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Acoustic plethysmograph for measuring pulmonary function in
mice

Jeffrey S. Reynolds

Abstract

The traditional whole body plethysmograph (WBP) relies on pressure changes
induced by a freely respiring animal inside a chamber. This pressure is a com-
bination of a thermo-hygrometric effect (proportional to tidal volume) and a gas
compression effect (related to lung mechanics). In order to measure either tidal
volume or lung mechanics, it must be assumed that the other component is
negligible. In this research, an acoustic WBP was developed that is capable of
measuring the thoracic volume change of a mouse independent of the thermo-
hygrometric effect. This allows independent measurement of tidal volume and
specific airway resistance.

In the first phase of this research, the plethysmograph was designed to opti-
mize measurement of the acoustic signal, which involved minimizing the WBP
pressure. This plethysmograph was designed as a resonating cavity at a fixed
frequency. It had a sharp resonant peak and was tuned so that changes in
body volume produced nearly linear changes in sound amplitude. The plethys-
mograph was tested with a water filled balloon connected to a syringe pump.
The volume of the balloon was varied as a triangle wave with amplitude of 250
uL. The RMS error between measured and delivered volume was 4.43 uL. A
volume step test, performed to assess the response time of the system, showed
that the plethysmograph responded in less than one millisecond.



Next, the plethysmograph was redesigned to provide a compromise between
the acoustic measurement and the WBP pressure measurement. Similar to
traditional methods utilizing a double chamber plethysmograph, these mea-
surements were combined to estimate specific airway resistance (sRaw). To
evaluate the system, six conscious A/J mice were individually placed in a cham-
ber for a two-minute exposure to aerosolized methacholine chloride dissolved in
saline (0, 5, 10, and 20 mg/mL) which is known to increase sRaw in mice. Fol-
lowing exposure, the mice were transferred to the acoustic plethysmograph for
data collection. The mean baseline value of sRaw was 0.93 +0.10 ecm H50O - sec.
A dose-dependent increase in sRaw was shown, with an approximate tripling
of sRaw at the highest dose. These results are comparable to those of other
methods reported in the literature.

key terms: specific airway resistance, Helmholtz resonator, unrestrained plethys-
mograph, whole-body plethysmograph, acoustic plethysmograph.
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Chapter 1

Introduction

The study of human respiratory disease and pharmacological intervention has
relied heavily on the use of animal models for determining exposure risk, mech-
anisms of disease, prevention strategies, and effects of drugs. Researchers
have used a variety of methods for assessing the pulmonary response of lab-
oratory animals to various toxins and pharmacological agents. Many of these
methods are destructive or invasive in nature. For many years, researchers
have been interested in developing pulmonary function tests which are nonin-
vasive in nature and relatively simple to administer. These tests are of particular
advantage for studies involving mice, where often large numbers of animals are
utilized. Using tests that are simple to administer generally translates to more
efficient and more accurate data collection. Noninvasive testing results in less
stress placed on the animal and allows repeated measurements on the same
animals at multiple time points. This reduces the number of animals needed to
perform these studies and results in collection of more scientifically sound data.

Measurement of pulmonary function in conscious, unrestrained mice has tradi-
tionally been accomplished using a whole-body plethysmograph (WBP). Using
this system, an animal is placed in a chamber where pressure changes due to
respiration are observed, which are then related to pulmonary function. The
advantages of this type of system include extreme ease of use, little stress on
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the animal, and the ability for repeated and prolonged measurements.

Drorbaugh and Fenn [12] related tidal volume to the pressure changes mea-
sured in a closed chamber due to thermo-hygrometric differences between
respired air and gas within the chamber. Epstein and Epstein [15] later cor-
rected the assumption that these thermo-hygrometric effects were symmetric
during inspiration and expiration. Jacky [23] and Epstein et al. [16] proposed
methods to account for the theoretical considerations in Epstein and Epstein’s
work [15]. All these methods assume plethysmograph pressure can be ac-
counted for solely by temperature and humidity.

It is known however, that gas compression in the lung can also contribute signif-
icantly to the pressure measured in an unrestrained plethysmograph. Hamel-
mann, et. al. [22] developed an empirical index call Enhanced Pause (Penh),
which was said to reflect changes in airway resistance (increased airway resis-
tance results in an increase in gas compression). Frazer, et. al. [19] demon-
strated the effects of compression on the WBP signal with a model validated
by simultaneously measuring plethysmograph pressure and chest wall motion
of guinea pigs with a laser displacement sensor. Enhorning, et. al. [14] used a
mechanical chest to show that plethysmographic pressure was not only affected
by breathing pattern, but also by airway resistance. Although there is some con-
troversy as to the extent and conditions under which gas compression becomes
a significant portion of the WBP signal measured in mice [11, 27, 31, 26], it is
clear that tidal volume measurements of mice with increased airway resistance
or breathing rate are likely to be inaccurate. Likewise, it is perhaps impossible
to separate changes in gas compression (related to specific airway resistance)
from changes in respiratory pattern using a traditional WBP. In this research,
a new plethysmograph is proposed that uses acoustics to make an additional
measurement, allowing separation of the tidal volume signal from the gas com-
pression component.

The thesis of this research was that a traditional whole-body plethysmograph
could be redesigned as a resonating cavity such that changes in mouse size,
due to respiration, would sufficiently modulate the amplitude of a fixed fre-
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quency excitation to provide a measurement of thoracic breathing pattern as
well as the traditional plethysmograph flow signal. The additional measurement
is critical for permitting estimation of lung mechanical parameters. In a tradi-
tional WBP, the pressure drop across a resistive element is utilized to measure
flow. In this case, higher resistance makes for a more sensitive flow measure-
ment. However, a higher resistance in a resonating system produces a less
sharp (i.e. flatter) resonant curve which reduces the sensitivity of the acoustic
modulation. So, designing a resonating cavity WBP, or acoustic whole-body
plethysmograph (AWBP), is a trade-off between sensitivity of plethysmograph
flow measurement and sensitivity of mouse volume change measurement.

The objective of the first phase of this research was to determine if it was pos-
sible to design a resonator with enough sensitivity for mouse volume measure-
ment even without the presence of a flow pneumotach (i.e. very low resistance).
In a traditional WBP, a typical chamber volume is approximately 350 mL. Since,
a typical mouse tidal volume is on the order of 200 nL, the volume modulation
caused by respiration of the mouse is very small. Therefore, in order for the
amplitude modulation of the acoustic resonator to be perceptible, the resonator
must be very highly tuned. In this phase of the research, it was demonstrated
that such a chamber could be designed to be an effective plethysmograph.

The results of the first phase of this research were achieved by sacrificing the
traditional plethysmograph flow measurement by minimizing the flow resistance
of the nozzle. In phase two of this research, the objective was to develop a sys-
tem capable of measuring both mouse volume change and plethysmograph
flow. This objective was achieved and the utility of the system was demon-
strated by using the measurements to estimate specific airway resistance in
mice challenged with a bronchoconstrictive agent.



Chapter 2

Background

2.1 Modeling physical systems with electric cir-
cuit analogues

The equations describing mechanical and fluid flow systems can be written in
identical form to those describing electric circuit systems. Since circuit analysis
tools and techniques are well developed, it is convenient to model physical
systems using electric circuit analogues. This practice is widely used in the
literature and will be used extensively in this research.

Pressure and volume flow in fluid systems are analogous to voltage and cur-
rent, respectively, in electrical systems. With these analogies it is easy to show
that flow resistance is represented by a resistor, gas compliance is represented
by a capacitor, and gas inertance is represented by an inductor. Using these re-
lations, electric circuit models can be developed which will be used for analysis
of small animal plethysmography.
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2.2 Modeling the respiratory system

In order to describe some of the measurements made using the unrestrained,
or whole-body plethysmograph, an understanding of the traditional models of
the respiratory system is warranted. A simple “black box” model of the respi-
ratory system is shown in Figure 2.1. A pressure at the body surface, Py(t),

> —>
——— o
+ +
I:)bS H Pao
- -

Figure 2.1: Simple input-output model of respiration
where I,(t) represents flow produced by movement of
the thorax, P(t) is pressure at the body surface, H
represents the mechanical properties of the respiratory
system, I,(t) is the flow out of the airways of the animal,
and P,,(t) is pressure at the airway opening.

produces a flow of gas, I;(t), that is forced through the respiratory system, H.
As this flow moves through the system it is filtered by the mechanical properties
of H, resulting in a flow, I,(¢), and a pressure, P,,(t), at the airway opening.

A common representation of H is the six-parameter Dubois respiratory model [13]
shown in Figure 2.2. In this model, P, is the alveolar pressure, R, is the
airway resistance, L, is the airway inertance, and C, accounts for gas com-
pressibility in the alveolar space. Similarly, the chest wall and muscle tissue
impedance are represented by Ry;, Ly;, and Cy;.
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AN as
o R Ly P Raw  Law
,_{ alv
+ +
Pos C, — Pao
i @ ® )

Figure 2.2: Dubois respiratory model.

With a freely respiring animal, the current [,(¢) is produced by movement of the
thoracic muscles. Since this current is independent of the tissue impedance,
the tissue elements can be neglected. Additionally, at normal breathing fre-
quencies, the impedance of the inductor L, is also negligible (see, for exam-
ple, [21]). Thus, for a freely respiring animal, we are left with the simple circuit
shown in Figure 2.3. In this model, I,(t) is flow at the airway opening and is
assumed to be measured at near alveolar conditions.

(]

Figure 2.3: Simple RC respiratory model.
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As the warmed humidified gas exits the respiratory system, it cools as it mixes
with the ambient air. There is evidence that this cooling process has a sig-
nificant time constant associated with it (i.e. it is not instantaneous) in hu-
mans [35, 34]. Tests in our laboratory indicate that this effect is nearly instan-
taneous in rats, and presumably in smaller animals such as the mouse. On
inspiration, the reverse takes place. That is, the ambient gas expands as it is
warmed and humidified. When the thermal effect is instantaneous, it is simply
acts as a gain, G, on the airway flow. The value of G [34] is:

G =

1_2_ |:PB_PH2Oa1 (2.1)
T,

PB_PH2Oi

where the subscripts i and a denote conditions of inspired and alveolar gas,
respectively, and T" and P are temperature and pressure, respectively.

If we let 7 = == and transform to the Laplace domain, the resulting model is
shown in Figure 2.4 where I,(t) is flow measured after cooling on expiration
and before heating on inspiration.

Gt

|.(S) —
() — =

— 1(s)

Figure 2.4: Laplace input-output model of respiratory system.
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2.3 Specific airway resistance

A common measurement seen in the literature has been termed “specific air-
way resistance”. Typically, this measurement is derived from 1,(t) and I,(t)
shown in Figure 2.3 and measured using a double chamber plethysmograph.
The double chamber plethysmograph restrains the animal and places a seal
around the neck in order to independently measure the required flows. Specific
airway resistance is defined as:

SRaw = Raw : TGV (22)

where TGV is thoracic gas volume. Gas compliance in the lung is:

TGV

Cy = B,

(2.3)

By substitution of Equation 2.3 into Equation 2.2, it is seen that specific airway
resistance is nothing more than the time constant RC' multiplied by barometric
pressure Pg:

SRaw = Raw : Cg : PB (24)

While it is true that this multiplication removes a known parameter from the
measurement, it seems more intuitive from an engineering perspective to sim-
ply measure (or estimate) the time constant. Therefore, when specific airway
resistance is referred to in this research, it is generally referring to RC.
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2.4 Whole Body Plethysmograph

The whole-body plethysmograph (WBP) is simply a chamber in which an ani-
mals is placed where it is free to move around and breath spontaneously. Typi-
cally, flow into and out of the chamber is measured using a screen pneumotach
as the animal respires. When an animal is placed in the WBP, there is no seal
to separate the thoracic and nasal flow. On inspiration, the thorax expands cre-
ating a positive pressure. Gas is drawn into the respiratory system creating a
negative pressure. The model of an animal in the WBP is shown in Figure 2.5.
The reduced-form model is shown in Figure 2.6 where the plethysmograph is

Gt ]

e | e )

A\ 4

Lt

Figure 2.5: Model of the whole-body plethysmograph.

represented by a dashed line. Note that we have only a single measurement
(box flow) in this system.

2.4.1 Tidal Volume

In the setup above it is not possible to determine the transfer impedance of the
lung since the input (the thoracic flow) is unknown. Likewise, it is not possible
to determine the thoracic flow since the transfer impedance is unknown. When
used to measure tidal volume, the assumption is that there is no gas compres-
sion. When there is no gas compression, then = — oo, and the model reduces
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s+ (1-G)t
S+T

~15(8)

ﬁ—
A~
n
v
A 4

Figure 2.6: Reduced form model of the WBP.

to a gain as shown in Figure 2.7. Since the gain is known, the tidal volume can
be calculated:

ww:/hwﬁ:u—m/ﬁ@ﬁ (2.5)

As previously mentioned, the compression factor may be extremely small in
normal mice. In sick animals, or when the breathing rate is elevated, gas com-
pression may become an important consideration and tidal volume calculated
in this manner is likely inaccurate.
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I5(s)

G
|
5

Figure 2.7: WBP model when 7 — oc.

2.4.2 Penh

A method that has often been used as a surrogate indicator of change in airway
impedance is the index enhanced pause (Penh) [22]. Penh is defined as:

Penh = (2.6)

£
Py

Pg |TE
Tr

where Pg is peak expiratory flow, P; is peak inspiratory flow, T is expiratory
time, and Tk is relaxation time (Fig 2.8). Relaxation time is defined as the time
it takes to reach 64 percent of total expiratory volume. Penh is an empirical
index that has been suggested as an indicator of airway resistance. Although
Penh may correlate well with airway resistance under some circumstances, its
reliability as a primary indicator of airway reactivity has been questioned [11].
Recently, based on a theoretical and experimental analysis of unrestrained
plethysmography with mice, Lundblad et. al. [27] have concluded that Penh
should not be used to assess bronchial responsiveness, an opinion shared by
other investigators as well [31].
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2.5 Helmholtz Resonator

A cavity with and open neck, or nozzle, such as the one shown in Figure 2.9 is
known as a Helmholtz resonator [4]. When considering acoustic wavelengths

nozzle length, |

acoustic excitation
\ pressure, p,

acoustic
pressure, p,

cavity volume, V
nozzle area, S

Figure 2.9: Helmholtz resonator.

much larger than cavity dimensions, a lumped parameter model is prescribed.
The equivalent circuit for the such a resonator with an external excitation, p.,
is shown in Figure 2.10, where the capacitor represents the gas acoustic com-
pliance in the cavity, the inductor represents the gas mass momentum of the
plug of air in the nozzle, the resistor represents the acoustic resistance of gas
in the nozzle, and p. is the acoustic pressure in the chamber. The complex
impedance of the circuit is:

. ) 1
Z(jw) = R+ jwL el (2.7)

The current in the circuit is maximum when the reactance of the inductor and
the reactance of the capacitor cancel. The frequency at which this happens is
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R L

P C Pe

@ )

Figure 2.10: Equivalent circuit for a Helmholtz resonator with an external exci-
tation.

called the resonant frequency, w,.

woL = o (2.8)
1
2 _ JE—
Wo =TG5 (2.9)
! (2.10)
Wo = —F— .
VLC

Furthermore, the current, ¢, in the circuit can be found from both the ratio of
the excitation pressure to the circuit impedance and/or the ratio of the chamber
pressure to the capacitor impedance:

o Pe(jw) _ peyw)
W) = Rl 1 1/jaC ~ 1/juC 2.1)
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So the ratio of the chamber pressure to excitation pressure is

Pe(jw) 1
- 2.12
pe(jw) 1 —w?LC + jwRC ( )

Also, using Equation 2.9

pe(jw) 1
= 2.1
pe(jw) 1 —w?/w2+ jwRC (2.13)

Finally, amplitude of the chamber acoustic pressure to the excitation acoustic
pressure is:

= L - (2.14)
(1 — w?/w?2)? + w?R2C?)2

pe(jw)
pe(jw)




Chapter 3

Acoustic Plethysmograph for Tidal
Volume

3.1 Materials and Methods

3.1.1 Theory

The plethysmograph operates as a resonant cavity, or Helmholtz resonator
such as the one described in Section 2.5. From Equation 2.14, a sinusoidal
source with amplitude p. will produce a pressure signal amplitude inside the
cavity given by:

P, = Pe . (3.1)
(1 — w?/w,?)? + w2 R2C?|z

16
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Both wy, and C are dependent on the volume, V, of the cavity and can be
described by the following equations [4]:

2
]S
c- (3.3)
PoCy

In these expressions, ¢, is the speed of sound, S is the nozzle cross sectional
area, [ is the effective length [4] of the nozzle, and p, is the density of air.
Figure 3.1 shows the magnitude of p./p. versus volume for a chamber with
nozzle dimensions [ = 4 cm, S = .785 cm?, and a resistance of R = 0.0004
emH,0 sec em™3. The peak output occurs at approximately 77 mL. To the left
of the peak, there is a region on the curve that is nearly linear. The midpoint
of this region is denoted V, on the graph, and represents the operating point
of the plethysmograph. When the acoustic excitation (p.) is held at a constant
frequency and amplitude, small perturbations about V, will produce essentially
linear changes in the output acoustic pressure amplitude (p.).

The concept of the AWBP is to place an animal in the plethysmograph and ad-
just the chamber volume such that the volume of air surrounding the animal
(the deadspace) is V,. As the animal respires and its chestwall expands and
contracts, the deadspace volume changes which modulates the amplitude of
the acoustic pressure in the chamber. Inspiration corresponds to a decrease in
output amplitude while expiration corresponds to an increase in output ampli-
tude. Based on orifice and tube impedance models (see for example [32]), the
acoustic input impedance of the mouse respiratory system, beginning with the
large change in area from the chamber to the nasal opening, is very large. For
this reason, the volume of air inside the mouse lungs has little or no effect on
the acoustic pressure in the plethysmograph.

There is a direct correlation between the signal to noise ratio of volume mea-
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25 . .
acoustic amplitude  linear

change operating
20¢ / Vy region -

¥

|
|
|
1 II
%5 70 75 80 85
Volume imL)

Figure 3.1: Magnitude of the excitation to chamber acoustic pressure ratio ver-
sus cavity volume. Small perturbations about the operating volume, Vz, pro-
duce linear changes in the chamber acoustic pressure amplitude.
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surements and the sound pressure level (SPL) inside the chamber. For this
reason, the sensitivity of the system is increased with an increased SPL. Since
the excitation frequency is near 300 Hz and the hearing range of the mouse
does not extend below 2000 Hz [20, 17], a higher SPL can be tolerated than
has been used in systems designed for humans.

3.1.2 System

A diagram of the mouse plethysmograph used in this study is shown in Fig-
ure 3.2. A photograph of the prototype system is shown in Figure 3.3. The

speaker

microphone micrometer

end stop
""""-...__*

bias flow port restrainer

Figure 3.2: Schematic of the acoustic plethysmograph.

plethysmograph consisted of a main chamber, nozzle, speaker, and end stop
assembly. The main chamber was constructed from a plexiglass tube with a
3.68 ¢m internal diameter. A microphone was mounted in a fixed plate which
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Figure 3.3: Photograph of the prototype acoustic plethysmograph.
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sealed one end of the chamber. The opposite end of the chamber was sealed
with an adjustable end stop that was used to set the chamber volume for each
mouse. The end stop was connected to a micrometer (The L.S. Starrett Com-
pany, Model 762) through a removable end cap connected to the main chamber.
The micrometer head was used to adjust the chamber volume which could be
varied from approximately 60 to 120 m L.

The nozzle was 3.5 ¢m long with an internal diameter of 1.1 ¢m. The nozzle
was located near the front of the main chamber between the microphone and a
small stainless steel restrainer. The restrainer confined the mouse to the back
of the plethysmograph such that the nozzle could not be occluded. A small port
in the chamber could be used to introduce a bias flow of air to flush out carbon
dioxide and keep the animal cool. The impedance of this port and associated
tubing must be large so as not to affect the resonance of the system (see for
example [32]).

The speaker was driven by a function generator (Medi Cal Instruments, Inc.,
Model 220) with a sine wave output. Acoustic pressure inside the chamber was
measured with a Larson Davis microphone (Model 2530 microphone, Model
910B pre-amp, Model 2200C power supply). Since the plethysmograph was
tested in a very noisy laboratory environment, the system was shielded by plac-
ing it in a box lined with acoustic foam. All data were digitized at a rate of 10
kH =z with a 16-bit data acquisition board and custom program (National Instru-
ments, Model 6063E and LabView) after passing through a 1 k£ H z anti-aliasing
filter (National Instruments, Model SC-2345 and SCC-LP04).

3.1.3 Signal Processing

The signal processing in this application was performed using Matlab (The
Mathworks). The system is designed to be excited by a single frequency (f,)
constant amplitude sine wave. The acoustic pressure signal measured inside
the chamber was first passed through a band pass filter with corner frequencies
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at f,— 15 Hz and f, + 15 Hz. The amplitude was demodulated by calculating
the magnitude of the Hilbert transform [28]. This voltage was then related to
tidal volume using the calibration described below.

3.1.4 Calibration

The excitation frequency of the system was selected by setting the chamber
volume to 75 mL. The frequency of the function generator was adjusted in the
250 to 350 H=z range until the maximum output signal was obtained. Next, a
mouse was placed in the chamber, which decreased the plethysmograph dead
space. Note that the output signal varied as the animal’s volume changed dur-
ing respiration. The DC component of this signal represents the output at the
average dead space volume. The plethysmograph volume was adjusted until
the DC output was maximized. This represents the peak output amplitude at
this excitation frequency and chamber dead space volume. The plethysmo-
graph volume was then decreased by 2 mL in order to move from the peak of
the output curve to the linear operating region (i.e. V,. in Figure 3.1). This desig-
nates the operating point of the plethysmograph. The excitation amplitude was
next adjusted until the mean SPL in the chamber was 110 dB. A three point
calibration was obtained by measuring the DC voltage output at three volumes:
at the operating point, at the operating point minus 400 x.L, and at the operating
point plus 400 L. These calibration volumes were achieved by adjusting the
digital caliper on the end stop assembly. The slope of the best straight line fit of
the calibration data is the ratio of voltage to volume.

3.1.5 Testing

The accuracy of the plethysmograph system was tested by measuring the
change in volume of a water-filled balloon inside the chamber connected to
an external syringe pump. A 250 pL syringe was incorporated in the pump
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and connected to the balloon through the plethysmograph bias flow port. The
initial balloon volume was approximately 20 m L, representing the volume of a
mouse. All connections were made with stiff-walled Teflon tubing. A three way
valve was connected inline for initial filling of the balloon and purging of air from
the system. A linear potentiometer attached to the syringe pump was used to
record syringe displacement. The system was calibrated as described above.
The syringe pump was programmed to move between 0 and 250 pL at 527
L /min (maximum speed). Because the syringe pump produced a slight vibra-
tion, the data for this test were post-processed with a 30 msec moving average
filter.

A step test was used to assess the response time of the system. Since the
syringe pump was not fast enough for this purpose, the test was administered
manually. The syringe assembly was disengaged from the screw drive and
the test was performed by manually pushing the syringe assembly as fast as
possible.

Finally, the plethysmograph was used to measure the tidal volume of a 19 gram
specific pathogen-free female A/J mouse (Jackson Laboratory). The animal
was housed in an AAALAC-accredited animal facility at 23 deg C' and 50 %
humidity with a 12 hour light/dark cycle, and was provided standard laboratory
mouse chow and tap water ad libitum. The mouse was weighed and placed in
the chamber, and tidal volume measured.

3.2 Results

Results of the water-filled balloon test are shown in Figures 3.4 and 3.5. Note
that the time scale for this test is in minutes. This was due to the speed limita-
tions of the syringe pump. Since it is difficult to see the syringe volume signal in
Figure 3.4, a zoomed view is shown in Figure 3.5. The root-mean-square error
over the five minute test was 4.43 L. The standard deviation of the error was
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Figure 3.4: Accuracy test: syringe pump volume and plethysmograph output
volume versus time.
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Figure 3.5: Zoomed view of syringe pump volume (smooth line) and plethys-
mograph output volume (noisy line) versus time.
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4.09 uL.

The step test is shown in Figure 3.6. Note that since the syringe step is gen-
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Figure 3.6: Response time test: syringe pump volume (smooth line) and
plethysmograph output volume (noisy line) versus time.

erated manually, the final volume of the step is less than 250 pL. This was
to avoid the noise generated by banging the end of the syringe. Also, the dis-
placement of the syringe is not a true step. However, the results of this test
demonstrate that the plethysmograph is able to track extremely fast changes in
volume. The time for the input to go from 10% to 90% of the peak value was 7.91
msec. The 10% to 90% rise time of the output was 8.83 msec giving a difference
of less than 1 msec.
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Figure 3.7: Tidal volume of an A/J mouse.

Figure 3.7 displays the plethysmograph output for the A/J mouse. The average
peak-to-peak tidal volume of each breath (+ standard deviation) was 270 uL
(£ 15.8 ). The average rate of breathing (+ standard deviation) was 3.95 Hz
(£ 0.196 H>z).
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4.1 Materials and Methods

4.1.1 System

This system is a modification of the previously described plethysmograph [36]
which uses acoustics to measure the thoracic breathing pattern. Briefly, the
plethysmograph operates as a resonating cavity. The amplitude of the acoustic
pressure inside the cavity is determined by the cavity geometry. The volume
of air surrounding a respiring mouse changes by the change in size of the
mouse as it breathes. When the system is excited near the resonant frequency,
the acoustic pressure amplitude in the plethysmograph is modulated in direct
proportion to the change in volume of the mouse.

In the previous system [36], a low resistance nozzle was used to maximize
the sensitivity of the system to changes in mouse volume. In that system, the
nozzle resistance was too low to use as a pneumotachograph to measure the
traditional WBP box flow. The current implementation is shown in Figure 4.1.
The speaker produces a constant frequency (~ 300 Hz) acoustic signal. The
micrometer is used to adjust the volume surrounding the mouse so that the
chamber is in a near resonant condition, and changes in mouse volume pro-
duce linear changes in the acoustic pressure amplitude (see [36]). A screen
placed across the outside end of the plethysmograph nozzle acts as a pneumo-
tachograph to enable measurement of box flow. The pressure drop across the
screen was measured with a differential pressure transducer (Setra Systems,
Inc., Model 239). So the modified plethysmograph provides two measurements.
A signal proportional to change in mouse volume is measured with a micro-
phone from the high frequency (relative to breathing frequency) low-amplitude
(acoustic) pressure changes. The traditional WBP signal is measured from the
low-frequency change in plethysmograph pressure which is proportional to box
flow. The restrainer keeps the mouse from occluding the nozzle which would
affect both measurements.
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Figure 4.1: Schematic of the modified acoustic plethysmograph. The speaker
generates a constant frequency (~ 300 H z) that resonates the air in the cham-
ber. The micrometer is used to adjust the chamber volume. Movement of the
animal chest wall modulates the sound amplitude which is measured by the
microphone. The pressure transducer measures the pressure drop across the
screen which is proportional to flow into and out of the chamber. The restrainer
inhibits the animal from occluding the nozzle.
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Although the acoustic plethysmograph is designed to be a second-order system
having a resonant frequency near 300 Hz, Sinnett, et al. [40] show that these
types of flow plethysmographs act as first-order systems at low frequencies.
Furthermore, they show that a flow plethysmograph with a first-order time con-
stant of 1.5 msec or less has a fast enough response for accurate measurement
of forced vital capacity maneuvers in mice. Given the AWBP volume (~ 75 mL)
and screen resistance (0.00224 cm H,0 - sec - mL~1), the first-order time con-
stant is approximately 0.168 msec in isothermal conditions and 0.120 msec in
adiabatic conditions. Since we are inferring flow from pressure at low frequen-
cies (mouse breathing frequencies (< 10 Hz)), whether the system operates in
either an adiabatic or isothermal mode (or changes between the two) has little
effect on the box flow measurement.

4.1.2 Model

Specific airway resistance is derived from a model [33] of the respiratory system
as shown in Figure 4.2. The current source, I, represents the thoracic flow
produced by the animal. Z; represents the impedance of the lung tissues, I,
represents flow in the airways, R, represents the flow resistance of the airways,
and C, represents the compressibility of the gas in the lung and airways. P, and
P,, represent the pressures (relative to atmospheric pressure) produced at the
thorax and airway opening, respectively. P, is alveolar pressure and P,
is atmospheric pressure. Note that the direction of the currents indicated in
Figure 4.2 are for expiration and are reversed during inspiration.

When an animal respires air at room conditions the gas is warmed and hu-
midified on inspiration and the reverse (approximately) takes place on expira-
tion. Therefore, there is an effective change in volume flow due to this thermo-
hygrometric effect. This thermo-hygrometric “flow” (/;;,) is in phase with 7, and
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Figure 4.2: Simple model of the respiratory system [33]. I, represents flow
produced by the thorax, Z; represents tissue impedance, R, is airway resis-
tance, and C, represents compliance of alveolar gas. P, represents pressure
produced at the thorax and P,, is pressure at the airway opening. P,;, and P,
represent alveolar and atmospheric pressure, respectively.
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can be modeled as:

Ith - G_[a (41)

where G is [12] given by:

Tc(Pa - PHgOa)

G=1-
Ta(Pc - PHQOC)

(4.2)

where the subscripts ¢ and a denote conditions of chamber and alveolar gas,
respectively, and 7" and P are absolute temperature and pressure, respectively.
Incorporating this effect results in the model shown in Figure 4.3.

It has been suggested that differences between inspiratory and expiratory con-
ditions would necessitate separate calculations of G [15, 31, 29]. Consider an
animal placed inside a whole-body plethysmograph. During inspiration, the gas
is warmed from chamber temperature to body temperature and humidified from
chamber humidity to saturation. In man, expiratory gas exits at nasal conditions
of approximately 32°C' and saturated with water vapor [15]. While the human
respiratory tract is not a very efficient heat exchanger, that of the small rodent
is much more efficient. Schmid [5] studied the exit temperature of respired air
for many small mammals, including several species of mouse, and found that
the exit temperature to be approximately 1°C' above ambient.

Consider a mouse inspiring air at 50% relative humidity and 22°C', with expira-
tory conditions of 100% relative humidity and 23°C'. For this case, the inspiratory
value of G is 0.0956 and the expiratory value is 0.0816, a difference of approx-
imately 17%. For an animal placed in a chamber with an open nozzle, the rel-
ative humidity in the chamber will increase with each breath until the moisture
added per breath is equal to the moisture leaving the chamber via diffusion.
Therefore, the inspiratory G will move toward the expiratory G the longer the
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Figure 4.3: The term G1, represents the flow “lost” on expiration (“gained” on
inspiration) due to changes in temperature and humidity.
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animal stays in the chamber. So there is a slight variation in G from inspiration
to expiration during tidal breathing. Also, small baseline changes in G might oc-
cur if the efficiency of heating and cooling is affected by changes in respiratory
rate, depth of breathing, core temperature, etc. The model used in this research
considers a fixed G estimated as the average of the inspiratory G calculated at
room conditions and the expiratory G calculated at 100% relative humidity and
1°C above room temperature. Room temperature and relative humidity dur-
ing this research were 22.7°C' and 47%, respectively. Using an assumed body
temperature of 37°C resulted in an average G of 0.084.

Now consider an animal placed in a double-chamber plethysmograph (DCP)
which is the traditional system used to estimate sRaw. This system uses a
neck seal to enable simultaneous measurement of nasal flow and thoracic flow.
Figure 4.4 shows the electric analogue corresponding to the DCP. Here, Z,. rep-
resents the impedance of the body chamber and 7. represents the impedance
of the head chamber. This system restrains the animal, but allows independent
measurements of two flows (or pressures) from which sRaw can be estimated.

When an animal is placed in an unrestrained whole-body plethysmograph (WBP),
there is an interaction between the thorax and nasal flows (i.e. no neck seal).
Figure 4.5 shows the electric circuit analogue corresponding to the WBP. Here,
Z, represents the box impedance.Without modification, this circuit can be re-
drawn as shown in Figure 4.6. This represents the low-frequency bulk flow
model of the WBP.
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Figure 4.4: Model of the animal placed in a restrained, or double-chamber,
plethysmograph. 7,. and Z,,. represent the flow impedances of the body cham-
ber and head chamber, respectively. P,. and P,. are the pressures measured
in the body chamber and head chamber, respectively.
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Figure 4.5: Model of the animal placed in an unrestrained, or whole-body
plethysmograph. Z, represents the box flow impedance and P, represents the
box pressure.
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Figure 4.6: Model of animal in the unrestrained plethysmograph. This model is
exactly the same circuit as in Figure 4.5. It has been redrawn in a more concise
manner.

Mathematical Description

An expression for specific airway resistance can be derived based on the model
shown in Figure 4.6. Summing the currents in the lung

L(t) + 1.(t) — L(t) = 0 (4.3)

where I.(t) is the current into the capacitor, C,:
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Alveolar pressure is

Palv(t) = Ra]a(t) + Pb(t) ~ Rl (45)

Since the box pressure is extremely small compared to alveolar pressure, the
box pressure term can be neglected. Substitution into the preceding equation
gives

dla(t)

L(t) = RuC, =

(4.6)

Now substituting this expression into Equation 4.3 and solving for thoracic flow:

L@:@@+mq%f) (4.7)
Summing the currents at the airway opening
L(t) + I,(t) — GI,(t) — I;(t) =0 (4.8)
Solving for airway flow
L) Li(t) — Ly(t) (4.9)
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Substitution into Equation 4.7 and rearranging gives

I,(t) + R,C, dl;i” = GI,(t) + R,C, dfctli” (4.10)
Taking the Laplace transform,
Iy(s) + R.Cyly(s)s = GI(s) + R.Cyli(s)s (4.11)
Iy(s)(1 + R.Cys) = I(s)(G + R.Cys) (4.12)
The transfer function from thoracic flow to box flow is
Iy(s) G+ R,Cys (4.13)

L(s) 14+ R,C,s

Then the transfer function from thoracic volume, V;, to box volume, V}, is equal
to the transfer function from thoracic flow to box flow.

Ii(s)  s-Vi(s) Vi(s) G+ R,Cys
Ii(s) s Vi(s) N Vi(s) 1 + R,Cys

(4.14)

Since the derivative is inherently noisy, it is more convenient to integrate box
flow and use volume signals than to take the derivative of thoracic volume and
use flow signals.
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Substituting s = jw:

Vi(jw) G+ jwR,Cy

= 415
Vi(jw) 14+ jwR,C, ( )
Vi(jw) G+ jwR,Cy ‘ 1 —jwR,C, (4.16)
Vi(ju) 1+ jwR,C, 1— jwR,C, '
Vi(jw) _ G +WRICE + (1 = G)wR.C, 417)

Vi(jw) 1+ w?R2C?

So the phase angle, 6, between thoracic volume and box volume is given by

(1-GwR,C,

ol = e (4.18)
Rearranging
w?tan 0(R,C,)* — w(l — G)R,C, + Gtan = 0 (4.19)
Solving for R,C,
R.C, = (1-G)++/(1-G)2—4Gtan?0 (4.20)

2w tan 6

Only the smaller root of the above equation yields physiologically relevant val-
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ues (see APPENDIX).

(1-G)—+/(1-G)?2—4Gtan?0
2w tan @

R.C, = (4.21)

Alternately, dropping the higher order term of Equation 4.19 provides reason-
able accuracy. This results in the following solution

Gtan6
Ran — m (4.22)
Results presented in this research were calculated using Equation 4.21.
Specific airway resistance
Specific airway resistance is defined as
sRaw = R, - TGV (4.23)

where TGV is thoracic gas volume. Gas compliance in the lung (assuming
isothermal conditions) can be written as

TGV
C,=—""" 4.24
g Patm - PHQOa ( )
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By substitution of Equation 4.24 into Equation 4.23, it is seen that specific air-
way resistance is the time constant R,C, multiplied by pressure Py, — Pr20a:

sRaw = R, - Cy - [Patm — Pr20a) (4.25)

In this research, the measurements were made over a relatively short span of
time. Therefore, the pressure term can be considered a constant, and R,C, is
then a direct measure of specific airway resistance. In this study, estimates of
R,C, have units given in milliseconds. However, if sRaw is estimated based on
Pt — Pr2oa = 1000 cm H,O, then from Equation 4.25

sRaw = R,Cy msec -1000 cm HyO (4.26)
= 1000 - R,Cy cm H50 - msec (4.27)
= R,Cy cm Hy0 - sec (4.28)

Under these conditions, sRaw in units of em H>O - sec will have the same nu-
merical value as R,C, in units of msec.

Experimental Design

Six, 21.0 gram (SD 1.7), specific pathogen-free female A/J mice (Jackson Lab-
oratory) were housed in an AAALAC-accredited animal facility at 23 °C and 50%
humidity with a 12 hour light/dark cycle, and were provided standard laboratory
mouse chow and tap water ad libitum. Each mouse was placed in a chamber
for a two minute exposure to aerosolized methacholine chloride dissolved in
saline (0, 5, 10, and 20 mg/mL). Three minutes after exposure, the mice were
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transferred to the acoustic plethysmograph for two minutes where box flow and
thoracic volume were measured at a sampling rate of 2000 Hz. Since all six
mice were tested at each concentration prior to increasing to the next concen-
tration of methacholine, the time between doses for each mouse was approxi-
mately 45 minutes. All animal procedures were performed in accordance with
an animal protocol approved by the NIOSH institutional animal care and use
committee.

Statistics

All experimental data (mean + SE) were analyzed using one-way ANOVA fol-
lowed by post hoc analysis using Fisher's PLSD [10]. Log transformation was
applied to equalize variance between doses. Dose-response trends were de-
termined using regression analysis. Differences were considered significant at
p < 0.05.

4.1.3 Signal Processing

The electro-mechanical delay between the pressure transducer and the mi-
crophone was assessed by lightly tapping the nozzle opening with no animal
in the chamber. This produced a pressure drop across the screen while si-
multaneously interrupting the acoustic signal measured by the microphone.
These data were used to calculate the phase shift produced by the electro-
mechanical properties of the transducers, which was subsequently subtracted
from the phase shift measured with the animal present in the plethysmograph.

The animal data was processed as follows. A 15 Hz low-pass filter was applied
to the data for noise reduction. Box flow was integrated to get box volume. The
data were broken into six second segments with a 50% overlap. That is, the
first segment is from ¢ = 0 seconds to ¢ = 6 seconds; the second segment
from ¢t = 3 seconds to t = 9 seconds; etc. An estimate of the transfer function
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was computed using Welch’s averaged periodogram method [39] (Matlab “tfe”
function) with a 4000-point transform size, a 4000-point window, and an overlap
of 2000 samples. Using these same parameters, an estimate of the coherence
was determined for each segment.

For each segment, the angle of the transfer function was determined at the
breathing frequency by linear interpolation from the estimate above. This angle
and breathing frequency were used with equation 4.21 to calculate an esti-
mate of R,C, for each segment. Similarly, coherence for each segment was
determined at the breathing frequency. The mean R,C|, value was found by av-
eraging the estimates for all the segments whose coherence was greater than
or equal to 0.9.
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4.2 Results

The results of the methacholine aerosol exposure are shown in Figures 4.7—
4.12. At the 5 and 10 mg/mL doses, five of the six mice had elevated R,C,
compared to baseline (Figure 4.7). At the highest methacholine dose (20 mg/mL),
each mouse had an increased R,C, compared to saline. The mean R,C, dose-
response curve is shown in Figure 4.8. The mean increase from baseline for 5
and 10 mg/mL doses was 57 % and 61 %, respectively. At the 20 mg/mL dose,
the mean increase was over 227 %, or a little more than a tripling of R,C,.

The airway resistance-compliance values were calculated based on the phase
shift and the breathing frequency. The results for these two component mea-
surements are shown in Figures 4.9—4.12. In general, there is a dose de-
pendent increase in phase shift, accompanied by a decrease in breathing fre-
quency at the highest dose.
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Figure 4.7: Individual R,C, dose-response results of the methacholine aerosol
exposure.
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Figure 4.8: Average R,C, dose-response results (mean + SE) of the metha-
choline aerosol exposure. Lowercase letters denote statistically significant dif-

ferences.
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Figure 4.9: Individual breathing frequency dose-response results of the metha-

choline aerosol exposure.
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Figure 4.10: Average breathing frequency dose-response results (mean + SE)
of the methacholine aerosol exposure. Lowercase letters denote statistically
significant differences.
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Figure 4.11: Individual phase shift dose-response results of the methacholine
aerosol exposure.
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Figure 4.12: Average phase shift dose-response results (mean + SE) of the

methacholine aerosol exposure. Lowercase letters denote statistically signifi-
cant differences.



Chapter 5

Discussion

5.1 Discussion

The signal measured from a spontaneously respiring animal in the traditional
whole-body plethysmograph is generated from the thoracic flow of the animal
filtered by the mechanical properties of the airways. Therefore, changes in
this signal can result either from changes in the thoracic flow pattern or from
changes in the respiratory “filter” The drawback of past methods utilizing the
unrestrained plethysmograph is that in order to relate changes in the filter (i.e.
specific airway resistance, etc.) based solely on changes in the WBP signal,
it must be assumed that the thoracic flow pattern is unchanged. Likewise, to
relate tidal volume to changes in the WBP signal, it must be assumed that
thoracic gas compression is negligible. The plethysmograph presented in this
research overcame this issue by allowing measurement of the thoracic flow
signal in addition to the WBP signal. This allows assessment of R,C, even in
cases where the breathing pattern of the animal is significantly affected. It also
allows measurement of tidal volume nearly independent of gas compression.

In the first part of this research, the idea of using a resonating cavity to mea-
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sure changes in mouse volume was explored. The use of a resonating cavity
to measure volume has been used in the past to design an infant plethysmo-
graph for static body volume measurements [9, 8, 38]. By manually changing
the frequency to measure the resonance of the plethysmograph with a subject
inside, and comparing this to the resonance of an empty chamber, they were
able to measure average body volume. Jimenez, et. al [24] later designed a
modified and improved acoustic plethysmograph. No attempt, however, was
made to track the resonant frequency as a function of time to measure tidal
volume in either system. In contrast, we present a system that operates at a
fixed frequency, and automatically tracks the change in sound amplitude as a
function of time due to change in animal volume.

In the second part of this research, a modified plethysmograph was presented
that allows estimation of sRaw. The baseline specific airway resistance value
of 0.93+0.10 em H,O - sec obtained in this research is consistent with previously
reported baseline values in A/J mice. Lofgren, et al. [37] found baseline sRaw
of 0.676 +0.027 em H»O - sec in A/J mice using a restrained whole-body plethys-
mograph. However, in a direct comparison of systems using BALB/c mice, they
found that sRaw determined in their restrained whole-body plethysmograph
was about one third the value they measured using a double chamber plethys-
mograph. Delorme and Moss [7] measured sRaw in A/J mice using a double
chamber plethysmograph. In two trials performed a minimum of two days apart,
they found values of 1.68 + 0.06 cm H50O - sec and 1.49 +0.14 ¢m H50O - sec. Addi-
tionally, our baseline results are nearly identical to those of Flandre, et al. [18]
for BALB/c and C57BL/6 mice measured using a double chamber plethysmo-
graph.

Direct comparison of dose-response curves is inexact since the actual deliv-
ered dose is affected by the specific nebulizer, airflow, tubing arrangement, etc.
However, there is general agreement in our results and those of Lofgren, et
al. [37], particularly at the highest dose used, where sRaw was elevated and
the breathing frequency was depressed.

The acoustic plethysmograph presented in this research has some limitations.
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First, the system is sensitive to noise generated at or near the excitation fre-
quency in the room and by the animal in the chamber. The room noise can
be abated by placing the plethysmograph inside a box lined with acoustic foam
during testing. Band pass filtering the output signal prior to demodulation fur-
ther reduces the effects of external noise and reduces noise generated by the
animal.

The AWBP output voltage curve is highly sensitive to the excitation frequency. It
is important to use a generator with a stable output over the length of the testing
period. In our system, the function generator exhibited a slight frequency drift
over a period of hours. This small drift produced a shift in the output curve.
Since we calibrated daily, this did not present a problem, but if the shift had
occurred during a test, a corresponding change in the DC level of the output
voltage would have been observed. Although small deviations in frequency
produced shifts in the output curve, the slope of the curve at the operation point
remained nearly identical. Thus, the calibration is not changed, but a DC shift
in output voltage is observed.

Motion of the animal in the chamber also produced some artifact in the output
voltage. Small movements and animal grooming did not produce any observ-
able distortions. Large animal movement tended to produce a shift in the DC
level of the signal. One possible explanation is that the placement of the ani-
mal affects the radiation resistance of the nozzle. Small changes in resistance
would produce slights shifts in the output curve. As in the case with excitation
frequency, it is unlikely the calibration would be affected, but a shift in the DC
signal level would be observed. The animal restrainer is designed to keep the
animal from affecting the nozzle resistance, but it may be too close in the proto-
type system. However, the acoustic plethysmograph appears to be much less
sensitive to animal motion compared to the traditional whole body plethysmo-
graph.

The addition of a screen to the plethysmograph nozzle adds significant acoustic
resistance to the system. This in turn reduces volume sensitivity. This reduction
in sensitivity complicates calibration of the volume signal and allows significant
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noise degradation of the volume measurement. On the other hand, a higher
screen resistance increases the sensitivity and noise immunity of box pressure
measurements. The ideal solution (and future improvement) would be a device
for measuring nozzle flow that has little flow resistance.

Although a low resistance flow meter would be ideal, the method presented in
this research allows us to overcome the shortcomings of measuring flow with
a screen pneumotach. We have presented a method of estimating R,C, that
is dependent only on the phase of the transfer function. As described in the
Appendix, using only phase does limit the range of measurable R,C,. The
ability to use magnitude and phase information over a range of frequencies is
desirable and would likely remove these limitations. However, the limits of R,C,
using phase are high enough that they are likely irrelevant for assessing the
pulmonary response of the mouse in most cases. Because we are only using
phase, it is not necessary to calibrate the thoracic volume or the box volume
signal since the magnitude is unimportant. Furthermore, even in the presence
of significant noise on the thoracic volume signal, we are able to measure the
increase in specific airway resistance due to methacholine exposure using only
the phase information.

The purpose of this research was to develop a system for measuring pulmonary
function in conscious, unrestrained mice. The lack of, and need for, such a
system has been well documented (see for example [31, 30]). Attempts to
develop methods for measuring pulmonary function parameters, derived from
the single pressure measurement in the WBP, and related to airway resis-
tance in conscious, unrestrained animals have been going on for at least a
decade [22, 19, 26, 27]. More recently, as the empirical parameter Penh has
fallen out of favor [1], efforts in this regard have intensified. During the same pe-
riod that this research was conducted, scientists have developed systems with
the similar goal of making an additional measurement from the unrestrained
plethysmograph. Lai-fook et al. [25] used x-rays to measure end-expiratory and
tidal volumes in conscious mice, while Bates et al. [3] developed a system us-
ing video to estimate tidal volume. However, these systems appear to be much
less practical [30] than the one presented here. Indeed, the developer of the
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video-assisted plethysmograph system has commented on the elegance of the
acoustic approach [2]. Additionally, to my knowledge, no one other than the
developers of these systems has put the x-ray or video-assisted approaches
into practice, whereas the acoustic approach [36] has already been adopted in
a system for measuring tidal volume in neonatal mice [6].

In summary, an acoustic whole body plethysmograph has been developed ca-
pable of measuring pulmonary function in mice. The system uses a single
frequency excitation of a resonant cavity to measure change in volume of the
mouse. This measure, along with the traditional plethysmograph pressure, al-
low estimates of tidal volume and specific airway resistance in conscious, un-
restrained animals.
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Appendix

In order to infer specific airway resistance from the phase shift of the transfer
function given in Equation 4.17, Equation 4.19 must be solved for R,C,. Since
Equation 4.19 is quadratic in R,C,, the phase angle, 6, initially increases with an
increase in R,Cy, but eventually reaches a peak and then decreases as R,C
continues to increase. As a result, there are two solutions for any given phase
shift. Figure 5.1 displays the phase angle versus airway resistance-compliance
for the model at two frequencies and G = 0.1. A reasonable approach is to
use only the portion of the curve that is monotonically increasing (that is, the
smaller of the two solutions).

It can be shown that the value of the peak angle is constant for a constant
G. However, the phase angle reaches a peak at a lower R,C, as frequency
increases. The curve denoting the peak angle (which is constant for constant )
as a function of frequency and R,C, is shown in Figure 5.2. Given the breathing
frequency, this curve defines the maximum R,C, that can be inferred from the
phase angle. As an example, consider a mouse breathing at 5 Hz. As the
animal’s airways constrict, the phase angle would increase until R,C, reaches
approximately 10 msec. As the airways continue to narrow, the phase would
begin to drop, appearing as though R,C, were actually decreasing. However,
since the R,C, for normal mice is approximately 1 msec, it would appear to be
an extreme case for R,C, to cross the limit shown in Figure 5.2. Even for a
mouse breathing at the unusually high frequency of 10 H z, airway resistance-
compliance could quintuple before the limit would be reached.
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Figure 5.1: These curves represent the theoretical phase response, as a func-
tion of R,Cy, of the model for two frequencies.
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Figure 5.2: For any given frequency, the model phase shift increases monoton-
ically with R,C; up to a maximum phase (denoted by the line) after which the
phase angle decreases.
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Finally, for f = 5 Hz, Figure 5.3 displays R,C, as a function of the phase
angle for Equations 4.21 and 4.22. The simplified expression of Equation 4.22
produces a slight underestimation of R,C,. For assessing mice whose R,C, is
in the range of normal to 300 % of normal, Equation 4.22 provides reasonable
accuracy.
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Figure 5.3: R,C, as predicted from the model phase shift at a frequency of
5 Hz. The solid line represents the exact solution (Equation 4.21). The dashed
line represents the solution to the simplified expression (Equation 4.22).
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