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ABSTRACT
A Study on Graph Coloring and Digraph Connectivity
Murong Xu

This dissertation focuses on coloring problems in graphs and connectivity problems in di-

graphs. We obtain the following advances in both directions.

1. Results in graph coloring.
For integers k,r > 0, a (k,r)-coloring of a graph G is a proper coloring on the vertices of G with
k colors such that every vertex v of degree d(v) is adjacent to vertices with at least min{d(v),r}
different colors. The r-hued chromatic number, denoted by x,(G), is the smallest integer k for
which a graph G has a (k, r)-coloring.
For a k-list assignment L to vertices of a graph G, a linear (L, r)-coloring of a graph G is
a coloring ¢ of the vertices of G such that for every vertex v of degree d(v), c(v) € L(v), the
number of colors used by the neighbors of v is at least min{dg(v),r}, and such that for any two
distinct colors i and j, every component of G[c~!({i, j})] must be a path. The linear list r-hued
chromatic number of a graph G, denoted Xf:,r(G)v is the smallest integer k such that for every
k-list L, G has a linear (L,r)-coloring. Let Mad(G) denotes the maximum subgraph average
degree of a graph G. We prove the following.
(i) If G is a K3 3-minor free graph, then x2(G) < 5 and x3(G) < 10. Moreover, the bound
of x2(G) <5 is best possible.
(ii) If G is a Py-free graph, then x,(G) < x(G) + 2(r — 1), and this bound is best possible.
(iii) If G is a Ps-free bipartite graph, then y,(G) < rx(G), and this bound is best possible.
(iv) If G is a Ps-free graph, then x2(G) < 2x(G), and this bound is best possible.
(v) If G is a graph with maximum degree A, then each of the following holds.
(i) If A > 9 and Mad(G) < I, then XEL,T(G) <max{[A/2] +1,r+1}.
(i) If A > 7 and Mad(G) < 12, then X%,T(G) < max{[A/2] 4+ 2,r + 2}.
(iii) If A > 7 and Mad(G) < 3, then x{ .(G) < max{[A/2] +3,r 4 3}.
(vi) If G is a K4-minor free graph, then XELJ(G) < max{r, [A/2]} + [A/2] + 2.
(vii) Every planar graph G with maximum degree A has X€L72(G) <A+T.

2. Results in digraph connectivity.

For a graph G, let k(G), '(G), §(G) and 7(G) denote the connectivity, the edge-connectivity,
the minimum degree and the number of edge-disjoint spanning trees of GG, respectively. Let
f(G) denote k(G), K'(G), or 6(G), and define f(G) = max{f(H) : H is a subgraph of G}. An

edge cut X of a graph G is restricted if X does not contain all edges incident with a vertex in



G. The restricted edge-connectivity of G, denoted by A2(G), is the minimum size of a restricted
edge-cut of G. We define \y(G) = max{\y(H) : H C G}.

For a digraph D, let k(D), A\(D), 6~ (D), and §* (D) denote the strong connectivity, arc-strong
connectivity, minimum in-degree, and out-degree of D, respectively. For each f € {k,\,67,07},
define f(D) = max{f(H) : H is a subdigraph of D}.

Catlin et al. in [Discrete Math., 309 (2009), 1033-1040] proved a characterization of '(G) in
terms of 7(G). We proved a digraph version of this characterization by showing that a digraph D
is k-arc-strong if and only if for any vertex v in D, D has k-arc-disjoint spanning arborescences
rooted at v. We also prove a characterization of uniformly dense digraphs analogous to the
characterization of uniformly dense undirected graphs in [Discrete Applied Math., 40 (1992) 285
- 302].

For an integer £k > 0, a simple digraph D with |V(D)| > k + 1 is k-maximal if every
subdigraph H of D satisfies A(H) < k, but adding a new arc to D results in a subdigraph H’
with A(H') > k+1. We prove that if D is a simple k-maximal digraph on n > k41 > 2 vertices,

e |A(D)| > <Z>+(n—1)k+Lki2j (1+2k—<k;2>>.

This bound is best possible. Furthermore, all extremal digraphs reaching this lower bound are
characterized.

Matula in [SIAM J. Appl. Math. 22 (1972) 459-480] initiated the study of f(G). He proved
two minimax theorems related to 6(G) and & (G). We obtain analogous minimax duality results
for Ao (G).
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Chapter 1

Introduction

1.1 Notations and Terminology

We consider finite simple graphs and digraphs without loops but parallel arcs. Undefined terms
and notations will follow [11] for graphs and [9] for digraphs. Throughout this dissertation, G
denotes an (undirected) graph with vertex set V(G) and edge set E(G); D denotes a digraph
with vertex set V(D) and arc set A(D); A(G) and 6(G) denote the maximum degree and the
minimum degree of a graph G, respectively.

For a graph G, if X C V(G), then G[X] is the subgraph induced by X. For v € V(G), let
N¢(v) denote the set of vertices adjacent to v in G, and dg(v) = |Ng(v)|. This is called the
neighborhood of v. When G is understood from this context, we often use N(v) and d(v) for
N¢(v) and dg(v), respectively. We also define Ng[v] = Ng(v) U {v}, which is often called the
closed neighborhood of v. For each integer i > 0, let D;(G) denote the vertex set with dg(v) = i.
A vertex in D; is often called an i-vertex of G. For an integer n > 3, let C), denote a cycle on n
vertices and P,, denote a path on n vertices. If S C V or S C E, then G[S] is the subgraph of G
induced by S. Let G—S = G[V(G)\S] (if S CV(G)) or G- S =G[E(G)\S] (if S C E(G)). If
S C V(G), then let Ng(v) = SNNg(v). If E(G[S]) = 0, then S is a stable set (or an independent
set) of G; we also called S an independent |S|-set. Following [11], we define a clique of a graph
G to be a set of mutually adjacent vertices of G. A clique K of a graph G is maximal if K is
not properly contained in another clique of G. The cligue number of G, denoted by w(G), is
the maximum size of a clique of G. Let H be a graph. A graph G is H-free if G does not have
an induced subgraph isomorphic to H. In particular, a K 3-free graph is also called a claw-free

graph. For any integer k > 0, we denote k = {1,2,....k}.



1.2 Background on Graph Coloring

Definition 1.2.1. Let k and r be positive integers. A (k,r)-coloring of a graphs G is a mapping
c: V(G) — k satisfying both the following:

(C1) c(u) # c(v), for every edge uwv € E(G);

(C2) |e(Ng(v))| > min{dg(v),r}, for every v € V(G).

The r-hued chromatic number of G, denoted by x,(G), is the smallest k& such that G has
a (k,r)-coloring. When r = 2, x2(G) is also called the dynamic chromatic number of G. The
study of r-hued colorings was initiated in [76] and [58]. Later, it was extended to 2-hued list
colorings in [2]. It has now drawn lots of attention, as seen in [3], [2], [19], [24], [32], [51],
[62], [67], [85], [86], among others. By the definition of x,(G), it follows immediately that
X(G) = x1(G), and so r-hued is a generalization of the classical graph coloring. For any integers
i > j >0, any (k,i)-coloring of G is also a (k,j)-coloring of G, and so if 1 < j < i < A, then
X(G) < x;(G) < xi(G) < xa(G) = x(G?), where A = A(G).

In [62], it was shown that (3,2)-colorability remains NP-complete even when restricted to
planar bipartite graphs with maximum degree at most 3 and with arbitrarily high girth. This
differs considerably from the well-known result that the classical 3-colorablity is polynomially
solvable for graphs with a maximum degree of at most 3. Nevertheless, there have been quite a
few studies on the upper bounds of the r-hued chromatic number of planar graphs.

For a positive integer h, denote 2" to be the power set of h. Let L : V(G) 2" be an
assignment with L(v) being a list of available colors at v. An L-coloring is a proper coloring ¢
such that c(v) € L(v), for every v € V(G). When such a c exists, we say that G is L-colorable.
For any v € V(G), if |L(v)| = k, then L is a k-element list. For a given assignment L of G, an
(L,7)-coloring of G is an L-coloring, as well as an r-hued coloring. The list r-hued chromatic
number of G, denoted by xr,(G), is the least k such that for every k-element list L, G has a
(L,7)-coloring.

The concept of linear coloring was introduced by Yuster [98]. Let c: V(G) — k be a (k,r)-
coloring of a graph G. If for all 4,5 € k with i # j,

every component of G[c™1(i) Uc71(5)] is a path, (1.1)

then c is a linear (k,r)-coloring of G. The linear r-hued chromatic number of G, denoted by
X4(G), is the smallest k such that G admits a linear (k,r)-coloring. By definition, if ¢ is a linear
coloring of G, then for each vertex v, every color occurs in ¢(Ng(v)) at most twice, and so we
always have x/(G) > [A/2] + 1. There is also a rich history of studies on linear colorings, as
seen in [22, 25, 33, 59, 65, 94, 95, 97, 98], among others.

Esperet et al. in [33] extended the notion to linear list colorings. The linear list chromatic

number of G, denoted by X} (G), is the smallest k such that G admits a linear L-coloring for every
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k-element list L. For a given assignment L of G, a linear (L,7)-coloring ¢ of G is an L-coloring
as well as a linear r-hued coloring. The linear list r-hued chromatic number of G, denoted by
X%,T(G)’ is the smallest k& such that for every k-element list L, G always admits a linear (L,r)-
coloring. It follows from the definition that Xf:ﬂ,(G) > max{[A/2],7} + 1, x{(G) = Xé’l(G),
and XZLA(G) = x4 (G?), where G? is the square graph of G. For any integer i > j > 0, any linear
(L,4)-coloring of G is also a linear (L, j)-coloring of G, and so x4 (G) = Xé,l(G) < XKLQ(G) <
<X (G) = XL A (G) = = XL(GP).

There have been many fascinating conjectures related to graph coloring problems. Among
them are the following.

Wegner in [92] posed the following conjecture.

Conjecture 1.2.1. (Wegner [92]) If G is a planar graph, then
A(G) +5, if 4 <A(G) <T7;
a(G) < (@) f (@)
1BA(G)/2] +1, if A(G) >8.
For each integer r > 1, define
r+3, ifl1<r<2;

f(r)y=< r+5, if3<r<T,;
|13r/2| +1, ifr>8.

Motivated by Wegner’s conjecture, Song et al. raised a more general one on the upper bounds

of x»(G) when G is a planar graph.
Conjecture 1.2.2. (Song et al. [85]) Let G be a planar graph. Then we have x,(G) < f(r).

Thus Wegner’s conjecture is a special case when r = A.

Define
(r) T+ 3, if 2 <r <3;
T =
13r/2] +1, ifr>4.

Lih et al. proved the following towards Wegner’s conjecture.

Theorem 1.2.1. (Lih, Wang and Zhu [66]) Let G be a K4-minor free graph. Then
xa(G) < K(A(G)).
Song et al. extended Theorem 1.2.1 to the following theorem.

Theorem 1.2.2. (Song et al. [85]) Let G be a Ky-minor free graph with A = A(G), and r > 2

be an integer. Then
(i) x»(G) < K(r).
(i) XxL.r(G) < K(r) + 1.



When r = 1, Conjecture 1.2.2 is justified by the four color theorem. It is of interest to study

the case when r > 2 for Conjecture 1.2.2.
Theorem 1.2.3. (Chen et al. [19]) If G is a planar graph, then x2(G) < 5.

They conjectured that x2(G) < 4 if G is a connected planar graph other than Cs. Kim et

al. [51] proved this conjecture by using the four color theorem.

Theorem 1.2.4. (Kuratowski’s Theorem) A graph is planar if and only if it contains no subdi-

vision of either K5 or K3 3.

By Kuratowski’s Theorem, it is natural to consider the upper bound of 2-hued chromatic
numbers of graphs having no K5 minors or no K33 minors. For a connected graph G without

a K5 minor, Kim et al. proved the following theorem.

Theorem 1.2.5. (Kim, Lee and Oum [52]) If G is a connected graph other than Cs having no
K5 minor, then x2(G) < 4.

In [58, 76], it has been indicated that x2(G)—x(G) can be arbitrarily large. It is of interest to
understand, for an integer » > 2, the relationship between x, (G) and x(G) in different families of
graphs. There have been investigations on the relationship between x,(G) and x(G) in different

families of graphs. Among them are the following.

Theorem 1.2.6. (Lai et al. , Theorem 4.2 of [57]) Let G be a claw free graph. Each of the
following holds.

(i) x2(G) < x(G) +2 .

(i) If G is connected, then x2(G) = x(G) + 2 if and only if G is a cycle of length 5 or an even
cycle of length not a multiple of 3.

Theorem 1.2.7. (Li and Lai [60]) Let G be a claw-free graph. Then x3(G) < max{x(G)+3,7}.
This bound is best possible.

Theorem 1.2.8. (Alishahi, Theorem 3 of [4]) Let k > 35 be an integer, and let G be a k-reqular
Cy-free graph. Then x2(G) < x(G) +2[41n(k) + 1].

Theorem 1.2.9. (Ahadi et al. [1]) If G is a Py-free graph, then x2(G) < x(G) + 2.

The mazximum subgraph average degree of G, denoted by Mad(G), is defined by
2|E(H)|
[V (H)|
It is noted that if G is a planar graph, then Mad(G) < 6. Therefore, it is natural to investigate
Xr(G) and XEL,T(G) for graphs G with bounded values of Mad(G).

Song et al. in [86] proved the following theorem.

Mad(G) = max{ ,H C G}.

Theorem 1.2.10. (Song et al. [86]) If r > 3 and G is a planar graph with g(G) > 6, then
xr(G) <r+5.



1.3 Background on Digraph Connectivity

For a graph G, let /(@) and 7(G) denote edge-connectivity and the number of edge-disjoint
spanning trees of G, respectively. For a digraph D, k(D) and A(D) denote the strong connectivity
and the arc-strong connectivity of D, respectively. For any disjoint subsets X,Y C V(D), define
(X,Y)p to be the set of all arcs in D with tail in X and head in Y, and let

95(X) = (X,V(D) — X)p and 9,(X) = (V(D) — X, X)p,

and let df(X) = [05(X)| and dj(X) = |0,(X)|. When X = {v}, we write df,(v) = [0],({v})]
(called the out degree of v in D) and dj,(v) = |0,({v})| (called the in degree of v in D). A
digraph D is k-arc-strong if for any nonempty proper subset X C V(D), df(X) > k. Thus
A(D) is the largest integer k such that D is k-arc-strong.

Catlin et al. in [16] proved a characterization of £'(G) in terms of 7(G).

Theorem 1.3.1. (Catlin et al. , Theorem 1.1 of [16]) Let G be a connected graph and let k > 1
be an integer. Fach of the following holds.

(i) &' (G) > 2k if and only if VX' C E(G) with | X'| < k,7(G - X') > k.

(i1) k' (G) > 2k + 1 if and only if VX' C E(G) with | X'| <k+1,7(G— X') > k.

An arborescence is an oriented tree T' such that for some r € V(T'), we have d(r) = 0,
and for any v € V(T) — r, we have d;(v) = 1. The vertex r is the root of 7" and T is an
r-arborescence. Let 7(D) be the maximum number of arc-disjoint spanning arborescences in D.
It is natural to investigate whether there is a similar relationship in digraphs. One such attempt
was made in Theorem 1.4 of [16]. It is unfortunately that, due to the misunderstanding of a
result of Frank (mistakenly quoted as a result of Edmonds in Theorem 3.1 of [16]), the proof
of Theorem 1.4 of [16] is false. Therefore, the problem of investigating the relationship between
A(D) and 7(D) remains unanswered.

For a graph G, we follow [11] to use ¢(G) to denote the number of components of G. Following
Cunningham [23], the strength n(G) and fractional arboricity v(G) of G are defined as

X X
6= it {0 =@ ) 47O = 23 T ety |

where the minimum and maximum are taken over all subsets X such that the corresponding
denominators are not zero. In [15], it has been indicated that the well-known spanning tree

packing theorem of Nash-Williams [77] and Tutte [91] can be restated as the following.
Theorem 1.3.2. A nontrivial graph G has k edge-disjoint spanning trees if and only if n(G) > k.

In [15], an attempt to obtain a fractional version of Theorem 1.3.2 was made, and the

following characterization was proven.



Theorem 1.3.3. ( Catlin et al. , Theorem 6 of [15]) Let G be a connected graph. The following
are equivalent.

(1) V(G)(|V(G)] - 1) = [E(G)].

(i) GV (G)] — 1) = |B(G)].

(i) 1(G) = 1(G).

(iv) For any integers s >t > 0 with v(G) = §, G has s spanning trees T1,Ts,--- ,Ts such that
every edge e € E(QG) is in exactly t members in the multiset {T1,Ta, -, Ts}.

(v) For any integers s >t > 0 with n(G) = §, G has s spanning trees Ty, Ts,--- ,Ts such that
every edge e € E(G) is in exactly t members in the multiset {T1,Ts,--- ,Ts}.

A graph G satisfying Theorem 1.3.3(i) is called a uniformly dense graph. These results have
been applied in [20] to give short proofs for some results on the higher-order edge toughness of a
graph in [18]; and to obtain characterization of minimal graphs whose edge-connectivity equals
the spanning tree packing number in [42]. The characterizations of uniformly dense graphs have
also been applied to many other studies, such as cyclic base orderings [46] and the problem
of packing hypertrees [41]. It is natural to consider the study on uniformly dense digraphs
analogous to those characterizations in [15].

Given a graph G, Matula [73, 74, 75] first studied the quantity

7 (G) = max{x/(H) : H C G}.

He called ®'(G) the strength of G. Mader [71] considered an extremal problem related to 7' (G).
For an integer k > 0, a simple graph G with [V(G)| > k + 1 is k-mazimal if &'(G) < k but for
any edge e € E(G°), ®'(G + €) > k. In [71], Mader proved the following.

Theorem 1.3.4. (Mader [71]) If G is a k-mazimal graph on n >k > 1 vertices, then

|E(G)| < (n—k)k+ ( l;)

Furthermore, this bound is best possible.

It has been noted that being a k-maximal graph requires a certain level of edge density.

Towards this direction, the following was proven in 1990.

Theorem 1.3.5. (Lai, Theorem 2 of [53]) If G is a k-mazimal graph onn > k+1 > 2 vertices,
then

B(G)] = (n— 1)k - ( : ) sl

Furthermore, this bound is best possible.

It is natural to consider extending the theorems above to digraphs.



Chapter 2

On r-hued Coloring of Graphs

without K3 3-minors

2.1 Main Results

The main purpose of this study is to consider the r-hued coloring of K3 3-minor free graphs and

K4-minor free graphs. Without using the four color theorem, we obtain the following results.
Theorem 2.1.1. Let G be a connected graph without K33 minor, then x2(G) < 5.
Theorem 2.1.2. Let G be a Ky-minor free graph, then x2(G) < 4 except for G = Cs.

Theorem 2.1.2 improves Theorem 1.2.2; in which every K4-minor free graph G satisfying

x2(G) <5 is also characterized.

2.2 r-hued Chromatic Number of Graphs without K3 3-minors

In this section, we first build some reduction propositions, which will be utilized to prove The-
orem 2.1.1. A vertex cut S of G is called t-cut if |S| =t.

Definition 2.2.1. Let G be a graph, and S C V(G) be a t-cut of G. H; (i = 1,2) are two
vertez-disjoint subgraphs of G—S with G—S = H1UHs. Let K; be the complete graph on vertex
set S, and G; = GV (H;) US|UK; (i =1,2). We call G the t-sum of G1 and G2, denoted by
G = G1 @t Ga, in which edges in Ky but not in G will be deleted.

We first consider the case when ¢ = 1.

Proposition 2.2.2. Let G = G1 ®1 Ga. Then x,(G) < max{x,(G1), xr(G2),r + 1}.



Proof. Let V(G1)NV(G2) = {w} and let k = max{x,(G1), xr(G2),7+ 1}. So for i € {1,2},
there exists a proper (k, 7)-coloring of G; with ¢;: V(G;) — k. Without loss of generality (w.l.0.g.

in short), we can permute the color of w in Gy so that ¢1(w) = ca(w). Define ¢: V(G) — k as

() = { c1(v), ifveV(Gy);

(2.1)
ca(v), ifveV(Ga).

Then for any v € V(G)—{w}, both hued conditions (C1) and (C2) are satisfied at v by definition,
and so c¢(w) # c(u) for any u € N(w). Let hy = |Ng, (w)| and hy = |Ng, (w)|. If max{hq,ha} >r
or |¢(N(w))| > r, then w satisfies the hued condition (C2) under the coloring ¢. So we assume
that max{hy,ha} < r—1 and |¢(N(w))| < r — 1. Thus, |¢(Ng,(w))| = |Ng,(w)| = hy and
lc(Ng, (w))| = | Ng, (w)| = ha, respectively.

Let ¢t = min{hg,” — h1}. Since k > r + 1, we can choose t colors {a1, ag,...,a;} from k —
¢(Ng, [w]). As t < hg, we can pick t vertices {u1,ug, ..., u;} from Ng,(w). Define a permutation
of V(G2) on k by

__ ( co(w) ca(ur) ea(uz) .. eauy) ... )
co(w) o Q9 .y

and define a new coloring ¢’ of V(G) such that

¢(v) = { c1(v), if v € V(Gy);

_ (2.2)
m(c2(v)), ifv e V(Ge) —{w}.

Then |c'(w)| = |cg, (w)|+]|cg, (w)| > b1+t = min{hi +hg,r}. Thus, ¢ is a proper (k, r)-coloring
of G. This implies the Proposition 2.2.2 holds. O
By definition 2.2.1, when G = G1 &¢ G2, Ky = G1 N G2 may not be a subgraph of GG. For

our purpose, we give the different propositions for different cases.

Proposition 2.2.3. Let G = G @2 G2 be a 2-connected graph, where V(G1) NV (Ga) = {z,y}.
If xy € E(G), then each of the followings holds.
(i) Let
. { max{x:(G1), xr(G2)}. fl<r<2
max{x,(G1), xr(G2),2r — 1}, ifr > 3.
Then x»(GQ) < k;
(i5)If Go = Cs, then x2(G) < max{x2(G1),3}. In particular, x2(Cs ®2 C5) = 4.

Proof. (i) As it is well-known when r = 1, x(G) < max{x(G1), x(G2)}, we assume r > 2.
For k > max{x,(G1), xr(G2)}, G; permits a (k,r)-coloring ¢; for i € {1,2}. Since r > 2, by
Proposition 2.1 of [57], k > 3. Hence, for i € {1,2}, there exists a (k, r)-coloring ¢;: V(G;) — k
satisfying c¢1(z) = ca(z) and c¢1(y) = ca(y) so that

min{|c;(Ng; (x))|, 71+ min{[ei(Ne; (v)], 7} (2.3)
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is maximized. Define ¢: V(G) — k as

c(v) =

{ c1(v), ifv e V(Gy); (2.4)

co(v), ifveV(Gy).

We denote the coloring ¢ in (2.4) by ¢ = ¢; Uca. As ¢1(z) = co(x) and ¢1(y) = c2(y), ¢ is
well-defined. Since ¢; is a (k,r)-coloring of G;, we conclude that ¢ is a proper k-coloring of G
such that every vertex in V(G) — {z, y} satisfies the hued condition (C2). If both x and y satisfy
the hued condition (C2), then ¢ is a (k,r)-coloring of G. In the following, w.l.o.g., we argue
by contradiction and always assume that c¢(z) = 1, ¢(y) = 2 and = does not satisfy the hued
condition (C2). For any vertex w € {z,y}, let Dc(w) denote the set of colors which appears in
both Ng, (w) \ {z,y} and Ng,(w) \ {z,y}, Ac(w) denote the set of colors which is absent from
Ng, [w] U Ng, [w]. By definition, De(x) N Ae(xz) = 0. As = does not satisfy the hued condition
(C2), 1,2 ¢ Dc(x) U Ac(x), and De(zx) # 0.

Since xy € E(G), for any w € {z,y}, if max{dg, (w),dg,(w)} > r, then w satisfies the hued
condition (C2) under the coloring ¢ = ¢; U ca. Since k(G) > 2, it follows by definition that
¢ = ¢1 Uco is an r-hued coloring of G when r» = 1,2. Now we only consider the case when r > 3,
and assume that max{dg, (z),dg,(y)} <r—1.

Since k > r 4+ 2 and max{dg, (x),dg,(y)} < r—1, Ac(x) # 0. Pick arbitrarily an a € Ac(z)
and a 3 € De(x) such that 8 € De(z) N De(y) whenever De(z) N De(y) # 0. If [¢(Ng(y))| > r+1
or Dc(xz) N De(y) # 0, permute colors o and § in ¢y to get a (k,r)-coloring ¢, of Ga; if there
exists one of the colors in {«a, f} not appearing in Ng(y), or both o and 3 appear in the same
neighborhood Ng,(y) for some i (i = 2, say), permute colors a and 8 in ¢y to get a new
(k,r)-coloring ¢, of Ga. In the cases above, the resulting coloring ¢ = ¢ U ¢}, of G satisfies
min{|¢ (Ng(2)], r} +min{|¢/(Ng(y))l, 7} > min{le(Na(@))], 7} +min{|e(Na(y))], r} contrary to
(2.3). Hence we must have |¢(Ng(y))| < r and Dc(z) N De(y) = (0. Furthermore, as « and 3 are
picked arbitrarily, we have Ac(z) U Dc(z) C ¢(Ng(y)), (Ac(xz) U De(x)) N De(y) = 0, and both
Ac(z) and Dc(z) are located in such a way that one set is in G, another is in G3. We have
le(Na(y))| > |Ac(z)| + |De(z)| + 1. When r = 3, |[Ac(z)| > 2; when r > 4, |Ac(z)| >r—1. It
follows that |¢(Ng(y))| > r + 1, a contradiction.

(i) Let Go = C5 = vivausvgvsvy, V(G1) NV (Ga) = {v1,v2}. Let k = max{x2(G1),3}, c be a
(k,2)-coloring of G such that c(vy) = 1, ¢(v2) = 2. Since k(G) > 2, if min{dg, (v1),dg, (v2)} >
2, then both v; and vy satisfy the hued condition (C2) under ¢ which can be looked as a partial
(k,2)-coloring of G. Now we extend the coloring ¢ to {vs,vs,vs} by letting c(vs) =1, ¢(v4) =3
and c(vs) = 2. Thus, the resulting coloring ¢ is a (k, 2)-coloring of G. It is easy to check that
X2(C5 @2 C5) = 4. O

Proposition 2.2.4. Let G = G1 @2 G2 be a 2-connected graph, where V(G1) NV (Gsa) = {z,y}.



(i)Let

xr(G2)}y ifr=1
xr(G2),r + 3}, ifr > 2.
If dg,(x),dg,(y) > r(i=1,2), then x»(G) < k.
(i1) When r > 3, x»(G) < max{x,(G1), xr(G2),2r + 1}.

_ { max{x,(G1

Proof. It is trivial when r = 1. Suppose r > 2. By Proposition 2.2.3 and by the fact
dg,(x),dg,(y) > r (i = 1,2) when considering (i), we may assume that x is not adjacent to y in
G. Since k > max{x,(G1), xr(G2)}, each G; permits a (k,r)-coloring ¢;. Similar to the proof
of Proposition 2.2.3, there exist colorings ¢; and ¢y such that cj(x) = co(z) and ¢1(y) = ca(y).
Choose such colorings ¢; and ¢z so that (2.3) is satisfied. Define ¢ = ¢; U ¢p as in (2.4). By
definition of ¢, ¢ is a proper k-coloring of G such that every vertex in V(G) — {x,y} satisfies the
hued condition (C2). If both x and y satisfy the hued condition (C2), then cis a (k, r)-coloring
of G. In the following, w.l.o.g., we always assume that = do not satisfy the hued condition (C2)
and ¢(z) = 1,c¢(y) = 2. For any vertex w € {x,y}, let Dc(w) denote the set of colors which
appears in both Ng, (w) \ {z,y} and Ng,(w) \ {z,y}, Ac(w) denote the set of colors which is
absent from Ng, [w] U Ng,[w]. By definition, Dc(z) N Ae(x) = 0. Since k > r + 3 when r > 2,
Dc(x) # (0 and Ac(x) # 0.

As x does not satisfy the hued condition (C2), 1,2 ¢ Dc(xz) U Ac(z). Similar to the proof
of Proposition 2.2.3, we have |¢(Ng(y))| < r, De(x) N De(y) = 0, Ac(x) U De(x) C ¢(Ng(y)),
(Ac(z) U De(z)) N De(y) = 0, and Ac(z) and De(x) are located in such a way that one set is in
G1, another is in Ga. We have |¢(Ng(y))| > |Ac(z)| + |De(x)].

(i) Assume that dg,(z),dg,(y) > r, for i € {1,2}. As ¢; is a (k,r)-coloring of G; and
|INg,(x) —y| >r—1forie {1,2}, ¢(Ng,(z) —y) = ¢(Ng,(z) —y) and |De(x)| = r — 1. Since
k>r+3, |Ac(z)] > 2. So |¢(Ng(y))| = r + 1. It is a contradiction.

(ii)) When r > 3, k > 2r + 1. Thus, |Ac(z)| > r. So |¢(Ng(y))| > r+ 1. It is a contradiction.

O

Theorem 2.2.5. (Hall [45]) Let G be a graph without K33 minor. One of the followings must
hold:

(i) G is a planar graph;

(ii) G = K5, or

(iii) G can be constructed recursively by the i-sum of planar graphs and copies of Ks where
ie{l,2}.

Theorem 2.2.6. Let k and r be integers with v > 2 and k > 2r 4+ 1. If for any planar graph
H, xr(H) <k, then for any K3 3-minor free graph G, x,(G) < k.

Proof. We argue by induction on n = |V(G)|. If G is a planar graph, then by assumption,
Xr(G) < k. If G = K5, then as r > 2, and so k > 2r +1 > 5, x,(G) < k. Assume that the
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Theorem holds for smaller value of n. By Theorem 2.2.5, G = G1 ®; G, where i € {1,2}, G,
is a K3 3-minor free graph and Gs is either planar or is a K5. If G = G1 @1 G2, by Proposition
222and k> 2r+1>r+1, x,(G) < max{x,(G1), xr(G2),r + 1} < k. If G = G1 &2 Ga, by
Propositions 2.2.3 and 2.2.4, x,(G) < max{x,(G1),xr(G2),2r — 1,7 +3,2r+1} < k asr > 2.
Thus, the Theorem 2.2.6 is proved by induction. O

The following corollary follows immediately from Theorem 1.2.3 and Theorem 2.2.6.
Corollary 2.2.7. Let G be a connected graph without K33 minor. Then x2(G) < 5.
Theorem 2.2.8. ( Loeb et al. [69]) If G is a planar graph, then x3(G) < 10.
Corollary 2.2.9. Let G be a connected graph without K33 minor. Then x3(G) < 10.

Proof. By Theorem 2.2.8 and Theorem 2.2.6, x3(G) < 10. O

Figure A: A graph G with x3(G) =7

The graph presented in Figure A shows that y3(G) = 7 for a planar graph G. To the best
of our knowledge, it is not known whether the upper bound of Corollary 2.2.9 is best possible

or not.

2.3 Dynamic Chromatic Number of Graphs without K;-minors

Definition 2.3.1. Let G be a graph, G = G1 U Gy where Gy and Go are two subgraphs of G
such that G1 N Gy = Py. We call G the k-arc-sum of G1 and Gs.

Theorem 2.3.2. (Lai [54]) Let G be a nontrivial 2-edge-connected graph without K4 minor.
Then either G is a cycle or G is a proper k-arc-sum of some graphs Gy and Go, for some k > 0,
with ' (G;) > 2, (1 <i<2).

Proposition 2.3.3. (Lai et al. [57]) Let n > 3 be an integer and C, denote a cycle of n
vertices. Then
5. ifn=5;
x2(Cn) =4 3, ifn=0(mod 3) ;

4, otherwise.
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Proposition 2.3.4. Let G be a connected graph. If G contains a vertex v with dg(v) = 1, then
X2(G) < x2(G —v) expect for G =P, G= P, or G—v=Cs. If G —v = (5, then x2(G) = 4.

Proof. Let G; = G —v, Gy = K3, then G = G; @1 G3. By Proposition 2.2.2 and x2(K32) = 2,
then x2(G) < max{x2(G1), x2(G2),3} = x2(G —v) when x2(G —v) > 3. It is easy to check that
x2(G) =4 when G — v = (5. O

Proposition 2.3.5. Let P = vgvy ... v be a path of length k > 0 and o € {3,4}. Then there
exists a (4,2)-coloring ¢ of P such that c(vg) = 1, ¢(vk) = 2 and c¢(vy) = a.

Proof. We will consider three cases for k, which are k =0 (mod 3), k =1 (mod 3) and k = 2
(mod 3).
Case 1. k=0 (mod 3).

Define ¢ be a coloring such that

1, if 1 =0;
a, ifi=1;
(3,4} —a, ifi=2

c(v;) = . .
2, ifi mod 3=0and i > 3;
o, ifi mod3=1andi>3;
1, if7 mod3=2andi>3.

Then ¢ is a (4, 2)-coloring of P with ¢(vg) = 1, ¢(vg) = 2 and ¢(v1) = a.
Case 2. k=1 (mod 3).

If K =1, we can color vy with 1 and v; with a. When k£ > 4, define ¢ be a coloring such that

1, if+ mod 3 = 0;

2, ifi mod3=1andi>2;
c(vi) = .

Q, ifi=1;

{3,4} — o, otherwise.

Then ¢ is a (4, 2)-coloring of P with c(vg) = 1, ¢(vg) = 2 and ¢(v1) = a.
Case 3. k=2 (mod 3).

Define ¢ be a coloring such that

1, if7 mod 3 =0;
c(vi) =4 «, ifi mod 3 =1;

2, otherwise.
Then ¢ is a (4, 2)-coloring of P with ¢(vg) = 1, ¢(vg) = 2 and ¢(v1) = a. O
Theorem 2.3.6. Let G be a Ky-minor free graph, then x2(G) < 4 except for G = Cs.
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Proof. By induction, assume that the Theorem holds for |V(G)| < 4. Assume it holds for
[V(G)] < n(n > 5). Let G be a graph with |V(G)| = n and G # Cs. W.lo.g., assume G is
connected. If G has a cut vertex, this theorem holds by Proposition 2.2.2. Thus we assume G
is 2-connected. If GG is a cycle, the theorem holds by Proposition 2.3.3.

By Theorem 2.3.2, GG is a proper k-arc-sum of some graphs G; and Gs, for some k > 1,
with £'(G;) > 2, (1 < i < 2). Let P; be the corresponding path in G; with endpoints z;, y;
and |E(P;)| = k. Let G! be the graph obtained from G; by shrinking P; into a single edge
x;y;-(1 = 1,2). Denote G' = G} @2 Gf with zy € E(G’), where x (y) is obtained by identifying
z1(y1) and x2(y2). Thus, x2(G’) < 4 by Proposition 2.2.3 and induction hypothesis. Let ¢ be
a (4, 2)-coloring of G'. W.l.o.g., assume ¢/(z) = 1 and ¢/(y) = 2. Notice that G can be obtained
from G’ by replacing xy with P;. Let P = vgvy ... v, with vg = 2 and vy = y. We assume k > 2
since k = 1 is trivial. We are to extend ¢’ to V(P;) — {z,y} in order to get a (4, 2)-coloring ¢ of
G.

Case 1. Ng(z) — vy receives at least 2 colors under coloring ¢ and so does for Ng(y) — vg_1.

By Proposition 2.3.5, ¢ can be extended to V (P;)—{x,y} such that each vertex of G satisfies
the hued condition (C2).

Case 2. Only one of Ng(z) — v1 and Ng(y) — vg_1 receives one color under coloring ¢’

W.lo.g., assume ¢(Ng(z) — v1) = {a}. Color v; with 7/ € {3,4} — {a}. By Proposition
2.3.5, we can extend ¢ to be a (4, 2)-coloring of G.

Case 3. Both Ng(z) —v1 and Ng(y) — vg—1 receive one color under coloring ¢'.

Let ¢(Ng(z) —v1) = a and ¢(Ng(y) — vgk—1) = 8. Then o, ¢ {1,2}. In G, permute
the color a andy where v ¢ {1,2,a} when o = §; Permute the color a and 8 in G when
a # B. So the resulting coloring of G’ is a partial (4,2)-coloring of G where every vertex of
V(G) —{v1,...,vx_1} satisfies the hued condition (C2). By Proposition 2.3.5, we can extend ¢
to be a (4, 2)-coloring of G. O
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Chapter 3

On r-hued Coloring of Graphs
without Short Induced Paths

3.1 Main Results

We study the dependency of x,(G) and x(G) among Pj-free graphs and Ps-free graphs. The

main results are the following.

Theorem 3.1.1. Let G be a connected Py-free graph. Each of the following holds.
(i) xr(G) < x(G) +2(r — 1), and
(i1) xr(G) = x(G) + 2(r — 1) if and only if G = Ky for some integers s > r and t > r.

Theorem 3.1.2. Let r > 2 be integers and G be a connected Ps-free bipartite graph. Then
xr(G) <7x(G).
Theorem 3.1.3. Let G be a connected Ps-free graph. Then x2(G) < 2x(G).

Theorems 3.1.2 and 3.1.3 are best possible in the sense that there exists infinitely many
Ps-free bipartite graphs reaching the bounds. In fact, For any integers m > n > r > 2, the
complete bipartite graph K, ,, is Ps-free and by Theorem 2.3 of [57] (see Lemma 3.2.3 in Section

3.2 below), x7(Kmn) = rX(Kmn). Theorem 3.1.1 will be proved in Section 3.2, and Theorems
3.1.2 and 3.1.3 will be justified in the last section.

3.2 On r-hued Colorings of P,-free Graphs

We start with a few more notations and terms to be used in this section. If G is a simple
graph, then G denote the complement of G. Let A and B be disjoint nonempty vertex sets.
We use K(A, B) to denote a complete bipartite graph with vertex bipartition A and B. Thus
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K(A,B) & K|, Now we assume that A, B are two disjoint vertex subsets of a graph G,
Following [11], we define E[A, B] = {uv € E(G)|u € A and v € B}. If |E[A, B]| = |A||B|, we
say that A is complete to B; if E[A, B] = (), then we say that A is anti-complete to B; in any
other cases, we say A is mized to B.

A graph G is perfect if for any induced subgraph H of G, x(H) = w(H). The famous Strong
Perfect Graph Theorem characterizes all perfect graphs.

Theorem 3.2.1. (Chudnovsky, Robertson, Seymour and Thomas [21]) A graph is perfect if and

only if it contains no Cy nor Cy as an induced subgraph, for any odd integer k > 5.

To proceed our proof, we display some properties of Py-free graphs. As when k£ > 5 is an
odd integer, every C}, and every C, contains an induced P;. It follows from the Strong Perfect
Graph Theorem that

every Py-free graph must be perfect. (3.1)

Next, it is known that k-coloring problem of P4-free graphs can be solved in polynomial time

since a Py-free graph has a special structural property, as stated below.

Theorem 3.2.2. (Seinsche, Auziliary Theorem of [84]) Let G be a Py-free graph, then V(G) can
be divided into two disjoint subsets A, B such that either A is complete to B or A is anti-complete
to B.

By Theorem 3.2.2, it follows that if G is a connected Py-free graph, then V(G) can be divided
into two disjoint subsets A and B such that A is complete to B. Then we have

x(G) = x(G[A]) + x(G[B]). (3.2)

By (3.1), x(G) = w(G). However, if G = K(A, B), then for any r > 2, we have x,(G[4]) =
Xr(G[B]) = 1. We also note that
Lemma 3.2.3. (Lai et al. , Theorem 2.3 of [57]) For any integer r > 1, we have x,(Kst) =
min{2r, s + t,r + s, 7 + t}.

Thus when 7 > 2, the approach mentioned in (3.2) is not applicable as x,(G) and x,(G[A4]) +
Xr(G[B]) may be different. Following [11], a subset S C V(G) is a stable set if E(G[S]) = 0.

Lemma 3.2.4. Let H be a nontrivial Py-free graph with w(H) = k. Let F(H) = {L1, La, ..., Ly}
be the collection of all mazximum cliques of H. Then H has a stable set S C V(G) such that for
any Ly € F(H), V(L) NS #0, i€ {1,2,....0}.

Proof. It suffices to prove Lemma 3.2.4 for each connected component of H which contains at
least one maximum clique of H. Hence we assume that such H is connected. Let k& = 1, then
the set S = V(H). Therefore we assume that £ > 2. Let S be a subset of V/(H) such that

EH[S])=0and [{i:1<i</{and V(L;) NS # 0} is maximized. (3.3)
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If {L;: V(L)NS # 0} = F(H), then the lemma is proved. Therefore, without loss of
generality, we may assume that V(L1) NS = (. Thus |V(L1)| = k > 2. Let V(L1) = {v1,v2,...}.

By (3.3), there must be a u; € S and a vy € V(L1) such that uyv; € E(H), as otherwise,
S U{v1} is a stable set and maximality of S in (3.3) is violated.

Since L is a maximum clique, V' (L1) U {u1} is not a clique in H, and so there must be a
vertex va € V(L1) — {v1} such that ujve ¢ E(H).

Assume that for some ¢t > 2, we have found two sequences of distinct vertices vy, v, ..., v4 €
V(L1) and uy,ug,...,u; € S satisfying each of the following:
S1) For each ¢ with 1 <i <t —1, ujv; € E(H).
S2) For each @ with 2 < i <t, u;—1v; ¢ E(H).
S3) For each i with 2 <¢ <t, and for each j with 1 < j <1, we have u;v; € E(H).
S4) Subject to (S1), (S2) and (S3), t is maximized.

By (S3), us is adjacent to each of vy, va, ..., v¢. Since V(L) is a maximum clique, V' (L1)U{u:}

(
(
(
(

is not a clique. Hence there must be a vy € V(L1) — {v1,...,v:} such that wveyy ¢ E(H).
By the maximality of S in (3.3), there must be a w € S such that uv,1; € E(H). Assume that
u ¢ {u,...,us}. Since w1 ¢ E(H) and since H is Py-free, {us, vs, ve41,u} does not induces
a Py and so uv; € E(H). Similarly, for each h with 1 < h < t, we have wv,_y € E(H). By
induction on h starting from ¢ to 2, as {up_1,vp_1,vp,u} does not induces a Py, and by (S1)
and (S2), up—1vp—1 € E(H) and up—qv, ¢ E(H), it follows that wv,—1 € E(H). Thus, u is
adjacent to every vertex in wvy,vs, ..., vy, v441. Thus with u = w41, this is a violation to the
maximality of ¢. Therefore, we must have u = uy € {ui,ug,...,us—1}. By (S2) and (S3), we
have uyvy41 ¢ E(H) and wwyyq € E(H). It follows from wviy1 ¢ E(H) and wyviq € E(H)
that {wy, vey1,vi41,u} induces a Py of H, contrary to the assumption that H is Py-free. This
proves the lemma. O
Proof of Theorem 3.1.1. Observed that by Lemma 3.2.3, if GG is a complete bipartite graph,
then x,(Ks:) < 2r = x(G) + 2(r — 1), where equality holds if and only if min{s,¢} > r. Thus
it suffices to prove that if G is a connected Py-free graph, then x,(G) < x(G) + 2(r — 1), where
equality holds only if G is a bipartite graph.

To show this, let G be a nontrivial and connected Py-free graph, let n = |[V(G)| and k = x(G).
By Theorem 3.2.2, V(G) can be partitioned into two subsets A and B such that A is complete
to B, or A is anti-complete to B. Denote G1 = G[A], G2 = G[B], w1 = w(G1) and we = w(G2).
Since G is Py-free, both G[A] and G[B] are Py-free graphs.

Let c: V(G) — k be a proper coloring of G. By (3.1), we have x(G1) = w1 and x(G2) = wo,
and so. By (3.2),

X(G) = x(G1) + x(G2) = w1 +wy, [¢(A)] = wi and [¢(B)] = wa. (3.4)
If max{|A|,|B|} < r—1, then we use |V (G)| = |A|+|B| < 2(r—1) colors so that distinct vertices
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will be colored differently. Hence this is an (n,r)-coloring of G with n < 2(r — 1). Hence we
assume that max{|A|, |B|} > r. Thus, we have either min{|A|, |B|} > r, or r > min{|A|, | B|}.

Claim 1. If min{|A[, |B|} > r, then x,(G) < x(G) + max{(r — w1),0} + max{(r — wy),0}.
Proof. If both wi; > r and wy > r, then as A is complete to B, it follows from Definition

1.2.1 that any proper k-coloring c is also a (k,r)-coloring of G. Hence in this case, we have
Xr(G) = x(G).

Casel. wi <r<wyorwy<r<uwi.

By symmetry, we assume that w; < r < wy. Let hy = r —w; < |A| — w1, a1,a2,...,au, €
A such that c({a1,a2,...,aw,}) = ¢(A). Randomly choose hi vertices ay,+1, ..., Ay +h, from
A —{ay,az,...,a,, }. Define ¢: V(G) — k + hy by

d(z) = c(x) ifxe(A—{aw+1,s 0w, }) U B
k+j ifz=a,+j, where1 <j <My

Since ¢ is a proper k-coloring, ¢’ is also a proper (k + hy)-coloring. As A is complete to B, for
each y € B, A C N(y) and so [ (N(y))| > |(A)] = w1 +hy =r. If 2 € A, then as wy > r,
|d'(N(z))] > | (B)| > r. Thus by definition, ¢ is a proper (k + hy,r)-coloring of G, and so
Xr(G) < k+ h1 = x(G) + (r —wi). This proves that Claim 1 holds in this case.

Case 2. Both w; <r and wy < 7.

Let hy = r —wi, hg = r —we and o = k + hy + ha. Let aj,a9,...,a, € A such that
c({a1,as,...,a,,}) = c(A), and choose hy vertices ay, 41, ..., Ay, +h, from A—{ai,az, ..., a., }; and
let by, by, ..., by, € B such that c¢({b1, b, ..., by, }) = ¢(B), and choose hy vertices bu,+1, .-, Dwythsy
from B — {by, b, ...,b,,}. Define ¢’: V(G) ~ {3 by

c(z) ifze(A- {aw1+17 "'7aw1+h1}) U(B - {bw2+17 L bwz-‘rhz})
c”(x) = k4 if x = ay,+i, where 1 <4 < hy
k+hi+j if x=0by,q4;, where 1 <j < hy

Since ¢ is a proper k-coloring, ¢’ is also a proper fly-coloring. If x € A, then |¢’(N(z))| >
|c"(B)| = wa+he =r. Ify € B, then |¢"(N(y))| > |¢"(A)| = w1 + h1 = r. Hence in this case, ¢’
is a proper ({2, 7)-coloring of G. Thus x,(G) < k+ h1 + he = x(G) + (r — w1) + (r — we). This

proves that Claim 1 holds in this case as well, and completes the proof of Claim 1. O

Claim 2. If r > min{|A4|,|B|}, then x,(G) < x(G) + 2r — 3.

Proof. Without loss of generality, we assume that |A| > |B|, and so |B| = min{| 4|, |B|} < r—1.
We proceed by induction on w(G). Since G is nontrivial and connected, w(G) > 2. When
w(G) = 2, G is a complete bipartite graph. By Lemma 3.2.3, x,.(G) <r+ |B| <r+r—1=
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2r—1=2+42r—3 = x(G) +2r — 3. Assume that w(G) > 3 and Claim 2 holds for smaller value
of w(G).

Case 1. w; > 2.

Let F(G1) denote the collection of all maximum cliques of G;. By Lemma 3.2.4, G; has a
stable set S such that for any L € F(G1), V(L)N S # (. It follows that G — S is also Py-free
and w(G; — S) = w; — 1. If |A — S| > r, by induction, G — S has a (k1,r)-coloring ¢; with
ki < x(G—S8)+2r—3. As A— S and B are two disjoint subsets of G — S so that A — S is
complete to B, x(G—S5) = x(G[A—5]) +x(G[B]) = w(G1 —85)+w(G2) = (w1 —1)+w2 by (3.2).
Thus, k1 < (w1 — 1) + wy + 2r — 3. Extend ¢; to a (k1 + 1,7)-coloring of G by coloring vertices
in S with a new color. Thus x;(G) < wi +w2+2r —3 = x(G)+2r—-3. If |[A-5| <r—1,
then we use |V(G — S)| = |A — S|+ |B|] < 2(r — 1) colors so that distinct vertices will be
colored differently. Let ca be a (ka,r)-coloring of G — S with k2 < 2(r — 1). Extend ¢y to a
(ko 4+ 1,7)-coloring of G by coloring vertices in S with a new color. Thus, as x(G) = w(G) > 3,
xr(G) <14+2(r—1) < x(G) +2r —3.

Case 2. wy > 2.

Similarly, let F(G2) denote the collection of all maximum cliques of G3. By Lemma 3.2.4,
G2 has a stable set S’ such that for any L' € F(Gs), V(L') N S" # 0. Tt follows that G — S’
is also Pj-free and w(Gy — S’) = wy — 1. By induction, G — S has a (ks,r)-coloring c3 with
k3 < x(G—S")+2r—3. As A and B— S’ are two disjoint subsets of G — S’ so that A is complete
to B—5', x(G—-5") = x(GA]) + x(G]B - 5']) = w(G1) + w(G2 — §") = w1 + (wy — 1) by (3.2).
Thus, k3 < w; + (w2 — 1) + 2r — 3. Extend c¢3 to a (ks + 1,r)-coloring of G by coloring vertices
in S” with a new color. Thus, x,(G) < wi +wa + 2r — 3 = x(G) + 2r — 3.

As both Case 1 and Case 2 lead to the conclusion of Claim 2, Claim 2 is justified by induction.
O

Since w1 > 1 and wy > 1, it follows by Claims 1 and 2 that if G is a P4-free graph, then
Xr(G) < x(G) +2(r —1). Thus Theorem 3.1.1(i) follows. Furthermore, equality x,(G) =
X(G) + 2(r — 1) holds if and only if w; = we = 1, which implies that G = K(A, B). This
completes the proof of Theorem 3.1.1. O

3.3 On r-hued Colorings of Ps-free Graphs

In this section, we investigate the relationsp between x,(G) and x(G) for a Ps-free graph G. We

start with some examples.

18



Example 1. Let k > 2 and v > 1 be integers. There exists a family F of connected Ps-free
graphs, such that every G € F satisfies x.(G) = rx(G).

For convenience, in this example, we often use k for Zy,, the additive group of integers modulo
k. For positive integers ny,na, ..., ny, let K = Ky, n, . n, denote a complete k-partite graph such
that the verter parti-sets are Vi, Va, ..., Vi, with |V;| =n; > r, 1 <i < k. Let U = {uy, ug, ..., ur}
be a set of vertices with UNV(K) = 0; and let n = ny + ng + ... + ng + k. Obtain a graph
G = G(n,k) from K and U by joining u; to every vertex in V; but not to any other vertices, for
each i with 1 <i < k. Thusn = |V(K)| + |U| = |V(G)|. Let F be the collection of all graphs

G(n,k,r) for some values n,k,r withn >k >r and r > 1.

Proposition 3.3.1. For any graph G € F, each of the following holds.
(1) x(G) = w(G) = k.

(ii) x+(G) = k.

(iii) G is Ps-free.

Proof. Let G € F. Then for some integers n and k, we have G = G(n, k,r). We shall use the
same notation above in our arguments. For each ¢ with 1 <4 < k, fix a vertex w; € V;; and let
W = {wy,wa,...,wx}. Since K is a complete k-partite graph, G[W] = K.

(i) By definition of G, G[W] = K}, is a clique of G and so x(G) > w(G) = k. Let c: V(G) — k
be so defined that ¢(V;) =i and ¢(u;) =i+ 1 (mod k) Since K is a k-partite graph, each V; is a
stable set; since Ng(u;) = V;, it follows that ¢ is a proper k-coloring of G. This proves (i).

(ii) Suppose that £ = x,.(G) and let ¢: V(G) — £ be a (k, r)-coloring of G. Since G[W] = K,
we may assume that for each ¢ with 1 <i <k, ¢(w;) = 1.

Fix an ¢ with 1 < ¢ < k. Since n; > r and Ng(u;) = V;, there must be a vertex subset Z; C V;
such that |¢(Z;)| = |Z;| = r. Randomly pick a vertex z; € Z;, and let Z = {21, 29, ..., 2k }. As K
is a complete k-partite graph, G[Z] = K}, and so |c(Z)| = k. It follows that £ > |c(UF_, Z;)| = rk.

To justify (ii), it suffices to present a (rk,r)-coloring of G. Construct a mapping c: V(G) —
Zy, as follows. Fix an i with i € Z, and define ¢(V;) = {(i —1)r, (i —1)r+1,...,(i—1)r+r—1} C
Zyk. As K is a complete k-partite graph with k& > r, the restriction of ¢ to V(K) is a (rk,r)-
coloring. Since Ng(u;) = V;, and since |¢(V;)| = r, it follows that ¢ is indeed a (rk,r)-coloring.
This proves that ¢ = x,(G) < rk, and so completes the proof of (ii).

(iii) Let P = xyxoxs...x; be a longest induced path in G. Since K is a complete k-partite
graph, and since P is induced, we must have |V(P) N V(K)| < 3 and |[V(P) NV (K)| = 3 if
and only if V(P)NV(K) = {xj_1,x;, xi+1} for some ¢ with 1 < i < 5 such that z;_; and x;41
are in the same partite set of K. If 2;_1 and x;y; are both in a Vj, then we must have ¢t = 3
and P = x;_12;xi41 since N(uj) = Vj. If |[V(P)NV(K)| = 2, then as P is a longest induced
path, V(P) N V(K) = {x;—1,2;}. We may assume, without lot of generality, that z;—1 € V;

and z; € V. It follows that P = ujz;—jz;us. Hence in any case, |V (P)| = 4 and so G must be

19



Ps-free. ]
Theorem 3.1.1 indicates that f(k,r,4) = k+2(r — 1), answering the problem when ¢ = 4 for
any r and k. In this section we will prove Theorems 3.1.2 and 3.1.3. Theorem 3.1.3 suggests
¢(2,5) = 2, providing evidences for ¢(r,5) = r.
A subgraph H of G is dominating if every vertex of G is either in V(H) or is adjacent to a
vertex in H. A subset V' C V(G) is dominating if G[V'] is dominating. Bacso and Tuza ([8])

indicated that a Ps-free graph always contains a dominating maximal clique or a Pj.

Theorem 3.3.2. (Bacso and Tuza [8]) If G is a connected Ps-free graph, then G has a domi-

nating clique or a dominating Ps.

Using Theorem 3.3.2, Hoang et al. in [47] indicated that for Ps-free graphs, the k-coloring
problem can be solved in polynomial time. We will also apply this structural property of Ps-free

graphs to investigate the relationship between x,(G) and x(G) for a Ps-free graph G.

Lemma 3.3.3. Let r and s be integers with r > 2 and s > 3, G be a connected graph with a
dominating subgraph K where K is isomorphic to a Ks. Let k = x,—1(G — V(K)) +s. The G
has a (k,1)-coloring c: V(G) v k such that for any vertez v € V(G) — V(K),

[e(Na(v))] = min{de(v), r}. (3.5)

Proof. Let k; = x,—1(G — V(K)) and k = ky + 5. We first let ¢1: V(G — V(K)) — k1 be a
(k1,7 — 1)-coloring of G — V(K). Extend c; to a (k,1)-coloring c¢: V(G) — k by coloring V (K)
with s = |V(K)| new colors in {k1 + 1,k1 + 2,..., k1 + s}.

For each vertex v € V(G) — V(K), since ¢ is a (k1,7 — 1)-coloring of G — V(K),

lct(Na—v(x)(v))] = min{r — 1,dg_vx)(v)}-

As |¢(Ng(v) N V(K))| = |[Ng(v) NV (K)| and K is a dominating subgraph of G, it follows that
(3.5) must hold. This proves the lemma. O

Corollary 3.3.4. Let r and s be integers with v > 2 and s > 3, G be a connected graph with
a dominating subgraph K where K is isomorphic to a Ks. If r < s and if x,—1(G — V(K)) <
(r = 1)x(G), then x;(G) < rx(G).

Proof. By Lemma 3.3.3, G has a (k,1)-coloring c: V(G) ~ k such that for any vertex
v € V(G) — V(K), (3.5) holds. Since K is a complete graph on s > r vertices, we have
X(G) > |V(K)| = s, and every vertex v € V(K) also satisfies (3.5). Hence c is a (k, r)-coloring
of G, and s0 x;(G) < xr—1(G = V(K)) + s < (r = )x(G) + x(G). O
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3.3.1 On r-hued Colorings of P;s-free Bipartite Graphs

For a subset S C V(G), define Ng(S) = UyesNg(v). Recall that K (A, B) to denote the complete
bipartite graph with vertex bipartition (A, B). We start with a few definitions and lemmas.

Definition 3.3.5. Let P3 = wiwows be a dominating path of a connected graph G. For i =
1,2,3, define V; = {v € V(G) : vw; € E(G)}.

With the notation in Definition 3.3.5, we have the following observations, which follow from

Definition 3.3.5 and from the fact that a bipartite graph contains no cycles of odd length.

Observation 1. Let G is bipartite and Ps-free with wiwaws being a dominating path. Each of
the following holds.

(i) Either Vi C V3 or V3 C V).

(ii) E(G[Vi UV3]) =0, and E(G[V2]) = 0.

(111) For any v € V1 U V3, Ng(v) C Vs.

(iv) For any v € Vo, Ng(v) C Vi U Va.

Lemma 3.3.6. Let G be a connected Ps-free graph with a dominating P3 = wiwews. If G is
bipartite, then either Vo = {wy,ws}, or |Va| > 3 and for any v € Vo — {wy,ws}, one of the
followings holds.

(i) No(v) = {ws}.

(ii) For any u € Vi — Vs, if uwv € E(G), then V3 C Ng(v).

(i1i) For any u € V3 — Vi, if uv € E(G), then V1 C Ng(v).

Proof. As wy,ws € Vo, we have |Va| > 2. Assume that |V2| > 3 and (i) does not hold, we are
to show that one of (ii) and (iii) must hold. By symmetry, it suffices to justify (ii).

Suppose that there exists a vertex u € Vi — V3 with uv € E(G). For any u’ € V3 — {ws},
P = wvwowsu’ is a path on 5 vertices in G. Since G is bipartite, then wws, wou', vws, uu’ ¢
E(G). Also uws ¢ E(G) and since G is Ps-free, we must have v'v € E(G). This implies that
V3 C Ng(v). O]

Lemma 3.3.7. Let G be a connected Ps-free bipartite graph on n = |V(G)| vertices with a
dominating Py = wiwows such that |Va| > 3. Adopting the notation in Definition 3.3.5 and
defining Vo1 = {v € Va : Ng(v) N (V1 — V3) # (0}, each of the followings holds.
(1) If Vi = V3, then for any u,u’ € Vs, if dg(v') < dg(u), then Ng(u') C Ng(u); and for any
v,v" € Vo, if dg(v') < dg(v), then Ng(v') C Ng(v).
(i1) If V5 C Vi and Vi — V3 #£ (), then each of the following holds.

(1i-1) G[Va1 U V3] = K (Va1,V3) is a complete bipartite graph.

(11-2) For any u,u’ € Vi, if dg(u') < dg(u), then Ng(u') C Ng(u); for any v,v" € Vs, if
dg(v'") < dg(v), then Ng(v') C Ng(v).
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Proof. (i). By Observation 1 (iii), for any vertex u € V3 — {wa}, d(w2) > d(u) and Ng(u)
Ng(wz2). And by Observation 1 (iv), if Vi3 = V3, then d(wi) = d(wz) > d(v) and Ng(v)
Ng(wy) = Ng(ws) = V3 for any vertex v € Vo \ {wq, ws}.

-
-

Suppose that u,u’ € V3 \ {wa} with dg(u) > dg(u’). By contradiction, we assume that
Ng(u') — Ng(u) # 0. Since dg(u) > dg(u') and Ng(u') — Ng(u) # 0, we also have Ng(u) —
Ng(u') # 0. Pick a vertex v" € Ng(u') — Ng(u) and a vertex v € Ng(u) — Ng(u'), where
v, € Vo \ {wy,ws}. Then P = uvwyv'v’ is a path on 5 vertices in G. Since G is bipartite,
uwe, uu’,wou’ ¢ E(G). Since G is Ps-free, one of wv',v'v must be in E(G), contrary to the
assumptions that v' € Ng(u') — Ng(u) and v € Ng(u) — Ng(u'). Hence we must have Ng(u') C
Ne(u).

Similarly, assume that there exist vertices v,v" € Va \ {wi,ws} with dg(v) > dg(v') and
Ng(v') = Ng(v) # 0. Since dg(v) > dg(v') and Ng(v') — Ng(v) # 0, we also have Ng(v) —
Ng(v') # 0. Pick a vertex v’ € Ng(v') — Ng(v) and a vertex u € Ng(v) — Ng(v'), where
u,u’ € V3. Thus Q = uvwyv'v’ is a path on 5 vertices in G. Since G is bipartite, uws, vv’, wou' ¢
E(G). Since G is Ps-free, one of uv’,vw'v must be in E(G), contrary to the assumptions that
u € Ng(v) — Ng(v') and v’ € Ng(v') — Ng(v). This completes the proof of (i).

(ii). Suppose that V3 C V4 and V; — V3 # (). By Lemma 3.3.6(ii), for any v € Va1, V3 C Ng(v).
Hence G[V21 U V3] = K(Va1,V3), and so (ii-1) follows.

By Observation 1 (iv), if V3 C Vi, then d(w;) > d(v) and Ng(v) € Ng(wi) = Vi for any
v e Vo \{w}. If v € Vy, then by (ii-1), we have Ng(ws) = V3 C Ng(v). If v € Vo \ Vo,
then Ng(v) C V3 = Ng(ws). Suppose v,v" € Vo \ {w1, w3} with dg(v) > dg(v'), the proof for
Ng(v') € Ng(v) is similar to that for (i), so it will be omitted. As for any two vertices u, v’ € V;
with dg(u) > dg(u'), the proof for Ng(u') € Ng(u) is also similar to that for (i). Thus (ii-2) is
justified. O

Lemma 3.3.8. Let G be a bipartite Ps-free graph with a vertex bipartition (U, V). If G has a
dominating P3, then G has a (2r,r)-coloring c: V(G) v 2r in such a way that ¢(U) C 7 and
c(V) C2r — 7. In particular, x,(G) < 2r.

Proof. It suffices to prove Lemma 3.3.8 for connected graphs. Hence we assume that G is a
connected bipartite Ps-free graph with a dominating Ps. Let V(Ps) = {w;, w2, w3} and define
Vi ={v € V(G)lvw; € E(G)}, for i = 1,2,3 as in Definition 3.3.5. Set U = V; UV3 and V = V4.
By Observation 1 (ii) - (iv), G is a bipartite graph with (U, V') being its vertex bipartition. By
Lemma 3.3.6, either V5 = {w,ws}, or |Va| > 3 and for any v € Vo — {wy, w3}, one of the Lemma
3.3.6 (i), (ii) and (iii) must hold.

Assume first that Vo = {w1,ws}. Then V(G) = {w1, w3 }UV1UV3. Without loss of generality,
we may assume V3 C Vj. Then G is a bipartite graph with partite sets {wi,ws} and V;. Let
c: V(G) = r+2 be a (r+2,1)-coloring of G so that ¢(V;) C 7 with |¢(V;)| = min{|V;|,r} for
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i€ {1,3} and ¢(V2) = c({wi,ws}) = {r + 1,7 + 2}. Thus Lemma 3.3.8 holds.

Next we assume that |Vo| > 3. In the rest of the proof, we shall adopt the notation in
Definition 3.3.5 and in Lemma 3.3.7. By Observation 1 (i) and by symmetry, we may assume
either V1 = V3 or V3 C V4, V3 \ V5 # (.

Denote Vi = {uy,ug,...,up} and Vo = {v1,va, ...,v¢} such that

dg(ul) > dG(UQ) > .2 dg(uh), and d(;(vl) > dg(vg) > ... > dg(vg).
Then by Lemma 3.3.7 (i) and (ii), we have
Vi D Ng(v1) D Ng(va) 2 ... 2 Ng(ve), and Vo O Ng(u1) 2 Ng(uz) D ... 2 Ng(up).  (3.6)

By (3.6), it is possible to relabel Vi = {1, z2,...,xp} so that for each i with 1 < i < /|
there exists a subscript n; < h such that Ng(v;) = {z1, 22, ..., s, }. Similarly, we can relabel
Vo = {y1,v2, ..., ye} so that for each j with 1 < j < h, there exists a subscript k; < £ such that
Ne(uj) = {y1,v2, .-, yr; }- Define c: V(G) — 2r to be a mapping satisfying the following.

(M1) For i = 1,2, ..., h, choose j = j(i) with 1 < j <r and i = j (mod r), and define ¢(z;) = j.
Thus ¢(V1) C 7 and |¢(V1)]| > min{|V4]|,7}.

(M2) For i = 1,2,...,¢, choose j = j(i) with r+1 < 57 < 2r and i = j (mod r), and define
c(y;) = j. Thus ¢(V2) C 2r — 7 and |c¢(V2)| > min{|Va|,r}.

To see that ¢ is a (2r, 1)-coloring of G, we take any edge xy € E(G). Since G is a bipartite
graph with vertex bipartition (V1, V), we may assume that z € V; and y € V5. Then by (M1)
and (M2), we have c¢(z) # ¢(y) and so ¢ is a (2r, 1)-coloring of G. To see that c is indeed a
(2r, r)-coloring of G, we pick an arbitrary vertex z € V(G). If z € Vi, then z = x; for some i with
1 < i < h. By (M1), either n; < r and |¢(Ng(x;))| = |[Na(zi)|, or n; > r and |c(Ng(z;))| > r.
Similarly, if z € V5, then using (M2), we also conclude that |¢(Ng(2))| > min{|Ng(2)|,r}. Thus
¢ is a (2r,r)-coloring of G satisfying ¢(U) C 7 and ¢(V) C 2r — 7. This completes the proof of
Lemma 3.3.8. O

Lemma 3.3.9. Let G be a connected Ps-free bipartite graph. If G has a dominating Ks, then
xr(G) < 2r.

Proof. Throughout the proof of this lemma, let (U, V') denote the vertex bipartition of G. We
shall prove the lemma arguing by induction on r. Since G is bipartite, Lemma 3.3.9 holds for
r = 1. We assume that r > 1 and that Lemma 3.3.9 holds for smaller values of 7.

Since G has a dominating K5, there exist a pair of adjacent vertices wug, vy such that
V(G) = Ng(up)UNg(vg) and such that Ng(ug) =V and Ng(vg) = U. Define G = G—{ug, vo}.
Then G’ is also a Ps-free bipartite graph. Let Hy, Hs, ..., H; be the connected components of
G’. Then each H; is a connected Ps-free bipartite graph. By Theorem 3.3.2 and since H; is
bipartite, if |[E(H;)| > 0, then H; has a dominating P or a dominating P;. Thus by induction
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and by Lemma 3.3.8, G’ has a (2r —2,r — 1)-coloring ¢’: V(G’) — 2r — 2 satisfying the following
properties:

(R1) For each ¢ with 1 <4 <, if |[E(H;)| > 0, then /(UNV(H;)) Cr—1and ¢(VNV(H;)) C
2r—2—r—1.

(R2) Both |/(U)| > min{|U — {up}|,7 — 1} and |¢/(V)| > min{|V — {vo}|,r — 1}.

We extend ¢ to ¢: V(G) +— 2r as follows:

d(v) ifveV(G) =V(G)—{uo,vo}
c(v)=9¢ 2r—1 ifv=ug

2r if v = vyg.

Since ¢ is a (2r — 2,7 — 1)-coloring of G’ satisfying (R1) and (R2), and since Ng(up) =V and
N¢(vo) = U, it follows by the definition of ¢ that ¢ is a (2r, r)-coloring of G. O

Theorem 3.3.10. If G is a bipartite Ps-free graph. Then for any r > 2,
xr(G) < 2r.

Proof. By Theorem 3.3.2 and since G is bipartite, G has a dominating path P; with ¢t =2 or
3. Therefore, Theorem 3.3.10 follows from Lemmas 3.3.8 and 3.3.9. O

3.3.2 On 2-hued Colorings of Ps-free Graphs

In this section, we shall prove Theorem 3.1.3.
Proof of Theorem 3.1.3. It suffices to prove Theorem 3.1.3 for connected Ps-free graphs. By
Theorem 3.3.2, G has a dominating clique K for some s > 1 or a dominating P;. Let J be a
dominating maximal clique K or a dominating Ps of G. By Theorem 3.3.10, we may assume
that G is not bipartite. If J = K, then E(G) = () and G = K3, and so nothing needs to be
proved. If J = K for some s > 3, then by Corollary 3.3.4, we have x2(G) < 2x(G). Hence we
assume that J € {K», P3}.

Let k = x(G) and let ¢1: V(G) = k be a (k, 1)-coloring of G. We also use ¢1: V(G) -V (J) —
k be the restriction of ¢;. Let |V (J)| = £ and V(J) = {w1, wy, ...,w,}. Define c: V(G) — k + ¢
as follows.

) oa) ifveV(G)-V(J)
c(”)—{ ktj ifv=w eV(J), 1<j<C.

Since ¢; is a (k, 1)-coloring of G, we conclude that ¢ is also a (k,1)-coloring of G. By the
definition of a dominating subgraph, if v € V(G) — V(J), then either v is of degree one in
G, or v is adjacent to at least one vertex in V(G) — V(J), or v is adjacent to at least two

vertices of V(J). In any case, |c(Ng(v))| > min{dg(v),2}. Similarly, for any v € V(J), we also
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have |¢(Ng(v))| > min{dg(v),2}. It follows by Definition 1.2.1 that ¢ is a (k + ¢, 2)-coloring
of G, and so x2(G) < x(G) + ¢. Since G is not bipartite, we have x(G) > 3 > ¢, and so
x2(G) < x(G) + £ < 2x(G). =

3.4 Future Studies

Proposition 3.3.1 leads to the following Problem.

Problem 1. For integers k > 0, r > 2 and t > 4, determine a best possible function f(k,r,t)
such that for every connected P;-free graph G with x(G) = k, we have x.(G) < f(k,r,t). More
specifically, is there a best possible value ¢ = c(r,t) such that for every connected P;-free graph

G, we have x,(G) < c(r,t)x(G)? In particular, can c(r,5) =1r?
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Chapter 4

Linear List r-hued Colorings of
Graphs with Bounded Maximum
Subgraph Average Degrees

4.1 Main Results

We determine the linear list r-hued chromatic number for trees, complete k-partite graphs. In
the last section, we also determine the linear list 2-hued chromatic number for graphs with
maximum degree at most 4 and graphs whose maximum subgraph average degree and girth are

in a certain ranges.

4.2 The Linear r-hued Chromatic Number of Certain Graph

Families

Throughout this section, r > 0 denotes an integer. In this section, we determine the linear
r-hued chromatic number of a certain families of graphs, including complete bipartite graphs,

and cycles. Proposition 4.2.1 below follows immediately from the definitions.

Proposition 4.2.1. Let s > 1 be an integer and G be a nontrivial connected graph with A =
A(G). Each of the following holds:

(i) Xa1s(G) = XA(G) > -+ = XH(G) > X0_1(G) > -+ = X4(G) > X(G) and X[ a4, (G) =
Xpa(G) = o 2 X, (G) 2 X, 1 (G) = - = X1 5(G) = XL(G).

(i) [V(G)| 2 x7,,.(G) 2 x:(G) = max{x,(G), x"(G)} = x(G).

Lemma 4.2.2. (Lai et al. , Theorem 2.2 of [57]) If G is a tree with |V (G)| > 3, then x»(G) =
min{r, A(G)} + 1.
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Lemma 4.2.3. (Esperet, Montassier and Raspaud [33]) If G is a tree with maximum degree
A(G), then X{(GQ) = [ 4+ 1.

Lemma 4.2.4. Let n > 2 be an integer. If G = K1 ,_1, then x5(G) = max{x,(G), x*(G)}.

Proof. By Proposition 4.2.1(ii), x4(G) > max{x,(G),x*(G)}. We will show that x’(G) <
max{x,(G), x*(G)} then. By Proposition 4.2.1(i), we may assume that » < n — 1. By Lemmas
4.2.2 and 4.2.3, we observe that x/(G) = [%1] 4+ 1 and x,(G) = min{r,n — 1} + 1. Let
ki =122+ 1and kp =7+ 1.

If r < [271], then we have max{x,(G), xX*(G)} = ki by Lemmas 4.2.2 and 4.2.3, and so G has
a linear kj-coloring ¢1. Asr < [”T_W, ¢y is a linear (k1,7)-coloring of G. If [”T_ll +1<r<n-1,
then max{x,(G), x'(G)} = kz, and so G has a linear ko-coloring co. As [2571]4+1<r<n—1, ¢
is a linear (ko,7)-coloring of G. Thus in any case, x4(G) < max{x,(G), x*(G)}, which justifies

the lemma. O
Theorem 4.2.5. If G is a tree with |V (G)| > 3, then x4(G) = max{x,(G), X*(G)}.

Proof. We argue by induction on n = |V(G)|. The theorem holds trivially if n < 2. If n = 3,
then G = Kj2 and so the theorem follows from Lemma 4.2.4. Hence we assume that G is a
tree on n > 4 vertices and that the theorem holds for smaller values of n. By Lemma 4.2.4, we
assume that G # Ky 1.

Let v be a vertex of degree 1 in GG such that the degree of its neighbor is minimized, and let «
be the only vertex adjacent to v in G. By induction, x4(G —v) = k = max{x,(G—v), x*(G—v)}.

Since G # Kj,—1, and we choose v such that |Ng(u)| is minimized, we have A(G —
v) = A(G). By induction, G — v has a linear (k,7)-coloring ¢’: V(G — v) + k, where k =
max{x,(G —v),x*(G —v)}. By Lemmas 4.2.2 and 4.2.3, and since A(G —v) = A(G), we have
k = max{x.(G), x'(G)}.

Since |Ng(u)| < A(G), by Lemmas 4.2.2 and 4.2.3, there must be a color ig € k such that
at most one vertex in Ng_,(u) is colored with ig under ¢’ and such that ¢/(u) # ig. Further
more, if & > |¢/(Ng_,(u))| + 2, then we choose such an ig € k — (¢/(Ng_o(u)) U{c(u)}). Define
c: V(G) = k by c(z) = d(2) if z # v and c(v) = io.

Case 1. 7 < |Ng_y(u)l.

Then c also satisfies the r-hued condition (C2). Since ip occurs in the neighbors of uw in G
at most twice, and since ¢’ satisfies (1.1), ¢ also satisfies (1.1), and so in this case, ¢ is a linear
(k,r)-coloring of G.

Case 2. 7 > |Ng_y(u)|.

We claim that we always have k > |¢/(Ng_y(u))| + 2. In fact, by induction and by Lemmas

4.2.2 and 4.2.3, if r > A(G), then k = max{x,(G —v), x*(G—v)} = A(G)+1 > |¢/(Ng_,(u))| +
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2; if A(G) > r, then k = max{r,[%1]} + 1, and so by r > [Ng_(u)|, we also have k >
|¢(Ng—y(u))| + 2. This justifies the claim.
By this claim, there is always a color ig € k — (¢/(Ng_(u)) U {c/(u)}), and so c is a linear

(k,r)-coloring of G in this case also. This completes the proof of the theorem. O

Next we determine the linear list r-hued chromatic number of complete bipartite graphs. To

this aim, we need the help of the following two former results.

Theorem 4.2.6. (Esperet, Montassier and Raspaud, Proposition 3 of [33]) If m > n > 1 are
integers, then Xt (Kmn) = X' (Km.n) = [m/2] +n.

Theorem 4.2.7. (Lai et al. , Theorem 3 of [57]) Suppose that m > n > 2, then x,(Kmn) =

min{2r,n +m,r + n}.
Theorem 4.2.8. Suppose that m >n > 2, then

n+m, m<r
Xir(Kmn) = r+n, r<m<2r (4.1)
n+ %], m>2r

Proof. Let (X,Y) denote the vertex bipartition of Ky,, with X = {z1,22,..., 2y} and
Y = {y1,92,.-.,Yn}- In the rest of the proof, we assume that &’ > k > 1 are integers, and for
given values of k, let L: V(K ) — 2" be an arbitrary list assignment to the vertices with
|L(v)| > k, for every v € V(K p).

If m <r, then let k = Xf;,r(Km,n), and ¢: V(Ky,,) — k be a proper linear (k,r)-coloring.
For any i = 1,2,...,m, by (C2), |¢(Ng(x;))] = n and so |¢(Y)| = n. Similarly, |¢(X)| = m. By
(C1), for any ¢ with 1 < i < m, and for any j with 1 < j < n, we have c¢(x;) # c(y;), and so
k> m 4+ n. But since |V (K, )| = m + n, it follows from Proposition 4.2.1(ii) that k¥ < m + n.
Thus if m < r, then XKL,T(Km,n) = m + n. Hence we assume that m > r and shall utilize the

following algorithm.

Define
k:{ n+[5] ifm>2r (4.2)

n—+r ifr<m<2r

We present a linear (L, r)-coloring of K, 5, first. Define a coloring ¢: V(Kmn) = Uyev(x,,..) L(V)
as follows. Firstly, for each y; € Y, choose ¢(y;) € L(y;) so that |¢(Y)| = n. Since k > n, this
can be done.
To color vertices in X, we randomly pick c¢(z1) € L(z1) — c¢(Y). If m > 2r, then let
!/

m' = [F], and choose c(zyy41) € L(wpyi1) — c(Y); for 2 < j < --- [F], pick c(x;) € L(z;) —
(V) U felmr), s e(w51)}) and e@mes) € Lamag) — (F) U{elmmsn)s - »clom i 1)}).
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If r < m < 2r, then choose c(z,41) € L(zp41) — c(Y); for 2 < j < ---r, pick ¢(z;) € L(z;) —
(V) U {e(wr),-- -, e(wy—)}) and e@,ij) € Llwrs) — (V) U {e(@ri1)soms c(arij1)}). By
(4.2), this coloring process can be done. Thus for every vertex z; € X, the colors of neighbors
of z; are mutually distinct; and for every vertex y; € Y, any color can occur in the neighbors
of y; at most twice. It follows by definition that c¢ is a linear (L, r)-coloring of K, , and so by
definition, Xé’r(Km,n) <k.

To prove (6.2), we note that if m > 2r, then by Proposition 4.2.1(i) and Theorem 4.2.6,
Xé,r(Km,n) > X Kmn) = X (Kmpn) = n+ [2]; if n < r, then by Proposition 4.2.1(ii) and
Theorem 4.2.7, X7, . (Kmn) > X5 (Kmn) > Xr(Kmp) = n+1.

It remains to show that if n > r, then ng(Km,n) >n+r. Let kg = Xém(Km,n)a and
c: V(Kmn) + ko be a linear (ko, r)-coloring of K, . By (1.1), either |¢(X)| =m or |¢(Y)| = n,
as otherwise, there would be a bicolored cycle of length four. Moreover, to meet the requirement
n (C2), if |¢(X)| = m, then |c(Y)| > r; and if |¢(Y)| = n, then |¢(X)| > r. It follows that
X%,T<Km,n) > x4(Kpn) > v+ n. This completes the proof of the theorem. O

Theorem 4.2.9. Suppose that ny > no > -+ > ny, > 0 are integers. If m > r + 1, then
Xf:, ni,..,n Z”% - L*

Proof. Let (Vi,Va,...,V},) denote the partition of K, ., with [V;| = n; for 1 < i < m.
Let ky = XZL,T(Knl,...,nm)- For integers k' > k1 > 1, let L: V(Ky, .. n,.) — 2% be an arbitrary
ki-list, and let ¢ be a linear (L, r)-coloring of K,  p,..

Since c is a linear coloring of K, . if for some j with 1 < j < m, there exist two vertices

sMm )
v,v" € Vj such that ¢(v) = ¢(v'), then for any i # j, we must have |¢(V;)| = |V;| = n;. This is
because that if we also have u, v’ € V; with ¢(u) = ¢(u’), then {u, v, v,v'} will induce a bicolored
cycle of length four, violating the assumption that c is a linear coloring. As every color can occur

at most twice in the vertices of V}, it follows that

X By on) = k1 2> i — | 2] > Z - L— (4.3)
=1 i=1

Now, let ko = 31" n;— | % |. Forintegers k' > ky > 1,let L: V(Ky, .. ) — 2¥' be an arbitrary
list assignment to the vertices with |L(v)| > ko. We shall present a linear (L,r)-coloring of
Ky, ..., as follows. First color the vertices in |J;~, Vi such that |c(U/2, Vi)| = |Uiss Vil =
Yoimani. Since ko = > n; — 5], such a coloring ¢ on (", V; can be found. Next, we
color the vertices in V1. Denote Vi = {vi,v2,--- ,vn, }, and let ¢ = [%-]. Randomly set c(v1) €
L(v1) — (U5 Vi) and c(vit1) € L(vep1) — e(Uims Vi). For 2 < j < t, choose ¢(v;) € L(v;) —
(Ul Vi) Ude(or) s e(og-1)}) and eurs) € L(vnsg) — (Ul VO ULe(orsn) - ey 1))
As each color can occur in the vertices of V; at most twice, this is a linear coloring. Since
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m > 1+ 1, the neighbors of each vertex in V (K, n,.) will be colored with at least r different
colors. Hence (C2) is satisfied, and so c is a linear (L, r)-coloring. It follows by definition that
X%,T(Km,.u,nm) < ko. This, together with (4.3), implies the theorem. O

Next, we determine the linear list r-hued chromatic number of cycles. The following lemma

will be used.
Lemma 4.2.10. Suppose that n > 3 and r > 2 are integers. Then

3, n=0(mod3);
XL,T(C’VL) — 5, n = 5;

4, otherwise.

In [2], Lemma 4.2.10 was proved for the case when r = 2. Since C,, is a 2-regular graph, the

proof for the general case when r > 2 is similar and will be omitted.
Proposition 4.2.11. Ifn > 3 is a natural number, then the following holds:

3, n=0 (mod 3);
X%r(Cn) = 5, n=9;

4, otherwise.

Proof. By Proposition 4.2.1(i), XZLQ(Cn) > x1,2(Cr), and let L be a list assigning color sets
to each vertex of C,. Since any proper subgraph of C,, is a path, it follows that when r > 2,
any (L, r)-coloring of C),, must also be a linear (L, r)-coloring. Thus XZLJ(CH) = x1,r(Cp), and

so the proposition follows from Lemma 4.2.10. O

4.3 Linear 2-hued Colorings of Graphs with Bounded Average
Degree

In this section, we shall determine the linear 2-hued chromatic number of graphs with maximum
degree at most 4, or with maximum subgraph average degree not too large.

Let G be a graph with V' = V(G), and let V/ C V be a vertex subset. As in [11], G[V] is the
subgraph of G induced by V’. A mapping ¢: V' — UveV(G) L(v) is a partial linear (L, 1)-coloring
of G if ¢ is a linear (L, r)-coloring of G[V']. The set C =, ey (g) L(v) is referred to as the color
set. The subgraph G[V’] is the support of the partial linear (L, r)-coloring ¢. Suppose that ¢ is
a partial linear coloring of a graph G with support G’ using the color set C'. For convenience,
we also refer V' as the support of ¢. If a vertex u in G is not in the support of ¢, then we define
c(v) = {0}. For each vertex v € V(G), we use cZ(v) to denote the subset of colors each of which
appears exactly twice on Ng(v) under ¢. This notation will be used frequently throughout this

section. We start with some lemmas and former results.
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Lemma 4.3.1. Let k,r > 0 be integers, G be a graph with minimum degree 6 = §(G), and let
L be a k-list of G. If § > 2r — 1, then each of the following holds.

(i) Every linear k-coloring of G is also a linear (k,r)-hued coloring of G. Consequently, x(G) =
XH(G).

(ii) Every linear L-coloring of G is also a linear (L,r)-hued coloring of G. Consequently,

X1, (G) = xL(G).

Proof. By Proposition 4.2.1, x%(G) > x*(G) and X%,T‘(G) > x%(G). Suppose that G has a
linear k-coloring c¢. Assume further that when L is given, c is a linear L-coloring of G. By the
definition of linear coloring, |¢(Ng(v))| > [@] > [%] > [21] > ¢ = min{d(v), r}. It follows
that c is also an r-hued coloring of G, and so x%(G) = x*(G), and XKLJ“(G) =x4(G). O

Theorem 4.3.2. (Liu and Yu, Theorem 2 of [65]) If G is a graph with A < 3 which has no
component isomorphic to K33 or Cs, then Xé(G) <4.

Lemma 4.3.3. (Esperet, Montassier and Raspaud [33]) If G is a graph with mazimum degree
A < 4, then X' (G) < 8.

Theorem 4.3.4. If G is a graph with mazimum degree A < 4, then x5(G) < 8.

Proof. We prove the theorem by induction on |V(G)|. If |V (G)| < 8, the result holds trivially.
Assume that G is a graph with A(G) < 4 and |V(G)| > 9. If 3 < §(G) < 4, then by Lemmas
4.3.1 and 4.3.3, x5(G) = x*(G) < 8. Hence we assume that ¢ < 2.

If D1(G) # 0, then pick v € D1(G), let u be the only neighbor of v in G and G' = G — v.
Thus A(G') < A(G) < 4, and |[V(G')| < |[V(G)|. By induction, G’ has a linear (8,2)-coloring
c: V(G) — 8. Since A(G) < 4, |c(u) U cZi(u)] < 14+ A(G)/2 = 3, and so we pick a color
c(v) € 8 = (c(u) U cZ,/(u)) and extend ¢ from V(G’) to V(G). By the choice of ¢(v) in this case
and by definition, ¢ is a linear (8, 2)-coloring.

Hence we may assume that 6 = 2. Let v € Dy(G), and let x and y be the neighbors
of v. Define H to be the graph obtained from G — v by adding a new edge xy if it does
not already exist. By the definition of H, A(H) = A(G) < 4 and |V(H)| < |[V(G)|. By
induction, there exists a linear (8,2)-coloring c¢: V(H) — 8 with ¢(z) # c(y). Since A < 4,
we have |{c(z),c(y)} Uc(z) Uck(y)] < 2+2-45 =6, and so we can extend c by setting
c(v) € 8\ {c(x), c(y)} U Co(z) U Cs(y). By definition, the extended c is a linear (8,2)-coloring of
G. This completes the proof of the theorem. O

Let G be a graph. The mazimum subgraph average degree of G, denoted by Mad(G), is
defined by
2|E(H)|
Mad(G) = max{————, H C G}.
[V (H)|

To prove the next result, we need some more lemmas.
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Lemma 4.3.5. Let k > 3 and r > 0 be integers, and G be a graph with mazimum degree A.
Suppose that v € D1(G) and k > max{[A/2] + 1,r + 1}. Each of the following holds.

(i) If Xt (G — v) = k, then x.(G) < k.

(i) If Xf:,r(G —v) =k, then X%,T(G) <k.

Proof. We shall prove (ii). The argument for the proof of (i) is similar and will be omitted. Let
u be the only neighbor of v in G, G’ = G — v, Ng/(u) denote the set of vertices adjacent to u in
G’. Suppose that L is a k-list of G and let ¢ be linear (L, r)-coloring of G'. If dg(u) > r+1, then
lc(Ngr(u)| > r. And |c2, (u)| < % < £ -1 <[A/2] -} <k—2. Extend c to a k-coloring
of G by defining c(v) € L(v)—(cZ, (u)U{c(u)}). This is possible as |L(v)| > k > |cZ, (u)U{c(u)}|.
By the choice of ¢(v) and since ¢ is a linear coloring of G’, we conclude that ¢ is a linear (L, r)-
coloring of G. Otherwise, dg(u) < r. Then since ¢ is an (L, r)-coloring of G’, by (C2), we have
lc(Ngr(u))| = dg(u) =1 < r—1 and ¢,/ (u) = 0. Extend ¢ to a k-coloring of G by defining
c(v) € L(v) — (e(Ngr(u)) U {c(u)}). This is possible as |L(v)| > k > |¢(Ngr(u)) U {c(u)}|. By
the choice of ¢(v), we have |¢(Ng(u))| = dg(u), and so (C2) is also satisfied. This justifies the

lemma. O

For any path P = vgviv - --vp, P° = V(P) — {vo,vp} denote the set of all internal vertices
of P. A path P of G is a divalent path of G if V(P) C G[D2(G)] and vy # vp; and is internally
divalent if P° C Dy(G). We shall take the following convention in our arguments below: If L is
a k-list of G, then for a subgraph G’ of G, we also use L to denote the restriction of L to V(G").

Lemma 4.3.6. Let G be a graph with mazimum degree A. Suppose that v € D1(G) and
k,q,r > 0 be integers such that k > max{[A/2] + q,r + q,5}. Let L be a k-list of G. Let
P = wuy---up be a divalent path of G satisfying p+q = 5, and let G' = G — V(P). If
1 < q <3, then each of the following holds.

(i) I XE(G')) = b, then x(G) < k.

(i) If Xé,r(G,) =k, then Xé,r(G) <k.

Proof. We only prove Part (ii), as the proof for Part (i) is similar, and will be omitted.

Let Q = upuiua - - - upup41 be a path in G such that P = @Q — {ug, up41} is a divalent path of
G, and let G’ = G — V(P). Assume that c is a linear (L, r)-coloring of G'. We then will extend
¢ to a linear (L, r)-coloring of G.

Recall that ¢Z, (v) is the set of colors that occur twice in ¢(Ngr(v)). Since c is a linear coloring
of G/, for v € {ug,upt1}, we have |c2,(v)] < dcé(v) < dc(g)_l < [A/2] =1 As[A/2] is an
integer, we have |cZ, (v)| < [A/2] — 1.

In the following, for each case of 1 < ¢ < 3, we will define an extension of ¢ to a coloring

(also denoted by ¢, for notational convenience) of G. After this is done, we shall show that the

extended c is indeed a linear (L, r)-coloring of G.
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By assumption,
L(ur)| 2 k> ([A/2] =1) +5 —p = |cgy (v)] +5 —p. (4.4)
Assume that ¢ = 1, and so p = 4 and |L(u1)| > |cZ (ug) U {c(ug)}|. Define,

c(u) € { L(ur) — (cZ(uo) U {c(uo)}) if dg(ug) > 7+ 1,

>
L(u1) — (¢(Ngr(up)) U{c(uo)}) if dg(ug) < r.

¢(Ner(uo))| = da (uo) —
1 <r—1by (C2). All vertices in Ng(up) U{up} satisfies the r-hued condition (C2). Similarly,

we define

As dg(ug) > r+ 1 implies |¢(Ng/(up))| > r, and as dg(up) < r implies

du)e{Lwa—«%m%nudw»> if dg(us) > 7 +1
L(ug) — (¢(Ngr(us)) U{c(us)}) if dg(us) < r.
After c(uq),c(uyq) are defined, by k > 5, we choose c(uz) € L(uz) — {c(up), c(u1),c(uq)}, and
then c(us) € L(us) — {c(u1), c(u2), c(uq), c(us)}.
Assume that ¢ = 2, and so p = 3 and |L(u1)| > |cZ (ug) U {c(ug)}|. Define

c(uy) € { L(up) — (Cé/(uo) U {c(uo)}) if de(uo) >+ 1,
L(u1) — (¢(Ngr(up) U{c(ug)}) if dg(ug) <.

Similarly, we define

o(us) € { L(ug) — (c& (ua) U {e(ur), c(ua)}) if de (uo)
L(us) — (¢(Ngr(uq)) U {c(ur), c(us)})  if dg(uo)

After c¢(u1), c(us) are defined, by k > 5, we choose c(uz) € L(uz) — {c(up), c(ur), c(us), c(uq)}.
Assume that ¢ = 3, and so p = 2 and |L(w1)| > |cZ, (uo) U {c(uo), c(us)}|. Define

cluy) € { L(uy) = (g (uo) U {c(uo), c(us)}) if de(ug) > 7+ 1,
L(uy) — (e(Ngr(up)) U{c(ug), c(us)}) if dg(up) <.
and
dw)e{Lw”_@5W@U@W®wwmdwﬂ) if d(uz) > 7+ 1,
L(us) — (¢(Ngr(u3)) U{c(uo), c(ur), c(ug)})  if de(us) < r.

In any case, as k > max{[A/2] + ¢, + ¢,5}, the extended colorings of G are possible. In
addition, we have |c¢(V(P))| = |[V(P)| > 2 and as c(ug), c(upt1) ¢ c¢(V(P)). As c is a linear
coloring of G’, by definition, the extended c¢ is a linear coloring of G. Similarly, as ¢ is an

(L, r)-coloring of G, the extended ¢ is an (L, r)-coloring of G. This proves the lemma. O
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Figure B: Examples of Yy, s, s,

For integers s; > sy > s3 > 1, let Y;, 5, 5, be the graph obtained from disjoint paths
Py, 11, Ps, 41 and Ps,y; by identifying an end vertex of each of these three paths. (See examples
depicted in Figure B). The only vertex of degree 3 in a Yj, g, 5, is called the center of it.

Let ¢, > 0 be integers with ¢ = 1,2, 3. Define

= max{[A/2] +q,r+¢,6}, ifqg=12;
max{[A/2] +3,r 4+ 3,7}, otherwise.

Lemma 4.3.7. Let k,q,r > 0 be integers with k > k* and G be a graph with maximum degree
A. Let L be a k-list of G. For q = 1,2,3, Let Y, denote a subgraph of G with center wy and
Di(Yy) = {w1, w2, w3} such that Y1 is isomorphic to Y339, Ya is isomorphic to Y322, Y3 is
isomorphic to Ya 29 and Yy is isomorphic to Y333, and such that, for 1 < j < 4, every (wo,w;)-
path of Yy is an internally divalent path of G. Let G' = G-V (Y;—D1(Yy)). Then forq=1,2,3,
each of the following holds.

(i) If x;(G') = k, then x;(G) < k.

(ii) I X4, (G") = b, then x4, (G) < k.

Proof. We shall prove Part (ii) only as the proof for Part (i) is similar and will be omitted. For
each value ¢ = 1,2, 3, let ¢ be a linear (L, r)-coloring of G'. We shall extend ¢ to a linear (L, )-
coloring, also denoted by ¢, of G, to prove the lemma. For 1 <i < 3, let P; = wou} - - uii_lwi
be a path in Yj, 5,5, such that v} € Dy(G) and V(P) NV (P;) = {wo}, 1 <i < j < 3. By
assumption, k > ([A/2] — 1) + 1.

Assume that ¢ = 1. Then as |¢Z, (w1)| < [A/2] =1, |L(ud)| > k > |cZ (w1)U{c(w1)}|. Define

) € { L(ub) — ((w1) U{c(w))})  if dg(wr) > 7 +1,
| L) — (e(Ner(wn)) Uf{e(wn)})  if de(wr) < 7.
Similarly, as k > max{[A/2] + 1,7+ 1,6}, define

) { L(ud) = (& (ws) U{e(wa)})  if da(ws) =
27 L) — (e(Ner(wa)) U fe(wa)}) i de(ws) <7,

(4.5)

() € { L) = (B (ws) Ule(ws)}) i do(wy) >
L(u}) = (e(Ngr(ws)) U{c(ws)})  if dg(ws) <,
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and c(wp) € L(wg) — {c(ud),c(u?d), c(u?), c(ws)}. After c(ud), c(u?), c(u}) and c(wg) are de-
fined, we choose c(ui) € L(ui) — {e(ud), c(u?), c(wi), c(wo)}, and c(u?) € L(u?) — {c(u3), c(ul),
(), e(ud), c(wo) .

Assume that ¢ = 2. Since |L(ul)| > k > ([A/2] = 1) +1 > |c,(w1) U{c(w1)}|, we can define

c(u}) the same as in (4.6). Similarly, define

cu?) € { L(u?) — (cZ/(w2) U {c(w2)}) if dg(wg) > 7 +1,
Y L) = (N (ws)) U{e(wa)})  if de(ws) < r

uf) — (e(Ner(ws)) U {c(ws), c(ui)})  if de(ws) <,
After c(ud), c(u?) and c(u?) are defined, as k > max{[A/2] + 2,7 + 2,6}, we can find c(wg) €

L(wo) — {e(u3), c(ui), c(u), c(ws), c(ws)} and e(uj) € L(uf) — {c(wo), c(wr), c(us), c(uf), c(uf)}
to complete the extension of c.
Assume that ¢ = 3. We define

(ul)e{ L(u?) — (¢ (ws) U {c(ws), c(u?)}) if de(ws) > 7+ 1,
L(

) € { L(uf) = (¢ (wn) Ufe(w)}) i daw) >r+1,
U Lud) — (e (wn) Ufe(wn)})  if da(w) <7,
) € { L(ud) = (& (ws) U {e(wa)c(ud)}) i dglws) =7 +1,
U L) — (eWNer(w2)) U fe(ws), e(ud)})  if de(wz) <1,
C(U?)E{ L(uf) = (¢ (ws) U {e(ws), e(ul), c(ud)})  if dalws) > +1,
L(ud) — (e(Ner(ws)) U {e(ws), c(ul), e(ud)}) it de(ws) <7,

)
As k > 7, we choose c(wg) € L(wo) — {c(ul), c(u?), c(u?), c(wr), c(ws), c(ws)}.
Assume that ¢ = 4. For j = 1,2,3, as |c& (wj)| < [A/2] — 1, \L(u})| > k > |2, (w;) U

{c(w;)}]; define

j) c { L(UZQ) (CG/(UJ]) U {C(w])}) if dG(wj) (4.6)
2

>
L(ud) — (e(Ne (w7)) U{e(wy)})  if d(w;) <.

Next, we pick c(wg) € L(wg) — {c(ud), c(u3), c(u3)}. After c(ud), c(u3), c(ul) and c(wp) are
defined, we choose c(ui) € L(ul) — {c(ud), c(wr),c(wo)}, c(u?) € L(u?) — {c(u3),c(ul), c(ws),
c(wo)}. and c(u) € Lud) — {e(ud), c(ul), c(u), c(ws), c(wn)}.

Now in any case when ¢ = 1,2, 3,4, we have obtained an extended (L, r)-coloring ¢ of G.
Since ¢ is a linear coloring of G’ and since, for each 1 < i < 4, [{c(wy), c(ul),c(u)}| = 3,
it follows by definition that the extended c is a linear coloring of G. Since ¢ satisfies (C2) in
G', by the definition of the extended ¢, the extended c also satisfied (C2). Hence c is a linear
(L, r)-coloring of G. O
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Theorem 4.3.8. Let G be a graph with mazimum degree A:

(i) If A > 9 and Mad(G) < §, then x ,(G) < max{[A/2] +1,r +1}.
(ii) If A > 7 and Mad(G) < %, then XEL,T(G) < max{[A/2] + 2,7+ 2}.
(iti) If A > 7 and Mad(G) < 3, then X%,T(G) < max{[A/2] + 3,7+ 3}.

Let g(G) be the girth of a graph G. Since every planar or projective-planar graph G verifies
Mad(G) < 29(G)/(g(G) — 2), we obtain the following corollary:

Corollary 4.3.9. Let G be a planar or projective-planar graph with mazimum degree A:
(i) If A > 9 and g(G) > 14, then Xgr(G) <max{[A/2] + 1,7+ 1}.

(i) If A > 7 and g(G) > 12, then Xé,r(G) < max{[A/2] + 2,7+ 2}.

(iii) If A > 7 and g(G) > 10, then X%J(G) < max{[A/2] + 3,7+ 3}.

Proof of Theorem 4.3.8. We argue by contradiction and assume that
G be a counterexample to the theorem with |V(G)| minimized. (4.7)

By (4.7) and Lemma 4.3.5, we may assume that 6(G) > 2.
(i) Since G is a counterexample, there exists a k-list with & > max{[A/2] + 1,7 + 1} > 6 such

that G does not have a linear (L, r)-coloring.

Claim 1. Each of the following holds.

(C1.1) G does not have a divalent path of length 3.

(C1.2) G does not have a divalent path of length 2 with one of the endpoints being adjacent to
a vertex of degree at most 4.

(C1.3) G does not have an induced subgraph H; consisting of three internally divalent paths
Py, P, and Ps, such that |E(P)| = |E(P)| = 3, |[E(Ps)| € {2,3} and such that for some
w € D3(G), and for any 1 <i < j <3, V(F) NV (FP;) = {w}.

Proof. (C1.1) If G contains a divalent path Py = v1vavsvy, then let G' = G — V(Py). As G’ is
a subgraph of G, we have Mad(G’) < 3. By (4.7), G’ has a linear (L,r)-coloring. By Lemma
4.3.6, G has a linear (L, r)-coloring of G, contrary to (4.7).

(C1.2) Suppose that G contains a path P = vgvivavsvy such that P3 = vyvgvs is a divalent path
with d(vg) < 4. Let G’ = G — {v1,v2}. As G’ is a subgraph of G, we have Mad(G') < 2.
By (4.7), G’ has a linear (L,r)-coloring. Since k > 6 and d(vg) < 4, we can find c(v1) €
L(vr) — {e(N(v) \ {o1}), c(o0), elvs)}, (v2) € L(ws) — {e(wo), e(w1), elus), e(vr)}. By definition,
the extended c is a linear (L, r)-coloring of G, contrary to (4.7).

(C1.3) Suppose that G has such an induced H;, which is isomorphic to a Y332 or a Y333. It
follows from (4.7) and Lemma 4.3.7 that G would have a linear (L, r)-coloring of G, contrary to
(4.7). This proves Claim 1. O
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For v € V(G), na(v) = |D2(G) N Ng(v)|. For a vertex u € Dy(G) and for i = 0,1,2, u is
called a Type-(i + 1) wvertex if na(u) = i. We complete the proof by applying a discharging
method to find a contradiction. Set the initial charge wp(v) = d(v) for each vertex v € V(QG).
We then apply the following discharging rules:

R1 Each 3*-vertex gives & L t0 each adjacent Type-1 vertex and 3 L to each adjacent Type-2 vertex.
R2 Each 5-vertex gives 6 to each adjacent Type-3 vertex via the adjacent 2-vertex.

Let w(v) denote the new charge at a vertex v after carrying out these discharging rules. We
shall show that w(v) > % for every v € V(G) by analyzing the following cases.

(1) d(v) = 2. Let N(v) = {z,y} with d(q:) < d(y ) If v is a Type-1 vertex, then each of x and y

gives é to v by R1, and so w(v) > d(v) + % = %. If v is a Type-2 vertex, then d(y) > 3 and y
to v by R1. Hence, w(v) > d(v) + 3 = % If v is a Type-3 vertex, then d(z) = d(y) = 2

and each of = and y is adjacent to a 5T-vertex by (C1.2). It follows that w(v) > d(v)+2-§ = %

by R2.

(2) d(v) = 3. By (C1.3), v is adjacent to at most two Type-2 vertices. If v is adjacent to at

Wl

gives

most one Type-2 vertex, then w(v) > d(v) — % -2 % = % by R1. Otherwise, v is not adjacent
to any Type-1 vertex by (C1.3). Hence, w(v) > d(v) —2- 1 = % by R1.
(3) d(v) > 4. If d(v) = 4, then v gives at most four times of + by R1 and so w(v) > d(v)—
If d(v) > 5, then w(v) > d(v) — d(v) - (3 + %) = %U) > 5 by R1 and R2.

Therefore, w(v) > % for every vertex. Since

Yoowl)= Y w Z d(v) = 2[E(G)],

ol
wlco

veV(G) veV(G) veV (G
AB(Q)  2vevigyw(v) _ 7 ,
we have Mad(G) > = > —, contrary to the assumption that Mad(G) <
. V(G V(G) 3
g.

(ii) Since G is a counterexample, there exists a k-list with k& > max{[A/2] + 2,7 4+ 2} > 6 such
that G does not have a linear (L, r)-coloring. Using arguments similar to those in the proof of

Claim 1, we have the following claim.

Claim 2. Each of the following holds.
(C2.1) G does not have a divalent path of length 2.
(C2.2) G does not have an induced subgraph Hs consisting of three internally divalent paths
Py, P, and Ps, such that |E(Py)| = 3, |E(P2)| = |E(Ps)| = 2 and such that for some w € D3(G),
and for any 1 <1i < j <3, V(P)NV(FP;) = {w}.

Once again we set the initial charge wo(v) = d(v) for each vertex v and apply the following
discharging rule.

R3 Each 3T -vertex gives 5 to each adjacent Type-1 vertex and 2 to Type-2 vertex.
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Let w(v) denote the new charge after recharging by R3. We will show that w(v) > 12 for all
veV(G).
(1) If d(v) = 2, then na(v) <1 by (C2.1). If na(v) = 1, then v is a Type-2 vertex and receives
% from the adjacent 3"-vertex by R3. If ny(v) = 0, then v is of Type-1 and receives two times
1 from the adjacent 3T-vertices by R3. Thus, w(v) > d(v) + 2 = 2.
(2) If d(v) = 3, then v is adjacent to at most one Type-2 vertex by (C2.2). If v is adjacent
to one Type-2 vertex, then v is adjacent to at most one Type-1 vertex. It follows by R3 that
w(v) > d(v) — % — % = Q Otherwise, v is adjacent to at most three Type-1 vertices, and so by
R3 w(v) > d(v )—3><7—%
(3) If d(v) > 4, then v is adjacent to at most d(v) 2-vertices and so v discharges at most d(v) -
to adjacent 2-vertices. Thus, w(v) > d(v) — d(v) - 2 = 2d(v) > 2.

In any case, w(v) > 2 for every v € V(G). Since

Yoowl)= Y w Z d(v) = 2[E(G)],

veV(G) veV(G) veV (G

2
5

we have obtained a contradiction:

12 2E(G)|  2wevig) W) _ 12
= > Mad(G) > V@) = V@) > =

(iii) Since G is a counterexample, there exists a k-list with & > max{[A/2] + 3,7 4+ 3} > 7 such

that G does not have a linear (L, r)-coloring. Again by a similar argument in the proof of Claim

1, we have the following claim.

Claim 3. Each of the following holds.
(C3.1) G does not have a divalent path of length 1.
(C3.2) G does not have an induced subgraph Hjs consisting of three internally divalent paths
Py, P, and P, such that |E(Py)| = |E(P;)| = |E(P3)| = 2 and such that for some w € D3(G),
and for any 1 <i < j <3, V(P)NV(FP;) = {w}.

We start with our initial charge wy(v) = d(v) for each vertex v € V(G), and then apply the
following discharging rule.
R4 Each 3" -vertex gives 7 L to each adjacent 2-vertex.

Let w(v) be the new charge after discharging rule R4. We will show that w(v) > 2 for every
v e V(G).
(1) If d(v) = 2, then v is adjacent to two 3*-vertices by (C3.1) and receives two times ; from
the adjacent 3*-vertices by R4. It follows that w(v) >2+2-1 = 3.
(2) If d(v) = 3, then v is adjacent to at most two 2-vertices by (C3.2). By R4, w(v) > 3—2-1
(3) If d(v) > 4, then v is adjacent to at most d(v) 2-vertices, so w(v) > d(v)—d(v)-3 = 2d(v )

w rojen
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Therefore, in any case, w(v) > % for every vertex. Since
Yo wlw)= Y wolv)= ) dv)=2E@G),
veV(G) veV(G) VeV (G)
we have obtained a contradiction:

5 2|E(GQ) - Zvev(c) w(v)
g MA@ =T = T e 2

N | Ot

This completes the proof of the theorem.
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Chapter 5

Linear List r-hued Coloring of

Ks-minor Free Graphs

5.1 Main Results

Define f(A,r) = max{r, [A/2]}+[A/2] +2. The main results of this chapter are the following.

Theorem 5.1.1. Let G be a K4q-minor free graph with A = A(G), and r > 2 be an integer.
Then X§;7T(G) < f(A,r).

Theorem 5.1.2. If G is a planar graph with A = A(G), then XKLQ(G) <A+T.

These results will be proved in the subsequent sections.

5.2 Proof of Theorem 5.1.1

Let G be a graph with the vertex set V = V(G) with V' C V being a vertex subset. A mapping
c: V! — Uyeyr L(v) is a partial (L, 7)-coloring if ¢ is a linear (L, r)-coloring of G[V']. For each
v € V(G) — V', define c(v) = 0, and for each vertex v € V(G), define c%(v) = {i € ¢(Ng(v)) :
for distinct vy, v9 € Ng(v), ¢(v1) = ¢(ve) = i}. For every vertex v € V', define

o] _{ {e(v)} U (v), if le(Na(v)| 2 5)
{c(v)} Uc(N(v)), otherwise.

Thus, given a partial (L, r)-coloring ¢, c[v] consists of the set of colors that cannot be used
for uncolored neighbors of v. For a vertex v € V(G) which has at least one uncolored neighbor

by definition, |c4(v)| < [(A —1)/2] = [A/2] — 1, and so by (5.1),

lc[v]| < max{r,[A/2]}. (5.2)
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Define Sg(u) = {z : either dg(z) > 3 with ux € E(G) or for some w € Dy(G), vw,wz €
E(G)}. Let sg(u) = |Sa(u)l.
It is well known [26] that every Ky-minor free graph contains a vertex of degree at most two.

Lih et al. [66] proved the following lemma.

Lemma 5.2.1. (Lih, Wang and Zhu [66]) Let G be a K4-minor free graph. Then one of the
following conditions holds:

(i) 0(G) < 1.

(ii) There exists two adjacent 2-vertices.

(iii) There exists a vertex u with d(u) > 3 such that sg(u) < 2.

Proof of Theorem 5.1.1. We argue by contradiction to prove Theorem 5.1.1. Assume that
G is a counterexample to theorem 5.1.1 with |V(G)| minimized. (5.3)
Let A = A(G), and k = f(A,r). By (5.3), there must be a k-list L such that
G does not have a linear (L, r)-coloring. (5.4)

In the arguments below, we will obtain a K4-minor free graph H by making local modifications
of G such that |V(H)| < |[V(G)|. By (5.3), H has a linear (L,r)-coloring c¢. To obtain a

contradiction, we shall extend and modify ¢ to a linear (L, r)-coloring of G.
Claim 1. §(G) = 2.

By contradiction, assume that x € D1(G) with Ng(x) = {u}. Define H = G —x. Then H is
also K4-minor free and |V (H)| < |V(G)|. By (5.3), H admits a linear (L, r)-coloring c¢. By (5.1),
lc[u]| < max{r, [A/2]} < k <|L(x)|. Therefore, ¢ can be extended to a linear (L, r)-coloring of
G by defining c(z) € L(z) — c[u], contrary to (5.4). O

Claim 2. D»(G) is an independent set.

By contradiction, assume that for some z,y € D3(G), xy € E(G). Denote Ng(z) = {u,y}
and Ng(y) = {v,z}. Let H=G —x+uy (if u #v) or H =G —x if (u=v). As H is K4-minor
free with |V (H)| < |V(G)|, by (5.3), H has a linear (L, r)-coloring ¢ with S(c) = V(G)—{z}. By
(5.1), c[y] = {c(y), c(v)}. Tt follows that |c[u] U cy]] < |e[u]| + |c[y]] < max{r, [A/2]} +2 < k <
|L(z)|. Thus, ¢ can be extend to a linear (L, r)-coloring of G by defining c¢(z) € L(z)—(c[u]Ucy]),
contrary to (5.4). O

By Lemma 5.2.1 and Claims 1 and 2, G contains a vertex u with dg(u) > 3 such that
1 < sg(u) < 2. In the rest of the proof, we always assume that u is such a vertex. For each
x € Sg(u), define

Mg (u,z) = Ng(x) N Ng(u) N D2(G) and ma(z) = | Mg (u, x)|. (5.5)

41



Since dg(u) > 3 such that sg(u) < 2, there exists a z € Sg(u) with mg(z) > 1. Throughout
the rest of this section, we assume that x is a vertex in Sg(u) with mg(z) > 1. We have the

following claim.
Claim 3. sg(u) = 2.

If mg(z) = 1, then ma(y) < 1. When mg(y) = 0, we have ux,uy € E(G); and either
uz € E(G) or uy € E(G) when mg(y) = 1. Hence, without loss of generality, we may assume
that uz € E(G). Thus, |clu] Uclz]| = |c[z]| + |c[u]\c[z]| < d(z) + 2 < k. Otherwise, mg(x) > 2.
Ifuy € B(G), then ma(z) > (d(w)—1)/2 and |elu] Uelz]| = [cla]|+|elu] \cla]| < d(z)+(d(u)—1
ma(z))+1 <d(x)+(du)—1)/241 <3r/2+1/2 < k. If uy # E(G), then mg(z) > d(u)/2 and
el Uelz]] = lela]|+lelul\efel] < d@)+(d(m) —ma(@))+1 < d(z)+d(w)/24+1 < 3r/241 < k. O

Claim 4. Let w € Mg(u,z) and ¢ be a linear (L, r)-coloring of G —w with c(u) # c(x). Then
max{dg(u),dg(z)} <r.

By contradiction and assume that max{dg(u),dg(z)} = dg(u) > r. Since w € Mg (u,x),
we have dg_(u) > r, then ¢(Ng_w(u)) > r. By (5.1), |c[u]] < [A/2], and so |c[u] U c[z]| <
lclul] + |efa]] < [A/2] + max{r, [A/2]} <k <[L(w)]. As ¢(u) # c(x) and |c[u] U c[z]| < [L(w)],
the partial linear (L, r)-coloring ¢ can be extended to a linear (L, r)-coloring of G' by choosing
c(w) € L(w) — (c[u] U ¢[z]), contrary to (5.4). O

Recall that £ = f(A,r). We have the following claim.

Claim 5. |3r/2] +1 < k.

If [A/2] <r <A, then k = max{r, [A/2]}+[A/2]+2=r+[A/2]+2. Thus, |3r/2]+1=
r+ /2] +1<r+[A/2]+1<k If1<r<[A/2], then k = max{r,[A/2]} + [A/2] +2 =
2[A/2] + 2. It follows that [3r/2] +1 <3r/2+4+1<3/2[A/2]+1 < k. O

By Claim 3, sg(u) = 2. Let Sg(u) = {z,y}. Then by the definition of Sg(u), it follows
that Ng(u) € Ng(x) U Ng(y) U {z,y}. Without loss of generality, we shall always assume
that mg(x) > mg(y). Since sg(u) > 3, we have mg(x) > 1. Pick w € Mg(u,x) and define
H = G —w. By (5.3), H has a linear (L, r)-coloring ¢. We now proceed the proof of Theorem
5.1.1 by a case analysis.

Case 1. zu € E(G).

As zu € E(H), c(u) # c¢(x). By Claim 4, we have max{dg(u),dg(x)} < r. Since z € Ng(u),
we have |c[u] U c[z]| < dg(u) + dg(z) — ma(z) — 1. By mag(x) + ma(y) > de(u) — 2 and by
ma(z) > ma(y), we conclude that mg(x) > [(dg(u) — 2)/2] = [dg(u)/2] — 1. Hence

il Ucla]] < dg(u) + da(z) —mg(z) =1 < dg(u) + do(z) — [da(u)/2]
< lda(uw)/2] +da(x) < |3r/2] <k <[L(w)].
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As ¢(u) # ¢(x), ¢ can be extended to a linear (L, r)-coloring of G by taking c¢(w) € L(w)— (c[u]U
c[z]), contrary to (5.4). This proves Case 1.
Case 2. Both zu ¢ E(G) and yu ¢ E(Q).

Since zu,yu ¢ E(G) and mg(z) > ma(y), we conclude that mg(z) > [dg(u)/2] > 2. and
so there exists a w' € Ng(z) N Ny(u) N Do(H), This implies that ¢(u) # ¢(x). By Claim
4, we have max{dg(u),dg(x)} < r. Since z is not adjacent to w, we have |c[u] U c[z]| <
dg(u) + dg(x) — mg(z) + 1. Hence

lcfu]Uclz]] < dg(u)+dg(x) —mea(z)+1 <dg(u)+dg(x) — [da(u)/2] +1
< ldg(u)/2] +dg(x) +1 < [3r/2] +1 < k < |L(w)].

As ¢(u) # c(x), ¢ can be extended to a linear (L, r)-coloring of G by choosing c¢(w) € L(w) —
(c[u] U ¢[z]), contrary to (5.4). This proves Case 2.
Case 3. Both zu ¢ E(G) and yu € E(Q).

If mg(z) = mg(y), we may interchange = and y, and so Case 3 becomes Case 1. Hence we
may assume that mg(z) > ma(y).
Case 3.1. dg(u) is odd.

Since dg(u) is odd, mg(x) + ma(y) = dg(u) — 1 is even, and so mg(x) > ma(y) +2 > 2.
Case 3.1.1. mg(z) > ma(y) + 4.

Since ma(x) > ma(y) +4 > 4, Mp(u,z) # 0, and so c¢(u) # c(z). By Claim 4, we have
max{dg(u),dg(z)} < r. Hence,

clul Uclz]] < dg(u) +dg(x) —ma(e) + 1 < do(u) +do(z) — (da(u) +3)/2 +1
= lda(u)/2] +dg(x) < [3r/2] <k <[L(w)].
As ¢(u) # c(x), ¢ can be extended to a linear (L, r)-coloring of G by choosing c¢(w) € L(w) —
(c[u] U ¢[z]), contrary to (5.4).
Case 3.1.2. mg(x) = mg(y) + 2.
If mg(z) = ma(y) +2 > 2, then My (u,z) # 0, and so c¢(u) # c¢(z). By Claim 4, we have
max{dg(u),dg(xz)} <r. If dg(u) < r, then

lcu] Ucz]] < dg(u) +da(x) —ma(x) +1 < dg(u) + da(z) — (dg(u) +1)/2+1
= (da(u) +1)/2 +dg(x) < |r/2] +da(z) < [3r/2] <k < [L(w)].

Thus we assume that dg(u) = r. If zy € E(G), then

lclul Uclz]|] < dg(u)+dg(z) —1— (mag(x) —1) <dg(u) +dg(x) — (dg(u) +1)/2
= (do(u) =1)/2 +do(z) < [r/2] + da(x)
< [3r/2] <k < |L(w)|.
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Next we assume that dg(u) = r and zy ¢ E(G). In this case,

el Uclz]] < da(u) +da(z) — (ma(z) — 1) < dg(u) +da(z) — (da(uv) +1)/2+1
= (dg(u) —1)/2+dg(x) +1 < [r/2] +dg(z) +1
< 3r/2] + 1<k < |L(w).

In any cases, as c¢(u) # c(z), ¢ can be extended to a linear (L, r)-coloring of G by choosing
c(w) € L(w) — (cu] U c[z]), contrary to (5.4). This proves Case 3.1.
Case 3.2. dg(u) is even.

Since dg(u) is even, mg(xz) + ma(y) = dg(u) — 1 is odd and mg(x) > ma(y) + 1.

If mag(x) > ma(y) +3 > 3, then my(x) > 2, and so c¢(u) # c¢(x). By Claim 4, we have
max{dg(u),dg(x)} <r, and so |c[u] Uc[z]| < dg(u) + da(z) —ma(z) + 1 < dg(z) + da(u)/2 <
|13r/2| +1 < k < |L(w)|. As c(u) # c(z), ¢ can be extended to a linear (L, r)-coloring of G by
choosing c(w) € L(w) — (c[u] U ¢[z]), contrary to (5.4).

Hence mg(x) < ma(y) + 2. Since mg(x) + mg(y) is odd, we may assume that mg(z) =
ma(y) + 1. Since dg(u) > 4, ma(y) = dg(u)/2 —1 > 1. Choose w' € Mg(u,y) and let
H" =G —w'. By (5.3), H” has an (L, r)-coloring ¢. As uy € E(G), c(u) # ¢(y). By Claim 4,
we have max{dg(u),dg(y)} < r. Hence

lcfu]Uclyll < da(u) +da(y) —ma(y) —1 < da(u) + da(y) — da(u)/2
= dg(u)/2+da(y) < [3r/2] <k < [L(w)].

It follows from c(u) # c(z) that ¢ can be extended to a linear (L, r)-coloring of G by defining
c(w) € L(w) — (c[u] U c[z]), contrary to (5.3). This completes the proof for Case 3.2.
Since every case leads to a contradiction, this establishes the theorem and completes the

proof. O

5.3 Proof of Theorem 5.1.2

The best know bound for linear chromatic number of planar graphs so far was obtained by
Cai, Xie and Yang (see [14]) as shown in Theorem 5.3.1 below. In the proof of Theorem 5.3.1,
the authors always count the number of available colors for uncolored vertex and never apply
the technique of exchange colors. Hence the result can be extended to list version. The main

purpose of this section is to extend Theorem 5.3.1 to linear (L, 2)-hued chromatic.

Theorem 5.3.1. (Cai, Xie and Yang, [14]) If G is a planar graph with A = A(G), then
X4 (G) < A+T.

The following lemma will be needed in our arguments.
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Lemma 5.3.2. (Fan et al. [35]) If a graph G with minimum degree 6 > 2r — 1, then X%m(G) =
l
Xz (G).

Proof of Theorem 5.1.2. Let G be a planar graph, and let k = A + 7. Suppose that L is
a k-list of G. We prove the theorem by induction on |V(G)|, and so we may assume that G
is connected. If |[V(G)| < A+ 7, then the theorem holds trivially. Hence assume that G is
a planar graph with |V(G)| > A + 8. As G is a planar graph, §(G) < 5. If 3 < §(G) < 5,
then XQQ(G) = x4(G) < A+ 7 by Lemma 5.3.2. Next we assume that 1 < §(G) < 2. In
the arguments below, we will first obtain a partial (L, 2)-coloring ¢ of G. Then extend ¢ to an
(L, 2)-coloring of G to complete the inductive proof.

Case 1. 4(G)=1.

Let v € D1(G) with Ng(v) = {u}. Since |V(G)| > A + 8 and since G is connected, we have
de(u) > 2. By induction, G—v has a linear (L, 2)-coloring ¢. By (5.1), |c[u]| < max{2,[£]} < k,
and so ¢ can be extended to a linear (L, 2)-coloring of G by assigning c(v) € L(v) — c[u].

Case 2. 0(G) =2.

Let v € Dy(G) with Ng(v) = {z,y}. Let H = (G—v)+ay (ifzy ¢ E(G)) H=G—v (ifxy €
E(G)). By induction, H has a linear (L, 2)-coloring ¢. Thus c is a partial (k,2)-coloring of G.
By (5.1), we have |c[z]Ucly]| < |c[z]|+]|e[y]] < max{2, [5]}+max{2, [$]} < max{4, A+1} <k,
and so ¢ can be extended to a linear (L, 2)-coloring of G by defining c¢(v) € L(v) — (c[x] U c[y]).
This completes the proof of the theorem. O
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Chapter 6

Disjoint Spanning Arborescences in

k-arc-strong Digraphs

6.1 Main Results

In Section 6.2, we prove that A(D) > k if and only if for any vertex v € V(D), D has k-arc-disjoint
spanning arborescences rooted at v, thereby obtaining a digraph result analogous to Theorem
1.3.1. Moreover, we determine the extremal value min{|A(D)|: D € A(k) and |V (D)| = n}. In
Section 6.3, we prove a characterization of uniformly dense digraphs analogous to the charac-

terization of uniformly dense undirected graphs in [15].

6.2 Relationship Between k-arc-strong Connectivity and Dis-

joint Spanning Arborescences

We start with some digraph families with certain properties arc-disjoint spanning arborescences.
This section is mainly devoted to the study of the relationship between D(k) and the following

seemingly different families of digraphs.

Definition 6.2.1. Let T be an oriented tree with a fived vertex r € V(T). T is an out-
arborescence rooted at r (or an rt-arborescence) if dr.(r) = 0 and for any v € V(T) —r,
dr(v) = 1; T is an in-arborescence rooted at r (or an r~-arborescence) if df(r) = 0 and for
any v € V(T) —r, df-(v) = 1. In either case, r is called the root of T

Thus an arborescence is an out-arborescence, and an r-arborescence is an r-arborescence. For

any function f : V(D) — R* and any subset S C V/(D), define f(S) =Y, oo f(v).

Definition 6.2.2. Let k > s > 1 be integers.
(i) Let Ay (k, s) be the family of digraphs such that D € Ay (k,s) if and only if for any S C V(D)
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with |S| < s, D has k arc-disjoint spanning out-arborescences whose roots are in S.

(ii) Let Aa(k, s) be the family of digraphs such that D € As(k, s) if and only if for any S C V(D)
with |S| < s, D has k arc-disjoint spanning in-arborescences whose roots are in S.

(iii) Let As(k,s) be the family of digraphs such that D € As(k,s) if and only if for any u,l :
V(D) — R" with w > 1, and for any S C V(D) with |S| < s and with uw(S) > k > 1(S), D has
k arc-disjoint spanning out-arborescences whose roots are in S in such a way that every r € S
is the root of at least I(r) and at most u(r) of such spanning arborescences.

(iv) Let A4(k,s) be the family of digraphs such that D € A4(k,s) if and only if for any u,l :
V(D) — Rt with u > 1, and for any S C V(D) with |S| < s and with u(S) > k > 1(S), D has
k arc-disjoint spanning in-arborescences whose roots are in S in such a way that every r € S is

the root of at least I(r) and at most u(r) of such spanning arborescences.
For each i € {1,2,3,4}, define
filn,k,s) = min{|A(D)| : D € A;(k, s) is strict with |V (D)| = n}. (6.1)

For a digraph D, let D~ denote the digraph obtained from D by reversing the orientation of
each arc of D. Then for any r € V(D) = V(D™), an r*-arborescence of D is an r~-arborescence
of D™. Therefore, fi(n,k,s) = fa(n,k,s) and f3(n,k,s) = fa(n,k,s). As an application of
our main result in this section, we shall determine the values of these functions. The following
theorem of Edmonds is very useful. Edmonds [27] proved Part (i) of Theorem 6.2.3, and Part
(i) of Theorem 6.2.3 follows immediately from Part (i) by applying Part (i) to D~.

Theorem 6.2.3. (Edmonds [27]) Let D be a digraph and r € V(D).

(i) Then D has k-arc-disjoint spanning v+ -arborescences if and only if for any nonempty subset
SCV(D)—r,dy(S)>k.

(i) Then D has k-arc-disjoint spanning r~ -arborescences if and only if for any nonempty subset
SCV(D)-r, djg(S) > k.

Now we can state and prove our main result in this section.

Theorem 6.2.4. Let k > s > 0 be integers. The following holds.

Dk) = Ai(k,1)=Ay(k,1) = Ay(k,s)=--- =
= As(k,s) = As(k, 5) = Au(k, 5).

Proof. We first observe that by Definition 6.2.2, we have A;(k,s) C Aj(k,1) and Az(k,s) C
As(k,1). By choosing v = [ , we also have As(k,s) C A;i(k,s) and Ay(k,s) C As(k,s). It
suffices to prove that A;(k,1) C As(k,s), Aa(k,1) C As(k,s), and D(k) = Ai(k,1) = Az(k, 1).
Proof of D(k) = Ai(k,1) = As(k,1). For any D € D(k), and for any () # S C V(D) — r,
since D € D(k), both d,(X) > k and d},(X) > k, and so by Theorem 6.2.3, both D € A; (k, 1)
and D € As(k,1). Hence D(k) C Ay (k,1) N A2(k, 1).
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Let D € Ay(k,1). For any 0 # X C V(D), choose a vertex r € X. Since D € A;(k,1), D has
k-spanning r-arborescences. Since every spanning rT-arborescences must have at least on arc
in 05(X), we have df(X) > k. This implies A; (k, 1) C D(k). With a similar argument, we also
have Ay (k,1) C D(k). This justifies D(k) = A;(k,1) = A2(k, 1).

Proof of A;(k,1) C As(k,s) and As(k,1) C Ay(k,s). By symmetry, it suffices to prove
Ay (k, 1) C As(k, s).

Let D € A;(k,1). Suppose that a subset S C V(D) with |S| < s, and functions u,l : V(D) — R
with v > [ and with u(S) > k > [(S) are given. Let S = {z1,x2, - ,zs} and K; = k — I(S).
Define a1 = min{ K1, u(x1) —(z1)}. Inductively, assume that a1, as, - ,ap and K1, Ko, -+ , K},
have been defined. If h < s, then define Ky 1 = Kj, — ap, and apy1 = min{Kp1,u(xpy1) —
l(xp4+1)}. We claim the following.

l(x;) < U(z) +a; <u(x;), for each i with 1 <4 <'s,

S

> M) + ai] = k.

i=1
Since u > [, by the definition of the a;’s, we conclude that a; > 0 and so I(z;) < I(z;) + a; <
I(x;) + u(x;) — U(x;) = u(z;). Let ¢t be the smallest integer with 1 < ¢ < s such that a; = K;. If
t < s, then by the definition of Ky and ay, for any s >t/ > t, we have Ky = 0, and so ay = 0.

(6.2)

Thus the second equality in (6.2) follows as shown below.

S

t t—1
@) +a] = US)+D ai=1S)+> ai+ K,
=1 =1

i=1

We now construct a new graph D’ from D by adding a new vertex r ¢ V (D), such that for
each z; € S, there is a set A; of exactly I(x;) + a; parallel arcs from 7 to x;. By this definition
and by (6.2), we have d},(r) = Y0, [l(z;) + a;] = k and dp,,(r) = 0. Since D € A;(k,1) and
since D(k) = Ai(k,1), we have D € D(k). For any X C V(D), if X # V(D), then

dp (X) = dp(X) + [({r}, X N S)pl,

and so d,(X) > d,(X). As D € D(k), we have d,,(X) > k. If X = V(D), then dj,,(V(D)) =
dB,(r) = k. It follows by Theorem 6.2.3 that D’ has k-arc-disjoint spanning r-arborescences

Ty, T5,--- ,T. Since dJJS, (r) = k, every arc in 07, (r) is in exactly one of these T}’s. Hence for
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each x; € S, there are exactly [(x;) + a; of these T;’s, each of which contains one arc parallel
to (r,z;) in A; as the only arc entering x; in the arborescence. It follows that by removing
r from these arborescences, we obtained exactly I(x;) + a; arc-disjoint x;-arborescences of D.
Consequently, by (6.2), D has k arc-disjoint spanning out-arborescences whose roots are in S
in such a way that every x; € S is the root of at least {(z;) and at most u(x;) of such spanning
arborescences. As S is arbitrarily, this implies that D € As(k,s), and so A;(k,1) C As(k,s).
With a similar argument, we also have Ay(k,1) C As(k,s). This completes the proof of the
theorem. O

By Theorem 6.2.4, we can obtain the following digraph versions of Theorem 1.3.1. As shown
in Theorem 6.2.4, we have D(k) = A;(k,1) = Az(k,1), which immediately justifies Corollary
6.2.5

Corollary 6.2.5. Let D be a digraph and let k be a positive integer. The following are equivalent.
(i) A\(D) > k.
(ii) For every vertex v, D has k-arc-disjoint spanning v™ -arborescen-ces.

(iii) For every vertex v, D has k-arc-disjoint spanning v~ -arboresce-nces.

Corollary 6.2.6. Let n > k > 0 be integers, and D be a strict digraph on n vertices. Then
D € D(k) if and only if for any vertex v € V (D), there exists an arc subset X with |X| < k

such that D — X has k-arc-disjoint spanning v*-arborescences.

Proof. Suppose D € D(k). Then by Theorem 6.2.4, D(k) = A;(k,1), and so for any vertex
v € V(D), D has k-arc-disjoint spanning v'-arborescences Ti,T5, ..., T;. By Theorem 6.2.9,
|A(D)| > nk, and so |A(D) — UF_E(T;)| > kn — k(n — 1) = k. It follows that there exists
a subset X C A(D) — UF_ E(T}) with |X| = k, and so D — X has k-arc-disjoint spanning
vT-arborescences.
Conversely, for any non empty proper subset S C V(D) with S # (), pick a vertex v € S. By
assumption, there exists an arc subset X C A(D) such that D — X has k-arc-disjoint spanning
arborescences. It follows that there must be at least k arcs on these arborescences going from
S to V(D) — S, and so |9},(S)| > k. By definition, D € D(k). This proves the corollary. O
To determine values of the functions defined in (6.1), we need former results of Walecki and

of Tillson. In Theorems 6.2.7 and 6.2.8, m > 1 is an integer.

Theorem 6.2.7. (Waleski, see e.g. [13], [70] for the construction.) The edges of the complete

graph on 2m + 1 vertices can be decomposed into m edge-disjoint Hamilton cycles.

Theorem 6.2.8. (Tillson [90]) For 2m > 8, the arcs of the complete digraph on 2m wvertices

can be decomposed into 2m — 1 arc-disjoint directed Hamilton cycles.
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Theorem 6.2.9. For each i € {1,2,3,4}, and for any integers k,n,s with n > k + 1, and
n>s>0,
filn,k,s) = nk. (6.3)

Proof. Note that A(k) = A;(k, 1). Define
F(n,k) = min{|A(D)| : D € D(k) is strict with |[V(D)| = n}. (6.4)

By Theorem 6.2.4, for 1 < i < 4, we have F(n,k) = fi(n,k,s). For any D € D(k) and for any

v € V(D), we have df,(v) >k, and so |A(D)| = Y. df(v) > nk. Hence F(n,k) > nk.
veV (D)
To show that F(n, k) < nk, for any n and any k < n — 1, we shall construct a strict digraph

D € D(k) such that
for any v € V(D), we have d},(v) = dp(v) = k. (6.5)

If such a digraph D can be constructed, then F(n,k) < |A(D)| = nk, and so (6.3) is justified.

For each integer n > 3, let K, denote the complete (undirected) graph on n vertices and K
denote the strict complete digraph on n vertices. For each n > 3 with n ¢ {4,6} and for each
1 < k < n—1, we shall construct a strict digraph D(n, k) on n vertices such that D(n, k) has
k-arc-disjoint directed Hamilton cycles. To do that, we show that K has arc-disjoint directed
Hamilton cycles Cp,Cy, - Cp—1. Then we define D(n, k) = K[E(Cy) U E(C2)U---U E(Cy)],
for each k with 1 < k < n — 1. Note that any Hamilton cycle C' of K,, can be oriented into
two arc-disjoint directed Hamilton cycles in K} with opposite direction to each other. When
n € {4,6}, we follow the similar idea to proceed the proof except when k = n — 1. In the rest of
the proofs of this theorem, if H; and Hs are sub-digraphs of a digraph D, then Hy U Hs denotes
the sub-digraph induced by the arc set E(H;) U E(Hz). We will construct D(n, k) satisfying
(6.5) in each of the following cases.
Case 1: n € {4,6}.

Assume that n € {4,6}. Then by definition, K} € D(n — 1) and K} satisfies (6.5) with
k =mn — 1, and so we have both D(4,3) and D(6,5).

For n = 4,let Cf = (0,3,1,2) and C4 = (0,2,1,3). Then D(4,2) = C{UC3 and D(4,1) = C{}.

For n = 6, let C% = (0,1,2,5,4,3), C$ = (0,5,1,3,2,4), C§ = (0,3,4,5,2,1) and C§ =
(0,4,2,3,1,5). Then D(6,4) = C?UCSUCSUCS, D(6,3)=CSuCSuUCS, D(6,2)=CSUCS,
and D(6,1) = CY.
Case 2: n=2s+1 and s > 1.

By Theorem 6.2.7, the edge set of K,,, the undirected complete graph on n vertices, can
be decomposed into s edge-disjoint Hamilton cycles. Each of these Hamilton cycles can have

two opposite orientations. These give rise to a decomposition of F(K}) into n — 1 arc-disjoint
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directed Hamilton cycles C}",C%,--- ,CJ'_;. Define D(n, k) = Ule cp,fork=1,2,--- ,n—1
As each C' is a directed Hamilton cycle, D(n, k) satisfies (6.5).
Case 3: n = 2s and s > 4.
By Theorem 6.2.8, E(K') can be decomposed into n—1 directed Hamiltonian cycles C7, C¥,

-,Cn_,. Define D(n, k) = Ule Cr fork=1,2,--- ,n—1. As each C!" is a directed Hamilton
cycle, D(n, k) satisfies (6.5).
As for each n > 3 and k < n — 1, a digraph D(n, k) satisfying (6.5) can be found, by (6.4), we
have F'(n,k) < kn. This proves (6.3). O

6.3 Characterization of Uniformly Dense Digraphs

For a graph G, we follow [11] to use ¢(G) to denote the number of components of G. Then the
strength n(G) and fractional arboricity v(G) of G are defined as

o | X|
@)= min {C(G X)) — (@G } ’

and

B X
NC) = max {v<G[X]> ~ (GIX)) } ’

where the minimum and maximum are taken over all subsets X such that the corresponding
denominators are not zero. In [15], it has been indicated that the well-known spanning tree

packing theorem of Nash-Williams [77] and Tutte [91] can be restated as the following.
Theorem 6.3.1. A nontrivial graph G has k edge-disjoint spanning trees if and only if n(G) > k.

In [15], an attempt to obtain a fractional version of Theorem 1.3.2 was made, and the following

characterization is proved.

Theorem 6.3.2. (Catlin et al. , Theorem 6 of [15]) Let G be a connected graph. The following
are equivalent.

() 1(G)(V(G)| - 1) = |E@G)].

(i) GV (G)] — 1) = |B(G)].

(iii) n(G) = v(G).

(iv) For any integers s >t > 0 with v(G) = §, G has s spanning trees T1, Ty, -+, Ts such that
every edge e € E(QG) is in exactly t members in the multiset {T1,Ta, - ,Ts}.

(v) For any integers s > t > 0 with n(G) = §, G has s spanning trees T1,Ts,--- ,Ts such that
every edge e € E(QG) is in exactly t members in the multiset {T1,Ta, - ,Ts}.

Any graph G satisfying Theorem 6.3.2(i) is called wuniformly dense. See [15] and [48] for

more background on uniformly dense graphs. The purpose of this section is to obtain the
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digraph version of Theorem 6.3.2. For a digraph D with n = |V/(D)| > 2, let P = P(D) =
{(X1, X2, -+, Xp) | where X1, Xy, --- X, are disjoint nonempty subsets of V(D)}. We define

(X1,X2,--Xp)eP(D),p>1 p—1
and .
(D) = ax { |A(D)| = >0 195 (X3)] } . 6.7)
(X1,X2,-Xp)EP(D),p<n n—op

Frank proved two theorems analogues to the spanning tree packing theorem of Nash-Williams
([77]) and Tutte ([91]) and the forest covering theorem of Nash-William ([78]). A branching of
a digraph D is a sub digraph B of D such that every weakly connected component of B is an

arborescence.

Theorem 6.3.3. (Frank [36]) Let D be a nontrivial digraph. The following are equivalent.

(i) D is has k-arc-disjoint spanning arborescences.

(i) n(D) = k.

Theorem 6.3.4. (Frank [36]) Let D be a nontrivial digraph. The following are equivalent.

(i) D has k branchings such that every arc of D is in at least one of them.

(ii) ¥(D) < k.

Following Theorem 6.3.2, it is natural to define a digraph as uniformly dense if n(D) = v(D). We
will apply Theorems 6.3.3 and 6.3.4 to obtain the characterization of uniformly dene digraph of

Theorem 6.3.2, which justifies the definition of uniformly dense digraphs. We need two lemmas.

Lemma 6.3.5. Let D be a digraph, and k,t > 0 be integers.

(i) D has k spanning arborescences such that every e € A(D) lies in at most t of them if and
only if (D) > k.

(ii) D has k branchings such that every e € A(D) lies in at least t of them if and only if
(D) < §.

Proof. Let D; be the digraph obtained from D by replacing each ar e € A(D) by t parallel
arcs {el,e? --- e}, each having the same head and tails as e.

Then Dy has k arc-disjoint spanning arborescences if and only if D has k spanning arborescences

such that every e € A(D) lies in at most ¢ of them. Moreover, for each X C (D), we have

t10p(X)| = [0p, (X)]-
By Theorem 6.3.3, G has k branchings such that every e € A(D) lies in at least ¢ of them if and
only if n(Dy) > k. By (6.6), n(D¢) > k if and only if for any (X1, X»,...,X,) € P(D) with p > 1,
L 105,50 S0, 105(%,)
p—1 p—1
Thus n(D) > %, and so (i) holds. The proof for (ii) is similar and is omitted. O

k<n(Dt) =
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A(D
Lemma 6.3.6. Let D be a digraph on |V (D)| > 1 vertices. Define d(D) = [A(D)

= 7 T
vy -1 e

n(D) < d(D) < ~(D).

Proof. Choose p=|V(D)| > 1 and X; = {v;} in (6.6), to get the first inequality. Then choose
p=1and X; = V(D) in (6.7) to have the second. O

Theorem 6.3.7. Let D be a weakly connected nontrivial digraph on n vertices. The followings
are equivalent. (A digraph satisfying any one of the following is called a uniformly dense di-
graph).

(i) |A(D)] = n(D)(n — 1),

(ii) |A(D)] = 4(D)(n - 1).

(iii) n(D) = 4(D).

(iv) For any integers s >t > 0 such that v(D) = §. there exists an integer t > 0 such that D
has a family F = {T1,T,--- ,Ts} of spanning arborescences such that every e € A(D) lies in
exactly t members in F.

(v) For any integers s > t > 0 such that n(D) = 3. there exists an integer t > 0 such that D
has a family F = {T1,Ts,--- ,Ts} of spanning arborescences such that every e € A(D) lies in

exactly t members in F.
Proof. By Lemma 6.3.6, (iii) implies (i) and (ii). It remains to show that each of (i) and (ii)

implies (iv), and (iv) implies (iii).

(i) = (iv). (The proof for (ii) = (iv) is similar, and will be omitted.) For any integers
s >t >0 with s = tn(D), by Lemma 6.3.5 (i). D has a family F of s spanning arborescences

such that every arc in D lies in at most ¢ members of F. It follows by (i) that
tn(D)(n —1) = s(n—1) < t{A(D)| < tn(D)(n —1).

This forces that every arc of D is in exactly ¢ members of F.

(iv) = (iii). Suppose that D has a family F of s spanning arborescences with the property
that every e € A(D) lies in exactly ¢ members in F. Then by Lemma 6.3.5 and by Lemma 6.3.6,

(D) < - <n(D) <~(D).

SSERY)

Hence we must have (iii). O
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Chapter 7

On the Lower Bound of k-maximal

Digraphs

7.1 The Problem

If G is a simple graph, then G° denotes the complement of G. If X C E(G¢), then G + X is
the simple graph with vertex set V(G) and edge set E(G) U X. We will use G + e for G + {e}.
Likewise, if D is a simple digraph, let D¢ denote the complement of D. For X C A(D¢) and
e € A(D°), we similarly define the simple digraphs D + X and D + e, respectively. If H, K are
subdigraphs of D, then H U K is the subdigraph of D with vertex set V(H) UV (K) and arc set
A(H) U A(K). Throughout this chapter, we use the notation (u,v) to denote an arc oriented
from u to v in a digraph. If W C V(D) or if W C A(D), then D[W] denotes the subdigraph of
D induced by W. For v € V(D), we use D — v for D[V(D) — {v}]. For graphs H and G, we
denote H C G when H is a subgraph of G. Similarly, for digraphs H and D, H C D means
H is a subdigraph of D. We write D = D’ to represent the fact that D and D’ are isomorphic
digraphs.
Given a graph G, Matula [73, 74, 75] first studied the quantity

7 (G) = max{x'(H) : H C G}.

He called ' (G) the strength of G. Mader [71] considered an extremal problem related to &' (G).
For an integer k > 0, a simple graph G with |V(G)| > k + 1 is k-mazimal if ' (G) < k but for
any edge e € E(G°), (G + €) > k. In [71], Mader proved the following.

Theorem 7.1.1. (Mader [71]) If G is a k-mazimal graph on n >k > 1 vertices, then

IE(G)| < (n— k)k + ( :)

Furthermore, this bound is best possible.
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It has been noted that being a k-maximal graph requires a certain level of edge density.

Towards this direction, the following was proved in 1990.

Theorem 7.1.2. (Lai, Theorem 2 of [53]) If G is a k-mazimal graph onn > k+1 > 2 vertices,
then

k n
BG) > (n 1)k - ( ) ) )

Furthermore, this bound is best possible.

It is natural to consider extending the theorems above to digraphs. Towards this direction,
for a digraph D, we define
AD) = max{\(H) : HC D}.

Let k > 0 be an integer. A simple digraph D with |[V(D)| > k + 1 is k-maximal if \(D) < k
but for any arc e € A(D¢), X(D + ¢) > k + 1. Following Matula [73], we may also call A(D) the
strength of digraph D and so a k-maximal digraph is also called a k-maximal strength digraph.
For positive integers n and k satisfying n > k + 1, define

D(n,k) ={D : D is a simple digraph with |V(D)| =n and D is k-maximal}.
Thus we are to investigate the upper and lower bounds of the set of numbers {|A(D)| : D €
D(n,k)}. For notational convenience, if h < k, we define ( Z ) = 0. The following has been
obtained.

Theorem 7.1.3. (Anderson et al. , Theorem 1.2 of [6], see also [5]) Let n and k be positive
integers with n > k+ 1. If D € D(n, k), then

]A(D)]gk(Qn—k—l)—i—(n;k).

Furthermore, the bound is best possible.

In fact, all extremal digraphs in D(n, k) reaching this upper bound are characterized in [6].

The purpose of this research is to determine the lower bound. The following is the main result.

Theorem 7.1.4. Let n and k be positive integers with n > k+ 1. If D € D(n, k), then

|A(D)| > (Z) =Dk + ) (1+2k— (k"zm))

Furthermore, the bound is best possible.

In the next section, we investigate properties of k-maximal digraphs. In Section 7.3, we
present a constructive characterization of a family of k-maximal digraphs &'(k). In the last
section, we will prove Theorem 7.1.4 and show that the members in the family £'(k) are precisely

the digraphs attaining the upper bound in Theorem 7.1.4.
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7.2 Properties of k-maximal Digraphs

Throughout this section, n and k denote integers with n > k > 0. We present some properties
of k-maximal digraphs to be utilized later. Let D(k) be the family of all k-maximal digraphs.
Thus

D(k) = Unsis1D(n, k).

For any integer n > 0, let K denote the complete digraph on n vertices. Thus K is a simple
digraph such that for any pair of distinct vertices u,v € V(K3), both (u,v) and (v,u) are in
A(K}). By definition, we observe the following

K;.1 € D(k) and if H € D(k) and |V (H)| =k + 1, then H = K, ;. (7.1)

Lemma 7.2.1. (Anderson et al. , Lemma 2.1 of [6]) A digraph D € D(0) if and only if D is

an acyclic tournament.

Lemma 7.2.1 indicates that we may exclude the case £ = 0 in our study. Therefore, we will
always assume that & > 0 in the rest of this chapter. Following [9], if D is a digraph and if
X,Y CV(D), then define

(X,Y)p={(z,y) €AD) : € X,yeY}
We further define that, for X C V(D),
04(X) = (X, V(D) — X)p and 95,(X) = (V(D) - X, X)p.
For cach v € V(D), we define
Ni(w)={ue V(D) : (v,u) € AD)} and N (v) = {u € V(D) : (u,v) € A(D)}.

When the digraph D is understood from the context, we sometimes omit the subscript D in
the notations above. By the definition of arc-strong connectivity in [9], a digraph D satisfies
A(D) > k if and only if for any nonempty proper subset X C V(D), |9}(X)| > k.

Definition 7.2.2. Let H € D(k) and let {vi,va, - ,vx} C V(H) be a subset of k distinct
vertices. Let u be a vertex not in V(H). Define a digraph [H, K1l (K1, H]i, respectively) as
follows:

(1) V(H, Ki]g) = V([K1, H]p) = V(H) U {u}.

(i) A([H, Ki1]k) = A(H) U{(vi,u), (v2,u), -, (vp,u)} U (UUGV(H){(U’U)}) (A([Ky, H],) =
A(H) U {(u,v1), (u,v2), -, (u,vg) } U <UUGV(H){(U, u)}), respectively).

Note that each of [H, K1i and [K1, H]j, represents a family of graphs as the set {vi,va, -+ v} C
V(H) may vary.
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Definition 7.2.3. Let Hy, Hy € D(k), and let {uy,ug, - ,ur} C V(Hi) be a multiset of V (Hy)
and {vi,va,- - ,vx} C V(Ha) be a multiset of V(Hz) such that all the arcs (ui,v1), (ug,va),- -,
(ug,vi) are distinct. Define a digraph [Hy, Ha]i as follows.

(i) V([Hy, Hal) = V(H1) UV (H2).

(1) A([Hy, Holk) = A(H1)UA(H2)U{ (w1, v1), (u2,v2), -+, (g, vg) } U (Uuev(Hl),vev(Hz){(% U)})~
Note that [Hy, Holy, represents a family of digraphs.

Lemma 7.2.4. (Anderson et al. , Corollary 2.6 of [6]) Let D € D(k) — {K}_,} be a digraph.
Then there exists a nonempty proper subset X C V(D) such that one of the following holds.
(i) | X| =1, and for some H € D(k), D € [K1, H].

(ii) |V(D) — X| =1 and for some H € D(k), D € [H, K1].

(111) For some Hy, Hy € D(k), we have D[X| = H; and D € [Hy, Ha]j.

7.3 Structure of k-maximal Digraphs

Let H(k,2) be the digraph obtained from Kj_ , by removing an arc from K ,. Note that if
D =~ H(k,2), then D has exactly one vertex (to be denoted z~ (D)) of indegree k and exactly
one vertex (to be denoted x1 (D)) of outdegree k .

Definition 7.3.1. Let n and k be positive integers. Define S(n, k) to be the set of all integral
sequences (81,82, ,8m) satisfying s1 + s2 + ... + 8, = n such that s1 = k + 2, and for
i>2,8 €{l,-1,k+2,—(k+2)}. For anys = (81,82, -+ ,8m) € S(n, k), define digraphs
L(s) = L(s182, -+ ,Sm) as follows.

(i) For i =1, then define Ly = H(k,2).

(ii-A) Fori > 2, if s; = 1 (s; = —1, respectively), then define L; € [L;—1, K1l (Li € [K1, Li—1]k,
respectively).

(i--B) For i > 2, if s; = k+ 2 (s; = —(k + 2), respectively), then define L; € [Li—1,H(k,2)]
(L; € [H(k,2), Li_1]g, respectively), in such a way that for any 1 <t < i with |s;| = k + 2 we
have dzi (@™ (J) > k+1 (d (7 (Ji)) > k+ 1, respectively).

(iii) Define L(s) = L,,. By Definitions 7.2.2 and 7.2.3, each L(s) represents a collection of
digraphs.

(iv) Given s = (81,52, - ,5m) € S(n,k), define J; = Ky if |s;| = 1 and J; = H(k,2) if
|si| = k + 2. Then the sequence of digraphs Ji,Ja, -, Jm is called a construction sequence of
L(s).

(v) Define E(n, k) = {L(s) : s € S(n,k)} and E(k) = Up>p12(E(n, k) U{K} 1)}

For a digraph D, an arc subset W = (X, V(D) — X)p for some proper non empty subset X

is called an arc-cut. If |W| =1t and W is an arc-cut, then W is called a t-arc-cut.
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Observation 2. We will make a few observations from Definition 7.3.1.
(1) By definition, H(k,2) € {L(s)} with s being the sequence of only one term k+2. Since there
is only one arc a € A(H (k,2)), we have H(k,2) +a = K}, and so

H(k,2) € D(k). (7.2)

(ii) Let D € E(k) — {H(k,2)}. We may assume that n = |V(D)| > k + 2 and for some
s = (s1,52,...,8m) € (n,k), D € L(s) with construction sequence Ji,Ja, -+ ,Jp. Using the
notation in Definition 7.8.1, we let L; = D[U;HV(Jj)]. For any k-arc-cut W = (X,V(D) —
X)p of D, there must be and i with 1 < i < m such that W = (V(L;),V(Jix1))p or W =
(V(Ji+1), V(Li))p-

We will justify Observation 2(ii). Since n = |V(D)| > k + 2, we have m > 2. When m = 2,
by Definition 7.3.1 (ii-A) and (ii-B), we observe that if W} is a k-arc-cut of D, then we must have
Wy = (V(J1),V(J2))p or Wi = (V(J2),V(J1))p. Hence we assume that m > 2. Inductively,
assume that for any digraph D' € £(k)—{H (k,2)} with |[V(D")| < |V (D)| and with construction
sequence Ji, J5, ..., J! ,, if W' is a k-arc-cut of D', then there must be an ¢ with 1 <4 < m’ such
that W' = (U V(J)),V(J{1))pr or W = (V(J],,), U5 V(J]))pr. Let W = (X, V(D) - X)p
be an k-arc-cut of D. If X NV (J,,,) = 0 or if J,,, C X, then by Definition 2, W is an k-arc-cut
of L,,—1, and so by induction, there must be an ¢ with 1 < ¢ < m — 1 such that Observation
2(ii) holds. Hence we must have X NV (J,,) # 0 and (V(D) — X) N Jp, # 0. In this case, as
|[V(Jm)| > 2, we must have s,, = k + 2 and J,,, = H(k,2). It follows that H(k,2) contains an
arc-cut X N A(Jp,) of size at most k. But by Definition 7.3.1(ii-B), J,,, does not have an arc-cut
of size k. This contradiction justifies Observation 2(ii).

Observation 2(i) can be extended, as shown in Theorem 7.3.5 below.

Lemma 7.3.2. For any D € E(k), we have
A(D) = X(D) = k. (7.3)

Proof. By Definition 7.3.1, it suffices to show that if D = L(s) for some s = (s1,52, - ,Sm) €
S(n,k), then (7.3) holds. We argue by induction on m. By (7.2), (7.3) holds for m = 1.
Assume that m > 1 and (7.3) holds for smaller values of m. We adopt the notation in Definition
7.3.1 and let Jy, Ja, - -+, Jy, be the construction sequence of D. Let s’ = (s1,82, - ,8m—1) and
D'=D —V(Jy,). Then s’ € S(n — sy, k), and D' = L(s’). By Definition 7.3.1, D € [D’, Jp|-
By induction, A(D') = A\(D') = k.

We argue by contradiction to prove that A(D) > k, and assume that D has a proper nonempty
subset X C V(D) such that |9}(X)| < k. If both X NV(D') # 0 and V(D') — X # 0,
then by A(D') = k, we have a contradiction k& > |04(X)| > [(V(D')n X,V(D') — X)p/| >
k. Hence either V(D) N X = 0 or V(D') C X. Similarly, as J,, € {Ki, H(k,2)}, if both
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XNV(Jy) # 0 and V(J,) — X # 0, then J,, = H(k,2), and so k > [05(X)] > [(V(Jm) N
X, V(Jm) — X)p/| > MNH(k,2)) = k, a contradiction. It follows that we must have X = V(D’)
or X = V(Jy). By Definition 7.2.2 or 7.2.3, we have again a contradiction: k > |9}, (X)| >
min{|(V(J), V(D")pl,|(V(D"),V(Jm))p| > k. This proves that A(D) > k.

We now prove A\(D) = k by contradiction. Assume that D has a subdigraph H such that
MH) > k+1. If both V(H)NV(D') # 0 and V(H) NV (Jy) # 0, then X(H) < [(V(H) N
V(D),V(H)NV(Jn)ul < [(V(D"),V(Jn))p| = k, contrary to A(H) > k + 1. Thus since
Jm € {K1, H(k,2)}, we must have H C D’. By induction, A\(D') = k, and so A\(H) < \(D') = k,

contrary to the assumption \(H) > k + 1. This proves the lemma. O
A special class of graphs in £(k) has been studied in [6]. Let Sps(n,k) be the subset of
S(n, k) such that s = (s1, 82, -+ ,5m) € Sm(n, k) if and only if [so| = |s3| = -+ |spm| = 1. Let

M(k) = UnZkJrQ{L(S) 1 S E SM(TL, k)}
Theorem 7.3.3. (Anderson et al. , Theorem 3.2(ii) of [6]) M(k) C D(k).

The observations stated in Lemma 7.3.4 below follow immediately from Definition 7.3.1.
For example, in Lemma 7.3.4(i), if for some 2 < ¢ < m — 1, (7.4) holds, then the digraph
sequence Ji, Jo, -, Ji_1, i1, o, JIm, Je IS also a construction sequence of D such that for
s = (81, "+ ,8t—1,8t+1," " ,Sm, St), we have then D € L(s’). The justification of Lemma 7.3.4(ii)

is similar and will be omitted.

Lemma 7.3.4. Let D € L(s) for some s = (s1,82, * ,8m) € S(n,k) with a construction
sequence Ji, Ja, -+, Jm. Fach of the following holds.
(i) If for some t with 2 <t <m —1, and for all j witht+ 1< j <m,

either s; > 0 and (J, J;)p =0, or s; <0 and (J;,Ji)p =0, (7.4)

then D —V(J;) = L(s'), where s’ = (s1,- -+, $t—1, St41,"** ,8m) € S(n — s, k) and D —V(J;) =
L(s).

(ii) Suppose that for some t with 1 < t < m, we have s441 = k + 2. If for each j with
t+2<j<m,

either5j>0 and (J1UJ2U"'UJt,Jj)D:®, O’I’S]’<0 and (Jj,JlUJQU"'UJt)D:@,
7.5)
then D — V(Jy U JoU---UJy) = L(s'), where s’ = (8441, 8142, »5m) € S(n — S h_; 54, k).

Lemma 7.3.4 can be applied in inductive augments involving digraphs in £(k). This allows

us to prove a generalization of Theorem 7.3.3, as stated in the theorem below.

Theorem 7.3.5. Let k > 1 be an integer. Then E(k) C D(k).
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Proof. Let D € £(k) with n = |V(D)|. In the proof arguments below, we shall adopt the
notation in Definition 7.3.1 to use Ly, Lo, --- , L, to denote the graphs in the process to build
Lp,.

We argue by induction on n to prove the theorem. By Definition 7.3.1, n > k + 2, and
n =k +2if and only if D = H(k,2). By (7.2), D = H(k,2) € D(k). Thus we may assume that
n > k+ 2 and for any digraph D’ € £(k) with |[V(D")| <n—1, D' € D(k). We are to show that
if D € &(n, k), then D € D(k).

By contradiction, we assume that D € £(n, k) — D(k), and so for some a = (u,v) € A(D°),

we have

D +a) < k. (7.6)
Assume that D = L(s) for some s = (s1,82, -+ ,58m) € S(n,k) with m minimized and a =
(u,v) € A(D°); and let Jy,Ja, -, Jy, be the corresponding construction sequence of D. Since

n > k + 2, we have m > 2. By symmetry, we assume that D € [L,,—1, Jp]r. By induction,
Ly—1 € D(k). fu,v € V(Lp_1), then X(D +a) > M(Ly—1 +a) > k+ 1. Hence we may assume
that

w € V(Lm-1) and v € V(Jp,). (7.7)

By (7.6),
there exists a nonempty proper subset X C V(D + a), such that |9, (X)| < k. (7.8)

By Definition 7.3.1(ii) or (iii), there are k arcs from L,,—1 to J,,. We assume that (V(Ly,—1),
V(Jm))p = {a1,a92, -+ ,ar}. Let a; = (v, w;), 1 <i < k. By Definition 7.3.1, {vi,ve, -+ v} C
V(Lp-1) and wy,we, - ,wx € V(Jy). If there exists a ¢ with 2 < t < m — 1, such that
V(J) N {vi,ve, - vk, u} = 0, and such that for all j > ¢, either s; > 0 and (J;, J;)p =
0, or s; < 0 and (Jj,J;)p = 0, then by Lemma 7.3.4(i), D — V(J;) = L(s'), where s’ =
(81, ,8t-1,8¢41, "+ »8m) € S(n — 84, k). By induction, D — V(J;) € D(k), and so A\(D + a) >
M(D = V(J) +a) > k+1, contrary to (7.6). Hence we may assume that for any i with
1 <t <m—1, there exists a j > t + 1 such that

0 < { \V(Jr) N {v1,v2, -+, og, ut| + (e, Jj)p|  if 55 >0

. (7.9
[V (Jy) N {vr,va, - op, ub| + |(J5, Je)pl if s5 <0 )

Let X C V(D) be a subset satisfying (7.8). Define I’ = {i : 1 <4 <m and V(J;) N X = 0} and

I"={i:1<i<mand V(J;)NX # 0}

Claim 1. For any i with 1 < i < m, if |V(J;)| = k + 2, then either X NV (J;) = 0 or
0

V(J;) — X =0. (As |s;| € {1,k + 2}, it follows that for any 1 < i < m, either X NV (J;) =0 or
V(i) — X =0.)
Proof of Claim 1. By contradiction, suppose for some ¢ with 1 < i < m and with

[V (J#)| = k+2, and both X NV (Jy) # 0 and V(Jy) — X # 0. If k > | X N V(Jy)| > 2, then
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as Jy = H(k,2), we have min{|X NV (Jy)|,|V(Jy) — X|} > 2. It follows by the definition of
H(k,2) that [0}, ,(X)| > ]8+ (X NV(Jy))| > k+ 1, contrary to (7.8). Hence we may assume
that | X NV (Jy)| € {1,k + 1}, and so |8Jr (XNV(Jy))| =k By (7.7), {u,v} NV (Jy)| <1 and
so min{|X NV (Jy)|, |V(Jir) — X|} = 1. It follows that

(X OV (), V(T) = X)pial = (X OV (), V) — X)pl = 105, (X 0 V()| = k.
(7.10)
By (7.10), we must have {vy, -+ v} € X NV (Jy) and {wy, -+ ,wx} C V(Jy) — X. Also by
(7.10), for any j # 4, if X NV (J;) # 0 and V(J;) — X # 0, then 8+ (X NV (J;)) # 0. This,
together with (7.10), implies [0}, ,(X)| > |8+ (XNV(Jin)|+ |3Jr (XﬂV( i))| > k+1, contrary
o (7.8). Hence we have

for any j # 4, if X NV (J;) # 0, then V(J;) C X. (7.11)

Since J;y = H(k,2), Jy has a unique vertex 1 = 1 (Jy) such that (fr ,(z1) = k and a unique
vertex xo = =~ (Jy) such that d; (xg) = k. It follows by (7.10) that elther V(Jy) N X ={x1}
or V(Ji) — X = {x2}.
Assume first that ¢ > 1 and 7 is the smallest integer satisfying 1 < ¢; < ¢/ such that i; € I”.
If iy > 1, then either s;, > 0, whence by (7.11), Ui<¢<i,—1V (Jy) N X = ), and so by Definition
7.2.20r7.2.3, |05, (X)| > [V (Jy,),V(J1)pl = [V(J1)| = k+2; or s;, < 0, whence by (7.10) and
by Definition 7.2.2 or 7.2.3, [0}, ,(X)| > [(V(Jy)N X,V (Jy) = X)p|+|(V(Ji,), Liy—1)p| = k+1.
In either case, a contradiction to (7.8) is obtained. Therefore we assume that i1 = 1. If there
exists an " with 1 < ¢ < ¢’ such that X NV (Jy) = 0, then assume that i is the smallest
such integer. By Definition 7.2.2 or 7.2.3, |(V(Li»_1), V(Ji#))p| > 0. This, together with (7.10),
implies that [0 (X)| > |(V(Jy) N X,V (Jy) = X)p| + [(V(Li—1),V (Ji))p| > k + 1, contrary
o (7.8). Therefore, no such i’ exists, and so we conclude that V(Ly_1) € X. It follows by
Definition 7.3.1(ii-B) that |97, ,(X)| > min{d}  (z1),d} (z2)} > k+ 1, contrary to (7.8).
Therefore, we may assume that i/ = 1. If f(;r some tz with 1 <t < m, |s¢] = k + 2, then by
Definition 7.3.1(ii-B), we have |6$+G(X)| > min{dzt(xl),dzt(xg)} > k + 1, contrary to (7.8).
Hence for all t > 1, we have |s;| = 1. It follows by Theorem 7.3.3 that D € D(k), contrary to
(7.6). This justifies Claim 1. O
Claim 2. Suppose that V(J;) N X = (. Let i; > 1 be the smallest integer such that
V(Jiy) N X # 0, and ia < m be the largest integer such that for any ¢ with i; <t < is, we have
V(Jy) € X. Each of the following holds.
(i) For any ¢ > 2, if V(J;) N X # 0, then s; < 0.
(il) V(Jm) N X = 0.
(i) (Vi) V(Lig 1)) = 0540 (X) and (355, ()] = (V(Jia), V(Lis 1)) 0] = k.
(V) u g X.
(v) M(D +a) > k + 1. (Thus a contradiction to (7.6) is obtained.)
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Proof of Claim 2. (i). Suppose that V(J;)NX = 0. By Definition 7.3.1, [V (J1)| = s1 = k+2.
If for some for any ¢ > 2 with V(J;) N X # 0, we have s; > 0, then by Definition 7.3.1, for each
vertex x € V(J;) and for each vertex y € V(J1), (z,y) € A(D). It follows by |V (J1)| = s1 = k+2
and by Claim 1 that |85, ,(X)| > [(V(J;), V(J1))p| > k+2, contrary to (7.8). This justifies (i).
(ii). Since D = [Ly—1, Jm]k, we have s,,, > 0 and so by Claim 2(i) and by Claim 1, V(J,,,)NX = ().
(iii). By Claim 2(i), s;, < 0. Thus by Definition 7.3.1(ii), |(V(Ji,), V(Li,—1))p| = k. By the
definition of i1, V(Li;—1) N X = 0 and V(J;,) € X. Hence (V(J3,),V(Li-1))p C 0 ,(X).
By (7.8), we have |OE+ (X)| =[(V(Jiy),V(Li,—1))p| = k, which implies (V(J;,),V(Li,—1))p =
O10().

(iv). If u € X, then by Claim 2(ii), we have (u,v) € 85(X). This, together with Claim 2(iii),
implies that |8}, ,(X)| > k + 1, contrary to (7.8).

(v). For any t > i9 with s; > 0, by (7.8) and Claim 2(iii), we must have

(X, V(Jt))D+a = (UieI”V(Jz‘)a V(Jt))D+a = @-

Let s” be a subsequence of s by deleting all terms s; with ¢ € I” from s; and let D” = D — X.
It follows that D" = L(s"”) and so D" € S(n — |X|, k). Since I” # (), by induction, D" € E(k).
By Claim 2(iv), u ¢ X and so both ends u and v are in V(D). Since D" € £(k), we have
A(D +a) > X(D" + a) > k + 1. This completes the proof for Claim 2. O
Claim 3. Suppose that V(J1) C X. Let i < m be the largest integer such that for any ¢ with
1 <t <y, we have V(J;) C X. Each of the following holds.

(i) For any @ > ig, if V/(J;) N X = 0, then s; > 0.

(i) (V(Ei), V(Tigs1))p = 05 (X) and 054, ()] = [(V(Li), V(ys1))] = B

(iii) m > i + 1.

(iv) Suppose that s;,11 = 1 and ¢ > ig + 1. Then V(J;) N X = () if and only if s; > 0; and
V(J¢) € X if and only if s; < 0. In particular, V(J,,) N X =0 and u ¢ X.

(v) Let i3 > 1 be the largest integer such that V(Ji,) € X. Then m — 1 > iz > ig, V(Jiy) N
{v1,v2, -+ ,vp,u} = 0, and for any h > i3, (V(Jis), V(Jr))p = 0.

Proof of Claim 3. (i). Let ¢ > iy be an index such that V/(J;) N X = 0. If s; < 0, then by
Definition 7.2.2 or 7.2.3, for any = € V(L;,) and for any y € V(J;), we have (x,y) € A(D). It
follows that |95, ,(X)| > |(V(J1), V(Ji))p| > |s1| = k + 2, contrary to (7.6).

(ii). By Claim 3(i), Si,+1 > 0. By Definition 7.3.1(ii), |(V(Ls,), V(Jiy+1))p| = k. By the
definition of ia, V(L;,) N X = () and V(L;,) € X. Hence (V(Li,), V(Ji,+1))p C 83+Q(X). By
(7.8), we have |95, (X)| = |(V(Li,),V (Jiy+1))p| = k, which implies (V(Li,),V (Jip+1))p =
0h.a(X).

(iii). If 49 +1 = m, then we must have u € V(L;,), and so (u,v) € (V(Li,), V(Jiy+1)) D+a
8g+a( ). As (u,v) ¢ (V(Li,), V(Jiy+1)) D, this yields a contradiction to (V (L), V(Ji,+1))p =

ag—i-a( )

N
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(iv). Suppose that s;,+1 = 1 and fix t > is + 1. Assume that V(J;) N X = (). By Claim 3(ii)
and by (7.6), (V(J;),X)p = 0. Hence by the definition of [L;—1, Ji]x, we must have s; > 0.
Conversely, assume that both s; > 0 and V(J;) € X, then by the definition of [L;_1, Ji|,
(V(Jx), V(Li—1))p # 0, contrary to Claim 3(ii). This proves that V(J;) N X = 0 if and only if
s > 0.

Now assume that V(J;) € X. If s; > 0, then (V(J;),V(Jiy+1))p # 0, by the dentition of
[Li—1, Ji]k, contrary to Claim 3(ii). Therefore, we must have s; < 0. Conversely, assume that
st < 0and V(J;)NX = (). By the dentition of [J;, Li—1]k, we have (V(L;—1),V(J¢))p # 0, again
contrary to Claim 3(ii).

As D = [Ly—1, Jm)k, we have s, > 0, and so V(J,) N X = (. By Claim 3(ii) and since

v € V(Jpm), we conclude that u ¢ X. This proves (iv).
(v). By Claim 3(iv), V(J,,) N X = 0, and so m > i3. We argue by contradiction to assume
that i3 = io. Then by the definitions of i3 and i3, we have X = U?:lV(Jt) = V(L;,). For
any j > i3, by Claim 3(i), s; > 0. By Claim 3(iv), v € X. If m = i3 + 1, then u must be
in X, a contradiction. Hence m > i3 + 2. Similarly, by k > |81J5+a(X), we also conclude that
{v1,v2, ..., 0} X = 0. By Claim 3(i), si;42 > 0. Since (Liy, Jiz41)p U (Lis, Jiz4+2)p € 01, ,(X)
and since |(Li,, Jis+1)p| = k, it follows by k > |8B+G(X)] that |(Lis, Jis+2)p| = 0. This, together
with {v1,ve, ..., vk, u}X = 0, yields a contradiction to (7.9). This proves that m > iz > is.

We now show the other conclusions of Claim 3(v). By Claim 3(iv), V(J,,) N X = 0 and
u ¢ X. By Definition 7.3.1 that, we have (Ji,, Jis+1)p C (Jig, Jiz+1 U Jm)p C 8E+G(X), which
implies that

k= 1(Jis, Jis+1)D| < |(Jis, Jiz+1) D] + |(Jis U Ji) p| < [0 o (X)] < k.

Thus |(Ji; UJm)p| = 0. Since wy,wa, -+ ,wg € V(Jy,), it follows that V' (Ji,)N{v1,va, -+ , v, u}
= (. By the choice of i3, for any h > iz, we have V(J,) N X = 0, and so (V(Ji;), V(Jr))p C
8‘5+G(X). By Claim 3(ii), we must have (V(J;,), V(Jy))p = 0. This justifies Claim 3. O

We now continue the proof of the theorem. By Claim 2(v), we may assume that s; = —(k+2),
and so Claim 3 applies. By Claim 3(iv) and with i3 being defined in Claim 3(v), we conclude
that sp > 0, for any h > i3. Therefore, Claim 3(v) presents a contradiction to (7.9). This proves
the theorem. O

To determine the extremal graphs of Theorem 7.1.4, we need to construct a new family of

digraphs.

Definition 7.3.6. For given integer k > 0, define £1(k) to be the family consisting of digraphs
satisfying each of the following.

(4) E(k) € & (k).

(B) If digraphs H and H' satisfy

H,H' € &(k) U {K:1} with |V(H)| + [V(H)| > 2, (7.12)
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then [H,H']), C £1(k).

Lemma 7.3.7. For any D € & (k).

(1) [V(D)| > k + 2.

(ii) \(D) = k.

(iii) For any k-arc-cut W of D, there exist two digraphs H and H' satisfying (7.12) such that
De[H,H], and W = (V(H),V(H))p.

Proof. By Definition 7.3.6 and by induction on |V(D)]| for a digraph D € &;(k), Lemma
7.3.7(i) and (ii) hold. To prove Lemma 7.3.7(iii), we assume that D has a k-arc-cut W =
{(u1,v1), (u2,v2), ..., (ug,vg)}. Thus for some nonempty subsets X,V (D) — X, we have W =
(X,V(D)—X)p. If D € £(k), then by Observation 2(ii), Lemma 7.3.7 (iii) must hold. Hence by
Definition 7.3.6, we assume that D € [H, H']), for some H, H' satisfying (7.12); and that Lemma
7.3.7(iii) holds for digraphs in &1 (k) with smaller order than D. Let Z = (V(H),V(H'))p.
Case 1. XNV(H')=0,0or (V(D)-X)NV(H") = 0.

By symmetry, we assume that X N V(H’) = (). Then X is a k-arc-cut of H. By induction,
there exist digraphs L, L’ satisfying (7.12) such that H € [L, L] and W = (V(L),V(L'))n. As
X NV(H") =0, we have V(L) = X. Since W is an arc-cut of D, WZ = () and so D € [L, L"),
with W = (V(L),V(L"))p, L" = D — X € [L/,H'|;, and Z = (V(L),V(D) — X)pn. Since
L' H € £(k) U{K}, it follows by Definition 7.3.6 that L” € £1(k). This implies that Lemma
7.3.7(iii) holds.

Case 2. XNV(H')#0and (V(D)—-X)NV(H') #0.

Let Wi = (XNV(H), V(H)—X) s and Wy = (XOV(H'), V(H') = X) gr. Thus W = W, UWy
and |Wi| + |Wa| = |W/| = k. If both H,H' € &;(k), then by Lemma 7.3.7(ii), we must have
|W1| > k and |Ws| > k, contrary to the fact that |Wy| + |Wa| = |W| = k. Hence either H = K;
or H = K. Suppose that H = K; with V(H) = {v}. By the definition of [H, H']j, for any
v e XNV(H), (V,v) e A(D).

Thus if v ¢ X, then X C V(H') and so W C (X, {v})p U (X,V(H') — X)p. It follows from
Lemma 7.3.7(ii) that k = |W| = |(X,{v})p| + (X, V(H') — X)p| > |(X,{v})p| + k, and so
(X,{v})p = 0 and D € [{v}, H'];. By induction, there exist digraphs L, L’ satisfying (7.12)
such that H' € [L,L'];, and W = (V(L),V(L'))g. Let L"” € [{v},L']z. Then L" € &;(k) and
D e [L, L"), with W = (V(L),V(L"))p. Hence Lemma 7.3.7(iii) holds.

Therefore, we must have v € X, which implies that ({v}, V(H') — X)p # 0. It follows that
k= W] =I[({v},V(H) = X)p| + (X = {v}, V(H') = X)p| > (X = {v}, V(H') = X)pl. This
implies that A(H') < [(X —{v},V(H')— X)p| < k, contrary to Lemma 7.3.7(ii). This completes
the proof of the lemma. O

Lemma 7.3.8. For any integer k > 1, we have £1(k) C D(k).
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Proof. Let D € £1(k). We need to show that D € D(k). If D € £(k), then by Theorem 7.3.5,
D € £(k). Hence we assume that D € £1(k) — E(k), and Lemma 7.3.8 holds for graphs in £; (k)
with smaller order.

For any e € A(D°), if \(D+e) > k+1, then D € D(k). Hence we assume that A(D+e) < k+1.
Let W be a j-arc-cut of D + e for some j < k. By Lemma 7.3.7(ii), e ¢ W and so by Lemma
7.3.7(iii), for some digraphs H, H' satisfying (7.12), D € [H,H], and W = (V(H),V(H'))p.
Let e = (u,v). Since e ¢ W, we cannot have u € V(H) and v € V(H’). By the definition of
[H, H'|},, we cannot have v € V(H) and u € V(H'). Hence either u,v € V(H) or u,v € V(H').
Without loss of generality, we assume that u,v € V(H), and so e € A(H®). By (7.12), H € £1(])
and so by induction, A\(H + e) > k + 1. It follows that A\(D +¢) > A\(H +¢€) > k + 1, and so by
definition, D € D(k). O

Definition 7.3.9. Let n and k be integers with n > k > 0 and q,r be nonnegative integers
satisfying n = q(k +2) +r with 0 <r < k+1,

(i) Define S'(n, k) to be the set of all integral sequences (s1, 82, , Sq+r) Such that s1 =k + 2,
and for i > 2, |s;| € {1,k + 2}. Note that if (s1, 2, , Sq4r) € S'(n, k), then as q(k+2) +r =
n = Zfi{ |si|, there are exactly r of the |s;|’s equaling one and q of the |s;|’s equaling k + 2.
Define &'(n, k) = {L(s) : s € §'(n,k)} and E'(k) = Up>p12E (n, k).

(11) Define (k) to be the family consisting of digraphs satisfying each of the following.

(ii-A) E' (k) C E(k).

(ii-B) For H,H' € &} (k) U{K1} satisfying |V (Hy)|+ |V (Hz)| > 2 and |
L\V(Hz)l

k42 k+2

|+

k+2 J’ [HvH,}k Cgll(k)

By Definition 7.3.9, the corollary below follows immediately from Theorem 7.3.5 and Lemma
7.3.8.

Corollary 7.3.10. & (k) C D(k).
Given the structure of digraphs in £} (k), we can compute the size of digraphs in &} (k).

Lemma 7.3.11. Let n > k + 1 > 2 be integers. For any digraph D € E}(k), we have

\A(D)\—<Z>+(n—l)k+Lk12j (1+2k—<k;2>>. (7.13)

Proof. We first assume that D € £'(k) with [V(D)|=nandn >k+1>2. If n =k + 2,
then by Definition 7.3.9, we have D = H(k,2), and so |A(D)| = (k+2)(k+ 1) — 1. Thus (7.13)
holds. Assume that n > k + 2 and (7.13) holds for smaller values of n. Let ¢, be nonnegative
integers satisfying n = q(k + 2) + r with 0 < r < k + 1. By Definitions 7.3.1 and 7.3.9, we have
|sq+r| € {1,k + 2}.
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Case 1. |[sg4,| = 1.
By Definition 7.3.9, we may assume that s, = 1 and D € [H, K], for some H € &'(k).
Denote V(K1) = {v}. Since sqq, = 1, we have r > 1, and so n — 1 = g(k + 2) +r — 1, which

implies |75 ] = L%J By induction, we have

[AD)| = |AH)|+k+ (n—1)
_ <n;1>+(n—2)k+LZI_;J<1+2k—<k;2>)+k+(n—1)

_ <Z>+(n—1)kﬂki2j <1+2k—<k;2>>.

Case 2. |[sgir| =k +2.
By Definition 7.3.9, we may assume that s;4, = k+ 2 and D = [H, H(k,2)]; for some
H € &'(k). Since s1 = k+2 and sq4r = k+2, we have ¢ > 2, and so n—(k+2) = (¢—1)(k+2)+r,

which implies | 5] = L"fk(ff” + 1. By induction, we have
[AD)| = [A(H)|+k+ (n—(k+2))(k+2) + |A(H (K, 2))|

_ (”_(§+2))+(n—(k+2)—1)k+{n_k(i;2)J (1+2k— (k;r2))
+k+n—(k+2))(k+2)+(k+2)(k+1)—1

= <Z>+(n—1)k+Lki2J <1+2k—<k;2>>.

Thus, (7.13) holds for any D € &'(k). Next, we assume that D € &(k) — &'(k). By
Definition 7.3.9, there exists H, H € &} (k) satisfying Definition 7.3.9 (ii-B). Let ny = |V(H))|
and ng = |V(H')|. Thus n =n1 +ng and | 5] = [¥5] + |77 By induction, we have

|A(D)| = |A(H)|+ k+nine + |A(H")|
(n;> +(n— Dk + LkT2J <1+2k:— (k;2>> +k+ning

+<T;2> +(n2—1)k+{k7f2j (1+2k— (k;2>)
(";) + <7;2> +ning + (n— Dk + L/{LHJ <1+2k— <k;2>>
_ (Z)+(n1)k+[l€j_2j <1+2k (k;2)>

By induction, (7.13) holds for any D € & (k). O

The following lemma gives us more information on the structure of digraphs in D(k).

Lemma 7.3.12. Let k > 2 be an integer. If D € D(k) and if for some Hy, Hy € D(k), we have
D € [Hy, Ha)y, then for each i € {1,2}, H; # K} .
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proof. By contradiction, we assume that Hy = K}’ | and D € [Hy, Ha]; and that D € D(k).
Let V(Hz2) = {v1,v2,-+ ,Uk41}. By Definition 7.2.2, we may assume that [(Hy, H2)p| = k,
and so we may assume that N, (V(Hy),V(Hz)) C {vi,va,--- ,v%}. Since Hy, Hy € D(k), both
|V(Hy)| > k+1and |V(Hs)| > k+ 1. Thus there must be a vertex v € V(H;) and an integer i
with 1 <4 <k, such that a = (u,v;) ¢ A(D). Since D € D(k), D + a has a subdigraph D" with
A(D') > k + 1. Note that dj, (vk+1) = dp(vis1) = k, vgp1 ¢ V(D'). Since, for each j with
1<j<kandj#i, dl_)+a7vk+1<vj> < d57Uk+1(vj) +1 < k, it follows that v; ¢ V(D’) for each j
with 1 < j <k and j # ¢. Since k > 2, d5+a_vk+1(vi) <k, and v; ¢ V(D’) as well. This implies
that a ¢ A(D’), and so D' C D. Contrary to the assumption that D € D(k). This proves the

lemma. O

7.4 The Extremal Function

The main result of this section is Theorem 7.4.1, which clearly implies Theorem 7.1.4.

Theorem 7.4.1. Let n,k be integers with n >k + 1> 2. Then for any D € D(n, k), we have

|A(D)| > (Z) + (0= Dk + | ) (1 b2k — (k;2)> . (7.14)

Furthermore, equality holds in (7.14) if and only if D € & (k).

Proof. We argue by induction to prove (7.14) on n = |V/(D)|. If n = k+ 2, then D = H(k,2).
Thus we have |A(D)| = (k+ 2)(k+ 1) — 1, and so (7.14) holds. Assume that n > k + 2 and
(7.14) holds for smaller values of n. Let ¢, > 0 be integers satisfying n = ¢(k + 2) + r with
0<r<k+1.

Asn >k+2, D % K}, , ByLemma 7.2.4, one of the three conclusions of Lemma 7.2.4
must hold.

Claim 1. If Lemma 7.2.4(i) or (ii) holds, then (7.14) holds as well. Moreover, if r = 0, then
(7.14) holds with strict inequality.

Without lose of generality, we assume that D € [H, K|, for some H € D(k) with V(K;) =
{v}. As |V(D)| =n — 1, by Definition 7.2.2, |0}, (v)| = k and |05 (v)| =n — 1.
Case 1: r = 0.
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Then ¢ — 1 = LZT_%J By induction, we have

A(D)] = [AH)[+k+(n—1)
> <n;1>+(n—2)kz+(q—1)<1+2k—<k;2>>+k~l—(n—l)

- <Z>+(n—1)k+(q—1) (1+2k—<k;2>>
> (Z)+(n—1)k+q(1+2k— (k;2)>

Thus (7.14) holds with strict inequality in this case.
Case 2: r > 0.

Then ¢ = LZT_H By induction,

AD)| = |AH)| +k+(n—1) (7.15)
(”;1) —I—(n—2)k—|—q(1+2k— (’“;2)) F k4t (n—1)

(g’>+(n—1)k+q<1+2k— (’“;2))

Thus (7.14) holds in this case as well, and so Claim 1 follows. O

By Claim 1, we may assume that Lemma 7.2.4(iii) holds. Thus D € {[H1, Ha|i, [H2, H1]i}
for some Hy, Hy € D(k). Let ny = |V(H;)| and ny = |V (Hz)|. Then n = n; 4+ ny. Without lose
of generality, we assume that ni; > ng. By Lemma 7.3.12, no > k4 2. Let q1,q2 > 1, 71,79 be
integers satisfying ny = q1(k+2) + 7, 0<r <k+1,and ng = ga(k +2) + 1o, 0 <79 < k + 1.

Thus q; = ML@J and go = Lk”—_éj

Claim 2. If Lemma 7.2.4(iii) holds, then (7.14) holds. Moreover, if 71 +72 > k42, then (7.14)
holds with strict inequality.

Since n = ny +n2 = (@1 + q2)(k +2) + (r1 + r2), we observe that 1 + 72 < k+ 1 if and only
if ¢1 + g2 = q, and if and only if » = r; 4+ ro. With this observation, we consider the following

two cases. Note that if n; > 2 and ny > 2, then <7;1> + (n;) + ning = (Z)
Case 1: 1 +1r9 < k+1.
Then ¢; + g2 = g. By Induction,

|A(D)| = |A(H1)|+k +ning + |A(Ha)| (7.16)

k42
> <T;1)+(n1—1)k:+(h (1+2l<:—( ;— )>+k‘+n1n2+<n;)

+(n2 — Dk + g2 <1+2k— (k‘g?))

= (Z)+(n—1)k+q(1+2k— (k;2)>
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Hence (7.14) holds in this case.
Case 2: 71 +19 >k + 2.
Then g1 +q2 = ¢— 1 and r = 11 + 72 — (k +2). Observe that for any k > 1, 1+ 2k < (*}?),

and so by induction,

[AD)| = [A(H1)[ + K + ning + [A(Ha))|

<n21) +(m —Dk+q (1+2k:— (k;2>> + k4 ning + <"22)
+(ng — 1)k + g2 (1+2k— (k;LQ))
()t (1o (737)

> <Z>+(n1)k+q<1+2k <k;2>)

Thus (7.14) holds with strict inequality in this case, and so Claim 2 is justified. O

v

Claim 3. If equality holds in (7.14) for a digraph D € D(k, n), then D € &} (k).

Let D € D(k,n) be a digraph satisfying equality in (7.14). We argue by induction on
n=|V(D)>k+2 Ifn=Fk+2, then D = H(k,2) € £'(k). Assume that n > k + 2 and that
Claim 3 holds for smaller values of n. Since n > k + 2, by Lemma 7.2.4, one of the conclusions
of Lemma 7.2.4 must hold.

If D satisfies Lemma 7.2.4(i) or (ii), without loss of generality, we assume that D € [H, K1
for some H € &'(k) with V(K7) = v. By Claim 1, if equality holds in (7.14), then r > 0, which
implies that n — 1 = ¢(k+2) 4+ (r — 1), with 0 < r — 1 < k. Since equality in (7.14) holds, it
follows by (7.15) that |A(H)| = (n ; 1) +(n—2)k+(qg—1) (1 + 2k — (k ; 2) ) By induction,
H € &) (n —1,k). By Definition 7.3.9, D € £'(n, k), and so D € £'(k) in this case.

Hence we may assume that D satisfies Lemma 7.2.4(iii), and so D € [Hy, Ha; for some
Hy, Hy € &'(k). Again, let ny = |V (H;)| and ny = |V (Ha2)|; and let ¢1,¢2 > 1, r1, 72 be integers
satisfying n; = q1(k+2)+7r1, 0 <r; <k+1, and ng = g2(k+2) +r2, 0 < ry < k+1. By Claim
2, if equality holds in (7.14), then 1 +ro < k+1, which implies that ¢ = ¢1 +¢2 and r = r1 + 9.

Since equality in (7.14) holds, it follows by (7.15) that both |A(H;)| = <n21) + (m — Dk +

2 2
a1 <1 + 2k — <k; >> and |A(Hs)| = <n2) + (n2 — Dk + q2 <1 + 2k — (k;_ >> Therefore

2
by induction, Hy, Hy € &{(k). By Definition 7.3.9, D € [Hy, Hs]y, which is in £}(n, k), and so
D € & (k). This induction argument justifies the claim. O
Now Theorem 7.4.1 follows from Lemma 7.3.11 and Claims 1, 2 and 3. 0
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Chapter 8

Minimax Properties of Some Density

Measures in Graphs and Digraphs

8.1 Introduction

A digraph D is strong if D is strongly connected. A strong component of a digraph D is a
maximal strong subdigraph of D. A strong component H of D is nontrivial if |A(H)| > 0.
Following [11], a digraph D is strict if D has no loops nor parallel arcs. Throughout this
chapter, we use the notation (u,v) to denote an arc oriented from w to v in a digraph, and [u, v]
to denote an arc which in {(u,v), (v,u)}. A digraph D is complete if D is strict and for every
pair u,v of distinct vertices of D, both (u,v) and (v,u) € A(D). The complete digraph on n
vertices will be denoted by K. It is known that (see Page 16 of [9], for example) for any integer
n>1 k(K})=n—1
Using the notation in [11] and [9], for any disjoint subsets X,Y C V(G), define

(X, Y)g={2ye E(G) : ze€ X,ye Y} and 0g(X) = (X,V(G) — X)g-.

When X = {v}, we often use 0g(v) for dg({v}). Likewise, for any disjoint subsets X,Y C
V (D), define

(X.Y)p = {(,y) € A(D) : @ € X,y € Y},OH(X) = (X, V(D) = X)p

and 0,(X) = 05 (V(D) — X).

For each v € V(D), we use 97, (v) for 85 ({v}) and 95 (v) for 95 ({v}). The out-degree (in-degree,
respectively) of v in D, is df(v) = |9},(v)| (dp(v) = |05 (v)], respectively). We also define

Ni(w)={ue V(D) : (v,u) € A(D)} and Nj,(v) = {u e V(D) : (u,v) € A(D)}.
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For a graph G, let f(G) denote the edge-connectivity «'(G) or the minimum degree §(G)
of G, and define f(G) = max{f(H) : H is a subgraph of G}. As indicated in [48], networks
modeled as a graph G with f(G) = f(G) are of particular interest of investigations. Matula
first studied the quantities

7 (G) =max{x'(H) : HC G} and 6(G) = max{§(H) : H C G}.

N

These graph invariants have drawn the attention of researchers as early as in the 1960s. Graphs
G with §(Q) < k are called k-degenerate graphs and were first investigated in [63]. For any fixed
integer k > 0, the k-core of a graph G is the unique maximal subgraph H of G with 6(H) > k,
and can be obtained from G by repeatedly deleting vertices of degree less than k. The k-cores
are considered as fundamental structures in graph theory, as seen in [28, 29, 72, 81, 87], among
others. Weighted version of k-cores is introduced in [40] to study the communities cooperation
level in social science. Other social network applications can be found in [83]. As commented
in [50, 72, 79], both 6(G) and %' (G) are related to graph coloring problems.
In order to compute &' (G) and 6(G), Matula defined slicings.

Definition 8.1.1. Let G be a graph with E(G) # 0.

(i) A sequence of disjoint nonempty edge subsets Z = (J1,J2, ..., Jm) is a slicing of G if Jy is
i—1

an edge cut of G, and for each i with 2 <i <m, J; is an edge cut of G — U E(J;).
j=1

(i) If there exists a sequence vi,va, ..., vy of vertices of G such that J, = 0g(v1) and fori > 2,

Ji = aG_Ui_fﬁE(Jj)(vi), then the slicing Z = (J1, Ja, ..., Jm) is a d-slicing of G.
=
(iii) If Z = (J1, Jo, ..., Jm) is a slicing of G, then the width of Z, is

w(Z) =max{|J;| : 1 <i<m}.
In [74], Matula discovered some minimax results involving &' (G) and §(G).

Theorem 8.1.2. (Matula [74]) For any graph G with |E(G)| > 1, each of the following holds.
(1) ¥ (G) = max{x'(H) : H C G} = min{w(Z) : Z is a slicing of G}.
(ii) 6(G) = max{§(H) : H C G} = min{w(Z) : Z is a §-slicing of G}.

While the parameters 6(G), & (G) and %(G) have been intensively studied, to the best of our
knowledge, the related problem on the other network reliability measures and the corresponding
measures of digraphs have rarely investigated. The purpose of this chapter is to investigate
whether digraphs will have similar behaviors, and to seek if Theorem 8.1.2 can be extended to
other graph reliability measures. As in [9], the minimum out-degree and the minimum in-degree
of a digraph D are §7(D) = min{d}(v) : v € V(D)} and 6 (D) = min{d,(v) : v € V(D)},
respectively. Naturally, for a digraph D, we define

ND) = max{\(H) : HC D},5 (D) =max{s"(H) : HC D}
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and 0 (D) =max{d (H) : H C D}.
Some of the recent studies on A\(D) and A(D) focused on extremal properties and the relationship
with arc disjoint spanning arborescences, as seen in [5, 6, 61, 68], among others. By the definition
of A\(D), we observe that A(D) = 0 if and only if D does not contain a directed cycle. That is,
D is acyclic. Therefore, throughout this chapter, when discussing (D), we always assume that
A(D) > 0.

A natural model for digraph slicing will be a sequence of disjoint and nonempty arc subsets in
the form aa (X) for some subdigraph D; of D. Similarly, 6 -slicings (6~ -slicings, respectively)
will be sequences of disjoint nonempty arc subsets in the form 8'52, (v) (Op,(v), respectively). We
observe that in a nontrivial graph G, every edge lies in an edge cut of the connected component
of G containing the edge. But in a nontrivial digraph D, not every arc is lying in a directed
cut of a strong component of D. Therefore, we would need to modify the definition of a graph
slicing to define a digraph slicing to accommodate this difference, and the proving arguments
would also be altered accordingly. In their studies of fault tolerance networks, Esfahanian and
Hakimi in [30, 31] introduced restricted edge-connectivity of a graph. An edge cut X of a graph
G is restricted if for any v € V(G), 0g(v) — X # (). The restricted edge-connectivity of a graph
G, denoted by A2(G), is the minimum size of a restricted edge-cut of G. The concept of different
slicing will be formally defined in the next section.

In the next section, we present the results for these minimax relations. In the last section,
we will develop the concept of As-slicing of G and prove an analogous minimax duality result
that determines the value of A\o(G) = max{\o(H) : H C G}.

Our approaches to the digraph generalization of Theorem 8.1.2 are motivated by and sim-
ilar to the work of Matula in [72, 73, 74, 75]. The minimax theorem on the restricted edge-

connectivity of graph is also motivated by these results.

8.2 Slicing of Digraphs

Let k& > 0 be an integer. A digraph D is k-arc-strong if \(D) > k, or equivalently, for any
proper nonempty subset ) # X C V(D), we always have |07(X)| > k. Thus in this sense,
every digraph D is 0-arc-strong, and A(D) = 0 if and only if D is not l-arc-strong. Let D be
a digraph and let D; and Dy be two subdigraphs of D. Define D1 U Dy to be the subdigraph
of D with V(D U D3) = V(D1) UV (D3) and A(Dy U Dy) = A(D1) U A(D2). We start with
some elementary properties. Proposition 8.2.1 below follows by an argument similar to that by
Matula in [72, 73].

Proposition 8.2.1. (Anderson et al. , [5]) Let D1, Da, ..., D,, be subdigraphs of a digraph D
n n

such that U D; is strongly connected. Then )\(U D;) > min A(Dy).

) ) 1<i<n
=1 =1
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It follows from the definitions that for any strong digraph D,
k(D) < A(D) < min{§"(D),d(D)}. (8.1)

Proposition 8.2.2. (Anderson et al. , [5, 7]) Let D be a strong digraph. Then ®(D) < X\(D) <
min{3" (D), 5§ (D)}.

We assume that D is a digraph with A(D) > 0. An arc subset W of D is a direct cut of D if
there exists a nonempty proper vertex subset X such that W = (X, V(D) — X)p with W # 0.

We present a formal definition of digraph slicing below.

Definition 8.2.3. Let D be a digraph with A\(D) > 0. Set Dy = D.
(i) A slicing of D is a sequence S = (J1,Ja2, ..., Js) of arcs subsets of D with s > 2 such that
each of the following holds.

(i-1) Jy is a direct cut of D;.

(i-2) Define Dy = D — Jy. Fori=2,3,....s — 1, D; is not acyclic, J; is a nonempty direct

cut of D; and set D;v1 = D; — J;.
s—1

(i-8) Ds = D — U Ji is acyclic.
i=1
(i) If for each i with 1 <i < s—1, J; is a minimum direct cut of a nontrivial strong component

of D;, then the slicing S = (J1, J2, ..., Js) is a narrow slicing.
(11i) The width of a slicing S = (J1, Ja, ..., Js) is w(S) = max{|J;|,1 <i < s—1}.
(iv) The collection of all slicings of D is denoted by S(D).

We assume that D is a digraph with A(D) # (). For a digraph D, let G(D), called the
underlying graph of D, be the graph obtained from D be erasing all the orientation of the arcs
of D. A digraph D is weakly connected if G(D) is connected. A subdigraph H of D is a weak
component of D if G(H) is a component of G(D) with |A(H)| > 0. (Thus, an isolated vertex
of D is not a weak component.) Similarly, we start with a formal definition of a §*-slicing, as

well as one of a §~-slicing.

Definition 8.2.4. Let D be a digraph with A(D) # 0.
(i) A sequence of disjoint arc subsets S = (J1,Ja,...,Js) of D is a 6T -slicing (or § -slicing,
respectively) of D if each J; # 0, 1 <i < s, and if each of the following holds:

(i-1) Let Dy = D. There exists a vertex v1 € V(D1) such that J; = 8;51 (v1) (J1 = 9p,(v1),
respectively).

(i-2) For i = 2,...,s, set D; = D;_1 — J;_1, and there exists a vertex v; € V(D;) such that
Ji = 8& (vi) (Ji = Op,(vi), respectively).

(i-3) A(Dg) — Js = 0.
(ii) A 6T -slicing (or a 6~ -slicing, respectively) S = (J1, Ja, ..., Js) is minimal if for each i with
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1 < i < s, there exists a weak component L; of D; such that |J;| = 6T (L;) (or |J;| = 6~ (L;),
respectively).
(111) Let ST(D) and S~(D) denote the collections of all 6T -slicings and all 6~ -slicings of D,

respectively.

By Definition 8.2.4, if S = (Ji, Jo, ..., J;) is a 6 T-slicing of D, then for each i = 1,2,...,m,
there exists a weak component D} of D; and a vertex v; € V(D}) such that J; = 9, (v;).

Theorem 8.2.5. (Anderson et al. , [5, 7]) Let D be a digraph with A(D) # (). Let S(D) be
the collection of all slicings of D and let ST(D), S~ (D) be the collection of all 5 -slicings of D
and all 6~ -slicings of D, respectively. Each of the following holds.

(i) Assume that X(D) > 0. Then max{min{|0;(X)| : 0 # X Cc V(H)} : H C D} =
min{max{|J;| : 1 <i<m}:S = (J1,J2, ..., Jm) € S(D)}.

(i) max{min{dj;(v) : v € V(H)} : H C D} = min{max{|J;| : 1 <i <m}: S = (J1, Jay ..., Jmn) €
SHD)}.

(i) max{min{dy(v) : v € V(H)} : H C D} = min{max{|J;| : 1 < i < m} : § =
(J1,J2y ey Im) € ST(D)}.

There are some computational useful ways of determining 5+(D) and § (D), as stated in

the following results.

Lemma 8.2.6. (Anderson et al. , [5, 7]) Let D be a digraph with A(D) # (.
(i) If S = (J1, Ja, ..., Js) is a minimal 5 -slicing of D, then
5T(D) = max {|Ji|}-

1<i<s

(ii) If S = (J1, J2, ..., Js) is a minimal 6~ -slicing of D, then

§ (D) = max{|J;|}.

1<i<s

8.3 A Minimax Theorem in Restricted Edge-connectivity

In their studies of fault tolerance networks, Esfahanian and Hakimi in [30, 31] introduced re-
stricted edge-connectivity of a graph. There has been intensive researches on restricted edge-
connectivity, as seen in the recent survey of Xu [96]. An edge cut X of a graph G is restricted
if for any v € V(G), dg(v) — X # (. With this definition, not every connected graph may have
a restricted edge-cut. Let F be a family of connected graph such that a graph G is in F if and
only if either G is spanned by a K3, or G has a vertex v € V(G) such that E(G —v) = 0.

Lemma 8.3.1. Let G be a connected graph with |E(G)| > 0. Then G does not have a restricted
edge-cut if and only if G € F.
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Proof. Let G be a connected graph with |E(G)| > 0 which does not have a restricted edge-
cut. Since every graph on 2 vertices must be in F, we assume that |V(G)| > 3. Assume that
|[V(G)] = 3 and G is not spanned by a K3, then G has a cut vertex v, and so E(G —v) = 0,
whence G € F. Thus we assume that |V(G)| > 4. If G has a path of length at least 3, then
G has a restricted edge-cut. Hence every longest path of G has length 2. Since |V(G)| > 4, G
cannot have a cycle of length at least 3. It follows that G must be spanned by a K1 ,_1, where
n = |V(G)|. Since G contains no cycles of length at least 3, if v € V(G) has maximum degree
in G, then E(G —v) = (), and so G € F. Conversely, it follows by definition that every member
in F does not have a restricted edge-cut. O

Lemma 8.3.1 indicates that in order to define restricted edge-connectivity of a graph, we
need to define restricted edge-cuts of graphs in F. To facilitate the study of restricted edge-
connectivity of a graph, we further define that for any G € F, we define an edge subset X C F(G)
such that it is a restricted edge-cut of G if and only if |X| = |E(G)| — 1. The restricted edge-
connectivity of a nontrivial connected graph G, denoted by A\2(G), is the minimum size of a
restricted edge-cut of G. Note that \y(K2) = 0. If G = K or if G is not connected, it is natural
to define that A\y(G) = 0. In this section, we will develop the concept of Ag-slicing of G' and prove
an analogous minimax duality result that determines the value of A\o(G) = max{\o(H) : H C G}.

8.3.1 Restricted Slicing of a Graph

Let G be a connected graph such that G ¢ F. A restricted edge cut S of G is minimal if it
contains no other restricted edge-cut of G. Thus if S is a minimal restricted edge-cut of G, then
G — S has exactly two nontrivial connected components G’, G”. If G € F, then for any restricted
edge-cut S of G, G — S has exactly one nontrivial component isomorphic to Ko. We start with

a lemma below.

Lemma 8.3.2. Let G be a nontrivial connected graph such that G ¢ F. If S is a minimal
restricted edge-cut of G such that G — S has components G',G", then

A2(G) = max{[S|, 2 (G[E(G") U S]), \2(G[E(G") U S])}- (8.2)

Proof. By definition, there exists a connected subgraph H of G such that Mo(H) = \o(G).
Since S is a minimal, by definition, we have H = G if and only if A\o(G) = |S].

Assume first that H = G, or equivalently, A\o(G) = |S|. Then by definition of \o(G), we
have A2 (G) > max{\o(G[E(G’) U S]), \o(G[E(G") U S])}. Hence (8.2) holds. Now assume that
H # G. Thus X\2(G) > |S|. If H is a subgraph of G[E(G’) U S], then \o(G) = Xo(H) =
A2(G[E(G") U S]) > max{|S], \2(G[E(G") U S])}, whence (8.2) holds. Thus it suffices to show
that either H C G[E(G')US]) or H C GIE(G")U S]).
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By contradiction, we assume that H is not a subgraph of G[F(G’)US]) and H is a subgraph
of G[E(G") U S]). These imply that E(H) N E(G') # 0 and E(H) N E(G") # 0. It follows that
SNE(H) is a restricted edge-cut of H, and so

A (G) > [8] = [SNE(H)| = Ma(H) = X2(G),
showing that a contradiction obtains. This contradiction justifies that either H C G[E(G")US])
or HC G[E(G") U S]), and so (8.2) must hold. O

We will define the Ao-slicing of a connected graph G. To do that, we introduce a subroutine

as follows.

Subroutine ®(T', S, F').

Input. a graph I' with nontrivial connected components Hy, Hs, ..., H;. Initially set S = ()
and F = {Hy, Ho, ..., H}.

(S1) Choose H € F such that |[E(H)| = max{E(H;)|: 1 < j <t} If |[E(H)| <1, then set
S = () and stop.

(S2) Assume that |[E(H)| > 1.

(S2-1) If H € F, then pick any ey € E(H), set S = E(H) —{eny} and F := F — {H}.
(S2-2) If H ¢ F, then find a restricted edge-cut S of G. Let G, GD .. GO be the
nontrivial components of G'— S. Define, for 1 < i < s, H = G[E(G®D)U S]. Set S := S,
F:.=(F-{H})U{H|,H)},..,H.}.
Output. An edge subset S of I" such that either S = (3, or S is a restricted edge-cut of G, as
well as a collection F' of graphs, each of which is isomorphic to a subgraph of T. ]

With Subroutine ®(T', S, F'), we have the following algorithm that generate the \a-slicings of
G. Given a connected graph G.

Algorithm Slicing. Let G be a connected graph with G ¢ {K;, Ky}. Initially, we first set
Go = G, Fy = {Gy} and set o to be the empty sequence.

Apply Subroutine ®(Gy, S1, F1). If the output S; = ), then stop and we conclude that
G € {K1, K>}, and so \2(G) = X2(G) = 0. If S # 0, the Subroutine ®(Gy, S1, F1) outputs a
restricted edge-cut 57 of Gy and a collection Fj of graphs such that each of which is isomorphic
to a subgraph of G. Update o0 = (S1) as a one term sequence, and define G; to be the graph
whose connected components are precisely those graphs in F;. Thus up to isomorphism, graphs
in F} are subgraphs of G.

Inductively, assume that o = (S, 52, ..., S;) and the graph Gy are found. We then apply
Subroutine ®(Gy, Ski1, Fr+1). If the output Sk = 0, then stop, and we define the current
value o is a Ag-slicing of G. Otherwise, Sg11 # (), and we update o := (S1, So, ..., Sk, Sg+1), and
define Gx11 to be the graph whose connected components are precisely those graphs in F1.

We shall show that this algorithm terminates in finite time so that if a connected graph

G ¢ {K1, K»}, then the algorithm will generate a As-slicing of G. For each current value F’ =
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{H1, Ho,....,H;}, we assume that |E(Hy)| > |E(H2)| > ... > E(H). Let f(F')={i:1<i<t}
and |E(H;)| = max{|E(H,)|,1 < j < t}. After one application of ®(G, S, F), without lose of
generality, we assume that H; is picked by the subroutine. In the execution of (S2-1), H; will
be removed from the output F'; in the execution of (S2-2), as each of the new edge induced
subgraphs has number of edges less than |E(H;)|, we conclude that f(F') > f(F). As f(F) is
integral and as each time running the subroutine ®(G, S, F'), the output value f(F) is strictly
less then the input value. The algorithm must terminate in a finite time. For a connected graph
G, let o(G) denote the collection of all Aa-slicings of G.

In the execution of Subroutine ®(G, S, F'), we do not require, in Step (S2-2), that the re-
stricted edge cut S to be a minimum one. We now define a similar Subroutine ®'(G, S, F)
by additionally requiring that in the execution of (S2-2) of the Subroutine ®'(G, S, F), the re-
stricted edge-cut S must be minimized. With this new subroutine ®'(G, S, F'), we again run the
algorithm described above to generate Ao-slicing of G. These slicings will be called the restricted

narrow slicing or narrow Ao-slicing of G. Let ¢/(G) denote the set of all narrow Ao-slicings of G.

Lemma 8.3.3. Let G be a connected graph not in {K1, Ko} and let o = (S1, 52, ..., Ss) € 0(G).
If H is a subgraph of G satisfying Ao(H) = X2(G), then for some j with 1 < j < s, Sj is a
restricted edge-cut of H.

Proof. We argue by induction on |V(G) — V(H)|. If V(G) = V(H), then G = H and so as
S1 is a restricted edge-cut of G, S] is a restricted edge-cut of H. Let h be the smallest integer
with 1 < h < s such that S, N E(H) # (.

If Sy, is a restricted edge-cut of H, then the lemma is proved. Assume that S, is not a
restricted edge-cut of H. Then by Lemma 8.3.2 and by Algorithm Slicing, there must be a
graph H' € Fj, such that H is a subgraph of H’, with |V(H")| < |[V(G)|. By induction, there
must be an index j with h < j < s such that S is a restricted edge-cut of H. O

8.3.2 A Minimax Theorem of Restricted Edge-connectivity

Throughout out this subsection, G is assumed to be a connected graph not in {Kj, K2}. The

main result of this section is the following minimax result.

Theorem 8.3.4. Let G be a connected graph not in {K1, Ko}. Then

X (G) = max min {|X| : X is a restricted edge-cut of H} (8.3)

=  min max{|S;|:1<i<s,0=(51,52..,955)}
o€o(G)

Proof. Let { = min,c, (g max{|S;|: 1 <i < s,0 = (51,852,...,5)}. We shall show that both
A2(G) < £ and \o(G) > L. By definition, there exists a nontrivial subgraph H of G such that
A2(G) = Mo (H).
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For any o = (51, S9, ..., Ss) € 0(G), by Lemma 8.3.3, there must be an index j with 1 < j < s,
S; is a restricted edge-cut of H. It follows that max{|S;| : 1 < i < s,0 = (51, 5%,...,5)} >
1S;] > A2(H) = X2(G). Since o € o(G) is arbitrary, we must have £ > \o(G).

Conversely, let o = (S, 52, ...,55) € 0/(G) be a narrow Ag-slicing. By Algorithm Slicing, in
each iteration, each graph H’ in the the resulting collection of subgraphs F} is isomorphic to a
subgraph of G. Thus by the definition of a narrow As-slicing, each 5; is a minimum restricted
edge-cut of some subgraph of G, and so A\2(G) > |S;| for each i with 1 <4 < s. It follows that

A2(G) > mi?G) max{|S;|: 1 <i<s,0=(51,52,..,55)} > "
oco’

This completes the proof of the theorem. O

8.4 Future Studies

We have observed that, for a number of density measures f of graphs and digraphs, there exist
minimax theorems to determine f, as seen in Theorem 8.1.2, Theorem 8.2.5 and Theorem 8.3.4.
We believe that there might be a more general theorem that can cover all these as special cases

and we have not found this general result yet.
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