We further divide our discussion according to the value of d(u):

1. Assume d(u) = 3. Since (C3) is forbidden, we conclude d(g41)+(u) > 1. Then, u

sends z7 at least 2 — ¢ by (B).

(a) Assume d(v) > g + 1. Then, v sends x5 at least 1 — Seéiggs) by (D). Since ¢ < %,

we have
M" (1) + M"(29) > 2(e — 2) 4 (2 — &) + (1 — EEI)) — NI asetls )
<

2
3 8+6¢ 12(4+3¢)

(b) Assume 3 < d(v) g + 1. Since (C4) is forbidden and da(u) < d(u), we have

da(v) < d(v).
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Case 1: Assume d(g41)+(v) > 1. Then, v sends 2 at least 2 — £ by (B) or (C). Hence
M"(z1) + M"(z3) > 2(e — 3) +2(3 — 5) > 0.
Case 2: Assume d(g,q1y+(v) = 0. Since (C3) is forbidden, d(v) > 4, and since
(C5) is forbidden, ds(v) < d(v) — 2. Then v sends x5 at least 2 by (C) and so
M"(z1) + M"(z3) >2(e = 3)+ (3 —2)+ 2> 0.

2. Assume min{d(u),d(v)} > 4. Then, u sends z; at least 1 + § by (C).
(a) Assume d(v) > d+1. Then, v sends x at least 1—3 by (A), so M" (z1)+M" (22) >
26—+ EF+5H+A=-3%)>0.
(b) Assume max{d(u),d(v)} < %+ 1. Since (C4) is forbidden, we have da(u) < d(u)
and da(v) < d(v). Since (C5) is forbidden, for w € {u,v}, either dgyi)+(w) > 1
or de(w) < d(w) — 2. If dgpy+(w) > 1, then w sends its 2-neighbors at least %
by (C). If da(w) < d(w) — 2, then w sends its 2-neighbors at least 2 by (C). Thus,
M"(z1) + M"(z2) > 2(e—2)+2-2 > 0.
(c) Assume d > d(v) > % + 1. Since da(v) < d(v), v sends x5 at least 1 — &335) by
(D).
Case 1: d(u ) < 4. Then, u sends z; at least 2 by (C). Thus, M"(z1) + M"(z3) >
2e -3 +3+ 0 - 55 = 55 > 0.
Case 2: d(u ) >4 5 + 1. Then we have

ny:
M"(x1) + M"(fﬁz) > 2(e — *) +2(1 - e 338)) = gfz;—é)s) > 0.

\ [

e Let uxv be a 1-thread.
(1) Assume min{d(u),d(v)} > 4. Then by (C), M"(z) > (e — 2) +2(3 + £) > 0.
(2) Assume d(u) = 3 and d(v) > d + 1. Then, u sends z at least (3— §+5) = é+
Then by (A), M/(2) 2 (=~ )+ (3 + D)+ (1- §) =4~ >0,
(3) Assume d(u) = 3 and d(g41)+(u) > 1. Then, u sends z at least 22 py (B), so
M"(x) 2 (e=3)+(3-3) >0

(4) Assume d(u) = 3,d(g41)+(u) = 0, and d(v) > § + 1. Since (C6) is forbidden, da(v) <

3e(5-3
d(v). Thus, v sends z at least 1 — 65(5 3:) by (D), so

2_
M”( )2 (e~ %) + (% + §) (1- 1586 ??f )= 4569(85135;)%2 > 0.

(5) Assume d(u) = 3,d(g41)+(v) = 0, and d(v) < %. Since (C7) is forbidden, da(v) <

d(v) — 2 or d(g41y+(v) > 1. Thus by (C), M"(x) > (e - H+(F+5+2>0.

£
3-

All the t-threads allowed in G are examined in the above arguments. This proves that

every t-thread in G receives nonnegative charge, which is a contradiction to Eq. (3.1) that
D weva(c) M (x) <0. O
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3.7 Concluding remarks on star edge coloring

All of my bounds are of the form L%J + ¢, where ¢ is a constant only dependent on mad(G).
It is worth noting that in Theorem 3.6.3, little attention is taken to minimize c. However, in
Theorems 3.1.9 and 3.1.10, ¢ is minimized to the greatest extent our methods allow. Greater
care could be taken with further specific values of mad(G) to give better bounds. I have chosen
to present the values of mad(G) < 2.4 and mad(G) < %2 for the following reasons:

mad(G) < 2.4 is the threshold to guarantee a 2-thread in G’. If mad(G) > 2.4, it is possible
that there is no 2-thread, and so we would need to consider reducible configurations involving a
2-vertex x with only 3*-neighbors (in G’). In these configurations, it was necessary to guarantee
that neighbors of x not only are low degree but also have neighbors of low degree; the need to
consider the 2nd-neighborhood of a 2-vertex is the impetus for the double-discharging method
used in Lemma 3.6.2. Further, some of the configurations for a 1-thread also required the ability
to choose from one of three possible colors—for the non-list problem; this would have required a
strengthening of the simple switch in Lemma 3.4.1.

mad(G) < £ is the threshold to guarantee a 5-thread in G’. If mad(G) > %2, then t-threads
with ¢ < 4 must be considered in reducible configurations. As in the proof of Theorem 3.6.3,
this would require a stronger form of list star coloring.

Wang et al. [44] obtain the following upper bounds on the non-list star edge coloring for

planar graphs with large girth.

Theorem 3.7.1 ( [44]). Let G be a planar graph with mazximum degree A and girth g.
(i) If G has no cycles of length 4, then X' (G) < |1.5A| + 18.

(ii) If g > 5, then x4 (G) < [1.5A]| 4+ 13.

(iii) If g > 8, then x4 (G) < |1.5A[| + 3.

Their proof in [44] applies a clever edge-partition technique and assigns certain specific colors
to certain given part of edges. However their methods cannot be easily extendable to the list
version of the problem. We believe that the girth condition in Corollary 3.1.14 are not tight. For
planar graphs with girth 4, we have an infinite family of such graphs whose list star chromatic

index can not be bounded by % + ¢ (see Figure 6.).

Proposition 3.7.1. For each integer A > 3, there exists a planar graph K of girth 4 with

mazimum degree A such that

13A 3

chigy(K) > X (K) > = 1
In view of Theorem 3.7.1, Proposition 3.7.1 and Corollary 3.1.14, we conjecture that, in the
list star edge coloring problem, the tree-like upper bound holds for planar graphs with girth at

least 5.
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Figure 6.

Conjecture 3.7.1. There exists a constant ¢ > 0 such that for any planar graph G of girth at

least 5 with maximum degree A, we have

3A
chly(G) < - te

Proof of Proposition 3.7.1.

Let K be a graph obtained from the complete bipartite graph Ky A as follows: Let vq,v2 be
the A-vertices of Ky A, and let uy,--- ,ua be the 2-vertices of K3 . Obtain K by adding (A —2)
leaves to u; (1 <7 < A), so that u; is now a A-vertex. Let ¢ be a star (A + k)-edge-coloring of
K. We shall show that k& > % — % below.

We first claim |cg(v1) N cy(v2)] < %. By contradiction, we may assume, without loss of
generality, that ¢(viu;) € cg(v2) for each 1 <i < [§] + 1. Then it follows from the Pigon-Hole
Principle that there exist 1 <, < L%J +1 such that ¢(vou;) = ¢(viuy). Since d(viu;) € cy(v2),
we denote ¢(viu;) = ¢(vaug). Then upvou;viu; is a bicolored path (or cycle) of length four, a
contradiction.

Now we assume, wlog, that ¢(viu;) = i for each i € [A] and ¢(vau;) = A + j for each
j € [t], for some t with % < t < k. There are (A — 2)A leaves incident with u,...,ua.
To determine the number of colors needed to color those leaves, we may view that each wu; is
incident with A + k — 2 colored pseudo-leaves (that is, u; sees all colors) and then delete certain
colored pseudo-leaves to obtain a proper star-edge coloring of K. For each color pair (7, j) with
1 <i<j <A, the pseudo-leaf with color ¢ incident with u; and the pseudo-leaf with color j
incident with w;, together with viu;, v1u; form a bicolored path of length four, and so at least
one of the pseudo-leaves should be deleted. There are (%) such colored pairs (7, j), which implies
at least (%) pseudo-leaves (with colors in {1,2,...,A}) are deleted. Similarly, for each color
pair (A +1i,A+j) with 1 <i < j <t, one of the pseudo-leaves, either the one with color A + i
incident with u; or the one with color A + j incident with w;, should be deleted. Thus at least
(%) pseudo-leaves (with color in {A +1,...,A +t}) are deleted. On the other hand, there are
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(A —2)A remaining leaves, which implies there are kA pseudo-leaves are deleted. Thus, we have

a(3)+0)

Since t > %, we conclude that k > % — %. This completes the proof of the proposition.
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Chapter 4

Final Remarks

I conclude with thoughts on future problems for research for the edge coloring parameters studied

here.

4.1 On chromatic index of embedded graphs

Vizing’s Planar Graph Conjecture, that any planar graph with maximum degree at least 6 is
Class 1, remains open. This conjecture is considered to be likely as difficult to prove as the Four
Color Conjecture. However, the conjecture for graphs embedded on other surfaces seems more

tractable.
Problem 1. Find A(X) for further values of x(%).

It is natural to attempt to verify the Embedded Graphs Conjecture for further given values
of x(¥). Continuing this approach may result in further useful tools such as adjacency lemmas
and provide evidence toward the conjecture (or against, should the conjecture prove to be false).
Beyond confirming parts of the conjecture, many of the tools such as adjacency lemmas have
been developed for specific cases, and these have use in other problems. However, there are
some reasons why confirming special cases of x(X) is not a preferable long-term approach: most
importantly, there are infinitely many cases that must be checked. Beyond this, as x(X) decreases
(becomes more negative), A(X) increases. As seen in the proof of Theorem 1.2.2, many cases
of vertex degree must be considered. As A(G) grows, so too does the number of cases, making
the proof increasingly unwieldy. Thus, moving forward, it may be of more interest to look at
other tools, such as Tashnikov trees. This is an extension of the brooms used in the proof of
Theorem 1.2.3, first conceived by Tashnikov [41]. This tool has so far been difficult to use in
its full generality; however, Cao et al. [7] have some nice new lemmas arising from Tashnikov
trees for the number of large degree vertices in a critical graph. Lemmas of this sort may allow

general improvements to the bounds for A(Y).
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Problem 2. For a graph G embedded on a surface ¥ of Euler charactistic x(X) < 0, can the
bound for A(X) be improved, for example to \/—Tx(X)?

4.2 On star edge coloring

Since star edge chromatic index and choosability are relatively new graph parameters, there

remain a great number of open problems.

Problem 3. Can we find sharp or at least improved bounds for x..(G) or chl,(G) for planar
graphs? bipartite graphs? graphs with large girth?

As shown by Proposition 3.7.1, for a planar graph G with girth at most 4, G may have
non-tree-like bounds for edge star choosability. We make the following conjecture for graphs

with larger girth:

Conjecture 4.2.1. Let G be a planar graph of girth at least 5. Then, there exists some constant
¢ such that ', (G) < chl(G) < L%(G)J +ec.

So far, the methodology for most results on star edge coloring has been rooted in traditional,
structural graph theory. Many of the techniques used for star edge coloring are inspired by those
used to study the strong edge coloring (in which no path on more than 2 edges is bicolored).
Can other tools from probablistic and algebraic graph theory be of use? For example, Molloy
and Reed [34] used the probabilistic method to show that the strong chromatic index of G is at
most 1.998A(G)? given sufficiently large A(G). A reasonable next step is to see if the ideas can
be applied to star edge coloring.

For standard proper edge coloring, a major unresolved conjecture is that x'(G) = ch/(G),
i.e., chromatic index is equal to edge choosability, for every graph G. This has been proved
to be true for some classes of (multi)graphs such as bipartite multigraphs (Galvin, [13]). It is

reasonable to ask a similar question for star edge coloring.
Problem 4. Is x.,(G) = chl,(G) for every graph G ¢

This is currently only known to be the case for very few classes of graphs, specifically paths,
cycles, stars, and trees that obtain the sharp upper bound. A possible starting point is the

following possibly more tractable problem.

Problem 5. Is x.,(t) = ch’y(T) for every tree T ?
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