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ABSTRACT
Graph Coloring Problems and Group Connectivity
Miaomiao Han

This dissertation focuses on group connectivity, modulo orientation, neighbor sum distin-

guishing total coloring and star edge coloring of graphs from the following aspects.

1. Group connectivity.

Let A be an abelian group and let i4(G) be the smallest positive integer m such that L™(Q)
is A-connected. A path P of G is a normal divalent path if all internal vertices of P are of
degree 2 in G and if |[E(P)| = 2, then P is not in a 3-cycle of G. Let I[(G) = max{m :
G has a normal divalent path of length m}. We obtain the following result. (i) If |A] > 4, then
ia(G) < U(G). (ii) If |A| > 4, then i4(G) < |[V(G)| — A(G). (ili) Suppose that |A| > 4 and
d = diam(G). If d < |A| — 1, then is(G) < d; and if d > |A|, then is(G) < 2d — |A| + 1. (iv)
iz, (G) <1(G) + 2. All those bounds are best possible.

2. Modulo orientation.

A mod (2p + 1)-orientation D is an orientation of G such that dj,(v) = dp(v) (mod 2p + 1)
for any vertex v € V(G). We prove that for any integer ¢t > 2, there exists a finite family
F = F(p,t) of graphs that do not have a mod (2p + 1)-orientation, such that every graph G
with independence number at most ¢ either admits a mod (2p + 1)-orientation or is contractible
to a member in F. In particular, the graph family F(p,2) is determined, and our results imply
that every 8-edge-connected graph G with independence number at most two admits a mod

5-orientation.

3. Neighbor sum distinguishing total coloring.

A proper total k-coloring ¢ of a graph G is a mapping from V(G) U E(G) to {1,2,...,k} such
that no adjacent or incident elements in V(G) U E(G) receive the same color. Let my(v) denote
the sum of the colors on the edges incident with the vertex v and the color on v. A proper total
k-coloring of G is called neighbor sum distinguishing if mg(u) # me(v) for each edge uv € E(G).
Let x4 (G) be the neighbor sum distinguishing total chromatic number of a graph G. Piléniak
and Wozniak conjectured that for any graph G, x4 (G) < A(G) + 3. We show that if G is a
graph with treewidth ¢ > 3 and A(G) > 2¢ + 3, then x4 (G) < A(G) + ¢ — 1. This upper
bound confirms the conjecture for graphs with treewidth 3 and 4. Furthermore, when ¢ = 3
and A > 9, we show that A(G)+1 < x4 (G) < A(G)+2 and characterize graphs with equalities.



4. Star edge coloring.

A star edge coloring of a graph is a proper edge coloring such that every connected 2-colored
subgraph is a path with at most 3 edges. Let chl,(G) be the list star chromatic index of G:
the minimum s such that for every s-list assignment L for the edges, G has a star edge coloring
from L. By introducing a stronger coloring, we show with a very concise proof that the upper
bound of the star chromatic index of trees also holds for list star chromatic index of trees, i.e.
chly(T) < |32 ] for any tree T with maximum degree A. And then by applying some orienta-

tion technique we present two upper bounds for list star chromatic index of k-degenerate graphs.
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Chapter 1

Preliminaries

1.1 Notation and Terminology

We follow notations of Bondy and Murty [6] for graphs. We use Z to denote the set of all integers
and N to denote the set of all natural numbers. For an m € Z with m > 1, we use Z,, to denote
the set of all integers modulo m as well as the cyclic group of order m. Graphs considered may
have multiple edges but no loops. Following [6], for a graph G, k(G), £'(G), 6(G) and A(G)
denote the connectivity, the edge-connectivity, the minimum degree and the maximum degree
of G, respectively.

Let A denote an (additive) abelian group with identity 0, and A* = A — {0}. Assume that
G has an orientation D(G). If an edge e € E(G) is oriented from a vertex u to a vertex v, then

let tail(e) = v and head(e) = v. For a vertex v € V(G), define
E}f(v) ={e € E(G)lv = tail(e)}, and Ep(v) = {e € E(G)|v = head(e)},

and let d~(v) = |Ep(v)| and d* (v) = |Ef(v)).

For each integer k > 1, let [k] = {1,2--- ,k} and denote V;(G), V<i(G), V>+1(G) the set
of vertices with degree k, at most k, at least k 4+ 1 in G respectively. Denote Eg(u) the set of
edges incident with the vertex v in G and dg(u) = |FEg(u)| the degree of u in G.

1.2 Group Connectivity

Following Jaeger et al [31], we define F(G,A) = {f|f : E(G) — A} and F*(G,A) = {f|f :
E(G) — A*}. For a function f : E(G) — A, define df : V(G) — A by

ofw)y= > flee— > fle),

eGEg (v) ecEL (v)

where “> 7 refers to the addition in A.



A mapping b : V(G) — A is an A-valued zero sum function on G if 3 .y b(v) = 0.
The set of all A-valued zero sum functions on G is denoted by Z(G, A). A function f € F(G, A)
is an A-flow of G if 9f(v) = 0 for every vertex v € V(G). An A-flow f is a nowhere-zero
A-flow (abbreviated as A-NZF) if f € F*(G,A). If f is a Z-NZF satisfying for all e € E(G),
|f(e)| < k, then f is called a nowhere-zero k-flow (k-NZF'). Tutte [68] (see also Brylawski [9],
Arrowsmith and Jaeger [2]) indicated that a graph G has a nowhere-zero k-flow if and only if G
has a nowhere-zero Z-flow.

The nowhere-zero flow problem was first introduced by Tutte [67] in his way to attach the
4-color-conjecture. The following fascinating conjectures of Tutte and Jaeger on nowhere zero

flows remain open as of today.

Conjecture 1.2.1. (Tutte [67], [30])

(i) Every graph G with '(G) > 2 has a nowhere-zero 5-flow.

(i1) Every graph G with '(G) > 2 without a subgraph contractible to the Peterson graph admits
a nowhere-zero 4-flow.

(11i) Every graph G with '(G) > 4 admits a nowhere-zero 3-flow.

(iv) There exists an integer k > 4 such that every k-edge-connected graph has a nowhere-zero
3-flow.

For a mapping b € Z(G,A), a function f € F*(G,A) is a nowhere-zero (A,b)-flow
(abbreviated as (A, b)-NZF) if 9f = b. A graph G is A-connected if for any b € Z(G, A), G has
an (A, b)-NZF. Let (A) be the family of graphs that are A-connected. The group connectivity

number of a graph G is defined as
Ay(G) = min{k| G € (A) for every abelian group A with |A| > k}.

The concept of group connectivity was first introduced by Jaeger, Linial, Payan and Tarsi
in [31] as a nonhomogeneous form of the nowhere-zero flow problem. They left with several

fascinating conjectures in this area, which remain open as of today.

Conjecture 1.2.2. (Jaeger et al. [31])

()If K'(G) > 3, then Ay(G) <5.

(ii) If k' (G) > 5, then Ay(G) < 3.

(1it) There exists an integer k > 5 such that if K'(G) < k, then Ay(G) < 3.

Many efforts towards these conjectures have been made, as surveyed in [30]. Seymour [62]
proves that every 2-edge-connected graph has a nowhere zero 6-flow. Jaeger et al improve this
result by showing that if G is a 3-edge-connected graph, then A4(G) < 6. More recently, a break

through on Zs-connectivity has been made by Thomassen and by Lovaze et al.

Theorem 1.2.3. (Thomassen [65]) If k' (G) > 8, then G is Z3-connected.
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This lower bound in Theorem 1.2.3 has recently been improved.

Theorem 1.2.4. (Lovasz, Thomassen, Wu and Zhang [54], Wu [69]) If £'(G) > 6, then G is

Z3-connected.

The concept of modulo orientation is motivated by the integer flow of graphs introduced by
Tutte [66]. If a graph G has an orientation D such that df(v) — dp(v) = 0 (mod k) for every
vertex v € V(G), then we say that G admits a modulo k-orientation, or a mod k-orientation
for short. Let My, denote the family of all graphs admitting a mod k-orientation. As a connected
graph G has a modulo 2p-orientation if and only if G is Eulerian.

Jaeger [30] observed that, in a graph G, the existence of a mod (2p + 1)-orientation is
equivalent to the existence of an integer flow (D, f) with |f(e)| € {p,p + 1} for each e € E(G),
which is called a circular (2 + %)—ﬂow. In particular, it is well-known that a graph admits a
nowhere-zero 3-flow if and only if it admits a mod 3-orientation (see [30,66,71]). Tutte’s 3-flow

conjecture (see [6]) can be stated as follows.
Conjecture 1.2.1. (Tutte) Every 4-edge-connected graph admits a mod 3-orientation.

In addition, as observed by Jaeger [30], Tutte’s famous 5-flow conjecture [67], which asserts

that every bridgeless graph admits a nowhere-zero 5-flow, is implied by the following conjecture.
Conjecture 1.2.2. (Jaeger, [30]) Every 9-edge-connected graph admits a mod 5-orientation.

Motivated by the group connectivity property defined by Jaeger et al. [31], the concept
of strongly Zsp;1-connectedness was introduced in [43] (see also [40]), serving as contractible

configurations for mod (2p + 1)-orientations.

Definition 1. A graph G is strongly Zs,.1-connected if, for every b € Z(G, Zap11), there is
an orientation D such that df,(v) — dp(v) = b(v) (mod 2p + 1) for every vertez v € V(G).

Conjecture 1.2.2 is further strengthened to the following conjecture.
Conjecture 1.2.3. (Lai [40]) Every 9-edge-connected graph is strongly Zs-connected.

Let (SZgp+1) denote the family of all strongly Zg,,1-connected graphs.Liang et al. [52] proved
that the graph family (SZgpi1) consists of exactly all mod (2p + 1)-orientation contractible
configurations, that is, all those graphs G such that for every supergraph I' containing G as a
subgraph, I'/G has a mod (2p + 1)-orientation if and only if I" has a mod (2p + 1)-orientation.

A subgraph H of G is called a maximal (SZg,1)-subgraph of G if H € (S§Zgy,11) and
for any subgraph L of G containing H as a proper subgraph, L ¢ (SZg,y1). Since K; €
(S8Zop41) by definition, every vertex of a graph G lies in a maximal (SZgp41)-subgraph of
G. Let Hy,Hs,--- ,H. denote the collection of all maximal (SZs),1)-subgraph of G. Then
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G = G/(US_{E(H;)) is the (SZap1)-reduction of G, and we also say G is (SZgp41)-reduced
to G'. A graph G is (§Zgp+1)-reduced if G does not have any nontrivial subgraph in (SZap41).
By definition, the (SZs,1)-reduction of a graph is always (SZgp41)-reduced. Since contraction
may bring in new parallel edges, even when G is a simple graph, its (SZs,11)-reduction may

have multiple edges.

1.3 Graph Coloring

Let G = (V(G), E(G)) be a simple graph. Let [k] = {1,2,...,k}, and ¢: V(G)U E(G) — [k] be
a total k-weighting and my(v) = ¢(v) +>_.c p() ¢(€) where E() is the set of edges incident with
x for a vertex x. We call ¢ a neighbor sum distinguishing total k-weighting (abbreviated
as NSD total k-weighting) if my(u) # my(v) for each uv € E(G).

The NSD total weighting problem was introduced by Przybylo and WozZniak [59] as a varia-
tion of a similar problem for edge weighting introduced by Karoniski, Luczak and Thomason [34].
Przybylo and WozZniak [59] proposed the well-known 1-2 Conjecture that every graph has an
NSD total 2-weighting. Karonski, Luczak and Thomason [34] proposed the well-known 1-2-3
Conjecture that every graph without isolated edges has an NSD edge 3-weighting. Towards
those conjectures, Kalkowski, Karoniski and Pfender [33] showed that every connected graph
with at least three vertices has an NSD edge 5-weighting. Kalkowski [32] showed that every
graph has an NSD total 3-weighting.

A total k-weighting ¢ of a graph G is called a proper total k-coloring if ¢(z) # ¢(y) for each
pair of adjacent or incident elements x,y € V(G) U E(G). A proper total k-coloring ¢ of G is
called an NSD total k-coloring if mg(u) # mg(v) for each edge uv € E(G). The smallest
number k in such a coloring of G is called the NSD total chromatic number, denoted by x4 (G).
We use A(G) (abbreviated as A) to denote the maximum degree of G. Note that x4(G) > A+1
and if G has two adjacent vertices with degree A, then x4 (G) > A + 2.

The concept of NSD total k-coloring was introduced by Piléniak and WoZniak [58]. They
studied the NSD total k-coloring for complete graphs, bipartite graphs, subcubic graphs and

proposed the following conjecture.

Conjecture 1.3.1. (Pilsniak and Wozniak [58]) For a graph G with mazximum degree A,
Yh(G) < A+3.

A star coloring of a graph is a proper vertex coloring such that the union of any two color
classes induces a star forest. This notion was first introduced by Griinbaum [21] in 1973 and
did not attract more attention until 2001 in the paper by Fertin, Raspaud and Reed [19]. Just
like relation between concepts of traditional edge and vertex colorings, a star coloring of a line

graph is a star edge coloring of the original graph.



A star edge coloring of a graph G is a proper edge coloring such that every connected
bicolored subgraph is a path of length at most 3 (the length of a path is the number of edges).
The notion of the star edge coloring is intermediate between acyclic edge coloring, when every
bicolored subgraph is acyclic, and strong edge coloring when every bicolored connected subgraph
has at most two edges.

The star chromatic index of G, denoted by x%,(G), is the smallest integer k such that G is
star k-edge-colorable. It seems very difficult to determine the star chromatic index of graphs
even for complete graphs and subcubic graphs. Lei, Shi, and Song [47] showed that it is NP-
complete to determine whether a subcubic multigraph is star 3-edge-colorable. Dvorak, Mohar,
and Sdmal [16] presented the following upper and lower bounds for complete graphs:

, 92v2(1+0(1))vIogn
2n(1+o0(1)) < X (Kn) <n .

(logn)

Dvoidk, Mohar, and Samal [16] also studied star edge coloring of subcubic graphs and proved

the following.
Theorem 1.3.1 ( [16]). If G is a subcubic graph, then X' (G) < 7.
They made the following conjecture.

Conjecture 1.3.2 ( [16]). If G is a subcubic graph, then x'st(G) < 6.



Chapter 2

Index problem of group connectivity

2.1 Introduction

The line graph L(G) of a graph G is defined as the graph whose vertices are the edges of G
and where two vertices in L(G) are adjacent if and only if the corresponding edges in G are
incident to a common vertex. We define L%(G) = G and for integers k > 0, define recursively
LM1(G) = L(L¥(G)). Each L¥(G) is called the kth iterated line graph of G, or just an
iterated line graph of G. For an integer n > 0, let P, and C),, denote the path on n vertices
and the cycle of order n, called an n-path and an n-cycle, respectively. By the definition of line
graphs, if G € {Kj 3} U{P,,Cy|n € N}, then the iterated line graph of G is either stable as
a cycle, or diminishing when k& becomes bigger. Therefore, throughout this chapter, we always
assume that G is a connected graph that is not in {K; 3} U{P,,Cp|n € N}.

The hamiltonian index i,(G) of G is the smallest positive integer k such that L¥(G) is
hamiltonian. The concept of hamiltonian index was first introduced by Chartrand and Wall [10],
who showed that (Theorem A of [10]) if a connected graph G is not a path, then i, (G) exists
as a finite number. Clark and Wormald [12] considered other indices related to hamiltonicity of

the iterated line graphs. More generally, the following is proposed in [45].

Definition 2.1.1. For a graphical property P and a connected nonempty simple graph G which
is not in {K13} U{P,,Cp|n € N}, define the P-index of G, denoted P(G), as

PG) { min{k|L¥(G) has property P} if at least one such integer k eists
00 otherwise
The index problem has been investigated by many, including [10], [12], [17], [41], [46]. [61],
[75], among others. The purpose of this chapter is to investigate the indices for group connec-
tivity of graphs.
The goal of this chapter is to show that if G ¢ {K;3} U {P,,Cyln € N}, then for any A,
there exists a finite integer m € N such that L™(G) € (A). The smallest such m is denoted by
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i4(Q), called the A-connected index of G. We shall to determine best possible upper bounds
for the indices of A-connectedness of graphs, for all abelian groups A. In Section 2, we display
the tools we will use in the arguments. Best possible upper bounds of group connectivity are

studied in the last section.

2.2 Triangular and triangulated connected indices

Throughout this section, G denotes a connected graph that is not in { K 3}U{P,, Cy|n € N}. For
each i € N, let D;(G) denote the set of all vertices of degree i in G, and D<;(G) = U1<;<;D;(G).
A graph G is triangular if every edge of G lies in a 3-cycle of G.

As our arguments will be back and forth between G and L(G), for each edge e € E(G),
we will often use, in the proof arguments throughout the rest of this chapter, v, to denote the
vertex in L(G) corresponding to e € F(G). Likewise, if u € V(L(G)), then we often use e(u) to
denote the edge in G corresponding to v in L(G).

Proposition 2.2.1. The following are equivalent.

(i) L(G) is triangular;

(ii) For any v € D1(G), Ng(v) C D>3(G); for any v € Dy(G), there exists an K3 C G such
that v € V(K3).

Proof. Suppose that (i) holds, or L(G) is triangular. We argue by contradiction to prove
(ii). Assume first that for some v; € D;i(G), the only vertex w in Ng(v1) has degree at most 2.
Since G is not a path, we have w € Ds(G). Thus the vertex in L(G) corresponding to the edge
vjw € E(G) is a vertex of degree 1, contrary to the assumption that L(G) is triangular. Thus
every vertex in D;(G) must be adjacent to a vertex in D>3(G). Next, we assume that G has
a vertex vo € Do(G) with Ng(v2) = {wi,wa}. If wiws ¢ E(G), then by the definition of line
graphs, the edge in L(G) joining the vertices wyve and vews in L(G) is not in a 3-cycle, contrary
to the assumption that L(G) is triangular. This proves (ii).

Conversely, assume that G satisfies (ii). Let ej,e2 € E(G) be an arbitrary pair of adjacent
vertices in L(G). Then L(G) has an edge f linking e; and es. Then for some v € V(G), both
e1 and eg are incident with v. If dg(v) = k > 3, then by the definition of line graphs, edges
incident with v are vertices in L(G) which induce a complete subgraph on k > 3 vertices. As
k > 3, f lies in a 3-cycle of L(G). Therefore, we assume that dg(v) = 2. By (ii), v lies in a
3-cycle of G. Since e; and ey are the only edges incident with v, the 3-cycle in G containing v
must also contain e; and ey. By the definition of line graphs, the edges of this 3-cycle is also
a 3-cycle in L(G), and so f lies in a 3-cycle in this case also. This proves that L(G) must be
triangular, and so (i) holds. O



For any graph T', and for distinct edges e,e’ € E(T'), an (e, ¢')-path of T is a path P whose
initial edge is e and whose terminal edge is €. The edges in E(P)—{e, ¢} are called the internal
edges of P. By the definition of connectedness, a graph I is connected if and only if for any pair
of distinct edges e, ¢’ € E(T'), I' has an (e, ¢/)-path.

For any e,e’ in a graph G, define e ~ ¢’ if and only if e = €’ or there exists a sequence
Cy,Cy, -+, Cy of cycles of length at most 3, such that e € E(C;) and ¢ € E(Cy) and for any
1 <i<k-—1, E(C;) N E(Ci+1) # 0. Such a sequence of 3-cycles is called an triangular
sequence connecting e and €. It is routine to verify that ~ is an equivalence relation on
E(G). Each equivalence class induces a subgraph which is called a triangularly connected
component of G. If F(G) is a triangularly connected component, then G is triangularly

connected.

Proposition 2.2.2. Let G be a connected graph not in {K; 3} U{P,, Cy|n € N} with |E(G)| > 3.
The following are equivalent.

(i) L(G) is triangularly connected.

(ii) For any pair of distinct edges e, €’ € E(G), G has an (e, €')-path P such that every internal
edge of P lies in a 3-cycle of G.

Proof. Assume that (ii) holds. Let Hy, Ho,--- , H. be the triangularly connected components
of L(G). Since G is connected, L(G) is also connected. We may assume that V(H;) NV (Hs)
contains a vertex ve, corresponding to an edge e € E(G). By definition of v, there exists a
vertex ve, € V(H;) and a vertex v., € V(Hz) such that e is incident with e; and ez in G.
Therefore, we assume that for i € {1,2}, G has vertices v1, v2 such that e;, e are incident with
v;. Since ve, and ve, are not in the same triangularly connected component of L(G), v # va.
Thus e; and eg are distinct edges in G. By (ii), G has an (e, e2)-path P such that every internal
edge of P lies in a 3-cycle of G. Thus by the definition of L(G), for the two edges ee; and eeq,
L(G) has a triangular sequence connecting ee; and eey. It follows that ee; and eey are in the
same triangularly connected component, whence H1 = Hs, contrary to the fact that Hy # Ho.
This contradiction justifies that (ii) implies (i) of Lemma 2.2.2.

Conversely, assume that (i) holds. Let e, e’ be distinct edges in G. If e and €’ are adjacent
in G, then the path in G[{e,¢'}] is a path satisfying (ii). Thus we assume that e and ¢’ are
not adjacent in G. Since G is connected, there exist edges e1,es € E(G) such that e, e; are
adjacent in G, and ¢’ and ey are adjacent in G. Thus ee; and €’ey are edges in L(G). Since L(G)
is triangularly connected, there exists a triangular sequence Cy,Co, - -- , Cy connecting the two
edges ee; and €’es in L(G). Among all such sequences, choose one such that k is minimized.
Let v, ve denote the vertices in L(G) corresponding to the edges e and €’ in G, respectively.
Let P’ be a (ve,ve)-path in L(G) with V(P') c UE_V(C;). As V(P') C E(G), we define
P = G[V(P’)]. Since k is minimized, there is no 3-cycle in P, and so P is a path. Let zy be any



internal edge of P. By the definition of P’, we have vy, € V(C}), for some 1 <7 < k. Let uvy,
be the common edge of C;_1 and C; in L(G). Then we may assume that V(C;) = {u, vgy, v}
and, V(C;i—1) = {u, vy, w}, for some vertices v,w € V(G). If Gle(u) Ue(v) Uzy] = C3, then xy
lies in this 3-cycle in G. Thus we may assume that Gle(u) Ue(v) Uzy] = K 3.

Since w is adjacent to u and vy, and G[{e(u),e(w),zy}] = Cs, if xy is not in any 3-
cycle in G, then we may assume that = is a common vertex in e(u), e(v) and e(w), and so
Gl{e(u),e(v),zy,e(w)}] = K4, contrary to the assumption that k£ is minimized. This proves
(ii). O

Corollary 2.2.3. Each of the following holds.
(i) If G is triangular, then L(G) is triangularly connected.
(ii) If a graph G is triangularly connected, then L(G) is also triangularly connected.

Proof. (i) Let e,e¢’ be any pair of distinct edges in G, and e = ujus, ¢ = vjvy. Since G is
connected, there is (u1,v1)-path P in G. Since G is triangular, every edge of P is in a 3-cycle
C3. By Proposition 2.2.2, L(G) is triangularly connected.

(ii) Since triangularly connected graph G is also a triangular graph, by (i), it follows that
L(Q) is also triangularly connected. O

Given a connected graph G, a path P of GG is a divalent path of G if every internal vertex
of P has degree 2 in G. By this definition, if an edge is incident with two vertices neither of
which is of degree 2, then this edge e induces a divalent path of G. We call P a normal divalent
path of G, if all internal vertices of P are of degree 2 in G and if |[E(P)| = 2, then P is not in a
3-cycle of G. Let P(G) denote the set of all normal divalent path of G, and define,

[(G) = max{m/| G has a normal divalent path of length m}.

As in the literature, many studies have used {(G) as an invariant to investigate the hamiltonian
index as well as other hamiltonian related indices, see [10], [12], [17], [41], [75], among others.

We present the following.

Proposition 2.2.4. Let G be a connected graph with at least 3 edges not in {Ky 3} U{P,,Cy|n €
N}, and let | = I(G). Each of the following holds.

(i) (Lemma 3.2 [74]) LNG) is triangular.

(ii) L*Y(G) is triangularly connected.

Proof. It suffices to prove (ii). By (i), L'(G) is triangular. Then, by Corollary 2.2.3 (i),
L*Y(@) is triangularly connected. O



2.3 Group connectivity indices

Throughout this section, we always assume that A is a finite abelian group with at least 3
elements and G is a connected graph not in {K; 3} U {P,,Cy|n € N}. Define the A-connected
index of G as

iA(G) = min{m € NU {oo} | L™(G) is A-connected}.

We shall show that for any abelian group A, if G is not in {K; 3} U {P,, Cy|n € N} then i4(G)
exists as a finite number. We will determine best possible upper bounds for these indices. The

following will be used in our arguments.

Lemma 2.3.1. Let A be an abelian group with |A| > 3 and let T be a connected spanning
subgraph of a graph G. FEach of the following holds.

(i) (Lemma 3.3 of [38]) If G is a cycle of length n > 2, then G is A-connected if and only if
|A| >n+1.

(ii) (Lemma 2.1 of [39]) If for each edge e € E(T), G has an A-connected subgraph H. with
e € E(H,), then G is A-connected.

For a subset X C E(G), the contraction G/X is the graph obtained from G by identifying
the two ends of each edge in X and then deleting all loops generated by this process. Note that
even if G is simple, G/X may have multiple edges. For simplicity, we write G/e for G/{e},
where e € E(G). If H is a subgraph of G, then G/H denotes G/E(H). If v € V(G/H) is
obtained by contracting a connected subgraph H of G, then H is called the preimage of v,

and v is called the image of H.

Proposition 2.3.2. (Propostion 3.2 of [38])
(1) If H € (A) and ife € E(H), then H/e € (A).
(i) If H € (A), then G/H € (A) if and only if G € (A).

Let H be an induced subgraph of G. We define I1(H) to be L(G)[E(H)], the subgraph of
L(Q) induced by E(H). Let I} : H — L(G)[E(H)] be a mapping from the set of all induced
subgraph H of G to be the set of all induced subgraphs of L(G). We define I; (I;(H)) = H.
Inductively, if Iy and I, are defined, then Iz(H) is an induced subgraph of L*(G), and so
Iiy1(H) = Ii(Ix(H)) is an induced subgraph of L*(G), and define I, | (H) = Iy (I, (H)). We
adopt the notation I, (e) if Ix4+1(H) is a path induced by an edge e. Let G be a graph. Define
E' = F'(G) = {e € E(G)|e is in a cycle of G of length at most 3} and E”(G) = E(G) — E'(G).
Also define

P(G) = {P|P is a divalent path in G with |E(P)|=1}.

Lemma 2.3.3. (Lemma 12 of [46]) Let d > 0 be an integer and let e € E"(L4~Y(G)). Then
I, (e) is a divalent path in G with length at least d.
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Let G* = G — E(P(Q)), and let G5, G5, --- ,Gf be the components of G*, where ¢t > 1. Let
G’ be the graph obtained from G by contracting every G} € G into a vertex, for any 1 <i <t
and replace every P € P(G) with one edge. By definition, if G € (A), then £'(G) > 2.

Theorem 2.3.4. Let G be a connected graph with | = I(G), and A be an abelian group with
|A| > 4. FEach of the following holds:

(i) If I = 1, then L(G) € (A).

(i1) If L > 1, then is(G) < I, and the equality holds if and only if G' ¢ (A).

Proof. (i). Assume that [ = 1. By the definition of divalent paths, = 1 if and only if one of
the following holds:

(A) 4(G) >3, or

(B) 9(G) < 2 and every vertex of degree 2 is contained in a triangle.

For every edge ejes € E(L(G)), there exists a vertex v € V(G) such that eg, ea are both incident
with v in G. If (A) holds, then the edge ejes in L(G) lies in a complete subgraph of order
da(v) > §(G) > 3. It follows by Lemma 2.3.1 that L(G) € (A). If (B) holds, then G has a
3-cycle containing both e; and eg, hence L(G) has a 3-cycle containing the edge ejes. Again by
Lemma 2.3.1 L(G) € (A). This proves (i).

(ii). Suppose that [ > 2. By Proposition 2.2.4, every edge e of L!(G) is in a 3-cycle. By Lemma
2.3.1(i), K3 € (A), and so by Lemma 2.3.1(ii), L(G) € (A). This implies that is(G) < I; and
that i4(G) = [ if and only if L'=1(G) ¢ (A).

By the definition of P(G), we have, for any 1 < i < ¢, i4(G}) < I(Gf) <! —1. Thus
I;_1(G}) € (A). By the definition of line graphs, every divalent path of length [ in a graph
G will become a divalent path of length [ — 1 in L(G). It follows that if P € P(G), then
I;_1(P) = K,. By Proposition 2.3.2 (ii), L'"1(G) ¢ (A) if and only if G’ ¢ (A). O

Let A > 3 be an integer and G(A) be the graph obtained from K A and P,_a by identifying
a vertex in D (K a) and a vertex in D;(P,—a). We observe that A is the maximum degree of

G(A).

Theorem 2.3.5. Let G be a connected simple graph on n > 3 vertices, A = A(G) and A be an
abelian group with |A| > 4. Each of the following holds.

(i) ia(G) <n—A.

(ii) Equality in (i) holds if and only if G = G(A).

Proof. (i) Note that since G is not a cycle nor a path, we have A > 3. By the definition of
line graphs, L(G) contains a K as a subgraph. Since A > 3, by Lemma 2.3.1, Ka € (A). By
Proposition 2.3.2 (ii), L(G) € (A) if and only if L(G)/Ka € (A). Let w € V(L(G)/Ka) be the
vertex in L(G)/Ka) onto which K is contracted. By Theorem 2.3.4, i4(L(G)) < I(L(G)/Ka).

If I(G) = 1, then by Theorem 2.3.4(i), we have is(G) <1 < n — A. hence we may assume
that [(G) > 2. As every divalent path of length [ in G will become a divalent path of length
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[—11in L(G). To prove i4(G) < n — A, it suffices to prove [(L(G)/Ka) <n— A —1. Let P be
any divalent path in L(G)/Ka with |E(P)| = I(L(G)/KA).

Case 1. weV(P).

Suppose that drq)/x,(w) = 1, or that drg)/k,(w) > 3. Let P' = P — {w}. Then I (P') is

also a divalent path in G, and so
IL(G)/Ka) = |E(P)| < |[E(I7 (P))| <l<n-A-1

Thus we assume that dr,q)/x, (v) = 2. Let P! and P? be the two component of P — {w}. Then
I7 (PY) and I; (P) are divalent paths in G. It follows that

(L(G)/Ka) = [E(P)| < |E(PY)| + |E(P?)| +2 < [E(Iy (PY)| + |EUT (P?)| <n—A-1.

Case 2. w ¢ V(P).

Fix a vertex vg € Da(G). Then I; (P) is also a divalent path in G with V (I; (P))NNg(vo) =
(. Hence [(L(G)/Ka) = |E(P)| < |E(I; (P))]—1<n—-A—-1

Since i4(G) — 1 = i4(L(G)), Combining Cases 1 and 2, we have proved that is(G) < n— A,
and so (i) must hold.
(ii) If G = G(A), then L»2~1(@) has one cut edge, and so L"2~1(G) ¢ (A). Thus i4(G) =
n — A. Conversely, assume that i4(G) = n — A. By Theorem 2.3.4, [(G) > is(G) = n — A.
Thus G must have a divalent path of length at least n — A. Since A > 3, we conclude that
G =G(A). O

The distance of two vertices u,v € V(G), denoted distg(u,v), is the length of a shortest
path from u to v of G. The diameter of G, denoted by diam(G), is defined as

diam(G) = max{distg(u,v) | u,v € V(G)}.

Let G be a graph obtained from a cycle Coq by identifying a pendant edge, and for any finite
abelian group A with |A| > 4, define

Fa={G : G has a subgraph H such that G/H is a cycle of length at least d + |A|}.

Theorem 2.3.6. Let G be a connected graph with d = diam(G) > 2 and A be an abelian group
with |A| > 4.

(i) If d < 3, then io(G) < d.

(ii) If d > 4, then ia(G) < d if and only if G ¢ F 4.

(i1i) If d < |A| — 1, then ia(G) < d—1.

() If d > |A|, then is(G) < 2d — |A| + 1.

Proof. Let ! =1(G). If d > I, by Theorem 2.3.4, then is(G) <l < d. Thus we may assume
that [ > d + 1. Fix a divalent path Py € P(G). Let u and v denote the two end vertices of Fj.
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If u # v, then there exists a (u,v)-path P’ in G with |E(P’")| = d’ < d. Since | > d, and since
P is a divalent path, we have V(FPy)) NV (P') = {u,v} and | < 2d. If u = v, then P, is a cycle.
Since G # C),, we also have [ < 2d.
(i). d < 3. Then [ < 2d < d + 3. For any divalent path @ € P(G), we observe that I4(Q) is a
divalent path with length at most 3 in LY(G). We claim that L%(G) is triangular. If not, there
exists one edge e € E(LY(G)) such that e € E”(L4(G)). By Lemma 2.3.3, I, ,(e) is a divalent
path @’ in G with length at least d. Take a midpoint w of Py and a midpoint z of )’. Then
distg(w,z) > 1/2+d/2 > (2d+1)/2 > d, contrary to the assumption that d = diam(G). Hence
LY(G) must be triangular. By Lemma 2.3.1, we conclude that i4(G) < d. Thus (i) must hold.
(ii). d > 4. Suppose that G has no subgraph H such that G/H is a cycle of length at least
d+ |A]. We claim that [ < d+ |A| — 1. If not, then there exists a divalent path P € P(G) with
|E(P)| > d+ |A|. Let P° denote the set of all internal vertices of P. If G — P is connected,
then G/(G — P°) is a cycle of length |E(P)| > d+ |A|, contrary to the assumption. Hence every
edge in E(P) is a cut edge of G. Since G is not a path, at least one end of P has degree at least
3 in G. It follows that d > [, contrary to the assumption that [ > d 4+ 1. Thus we must have
| < d+|A|—1. It follows that I(L4(G)) < |A| — 1. If there exists an edge e € E(L%(G)) which is
not in a cycle of length at most |A| — 1 in L(G), then as |A| > 4, we note that e € E"(LY(G)).
By Lemma 2.3.3, I, (e) is a divalent path @ in G with length at least d. Take a midpoint w
of Py and a midpoint z of ). Then distg(w,z) >1/2+d/2 > (2d + 1)/2 > d, contrary to the
fact that d = diam(G). Hence every edge of L(G) lies in a cycle of length at most |A| — 1. By
Lemma 2.3.1, i4(G) < d.

Conversely, assume that d > 4 and i4(G) < d. By contradiction, suppose that there exist
H such that G/H is a cycle of length at least d 4+ |A|. Thus E(G/H) induces a divalent path
Q in G, and Q' = I4(Q) is a divalent path with length at least |A| in LY(G). Let (Q")° denote
the set of all internal vertices of . It follows that C' = L4(G)/(L4(G) — (Q')°) is a cycle of
length at least |A|. By Lemma 2.3.1 (i), C’ ¢ (A). Since LY(G) € (A), by Proposition 2.3.2 (ii),
C' = LYG)/(LYG) — (Q")°) € (A). This contradiction justifies that G ¢ F 4.
(iii) We claim that #'(L?1(G)) > 2. If e is a cut edge of L?~1(Q), then by Lemma 2.3.3,
I, ,(e) is a divalent path P of length at least d in G such that every edge of P is a cut edge
of G. Let P be a (u,v)-path of G. Since G is not a path, we may assume that dg(u) > 3,
and so Ng(u) — V(P) has vertex w. It follows that d > distg(w,v) > |[E(P)|+1>d+1, a
contradiction. This proves our claim. Now suppose that Ld_l(G) has an induced cycle C of
length |E(C)| > |A| > 4. For each edge e € E(C), by Lemma 2.3.3, I, ,(e) is a divalent path
of length at least d > 2 in GG. Hence G has a pair of vertices whose distance in G is least d + 1,
contrary to the fact that d = diam(G). Hence we conclude that every induced cycle of G must
have length at most |A| — 1. Since #/(L9~1(G)) > 2, it follows that every edge of LY~(G) lies
in a cycle of length at most |A| — 1. By Lemma 2.3.1, L~1(G) is A-connected.
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(iv) Now assume that d > |A|. By Theorem 2.3.4, if {(G) < d, then is(G) < d < 2d — |A| + 1.
Hence we may assume that [(G) > d+1. Note that for any divalent path P € P(G), Iy j41(P)
is a divalent path with length at most |A| — 1 in L2?~I4I+1(G). If there exists an edge e €
E(L*-1A+1(@)) which is not in a cycle of length at most |[A] — 1 in L**~14+1(@), then as
|A| > 4, we have e € E"(L?*~14+1(@)). By Lemma 2.3.3, 2_d—|A|+1<e) is a divalent path @ in G
with length at least 2d — | A| 4+ 2. Take the midpoint w of P and a midpoint z of Q). We observe
that d > distg(w,z) > 1/2+ (2d — |A| +2)/2 > d+ 1+ (I —|A|)/2 > d + 1, a contradiction.
Thus every edge in L2 41+1(G) is in a cycle of length at most |[A| — 1. By Lemma 2.3.1,
ia(G) <2d— |A| + 1. O
A wheel W, is the graph obtained from C, by adding one vertex and joining it to each
vertex of Cp,. A fan F, is the graph obtained from P, by adding one vertex and joining it to
each vertex of P,,. As examples, K4 = W3 and K3 = F5. Let G1, G2 be two disjoint graphs. As
in [18], G1 @2 G , called the parallel connection of G; and Gg, is defined to be the graph
obtained from G U G2 by identifying exactly one edge. Let WF be the family of graphs that
satisfy the following conditions:
(i) K3, Wapt1 € WF;
(i) If G1, G2 € WF, then G G2 G2 € WF.

Theorem 2.3.7. (Theorem 1.4 of [18]) Let G be a triangularly connected graph with |V (G)| > 3.
Then G is not Zs-connected if and only if G € WF.

Beineke [3] and Robertson [60] showed that any line graph cannot have an induced subgraph
isomorphic to W5 or Ki 3. As for n > 3, any induced Wo,41 contains an induced K 3, Beineke

and Robertson in fact proved the following.

Theorem 2.3.8. (Beineke [3] and Robertson [60], see also page 74 of [27]) If a connected graph
G is a line graph, then G has no induced subgraph isomorphic to Wapy1 for n > 2.

Lemma 2.3.9. If G is triangularly connected, then L(G) € (Zs).

Proof. By Corollary 2.2.3(ii), L(G) is also triangularly connected. By Theorem 2.3.7, to
prove L(G) € (Zs), it suffices to prove that L(G) ¢ WF. By contradiction, we assume that
L(G) € WF. By the definition of WF, either L(G) = G1 @2 K3, or L(G) = G1 ®2 Wap41. By
Theorem 2.3.8, we must have n = 1.

Case 1. L(G) =G @2 K3.

Let V(K3) = {v1,v2,v3} in L(G), where dp(g)(v2) = 2. Then G[{e(v1),e(va),e(v3)}] €
{K3,K;3} in G. Since G is triangularly connected, we must have G[{e(v1), e(v2), e(v3)}] = K.
Let uy,ug,us denote the vertices of this K3 in G such that e(v)) = wujug, e(ve) = ugusg and
e(v3) = ugui. Since G # K3, we may assume that G — {u,u2,us} has a vertex uy such that

ujuyg € E(G). Since G is triangularly connected, there must be a 3-cycle sequence connecting
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ujug and ugug. It follows that there must be a vertex us € V(G) — {u1, ug, us} such that usus
or usug € E(G). Tt follows that dp(g)(v2) > 3, contrary to the fact that dp(g)(ve) = 2. This
contradiction indicates that Case 1 cannot occur.

Case 2. L(G) = Gy @2 Wap41, where n = 1.

If n =1, then W3 = K is a subgraph of L(G). Let V(W3) = {e1, ea,€3,e4} C E(G), by the
definition of line graphs, G[{e1, e2,e3,e4}] = Kj 4. Since G is triangular, we may assume that
for some e € E(G), Gley, ea,e}] is a 3-cycle. It follows that in L(G), e as a vertex is adjacent to
both vertices e; and eg, contrary to the fact that L(G) = G1 @9 W3. This contradiction indicates
that Case 2 cannot occur as well.

It follows that L(G) ¢ WF, and so by Theorem 2.3.7, L(G) € (Zs). O

Example 1. We consider two examples, which are useful in our discussions below.

(i) A tree T is a (3,1)-tree if every vertex in T has degree equaling 3 or 1. Let T, denote a
(3,1)-tree on n > 4 wertices. Then I(Ty,) = 1. Direct computation indicates that L*(T},) can
be obtained from Ks and K, via parallel connections. Hence L*(T,) € WF. It follows by the
theorem below that L3(Ty,) € Zs. This shows that iz, (Tn) = UT) + 2.

(1) Let d > 3 and | > 1 be integers. Define J(d,l) to be the graph obtained from K4 by
replacing one edge of K14 by a path of length . Thus J(d,1) = K; 4. Since any J(d,l) has
n = d + [ vertices with d = A(J(d,1)) being the mazximum degree, if G(A) has n vertices, then
G(A) = J(A,n—A). Direct computation yields that L*(J(3,2)) = Ky—e and L3(J(3,2)) = Wa.
Therefore, iz, (J(3,2)) = 3.

Lemma 2.3.10. Each of the following holds.

(i) Let k > 0 be an integer. If H is a subgraph of G such that H ¢ {K; 3} U{FP,,Cypn € N},
then L*(H) is a subgraph of L¥(G).

(ii) (Lemma 2.4 of [18]) Let G be a triangularly-connected graph. Then G is Zs-connected if
and only if G has a nontrivial Zs-connected subgraph.

(iii) Let G be a connected graph with a vertex v of dg(v) = 1. If G — v is triangular-connected,
then L(G) is Zs-connected.

(v) If (G) = 2, then iz (G) <I(G) + 1.

Proof. (i). By the definition of a line graph, L(H) is a subgraph of L(G). As H ¢ {K;3} U
{P,,Cyr|n € N}, we note that L(H) ¢ {K13}U{P,,Cy|n € N}, and so Lemma 2.3.10 (i) follows
from induction.

(iii). Let H = G — v. Since H is triangular-connected, both §(H) > 2 and, by Lemma 2.3.9,
L(H) is Zs-connected. Let e denote the only edge incident with v in G. Then by the definition
of line graphs, L(G) —e = L(G —v) = L(H). Since §(H) > 2, the vertex e is adjacent to at
least 2 vertices in L(H). It follows that L(G)/L(H) is spanned by a 2-cycle, which, by Lemma
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2.3.1(i), is Zs-connected. Since L(H) is Zs-connected, it follows by Proposition 2.3.2(ii) that
L(G) is Zsz-connected. This justifies Lemma 2.3.10 (iii).

(iv). By Proposition 2.2.4, L'*1(Q) is triangularly-connected. By (ii), it suffices to show that
L'*1(@) contains a nontrivial subgraph H such that H is Zs-connected. Since [(G) = I, there
exists a maximal divalent path P of G with |E(P)| = [(G) > 2. Since G is not a path, we may
assume that P has an end vertex u with dg(u) = d > 3. Thus G contains a subgraph J(3,1)
with [ > 2. We shall show that Let H = L*'(J(3,1)). By Lemma 2.3.10 (i), H is a subgraph of
LYG).

To show that H is Zs-connected, we argue by induction on k > 2 to show that L¥+1(J(3,k))
is triangularly-connected and Zg-connected. If k = 2, then by Example 1(ii), L3(J(3,2)) is
triangularly-connected and Zg-connected. Assume that k > 3, and that L*(J(3,k — 1)) is
triangularly-connected and Zs-connected. By direct computation, L¥(.J(3,k)) has a unique
vertex v of degree 1 such that LF(J(3,k)) — v = L¥(J(3,k — 1)). By Lemma 2.3.10 (iii),
we conclude that LF1(.J(3,k)) is triangularly-connected and Zsz-connected. Hence H is Zs-
connected. As H is a subgraph of L'*1(G), and as L'T!(Q) is triangularly-connected, it follows
by Lemma 2.3.10 (i) that L'*1(G) is Zs-connected. O

Theorem 2.3.11. Let A = Zs denote the cyclic group of order 8. For an integer d > 0, define
Fq=1{G : G has a subgraph H such that G/H is a cycle of length at least d + 5}.

If G is a connected graph with diam(G) = d and | = I(G), then each of the following holds.
(1) ia(G) <1+ 2, and the equality holds if and only if G is a (3,1)-tree.

(ii) If d < 3, then ia(G) < d+ 2.

(111) If d > 4, then ia(G) < d+2 if and only if G ¢ Fg.

Proof. (i) By Proposition 2.2.4, L'T!(G) is triangularly connected. By Lemma 2.3.9, we have
ia(G) <1+2. By Lemma 2.3.10 (iv), i4(G) = [ + 2 if and only if I(G) = 1 and L'tY(G) ¢ (Z3).
This happens, by Theorem 2.3.7, if and only if L?(G) € WF. By Theorem 2.3.8, L?(G) € WF
if and only if L?(G) can be built via parallel-connected from K3 and K4. By Example 1(i), if
G is a (3,1)-tree, then iy (G) = 3. Conversely, since L{G) is triangular, if L?(G) can be built
via parallel-connected from K3 and K4, then direct computation indicates that G must be a
(3,1)-tree. This proves (i).

If d > 1, then by Proposition 2.2.4 and Lemma 2.3.9, i4(G) < d + 2. Hence we assume that
d < l. Pick any divalent path P € P(G). Then |E(P)| =1> d+ 1. Let u and v denote the two
end vertices of P. Since | > d + 1, there exists a (u, v)-path P’ in G with |E(P’)| = d' < d such
that V(P)NV(P'") = {u,v}. Note that u = v is possible. Since G is not a cycle, we always have
d+1<i<2d.
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(ii). Assume that d < 3. Then | < 2d < d 4 3. For any divalent path L € P(G), I;(L) is a
divalent path with length at most 3, and so L(G) is triangular. By Corollary 2.2.3 and Lemma
2.3.9, i4(G) < d + 2. This proves (ii).
(iii). Assume that d > 4. Fix a divalent path P € P(G), and let P° denote the internal vertices
of P. Since d < [, edges in P cannot be cut edges of GG, and so Hp = G — P? is connected. Hence
G/Hp is a cycle of length [. It follows that if G has no subgraph H such that G/H is a cycle
of length at least d + 5. then | < d 4 4. We claim that L¢(G) is triangular. If not, then there
exists an edge e € E”(L%(G)). By Lemma 2.3.3, I, ,(e) is a divalent path @ in G with length
at least d. Take the midpoint w of P and the midpoint z of Q. Direct computation yields then
distg(w,z) > 1/24+d/2 > (2d+1)/2 > d, a contradiction. By Corollary 2.2.3 (i), and Lemma
2.3.9,i4(G) < d+2.

Conversely, assume that i4(G) < d+2. By contradiction, we assume further that G contains
a subgraph H such that G/H is a cycle of length at least d + 5. Thus Py = G|E(G/H)| is a
divalent path in G; and C’' = Iz,2(Pp) is a divalent path with length at least 4 in L*2(G). By
Lemma 2.3.1 (i), C' ¢ (A). On the other hand, since L+2(G) € (A), by Proposition 2.3.2 (ii),
C' = L¥*2(Q)/L42(H) € (A). Thus a contradiction is obtained. This completes the proof of
(ii). 0
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Chapter 3

Independence number and modulo

orientation

3.1 Introduction

In this chapter, we investigate mod (2p + 1)-orientations of graphs with bounded independence
numbers. It is known that the complete graph Ky, does not admit a mod (2p—+1)-orientation. S-
ince the modulo orientation property is preserved under contraction, it is straightforward to con-
struct an infinite family of graphs of independence number two without mod (2p+ 1)-orientation
by replacing a vertex of Ky, with a large complete graph. On the other hand, all those graphs
have the behavior that each of them is contractible to Ky,. So we may expect to characterize
mod (2p+ 1)-orientation in the family of graphs with bounded independence number by exclud-
ing a list of graphs such that every graph in the family admits a mod (2p + 1)-orientation if and
only if it is not contractible to one of the graphs on the list, such as in the Kuratowski’s theorem
for planar graphs and characterization of graphs embedded on surface by excluding minors.

For any integer ¢t > 0, define F(¢) and G(t) to be graph families such that

F(t) ={G: G is (§Zyp+1)-reduced with 2 < |V(G)| < 6pt — 2p and o(G) < t} and

G(t) = F(t) \ Mapya.
Theorem 3.1.1. Lett > 0 be an integer. Each of the following holds.
(1) A graph G with a(G) < t is strongly Zapt1-connected if and only if the (SZgp1)-reduction
of G is not in F(t).
(11) A graph G with a(G) <t admits a modulo (2p + 1)-orientation if and only if the (SZapi1)-
reduction of G is not in G(t).

More descriptions concerning the graph families F(¢) and G(t) will be presented below when
t = 2. In particular, Theorem 3.1.2 below confirms that simple graphs with independence

number 2 and large order admit mod (2p + 1)-orientations under edge-connectivity 4p.
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Let K, denote a complete graph with V(K,,) = {v1,...,v,}. For nonnegative integers si, so,
vty Sp—1, let Ky (s1,82,...,5,—1) be the graph obtained from K, by replacing the edge v,v; by

s; parallel edges joining v, and v;, for each 7 € [n — 1], and define

K2p+1) = {Kn(s1,82,...,8n-1): 2<n<4dp+1land0<s; <2p—1,Vi € [n—1]},
IC1(2p + 1) = IC(2p -+ 1) \M2p+1 and ICQ(QP + 1) = K(Qp + 1) \ <SZ2p+1>. (31)

Theorem 3.1.2. Let G be a simple graph of order at least 10p + 1 with a(G) < 2. Fach of the
following holds.

(1) G admits a mod (2p + 1)-orientation if and only if the (SZapy1)-reduction of G is not in
Ki(2p+1).

(11) G is strongly Zgp1-connected if and only if the (SZgap11)-reduction of G is not in Ko(2p+1).
(iii) If k' (G) > 2p and 6(G) > 4p, then G is strongly Zap+1-connected (and therefore, admits a
mod (2p + 1)-orientation).

As mod 5-orientation of graphs with multiple edges is related to 5-flow conjecture (see [30,
44)), we also show the corresponding Theorem 3.1.3 below for all graphs with independence
number two in the mod 5-orientation case. Note that this verifies Conjecture 1.2.2 for all graphs
with order at least 21 and independence number at most two.

Let K£*(5) be the family of graphs such that H € K*(5) if and only if H ¢ M5, H is
(8Zs)-reduced, and H contains a subgraph isomorphic to K|y (-1 with 2 < [V(H)| <9 and
K(H)<T.

Theorem 3.1.3. Let G be a graph of order at least 21 with o(G) < 2. Each of the following
holds.
(1) G admits a mod 5-orientation if and only if the (SZapy1)-reduction of G is not in KC*(5).

(i) G admits a mod 5-orientation provided it is 8-edge-connected.

Luo et al. [56] characterized mod 3-orientations of graphs with independence number at most
2, and thus verifies Tutte’s 3-flow conjecture for graphs with independence number at most 2. In
a consequence paper [50], Li, Luo and Wang adopt a similar idea as in this chapter and develop
some new reduction method to obtain analogous results for mod 3-orientations. The results in
paper [50] further confirm Tutte’s 3-flow conjecture for graphs with independence number at
most 4.

This chapter is organized as follows: In Section 2, we introduce some tools and give the

proofs of Theorems 3.1.1 and 3.1.2. The proof of Theorem 3.1.3 is presented in Section 3.
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3.2 Reductions on Mod (2p + 1)-orientations

We first display the needed tools in our proofs of the main results. Lemma 3.2.1 is a brief

summary of certain basic properties from [40,43,51].

Lemma 3.2.1. ( [40], [43] and [51]) Let G be a graph and let m,p > 0 be integers. Each of the
following holds.

(1) If G € (S§Zapt1) and e € E(G), then G/e € (SZapi1).

(i) If H C G, and if both H € (SZapy1) and G/H € (SZopt1), then G € (SZopi1)-

(iii) Let mKy denote the loopless graph with two vertices and m parallel edges. Then mKs €
(S8Zaop+1) if and only if m > 2p.

(iv) The complete graph K, € (SZapi1) if and only if n =1 orn > 4p+ 1.

(v) G € Mopy if and only if its (SZopi1)-reduction G' € Maopy1.

(vi) G € (SZapy1) if and only if its (SZopt1)-reduction G' = K.

Let G be a graph and b € Z(G,Zgp+1) be a boundary function. Define an integer valued
mapping 7 : 2V() — {0, £1,...,£(2p + 1)} as follows: for each vertex z € V(G),

(z) = { d(z) (mod 2);

= (3.2)
b(x) (mod 2p+1).

For a vertex set A C V(G), let b(A) = >, 4b(v) (mod 2p + 1), d(A) = |[A, V(G) — Alq|
and define 7(A) to be

4 = { d(4) (mod 2); -

b(A) (mod 2p+1).

Theorem 3.2.2. (Lovéasz, Thomassen, Wu and Zhang, Theorem 3.1 of [54]) Let G be a graph
and b € Z(G,Zapy1). Let zy be a vertex of V(G), and let D,, be a pre-orientation of E(zp).
Assume that
(1) [V(G)| = 3,
(ii) d(z0) < 4p + |7(20)|, and the edges incident with zy are pre-directed such that d*(zp) —
d(z0) = b(z0) (mod 2p+1).
(i1i) d(A) > 4p + |T(A)| for each nonempty A C V(G) \ {20} with |V(G) \ A| > 2.
Then D, can be extended to an orientation D of the entire graph G such that, for each vertex
x e V(Q),

di(z) —dp(z) =b(z) (mod 2p + 1).

Theorem 3.2.2 implies that every 6p-edge-connected graph is strongly Zsop1-connected. We
would further explore more properties concerning (SZsgp+1)-reduced graphs below by utilizing
Theorem 3.2.2.
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Proof of Theorem 3.1.1

Recall that G € F(t) if and only if G is (SZgp+1)-reduced with 2 < |[V(G)| < 6pt — 2p and
a(G) < t. By Lemma 3.2.1(iii), every graph in F(t) has edge multiplicity at most 2p — 1, and
so F(t) contains finitely many graphs. Note that, by Lemma 3.2.1(v), Theorem 3.1.1(ii) follows
from Theorem 3.1.1(i). We will show a variation of Theorem 3.1.1(i), as stated in Theorem 3.2.3

below.

Theorem 3.2.3. For any graph G with o(G) < t, G is strongly Zgpt1-connected if and only if
the (SZapi1)-reduction of G is not in F(t).

Proof. By Lemma 3.2.1(vi), a graph G is strongly Zgp1-connected if and only if its (SZap1)-

reduction is K, which is not in F(¢) by definition. So it remains to show that
if the (SZgp41)-reduction of G is not in F(t), then G € (SZgpt1). (3.4)

We shall prove (3.4) by induction on ¢t. When t = 1, (3.4) follows from Lemma 3.2.1(iv).
Assume that ¢t > 2 and (3.4) holds for smaller values of ¢.

Let I’ be a counterexample to (3.4) such that |[V(I')| is minimal. Then I", the (SZgp11)-
reduction of T, satisfies |V (I")] > 6pt — 2p + 1 by the definition of F(t). Hence I itself is a
counterexample to (3.4), and so [V (I")| = |V(I')| by the minimality of |V (T')|. Therefore, I' = I
is a (SZgp41)-reduced graph.

Claim A. §(T") > 6p.

Suppose that I' has minimal degree at most 6p — 1 and let z € V(I') be a vertex with
dr(z) =6(I') <6p—1. Denote H =T — (Nr(z) U{z}). Then o(H) < a(I') —1<t—1. As H is
(S8Zapy1)-reduced, we have |V (H)| < 6p(t — 1) —2p by (3.4) with induction hypothesis on ¢ — 1.
It follows that 6pt —2p+1 < |V(T')| = |V(H)|+ |Nr(2) U{z}| < 6p(t —1) — 2p + 6p = 6pt — 2p.
This contradiction justifies Claim A.

Now assume 6(I') > 6p. By Theorem 3.2.2, x/(T") < 6p, and so I must have an edge cut of
size less than 6p. For a vertex subset W C V(I'), let W¢ = V(I') — W. Among all edge-cuts
[W, W€] of size at most 6p — 1 in I", choose one with |W| minimized. As 6(I') > 6p, we have
[W| > 2. Let G; = I'/T[W¢ and zp be the vertex in G; onto which W€ is contracted. Thus
de, (20) = |[[W, W*]| < 6p — 1.

Arbitrarily add a set Z of 6p+ 1 —dg, (20) new edges between zp and W in G to form a new
graph G. Note that I[W] = G1[W] = G[W] = G — zp. We will apply Theorem 3.2.2 to show
the following Claim B, leading a contradiction to the fact that I' is a (SZgp41)-reduced graph.
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Claim B. I'|W] = G — 2y is strongly Zop41-connected.

Let D, be a fixed orientation of Eg(zp) such that
4p + 1 edges are oriented out of zg and the rest 2p edges are oriented into zg. (3.5)

We also use D, to denote the digraph induced by the oriented edges of D,,. Define b;(v) =
dgzo (v) — deO (v) for each vertex v € Ng(z9) U {20}

For any b’ € Z(G — zy, Zap+1), we are to show that there exists an orientation D’ of G — 2
such that d}, (v) — dp, (v) = V' (v) (mod 2p+ 1) for any vertex v € V(G — z). Define a mapping
b:V(G) — Zgpy as follows. For any z € V(G),

b'(z) +b1(z) (mod2p+1) ifx € Ng(z0);
b(z) = ¢ bi(z0) (mod 2p+1) if z = zp;
b'(z) (mod2p+1) otherwise.

We are going to show Theorem 3.2.2 is applicable to this graph G.

As b1(20) + 2 peNg (20) b1 (v) = 0 and V' € Z(G — 20, Zgpt1), we have -, oy b(x) = b1(20) +
D veNe(20) P1(V) + 2 pev(Gozy) V' (v) = 0 (mod 2p + 1), and so b € Z(G, Zap+1). Since [W] > 2,
[V(G)| > 3. By (3.5), both d(z9) = 6p + 1 and b(zp) = dBZO(ZO) —dp,, (20) =0 (mod 2p + 1).
This, together with (3.2), implies |7(zp)| = 2p+1, and so Theorem 3.2.2 (i) and (ii) are satisfied.

By (3.3) and by the minimality of W, for any A C W with |A| < |W|, we have d(A) > 6p, or
d(A) —4p > 2p. As d(A) = 7(A) (mod 2) and |7(A)| < 2p + 1, it follows by a parity argument
that d(A) > 4p + |7(A)|. Thus Theorem 3.2.2 (iii) holds, and hence it holds also for the graph
G.

By Theorem 3.2.2, there exists an orientation D of G such that dj,(z) — dp(z) = b(x)
(mod 2p + 1) for each vertex z € V(G). Let D' be the restriction of D on G — zy. By the
definition of b, we have d},(v) — dp, (v) = V'(v) (mod 2p + 1) for each vertex v € V(G — zp). It
follows by definition that I'[W] = G — z is strongly Zsg,1-connected, and thus Claim B holds.

Since |W| > 2, Claim B is contrary to the assumption that I' is (SZgp1)-reduced. This
proves Theorem 3.2.3. 0

Theorem 3.2.3 immediately leads the following corollary, which reveals that there are finitely

many (SZsgp+1)-reduced graph in the family of graphs with independence number at most ¢.

Corollary 3.2.4. Every (SZsop+1)-reduced graph G with o(G) <t has order at most 6pt — 2p.

Proof of Theorem 3.1.2
We need one more lemma before presenting the proof of Theorem 3.1.2. For a graph G, let

&(G) be the number of nontrivial maximal (SZsgp41)-subgraphs of G.
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Lemma 3.2.5. If G is a simple graph with o(G) < 2, then £(G) < 2. Furthermore, £(G) = 2
if and only if V(G) consists of vertex sets of exactly two maximal (SZopi1)-subgraphs.

Proof. Assume that ¢ = £(G) > 2 and let Hy, Ho, ..., H. be the nontrivial maximal (SZap1)-
subgraphs of G. By Lemma 3.2.1(iv), every strongly Zs,1-connected simple graph other than
K has order at least 4p + 1, and so |V(H;)| > 4p+ 1 foreach 1 <i <ec.

By contradiction, we assume that ¢ > 3, and so there exists a vertex v € V(G) \ (V(H;) U
V(H3)). By Lemma 3.2.1(ii)(iii), both |[v, V(H)]g| < 2p — 1 and |[V(H3), V(H1)]g| < 2p — 1.
Since |V (H1)| > 4p + 1, there exists u; € V(Hy) such that ujv ¢ E(G) and |[u1, V(H2)]a| = 0.
Similarly, there exists ug € V(Hz) such that usv ¢ E(G) and |[uz, V(H1)]g| = 0. Then it follows
that {uy,u9,v} is an independent set of size 3, contradicting to «(G) < 2. This proves that we
must have £(G) < 2, and when {(G) =2, V(G) = V(H1) UV (Has). O

Proof of Theorem 3.1.2 Since (SZgpi1) € Mapi1, we have K1 (2p+1) = Kao(2p+1) \ Mopi1
by (3.1). Thus by Lemma 3.2.1(v), Theorem 3.1.2(i) follows from Theorem 3.1.2(ii), and so it
suffices to show Theorem 3.1.2(ii). Let G be a graph satisfying the hypotheses of Theorem 3.1.2,
and let Hq, Ho,--- , H. denote the collection of all maximal strongly Zs,,i-connected subgraphs
of G, where |V(Hy)| > |V(H2)| > -+ > |[V(H.)| and ¢ > 2, and G’ = G/(H1 U ... U H.) is the
(S8Zap41)-reduction of G.

Proof of (ii). We prove that if G is not strongly Zgp1-connected, then G’ is in Ka(2p + 1).

If G is not connected, then as a(G) < 2, G must be a disjoint union of two complete
graphs, where the larger one has order at least 5p + 1. By (3.1) and Lemma 3.2.1(iv), the
(S8Zop41)-reduction of G is a member in Ko(2p+1) with s; =--- = 5,1 = 0. Hence we assume
that G is connected and not strongly Zg,i-connected. By Lemma 3.2.1(iv) and Corollary
3.24, |V(H1)| > 4p + 1. By Lemma 3.2.5, either |V(Hz)| > 1 and V(G) = V(H;) U V(Ha)
or |V(H2)| = 1. If V(G) = V(H1) UV(Hy), let m = |[V(H2),V(H1)]g|. If m > 2p, then
as G/(Hy U Hy) is an mKy € (SZapy1), it follows by Lemma 3.2.1(ii) that G € (SZgpt1),
contrary to the assumption that G is not strongly Zsp,1-connected. Hence m < 2p — 1, and so
G =mK, € Ka(2p +1).

Assume that |V (Hz)| = 1. Then H; is the only non-trivial maximal strongly Zgp1-connected
subgraphs of G. Let V' = V(G) \ V(H;). We claim that G[V'] is a complete graph. Suppose
to the contrary that there exist vertices vi,vs € V' such that vive ¢ E(G[V']). By Lemma
3.2.1(ii)(iil), |[v1, V(H1)]lal < 2p —1 and |[v2, V(Hi)]g| < 2p — 1. Thus there exists u € V(H)
such that wv; ¢ E(G) and uvy ¢ E(G) by |V(Hi)| > 4p + 1. It follows that {u,v1,v2} is an
independent set, contrary to the assumption of a(G) < 2. Therefore, G[V'] is a complete graph.
By Lemma 3.2.1(iv), we have |V'| < 4p. Thus the (SZgp+1)-reduction of G is in Ko(2p + 1).
This proves (ii).
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Proof of (iii). If k'(G) > 2p and §(G) > 4p, we show that the (SZgp41)-reduction G’ is not in
ICo(2p + 1), and so G € (SZgp41) follows from (ii). By Lemma 3.2.5, if G’ has two nontrivial
maximal strongly Zgp,1-connected subgraphs H; and Hs, then V(G) = V(H;) U V(H3), and
so G/(H1 U Hy) is a mKs, where m = |[V(H2),V(H1)lg|- If m < 2p—1, then G’ = mKs €
K2(2p + 1), contrary to the assumption that x'(G') > «/(G) > 2p. Thus m > 2p and so by
Lemma 3.2.1(ii) that G € (SZgp11). Hence we assume that G does not have two nontrivial
maximal strongly Zg, i-connected subgraphs. By Corollary 3.2.4 and Lemma 3.2.5, G' has
exactly one nontrivial maximal strongly Zgy,1-connected subgraph H;. Moreover, G —V (H;) is
a complete graph as showed above in the proof of (ii). Let u* be the vertex in G’ onto which Hj is
contracted. Since 0(G) > 4p, for any vertex v € V(G'—u*), we have |[u*,v]q| > 4p+1—|V’|, and
so G’ contains a spanning subgraph isomorphic to Kapi1/Kyspi1-jv7- By Lemma 3.2.1(i)(iv),
Kapi1/Kappi—jv| € (SZapy1), and so G' € (S8Zop+1). This contradicts that G’ is (SZapi1)-
reduced, unless |V (G’)| = 1. Therefore, G € (SZap 1) by Lemma 3.2.1(vi). O

3.3 On Mod 5-orientations

The odd-edge-connectivity of a graph is defined as the size of a smallest edge-cut of odd size.
A 6p-edge-connected graph must be odd-(6p + 1)-edge-connected, but not vice versa. Tutte’s
3-Flow Conjecture was originally proposed for odd-5-edge-connected graphs (see [6]). Lovész,
Thomassen, Wu and Zhang [54] proved the following result for mod (2p + 1)-orientations con-

cerning odd-edge-connectivity, which strengths their theorem on modulo orientations.

Theorem 3.3.1. (Lovéasz et al. [54]) Every odd-(6p + 1)-edge-connected graph admits a mod
(2p + 1)-orientation.

The main result of this section is Theorem 3.3.2 below. For the class of graphs with in-
dependence number at most 2, Theorem 3.3.2 improves Theorem 3.3.1 for p = 2 and verifies

Conjecture 1.2.2 for those values.

Theorem 3.3.2. Every odd-9-edge-connected graph G of order at least 21 and with a(G) < 2

has a mod 5-orientation.
We need a few more tools for the proof of Theorem 3.3.2.

Theorem 3.3.3. (Hakimi [28]) Let G be a graph and ¢ : V(G) — Z be a function such that
> vev(c) tv) =0 and £(v) = dg(v) (mod 2), Vv € V(G). Then the following are equivalent.
(i) G has an orientation D such that df,(v) — dp(v) = £(v), Yv € V(G).

(i) | 3 tw)] < 106(S)], VS < V(G).

vES
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Jo J1 J2

Figure 3.1: Graphs in Lemma 3.3.5, where Jy € (SZs) and J1, Jo ¢ (SZs).

Let ujv and ugv be two distinct edges in G. We define G|, 4,4,) to be the graph obtained
from G by deleting the edges ujv,usv and adding a new edge ujug, which is called the lifting
operation (see [54,65]). The following lemma of Zhang [73] shows that the odd-edge-connectivity

is preserved under certain lifting operation.

Lemma 3.3.4. (Zhang [73]) Let G be a graph with odd edge-connectivity k. Assume there is a
vertex v € V(G) with d(v) # k and d(v) # 2. Then there exists a pair of edges uiv, ugv in E(v)
such that Gy y,uy)s the graph obtained from G by lifting uiv, ugv, remains odd edge-connectivity
k.

Lemma 3.3.5. Let Jy, J1 and Jo be the graphs depicted in Figure 3.1. Fach of the following
holds.

(i) Jo is strongly Zs-connected.

(ii) If G" is a (SZs)-reduced graph on 3 vertices, then |E(G')| < 7, where |E(G")| = 7 if and

only if G' is isomorphic to either J, or Js.

Proof of (i). Let b € Z(Jy,Zs). If b(vy) # 0, lift two edges viva, v1v3 to obtain the graph
Glotwavg]- Since [[v1,{v2,v3}lc,, ., | = 3 and b(v1) # 0, we can modify the boundary b(v1)

with the three edges in [v1, {va, v3}] Specifically, orient 1,3,0,2 edges towards v; when

Glog wgug)”

b(vi) = 1,2,3,4, respectively. As |[v2,v3]a = 4 and by Lemma 3.2.1(iii), we can also

S—
modify the boundaries b(v2),b(vs) with th([)sle 2fosl]n“ edges. By symmetry, we assume b(v;) =
b(va) = 0, then b(v3) = 0 since b € Z(Jy,Zs). Orient all the edges in E(v;) towards v; and
orient all the edges in E(vy) from vy to obtain an orientation D of Jy. Then D is a mod 5-
orientation of G, which agrees with the boundary b(v1) = b(v2) = b(vs) = 0. Therefore, (i) must
hold.

Proof of (ii). Set bi(v1) = b1(v2) = 3 and by (v3) = 4. Then by € Z(J1,Zs). It is routine to check
that there is no orientation agreeing with the boundary b; in J;. Set ba(v1) = ba(v2) = 4 and
ba(vs) = 2. Then by € Z(Ja,Z5). It is easy to see that there is no orientation agreeing with the

boundary by in Jo. Notice that J; and Jo are the only two nonisomorphic graphs on 3 vertices
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and 7 edges with edge multiplicity at most 3. Now, Lemma 3.3.5 follows by Lemma 3.2.1(ii)
and the fact that Jy € (SZs), Ji, J2 ¢ (SZs). O

Lemma 3.3.6. Let G be an odd-9-edge-connected graph of order n > 2. If G contains a subgraph

isomorphic to K,_1, then G admits a mod 5-orientation.

Proof. It is straightforward to verify the statement when n = 2 and n > 10 by Lemma
3.2.1(iii)(iv). Let G be a counterexample with |V(G)| + |E(G)| minimized. The minimality
of G implies that G is (SZs)-reduced. Let x be a vertex of G such that G — = contains a
subgraph isomorphic to K,_; whose vertex set is denoted by {y1,...,yn—1}. We may further
assume |[z,yi]la| > |[z,vi+1]al, Vi € [n — 2]. If G contains an even degree vertex, say v, then,
by Lemma 3.3.4, there exist dGT(U) pairs of edges incident with v such that lifting them results a
graph, which contains a subgraph isomorphic to K,_o, is still odd-9-edge-connected and has a
mod 5-orientation, a contradiction. This implies every vertex has an odd degree, §(G) > 9 and
n is even. Moreover, again by Lemma 3.3.4 and the minimality of |V (G)| + |E(G)|, we have
dg(x) =9.

If n = 4, then |E(G)| > 18. Since |[u,v]g| < 3 for any u,v € V(G) by Lemma 3.2.1(iii),
we have |E(G)| = 18, and this, in addition, implies that G is isomorphic to 3K4. By Lemma
3.3.5, 3K3 € (SZs), and so G = 3K, is not (SZs)-reduced, contrary to the assumption that G
is (8Zs)-reduced. Hence we assume that n > 4.

As every vertex of G has an odd degree, we must have n > 6. The following observations,

stated as Claims 1 and 2, follow from Theorem 3.3.3 and Lemma 3.3.5.

Claim 1. Let £: V(G) — {5, =5} be a function such that 3 ¢y () €(v) = 0. Then

there exists S C V(G) such that |Z€(v)| > |0a(9)]. (3.6)
veS

In fact, if (3.6) fails, then by Theorem 3.3.3, G has a mod 5-orientation, contrary to the
assumption that G is a counterexample. As n < 9, by the symmetry between S and V(G) — S,
we may assume that there exists S C V(G) satisfying (3.6) with |S| < 4 for any given /.

Claim 2. Let S be a vertex subset of G. Each of the following holds.
. 9 iflsl=1,
i) |0q(S)| >
(i) 06(5)] { AN,
(i) If |S| = 3, then |0a(S)| > 13. Moreover, if |0c(S)| = 13, then dg(s) = 9,Vs € S, and
G[S] € {J1, J2}. (See Figure 3.1).
(i1i) If n = 8 and |S| = 4, then |0g(S)| > 12 since G contains K,_1.
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When n = 6, denote X = {z,y4,y5} and Y = {y1,y2,y3}. As dg(z) =9, we have |[z, y5]q| <
1 and |[z,y4]a| < 2. These, together with |[ys, y5]¢| < 3, imply that

X, Y]e| = da(@)+da(ys) + da(ys) — 2(|[z, ya]l + [z, ys]| + |[ya, ys]])
> 21 -2(2+1+3) =15. (3.7)

Set £(x) = £(ys) = L(y5) = 5 and £(y1) = L(y2) = £(y3) = —5. We will obtain a contradiction
by showing that ¢ violates Claim 1. Choose an S C V(G) satisfying (3.6) with |.S| minimized.
Then |S| < 3. By Claim 2(i), |S| # 1,2, and so |S| = 3. Thus [}, ¢ ¢(v)| € {5,15}. By Claim
2, | > ,es (v)] = 15 implying S € {X,Y}, contrary to (3.7).

Therefore, we assume n = 8 in the following. Since dg(z) = 9 and ||z, yilg| > |[z, viti]al, Vi €
[7], we have

eyl < [l elal < [z, wslal < 1, (33)

and
[z, {y5, Y6, y7}| < [[z, {va, y6, y7}]| < 3. (3.9)

Let Xl = {$7y57y6;y7}7 Yl = {y17y27y3vy4}a X2 = {xay47y6>y7}> and Y2 = {y17y27y3ay5}-
Define two functions ¢ and ¢ to be as follows.

9, % € Xy; 9, 1% € Xo;
(v) = if v b and lo(v) = i v 2
=5, if vel. =5, if veYs.

We are to show that either ¢; or ¢y violates Claim 1, leading to a contradiction.
For i = 1,2, choose S; C V(G) satisfying (3.6) with |S;| minimized. By Claim 2(i), we have
3< S| < 4.

Claim 3. If|S;| =3, then |0g(Si)| =13 and S; = X; \ {z}.

As [Si] = 3, |Dopes, li(v)] € {5,15}. By (3.6) and Claim 2(ii), we must have 15 =
|2 ves, ti(v)] > [0c(5:)| = 13. Thus S; C X; or S; C Y;. Moreover, G[S;] is isomorphic to
Jy or Jy as |0g(S;)| = 13 and by Claim 2(ii).

If z € S;, then by Claim 2(ii), S; C X; and |[z,S; \ {z}]| > 4 as G[S;] is isomorphic to J;
or Jy, contradicting to (3.8). If S; C Y;, then we have 13 = |05(S;)| = ||z, Si]a| + |[S:, V(G) \
(SiU{z}]ac| > |z, Si]a| + 12. Thus ||z, Sil¢| < 1, and so |[x,{y4, Y5, ¥6, y7}]c| = 0. Denote
{ye} =Y \Si. Then |[z,y]c| > 9—|[z, Sila|— [z, {v4, Y5, Y6, y7}]c| > 8. So, by Lemma 3.2.1(iii),
G is not (SZs)-reduced, a contradiction to the assumption on G. Therefore, we conclude that
S = X; \ {z} if |Si| = 3.
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Claim 4. If |Sz| = 3, then |53,i| §‘é {3,4}

Assume |S;| = |S2| = 3 first. We claim that there exists s € S1 U S2 = {y4,ys5, Y6, Y7}
such that dg(g,us,)(s) = 7. If one of G[S1], G[S2] is isomorphic to Jz, it is routine to verify
that the vertex s corresponding to vs in Jo has degree at least 7 in G[S; U S3]. Otherwise, we
have G[Si] = G[S2] = J1 by Claim 2(ii), and so one of the vertices yg,y7 has degree at least
7 in G[S1 U Sa]. Since dgs,us,)(s) = 7, it follows by |[s, {y1,92,y3}]| = 3 that dg(s) > 10,
contradicting to dg(s) =9 by Claim 2(ii).

We assume |S;| = 3 and |S3_;| = 4. By Claim 3, we have yg_; € S; C X;, and it follows by
Claim 2(ii) and Claim 3 that

|[Y6—i> {ve, y7}]| > 4. (3.10)

Since [S3—;| = 4 and by Claim 2(iii), we have 20 > |0q(S3—:)| = |[X3—-i, Y3—i]| from (3.6).
However, it follows from (3.9), (3.10) and ys—; € X; that

HXB—h}/E’)—i]G‘ = dG(x) - Hx7 {y3+i7 Y6, y?}]G’ + H{y3+i7 Y6, y7}7 }%—i]G‘
= 9—3+ 10+ |[?J6—z‘7{96,y7}]G|
20 = | Z l3_i(v)],

vES3_;

\%

v

a contradiction to (3.6). Hence Claim 4 holds.

The final step. By Claim 4, we may assume that |S;| = |S2| = 4. Thus, for i € {1,2}, 20 =
|2 ves, li(v)] > 106(Si)| = [[X;, Yi]| by (3.6) and Claim 2(iii). Then [0c(S;)| = [[X;, Vi]| < 18,

since |X;| is even. However, it follows from (3.8) and (3.9) that

36 > |[X1,Yi]ag| + |[Xe, Yalq
= 2dg(z) — |[z,{ys, y6, y7}al — [z, {ys, 6, y7}]cl

+2[{ys, y7}, (w1, v2, ysHal + (da(ya) — [[2, yalel) + (da(ys) — [z, yslal)
> 18-3-3+12+6+8=38,

a contradiction. The proof is completed. O

Proof of Theorem 3.3.2. Let G be an odd-9-edge-connected graph with «(G) < 2 and
G’ be the (8Zs)-reduction of G. We shall show that |[V(G')| < 9 and G’ contains a subgraph
isomorphic to Ky n)—1- Then G’ admits a mod 5-orientation by Lemma 3.3.6, and so Theorem
3.3.2 follows from Lemma 3.2.1(v).

Denote G to be the underline simple graph of G. Since |V(G1)| > 21, G1 is not (SZs)-
reduced by Corollary 3.2.4, and hence (G1) # 0. By Lemma 3.2.5, we have 1 < £(G;) < 2.
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If £(G1) = 2, again by Lemma 3.2.5, G}, the (SZs)-reduction of Gy, is a graph with at most
two vertices, so does G’. Notice that |V(G')| < |[V(G})|. Assume &(G1) = 1 and let Hy be
the corresponding nontrivial maximal (§Zs)-subgraphs of Gy. Clearly, |V (H;)| > 9 by Lemma
3.2.1(iv). Let H be a nontrivial maximal (SZs)-subgraphs of G with |V (H)| maximized. As
G[V(Hy)] € (SZs), we have |[V(H)| > |V(H1)| > 9. We claim that (G — V(H)) = 1. In fact,
suppose that u,v are two non-adjacent vertices in G — V(H). Then, by Lemma 3.2.1(ii)(iii),
we have |[u,V(H)]| < 3 and |[v,V(H)]| < 3. Since |V(H)| > 9, there exists w € V(H)
such that {w,u,v} forms an independent set of size 3, a contradiction to a(G) < 2. Hence
a(G—V(H)) = 1. Now, by Lemma 3.2.1(iv), the (SZ5)-reduction of G — V(H) has size at most
8 and independence number 1. Hence G’ has order at most 9 and contains a subgraph isomor-

phic to Ky (gryj—1- Therefore, Theorem 3.3.2 follows from Lemma 3.2.1(v) and Lemma 3.3.6. [

Note that Theorem 3.1.3 follows from Theorems 3.3.2 and 3.1.1.
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Chapter 4

Neighbor sum distinguishing total

coloring

4.1 Introduction

For a vertex v of a graph G, we use d(v) = dg(v) and N(v) = Ng(v) to denote the degree and
the neighbors, respectively, of v in G. Let V<y = {v € V(G) : d(v) < £}. For V1, Vo C V(G), let
E(Vi,Va) = {viva € E(G) : v1 € V1,v3 € Va}. For a total coloring ¢ of G, let Cy(x) denote the
set of colors of edges incident with « under coloring ¢, and Cy[z] = Cy(z) U {¢(x)}.

A tree decomposition (7,)) of a graph G consists of a tree T and a collection ¥V = {V} : t €
V(T)} of bags V; C V(G) such that

(1) V(G) = Usev () Vi;
(2) for each vw € E(G), there exists a t € V(T') such that V; contains both v and w;
(3) for each v € V(G), the subgraph induced by {t € V(T') | v € V;} is a subtree of T.

The width of a tree decomposition (7',V) is max;cy 1y [Vi| — 1. The treewidth tw(G) of G is the
minimum width over all tree decompositions of G.

Given a tree decomposition (T, V) of G, where T is rooted in some vertex r € V(T'), we define
the height h(t) of a vertex t € V(T') to be the distance from r to ¢t. For v € V(G), we define t,
as the unique vertex of minimum height in 7" for v € V;,. In particular, if v € V;,, then ¢, = r.

First, we display the following useful structure of graphs with treewidth ¢ and A(G) > ¢ + 1.

Lemma 4.1.1. Let G be a graph with treewidth ¢ and A(G) > €+ 1. Then there are two
non-empty disjoint subsets W, U C V(G) and a vertex x ¢ W U U satisfying the following (see
Figure 4.1):

(1) N(W) C U U {a} U Vs
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Figure 4.1: Structure of the graph GG in Lemma 4.1.1

(2) d(x) > £+ 1 and d(w) < £ for each w € W;
(3) WC N(z) CWUU;
(4) U] < ¢

Proof. Let X ={v e V(G):d(v) > ¢+ 1}. Since A(G) > (+1, X # 0.

Fix a width ¢ tree decomposition (7',V) of G and root the associated tree T in an arbitrary
vertex r € V(T'). Note that we may choose a tree decomposition (7',V) such that each bag V;
contains at least two vertices. Let z € X with h(t,) = max,cx h(ty). Define T as the subtree
of T rooted at t;, the subgraph of 7" induced by all vertices ¢t € V(T') where the path from t to
the root r contains t,.

Define U = V;, \ {z} and W = N(z) \ U. Then W C N(z) C W UU and by the definitions
of treewidth and U, we have |U| < £. As [N(z)| > ¢+ 1 and 1 < |U| < ¢, we have that U and
W are non-empty sets, and so (3) and (4) follow.

Let Y = Ujey (Vi By the definition of ¢,  does not appear in any bag V; of a vertex
t € T\'T'. Thus N(z) C Y. Furthermore, we have X N Y C U U {x}; otherwise, if there is a
vertex v € (X NY) \ (U U {x}), then h(t,) > h(ts), a contradiction to the choice of z.

Since X NY CUU{z} and N(z) CY, we have W = N(z) \U CY \U C Y N V<, which
implies that d(w) < ¢ for each w € W. This proves (2).

Finally, we will show (1): N(W) CUU{z} U V<. Let v € N(w) \ (U U {z}) for a vertex
w € W. If d(v) > £+ 1, then there is a bag V; of a vertex t € T'\ T that contains both v and w,
and thus w € Vi, = U U {z}, a contradiction. Therefore d(v) < ¢ and N(W) C U U {z} U V<.

We study the NSD total coloring of graphs with bounded treewidth and present an upper

bound on the NSD total chromatic number.

31



Theorem 4.1.2. Let £ > 3 be an integer and G be a graph with treewidth at most £. Then
X5 (G) < max{A +¢—1,30+2}.
Furthermore, we prove the following stronger result for graphs with treewidth 3.

Theorem 4.1.3. Let G be a graph with treewidth at most 3. Then x4 (G) < max{A + 1,10} if

G contains no two adjacent A-vertices.

4.2 Preliminaries

Let t > 2 be an integer and S1, So,...,S; be t finite sets of integers. Define

t
Y Si=S8148+-+ S ={ar+a+-+ar:a; €S, a; # aj,for all i # j}.
=1

The following theorem is a corollary of Combinatorial Nullstellensatz.

Theorem 4.2.1. (Alon [1]) Let t > 2 be an integer and S1,S2, ..., St be t finite sets of integers,

where |S;| = s; and s1 > sg > -+ > s;. Define sy, sh,...,s; by
sy = s1,and s; =min{s,_; — 1,s;}, for2 <i<t.

If s, > 0, then

t
1
|S1+ S2+ -+ S¢| > E lsg—gt(t—i—l)—i—l.
P

By the above theorem, we have the following corollaries.

Corollary 4.2.2. If |S;| >p >t for eachi=1,...,t, then
|S1+S2+ -+ 5 >(p—t)t+ 1.

Corollary 4.2.3. If |S;| > t — 1 for each i € [t] and |Sy,| > t + 1, |S,4| > t for two distinct
integers p,q € [t], then
|S1+ S+ -+ S| >t + 1.

For a subset A C V(G), a mapping ¢: (V(G) \ A) U E(G) — [k] is called an A-partial NSD
total k-coloring of G if it is a proper total k-coloring of G except that only the vertices in A are
not colored and mgy(u) # mgy(v) for each edge uv € E(G) with {u,v} C V(G) \ A. Note that in

an A-partial NSD total k-coloring, only the two adjacent vertices not in A are sum distinguished.

Lemma 4.2.4. Let { and k be two positive integers with k > 3¢ + 1. If B C V<, then each
B-partial NSD total k-coloring of G can be extended to an NSD total k-coloring of G.
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Proof. It suffices to consider the case when B = {v}. Let ¢ be a B-partial NSD total k-coloring
of GG, and let

S(v) = {d(u), p(uv), mg(u) —mg(v) : u € Na(v)}.
Since d(v) < ¢, we have |S(v)| < 3¢. Since k > 3¢ + 1, there is a color available for v and ¢ can
be extended to an NSD total k-coloring of G.

4.3 Proofs of Theorems 4.1.2 and 4.1.3

In this section, we first prove some structural properties of smallest counterexamples to both
Theorems 4.1.2 and 4.1.3 and then complete their proofs in separate subsections.

Suppose to the contrary that G is a counterexample to Theorem 4.1.2 or Theorem 4.1.3 with
|E(G)| minimum. Let k£ = max{A(G) + ¢ — 1,30 + 2} or k = max{A(G) + 1, 10}, respectively.
Then k£ > 3¢ + 1. In order to obtain a contradiction, by Lemma 4.2.4, it is sufficient to show
that G' has a B-partial NSD total k-coloring for some B C V<.

For any proper subgraph H of G, tw(H) < tw(G)(see [5]), so, by minimality of G, H has
an NSD total k-coloring ¢. Thus G is connected and for any B C V(H) N V<, we obtain a
B-parital NSD total k-coloring of H from by uncoloring all vertices in B.

Claim 1. G does not contain an edge wv with d(u) < € and d(v) < £+ 1. Thus V< is

independent.

Proof. Suppose to the contrary that there is an edge uv such that d(u) < ¢ and d(v) < ¢+ 1.
Let B = V<, \ {v} and ¢ be a B-partial NSD total coloring of G — {uv}. Let

S(u,v) = {¢(ux), p(vy), p(v), mg(y) — mg(v) : & € Na(u) \ {v},y € Na(v) \ {u}}.

Then |S(u,v)| < dg(u) — 1+ 2(dg(v) — 1) + 1 < 3¢ < k. Thus there is a color available for the
edge uv and we can extend ¢ to a B-partial NSD total k-coloring of GG, a contradiction.

By Lemma 4.1.1, there are two non-empty disjoint subsets W,U C V(G) and a dedicated
vertex x ¢ W U U satisfying (1)—(4) of Lemma 4.1.1 (see Figure 4.1). Furthermore, N(W) C
UU{z} by (1) of Lemma 4.1.1 and Claim 1. Thus by (3) and (4) of Lemma 4.1.1 and Claim 1,
0+2<d(zx) <|W|+|U|l < |W|+ £, s0 |[W|>d(x)—{>2.

Let W’ be a nonempty subset of W. Let ¢ be a proper total k-coloring of G’ = G — {zw :
w € W'} except that the vertices in W are not colored. We call ¢ a W -partial almost NSD total
k-coloring of G if my(u) # mg(v) for any wv € E(G’) and {u,v} C V(G) \ (W U {z}). Note
that a W-partial NSD total k-coloring of G’ is also a W-partial almost NSD total k-coloring of
G'.

Denote d = d(z). For each w € W’ let

Suw.p = [k \ (Colz] U Cy(w)).
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Then for each w € W/,

1Swel = k—|Cylz]| — |Cp(w)| + |Cplz] N Cy(w)]
= k—(d—|W'|+1) = (d(w) = 1) + [Cy[z] N Cy(w)|
= k—Ll—d+|W|+ (£ —dw))+ |Chlz] N Cy(w)]|. (4.1)

Claim 2. For each W' C W and each W -partial almost NSD total k-coloring ¢ of G — {zw :

w € W'}, we have

| ) Suel <t

weWw’
Proof.  Suppose to the contrary that |> , i Sw,el = £+ 1 for some W' C W and some
W-partial almost NSD total k-coloring ¢ of G — {zw : w € W'}. Let A = {my(u) —me(z) : u €
N(z)NU}. By (4) of Lemma 4.1.1, [A] < |U| < L. Since | Y cwr Swol = 0+1, Y cws Sw,e\A #
(). Thus we can pick one color a,, € Sy, 4 for each edge zw such that o, # o, for any two distinct
vertices w,u in W’ and )~y ¢ A. So we can extend ¢ to a W-partial NSD total k-coloring

of GG, a contradiction.
Claim 3. d(z) > k —£.

Proof. Suppose to the contrary that d = d(z) <k — ¢ — 1.

Denote t = |W|. Then ¢t > 2. Let ¢ be a W-partial almost NSD total k-coloring of G — {zw :
w € W}. Since d(w) < ¢ for each w € W, by Eq.(4.1), |Syg¢| > k—d—-¢+t>t+1. By
Corollary 4.2.2, we have that

| > Sugl = (k—d—Ll+t—t)t+1=(k—d—0t+1.
weW
By Claim 2, (k—d—#)t+1 < ¢ Thust < ¢{—1and d < t+ ¢ < 20— 1, implying
k—d—4{€>k—3¢+1>2. On the other hand,

(-1 (-1 3+3
dzk—f-——=>@0+1) - — .

Thust >d— /¢ > ”73. Therefore, (k —d — )t +1>2t+ 1> ¢+ 4, a contradiction to Claim 2.
This completes the proof of the claim.

Claim 4. Let e =1 or 2. If |W| > £ + €, then there is a triple (w1, W', @) satisfying
(1) wy € W CW and d(wy) is the mazimum among all vertices in W ;
(2) W' = ¢;
(3) ¢ is a W-partial almost NSD total k-coloring of G — {zw : w € W'} such that
(i) 9(x) & Colwr) and {paw) | w € W\ W'} C Cylun);
(i) (£ = d(wr)) + [Cy(w1) N Cylz]| > €.
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Proof. Denote t = |WW|. Let w; € W such that d(w) is the maximum among all vertices
in W. Let ¢ be a W-partial almost NSD total k-coloring of G — {zw : w € W}. We can
choose v such that ¢(z) ¢ Cy(w1). Otherwise, we can recolor the vertex x with a color not in
Cy(x) UCy(wr) U{p(u) : uw € U} since |Cy(x) U Cp(wr) U{Y(u) :u € U} < d(wy) —1+2[U| <
30— 1.

The claim is trivial if (¢ —d(w1))+|Cy(w1)NCylz]| > € by simply taking the triple (w1, W, ).

Now we assume that (¢ — d(w1)) + |Cy(wi) N Cylz]] < € — 1. We observe that there are at
most |U| < ¢ edges in E(W,U) colored with a same color since N(W) C {z}UU.

If (0—d(w1))+|Cy(w1)NCylx]| = €e—1, then let a € Cy(w1)\Cylx]. Since |W| > l+€e > (41,
there must be a vertex, say wy, in W such that a ¢ Cy(w;). Then let W’ = W \ {w;} and ¢
be the coloring obtained from 1 by coloring the edge zw; with a. Since |Cy(wi) N Cylz]| =
|Cy(w1) N Cylx]| + 1, it is easy to see that (w1, W', ¢) is the desired triple.

If (0 —d(w))+ |Cy(wr) NCylz]] < e—1, then € = 2, d(wy) = ¢, and |Cy(w1) N Cylz]| = 0.
Thus Cy(wi) \ Cylz] = Cy(wr). Since |Cy(wr)| = d(wi) =1 > 2, let a,b € Cy(wy) \ Cylz]
be two different colors. Since |W| > ¢ + 2, there must be two distinct vertices, say w;_1, w; in
W\ {w1} such that a ¢ Cy(w;) and b & Cy(wi—1). Let W = W \ {w;—1,w} and ¢ be the
coloring obtained from v by coloring the edge xw;, xw;_1 with a and b, respectively. It is easy
to check that (w1, W', ¢) is a triple satisfying (1), (2) and (3).

Claim 5. Ifd(x) <k —{+1, then |W| < {+ 1.

Proof. Suppose to the contrary that |[W| > £+ 2. We first prove the following fact. No triple
(w1, W', ¢) satisfies

(a) all requirements in Claim 4 with € = 2 except that ¢(x) may or may not belong to
C(w1);

(b) there is a vertex wy € W'\ {wy} such that (¢ — d(ws)) + |Cy(w2) N Cy[z]| > 1.

Suppose to the contrary that the fact is false. Then p = |W’| > £. Since d = d(z) < k—(+1,
by Eq. (4.1), we have the following:

o [Syol =k—C—d+ W |+ (€—dw))+|Cslz] N Cy(w)] > p—1 for each w € W',
® [Sypl=>—-1+p+2=p+1,
o |Susol>—-1+p+1=p.

Thus by Corollary 4.2.3, | >, cyyr Swel > p+1 > £+ 1, a contradiction to Claim 2.

Let (w1, W', ¢) be a triple satisfying Claim 4 with e = 2. By above Fact, we have d(w) = /¢
(and thus d(w;) = £ by (1) of Claim 4) and Cyg[z] N Cy(w) = @ for each w € W'\ {w;}. Let
A = Upewn (w1 Cg(w) and B = {p(u) | u € N(x)NU}.

If A\ B # 0, then we can pick a color a € A\ B. Since Cylz] N Cy(w) = O for each
w € W\ {wi}, we have a € Cylz]. Recolor the vertex x with a to obtain a new WW-partial
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almost NSD total k-coloring ¢1. Since ¢(x) ¢ Cy(w1) by (3)(4) of Claim 4 with € = 2, it is easy
to check that |Cy, (w1) N Cy, [z]| > |Cy(wi) N Cylz]| and there exists wy € W'\ {w;} such that
|Cy, (w2) N Cy, [z]| > 1. This implies that (w1, W', ¢1) is a triple satisfying the requirements (a)
and (b) in above Fact, a contradiction.

Thus A\ B = () and A C B. Note that [W'\ {w1}| > £ —1 > 2 by (2) of Claim 4. Let
wa, w3 € W'\ {wy}. Then d(ws) = d(ws) = ¢, and so

IN(z)NU| > |B|>|A| > |Cy(w2)| > ¢ —1, and
|Cy(w2) N Cy(ws)| = [Cy(wz)| + |Cy(ws)| — [Cy(w2) U Cy(ws)]
20—1)—|A|>20—2—|B|>2—2—|U|>(-2>1.

v

Let a € Cyg(w2)NCy(w3) with ¢p(wouz) = ¢p(wsus) = a, where ug, ug € U. Since |[N(xz)NU| > (-1
and |U| </, at least one of up and ug, say ug, is in N(x)NU. Let ¢(xuz) =b. Then b ¢ Cy(w3).
Swap colors of xug and wsus to obtain a new W-partial almost NSD total k-coloring ¢;. Clearly,
|Cy, (w2) N Cy,[z]| > 1. By above Fact, |Cy, (w1) N Cy, [z]| < 1, which implies that a ¢ Cg(w1),
b€ Cy(wy), and

(WAW| = [{¢(zw) | w e WAW'H < |Cy, (w1) N Co, [2]] < 1.

Since |W| > £+ 2, we have [W'| > ¢ + 1.

If there is a vertex wy € W'\ {w1, w2, ws} such that b ¢ Cy(wys), then color zws with b to
obtain a new W-partial almost NSD total k-coloring ¢o from ¢1. It is not difficult to check that
(w1, W\ {wa}, ¢2) is a triple satisfying the requirements in above Fact, a contradiction.

Thus b € Cy(w) for each w € W'\ {wi,ws, w3}. Note that b € Cy(w1) and ¢(xus) = b.
There are at least [W’/| —2+1 > ¢ edges in E(W' U {x},U) colored with b, meaning that there
are at least ¢ vertices in U adjacent to an edge colored with b. Since b € A C B, there is a vertex
ug € N(z)NU such that ¢(ug) = b, so uy is not incident with an edge colored with b. Therefore
|U| > £+ 1, a contradiction to the fact that |U| < £. The proof of the claim is completed.
Proof of Theorem 4.1.2 In this subsection, let G be a counterexample to Theorem 4.1.2 with
|E(G)| minimum and & = max{A + ¢ —1,3¢ + 2}. By Claim 3 , we have d > k — ¢. Thus
[W|>k—¢—{¢>{+2. By Claim 5, we have d > k — ¢+ 1 > A. This contradiction completes
the proof of Theorem 4.1.2.

Proof of Theorem 4.1.3 In this subsection, let G be a counterexample to Theorem 4.1.3
with |E(G)| minimum and k& = max{A + 1,10}. Note { =3, k — ¢ > A — 2 and d = d(z).

By Claim 3, we have d > k — /(. If d =k —{¢+ 1, then [W| >k —-2-3>5=/(+2,a
contradiction to Claim 5. Thus d #k — ¢+ 1. Since k —¢ > A -2, we have d =k — ¢+ 2 or
d=Fk—1¢.

We first assume d = kK — ¢+ 2. Thend > Aandd>10—-3+2=9. Thusd = A > 9,
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[W|>d—¥¢>6and k = A+1. Let w € W and choose a W-partial almost NSD total k-coloring
¢ of G — {zw} such that |Cy[z] N Cy(w)| is as large as possible.

We first show Cy(w) C Cylz]. Suppose to the contrary Cy(w) € Cylz]. Let a € Cy(w)\Cylx].
Recall that there are at most |U| < £ edges in E(W,U) colored with a same color since N(W) C
{z} UU. Since |U| < 3 and |W/| > 6, there is a vertex w’ € W such that a ¢ Cy(w') and
d(zw’) & Cy(w). We recolor the edge zw’ with a to obtain a new W-partial almost NSD total
k-coloring ¢ of G—{zw} satisfying Cy, (w) = Cy(w) and |Cy, [x]NCy, (w)| = |Cy[x]NCy(w)|+1,
a contradiction to the choice of ¢. Thus Cy(w) C Cy[z], so |Cylz] N Cy(w)| = d(w) — 1.

By Eq. (4.1), we have

[Sw,el > 2 = d(w) +|Cylz] N Cy(w)| = 1.

We color the edge zw with a color in S, 4 to obtain a new coloring ¢2. Since d = A and no
two A-vertices are adjacent, the degree of each vertex in U is at most A — 1. Since k = A + 1,
Cy,lx] = [k]. Thus mg,(z) > mg,(u) for each uw € U. Therefore ¢ is a {w}-partial NSD total
k-coloring of G, a contradiction.

Now we assume d =k —{¢. Then k—¢—d=0and |W|>d—{l=k—{(—{> 4.

Let (w1, W', ¢) be a triple described in Claim 4 with e = 1. Denote p = |W'|. Thenp >3 =/
and ¢ — d(wy) + |Cy(w1) N Cy[z]| > 1. Since k — £ —d =0, by Eq. (1),

[Swnpl = W+1=p+1

and for each w € W'\ {w; },
’S'w,¢>‘ > ‘W/| =D

Therefore by Corollary 4.2.3, | > cyv Swel > p+ 1> £+ 1, a contradiction to Claim 2. This

contradiction completes the proof of Theorem 4.1.3.
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Chapter 5

Star edge coloring

5.1 Introduction

Recall that a star edge coloring of a graph G is a proper edge coloring such that every connected
bicolored subgraph is a path of length at most 3 (the length of a path is the number of edges).
The star chromatic index of G, denoted by x%,(G), is the smallest integer k such that G is star
k-edge-colorable. A natural generalization of star edge coloring is the list star edge coloring
and it was pointed out in [16]: It would be interesting to understand the list version of star
edge-coloring,.

For a given list assignment L which assigns to each edge e a finite set L(e), a graph is said
to be L-star-edge-colorable if G has a star edge coloring ¢ such that c(e) € L(e) for each edge e.
L is called an edge k-list if each L(e) is a set of size k. A graph G is star k-edge-choosable if for
any edge k-list L there is a star edge coloring ¢ such that c(e) € L(e) for every edge e. The list
star chromatic index of a graph G, denoted by ch’,(G), is the minimum k such that G is star
k-edge-choosable.

Liu and Deng [53] showed that x,,(G) < [16(A — 1)%1 when A > 7. Dvordk, Mohar, and

Sémal [16] presented a near-linear upper bound for x/,(G).
Theorem 5.1.1 ( [16]). For any graph G with mazimum degree A, x'y(G) < A - 20()ViogA,
Bezegova et al. [4] and Deng et al. [13] independently proved the following bound for trees.

Theorem 5.1.2 ( [4], [13]). Let T be a tree with mazimum degree A. Then

3A

XalT) < 155,

and the bound is tight.

It seems very difficult to determine the star chromatic index of graphs even for complete

graphs and subcubic graphs. Lei, Shi, and Song [47] showed that it is NP-complete to deter-
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mine whether a subcubic multigraph is star 3-edge-colorable. Dvofdk, Mohar, and Sdmal [16]

presented the following upper and lower bounds for complete graphs:

92v2(1+0(1))vlogn
2n(1+o0(1)) < x4(Ky) <n .

(logn)1

Dvoidk, Mohar, and Samal [16] also studied star edge coloring of subcubic graphs and proved

the following.
Problem 1 ( [16]). Is it true that chl,(G) < 7 for every subcubic graph G? (Perhaps even < 6).
Problem 2 ( [16]). Is it true that chly,(G) = x4 (G) for every graph G ?

In an attempt to solve Problem 1, Kerdjoudj and Kostochka [35] proved the following results

on list version for subcubic graphs.

Theorem 5.1.3 ( [35]). Let G be a subcubic graph. Then each of the following holds.
(i) chly(G) < 8.

(i) If mad(G) < I, then chl(G)
(iii) If mad(G) < 3, then chly(G)

5.

<
<6.

As far as we know, Theorem 5.1.3 is the only published result on the list star edge coloring.
In this chapter, we attempt to study the list star edge coloring of general graphs and present a
couple of upper bounds on the list star chromatic index in terms of degeneracy.

By introducing the notion of a slightly stronger edge coloring (than star edge coloring). We
first give a concise proof for the list star chromatic index of trees, and thus extend the star
chromatic index of trees to the list star chromatic index. Then by modifying the ideas of the
proof for trees and introducing some orientation technique, we present some upper bounds of
list star chromatic index of k-degenerate graphs for general k > 2. Our method is new and
we believe that it will be useful in the study of star edge coloring. Specifically we prove the

following two theorems.

Theorem 5.1.4. For every tree T with maximum degree A,

3A
chy(T) < LTJa
and this bound is tight.

Theorem 5.1.5. Let k > 2 be an integer. For every k-degenerate graph G with maximum degree

A, we have the following two upper bounds:
(a) chly(G) < E-LA — @ The bound is tight for Cs as chly,(Cs) = 4.
(b) chly(G) < 2kA + k? — 4k + 2.
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Remark. Theorem 5.1.4 implies that if x%,(T") = L%J, then x4 (T) = chly(T). In particular,
it is proved in [4] and [13] that if T" is a tree which has a A-vertex whose neighbors are all A-
vertices, then X%, (T) = [32] and thus x,,(T) = chly(T) = |28] by Theorem 5.1.4. This
responds to Problem 2 for some trees.

By comparing those two bounds together with an upper bound of a stronger coloring which

we call list %—stmng edge coloring to be introduced in section 2, we have the following corollary.

Corollary 5.1.6. Let k > 2 be an integer. For every k-degenerate graph G with mazimum
degree A,

WA+ k2 — 4k +2,  ifk<2;
, ) — 37
chiy (G) S{ 5’“2—_1A— k(k2+3), if k> %.

5.2 Star edge coloring and %-strong edge coloring

Our main idea of coloring is to find a partition of each E(v) into two parts such that the colors
used by the edges in one part can be repeated by some edges with distance two from them. This
will help estimate the number of forbidden colors. We first apply this idea on trees and then

generalize it to general graphs.

List star edge coloring and list %-strong edge coloring on trees
In this subsection we will prove Theorem 5.1.4. Let G be a planar graph embedded on the plane.

For each pair of adjacent edges ujv, ugv € E(v), define the distance from ujv to ugv at v to be
dy(u1v,u2v) = 1+ [{uv € E(v) : u1v, uv, ugv are located in the clockwise order}|.
It is obvious that d,(ujv, ugv) + dy(ugv, u1v) = dg(v).
ug U3 Uy

Us

Ui v Ue

Figure 5.1: An example on definition of distance.

Example: In Figure 5.1, d,(u1v, ugv) = 1, dy(ugv, u1v) = 5, dy (uszv, usv) = 2, d, (ugv, usv) = 3.

For an edge coloring ¢ and each vertex z, denote ¢(z) = {c(zu) : zu € E(G)}.
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Definition 2. Let G be a plane graph and 0 < r < 1 be a rational number. An r-strong edge
coloring of G is an edge coloring ¢ : E(G) — [k] such that

(i) c(e1) # c(e2) for any two adjacent edges eq, es;

(i1) for any edge vy € E(G), if dy(vzr,yx) < rdg(x), then c(vx) & c(y); if dy(uy, zy) < rda(y),
then c(uy) ¢ c(x).

I3 4 5

2
3& 6 e Y2
I 9 7
T 1 Y1
3 Yy
4

Figure 5.2: A 1-strong 9-edge-coloring: c(z1z), c(x2x), c(z3z) ¢ c(y) and c(y1y), c(y2y) ¢ c(z).

A 0-strong edge coloring is a proper edge coloring, and a 1-strong edge coloring is a strong
edge coloring. In this chapter, we focus on %-strong edge coloring of graphs. We first show that
a %—strong edge coloring is always a star edge coloring and then show that every tree T' with

maximum degree A has a list %—strong edge coloring as long as |L(e)| > L%J for each edge e.

Lemma 5.2.1. Let G be a plane graph and ¢ be a proper edge coloring of G. If ¢ is a %—stmng

edge coloring, then c is a star edge coloring of G.

Proof. Suppose to the contrary that c¢ is not a star edge coloring. Let P = xyzuv be

a bicolored path (or cycle) where c(zy) = c(zu) and c(yz) = c(uv). By the definition of
3-strong edge coloring, we have c(tz) # c(zy) for any tz € E(z) with d.(tz,yz) < 3dg(z).
Thus d,(uz,yz) > LdGT(Z)j + 1 since c(uz) = c(xy) € c(y). For the same reason, we have

d,(yz,uz) > LdGT(z)J + 1. This implies
dg(2)

J+1+LTJ+12dG(z)+1,

da(2)

da(2) = dy(yz,uz) + dy(uz,yz) > | 5
a contradiction.
Now we are ready to prove our result on trees (Theorem 5.1.4). By Lemma 5.2.1, Theorem

5.1.4 follows directly from the theorem below.

Theorem 5.2.2. Let T be a tree with maximum degree A embedded on the plane and L be a list
assignment with |L(e)| > |32 | for each e € E(G). Then there exists a -strong edge coloring c
such that c(e) € L(e) for every e € E(G).
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Proof. We prove the theorem by induction on |V(T")|. The theorem is obvious if |V(T)| = 2.
We assume |V(T')| > 3. Let x be a vertex in T such that z is adjacent to at least dp(z) — 1
leaves. Denote t = dp(x) — 1 and let z1z, ..., zyx, yz be the edges in Ep(x) in counterclockwise
where x1, 2z, ..., x4 are leaves. Let TV = T — {x1,...,2¢}. By induction hypothesis, 77 has a
3-strong edge coloring ¢’ such that ¢/(e) € L(e) for every e € E(T"). We shall extend ¢’ to be a

%—strong edge coloring ¢ of T

Denote s = LdTT(x)J For every 1 < i < s, we have
3A
L)\ ()| > |25 A > s,
Thus we can first color the edges x1x,...,zsx properly by coloring each z;x with a color from

L(z;x) \ d(y) for every 1 <i < s.

Denote [ = LdTT(y)J Let y1,. ..,y be all the neighbors of y with dy(y,y,zy) <1 (j € [I]) and
denote Ly = {c(z;z) : i € [s]} U{c(y;y) : j € []} U{c(zy)}. By the definition of J-strong edge
coloring, Ly is the set of all forbidden colors for xz; for each s +1 < j <t.

Then for each s + 1 < j < ¢, we have

L\ Lol 2 1221 5] -1- (51=a-1- (]2t

Thus we can color the edges xs112, Ts42, ..., xsx properly by coloring x;x with a color from
L(xzxj) \ Lo for each s +1 < j <t
Finally, we show this coloring is a %—strong edge coloring of T'. It suffices to verify the
edge zy satisfying condition (ii) of Definition 2. Let v € {x1,...,2s} and u € {y1,...,y}. If
dy(vz,zy) < |$dr(2)] = s, we have c(vz) ¢ c(y); and if dy(uy, zy) < |$dr(y)| = I, we have
1

c(uy) ¢ c(x). Therefore, the resulting coloring c is a 5-strong edge coloring of T'. The proof is

completed.

A generalization of %—strong edge coloring

Note that in the definition of %—strong edge coloring of a plane graph G, we only use the
clockwise order of E(v) for each vertex v, but not any planar structures. So the idea of %—strong
edge coloring can be generalized to arbitrary graphs as long as we have a cyclic ordering of edges

in E(v) for each vertex v.

Definition 3. Let G be a graph and let o(v) be a cyclic ordering of the edges in E(v) for each
vertez v. o is called a local ordering of E(G). The distance from edge uv to wv at v with respect

to o, denoted by dy,,(uv,wv), is their distance in o(v).

One may consider o(v) as a directed cycle with vertex set E(v) and the distance from uv to

wv is the length of the directed path from uv to wv in the directed cycle. Thus dy ,(uv, wv) +
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dop(wv,uv) = d(v). Denote

Fyo(uw) = {wv € E(v) : dy(uv, wv) < Ld(zv)J}

Let G be a graph and o be a local ordering of E(G). A proper edge coloring ¢ is a %-
strong edge coloring with respect to o provided that for each edge uv € E(G), c(uv) ¢ c(w) if
wv € Fyy(uv) (or equivalently d,(uv, wv) < L@J)

For convenience, the local ordering o will be mentioned explicitly only when needed. If o is
understood from the context, we simply use d,(uv, wv) and F,(uv) to denote dy,(uv, wv) and
F, »(uv), respectively. Note that |F,(uv)| = L@J

Similar to Lemma 5.2.1, a %—strong edge coloring ¢ of G with respect to o is a star edge

coloring.

Lemma 5.2.3. Let G be a graph. For any local ordering, every %-strong edge coloring of G is

a star edge coloring.

Proof.  Suppose to the contrary that P = zyzuv is a bicolored path (or cycle) of length

four in a 3-strong edge coloring ¢ of G. Since c(yz) € c(u), we have d.(yz, uz) > Ld(;)]. Since

c(zu) € c(y), ds(uz,yz) > Ld(;)J. Thus d,(uz,yz) + d.(yz,uz) > Q(L@J +1) > d(2), a
contradiction to the fact d,(uz,yz) + d.(yz,uz) = dg(z).

We show a general upper bound on the list %—strong edge coloring chromatic index of graphs,
which provides an upper bound for list star edge coloring as well by Lemma 5.2.3.

For two positive integers A and k, denote

SA?+ (k—1)A, if k£ < L%j and A is even;
SAZ42ESA 430 ik < |£] and A s odd;
A? + ESAN 4+ 2k — 1, if k> [5]+ 1 and A is even;
A? 4+ ESSA 4 3RES if > | £] + 1 and A is odd.

Theorem 5.2.4. Let G be a k-degenerate graph with maximum degree A > 3. Then, for any
local ordering and for any list assignment L with |L(e)| > ¢ for each edge e € E(G), there exists
a -strong edge coloring ¢ such that c(e) € L(e) for every e € E(G).

Proof. Let o be a local ordering of E(G). Let G be a counterexample with |E(G — V)|
minimized. By Theorem 5.1.2, G is not a tree and G — V] is connected. Let v be a vertex such
that dg_v; (v) is the minimum in G — Vi. Denote Eg(v) = {z1v,...,2v,y1v,...,ysv}, where
dc(z;) > 2 and dg(y;) =1 for each 1 <4 < ¢ and each 1 < j < s. Construct a new graph G’
from G — v by adding new degree one vertex z; connecting z; for each 1 < i <t where the edge
x;xz plays the same role as vz; in the ordering o(x;). Since v is adjacent to at least one vertex
of degree large than one in G, we have |E(G' — V1(G"))| < |E(G — V1)|. By the minimality of
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G, there exists a 3-strong edge coloring ¢’ such that ¢/(e) € L(e) for every e € E(G’). Uncolor

the edges z}z;’s and we still use ¢’ to denote the new coloring. Then the coloring ¢ restricted to

G —v is a partial %—strong edge coloring of G, and we shall extend ¢’ to a %—strong edge coloring

¢ of G by coloring the edges in F(v) appropriately.

We color the edges zv in {z1v, 290, ..., 20} with |Fy(z;v) N {z1v, 220, ..., 200} = 5]
first, and then color the remaining edges in {xjv,z9v,..., v}, and finally we color the edges
y1v,...,Ysv.

In the following, we estimate the maximum number of forbidden colors in order to color the
edges in E(v). Let uv € E(v) where u € {z1,...,2¢}. Suppose we pick a color « to color uv.
We first consider the forbidden colors on u’s side. By the definition of %—strong edge coloring,
we have
(i) for each edge uw € F,(vu), a ¢ ¢/(w). Since |/ (w)| = dg(w) < A and there are |Fy,(vu)|
such edges, the total number of forbidden colors from those edges is at most |F,(vu)|A =
d(w) | A.
=14
(ii) for each edge zu ¢ F,(vu) and for any 2’z € E(G) with uz € F,(2'z), ¢/(2'2) does not
appear in ¢ (u). Since ¢/(2'z) & ¢ (u), we have o # ¢/(2'z) and thus including ¢/(zu), there are at
most L%j + 1 forbidden colors in ¢/(z). Since uv is not colored yet, there are (d(u) —1 — L@J)
such edges zu. Therefore the total number of forbidden colors from those edges is at most

(d(w) — 1= [%2])([5] + D).
So the number of forbidden colors on u’s side is at most

d(u d(u) A A A A
R R e (e R R LV S S E ) (I R}
Now we consider the forbidden colors on v’s side. Note that yiv,...,ysv are not colored

yet. It is clear that the number of forbidden colors on v’s side is at most (t — 1)A < (k — 1)A.
However we can have better estimation when t > | £ ] + 1.

Denote A = F,(uv) N {x1v, x9v,...,zv} and a = |A|. Let h be the number of colored edges
in F,(uv), and let u'v be the colored edge in A with d,(uv,u'v) maximized.

Similar to (i) and (ii) we have the following;:

(iii) For each edge wv € A, a ¢ ¢/(w) and thus there are dg(w) < A or dg(w) — 1 <
A — 1(depending on whether wwv is already colored or not) forbidden colors at w.

(iv) For each edge wv € {z1v, xav, ..., xv} — Fy,(uv), similar to (ii) there are at most L%j +1
forbidden colors. Note there are at most (¢ — 1 — a) such edges.

Ifa=|Al < L%J — 1, by (iii) and (iv) the total number of forbidden colors caused by the v’s
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side is at most

aA—i—(t—l—a)(L%J—i—l)

A A

< (15)-na+e-15n5)+
< 1SIa- 15D -Aatk(S]+)
< \Sa- 15l rk(5Ir a1 (y (3 +1<k)
< SIa- 15 -0 rk(G)+2) -1 (by 213 < ).
Now assume |A| = |4 ]. Then F,(uv) C {z10,290,..., 20} and [€%) | = | 2], Since u'v

is already colored, by the coloring algorithm, |F,(u'v) N {z1v, 220, ..., 2w} = |A| = |2 ]. Thus
Fy(u'v) C {x1v, 290, ..., 20} and |F,(u'v)| = L%J Note that h < d,(uv,u'v). Since the colored
edges in F,,(uv) do not belong to F,(u'v) if h # 0, we have h+ | 5| < dy (uv, u'v) + |F, (u'v)| < t.
Thus

hgt—L%J. (5.1)
By (iii) and (iv), the total number of forbidden colors on v’s side is at most
PA+(LS) M-+ (-1 [SDUG)+ )

= A -Drhrta-1- 55+

< 151G -0t 501 15DAGI+ 1) (by Inequality (5.1)

= G-+ ulS ) - 157

< SIa -2 k(G -+ (517 (by ¢ < k)

S N = R R (EI R
Therefore, if k > |4 + 1, then the total number of forbidden colors for uv is at most
SIA+@-1-SDAS I+ D+ 1A - 15 -0+ KIS +2) 1< -1

If k< L%J, the total number of forbidden colors for uv is at most

Slar@a-1- 1505 k-pa<e-1

I

Finally, when we color y;v (j € [s]), the total number of forbidden colors is at most

Slar@a-1- 1515
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Therefore, we can complete the coloring process to obtain a %—Strong edge coloring ¢ of G, a
contradiction. This completes the proof of the theorem.

Note that Theorem 5.2.4 also provides a general upper bound %AQ —1 (and %A2 —A—l—% when
A is odd) for %—strong edge coloring of graphs with maximum degree A. In addition, Corollary

5.1.6 follows from Theorem 5.1.5 and Theorem 5.2.4 with a straightforward calculation.

5.3 List star edge coloring of k-degenerate graphs-two more up-

per bounds

In this section, we modify the idea of the proof of trees by introducing a special orientation of

a graph G to handle star edge coloring and present two more upper bounds.

Definition 4. Let G be a graph on n vertices with maximum degree A, and p,q < A be two
positive integers. A well-ordered (p,q)-star orientation (V, D) of G is a vertex enumeration
V = (v1,v2,...,0y,) together with the orientation D such that, for each i € [n],

(a) dpy(vi) = |Ef(vi)| < p;

(b) for any uv; € Ep(vi), |Eg,(u)| < q, where G; is the subgraph of G induced by U;_; Ep,(v;).

We also need to modify the definition of local ordering of G (see Definition 3) for digraphs.

Definition 5. Let G be a graph and D be an orientation of G. Let o(v) be a cyclic ordering of
the edges in Ep,(v) for each vertex v. o is called a local ordering of D. The distance from edge

uv to wv at v with respect to o, denoted by dy,(uv, wv), is their distance in o(v).

Theorem 5.3.1. Let G be a graph with mazximum degree A and let p,q < A be two positive

integers. Assume that G has a well-ordered (p, q)-star orientation (V, D). Then
3Q+gp*1A _ P(q;‘l)7 ifFA<p+2;

chl,(G) <
St( ) - { 3Q+§p—1A _ P(q2+3)7 if A>p+ 3.

Proof. Let o be a local ordering of D. We will define a coloring of G recursively by coloring

G1, G2 until Gy, such that the coloring of G is indeed a star edge coloring of G; for each ¢ € [n].

For a given edge uv € E,(v), denote

.
Fy(uwv) = {wv € EL(v) : dy(uv, wv) < | D;v)j} and g,(uv) = wv where d,(uv,wv) = 1.
First, we color G; with a proper edge coloring. Note that E(G;) induces a star (possible

empty).

Now we assume that G;_1 is already colored with an edge coloring c¢. We are to extend
the coloring c to the edges in E (v;) to obtain a star edge coloring of G;. Denote o(v;) =
{urv;, ugv, . .. 7ud5(vi)vi}' Suppose that all the edges uqv;,...uj_1v; are colored and we are to

color the edge u;v; according to the following rules (see Figure 5.3).
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(i) c(ujv;) # c(ugv;) for any t € [dp(vi)] with t < j — 1;
(i) c(ujvi) & c(y) for any yu; € Eg,(u;) with y # vi;
(iii) c(ujv;) & c(z) for any 2v; € Fy, (ujv;);
(iv-a) c(ujv;) & c(x) for any vix € Ef(v;) with c(vix) € c(u;) or dg,(z) < A — 1;
(iv-b) for any vix € Ef(v;) with c(vix) ¢ c(u;) and dg, (z) = A,

(i) ¢ c(x) \ c(ge(vix)), if A>p+3;
I c(x) if A<p+2.

~(vs) (“16\° oo W G Yz D ecosUiw) )

Eg(vz) o // \\ o o T~ )

Figure 5.3: Local structure of E(v;).

Now we estimate the number of forbidden colors for u;v;.

(a) By (i) ujv; and ugv; should be colored with different colors for any k& # j, and this
requires at most d,(v;) — 1 forbidden colors.

(b) The number of forbidden colors from (ii) is at most (¢ — 1)A, since |Eg, ,(uj)| =
|Ec,(uj)] —1<q—1.

(c) For each z with zv; € Fy,(ujv;), |e(2)] < |Eg,(2)] < g and the color ¢(zv;) is already
counted as a forbidden color in (a). Thus the number of forbidden colors from (iii) not counted
in (a) is at most (¢ — I)LCFDT(W)J.

Let a = [{viz € E}(v;) : c(viz) € c(u;) or dg,(x) < A —1}|. Then 0 < a < dj,(v;).

(d) If e¢(viz) € e(uj), then ¢(v;x) is counted in (b). Thus the number of forbidden colors from
(iv-a) not counted in (b) is at most a(A — 1), and the number of forbidden colors from (iv-b)
is at most (d},(v;) — a)A (when A < p+2) or (d},(v;) — a)(A — 1) (when A > p+ 3). Hence
the number of forbidden colors from (iv-a) and (iv-b) is at most df(v;)A (when A < p +2) or
df(vi)(A —1) (when A > p+3).
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Therefore, when A > p 4 3, the total number of forbidden colors for u;v; is at most

(a=1)A + (¢ — 1| 220

J+df(i)(A=1)+dp(v) — 1

2
= =02+ @D a0 - 2) + @) + dpw) -1

< (¢g—1)A+(¢— 1)(A—c§)(w)) +df(vi) (A —2) + A —1 (since df(v;) + dp(v;) < A)
_ 3q2—1A+ 2A—23—qd75(vi)71

< 3q2— 1A + 24 _23 — qp —1 (since d},(v;) < p)

_ 3q+§p—1A_p(q2+3) ey

If A < p+ 2, then similar calculation yields that the number of forbidden colors is at most
3q+2p—1A o plg+1l) 1
2 2 :

Therefore, 2T2P=LA — p(q;l) colors (when A < p+2) or 2H22=1A p(q2+3) colors (when
A > p+ 3) are enough to complete the coloring process.

Finally we show that this coloring is indeed a star edge coloring. It suffices to show, in the
graph Gj, for each j € [d};(v;)], after coloring u;v;, it does not produce a bicolored path or cycle
of length four. Suppose to the contrary that there is a bicolored path or cycle P of length four
containing the edge u;v;. Obviously by (ii), P is not a cycle and v; is not an endpoint of P. Let
ujv;x be a subpath in P. Then either c(u;v;) € ¢(z) or c(vix) € c(u;).

If xv; € EL(v;), then @ = uy, for some k € [d(v;)]. By (ii), c¢(ujv;) ¢ c(y) for any yu; €
Eg,(uj) with y # v;, and so uy, is not an endpoint of P. Similarly, u; is not an endpoint of P.
This implies c¢(u;v;) € c(uy) and c(ugv;) € c(uj). By (iii), ugv; € Fy, (ujv;) and ujv; € Fy, (ugv;).

Thus d, (ujv;, upv;) > LdDT(Ui)J + 1 and d,, (upv;, ujv;) > Ld’sévi)J + 1. Therefore we can obtain
the following contradiction:
_ dp(v;) _
dD(Ui) = dvi (ujvi,ukvi) -+ dvi (ukvi,ujvi) Z QLTJ + 2 Z dD(Ui) + 1.

Now we assume v;z € Ef(v;). By (ii) again, z is not an endpoint of P which implies
c(ujv;) € e(x). By (iv-a) and (iv-b), c¢(vix) & c(u;) and dg,(z) = A > p+ 3. Thus u; is an
endpoint of P. Let P = wjv;zxix2. By (iv-b), 212 € Ep(z) and zx; = g,(v;x) (meaning
dy(viz,z12) = 1).

Since P is bicolored, we have c(xx1) = c(ujv;), and so c(ujv;) = c(zx1) = c(gz(vix)) and
dg, ,(x) = dg,(x) = A > p+ 3 by (iv-a) and (iv-b). Hence d,(z) > A —p > 3. Note
c(vix) € c(x).

If 125 is colored before vz, then x1x ¢ F,(v;x) by (ili). But we have d(z) > 3 and

1 =dy(viz,z12) < Ld’_DQ(x)J, which implies z1z € Fy(v;x) by definition, a contradiction.
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Now assume that xjz9 is colored after v;z. By (ii), xix2 is oriented from xy to zp since
c(x1x2) € ¢(x). By (iv-a) and (iv-b), we have c(x122) = ¢(gz(z12)) which implies dg(z12, viz) =

1. Thus we obtain the following contradiction:
3 < dp(z) = dp(viz, x12) + dp (212, vi2) = 2.

Therefore ¢ is a star edge coloring and thus completes the proof of the theorem.
By modifying the coloring algorithm in the proof of Theorem 5.3.1, we also obtain another

upper bound for chl,(G) for any graph G with a well-ordered (p, q)-star orientation.

Theorem 5.3.2. Let G be a graph with a well-ordered (p, q)-star orientation (V, D). Let A >3
be the mazimum degree of G and let ¢ > 2. Then

chly(G) < (p+q)A+¢* —3g—p+2.

Proof. We adopt the same notations as in Theorem 5.3.1, but apply a modified coloring rules
as below.

We assume that G;_1 is already colored with an edge coloring ¢ and we extend the coloring
c to the edges in E,(v;) to obtain a star edge coloring of G;. Assume that all the edges ujv;,

... uj_1v; are colored. We are to color the edge u;v; according to the following rules.
(i) c(ujv;) # c(upv;) for eacht < j—1;
(ii) c(ujvi) € c(y) for any yu; € Eg,(uj) with y # v;;
(ili) c(ujvi) ¢ c(z) for any zv; € EL(v;) with c(zv;) € c(uj);
(iv) c(ujv;) ¢ c(z) for any vix € Ef(v;).

Denote b = |c¢(E,(vi)) Ne(uj)|. Then b < g — 1. Similar to Theorem 5.3.1, the total number

of forbidden colors for u;v; is at most

)A + (g — )b+ djy (vi) A + (dp(vi) —b—1)

)A 4 (g = 2)b+dp(vi) (A = 1) + (dfy (vi) + dp(vi)) — 1
JA+(q—2)(g—1)+p(A-1)+A -1

+ @A+ —3¢—p+1.

—1
-1
-1

IN

Since there are (p + q)A + ¢? — 3¢ — p + 2 colors, one can always find a color for U;jV;.

Now we show that after coloring u;v;, the new coloring is a star edge coloring. Suppose to
the contrary that P is a bicolored path or cycle of length four containing the edge u;v;. By
(ii), P is not a cycle and v; is not an endpoint of P. Let u;jv;z be a subpath of P. By (ii)
again, x is not an endpoint of P. Thus c(u;v;) € c(x), and so xv; € E(v;) by (iv). Thus by
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(iii), c(zv;) & c(uj), which implies that u; is an endpoint of P. Denote P = ujv;xxixs where
ujvi, vv; € Ep(v;) and ¢(zv;) = c¢(r122) € c(r1). Thus zxy and x1x2 both are colored before
xv;. By (ii), e(xv;) € ¢(x1), a contradiction. This proves Theorem 5.3.2.

We shall show that every k-degenerate graph admits a well-ordered (k, k)-star orientation,
and then apply Theorems 5.3.1 and 5.3.2 to obtain upper bounds of list star edge chromatic
index of k-degenerate graphs, which will prove Theorem 5.1.5 (a) and (b).

Lemma 5.3.3. Every k-degenerate graph admits a well-ordered (k, k)-star orientation.

Proof. Let G be a k-degenerate graph. We shall find G,,,G,—1,...,G1 and v,,...,v; recur-
sively. Define G,, = G. We assume G; is determined and we are to find v; and G;_1 according
to the following.

(A1) If Vs 41(Gi) # 0, choose v; to be a vertex in V>i41(G;) whose degree is at most k in the
subgraph G;[V>k41(Gi)] of Gy induced by Vsi41(Gh).

(A2) If Vo141(G;) = 0 and E(G;) # 0, choose v; to be a vertex with maximum degree in G;.
(A3) If Voi41(Gi) = 0 and E(G;) = 0, let v; be any vertex in V(G) \ {vn, ..., vit1}.

(B) For each edge uv; € E(G;) with |Eg,(u)| < k, orient the edge uv; from u to v;.

(C) Set Gi—1 = G; —{uv; € E(G)) : |Eg,(u)| < k}.

Note that, in (Al) such a vertex exists since G is k-degenerate graph and G;[V>k41(Gi)] is a
subgraph of G. We claim that this defines a proper vertex enumeration V = (v, va,...,v,). To
this end, we show that v; # v; for any i # j. Suppose to the contrary that a vertex v is labelled
with v; and v; for some 7 > j.

We first claim that the degree of v; in Gj is not zero. Otherwise, E(G;) = 0 by (A2) and
(A3), and by (A3) again, v; is not selected, a contradiction. Thus v; € V>p11(G;) otherwise the
degree of v; is zero in Gy for any t =i —1,...,5 by (C). By (C), for every w such that v;w €
Eq,(vi) \ Ep(v), |Eg,_,(w)| > k + 1. Furthermore, by (Al) and (C), we have Eg, ,(v;) < k.
Thus according to (A1), w is always chosen before vertex v; for every w such that v;w € Ep(w).
This implies that v; has degree zero in G, a contradiction. This proves v; # v; for any i # j.

Clearly, this defines an orientation D satisfying (a) and (b) in Definition 4. Therefore, (V, D)

is a well-ordered (k, k)-star orientation with V = (vi,ve,...,v,).

Proof of Theorem 5.1.5 (a) and (b): Theorem 5.1.5 (a) with A > k+ 3 and Theorem 5.1.5
(b) are implied by Theorems 5.3.1 and 5.3.2 with p = ¢ = k, together with Lemma 5.3.3. It
remains to show Theorem 5.1.5 (a) when A € {k,k + 1,k 4+ 2}. We may also assume A > 4 as
the case of A = 2 is trivial and the case of A = 3 follows by Theorem 5.1.3.

We compare the bounds in Theorem 5.2.4 with the desired bound 5k SE=L A —
The bounds in Theorem 5.2.4 are better when A € {k,k+ 1}. For the case of A =k + 2, when

(k+3) in all cases.
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A is odd we have k > 3 and

(5k—1A_k:(k:+3)
2 2

k— k 1
) — (A% + 25A+3 ;3):§k2—k—

| o
v
o

when A is even and k > 4, we have

(5k—1A_k(k+3)
2 2

k—4 1
)—(A2+TA+2k—1):§k2—2k20.

Now it remains to verify the final case that A = 4 and k£ = 2. That is, we will show the
following statement.

FEvery 2-degenerate graph G with mazimum degree 4 is star 13-edge-choosable.

Let G together with an edge 13-list L be a counterexample to the above statement with
|E(G)| minimized.

Let zy € E(G). By the minimality of G, G—xzy has a list star edge coloring ¢ with c(e) € L(e)
for each e € E(G) \ {zy}. Denote A(zy) = Uyen(z)unm)\ fzy} C(W)-
(I) For any zy € E(G), |A(zy)| > 13 and thus §(G) = 2.

Otherwise, L(zy) \ A(xy) # (. Thus one can always pick a color in L(zy) \ A(zy) to color
xy to extend ¢ to be a list star edge coloring of (G, a contradiction.

Let z be a vertex with minimum degree in G[V>3]. Then z has a neighbor x; of degree 2 in
G since G is 2-degenerate and §(G) = 2.
(IT) dg(z) =4 and x has exactly two neighbors of degree 2.

If dg(z) = 3, then |A(zx1)| <4+ 444 =12 < 13, a contradiction to (I).

If 2z has at least three neighbors of degree 2, then |A(zz1)| < 4+4+24+2=12< 13, a

contradiction to (I) again.

By (IT), let 1 and x2 be the two neighbors of z with degree 2 and z1, 22 be the other two
neighbors of z. Let x;; # z be the other neighbor of z; for each i = 1,2 (see Figure 5.4).

Figure 5.4: A Possible Configuration.

By the minimality of G, let ¢’ be a star edge coloring of G — z1 — x2. We are to extend ¢/
to a star edge coloring ¢ of G below. Since |U,en(z,\ fa} € (@) < 12 and |L(zzi;)| = 13 for
each i = 1,2, we first color x;x;; with a color in L(xz;z;;) \ UxeN(x“_)\{xi} d(z). Denote ¢ to be

the new coloring of G — zx1 — zxy after coloring x1x11 and xox9s.
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(IIT) c(wizi;) & c(z) for each i =1,2.

Without loss of generality, assume that c¢(z1211) € ¢(z). Then |e(21)Uc(22)Uc(x11)] < 11, and
we first color zz; with a color a such that a € L(zz1) \ [e(z1) Uc(z2) Uc(z11)] and a # c(xax22).
Clearly, this coloring of G — zzy is a star edge coloring of G — zzo. If ¢(xawe2) € c(2), then
|A(zz2)| < 12 since c(z1711) € ¢(z), a contradiction to (I). Thus, c(xoza2) & c(2).

Since c(z1x11) € ¢(2), |c(z1) Uc(z2) Uc(zr) U {c(zazaz)}| < 10, and so we color zze with a
color 8 € L(zx2) \ [c(21) Uc(z2) Uc(xr) U {c(zamaa)}]-

We verify that this results a star edge coloring. Suppose that P is a bicolored path (or
cycle) of length four containing zzs. By the coloring of ¢(zz2), we have |P N E(t)] <1 for each
t € {z1,22,21}, and so |PNE(x22)| = 2 and z is an endpoint of P since c(xa2x22) ¢ c(z)U{c(zx1)}.
However c(x2x22) & c(w) for each w € N(z22) and w # x2. This implies that the length of P is
at most three and thus proves (III).

The final step: By (III), we may assume c(z;z;;) ¢ c(z) for each i = 1,2. Since |c¢(z1) U
c(z2) U{c(x1211), c(x2x22}| < 10, one can color the edges zz1, zxy properly such that c(zz;) €
L(zx;) \ [¢(z1) Uce(z2) U {c(x1211), c(x2222)}] for each i = 1,2.

It remains to check this is a star edge coloring. Suppose that P is a bicolored path or cycle
of length four containing zz; or zxy. Without loss of generality, assume that P contains zx.
For each ¢ = 1,2, z; is not an endpoint of P since c¢(x1211) € ¢(z) and z; is not contained in P
either since c(zx1) ¢ ¢(z;) for each i = 1, 2.

Since c(z1211) € Uzen(z11)\{ar} €(%), 7 is not an endpoint of P. Thus P contains xq2zs.
Since |E(P)| = 4, either c¢(zx1) = c(xawaa) or ¢(zx2) = c(zix11). However by the choice of
c(zx;), c(zx;) & {c(x1211), c(x2x292)}] for each i = 1,2. This contradiction proves that c is a star

edge coloring of G and thus completes the proof.

52



Bibliography

1]

2]

[12]

N. Alon, Combinatorial nullstellensatz, Combin. Probab. Comput., 8 (1999) 7-29.

D. K. Arrowsmith, F. Jaeger, On the enumeration of chains in regular chain groups, J.
Combin. Theory, Ser. B, 32 (1982) 75-89.

L. Beineke, Derived graphs and digraphs, Beitrage zur Graphentheorie, Teubner, Leipzig,
1968.

L. Bezegova, B. Luzar, M. Mockovciakova, R. Sotak and R. Skrekovski, Star edge coloring
of some classes of graphs, J. Graph Theory, 81 (2016) 73-82.

H. L. Bodlaender, A partial k-arboretum of graphs with bounded treewidth, Theoretical
Computer Science, 209 (1998) 1-45.

J. A. Bondy and U. S. R. Murty, “Graph Theory with Applications”, American Elsevier
(1976).

J.A. Bondy and U.S.R. Murty, Graph Theory, in: GTM, vol. 244, Springer, 2008.

H. Bruhn, R. Lang and M. Stein, List edge-coloring and total coloring in graphs of low
treewidth, J. Graph Theory, 81 (3) (2016) 272-282.

T. H. Brylawski, A decomposition for combinatorial geometries, Tran. Amer. Math. Soc.,
171 (1972) 235-282.

G. Chartrand and C. E. Wall, On the hamiltonian index of a graph, Studia Sci, Math.
Hungar., 8 (1973) 43-48.

Z. H. Chen, H.-J. Lai and H. Y. Lai, Nowhere zero flows in line graphs, Discrete Math.,
230 (2001) 133-141.

L. H. Clark and N. C. Wormald, Hamiltonian like indices of graphs, Ars Combinatoria, 15
(1983) 131-148.

53



[13]

[14]

[15]

[16]

[17]

[24]

[25]

[26]

K. Deng, X. S. Liu, and S. L. Tian. Star edge coloring of trees, (in Chinese) J. Shandong
Univ. Nat. Sci., 46 (8) (2011) 84-88.

A.J. Dong and G.H. Wang, Neighbor sum distinguishing total coloring of graphs with
bounded maximum average degree, Acta Math. Sin., 30 (4) (2014) 703-709.

L.H. Ding, G.H. Wang and G.Y. Yang, Neighbor sum distinguishing total coloring via the
combinatorial Nullstellensatz, Sin. China Ser. Math, 57 (9) (2014) 1875-1882.

Z. Dvoidk , B. Mohar, and R. Sdmal, Star chromatic index, J. Graph Theory, 72 (2013)
313-326.

E. Eschen, H.-J. Lai, Y. Shao, and L. Zhang, The s-Hamiltonian Index, Discrete Math.,
308 (2008) 4779-4785.

G. Fan, H.-J. Lai, R. Xu, C.-Q. Zhang and C. Zhou, Nowhere-zero 3-flows in triangularly
connected graphs, J. Combin. Theory Ser. B, 98 (2008) 1325-1336.

G. Fertin, A. Raspaud and B. Reed. On star coloring of graphs, Lecture Notes 483 in
Comput. Sci. 2204, Springer, Berlin, (2001) 140-153.

R. Gould, On line graphs and the Hamiltonian index, Discrete Math., 34 (1981) 111-117.
B. Griinbaum, Acyclic colorings of planar graphs, Israel J. Math., 14 (1973) 390-408.

M. Han, H.-J. Lai, Y. Shao, The index problem of group connectivity, Journal of Combi-
natorics, 2 (2017) 305-321.

M. Han, Y. Lu, R. Luo, Neighbor sum distinguishing total coloring of graphs with bounded
treewidth, J. Comb. Optim., accepted.

M. Han, H.-J. Lai, J. Li, Modulo Orientations with Bounded Independence Number, Dis-
crete Appl. Math., https://doi.org/10.1016/j.dam.2018.01.016.

M. Han, J. Li, R. Luo, Z. Miao, Star edge coloring of k-degenerate graphs, submitted.

M. Han, J. Li, Y. Wu and C.-Q. Zhang, Counterexamples to Jaeger’s Circular Flow Con-
jecture, J. Combin. Theory Ser. B, https://doi.org/10.1016/j.jctb.2018.01.002.

F. Harary, Graph Theory, Edison-Wesley Publishing Company, Reading, (1969).

S.L. Hakimi, On the degrees of the vertices of a directed graph, J. Franklin Inst., 279 (1965)
290-308.

54



[29]

[30]

31]

32]

33]

F. Jaeger, On circular flows in graphs, in: Finite and Infinite Sets (Eger, 1981), in: Colloq.
Math. Soc. Janos Bolyai, vol. 37, North-Holland, Amsterdam, 1984, pp. 391-402.

F. Jaeger, Nowhere-zero flow problems, in: Selected Topics in Graph Theory, vol. 3, L.
Beineke and R. Wilson, eds., Academic Press, London, New York, 1988, pp. 91-95.

F. Jaeger, N. Linial, C. Payan and M. Tarsi, Group connectivity of graphs—a nonhomo-
geneous analogue of nowhere-zero flow properties, J. Combin. Theory Ser. B, 56 (1992),
165-182.

M. Kalkowski, A note on 1,2-Conjecture, in Ph.D Thesis, 2009.

M. Kalkowski, M. Karonski and F. Pfender, Vertex coloring edge-weightings: towards the
1-2-3-conjecture, J. Combin. Theory Ser. B, 100 (2010) 347-349.

M. Karonski, T. Luczak, and A. Thomason, Edge weights and vertex colours, J. Combin.
Theory Ser. B, 91 (1) (2004) 151-157.

S. Kerdjoudj, A. Kostochka and A. Raspaud, List star edge coloring of subcubic graphs,
Discuss. Math. Graph Theory, https://doi.org/10.7151 /dmgt.2037.

M. Kochol, An equivalent version of the 3-flow conjecture, J. Combin. Theory Ser. B, 83
(2001) 258-261.

R. Lang, On the list chromatic index of graphs of tree-width 3 and maximum degree 7,
arXiv:1504.02122.

H.-J. Lai, Group connectivity in 3-edge-connected chordal graph, Graphs Combin., 16
(2000) 165-176.

H.-J. Lai, Nowhere-zero 3-flows in locally connected graphs, J. Graph Theory, 42 (2003)
211-219.

H.-J. Lai, Mod (2p + 1)-orientations and K1 2,+1-decompositions, SIAM J. Discrete Math.,
21 (2007) 844-850.

H.-J. Lai, On the hamiltonian index, Discrete Math., 69 (1988) 43-53.

H.-J. Lai, X. Li , Y. H. Shao and M. Zhan, Group Connectivity and Group Colorings of
Graphs—A survey, Acta Mathematica Sinica, English Series, 27 (2011) 405-434.

H.-J. Lai, Y. Liang, J. Liu, Z. Miao, J. Meng, Y. Shao and Z. Zhang, On strongly Zos1-
connected graphs, Discrete Appl. Math., 174 (2014) 73-80.

95



[44]

[57]

H.-J. Lai, R. Luo and C.-Q. Zhang, Integer flow and orientation, in “Topics in Chromatic
Graph Theory”, Eds. L. Beineke and R. Wilson, Encyclopedia of Mathematics and Its
Applications, Vol. 156 (2015) 181-198.

H.-J. Lai and Y. Shao, Problems related to hamiltonian line graphs, AMS/IP Studies in
Advanced Mathematics, 39 (2007) 149-159.

H.-J. Lai, L. Xiong and H. Yan, Hamilton-Connected Indices of Graphs, Discrete Math.,
309 (2009) 4819-4827.

H. Lei, Y. Shi and Z. Song, Star chromatic index of subcubic multigraph, submitted. arX-
iv:1701.04105

H.L. Li, L.H. Ding, B.Q. Liu and G.H. Wang, Neighbor sum distinguishing total colorings
of planar graphs, J. Comb. Optim., 30 (3) (2015) 675-688.

H.L. Li, B.Q. Liu and G.H. Wang, Neighbor sum distinguishing total coloring of K4-minor-
free graphs, Front. Math. China, 8 (6) (2013) 1351-1366.

J. Li, R. Luo and Yi Wang, Nowhere-zero 3-Flow with Small Independence Number, Dis-
crete Math., 341 (2018) 42-50.

Y. Liang, Cycles, Disjoint Spanning Trees, and Orientation of Graphs, Ph.D. dissertation,
West Virginia University, Morgantown, WV, 2012.

Y. Liang, H.-J. Lai, R. Luo and R. Xu, Extendability of contractible configurations for
nowhere-zero flows and modulo orientations, Graphs Combin., 32 (2016) 1065-1075.

X.S. Liu and K. Deng. An upper bound on the star chromatic index of graphs with A > 7,
J. Lanzhou Univ. (Nat. Sci.), 2 (2008) 98-99.

L.M. Lovasz, C. Thomassen, Y. Wu and C.-Q. Zhang, Nowhere-zero 3-flows and modulo
k-orientations, J. Combin. Theory Ser. B, 103 (2013) 587-598.

Y. Lu, M. Han, R. Luo, Neighbor sum distinguishing total coloring and list neighbor sum
distinguishing total coloring, Discrete Appl. Math., 237 (2018) 109-115.

R. Luo, Z. Miao and R. Xu, Nowhere-zero 3-flows of graphs with independence number
two, Graphs Comb., 29 (2013) 1899-1907.

K. Meeks and A. Scott, The parameterised complexity of list problems on graphs of bounded
treewidth, Inf. Comput., 251 (2016) 91-103.

56



[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

M. Pilsniak and M. Wozniak, On the total-neighbor distinguishing index by sums, Graphs
Combin., 31 (2015) 771-782.

J. Przybylo and M. Wozniak, On a 1,2 conjecture, Discrete Math. Theor. Comput. Sci., 12
(1) (2010) 101-108.

N. Robertson, unpublished notes, private communication.

M. L. Sarazin, A simple upper bound for the hamiltonian index of a graph, Discrete Math.,
134 (1994) 85-91.

P. D. Seymour, Nowhere-zero 6-flows, J. Combin. Theory Ser. B., 30 (1981) 130-135.

Y. Shao, Claw-Free Graphs and Line Graphs, Ph. D. Dissertation, West Virginia University,
2005.

Y. Shao, Connectivity of interated line graphs, Discrete Appl. Math., 158 (2010) 2081-2087.

C. Thomassen, The weak 3-flow conjecture and the weak circular flow conjecture, J. Combin.
Theory Ser. B., 102 (2012) 521-529.

W. T. Tutte, On the imbedding of linear graphs in surfaces, Proc. London Math. Soc., Ser.
2, 51 (1949) 474-483.

W. T. Tutte, A contribution on the theory of chromatic polynomial, Canad. J. Math., 6
(1954) 80-91.

W. T. Tutte, On the algebraic theory of graph colorings, J. Combinatorial Theory, 1 (1966)
15-50.

Y. Wu, Integer Flows and Modulo Orientations, PhD Dissertation, West Virginia University,
2012.

J.J. Yao, X.W. Yu, G.H. Wang, C.Q. Xu, Neighbor sum (set) distinguishing total choos-
ability of d-degenerate graphs, Graphs Combin., 32 (4) (2016) 1611-1620.

D. H. Younger, Integer flows, J. Graph Theory, 7 (1983) 349-357.

C.-Q. Zhang, Integer Flows and Cycle Covers of Graphs, Marcel Dekker Inc. New York,
(1997) ISBN: 0-8247-9790-6.

C.-Q. Zhang, Circular flows of nearly eulerian graphs and vertex-splitting, J. Graph Theory,
40 (2002) 147-161.

o7



[74] L. Zhang, E. Elaine, H.-J. Lai, Y. Shao, Note The s-Hamiltonian index, Discrete Math.,
308 (2008) 4779-4785.

[75] L. Zhang, S. Shao, G. Chen, X. Xu, J. Zhou, s-Vertex Pancyclic Index, Graphs Combin.,
28 (2012) 393-406.

o8



	Graph Coloring Problems and Group Connectivity
	Recommended Citation

	tmp.1568233084.pdf.Ov4Dl

