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ABSTRACT

Stationary Automata

Anaam Bidhan

In this dissertation, we investigate new automata, we call it stationary automata or ST-
automata. This concept is based on the definition of TF-automaton by Wojciechowski [7].
What is new in our approach is that we incorporate stationary subsets of limit ordinals of
uncountable cofinality.

The first objective of the thesis is to motivate the new construction of automata. This
concept of ST-automata allows us to make a connection with infinite graph theory. Aharoni,
Nash-Williams, and Shelah [2] formulated a condition that is necessary and sufficient for a
bipartite graph to have a matching. For a bipartite graph G = (M, W, E), we define a language
%(G) over the alphabet {M, W} . We construct an ST-automaton .</ such that for each bipartite
graph G, the automaton ./ accepts an element of £ (G) if and only if G has no matching. The
theorem of Aharoni, Nash-Williams, and Shelah [2] is used to prove that .¢f has the above
property.

The second objective is to compare the new ST-automata to TF-automata defined by Woj-
ciechowski [7]. First, adding an extra condition, we define special ST-automata and prove that
they are equivalent to TF-automata. Then we show that in general ST-automata are stronger.
We give an example of a language accepted by an ST-automaton that is not accepted by any
special ST-automaton.

In chapter four, we define operations on ST-automata over a fixed alphabet I as union,
intersection, concatenation, raising to the powers, w, *, and #. We show that applying those
operations to languages defined by ST-automata the obtained languages are also definable

using ST-automata.
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Chapter 1

Introduction

1.1 Notation

Before defining the notion of the ST-automata, we introduce the terminology and present the
basic facts concerning ordinal numbers and their arithmetic that is used in this dissertation.

The ordinal number f is the set of all ordinals less than 3. Then the relation of order < is
the inclusion relation C, and the operation of taking the upper bound on a set of ordinals is
the operation of union.

The class of all ordinals will be denoted by ord, the class of all successor ordinals will be
denoted by succ, and the class of all limit ordinals will be denoted by lim.

The smallest limit ordinal that is the set of natural numbers will be denoted by w or X, and
the first uncountable ordinal will be denoted by w, or ¥;.

The arithmetical operations on ordinals are defined inductively as follows:

a+0=aqa,
a+1l=auU{a},
a+(B+1)=(a+p)+1,
a+{=supfa+p:p <},
where a, f € ord, and { € lim.

Let (B,)q<, for y € ord be a transfinite sequence of ordinals. The sum of that sequence

> By, is defined by induction on y as follows:

a<y
D Bu=0,

if y =0, then
a<0
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ify =0 +1, then

D Ba=D ButBo

a<y a<o

if y € lim, then

Zﬁa = sup {Zﬁa 1 0< }/} , where 0 € ord.

a<y a<f
We will denote by cf(f3) the cofinality of any limit ordinal .
We will denote by P(S) the family of all subsets of the set S.
sup(A) = | JA is the supremum of the set A, where A is a set of ordinals.
dom(f) is the domain of the function f.
rng(f) is the range of the function f.
We denote by f [ B the restriction of f to f3.
Finally, we will denote by O the end of a proof.

1.2 Preliminaries

In this part, we show some lemmas, theorems, propositions, and definitions that will be used
in the proofs of our main results.

The following definitions, theorems, and lemma are from [3].

Definition 1.2.1. A partial ordering on a class X is a binary relation that is anti-reflexive and
transitive. A linear ordering on X is a partial ordering in which any two different elements are
comparable. A well-ordering on a class X is a linear ordering on X such that for every x € X

the class {y € X : y < x} is a set and each nonempty subset of X has the smallest element.
Definition 1.2.2. A set a is transitive if and only if every element of a is also a subset of a.

Definition 1.2.3. A set a is an ordinal number (or just an ordinal) if it is transitive and every

element of a is also transitive.
Lemma 1.2.4. Every nonempty class of ordinals has a smallest element.
Theorem 1.2.5. Every set can be well-ordered.

Theorem 1.2.6. Let (X, <) be a well-ordering. Then there exists a unique ordinal 6, and a unique

bijection ¢ : 6 — X, that preserves the order.

Definition 1.2.7. A successor ordinal is any ordinal of the form 8 = a + 1, for some ordinal a.

If B is a nonzero ordinal that is not a successor ordinal, then we say that 3 is a limit ordinal.
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Definition 1.2.8. Let X be a set. The cardinality of X, denoted by |X| is the smallest ordinal a

such that there exists a bijection f : X — a.

Definition 1.2.9. A cardinal number or just cardinal is an ordinal that is the cardinality of

some set.

Definition 1.2.10. Let a be a limit ordinal and A € a. We say that A is unbounded in a (cofinal
in a) if and only if for every 8 < a, there exists y € A, with <.

Definition 1.2.11. Let a be any limit ordinal. The cofinality of a denoted by cf(a) is the

smallest cardinal x such that there is an unbounded subset A of a with |A| = k.

Definition 1.2.12. Let xk be an infinite cardinal. We say that « is regular if and only if the

cofinality of k is equal k. Otherwise, « is said to be singular.

Definition 1.2.13. Let 6 be a limit ordinal with c¢f(6) > w and C C 6. We say that C is a closed
in 6 if and only if sup(D) € C U {8}, for every nonempty D C C. A club in 60 is a subset of 6
that is closed and unbounded in 6. If 6 is a regular cardinal, then C is closed in 6 if and only
if for every D C C with |D| < 0, we have sup(D) € C.

Definition 1.2.14. Let (A, <) be a well-ordering, a be an ordinal, and f : @ — A, be any
function. We say that f is a continuous function if and only if for every B C a that is bounded
in a we have f (sup(B)) =sup{f(p): 8 € B}. If f is a strictly increasing, then f is continuous
if and only if for every limit ordinal v < a, we have f(y) =sup{f(f): 8 <y}. We say that f
is a normal function if and only if it is both continuous and strictly increasing (preserves the
ordering).

Definition 1.2.15. Let 0 be a limit ordinal with cf(8) > . A subset S of 6 is called a stationary

set in 6 if and only if it has a nonempty intersection with any club in 6.
The following definitions are from [6].

Definition 1.2.16. Let G = (M, W, E) be a bipartite graph with V = M U W, and a be an

ordinal. A string in G is a transfinite sequence f : o — V that is injective.

Definition 1.2.17. Let G = (M, W, E) be a bipartite graph with V =M UW,and f :a — V
be an injective function where a is an ordinal. We say that f is saturated at 8 < a if and only
if

£(B) € M implies that E (£ (B)) € {f () : ¥ < B}.

We say that f is saturated in G iff it is saturated at every 8 < a.



CHAPTER 1. INTRODUCTION 4

Definition 1.2.18. Let G = (M, W, E) be a bipartite graph with V=M UW, and EC M x W,
and f : a — V be a saturated injective sequence in G. The yu-margin of f (denoted u(f)) is an
element of Z., = ZU{0co,—00} defined by transfinite induction on a as follows:

If a =0, then u(f) =0,

If a=pf+1, then
p(flg)+1 iff(B)ewW;

u(flp)—1 ifF(B) € M.

If a is a limit ordinal, then u(f) = liéninf u(f Tg)-

u(f)=

Definition 1.2.19. Let G be a bipartite graph. G is a uy-admissible if and only if for every
saturated string f in G we have u(f) = 0, where u(f) is the u-margin of f.

The following lemma is from [4].

Lemma 1.2.20. If 6 is a limit ordinal, A C 6 is an unbounded set in 6, and g : 1 — Ais an order

preserving bijective function where 1 € ord, then 7 is also a limit ordinal with cf(n) = c¢f(0).
The following definitions are from [3].

Definition 1.2.21. Let G = (M, W, E) be a bipartite graph. A subgraph G’ = (M’,W',E") of G
is saturated if and only if it is induced (E'=EN(M’'x W’)) and E[M'] C W'.

Definition 1.2.22. Let G = (M, W, E) be a bipartite graph. If M’ € M, and W/ C W, then
G(M',W’) is the subgraph of G induced by M" U W’

Definition 1.2.23. Let G = (M, W, E) be a bipartite graph, and £ ={Lg : f < n} be a family
of subgraphs Lg = (M 8> Wg, Eﬁ) of G for each f < n, where 1) is a limit ordinal. The union and
join of ¢ are defined respectively by

Uity =6 < = Ut U, U )

B<n B<n B<n

and
\/iLs:p<n}= G(UMﬁ, Uwﬁ).
B<n B<n

Definition 1.2.24. Let G be a bipartite graph and A = (M, W, E;), B = (M,, W,, E,) be two
subgraphs of G. The join, union, and difference of A and B are defined respectively by AV B =
G(M, UM,,W, UW,), AUB = (M, UM,, W, UW,,E; UE,), and A\ B = A(M,\M,, W, \W,).
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Definition 1.2.25. Let G = (M, W, E) be a bipartite graph. A sequence ¥ = (G, : a < &) of
saturated subgraphs of G is a &-tower in G if and only if G, is a subgraph of Gg for each
a < f3 <&, and for every limit ordinal a < & the graph G, is the union of all Gg with § < a.

Definition 1.2.26. Let G = (M, W, E) be a bipartite graph. A £-ladder in G is a sequence
Y= (Lﬁ : B < &) of pairwise disjoint subgraphs of G such that ¢ = (G, : @ < £) is a &-tower,
where G, is the join of all Lg for each f# < a.

9 = (G, : a < &) is called the tower associated with Z.

Every Lg is a rung of the ladder £. If ¥ = (G, : a < £) is a &-tower, then .,%:(Lﬁ B < 5)
is the associated &-ladder where Ly = Gg1\Gg for each § < &.

¢ (<) is called a tower (ladder) if it is a £-tower (£-ladder) for some ordinal &.

Definition 1.2.27. Let G = (M, W, E) be a bipartite graph and G’ = (M’, W', E’) be a subgraph
of G. We say G’ is critical in G (or just critical) if and only if G’ has a matching from W’ to M’
and each such matching using all vertices in M.

Definition 1.2.28. Let G = (M, W, E) be a bipartite graph and
K={1}uU{n:n>¥X,, and n is a regular cardinal}.

We will define a n-obstruction for each 1) € K. The graph G is a 1-obstruction if G\{a} is critical
for some a € M. If n € K\ {1}, then G is a n-obstruction if there is a n-ladder =(L,: a < 1)

in G such that G is the union of all rungs L, for a < 7, and the following properties hold:

1. For each a < m, the rung L, of ¢ is either a u-obstruction for some y € K N1 or is of

the form (@, {w}, @) for some w € W. We will say that L, is trivial in the second case.
2. Theset S ={a <n: L, is a u-obstruction for some y € K N7} is stationary in 7.

G is said to be an obstruction if there exists a ) € K such that G is a n-obstruction. We say
that G’ is an obstruction in the bipartite graph G if G’ is a saturated subgraph of G and G’ is an
obstruction. We say that G has an obstruction if and only if there exists an obstruction G’ in G.

The following definition is from [1].

Definition 1.2.29. Let G = (M, W, E) be a bipartite graph. We say that G is c-admissible if and
only if G has no 1-obstruction.

Nash-Williams defined the concept of g-admissibility for a bipartite graph G (see [1, 6]).

Theorem 1.2.30. [Aharoni [1]] A bipartite graph is c-admissible if and only if it is g-admissible.
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Theorem 1.2.31. [Wojciechowski [6]] A bipartite graph is g-admissible if and only if it is u-
admissible.
The following definitions are from [7].
Definition 1.2.32. Let I be an alphabet. A word over I is a function u : « — I, where a € ord.
The following is a definition of the operation of concatenation for words.

Definition 1.2.33. Let (uﬁ)[3<
op — I, and 0 is an ordinal for each 8 < a. The concatenation of this sequence denoted by

, be a sequence of words over the alphabet I such that ug :

°(uﬁ)/5<a isawordu:o,— I, where 0, = Zﬂ<a op, such that
u(6) = uY(C) foreach 6 <o,

where y =max{ff <a:6 >0} and { issuch that 6 =0, + .

If a = n is a finite, then we will write uyou; o...ou,_; instead of O(uﬁ )/5<a'
The following is a definition of the operation of concatenation for classes of words.

Definition 1.2.34. Let A and B be two classes of words over the same alphabet. The class AoB

is defined as follows:

AoB={uyou, :uy, €A, and u, € B}.

The following are definitions of the operations of raising to the power *, and # for classes of

words.

Definition 1.2.35. If A is a class of words and «a is an ordinal, then

A“:{u:u=0(uﬁ) ug € Afor each f§ < a},

p<a’
At = UA“,
n<w
A = U AP,
d€eord

We prove the following lemmas and proposition and we use them in proving the main

results of this thesis.
Lemma 1.2.36. If D is any set of ordinals and sup (D) is a successor ordinal, then sup (D) € D.

Proof. Assume that D is any set of ordinals with sup(D) is a successor ordinal. Thus sup (D) =
p + 1 for some ordinal . Then f is not an upper bounded on D, so there is an element
y € D such that f < y. Now since sup(D) = 8+ 1, we have y < B+ 1. Thusy = 3+ 1 so
sup(D) € D. O
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Proposition 1.2.37. Let 0 = Z/kn ag, such that ) € lim, and ag € ord, ag > 0, for each f < 7).
Then cf(0) = c¢f(n).

Proof. Assume cf(n) = 6 and we want to prove cf(6) < &. Since cf(n) = &, then there exists
a function f : 6 — n, such that rng(f) is unbounded in 1. Now we want to define a function

g : 6 — 0, with range of g unbounded in 0. Define g as follows:

s(y)= Z ag, for eachy < 6.
B<f(

Now we want to prove rng(g) is unbounded in 6. Let a < 6 and since 6 = 2/3 <y Op> then
a < 2/5<5 ag, for some 6 < 7, but rng(f) unbounded in 7, so we get o < 6, with f(c) > 6.

glo)= Z aﬁ>2aﬁ>a.

B<f(o) B<d

Therefore

Therefore, rng(g) is unbounded in 6. Thus implies cf(0) < 6.
Now assume cf(6) = 6 and we want to prove cf(n) < 6. Since cf(6) = &, then there exists a
function f : 6 — 6, with rng(f ) unbounded in 6. Now we want to define a function g : 6 — 7,

with rng(g) unbounded in 7). Define g as follows:

g(y)=0, ifandif f(y)> Z ag, for eachy <5,
p<é

where 6 < 1, smallest such ordinal.
Now we want to prove rng(g) is unbounded in 7). Let a < 7, then o’ = Zﬁ < @p < 0, but
rng(f) is unbounded in 6, so we get o < &, with f (o) > a’. Assume

flo)= Za/j,

B<A

for some A < 7). Therefore, g(o) = A and since

f(O'):Zaﬁ>Zaﬁ=a’,

B<A B<a

hence g(o) = A > a. Therefore rng(g) is unbounded in 7. Thus implies cf(n) < 6. Thus
cf(n) = cf(0). ]

Lemma 1.2.38. If 6 = 2/5«, 0, where 1 € lim, with cf(n) > w, and 65 > 0, for each § < n,
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then

5:{29,5: a<n}

B<o

isaclubin 6.

Proof. We want to prove 6 is unbounded and closed in 6. First we want to prove 6 is unbounded

in 0. Let a < 0. Then for some 0 < 1, a < Z,ka 0, and since 1) € lim, then there is y <17

6329ﬁ>29ﬁ>a.

B<r B<o

with y > o, so

Therefore 6 is unbounded in 6.

Now we want to prove 6 is closed in 6. Let D € &, with | D |< 0. we want to prove
sup(D) € 6. If sup(D) € D, then done. Assume sup(D) ¢ 6. Then sup(D) € lim, by lemma
1.2.36. Now, since | D |< 6, then D is bounded by some ordinal in 8. Thus,

D:{Zeﬁ: GGF},forsomeFEn.

p<o

So T is bounded by some ordinal in 1), then o = sup(I') < 1. Thus sup(D) = 2/5<0' 0p € 0.

Hence, D is closed in 6. Therefore, D is a club in 6. O

Lemma 1.2.39. Let a be a limit ordinal, S be a finite set, and f : @ — S be any function. If

{B<a:f(p)es}

is unbounded in a, then there exists s € S such that

{B<a:f(B)=s}
is unbounded in a.
Lemma 1.2.40. Let B = 0 + 0 be any ordinal such that 6 # 0. Then

1. B €lim if and only if 6 € lim.

2. If B, and O are limit ordinals, then cf(8) = cf(0).

Proof. Assume 3 = o + 6 is an ordinal with 6 # 0.
Proof of (1). B € lim if and if 6 € lim.
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Assume first f € lim, and we want to prove 6 € lim. By way of a contradiction let 6 € succ,
then 6 = 6 + 1, for some 6 € ord. Thus, f =0 +60 =0 +06 +1, so B € succ, which is a
contradiction because 8 € lim. Conversely, assume 6 € lim, and we want to prove 3 € lim.
Again assume by way of a contradiction 3 € succ, then 8 = 6 + 1, for some 6 € ord. Thus,
p=0c+60=056+1,s060 =y +1, for some y € ord, thus 8§ € succ, which is a contradiction

because 9 € lim.

Proof of (2). If 3, and 6 are limit ordinals, then cf(f8) = cf(60).
Assume 3 and 6 are limit ordinals. First we want to prove

cf(B) < cf(6).

Assume cf(8) = &, for some & € ord, and we want to prove 6 > cf(6). Now since cf() = 9,
then there is a function g : & — 3, with ran(g) unbounded in 3. Now define f : 6 — 0, as
follows:

f()/)={ oc+1 ifg(y)<o }

gly) ifgly)>o

It is remains to prove rng(f) is unbounded in 6. Let a < 6 and we want to prove there is
A € rng(f), with A > a. Now since a < 6, then a < # = o + 0, so there is an ordinal v < §,
with g(v) > a, because rng(g) is unbounded in 3. Then either g(v) < o, or g(v) > 0.

Assume g(v) < o,thenA=f(v)=0c+1>a,andif g(v) > o, then A = f(v) = g(v) > a.
Hence, rng(f) is unbounded in 0. Therefore, & > cf(0).

Now we want to prove cf(f3) = cf(6).

Assume cf(6) = 6, for some 6 € ord, and we want to prove 6 < cf(f3). Now since cf(6) = &,
then there is a function g : 6 — 6, with rng(g) unbounded in 6. Now define f : & — 3, as
follows:

f(y)=g(y), foreach y <o.

It is remains to prove rng(f) is unbounded in . Let @ < f and we want to prove there is
A €rg(f), with A > a. Now since a < f =0 + 0, so eithera > o, ora < 0.

Assume first @ > o, then a < 0, so there is an ordinal v < &, with g(v) > a, because ran(g)
is unbounded in 6, thus A = f(v) = g(v) > a.

Now let a < 0. 0 +1 < 6 and since rng(g) is unbounded in 6, then there is € < & with
gle)>oc+1,but A = f(e) = g(e) > oc+1 > o > a. Hence rng(f) is unbounded in f.

Therefore, 6 > cf(f3). O
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1.3 Main Definitions And Results

Let I be an alphabet. A word over [ is a function u : @ — I, where a is an ordinal. The class of
all words u over I is denoted by I*.

There are different methods to characterize formal languages. In this thesis we indicate
two of them, namely ST-automata and operations on ST-automata. We will have in view the
generalization of those methods for describing subclasses of I*.

Several definitions of automata over words that are defined on ordinals have been proposed
previously.

In chapter two in our thesis, we introduce a new concept of automata, namely, stationary
automaton or ST-automata and this concept is analogous to the definition of TF-automaton by
Wojciechowski [7].

In chapter two first we introduce the following definition:

Definition. (2.1.1): Let a be an ordinal, S be any set of states and R : @ — S be any function.
Then for each € lim, 8 < a, we define the following:

supg(R) ={s €S : {y < : R(y) =s} is cofinal in f3}.

Also, in chapter three we define the following:
(3.1.1): Let a be an ordinal, S be any set of states, 22(S) be the set of all subsets of S and
H:a— SUZ(S) be any function. Then for each € lim, 8 < a, we define

sup;j(H) = supg(H)NS.

Wojciechowski [ 7], defined TF-quasiautomaton, that is, a TF-quasiautomaton is a system Q =
(S,I,T), where S is a finite set of states, I is a finite alphabet and

Tc{SUPZ(S)}xIxS

is the set of transitions. He also defined a TF-automaton, that is, a TF-automaton over I is a
system . = (S,1,T,vy, ), where Q = (S,1,T) is a TF-quasiautomaton, 1) € S U #(S) is the
initial situation and & C S U #(S) is the set of final situations. Also, he defined an accepting
run of TF-automaton, that is, a run of .¢/ on u where u : « — I, and a € ord, (called II-run in
[7]) is a function H : a + 1 — S U 2 (S) such that:

1. H(0)=1).

2. H(B) € S, for every successor ordinal f# < a.
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3. HB)= sup;j (H) for every limit ordinal < a.
4. (H(B),u(B),H(B +1)) €T, for every f < a.

A run H of .¢/ on u is an accepting run if and only if H(a) € &.

The language of .o/ denoted by .£(.«/) is a class of all words u in I* such that there exists
an accepting run of .¢/ on u.

In our work, we modify the TF-automaton definition and incorporate stationary subsets of
limit ordinals of uncountable cofinality to get to the new concept to the automata.

In the following several chapters, we will present the following main definitions, and re-

sults.

1. In chapter two, first we introduce the following definitions, a ST-automaton over an al-

phabet concept (see definition 2.1.3), a word over an alphabet (see definition 2.1.4), an
accepting run of ST-automaton , and the language of ST-automaton .«/ denoted by £ (.«/)
(see definition 2.1.5), and the language for a bipartite graph G denoted by £ (G), (see
definition 2.1.7).
Then we combining the results from Aharoni [1], Wojciechowski [6] , and Aharoni, Nash-
Williams, Shelah [2], we show that this new concept of the automaton allows us to make
a connection with graph theory, and we prove the following main theorem by using Corol-
lary 2.2.1, and Theorem 2.2.2.

Theorem (2.2.3): There exists an ST-automaton ./ over an alphabet I = {M, W} such
that for every bipartite graph G = (M, W, E) with |[M UW| < X; the following are equiv-
alent:
(a) G has a matching.
b)) 2(G)n¥(A)=0.
2. In chapter three, we introduce a new concept of automaton which we call a special ST-

automaton (see definition 3.1.4). The aim of introducing this concept is to compare

TF-automata in [7] and ST-automata. First we prove the following main result:
Theorem (3.2.1): Let I be a finite alphabet and % be a subclass of I #_ Then the fol-
lowing conditions are equivalent:

(a) ¢ = %(«’) where ./’ is a TF-automaton over I.

(b) ¢ = ¥¢(.«) where .«¢/ is a special ST-automaton over I.
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Then we show that in general the concept of ST-automata is stronger then the concept of
TF-automata by using the above theorem, giving a counter example 3.2.2, and proving
the following theorem:

Theorem (3.2.3): There does not exists a special automaton .« = (S,I, T, Z, F), over an
alphabet I = {a} such that ¥(.«/) = {u}, where u: w; — I, and S is a countable set.

3. Wojciechowski [8], defined the operation of concatenation for classes of words (see def-
inition 1.2.34), and the operations of raising to the power * and # for classes of words
(see definition 1.2.35). He also in [7] defined such operations on TF-automata as union,
intersection, concatenation, and raising to the powers w, *, # . He used these definitions
to prove the following theorem:

Theorem: If .&/ and .o/’ are TF-automata then:

e (AUF)=L(A)UL(A).
o L(ANA)=2L(A)NL(A).
o Y(dod)=%L(d)o L ().
o L(*)=(2(H))".
o L(d®)=(2(H))".

o Y(a*)=(2().
In chapter four, in an analogous way we introduce definitions of operations for ST-
automata and we use these definitions to prove the corresponding theorem, that Wo-
jciechowski proved in [7] on classes of words accepting by TF-automaton (above the-
orem). That means, we show that applying those operations to languages defined by

ST-automata the produce languages that are also definable using ST-automata as follows:

e First we define the union ST-automaton (see definition 4.1.1), and we prove the following
main result:
Theorem (4.1.2): Let o =(S,I, T,Z,F) and &' =(S’,1,T’,Z’,F’) be two ST-automata
over I, such that SNS’ = 0. Then Y (& U .&¢') = L () U L ().

e Second we introduce definition of the intersection ST-automaton (see definition 4.2.1),
and we prove the following main result:
Theorem (4.2.2): Let o =(S,I, T,Z,F) and /' =(S’,1,T’,Z’,F’) be two ST-automata
over I such that S and S’ are finite sets of states. Then Z (.« N .&") = L(F)NZL(A").
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e Also, we define the concatenation ST-automaton (see definition 4.3.1), and we get to the
following main theorem:
Theorem (4.3.2): Let o =(S,I, T,Z,F) and ./’ =(S’,1,T’,Z’,F’) be two ST-automata
over I such that SNS’ =@. Then L (. o ') = £L(.F) o £L(H).

o After that, we introduce the definition of ST-automaton, that is, raising to the power * of
ST-automaton (see definition 4.4.1) and we prove the following theorem:
Theorem (4.4.2): If .o = (S,1,T,Z,F) is a ST-automaton over I, with Z is a finite set,
then Z(.*) = (Z(F))".

e Subsequently, we define a ST-automaton, that is, raising to the power w of ST-automaton
(see definition 4.5.1) and we prove the following theorem:
Theorem (4.5.2): If .o = (S,I,T,Z,F) is a ST-automaton over I, with Z is a finite set,
then Z(o*) = (£L(«))”.

e Finally, we introduce the definition of a ST-automaton, that is, raising to the power # of
ST-automaton (see definition 4.6.1) and we prove the following main result:
Theorem (4.6.2): If . = (S,1,T,Z,F) is a ST-automaton over I, with Z is a finite set,
then 2(.7*) = (2())".



Chapter 2
ST-automata

In this chapter, we introduce ST-automaton (stationary automaton) over an alphabet con-
cept and define an accepting run of ST-automaton. Then we prove motivating result for ST-

automata.

2.1 Basic Definitions

First we define stationary automata.

Definition 2.1.1. Let a be an ordinal, S be any set of states and R : @ — S be any function. For

each f3 € lim, 3 < a we define the following:
1. supg(R)={s €S :{y < :R(y) =s} is cofinal in §}.
2. statg(R) ={s €S : {y < : R(y) =s} is stationary in 3}, whenever cf(f8) > w.

Definition 2.1.2. A ST-quasiautomaton over I is a system Q = (S,I,T), where S is a set of

states, I is an alphabet and
TC(SXxIxS)U(P(S)xS)U(P(S)x 2(S)xS)

is a set of transitions.

Definition 2.1.3. A stationary automaton over I (ST-automaton) is a system ./ = (S,I, T, Z,F),
where Q = (S,I, T) is a ST-quasiautomaton, denoted by Q(.«), Z C S is a set of initial states

and F C S is a set of final states.

Definition 2.1.4. Let I be an alphabet. A word over [ is a function u : @ — I, where a € ord.

The class of all words u over I is denoted by I*.

14
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Now we define an accepting run of ST-automaton on a word and the language of ST-automaton.

Definition 2.1.5. Let ./ = (S,I, T, Z,F) be a ST-automaton over I and u : « — I be a word

over I, a €ord. A run of . on u is a function R : a + 1 — S such that:

1. For each 3 < a, we have

(R(B),u(B),R(B+1)) ET.

2. For each 8 < a, that is a limit ordinal with cf(f8) = w, we have
(supg(R),R(B)) € T.
3. For each f8 < a, that is a limit ordinal with cf(f3) > w, we have
(sups(R), statg(R),R(B)) € T.

A partial run of ./ on u is a function R : @ — S such that (1) holds for all  such that f+1 < a
and (2),(3) hold for all < a.
ArunR:a+1 — S of . on u is an initial run if and only if R(0) € Z, and a final run if and

only if R(a) € F. A run of .« on u is an accepting run if and only if it is both initial and final.

Definition 2.1.6. The language of ST-automaton ./ over I (£ (.«/)) is a class of all words u in

I such that there exists an accepting run of .«/ on u.

The following is a definition of the language of a bipartite graph.
Definition 2.1.7. Let G = (M, W, E) be a bipartite graph, where E C M x W, I = {M,W} be
an alphabet and 2 (G) be a set of transfinite words over I define as follows:

let f : @ — V be an injective function from a € ord into V.= M UW. We say that f is a
saturated at # < a if and only if

if f(B) € M, implies that E(f(8)) € {f () : v <p}.

We say that f is saturated in G if and only if it is saturated at every 8 < a.
Now for each saturated sequence f : @ — V, we assign the word u = u(f) : « — I such
that for each 8 < a:
w if f(B)ew,
M if f(B)eM.

u(f) =

Define
2(G) ={u(f): f is a saturated string in G}.
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2.2 Motivation Result

We obtain the following corollary from definitions 1.2.19 and 1.2.29, and theorems 1.2.30 and
1.2.31.

Corollary 2.2.1. Let G be a bipartite graph. Then G has a 1-obstruction if and only if there exists
a saturated string f in G such that u(f) <O.

Theorem 2.2.2. [Aharoni, Nash-Williams, Shelah [2 ]] A bipartite graph G has a matching if and

only if there exists no obstruction in G.

Now we prove the following motivating theorem of this thesis by using the above corollary

and theorem.

Theorem 2.2.3. There exists a ST-automaton .«/ over an alphabet I = {M, W} such that for every
bipartite graph G = (M, W, E) with |M UW| < X, the following are equivalent:

1. G has a matching.
2. 4G)nZ(A)=@.

Proof. Definition of .«/.
We define ST-automaton ./ = (S,I,T,Z,F) as follows :

The set of states is
$={0,1,2,...}u{0,1,2,...} U{(S,N, ®},

the alphabet is

I={w,M},
the set of initial states is
Z = {(_)7 @,N},
the set of final states is
F = {®},

and the set of transitions

T C(SxIxS)U(P(S)xS)U(P(S) x P(S) x S)

is defined as follows:
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The fact that (s,a,t) € S x I x S belongs to T will be denoted bysiut. We take:
NSNNSE,051L ®5N 50,056, 05N, 0-50.
For each i > 0, we take
W — AW o
i—i+1,andi— i+ 1.

For each i > 0, we define

—

- M A M-
i—i—1,andi—i—1.

If C €{0,1,...}, then we will denote
C={i:iec},andC={i:iecC}.

To denote that a pair (4,s) € 2(S) x S belongs to T, we will write A—> s.
If C # @ define:

C — min(C) and € — min(C).

Moreover, if AC S and AN {N, (S)} # @, then
A— N and A— (S).

To denote that a triple (A,B,s) € #(S) x #(S) x S belongs to T, we will write (A,B) — s.
Define

(C,D) — min(C) and (C, D) — min(C).

Moreover, if @ € B, then
(A,B) —» ®.

(2) implies (1). Assume that (1) is false, that is, G has no matching. We want to define
a transfinite word u € I such that u € £(G) N £ («/); thus, we need a saturated string f in
G such that u(f) € (). By Theorem 2.2.2 there is a n-obstruction G’ in G for some 1 € K.
Since G has R, vertices, it follows that € {1, X;}. We will define a saturated string f in G for

n € {1: z’<1}

The case when 1 = 1.

Assume that n = 1. Let f be a saturated string in G such that u(f) < 0. Such f exists by
Corollary 2.2.1. Without loss of generality, we can assume that u(f &) = 0 for each 6 <
dom(f). Let 8 =dom(f) and u =u(f): 6 — I. Define an acceptingrunR: 0 +1 — S of .
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on u as follows:

The choice of f implies that, 0 is a successor ordinal. Let 6 = f3 +1 and
R(y) =u(fly) foreach y < 6, and

R(0) = ®.
It is clear that R(0) = 0 € Z. It is remains to satisfy the following conditions:

1. For each a < 8 we have
(R(a),u(a),R(a+1))€T.

2. For each a < 6 that is a limit ordinal with cf(a) = w, we have

(sup,(R),R(a)) € T.

3. For each a < 6 that is a limit ordinal with cf(a) > «w, we have

(sup,(R), stat,(R),R(a)) € T.

First we satisfy condition (1). For each a < 6 we have
(R(a), u(@), R(a+ 1)) = (u(f T @), u(a), u(fT(a+1))
and since u(f [ 5) > 0 for each 5 < dom (f), so we get
(R(a),u(a),R(a+1))=({,W,i+1)eT

for each i > 0.
Now we want to prove condition (2). For each a < 0 that is a limit ordinal with cf(a) = w,

we want to prove
(sup,(R),R(a)) € T.

Now since
sup,(R) ={s €S :{y <a:R(y) =s} is cofinal in a},

then we get sup, (R) € {0,1,2,...}, and

R(@) = u(f @) = Hminfu(f 1) = min (supa(R)).
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Hence,
(sup,(R),R(a)) € T.

It is remains to prove condition three, that is, for each a < 6 that is a limit ordinal with

cf(a) > w, we have
(sup,(R),stat,(R),R(a)) € T.

Since
sup,(R)={s €S :{y € a:R(y) =s} is cofinal in a}

and

stat,(R) ={s €S : {y € a : R(y) = s} is stationary in a},

whenever cf(a) > w, so we get sup, (R) € {0,1,2,...}, stat,(R) € {0,1,2,...}, and

R(@) = u(f &) = liminfu(f ) = min (sup4(R)).

Hence,
(sup,(R), stat,(R),R(a)) € T.

The case when 1) = X;.

Let & = (Lﬁ B < n) be a n-ladder in G’. For each 3 < n), we have L is either a 1-obstruction
or Lg is trivial. For each § <, if Lg is a 1-obstruction, then let f5 be a saturated string in Lg
such that ,u(fﬁ) < 0 (see 2.2.1). Let 65 = dom(fp), then 6 is a successor ordinal, ,u(fﬁ ry) >0
for each y < 64, and ug = u(fﬁ) € %(.</), as in case 1 = 1, and let f; be the empty string
when Ly is trivial.

For each f <, let Ly = (Mﬁ,Wﬂ,Eﬁ) and fﬁ’ : 9/’3 — Mg U W, be a string in Lg for some
9/’5 > 6 such that fﬁ’wﬁ = fp and fﬁ’(y) € Wy for y = 65 with W € g (fﬁ’) Clearly such f/;
is also saturated. Note that if Lg is trivial, then 65 = 0 and 9/’5 =1.

To obtain the string f we combine all the strings fﬁ’ together. Formally, the domain of f is

9:29’,

and if y < 0, and p is the smallest ordinal with )] f<p 9/’5 <7y, then

the sum

fn=1),
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where y’ < 67 is such that
y = Z 0+
B<p
Let u = u(f). We will show that u € £(.«/). We have 68 = dom (u). To obtain an accepting
runR: 60 +1— S of ./ on u, first we define a partial run Ry : 9,’5 —Sof . onug = u(fﬂ’), for
each 8 < 1, and combine them together.
Now for each 8 < 7, we define Rj as follows:

e If Lg is trivial, then 65 = 0.
Define Ry : {0} — S be such that R4(0) = N.

e If Lyis a 1-obstruction, then 65 > 1.
Define Ry : 0/3 — S as follows:

Rﬂ (0)= ®,

Ry(y) =u(fsly), forevery 0 <y <6,
Rs(y) =N for every 6, <y < 9/’5.

Now we want to show Rg is a partial run of .&/ on ug. The following three conditions have to

be satisfied:

1. Foreach a suchthat a +1 < 9/’5, we have
(Rg(a),ug(a),Rg(a+1)) €T.
2. For each a < 9/’5 that is a limit ordinal with cf(a) = w, we have
(sup,(Rg),Rp(a)) € T.
3. For each a < 6/’5 that is a limit ordinal with cf(a) > w, we have
(sup,(Rp),stat,(Rg),Rp(a)) € T.

First, we want to verify condition 1. If 65 = 9/’5 = 1, then there is nothing to verify. If 65 =1,
and Gé > 2, then ug(0) = M and

(Rp(0),up(0),Rs(1)) = (S, M,N) € T.
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f2<a+l1< 9/’5, then
(Rg(a),ug(a),Rg(a+1))=(N,W,N)eT.
Assume 6, > 2, then ug(0) = W and
(Rp(0),up(0),Re(1)) = (®, W, ) eT.
Ifa+1=0s< 9/’3, then
(Rg(a),ug(a),R(a+1)) = (O,M,N)eT

Foreach a suchthat 0 < a+1< 9,5, we consider two cases:
° ug(a)=w.
e ug(a)=M.

If ug(a) =W, then Rg(a) = i, for some i > 0 and

(Rp(@),up(a),Rg(a+1)) = (u(fy I @) up(a), u(fy M a+1)) =, W,i+1)eT.

If ug(a) = M, then Rg(a) = {, for some i > 1 and

(Rp(@),up(a),Ry(a+1)) = (u(fy I a),up(a),u(fy (@ +1))=({,M,i—1)eT.

when 6 +1<a+1< 9/’5 we have
(Rg(@),up(a),Rp(a+1))=(N,W,N)€T.

Now we want to verify condition 2. Let a < 9/3 be a limit ordinal with cf(a) = w. We want to
prove
(Supa(Rﬁ )7 Rﬁ(a)) eT.

Assume a < 6, then we have
sup,(Rg) ={s €S : {y <a:Ry(y) =s} is cofinal in a} C {0,1,2,...}

and

Ry(@) = p(f 1 @) = limin (1 7) = min(sup,(Ry)).
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Hence,
(sup,(Rg),Rg(a)) € T.

Note that we can’t have a = 6, since 0 is a successor ordinal.
IfOy <a< 9/’3, then

(sup,(Rg),Rp(a)) = ({N},N) € T.

It is remains to satisfy the condition 3. Let a < 9/’3 be a limit ordinal with cf(a) > w, and we

want to show
(sup,(Rg),stat,(Rg),Rg(a)) € T.
Assume first that a < 6. For each A,B C {0,1,2,...} and s € S we have (4,B,s) € T if and only

if (A,s) € T. Therefore a similar argument as above shows that

(sup,(Rp), stat,(Rg),Rg(a)) € T.

The remaining case is when 65 < a < Qé.
Now since 6, = dom(fﬂ’), fg 165 > MgUW, and [M UW| < Xy, then a < 6; < Xy, but
cf(a) > w, thus there is no such a.

Therefore, for each § <), Rp is a partial run of .&/ on ug.

Definition of the run R.

Formally, R is define as follows. The domain of R is 6 + 1, where
0=>.0;.
If & < 0, then let p < 7 be the smallest ordinal with Z/kp 9,’5 < 6 and let
R(8) =R, (&),
where &’ < 9; is such that

2.2.1) 5=).0,+65"
B<p
Moreover, let R(0) = ®.
Now we want to prove R is an accepting run of ./ on u = u(f ). That means we must prove
that R(0) € Z, R(0) € F and the following conditions hold:
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1. For each 6 < 0, we have
(R(6),u(6),R(6+1))eT.

2. For each & < 6 that is a limit ordinal with cf(&) = w, we have

(sups(R),R(5)) €T.

3. For each & < 6 that is a limit ordinal with cf(&) > w, we have

(sups(R), stats(R),R(6)) € T.

By the definition of R, we get R(0) = ® € F. Now we want to show that R(0) € Z. If L, is

trivial, then
R(0)=Ry(0)=Ne€eZ.

Assume that L is a 1-obstruction, then

R(0)=R,(0)=(S) € Z.

It is remains to prove the above three conditions.
First, for each 6 < 0, let &' be as in (2.2.1).

Now we want to prove condition (1), that is, for each § < 6, we have
(R(6),u(6),R(6+1)) €T
Now, if 6’ +1 < 9;, then
(R(6),u(8),R(6 +1)) = (R,(8"),u,(6),R,(6"+1)) €T

because R, is a partial run.

Assume 6’ +1 = 9;), then we consider the following cases:
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e Assume L,, is trivial. then 9; =1,6'=0and

(R(6),u(5),R(6 + 1)) = (R,(5"),u,(6'),R,(6"+1))
= (R,(0),u,(0),R,.1(0))

(N,W, @) L, is nontrivial .
(N,W,N) L, is trivial

eT
e Assume L o is a 1-obstraction.

If 9{; = 0,, then
RP(S’) =0 and u(5’) =M,

and if 9;) > 0, then
R,(6')=N and u(s') =w.

Moreover,
L4 is trivial

R +1(0) = .
. ® L p+1 18 nontrivial

In each case we have
(R(8),u(6),R(6 +1)) = (R,(6"),u,(8"),R,41(0)) € T.

Now we want to prove second condition: let & < 6 be a limit ordinal with cf(6) = w, and we
want to satisfy
(sups(R),R(6)) e T.

Since cf(0) = cf(n) > w, by lemma 1.2.37, so we must have 6 < 6.
We consider the following cases:

1. If ' > 0, and 6’ is a limit ordinal with cf(6") = w.
2. If6’'=0, p=£&E+1,and Gé is a limit ordinal with cf(@é) = w.

3. If ' =0, and p is a limit ordinal with cf(p) = w.
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Case (1).

We have
(sups(R),R(8)) = (sups(R,,),R,(8)) €T,

where &’ < 9;) is as in (2.2.1), since R, is a partial run.

Case (2).

Since Gé is a limit ordinal, then L; is a 1-obstraction, thus 0; is a successor ordinal so 6; < Qé

and
sup;(R) = Supg, (R:) ={N}.

Moreover,

N ifL, is trivial
R(6)=R,(0) = )
(S otherwise

and since ({N},N) € T, and ({N},(S)) € T, we have
(sups(R),R(5)) € T.

Case (3).

Assume 6’ = 0, and p is a limit ordinal with cf(p) = w. For each f < p, we have R4(0) €

{N,(S)}, thus
sup;(R) N {N, (O} # 2.

Moreover,

if L o is trivial

R(6)=R,(0)=
() =2:(0) (S otherwise

Since (A,N) € T and (4, (S)) € T whenever AN {N,(S)} # &, we have
(sups(R),R(6)) € T.

Now we want to prove third condition: let 6 < 6 be a limit ordinal with cf(6) > w, and we
want to satisfy
(sups(R), stats(R),R(6)) € T.
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Now since 6 = dom(f), and |[W UM| < X,, then 8 < X;. Thus 6 < X;, but cf(6) > w, then
0 = ¥,. Therefore, the only possible that we have 6 = 6.
Now we will prove third condition when & = 0. Assume 6 is a limit ordinal with cf(6) > w,
we want to satisfy
(sups(R), stats(R),R(6)) € T.

Now,
R(6)=R(H) =®,

and since (A, B, ®) € T, whenever @ € B, we have
(sups(R), stats(R),R(6)) € T,

so it is enough to show that (S) € stats(R).
Thus by the definition of stat;(R) = stat,(R), we must prove that the set
{A < 0 :R(A) = (S)} is stationary in 6.

Therefore we must prove this set has nonempty intersection with every club in 6. Let I' € 6,

be arbitrary club in 6. Now assume
A={Z%:G<n}.
p<o

Thus A is a club in 6, by lemma 1.2.38.
Moreover, I' N A is also a club in 8. Now, define the function ¢ : n — 6, by

(o) = Z 9[’j for each o < 7).

B<o

Then ¢ is a normal function and ¢ *(I"'NA) is a club in 7, (see [4]). Now, since G’ is a

n-obstruction in G, so we get
S"={o <n: L, is 1—obstruction} is stationary in 7.

Thus,
SN (I'nA)#0.

Let o €S'Nnp Y(I'NA). Thus, L, is a 1-obstruction, and ¢(c) € I'NA.
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By the definition of ¢ we get

{=p(0)= )6,

B<o

and R({) =R, (0) = (S), since L, is a 1-obstruction. Then,
ern{i<6:RA)=_0)}.

Thus, for each club I' in 6 we get
rn{i<6:RA)=O}+#H,

which implying that,
{A<6:R1) =0},

is a stationary set in 6. Therefore, (S) € stat;(R). Hence,
(sup5(R), stat;(R),R(5)) € T.

Then R is an accepting run of ./ on u. Thus, u € £(.&/). Therefore, Z(.7) N ZL(G) # 0.

(1) implies (2).

Assume that £ (./)NZ(G) # @. We want to show G has no matching, so it is enough to prove
that there exists an obstruction in G (see 2.2.2).
Let u € Z(.«) N £(G) be any element such that u : 6 — I, where 6 € ord. Since

2(G) ={u(f): f is a saturated string in G},

implies that, u = u(f) for some saturated string f : 6 - M UW in G, and since u € £ (.«/)
is a class of all words u in I* such that there exists an accepting run of ./ on u, implies that
there exists an accepting runR: 6 +1 — S of ./ on u. Then R(6) = ®. Now, we consider the
following cases:

(A1) If O is a successor ordinal, then we will construct a 1-obstruction in G

(A2) If 0 is a limit ordinal with cf(6) > w, then we will construct a n-obstruction in G for

some 1 € K.
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Case (Al).

Assume 0 = f3 + 1, for some f3 € ord, then R(3) = 0, since the only transition in S x I x S that
we have with R(8) = ® is 0 M, ®, thus

R(6) € {i,i € N} for each 6 < 3,

and u(f) =M.

Now we will construct a 1-obstraction in G. Thus, it is enough to show that u(f) < 0, (see
2.2.1)

Claim that u(f) < 0. Now by induction on 6 < 3, we want to prove

R(8) = u(f 16).
If 5 =0, then R(0) = 0 = u(f [ 0) because
R(6) € {i,i € N} for each § < 3,

and the set of initial states is Z = {0, (S),N}.
Now assume the statement is true for &, that is, R(6) = u(f [ 6).
We want to prove it is true for 6 + 1 < f3. We know that

R(6), R(6+1) e {i,i €N},
and there are just two transitions
(i,w,i+1), and (i,M,i—1)inS xI xS.

Now we consider the following two cases:

(B1) If (R(6),u(5),R(6 +1)) = (i,W,i+ 1), then

R(6)=1,u(6)=W, andR(6 +1) =i+ 1.

Thus u(f | §) =i, by our assumption and R(5) = i. Now since f is a saturated sequence
in G and u(6) = W, so we get f(6) € W, which implies to

u(f T1(6+1))=u(f 18)+1=i+1
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Therefore,
ROG+1D)=u(f [6+1).

(B2) If (R(6),u(5),R(6 +1)) = (i,M,i—1), then
R(&) =1, u(6§)=M andR(6 +1)=i—1.

Thus u(f [ &) = i by our assumption and R(§) = i. Now since f is saturated in G and
u(6) =M, so we get f(6) € M, which implies to

u(f 1(6+1))=u(f 18)-1=i-1

Therefore,
ROG+1D)=u(f6+1).

Thus, for each 6 < 6, u(f [ 6) =R(0).
Now we want to prove our claim, that is, u(f) < 0. We know that

u(f 1B)=R(B)=0,

so we get u(f [ ) =0, and f(8) € M because u(ff) = M, and f is a saturated string in
G. Thus,

u(F)=u(f 1B)—1=-1<0.

Therefore, by using corollary 2.2.1 there is a 1-obstraction in G.

Case (A2).

Assume 0 is a limit ordinal, then cf(6) > w because the only transitions leading to ® is either
(0,M,®)eSxIxS, or

(supg(R), staty(R),R(0)) € 2 (S)xP (S) xS,

so O is either a successor ordinal or a limit ordinal with cf(6) > «w. Then we will construct a
X;-obstruction G’ in G.
Let

A={56<0:R(5)e{®O),N}}.

First we want to show A is a closed set in 6.
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Assume D C A, with |[D| < 6. We want to show sup (D) € A. We only need to consider the
case when sup (D) ¢ D. Then sup (D) is a limit ordinal (see 1.2.36). Assume & = sup (D). Since
0 is a limit ordinal and R is an accepting run of .¢/ on u, then

(sup5 (R),R(é)) €T,

so by the definition of T, we get

sups(R)N{N,(®} #8, and R(5) € {N, (S}

so 0 € A. Therefore, A is a closed set in 0.

Now for each a € A, a is either a successor ordinal or a limit ordinal with cf(a) = w, by the
definition of the transitions set T of .«

A is a well ordered by < on ordinals (see 1.2.5), so there is unique ordinal 1 and an order
preserving bijection g : 1 — A, (see 1.2.6).

Now we want to prove 1) = ¥;. Since R is an accepting run of ./ on u and 6 is a limit
ordinal with cf(6) > w, then

(supe(R), statg(R),R(Q)) = (sup6 (R), staty(R), ®) eT,

thus

(S e staty(R),

by the definition of T. Therefore,

{6 <0:R(5)=0},

is stationary in 0, so it is unbounded and since

{6<0:R(6)=®}ca,

so we get A is unbounded, thus |A| > cf(6) by the definition of cf(8) (see 1.2.11), and since
cf(0) > w, so we get |A| > X,. Now since g is a bijection function, so we get |A| = |n|, and
since || < 7 so we have X; < 7.

It is remains to prove 11 < X;. Assume by the way of a contradiction that n > X, thus

g(R;) € A. Assume g’ = g | Xy, then rng(g’) € g(X;), since for each a € rng(g’), a = g(p) for
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some 3 < X;, but g is an order preserving, then we get a = g(f8) < g(X;). Now since

R, =sup{6:06 < N;},
and g is a continuous function because g is strictly increasing and A is closed (see [4]), thus

g(R;) =sup{g(5): 6 <®;} =sup(rng(g')),

therefore, no element of g(X;) is an upper bounded on rng(g’), because sup (rng(g’)) is the
least upper bounded, thus rng(g’) is unbounded in g(X;).
Now claim that,

cf(X;) = cf(g(X,)).

We want to prove the claim. Since g is an order preserving bijection so as g’ : X; — rng(g’),

and rng(g’) is unbounded in g(X;), implies that
cf(R,) = cf(g(X,)),

by using lemma 1.2.20. Hence,
cf(g(Ry)) =¥y,

which is a contraction because g(X;) € A is either a successor ordinal or a limit ordinal with
cf(a) = w. Therefore, n < X;. Thus n = X;.
For each 8 <, let Lz be a subgraph of G induced by

{f(6):g(B) <6 <g(p+1)}.

Let
G’:\/{Lﬁ : B <n}
We claim that, G’ is a n-obstruction in G. We will show that:

(C1) G’ is a saturated subgraph of G.

(C2) G’ is a n-obstruction.

Proof of (C1).

Vertices set of G’ = (M’,W’,E’) is a set{f(6) : 6 < 6} by the definition of G’. First, we want
to show G’ is a saturated subgraph of G, that is, G’ is an induced (E’ = EN (M’ x W’)) and
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E[M’] € W’. G’ is an induced since it is a join and E[M’] € W', since f is saturated in G.

Proof of (C2).

First, we want to construct a n-ladder ¢ in G’, claim that £= (L piB< n) . Now we want to
prove the claim, that is, we should prove the following:

£= (Lp B < n) is a sequence of pairwise disjoint subgraphs of G suchthat 4 = (G, : a < 1)
is a n-tower, where G, is the join of all L for each § < a.

Since f is a string, then Lg and L, are disjoint when a # f. It is remains to show that,
9 = (G, : a < n) is a n-tower, that is, the following conditions hold:

(D1) ¥ = (G, : a < n)is a sequence of saturated subgraphs of G.
(D2) G, is a subgraph of Gg for each a < § < 7.

(D3) For every limit ordinal a < 7, the graph G, is the union of all G with § < a.

Proof of (D1).

¥ = (G, : a < n)is a sequence of saturated subgraphs of G. Since for every a < 1), the vertices
set of G, = (M,, W,,E,) is
{f(6):6 <g(a)}.

Then,
E,=EnN(M, xW,),

since
G, =\/{Ly: B <a},

and E(M,) € W,, since f is a saturated string in G.

Proof of (D2) and (D2) .

It is clear from the definitions.

In order to show that G’ is a n—obstruction it is remains to satisfy the following:
(E1) G’ is the union of all rungs L B of £.

(E2) For each 8 < 7, the rung Lg of £ is either a ng-obstruction for some g < KNnor Lg
is trivial, that is, of the form (&, {w}, @), for some w € W.

(E3) ThesetS’={B <mn: Ly is a 1-obstruction} is stationary in 7.
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Proof of (E1).

It is clear from the definition of G’.

Proof of (E2).

First we want to prove for each § < 7, the rung L of £ is a nz-obstruction for some ng € KN,

when

R(g(B)=(®.

Moreover, ng = 1, because n =X, n <K N, and
K ={1}U{n:n > X, and 7 is a regular cardinal}.

Now we want to prove that, for each § < n, the rung Lg of £ is a 1-obstruction, that is, we
need to define a saturated string f” in L with u(f’) <0, by corollary 2.2.1.
First we want to define a saturated string ' in Lg. It follows from the definition of T that

g(B + 1) is a successor ordinal since if g(8 + 1) were a limit ordinal, then we must have

sup, (s, R)N{N, O} #0,

however,
R(a):g(B)<a<g(p+1)}c{0,1,2,...}.

Assume g(8 +1) = g(B) + o, such that o is the unique ordinal with o = £ + 1. Define the

function f’: o — V such that

f'(»)=f(g(B)+ v) forevery v< 0.

It is clear that f' is a saturated string in Lg. We will show by transfinite induction on & where
0< 6 <&, that
R(8) = u(f’106).

If 5 =1, then R(1) = 1, because the only transitions that we have start with @ are

(©.w,1),(®,M,N) and (®, M, ),

and if (R(0),u(0),R(1)) is either (@,M,N), or (@,M, @), then £ = 0, which is a contradic-



CHAPTER 2. STAUTOMATA 34
tion because 0 < 6 < &. Therefore, the only possibility that we have

(R(0),u(0),R(1) = (®, W, 1),
thus R(1) = 1, and since u(0) = W, then f’(0) € W implies that

u(f 1) =u(f 1o)+1=1,

therefore R(1) = um. And the rest of the prove as in case (Al).
It is remains to show that, u(f’) <O0.
Since g(f+1)€A, theng(f+1) e {N, @} , and since

gB+1)=gB)+E+1,
thus R(g(B)+ &) =0, so u(f’ | g(B) + &) =0, but we have f'(g(B) + &) = M, then we get
u(f)=u(f 1egB)+&)—1,

which implies to u(f’) < 0.
Second we want to prove Lg is trivial, that is, of the form (&, {w}, @), for some w € W

when

R(g(B))=N

to prove that assume

R(g(B))=N.

Now, since R is an accepting run of .¢/ on u, so for each <7,
(R(g(B)),u(g(B)),R(g(B)+1))=(N,a,t) €T,
where t € {(S),N} and a = W by the definition of transitions set T of .¢/, thus
g(B)+1eA

Now since L is the subgraph of G induced by

{£(8):8(B) <6 <g(P)+1}={f(s(BN},

but f(g(B)) € W, since u(g(8)) = W. This implies to L is trivial.
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Proof of (E3).

Since
(supe(R), staty(R), ®) eT,

then by the definition of T, we have

@ € staty(R),

SO

S"={B<6:R(B)=0O}

is a stationary set in 6. Not that g : n — 6 where rng(g) = A, is a continuous function because
g is a strictly increasing function and A is a closed set in 6 and if A is any club in 7, thus g(A)
is a clubin 0 (see [4]). Then,

g(A)NS” #0.

Thus, there is an element a € A such that g(a) € S”, so R(g(a)) = (S), hence the rung L, is a
1-obstraction as we show that before in proof of E2, which implies to a € S, then a € S’ N A.

Hence
S'NA#0.

Therefore, S’ is a stationary set in 7). O



Chapter 3
Special ST-automata

In this part, we introduce a new concept of the automata, called a special ST-automata. We
study the relation between the concept of TF-automata and the concept of ST-automata. First,
we prove the equivalence relation between TF-automata and special ST-automata. Then, we
show that the ST-automata are stronger by giving a counter example of a language accepted
by ST-automata that is not accepted by any special ST-automata.

3.1 Basic Definitions

Definition 3.1.1. Let a be an ordinal, S be any set of states, 2 (S) be the set of all subsets of
S,and H : a —» SUZ(S) be any function. Then for each § € lim, # < a we define

sup;j(H) = supg(H)NS.

The following definitions are from [7].

First we recall a TF-automaton concept.

Definition 3.1.2. A TF-quasiautomaton is a system Q = (S,I, T), where S is a finite set of

states, I is a finite alphabet and
TCEUP(S))xIxS

is the set of transitions. A TF-automaton over I is a system .« = (S,I, T,vy, %), where Q =
(S,I,T) is a TF-quasiautomaton, denoted by Q(.«/), ¢ € S U 2 (8S) is the initial situation and
F CSUZ(S) is the set of final situations.

The following is a definition of an accepting run of TF-automaton on a word.

36
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Definition 3.1.3. Let ./ = (S,1,T,vy, %) be a TF-automaton over I and u : « — I be a word
over I, a € ord. Arun of .« on u (called II-run in [6] ) is a function H : a+1 — SUZ(S) such
that:

—

. H(0) =1.

N

. H(p) €S, for every successor ordinal § < a.

w

. H(f3) = supj;(H) for every limit ordinal § < a.

N

. (H(B),u(B),H(B+1)) €T, for every < a.

A run H of .¢/ on u is an accepting run if and only if H(a) € &.

Define £ (.«/) to be the class of all words u in I” such that there exists an accepting run of
</ on u.

Now we define a special ST-automaton over an alphabet.

Definition 3.1.4. Let .o/ =(S,1, T, Z,F) be a ST-automaton over I and (A, B,s) €2 (S)x#(S)x
S be a triple. .« is a special ST-automaton over I if and only if S is a finite set of states and the

following condition holds:
(A,B,s) e T ifand only if (A,s) € T.

Now we show the equivalent relation between TF-automata and special ST-automata by the

following main theorem.

3.2 Main Results

Theorem 3.2.1. Let I be a finite alphabet and €6 be a subclass of I . Then the following conditions

are equivalent:

1. € = 2(.«’) where .&/’ is a TF-automaton over I.

2. ¢ = ¥(«) where .« is a special ST-automaton over I.

Proof. (2) = (1).
Assume € = £(.«/) such that .o/ = (S,1, T, Z,F) is a special ST-automaton over I. We want
to prove (1). That we should do the following:

(A1) Construct ./’ =(S’,I,T’,2, Z), a TF-automaton over I.
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(A2) € =2(d).

Proof of (Al).
Now we want to construct .¢f’ a TF-automaton over I. Assume ./’ = (S’,1,T’, v, ), such
that S’ =S x SUS. Define the function g : #(S’) — #(S) as the following:

g(A)={se€S: s€A, orthereiss’ €S such that (s,s’) €A, or (s’,s) € A}.
Define .’ = (S’,1, T, v, F) as follows:

V=2,
F =FUAU{BCS':B#0and (g(B),s) € T for some s € F}U {(s,s’) :s’ € F}, where

{4} fZNF#0
@ ifZNF=0

It is remains to define the transition relation T’ such that T’ C (S’ U #(S’)) x I x S’. Assume
T'=T,UT,UT;UT,,
where
T, =TNSXIXS,
T,={(,a,s): (s’,a,s) € T for some s’ € 9},
T3 ={((s1,52),a,8) : (s3,a,8) € T},
T4 = {(B, a; (81982)) :B ;é 07 (g(B):Sl) € T) and (Slﬁa)SZ) € T}

Itis clear that S’ is a finite set. Now since Z C S, sowe get ) € S'UZ(S’) and & C S'UP(S’)
from the definition. Therefore .o/’ = (S’,1, T’,v, Z) is a TF-automaton over 1.

Proof of (A2).
Now we want to show ¢ = £ (.</’), and since ¢ = £ (.«/) by (1), that means we want to
prove (o) = £("). Thus we should prove the following:

(B1) 2(#)c2(d).
(B2) 2(')c2(H).

Proof of (B1): ¥(.«/) C £(.&").
Assume u € £(.«/), such that u : ¢ — I, where a € ord, and we want to prove u € £(.«’),
so it is enough to prove there is an accepting run H of .o/’ on u.
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If u is the empty word, then dom(u) =a=0,and H : 1 —» S’ U #(S’), such that
H(0)=H(a)=1,

is an accepting run of ./’ on u. Therefore, u € £(.</").
Now assume u is a nonempty word. Since u € £(.«/), then there is an accepting run
R:a+1—-Sof .o onu.DefineH:a+1— S UZ(S’) such that

f

Y if =0,
R(1) if =1,

H(B)=1R(B) iff=06+1, 6§ €succ, 6 +1<a,
(R(6),R(6+1)) ifp=6+1,6€lim, 6+1<a,
\sup;j(H) if p€lim, 6§ <a.

Now we want to show that H is an accepting run of ./’ on u, that is, we want to show
H(a) € &, and satisfy the following conditions:

1. H(0)=1.
2. H(3) € S, for every successor ordinal § < a.
3. HB)= sup;j (H), for every limit ordinal < a.

4. (H(B),u(B),H(f+1)) T, for every p < a.

It is clear that 1, 2 and 3 are hold from the definition of H.
Now we want to prove condition (4).

First assume 5 =0

(H(0),u(0),H(1)) = (4,u(0),R(1)) € T,

because
T, ={(v,a,s): (s’,a,s) €T forsomes’ €y} C T,

and
(R(0),u(0),R(1)) € T, R(0) € Z =1,

since R is an accepting run of .«/ on u.

Second let 3 be a successor ordinal such that 0 < 3 < a and we want to prove

(H(B),u(B),H(+1)) e T".
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Assume 3 = 6 + 1, for some 6 € ord. Then we have the following cases:
e 5=0.
e 0 is a successor ordinal.
e ¢ is a limit ordinal.

Assume 6 = 0, or 0 is a successor ordinal, then we have
(H(B),u(f),H(B +1))=(R(B),u(f),RB+1) T,
because R is an accepting run of ./ on u, and since
T,=TN(SxIxS)CT,
implies to (H(B),u(B),H(f+1)) e T'.
Now let & be a limit ordinal and we want to show (H(B),u(B),H(f + 1)) € T’. We have

(H(B),u(B), H(B +1)) = (H(6 +1),u(é +1),H(5 +2))
= ((R(8),R(6 +1)),u(6 +1),R(5 + 2)),

and since R is an accepting run of .«/ on u, so we get
(R(6+1),u(6+1),R(6+2))€ET,

but
T3 = {((51552)) a,s) : (82, a,s) € T} g T/,

implies to (H(B),u(B),H(fp+1)) e T'.
Finally, assume f3 < a be a limit ordinal and we want to prove (H(S),u(B),H(f +1)) e T".
Claim that, supg(R) = g(sup;j (H )), for every limit ordinal 8 < a. Now let # < a be a limit
ordinal and we want to prove our claim, assume s € supg(R), where

sups(R) = {s" €S : {6 < B :R(6) =s'} is cofinal in B},

which implies to
C ={6 < B :R(6) =s} is cofinal in f3.
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Assume C’ is the subset of C consisting of ordinals of the form { + 2 for some ordinal ,
C” is the subset of C consisting of ordinals of the form ¢ + 1 for some limit ordinal ¢, and
C”"=Cn{6:6<p, 6 €lim}.

For each 6 € C’, we have H(6) =R(6), so if C’ is unbounded in 3, then s € sup,(H). Thus
s € sup’s(H) and by the definition of g, we get s € g(sup’ﬁ (H )). Otherwise C” is unbounded
in B, or C"” is unbounded in f3.

Assume C” is unbounded in f3. For each 6 € C” with § = { + 1, and { is a limit ordinal we

have

H(8) = (R(0),R(+ 1)) =(5,5)

for some s’ € S. Since S is a finite set, then there is s’ € S such that
{6eC”:H(8)= (s’,s)}
is unbounded in 8 by lemma 1.2.39. Thus,
(s’,s) € sup;j(H)

and by the definition of g, we get s € g(sup’ p(H )).
Now assume C”” is unbounded in f3. For each 6 € C"”/, we have

H(6 +1)=(R(6),R(6 +1))=(s,s")
for some s’ € S. Since S is a finite set, there is s’ € S such that
{6+1<pB: HO6+1)= (s,s’)}
is unbounded in 3 by lemma 1.2.39. Thus
(s,s’) € sup;j(H)

and by the definition of g, we get s € g(sup’ s(H )). From above we get supg(R) € g(sup;j (H )).

It is remains to prove g(sup;j (H )) C supg(R). Assume s € g(sup;j (H )), then by the defini-
tion of g we get either s € sup;j (H), or (s,s) € sup;j (H) for some s’ €S, or (s,s)€ sup;j (H) for
some s’ €8S.

1. Assume s € sup;j (H), and let

C={6 < B :H(6)=s}is cofinal in .
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Then R(6) = H(6) for each 6 € C, and 6 = y + 2, for some y € ord from the definition
of H, which implies to
{6 < B :R(6) =5}

is unbounded in f3, therefore s € supg(R).

2. Assume(s,s’) € sup;j (H), for some s’ € S. Let
C={6<pB:H)= (s,s’)} is cofinal in f3.

For each 6 € C, there is a limit ordinal { such that 6 = { + 1 by the definition of H. Then
R({) =s for each { such that { +1 € C. Then

{{<6: R(Q)=s}

is unbounded in 3. Now since

{C<6:R(Q)=s}S{r<B:R(y)=s}

which implies to
{r <B: R(y)=s},

is unbounded in f3. Thus s € supg(R).

3. Assume (s',s) € sup;j (H) for some s’ €S. Let
C={6<p: H(6)= (s’,s)} is cofinal in f3.
Then, R(6) = s for each § € C, 6 € lim and since

CC{y<B:R(y)=s}
so we get
{r <p :R(y) =s}
is unbounded in f3. Thus s € supg(R).
From above we get g(sup;j (H )) C supg(R). Therefore supy(R) = g(sup;j (H )).

Now, letff < a be a limit ordinal and we want to prove (H(S),u(B),H(f +1)) € T'. Then

we have two cases: either cf(f) = w, or cf(8) > w.
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First letf} < a be a limit ordinal with cf(3) = w. Since

(H(B), u(B), H(B + 1)) = (supj (), u(B), (R(B),R( + 1))

and

(sups(R),R(B)) € T, (R(B),u(B),R(B+1)) €T,

because R is an accepting run of .& on u. Now assume sup;j (H) # @ and since

supy(R) = g(supj(H)) and Ty = {(B,a,(5,,5,)) : B#0,((B).5)) €T, (s51,0,5,) €T} T,

thus we have

(supj, (H), u(B), (R(B),R(B +1))) € T,

which implies to (H(f),u(f),H(f3 + 1)) € T’. It is remains to prove sup;j (H) # 0. Assume by

the way of a contradiction that
supp(H) = supg(H)NS' =4,
and since S’ is a finite set because S is finite, so for each s € S’,
s & sups(H) = {s’ €S’ : {6 < B :H(6) :s’} cofinal in [5},

thus for eachs € S/,
{6 <pB: H(6)=s} bounded in .
Take y = mix{6 < B : H(6) =s,s €S’}, thus y+1 < 8 since € lim, and H(y + 1) € S’ by the
definition of H. Now let H(y + 1) =t for some t € §’, and
{6 <pB: H(6)=t} cofinalin 3,
then t € sup,(H), therefore
t €sups(H)NS' = sup;j(H),

which is a contradiction. Therefore sup’ﬁ (H) #90.
Second assume f < a is a limit ordinal with cf(f3) > w.

Since R is an accepting run of .¢/ on u, so we get

(sup,5 (R), statg(R),R(f3 )) €T,
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which implies to
(Supﬁ (R)’R(ﬁ )) € T;

because .« is a special ST-automaton over I, also we have (R(f),u(3),R(f + 1)) € T because
R is an accepting run of ./ on u, so we get (H(f3),u(f),H(B + 1)) € T’, as above.
Now we want to show H(a) € &#. Then we discuss the following cases:

1. Assume a = 0.
Ifa =0, then H(O)=v¢y € Z.

2. If a=f+1, and B is a successor ordinal.
Then H(a) = R(a), by the definition of H. Since R is an accepting run of .¢/ on u, so we
get R(a) € F C &, thus implies to H(a) € &.

3. If a= B +1, andp is a limit ordinal.
Then

H(a)=H(B +1) = (R(B),R(B + 1)),

by the definition of H and since R is an accepting run of .&/ on u, so we get R(a) =
R(B+1)€F but {(s,s'):s" € F} C &, which implies to H(a) € Z.

4. If a is a limit ordinal with cf(a) = w.
By the definition of H,
H(a) = sup,,(H),

and since
{BCS: B#0, (g(B),s)eT forsomeseF}CZ,

so it is enough to show that sup/ (H) # @ and (g(sup;(H)),s) € T, for some s € F. By the
same away above we can prove that sup/ (H) # (. Now we know R is an accepting run
of ./ on u, then

(supa(R),R(a)) €T and R(a) € F,

but
sup,(R) = g(sup/,(H)),

then sup/ (H) € Z, which implies to H(a) € Z.

5. If a is a limit ordinal with cf(a) > w.

Since R is an accepting run of .« on u, we get

(supa(R), stata(R),R(a)) eT,
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and since .«/ is a special ST-automaton over I, so we get

(supa(R),R(a)) eT,

and as above we get to H(a) € &.

Then H is an accepting run of .&¢’ on u, so u € £(.&/’). Therefore £ (.«/) C £(. ).

Proof of (B2): ¥(.') C ¥(.«).

Take u € £(.</’), such that u : @ — I where a € ord, we want to prove u € £(.«f). Thus
there is an acceptingrun H : a+1 — S'U#(S’) of .¢/’ on u. That we should define an accepting
runR:a+1—S of & onu.

Assume u = (, then dom(u) = 0. Therefore vy = H(0) = H(a) € &, because H is an
accepting run of ./’ on u, thus Z N F # ( by the definition of Z, so there exist an element
s € ZNF. Then define R(0) = R(a) = s, which is an accepting run of .&/ on u.

Now assume u # §J. Since @ ¢ & and (0,a,s’) ¢ T’ for some s’ € S’, a € I, it follows that
Y =H(0) #0.

We define R as the following:

H(0) if H(0)eS
s if H(0)e 2(S),

R(0) =

for some s, € H(0) =) is a fixed element and

fH(l) ifg=1,
H(B) ifp=6+1, 6 €succ, and < a,

R(B)={s if H(B)=(s",s) forsomes’ €S, f=6+1, 6 €lim, and < a,
s ifH(B)=(B+1)=(s,s’) forsomes €8S, 3 €lim, and 8 < a,
S if (g(sup;(H)),s) €T, forsomes€F, and a € lim.

Now we want to show that R is an accepting run of ./ on u, that is, we want to show R is
initial and final run, that is, R(0) € Z and R(a) € F and satisfy the following conditions:

1. For each 3 < a we have

(R(B),u(B),R(B+1))eT.
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2. For each 8 < a that is a limit ordinal with cf(8) = w, we have
(sup (R),R(B)) € T.
3. For each 8 < a that is a limit ordinal with cf(8) > w, we have
(supg(R), statg(R),R(B)) € T.
It is clear from the definition of R that is R(0) € Z. Now we want to prove R(a) € F. Since

u # (@, then a # 0. We will discuss the following cases:

1. Assume a = 6 + 1, and 6 is a successor ordinal.
Then R(a) = H(a) € & because H is an accepting run of ./’ on u, which is state and by
the definition of & we get R(a) € F.

2. Assume a = 6 + 1, and 6 is a limit ordinal.
Then,
R(a) =ssuchthat H(a)=H(6 +1) = (s’,s) for some s’ €8S,

and since H is an accepting run of .’ on u, which implies to H(a) € &, so we get
(s’,s) € Z and by the definition of #, we get s € F, therefore R(a) € F.

3. Assume q is a limit ordinal.

Then by the definition of R, we get
R(a) =s where s € F and (g(sup;(H)),s) eT,
which implies to R(a) € F.
Now we want to prove first condition, that is, for each 8 < a, we have
(R(B),u(B),R(B+1) ET.

First assume 8 = 0, so we have two cases either R(0) = H(0) when H(0) € S, or R(0) = s,
when H(0) € 2(S).
If R(0) = H(0) when H(0) € S, then

(R(0),u(0),R(1)) = (H(0),u(0), H(1)) € T’,
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since H is an accepting run of ./’ on u, and by the definition of T’, we get
(R(0),u(0),R(1)) € Ty,

therefore (R(0),u(0),R(1)) € T.
Now, if R(0) =s, when H(0) € £(S), then

(R(0),u(0),R(1)) = (so,u(0),H(1)),

and since H is an accepting run of .¢’ on u, then (v,u(0),H(1)) = (H(0),u(0),H(1)) € T’,
and by the definition of T’, we get (R(0),u(0),R(1)) € T.

Assume 3 = 6 + 1 such that 6 is a successor ordinal 0 < § < a, we want to prove
(R(B),u(B),R(p +1)) € T. We have

(R(B),u(B),R(B +1)) = (H(B),u(B),H(B +1) €T,

because H is an accepting run of ./’ on u, thus we get by the definition of T’,

(R(B),u(B),R(B +1)) € Ty,

therefore (R(f),u(B),R(f+1)) e T.
Now assume 3 = 6 + 1 such that 6 is a limit ordinal 0 < § < a, and we want to show
(R(B),u(B),R(B + 1)) € T. From the definition of R we get

R(f3) =s such that H(f3) = (s’,s) for some s’ €S

and since H is an accepting run of ./’ on u, so we get

((s,s),u(B),R(B +1)) = (H(B),u(B),H(B+1)) € T,
and since
T3 = {((51152)’ a,s) . (32: Cl,S) € T} g T/:

so we get

(s,u(B),R(B+1)) €T,

and since R(f) = s, because H(f3) = (s’,s), then (R(8),u(B),R(f+1)) € T.
Finally assume 8 < a be a limit ordinal, and we want to show (R(f),u(B),R(p +1)) € T.
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By the definition of R, we get
R(B)=sandR(B +1)=s"such that H(f +1) = (s,s’) for some s’ €8S.

Now

(R(B),u(B),R(B + 1)) = (s,u(B),s"),
and since H is an accepting run of ./’ on u, so we get

(H(B),u(p),H(f +1)) € T and H(p) = supj,(H),

which implies to

(H(B), u(B), H(B + 1)) = (supj(H), u(B), (s.5") ) € T",

and by the definition of T, we get

(s,u(/&),s’) €T,
and since (R(f),u(B),R(B +1)) = (s,u(p),s’), (R(B),u(B),R(B+1))€T.

Now we want to prove second condition, that is, for each 8 < a that is a limit ordinal with
cf(f) = w,
(supg(R),R(B)) € T.

Since H is an accepting run of ./’ on u, so we get
(H(B),u(B),H(f +1)) € T" and H(pB) = sup, (H),
which implies to
(H(B),u(B), H(B +1)) = (supj(H),u(B), H(B + 1)) € T".
Now by the definition of R, we get
R(f+1)=ssuchthat H(f+1)= (s’,s) for some s’ €S,

thus

(H(B), u(B), H( + 1)) = (sup} (H), u(p), (s'.5)) € T",
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and by the definition of T’, we get

(sup;j(H),u([o’), (s',s)) €T,
which implies to
(g(sup;j(H)),s’) €T,

and we know that g(sup;j (H )) = supg(R), therefore

(supﬁ (R),s’) eT

and since

H(B+1)=(s',s) = (R(B),R(B + 1))

then (supﬁ (R),R(ﬁ)) eT.
Now we want to prove condition three, that is, for each § < a that is a limit ordinal with
cf(B) > w, we have

(sups(R), statg(R),R(B)) € T.

Since .¢/ is a special ST-automaton, then
(sups(R), statg(R),R(B)) € T if and only if (supg(R),R(B)) € T,

and we show that (sups(R),R(f)) € T, for every limit ordinal < a. Then R is an accepting
run of ./ on u, thus u € £(.«/). Therefore £ (.&/") € £(.«/). Then from (B1) and (B2) we get
2( ") =% (.«), that is proof of (A2).

(1) = (2).

Assume ¢ = £(.'), such that .’ = (S§',1, T’,%, F) is a TF-automaton over I. We want
to prove (2), that we should do the following:

(A1) Construct .« =(S,I,T,Z,F), a special ST-automaton over I.
(A2) € =L().

Proof of (Al).
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We want to construct ./ =(S,I, T, Z,F), a special ST-automaton over I. Define

S=s'uz(s),
zZ={y},
F=2%,

T=T'UT,UT,,

where
T,={(A,B):ACSand B=ANS’}, and
T,={(A,C,B):A,CCSand B=ANS'}.

First we want to show that, .¢f is a special ST-automaton. Since ./’ is a TF-automaton over I,
then S’ is a finite set of states, so S is a finite set and from the definition of T; and T,, we get
for each element (A,B,s) € Z(S) x (S) x S,

(A,B,s) € T if and only if (A,s) € T.

Therefore, .« is a special ST-automaton over I.

Proof of (A2).
Now we want to show 6 = £(.</), and since ¢ = £(.¢’) by (1), that means we want to
prove (o) = £("). Thus we should prove the following:

(B1) 2(#) c2(A).
(B2) 2(H)Cc2().

Proof of (B1): ¥ (.&') C £(.«).

Assume u € £(./’). We want to prove u € £(.«), so it is enough to show that there is an
accepting run R of .« on u. Now since u € £(.</’), then there is an acceptingrun H : a +1 —
S"UP(S’) of .o/’ onu. DefineR:a+1— S of ./ on u, such that

R(B)=H(P) for each § < a.

Now we want to show that R is an accepting run of .¢/ on u, that is, we want to show R is an
initial run and a final run, that is, R(0) € Z, R(a) € F, and satisfy the following conditions:

1. For each 3 < a we have

(R(B),u(B),R(B+1))€T.
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2. For each 8 < a that is a limit ordinal with cf(8) = w, we have
(sup (R),R(B)) € T.
3. For each 8 < a that is a limit ordinal with cf(8) > w, we have
(supg(R), statg(R),R(B)) € T.

First we want to show R is initial and final. By the definition of R, we get R(0) = H(0) =,
because H is an accepting run of .&/ on u, and since Z = {4}, which implies to R(0) € Z. Now
we want to show R is final, again by the definition of R, we get R(a) = H(a) € &, because H
is an accepting run of ./’ on u and by the definition of .«/, we get F = %, which implies to
R(a) e F.

Now we want to prove first condition, that is, for each 8 < a, we have

(R(B),u(B),R(B+1))ET.

Since H is an accepting run of .¢’ on u, then for each # < a we have

(H(B),u(B),HB+1) €T,

but T’ € T, and R(f3) = H(f3) for each 8 < a, which implies to (R(S),u(f),R(p + 1)) € T for
each 8 < a.
We want to prove second condition, that is, for each f < a that is a limit ordinal with

cf(B) = w we have
(supg(R),R(B)) € T.

Let B < a be a limit ordinal with cf(8) = w so by the definition of R, we get R() = H(B) =
sup’ﬁ (H), because H is an accepting run of ./’ on u, but we know by the definition of sup;j (H),
that

sup’ﬁ (H) =supg(R)NS’,

and T; = {(A,B) :AC S and B=ANS'} C T, thus (supg(R),R(B)) = (sups(R), sup;j(H)) eT.
Finally the third condition holds because ./ is a special ST-automaton and second condition
holds.

Proof of (B2): L(.&) C L(.&/').
Assume u € L(.e/). We want to prove u € L(.&/’), so it is enough to show that there is an
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accepting run H of ./ on u. Now since u € L(.«/), then there is an accepting runR: a+1— S
of .o/ onu.Define H:a+1— S UP(S’) of .o/’ on u, such that

H(B)=R(p) foreach f < a.

Now we want to show that H is an accepting run of ./ on u, that is, we want to show H(a) € &

and satisfy the following conditions:
1. H(0)=1).
2. H(B) € S’, for every successor ordinal f§ < a.
3. HB)= sup;j (H) for every limit ordinal < a.
4. (H(B),u(p),H(B +1)) €T, for every < a.

First we want to prove H(a) € & . By the definition of H, we get H(a) = R(a) € F, because R
is an accepting run of .&/ on u, and since F = %, which implies to H(a) € Z.
Now we want to prove first condition, that is, H(0) = 1. By the definition of H, we get
H(0) =R(0) € Z, because R is an accepting run of ./ on u, but Z = {1}, so we get H(0) = v.
The second condition holds since for every successor ordinal § =6+1, 6 €ordand 8 < a,

we have
(R(6),u(6),R(6+1)) T,

but T = T'U T, U T,, which implies to
(R(6),u(6),R(6+1))e T, and

T'c(S'u(s))xIxs,
thus we get R(B)=R(6 +1) € S’.
We want to prove third condition, that is, H(f) = sup;j (H) for every limit ordinal § < a.
Let 3 be any limit ordinal, 8 < a. Then either cf(f8) = w, or cf(f8) > w.

First assume cf(3) = w, and since R is an accepting run of .< on u, then (sup s(R),R(f3 )) eT,
which implies to (supﬁ(R),R(ﬁ)) eT,but T, ={(A,B):ACS and B=ANS'}, then

R(B) = supg(R)NS’, and supg(H) = supg(R),

thus
R(B) = supy(H) NS’ = sup),(H),
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but we have by the definition of H, that H(a) = R(a), therefore H(a) = sup;j (H).
Now let cf(3) > w, and since R is an accepting run of ./ on u, then (sup,j (R), statg(R),R(j3 )) €
T, which implies to (supg (R), staty(R),R()) € T,, but T, = {(4,C,B) : A,C C S and B =ANS’},
then
R(B) = supg(R)NS’, and supg(H) = supg(R),

thus
R(B) = supy (H) NS’ = sup),(H),

but we have by the definition of H, that H(a) = R(a), therefore H(a) = sup;j (H).
Now we want to satisfy the last condition. Since R is an accepting run of .&/ on u, so we

get foreach f < a

(R(B),u(B),R(B+1) €T,
thus by the definition of T,
(R(B),u(B),R(B+1) €T

and by the definition of H, we get (H(f),u(f8),H(f + 1)) € T'. Therefore H is an accepting
run of .’ on u, thenu € £(.«¢’). Thus £(.&/) C £(.«’). From (B1) and (B2) we get Z(.«/) =
2.

O

The following example and theorem are showing that the concept of ST-automata is stronger

than from the concept of TF-automata.

Example 3.2.2. Let .o/ =(S,I, T, Z,F) be a ST-automaton over an alphabet I = {a}, such that

S=A{zf},
Z ={z},
F={f}, and

T ={(z,a,2),({z},2), ({z}, {2}, f)}.

Define u : w; — I, by u(6) = a, for each 6 < w,, and R: w; +1 — S, as the following:

R(6) =z, for each 6 < w,, and
R(w,) = f.

Then R is an accepting run of ./ on u. Therefore, £ (.«/) = {u}. But .«¢ is not a ST-special au-

tomaton over I. Assume by the way of a contradiction that there exists a special ST-automaton,
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that is, for any A,B C S and s € S, the following condition holds:
(A,s) e T if and if (A,B,s) € T.

Therefore ({z}, f) € T, because ({z},{z},f) € T. Then there exists a limit ordinal a < w,,
with cf(a) = w, such that

(supy(R),R(a)) = ({2}, f).

Now define v’ : @ = I, by u(6) = a, foreach 6 < a,and R’ : a +1 — S, as the following:

R'(6) =z, for each 6 < a, and
R'(a)=f.
Hence R’ is an accepting run of .« on u’. Therefore u’ € £ (.«/) which is a contradiction because

2(o)={u} and u # u’. Hence, ./ is not a special ST-automaton over I.

Theorem 3.2.3. There does not exists a special ST-automaton .« = (S,1, T, Z, F) over an alphabet
I = {a} such that ¥¢(.«/) = {u}, where u: w, — I, and S is a countable set.

Proof. Assume by the way of a contradiction there is a special ST-automaton .«f = (S,1,T,Z,F)
such that £(.&/) ={u},u: w; = I, = {a} and S is a countable set. Now since .« is a special
ST-automaton, that is, for any A,B C S and s € S, the following condition holds:

(A,s)e T if and if (A,B,s) € T,

and since £ (.«) = {u}, then there exists an accepting run R : w; +1 — S of .& on u. Then
R(0) € Z, R(w;) € F, and the following three conditions hold:

1. For each § < w; we have

(R(B),u(B),R(B+1)) ET.

2. For each f8 < w, that is a limit ordinal with cf(f) = w, we have
(supg(R),R(B)) € T.
3. For each 8 < w; that is a limit ordinal with cf(f) > w, we have

(supg(R), statg(R),R(B)) € T.
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Now since cf(w;) = w; > w, then by third condition we get
(Supwl(R)7 Stata)l(R):R(wl)) € T;

and since ./ is a special ST-automaton, then (sup,,(R),R(w;)) € T.
Assume first S is a finite set.
Now since
sup,;(R) ={s €S : {y < w; : R(y) =s} is cofinal in w,},

then let
sup,, (R) ={s1,55,53,...,5,}, and

S\sup,;(R) ={Spt1>Sns2s--+>Sm} -

We know R is an accepting run of . on u, and since S \ sup,,;(R) = {S,115Sns25 - - - >Sm} > SO
that for eachi=n+1,n+2,...,m, there exists a; < w,, such that R(a) #s; for a > a;.

Choose 6 to be largest element in {a,,1,a,.3,..-,%,}, and since
Supwl(R) = {51552: S35 .- ,Sn} >

so that there exists
P, > 6 such that R(f3;) = s,

Py > B, such that R(f3,) = s,,

B, > B,._; such that R(3,) =s,,,
Bri1 > B, such that R(B,..1) = s1,
Brta > Brsa such that R(,45) = s,,

ﬂn+n > /jn+(n—1) such that R(ﬂn+n) = Sn>

and we will keep doing that infinitely many times we will get to the following sequence:

[51<ﬁ2<"'<ﬂn<[5n+1<'”<[5n+n<[3n+n+l<""

Define
0 =sup{B;:i=1,2,...}.

It is clear that 6 € lim, cf(6) = w and sup,(R) = sup,, (R), and since (sup,,;(R),R(w;)) € T, so
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we get
(supg(R),R(w,)) € T.

Now define the word,
u’' : 0 — I such that u’(a) = a for each a < 0, and

R’ : 6 +1 — S such that
R'(y) =R(y) for each y < 6, and

R(6) =R(w,).

It is remains to show R’ is an accepting run of ./ on v/, that is, R'(0) € Z, R(0) € F, and the

following three conditions hold:

1. For each f§ < 6 we have

R(BLUPBLR(B+1)ET.

2. For each 8 < O that is a limit ordinal with cf() = w we have
(sups(R),R'(B) € T.
3. For each 8 < 6 that is a limit ordinal with cf(8) > w, we have

(supg(R),stats(R),R'(B)) € T.

It is clear that R’ is an accepting run of .& on u’, by the definition of R and since R is an
accepting run of ./ on u. Therefore u’ € £ (./) which is a contradiction because £ (.«) = {u}
and u # u’. Hence {u} is not accepting by a special ST-automaton.

Second assume S is an infinite set and since
sup,;(R) ={s €S : {y < w; : R(y) =s} is cofinal in w,},

then we have the following cases:
1. The set sup,, (R), and S \ sup,,; (R) are infinite.
2. The set sup,, (R) is finite and S \ sup,,;(R) is infinite.
3. The set sup,, (R), is infinite and S \ sup,,; (R) is finite.

First we will discuss case (1):
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Assume,

sup,, (R) ={s1,55,53,...}, and
S\ sup,,(R) ={ty, ty, t3,... }.

We know R is an accepting run of . on u, and since S \ sup,,;(R) = {t;, t,, t5,...}, so that for
eachi=0,1,2,... there exists a; < w; such that R(a) #s; for a > a;.

Choose
6 =sup{a;:i=1,2,3,...},

then 6 €lim, and 6 < w;, and since

sup,,;(R) = {s1,52,53,---}»

so that there exists
P, > & such that R(3;) = s,

B, > B such that R(f3,) =s,,
B3 > B, such that R(f3;) = s,

B =sup{f;:i<p}
ﬁco+1 > /jco such that R(ﬁw+1) =31,

Beosa > Peos1 such that R(B,, o) = o,

and we will keep doing that we will get to the following sequence:

Pr<PBy<Ps<....

Define
0 =sup{fs:0 <w-w}.

It is clear that 6 € lim, cf(6) = w and sup,(R) = sup,, (R), and since (sup,,;(R),R(w;)) € T, so
we get
(supp(R),R(w;)) € T.

Now define the word,

u : 0 — I, such that u’(a) = a, for each a < 6, and
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R :6+1— S, such that
R'(y) =R(y), for each y < 6, and

R'(0) =R(w).
Itis clear that R is an accepting run of ./ on u’, by the definition of R and since R is an accepting
run of .o/ on u. Therefore, u’ € £(.«f), which is a contradiction because £(.«/) = {u} and

u # u’. Hence, {u} is not accepted by a special ST-automaton.

Similar to the cases above we can prove case (2) and (3). O



Chapter 4
Operations on ST-automata

In this chapter, we define the basic operations on ST-automata over an alphabet as union, inter-
section, concatenation, raising to the powers w,*, and #. Furthermore, we show that applying
these operations to languages defined by ST-automata, the produced languages are also defin-

able using ST-automata.

4.1 Union Operation

First we define the union ST-automaton as follows:

Definition 4.1.1. Let ./ =(S,1,T,Z,F) and .’ = (S’,I,T’,Z’,F’) be two ST-automata over I
such that SN S’ = (. Define the union ST-automaton over I of .¢ and .«/" denoted by .o/ U .</’

as follows:

let
g U =(S",1,T",2" F"),
such that
§"=Sus’,
7'=707,
F”=FUF’, and
T"=TUT'.

Then we prove the following theorem that shows applying the union operation to languages

defined by ST-automata, the produce language that is also definable using ST-automaton.

Theorem 4.1.2. Let .«f = (S,I,T,Z,F) and ./’ = (S’,I,T’,Z’,F’") be two ST-automata over I,
such that SNS' = 0. Then (. U ') = L(A)U ZL(A').

59
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Proof. Assume .« =(S,I,T,Z,F) and .’ = (S’,I,T’,Z’,F") are two ST-automata over I such
that
,,Qf U sz/ — be” — (S// I T// Z// F//)

We want to prove the following:
1. (U ') CL(A)UL(A').
2. L(A)VL(F)CL(d UL

By the definition of .o/ we get the following:

§"=Sus,
7' =707,
F”"=FUF’, and
T"=TuUT.

proofof (1) . (F U ') C Z(F)UL(H).

Assume u € ¥ (. U./’), such thatu: a -» 1 and a € ord. Then there is an accepting run
R:a+1— 8" of .&” on u. We want to prove u € Z(./) U £(«’). Since R is an accepting
run of .&” on u, then either R(0) € Z, or R(0) € Z”. If R(0) € Z, then all values of R are in S
because SNS’ =@ and T” = T U T'. Then R is an accepting run of .o/ on u. Thus u € £(.«),
therefore u € £(.«)U £ (.«/’). Similarly, if R(0) € Z’, then u € £(.«/’). Thus in either case we
getue (F)uZ(F).

proof of (2). X(F)UZL(F')C L (dU.g").

Assume u € () U ZL(’), such that u : @ — I and a € ord. Then either u € £(.«), or
u € £ (.«/"). Without loss of generality, we can assume u € £ (.«/). Then there is an accepting
runR : a+1 — S of . on u. It is clear that R is an accepting run of .&”" on u. Then u €
(AU O

4.2 Intersection Operation

Next we define the intersection ST-automaton as follows:

Definition 4.2.1. Let .« = (S,I, T,Z,F) and ¢’ = (S’,I,T’,Z’,F’) be two ST-automata over
I such that S and S’ are finite sets of states. If A C S x S’, then we define 7,(A) and 7,(A) as
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follows:
m(A)={s€S: (s,s’) € A for some s’ € S’} and
m,(A)={s'€S": (s,s’) € A for some s € S}.

Define the intersection ST-automaton over I of .&/ and .&/’ denoted by .« N .&¢” as follows:

let
N pr/ — (S//,I, T//,Z//, F//).

such that

S// — S X S/’

Z// =7 % Z/,

F// =F x F/,

T"=T,UT,UT;,
where

T, ={(s,a,t) : s =(s1,85), t =(t1,t5), (s7,a,t;) €T, and (sy,a,t,) € T'},
TZ = {(A,S) tAC S//) S = (51352): (ﬂ:l(A):sl) € T) and (TCZ(A)’SZ) € T/}, and
T3 = {(A,B,S) :A:B g Sl/; s = (31552)) (TCI(A); 7T1(B),31) € T) and (TEZ(A)) 7-CZ(B):SZ) € T/}

Then by proving the following theorem we show that, applying the intersection operation
to languages defined by ST-automata, the produce language that is also definable using ST-

automaton.

Theorem 4.2.2. Let o/ = (S,I,T,Z,F) and .«/' = (S’,I,T’,Z’,F’) be two ST-automata over 1
such that S and S’ are finite sets of states. Then (o N ') = L(L)N L ().

Proof. Assume .« = (S,I,T,Z,F) and ./’ = (S’,1,T',Z’,F’) are two ST-automata over I, and

S, S’ are finite sets of states such that
,127 N ,,Qf/ — JZf// — (S// I T// Z// F//)
We want to prove the following:

(A1) (A N.d')CL(A)NL(A).

(A2) L(AI)NL(F) S L (g NI
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By the definition of .o N .¢/’, we get to the following:

S"=8x§,
7'=7x27,
F"=F xF’, and
T"=T,UT,UT,,

where

T, ={(s,a,t) : s =(s1,8,), t =(t1,t5), (s7,a,t;) €T, and (sy,a,t,) € T'},

T, ={(As):ACS", s=(s1,5,), (m,(A),s,) €T, and (7,(A),s,) € T'}, and

T3 = {(A,B,S) :A;B g S//: S = (81:52)3 (7T1(A), Tcl(B)’Sl) € Ta and (TCZ(A): TCZ(B)sSZ) € T/}
Proof of (A1). (I N.g)CL(I)NL(A').

Assume u € Z(.&/ N.e/’), suchthatu: a > I and a € ord. Then there exists an accepting
runR:a+1—S" of .o/” on u. We want to prove u € £(.«)N £ (.«’). Then we should prove
ue ¥4()anduec £().

First we want to prove u € £(.«/). Thus we need to define an acceptingrun H: a+1— S

of . on u. Now we define H as follows:
H(pB)=s, when R(f3) = (s, t) for each f < a.

Now we want to prove H is an accepting run of ./ on u. That we should prove the following:
H(0) € Z, H(a) € F, and satisfies the following conditions:

1. For each 3 < a we have

(H(B),u(B),HB+1))eT.

2. For each 8 < a that is a limit ordinal with cf(f8) = w, we have
(supg(H),H(B)) € T.
3. For each 8 < a that is a limit ordinal with cf(8) > w, we have

(supg(H),statg(H),H(B)) € T.
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Since R is an accepting run of .¢/” on u, then R(0) € Z”, and R(a) € F”, thus
R(0) = (s,s’), for some (s, s’) € Z”, and

R(a) = (t, t’), for some (t, t’) eF”.

By the definition of H we get H(0)=s € Z, and H(a) =t €F.
It is remains to prove the above three conditions. First we want to satisfy condition (1).

Assume 3 < a, and we want to show

(H(B),u(B),HB+1))T.

Since R is an accepting run of .&/” on u, then (R(B),u(p),R(f+1)) € T", so

(R(B),u(B),R(B +1)) €Ty,

let

(R(B),u(B),R(p +1))=(s,a,t) where
s =(51,55), t =(ty,t5), (s7,a,t;) € T and (s,,a,t,) € T'.
Then by the definition of H, we get
(H(B),u(f),H(B +1)) =(s1,a,t,),

but (s;,a, t;) € T, therefore (H(f),u(B),H(f + 1)) € T.
Now we want to satisfy condition (2). Let f < a be a limit ordinal with cf(f8) = w and we

want to prove
(supg(H),H(B)) € T.

Since R is an accepting run of .¢/” on u, then
(supg(R),R(B) € T”,
so (supg(R),R(B)) € Ty, but

T, ={(A,s) : s = (51,5,) and (71,(A),5,) € T, (m,(A),s,) € T'},
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therefore (nl(supﬁ (R)),sl) € T, where R(f3) = (s1,5,). Claim that

supg(H) = m, (SUP/j (R)),

therefore,
(supg(H), H(B)) = (1, (sups (R)),s,) € T.

It is remains to prove our claim. We know that,

nl(supﬁ(R)) ={seS: (s,s’) € supg(R) for some s € §’}, and
supg(H)={s €S :{y < : H(y) =s} is cofinal in }.

Now, let s € nl(supﬁ (R)), then (s,s’) € sup;(R) for some s’ € S’, implies to

D={y<p:R(y)=(s,s)},

is cofinal in 8, therefore D C D’, such that

D'={y <p:H(y)=s}

is also cofinal in f3, this implies to s€ supgz(H). Therefore nl(supﬁ (R)) C supg(H).
Now we want to prove supg(H) S nl(supﬁ (R)). Let s € supg(H) be a fixed element. Then

D={y <p:H(y)=s},

is cofinal in 8. For each s’ € S, let

D, ={r <B:R(y)=(s,5')}

then
p=|]JD,.

S
s'es’
Since S’ is a finite set, then there exists s’ € S” such that D, is cofinal in 3, to show that suppose
by the way of a contradiction that, for each s’ € S’, D, is not cofinal in 3. Thus for each s’ € S,

let v, < B is an upper bounded on D,,. Now choose
y =max{y, :s' €S'},

exists since S’ is a finite set, therefore y is an upper bounded on D, thus ¥ < f and that is a
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contradiction because D is cofinal in f3.

That implies to (s,s’) € supg(R), hence s € nl(supﬁ(R)). Then supg(H) C nl(supﬁ(R)).
Therefore 7'c1(sup/j (R)) = supg(H).

Finally, we want to satisfy condition three. Let 3 < a be a limit ordinal with cf() > w,

and we want to prove
(supg(H), statg(H),H(B)) € T.

Since R is an accepting run of .¢/” on u, then
(supg(R), stats(R),R(B)) € T”,
therefore (supg(R), statg(R),R(B)) € T, but
T; = {(A,B,s) : s = (s1,s,) and (7t;(A), ©,(B),s;) € T, (15(A), 7,(B),s,) € T'},
which implies to
(nl(supﬁ(R)), nl(statﬁ(R)),sl) € T where R(f3) = (s4,55)-

Claim that
supg(H) = nl(supﬁ (R)), and stat(H) = nl(statﬁ (R)),

therefore (supg(H), statg(H), H()) € T.
It is remains to prove our claim. We show early that supg(H) = nl(supﬁ (R)). Now we want
to prove statg(H) = nl(stat/j (R)). We know that,

statg(H) ={s €S : {y < : H(y) = s} is stationary in 3}, and

nl(stat,j (R)) ={seSs: (s,s’) € statg(R) for some s” € §'}.

Lets € nl(statﬁ (R)), then (s,s”) € statg(R) for some s’ € §’, implies to
D={r <B:R()=(ss)}
is stationary in 3, therefore D C D’, such that
D'={y <p:H(y)=s},

is also stationary in 3, this implies to s€ statg(H). Therefore nl(statﬂ (R)) C statg(H).
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Now we want to prove statgs(H) C nl(statﬂ (R)). Let s € stats(H) be a fixed element, then
D={y<pB:H(y)=s},

is a stationary set in 3. For each s’ € §’, let

D, ={r <B:R(y)=(s,5)}

then

p=|Jb,.

s’'es’
Since S’ is a finite set, then there exists s’ € S’ such that D, is stationary in 3, to show that
suppose by the way of a contradiction D, is not stationary in 3 for every s’ € S’. Thus for every
s’ € §’, there is a club C, in 8 such that C, N D, = . Let

C - ﬂs/GS/Cs/,
is also a club because S’ is finite, which implies to
CnND=4¢,

which is a contradiction because C is a club in 3 and D is stationary in 3. Then (s,s’) € statg(R),
which implies to s € ﬂl(sup/j (R)). Then statg(H) C ﬂl(statﬁ (R)).

Hence nl(statﬂ (R)) = statg(H). Therefore, H is an accepting run of .&/ on u. Then u €
£(.). By the same way we can show that u € £(.&"). Therefore Z(.&/ N.&") C L ()N
2.

Proof of (A2). L(A)NZL (') L(FN.F).

Assume u € Z(A)NL(H'), and u: a — I where a € ord. Then u € (&) and u € £ (")
therefore there exists an accepting runR : a+1 — S of .o on u and an acceptingrunR’ : a+1 —
S’ of ./’ on u. Now we want to define an accepting run H of .o/” on u. Define H: a+1— S”

as follows:

H(B)= (R(/3),R’(/5)), for each 3 < a.

Now we want to prove H is an accepting run of ./ on u, that is, H(0) € Z”, H(a) € F” and

satisfies the following conditions:
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1. For each 3 < a we have

(H(B),u(B),H( +1)) e T".

2. For each 8 < a that is a limit ordinal with cf(8) = w, we have
(supy (), H(B)) € T".
3. For each 8 < a that is a limit ordinal with cf(8) > w, we have
(supg(H), stats(H), H(B)) € T".

First we want to prove H(0) € Z” and H(a) € F”. We have R and R’ are accepting runs of .</
and .’ on u respectively and by the definition of H, we get H(0) € Z”, and H(a) € F”.
Now we want to show condition (1). let f < a, and we want to prove

(H(B),u(B),H(B+1)) e T".

Again since R and R’ are accepting runs of ./ and .«/’ on u respectively, then (R(f),u(f),R(f3 +
1)) e T and (R'(B),u(B),R'(f + 1)) € T', and since

Ty ={(s,a,t) :s=(s1,8,), t = (t1,t;) (s7,a,t;) € T and (sy,a,t,) € T'},

thus

(H(B),u(B),H(S +1)) = (R(B),R'(B)),u(B),(RB+1),R(B+ 1)) €Ty,
therefore, (H(B),u(B),H(B+1)) e T".

Now we want to show condition two. Let # < a be a limit ordinal with cf() = w, and we

want to prove
(sups(H),H(B)) € T”.

Since R and R’ are accepting runs of ./ and .¢/’ on u respectively, then (supg(R),R(B)) € T
and (supg(R),R(B)) € T'. Since H(B) = (R(B),R(B)) and

TZ = {(A,S) S= (51352) and (Tcl(A)asl) € TJ (7T2(A),52) € T/}a
so its enough to show that

(nl(supﬁ(H)),R(/S)) € T and (ﬂZ(supﬁ(H)),R’(ﬁ)) eT’.
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Therefore, it is suffices to show that

nl(supﬁ (H)) = supg (R) and n(supﬁ (H)) = supg (R),

and by the same way early we can show that.
Now we want to prove condition (3). Let f < a be a limit ordinal with cf(f8) > w, and we

want to prove
(supg(H), stats(H), H(B)) € T".

Since R and R’ are accepting runs of .</ and .&/’ on u respectively, then (sups(R), statg(R),R(B)) €
T and (sups(R), statg(R"),R'(8)) € T'. Since H(f) = (R(f),R'(B)), and

T, = {(A,B,s) :s =(s1,s,) and (71,(A), ©,(B),s;) € T, (1,(A), ,(B),s,) € T'},
so its enough to show that
(7r1(sup,j (H)), nl(statﬁ (H)),R(ﬂ)) € T and (77:2(sup,j (H)), nz(statﬁ (H)),R’(ﬁ)) eT’.
Therefore, it is suffices to show that
nl(supﬁ(H)) = supg(R) and n(statﬂ(H)) = statg(R) and

nz(supﬁ (H)) = supg(R’) and n(stat/j (H)) = statg (R’),

and by the same way early we can show that.
Then H is an accepting run of ./ on u. Thus, u € £(.«f N.o/").Therefore £ (. )NL (") C
%(.o N.gg"). From proof of (A1), and (A2), we get Z(.o N.&/") = L(F)NL(F"). O

Then we define the concatenation ST-automaton as the following:

4.3 Concatenation Operation

Then we define the concatenation ST-automaton as the following:

Definition 4.3.1. Let ./ =(S,1,T,Z,F) and ./’ = (S’,I,T’,Z’,F’) be two ST-automata over I
such that S NS’ = (. Define the concatenation ST-automaton over I of .¢/ and ./’ denoted by
o o .o’ as follows:
let
oo =(8",1,1",2" F"),
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such that
S"=SuS’,
i Z if ¢ £()
ZUZ' ifde ()
F/ = F’ if@géf(ﬂ/)
FUF' iffe (')
T"=TUT'UT,UT,UT;,,
where

T, = {(s,a,s’) :s€S,acl, s’ €Z suchthat (s,a,t) € T for some t € F},
T, = {(A,s’) :ACS, s’ € Z such that (A, t) € T for some t € F}, and
T; = {(A,B,s’) :A,BCS, s’ € Z such that (A,B,t) € T for some t € F}.

By proving the following theorem we show that, applying the concatenation operation to lan-
guages defined by ST-automata, the produce language that is also definable using ST-automaton.

Theorem 4.3.2. Let o/ = (S,I,T,Z,F) and .«¢' = (S’,I,T’,Z’,F’) be two ST-automata over 1
such that SNS' = 0. Then £ (o o ') = L(F) o L( ).

Proof. Assume .« =(S,I,T,Z,F) and .’ = (S’,I,T’,Z’,F’) are two ST-automata over I such
that SNS' =0. Let ./ o ./’ = . = (S”,1,T"”,Z”,F"). By the definition of .«f o .&/’, we get

§"=SuSs’,

7 Z if ¢ £()
ZUZ' iffeL(d)

L if0 ¢ 2()

FUF iffe2(d)

T"=TUT'UT,UT,UT;,,
where

T, = {(s,a,s’) :s€S,acl, s’ €Z suchthat (s,a,t) € T for some t € F},
T, = {(A,s’) :ACS, s’ € Z such that (A, t) € T for some t € F}, and
T;={(A,B,s') :ALBCS, s’ € Z’ such that (A,B,t) € T for some t € F}.
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We want to prove the following:
(A1) 4(d o) CL(A)oL(A).
(A2) 4(A)o (') L(A o).

Proof of (A1). ¥ (. o ') C ()0 L(").

Assume u € £ (. o.¢/’) such that u : @ — I, and a € ord. Then there is an accepting run
R:a+1—S" of .&" on u. We want to prove u € £(.«) o £(.</’). Since ¥ (.«/) and £ (.<")
are two classes of words over the same alphabet I, then

£(A) o,%(,(zf’) ={uyou;:u, € £(A)andue ,‘K(sz’)},
so we need to show that
u=uyouy,

for some u, € £(.«), and u, € £(«’), where uy: ay — I, and u; : a; — I, with a = ay + a,,
and a,, a, € ord. Now since R is an accepting run of .&/” on u, and S” =S US’, so we have the

following two cases:
(B1) Either R(a) €8S,
(B2) OrR(a)eS'.

Case (B1). IfR(a) €8S.
Since R is an accepting run of .o#” on u, then R(a) € F”, but R(a) € S, and SNS’ = @ thus
we must have R(a) € F, therefore ) € £(.«/’). Hence choose

ag=a, a; =0and uy=u, u=>0.

Itis clear thatH : ay+1 — S, with H = R is an accepting run of .¢/ on u,,. Therefore u, € £(.«).
Now since ) € £(./’), then H’ is an accepting run of ./ on u;. Then u, € £(.«").
Therefore u, € £(.«)andu;, € £(.«"). Henceu € £ (.o )o £ (."). Therefore, £ (.o o .#") C

L()o ZL(A).

Case (B2). IfR(a) € S’.
Assume B = {y < a : R(y) € §’}. Then B # 0 because R(a) € S’, therefore choose

a, = min(B)

a, such that a = a, + a; and
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Uy =1u [y, and u;(6) =u(ay +6) foreach 0 < 6 < a;.

Now we want to define H : a;+1 — S and H' : a; + 1 — S’ to be accepting runs of .& on u,

and ./’ on u, respectively. Then we have two cases:
(C1) Either o, =0,
(C2) Ora>0.

Case (C1). Assume a, = 0.
Since a, = min(B) and a, = 0, then the only possibility that we have R(0) € S’ by the definition
of B. Since R is an accepting run of .¢”’ on u, then R(0) € Z”, but R(0) € S’, so we must have
R(0) € Z’, and by the definition of ./ we get that ) € £ (.«/). Thus there is t € Z N F such
that H(0) = H(a,) = t, therefore H is an accepting run of .« on u,. Then u, € £(.«).
Define H' =R, it is clear that H' is an accepting run of .’ on u;. Thus u; € £(.«").
Thereforeu, € £¢(.«) andu, € £(.«"). Henceu € £ (.o )0 (.«"). Therefore, £(.o/ o .of") C
L(.e)o ().

Case (C2). Assume o, > 0.
We need to define H and H’'. Now since a, = min(B), then R(a,) € S’, by the definition of B,
therefore

R(6) € S for each 6 < a,.

Then we will discuss the following cases:
(D1) If a, is a successor ordinal.
(D2) If a, is a limit ordinal.

Case (D1). If a, is a successor ordinal.

Assume a, = 0 + 1, for some o € ord. Now Since R is an accepting run of .&" on u, then
(R(o),u(c),R(c +1)) = (R(c),u(0),R(ap)) € T”

but R(o) € S, u(o) €1, and R(a,) € S’, thus we must have (R(c),u(c),R(c + 1)) € Ty, by the
definition of T”, but

T, = {(s,a,s’) :s€S,acl, s’ €Z suchthat thereis t € F with (s,a,t) € T},

therefore,
R(c+1)=R(ay) € Z' and (R(0),u(0),t) €T,
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for some t € F.
Now we define H and H' as the following:
First define H : 2y +1 — S by

HB) = R(B) foreach f < a,.

t p=a,.
Define H' : a; +1 — S’ by

H'(6)=R(ay+6)for0<6 < aj.

Now we want to prove H is an accepting run of ./ on u,, that is, H(0) € Z, H(a,) € F and

satisfies the following conditions:

1. For each f < a, we have

(H(B),uo(B),H(B+1)) €T.

2. For each f8 < a, that is a limit ordinal with cf() = w, we have
(supg(H),H(B)) € T.
3. For each f8 < a, that is a limit ordinal with cf() > w, we have

(supg(H), statg(H),H(B)) € T.

First we want to show that H(0) € Z, and H(a,) € F. Since R is an accepting run of ./” on u,
then R(0) € Z” but a, > 0 and as we show early that

R(6) €S for each 6 < ay,

therefore R(0) € S but R(0) € Z”, this implies to R(0) € Z, hence H(0) € Z, since H(0) = R(0)
by the definition of H and by the definition of H it is clear that H(a,) € F.

It is remains to prove the three conditions.

Now we want to prove condition (1). Let 8 < a,, and we want to prove

(H(B),uo(B),H(B+1)) €T.
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Since R is an accepting run of .&/” on u, then (R(S),u(p),R(S +1)) € T”, for each < a, but

(H(B),uo(B), H(B +1)) = (R(B), u T4, (B),R(B + 1)) = (R(B),u(B),R(S +1))

for each 8 < a,, by the definition of H and u, and R(6) € S for each 6 < a,, therefore

(H(B),uo(B),H(B+1)) €T.

Hence, for each 8 < a,, we get (H(f),uy(B),H(B+1))T.
Next we want to prove condition (2). Let # < a, be a limit ordinal with cf(8) = w and we

want to prove
(supg(H),H(B)) € T.

Again since R is an accepting run of ./ on u, then (sups(R),R(B)) € T” for each limit ordinal
B, where 8 < a, with cf(8) = w. We know that,

supg(H) ={s €S :{y < : H(y) =s} is cofinal in §} and

sups(R) = {s € S” : {y < : R(y) =} is cofinal in 3}.

It is remains to show that for any limit ordinal < a, we have that supg(H) = supg(R) and
this is clear for each 8 < a,, since H(8) = R(8) for f < a,, by the definition of H and
in this case supg(R) € 2(S), and R(B) € S, but (supg(R),R(f)) € T” for each limit ordinal,
P < a, therefore for any limit ordinal 3 < a, we have that

(supy(H), H(B)) = (sups(R),R(B)) € T,

and for 8 = a,,
(sup(H), H(B)) = (supg (H), t) = (supy(R), t) € 2(S) x S,

which implies to for any limit ordinal 8 < a,, (supg(H),H(B)) € T.
Now we want to prove condition (3). Let # < a, that is a limit ordinal with cf(f8) > w, we

want to prove
(supg(H), statg(H),H(B)) € T.

Again since R is an accepting run of ./’ on u, then (supg(R), statz(R),R(f)) € T”. We know
that,
supg(H) ={s €S : {y <8 : H(y) =s} is cofinal in 3}, and
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statg(H) = {s €S : {y < B : H(y) = s} is stationary in 3},

so it is enough to show that for any limit ordinal < a, , we have that sups(H) = supg(R) and
statg(H) = statg(R).

By the same way above we can see that supg(H) = supg(R), and statz(H) = statg(R).
Therefore, for each limit ordinal § < a,, with cf(8) > w, we get (supy(H), statg(H), H(B)) € T.

Therefore H satisfies the three conditions. Hence H is an accepting run of .«/ on u,. There-
fore u, € £ ().

As we define before H' : a; + 1 — S’ with

H'(6)=R(ay+6)for0<6 < aj.

Now we want to prove H' is an accepting run of .&/’ on u;, that is, H'(0) € Z’, H'(a,) € F’ and

satisfies the following conditions:

1. For each f < a; we have
(H'(B), w1 (B),H'(B+1) €T
2. For each 8 < a, that is a limit ordinal with cf() = w, we have

(supg(H'), H'(B)) € T".

3. For each 8 < a, that is a limit ordinal with cf() > w, we have

(supg(H"),staty(H"), H'(B)) € T'.

First we want to prove H'(0) € Z’, and H'(a,) € F’. By the definition of H' we get H'(0) =
R(a,) € Z’ as we shown early and H'(a;) = R(a, + a;) = R(a) € F” because R is an accepting
run of .¢/” on u but we have R(a) € S’, so we must have R(a) € F’. Hence H'(a,) € F'.

It is remains to prove the three conditions.

Now we want to prove condition (1). Let f < a; and we want to prove (H'(),u,(f), H' (B+
1)) € T’. Since R is an accepting run of ./’ on u, then (R(f),u(f),R(p + 1)) € T”, for each
B < a, but

(H'(B),us(B), H'(B + 1)) = (R(ag + ), u(ag + B),R(ap + f + 1))

for each 8 < a,, by the definition of H" and u, and we have (H'(f),u,(f),H'(f+1)) € S'xIxS’,
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so we must have

(H'(B),u,(B),H'(B+1)) T

Therefore, for each < a,, we get (H'(8),u,(B),H'(B+1)) e T".
Next we want to prove condition (2). Let < a; be a limit ordinal with cf(8) = w and we

want to prove
(supg(H'),H'(B)) € T".

Again since R is an accepting run of .&/” on u, then (sup,, ,s(R),R(a, + f)) € T” for each
B <a.
supg(H') ={s €S’ : {y < B : H'(y) = s} is cofinal in 8} and

supg(R) = {s €S” : {y < B : R(y) =} is cofinal in B}.
By lemma 1.2.40, we get a,+f8 < a is alimit ordinal with cf(a, + 8) = w, and since sups(H') =

sup,, .s(R) and in this case sup, 5(R) € 2(S’), and R(a, + ) € S’, but (sup,, ,5(R),R(aq +
B)) € T” for each B < a, therefore for any limit ordinal < a, we have that

(supg(H'), H'(B)) = (supg,, p(R),R(ag + B € T,

which implies that, for any limit ordinal § < a,, with cf(8) = w, (supg(H"),H'(B)) € T'.
Now we want to prove condition (3). Let f < a; be a limit ordinal with cf(f) > w, we

want to prove
(supg(H"),staty(H"),H'(B)) € T'.

By lemma 1.2.40, we get a, + 8 < a is a limit ordinal with cf(a,+ ) > w, and since R is an

accepting run of ./ on u, then (sup, ,5(R), stat, ,5(R),R(aq + B)) € T”. We have

supg(H') ={s €S : {y < B : H'(y) =s} is cofinal in B}, and

statg(H') = {s €S : {y < B : H'(y) = s} is stationary in },

so for any limit ordinal $ < a, , we have that sups(H') = sup,, ,4(R) and stat, (H") = stat,, , 5(R).
Therefore, for each limit ordinal 8 < a;, with cf(8) > w, we get (supg(H'), statg(H), H'(8)) €
T’, by the same way in condition (2). Thus, H' satisfies the three conditions.

Hence, H' is an accepting run of ./’ on u;. Therefore u; € £(.«"). Hence u € ¥ (o) o
£(."). Therefore, (.o o ./') C L(.o) o L ().

Case (D2). If a, is a limit ordinal.
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Assumeaq,, is a limit ordinal and we want to define H and H’. Then either cf(a,) = w, or
cf(ay) > w.

Assume first cf(a,) = w, and since (supm0 (R),R(ao)) € T” because R is an accepting run of
/" on u, and we have sup, (R) € 2(S) because R(6) € S for each 6 < a,, and R(a,) € Z’
since a, = min(B), and R is an accepting run of .&” on u, therefore the only possibility that
we have (supa0 (R),R(ao)) € T,. Then there an element t € F such that (supao (R), t) eT.

Now we define H : a;+ 1 — S as the following:

HB) = R(B) foreach 3 < a,,

t ﬁ == ao.
Define H' : a; + 1 — S’ as follows:
H'(6)=R(a,+ 6) foreach 0 < 6 < a;.

And by the same way as in case a, is a successor ordinal we can show that H and H' are ac-
cepting runs of .« on u, and ./’ on u, respectively. Therefore, u, € (/) and u, € Z(«f)'.
Thenu € () o £(’). Therefore £ (.o o of') C L(f) 0 L ().

Second assume cf(a,) > w. Since (supaO(R),stat(R),R(aO)) € T” because R is an accepting
run of .¢/” on u, and we have sup, (R) € #(S) and stat, (R) € #(S) because R(5) € S for
each 6 < a,, and R(a,) € Z’ since a, = min(B), and R is an accepting run of ./” on u, therefore
the only possibility that we have (supa0 (R), stat,, (R),R(ao)) € T,. Then there exists an element
t € F such that (sup, (R),stat, (R),t) € T.

Now we define H : a;+ 1 — S as the following:

H(p) = R(B) foreach 3 < ay,

t B =a,.

Define H' : a; +1 — S’ as follows:
H'(6)=R(ay+6)for0<6 < aj.

And by the same way as in case a, is a successor ordinal we can show that H and H' are ac-
cepting runs of ./ on u, and .’ on u; respectively. Therefore u, € £(.«/) and u, € £ (<)
Then u € £(.of) o £(.«"). Therefore £(.of o ') C L()o L(H).
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Proof of (A2). Z(.&)o Z(F) C (. o).
Assume u € () o £(), such thatu: ¢ — I, and a € ord. Then

u=u,ouy, such that

u(6) =uy(6) for 6 < ayand u(ay+96)=u,(6)for0< 6 < a,

for some uy € L(), uy:ay—Iandu; € L( '), uy : a; = I, ay, a, € ord with a = ay + a;.
We want to prove u € £(.«/ o."), so we need to define an accepting run R of .&” on u.

Now since u, € £ (&) and u; € £(.«’), then there are accepting runs H : ag+1 — S of .&/
onu,and H : a; +1 — S’ of .&’ on u;.

Now we want to define an accepting runR: a+1 — S”, of .o/ on u. Define R as follows:

R(6) =H(6), ifand if 6 < ay,
R(ay+6)=H'(8), ifand if 0 < 6 < a;.

We want to prove R is an accepting run of .&/” on u, that we should prove the following
R(0) € Z”, R(a) € F” and satisfies the following conditions:

1. For each < a we have

(R(B),u(B),R(B+1)) € T".

2. For each 8 < a that is a limit ordinal with cf(8) = w, we have
(sups(R), R(B)) € T".
3. For each 8 < a that is a limit ordinal with cf(8) > w, we have
(sups(R), statg(R),R(B)) € T”.
We will consider the following two cases:
(B1) If ay =0.

(B2) If ay > O.

Case (B1). If a, = 0.

Then a; = a. Then u, = @ and u; = u and since H is an accepting run of .&/ on u,, then
u, = 0 € £(.«/), which implies to R(0) € Z’, by the definition of .”. Therefore R = H' and
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there is nothing to prove.
Case (B2). If a, > 0.
Second assume a, > 0. Then we will discuss the following two cases:
(C1) If a is a successor ordinal.
(C2) If a is a limit ordinal.

Case (C1). If a, is a successor ordinal.

We want to prove R is an accepting run of .¢/” on u. Then assume a, = o + 1, for some
o € ord. Now we want to prove R(0) € Z”, and R(a) € F”.

By the definition of R we get R(0) = H(0) € Z, and R(a) = H'(a,) € F’ because H is
an accepting run of ./ on u,, and H’ is an accepting run of ./’ on u,, then R(0) € Z” and
R(a) € F”, by the definition of ./”.

It is remains to prove the three conditions.

Now we want to prove condition (1). Assume 3 < a. Then we have two cases either § < a,

or a, < 8 < a and we want to prove

(R(B),u(B),R(B+1)) e T".

First assume 3 < a,. By the definition of R, we get for each 8 < a,

(R(B),u(B),R(p +1)) = (H(B),uo(B), H(P + 1)).

Since H is an accepting run of . on uy, then (R(f),u(p),R(S+1)) € T, hence for each < a,,
we get (R(B),u(B),R(B +1)) € T”, by the definition of T”.

Second assume f3 = a, = o + 1, for some o € ord, then
(R(0),u(0),R(0 +1)) = (H(o),uy(0), H'(0)).

So it is enough to show
(H(o),uo(0),H'(0)) € T,

in particular we will show that
(H(0),u(0),H'(0)) € T;.

Now since H’ is an accepting run of .&/’ on u,, then H’(0) € Z’, and since H is an accepting
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run of .¢/ on u,, then H(a,) € F, and (H(0),uy(0),H(c + 1)) = (H(0),uy(c),H(ay)) € T, so
we are done.

Now assume a, < 8 < a. Hence 8 = a,+ 6, for 0 < 6 < a; and by the definition of R

we get

(R(B),u(B),R(B + 1)) = (H'(6),u1(6),H'(6 + 1))

Since H’ is an accepting run of ./’ on u;, then (R(f),u(f),R( + 1)) € T’, hence for each
a, < P < a,we get (R(B),u(B),R(p +1)) € T”, by the definition of T”.

Therefore, for each § < a, we have (R(B),u(),R(p+1))eT".

Next we want to prove condition (2). Assume f3 < a, that is a limit ordinal with cf(f8) = w,

then we have two cases either # < a, or ¢, < 8 < a and we want to prove

(supg(R),R(B)) € T".

Not that 8 # a,, because a, is a successor ordinal.

First assume 8 < a,. By the definition of R we get for each f < a,, supg(R) = supg(H)
and R(f3) = H(f3), therefore

(sups (R),R(B)) = (supy(H),H(B)) € T,

since H is an accepting run of .¢/ on u,, hence for each 8 < a,, we get (supz(R),R(B)) € T”
by the definition of T”.

Now assume a, < 8 < a. Hence 8 = a,+ 0, for 0 < 6 < a; and by the definition of R
we get
supy(R) = sup,(H'), and R(B) = H'(5),

therefore
(sups(R),R(B)) = (sups(H),H'(6)) € T',

since H’' is an accepting run of .¢’ on u;, and 6 < a, is a limit ordinal with cf(6) = w, by
lemma 1.2.40, then by the definition of T”, we get (supg(R),R(f3)) € T” for each a;, < f§ < a.
Therefore (sups(R),R(B)) € T”, for every limit ordinal § < a with cf(8) = w.

Now we want to prove condition (3). Let < a be a limit ordinal with cf(f3) > w, we want

to prove
(sups(R), statg(R),R(B)) € T”.
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We have two cases either § < a, or ay < 8 < a,, note that also we don’t need f3 = a,, since

a, is a successor ordinal.

First assume f§ < a,. By the definition of R we get supg(R) = supg(H), statg(R) = statg(H)
and R(f3) = H(f3), therefore

(supy(R), statg(R), R(B)) = (supy (H), statg (H), H(B)) € T,

since H is an accepting run of .¢/ on u,, hence for each § < a,, we get (sup4(R), statg(R),R(B)) €
T” by the definition of T”.

Now assume a, < 8 < a. Hence 8 = a,+ 6, for 0 < 6§ < a,, and by the definition of R
we get
supg(R) = sup5(H’), stat(R) = stat5(H’) and R(B) = H'(5),

therefore
(supg(R), statg (R),R(B)) = (sups(H'), stat5(H’),H’(5)) eT’,

since H’ is an accepting run of .&/’ on u;, and & is a limit ordinal with cf(§) > w, by lemma
1.2.40, then by the definition of T”, we get (sups(R), statz(R),R(f)) € T" foreach ay < f < a.
Thus for every limit ordinal § < a with cf(8) > w, (supg(R), stats(R),R(B)) € T".

Therefore, R satisfies the three conditions. Then R is an accepting run of ./ on u. There-
foreue (o o).

Case (C2). If a, is a limit ordinal.

Then we want to prove R is an accepting run of ./ on u. By the same way when a, € succ
we can prove R(0) € Z”, and R(a) € F”.

It is remains to prove the three conditions.

First we want to prove condition (1), that is, For each 8 < a, we have

(R(B),u(B),R(B+1)) € T".

Then we have two cases either f < a, or a; < 8 < a. We can show that by the same way
when a, € succ except for f§ = a,.

Now assume f3 = a,, then

(R(B), u(B),R(B + 1)) = (R(ap), ulay), R(ag + 1)) = (H'(0),u,(0), H'(1)) € T,
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since H' is an accepting run of .&’ on u;. Therefore, for each < a,we get (R(S),u(),R(B +
1)eT”
Next we want to prove condition (2). Assume 3 < a that is a limit ordinal with cf(f8) = w,

then we have two cases either f < a,, or @, < # < a and we want to prove

(sups(R), R(B)) € T".

Also we can show that by the same way when «a,, € succ except for f = a.

Now assume 3 = a,, then we want to prove
(sup,, (R),R(ay)) € T".
In particular we want to prove (sup, (H),H ’(0)) € T,, because
(sup,, (R), R(ay)) = (sup,, (), H'(0)).

It is clear by the definition of R, that sup, (R) = sup, (H) C S, and since H' is an accepting
run of .¢’ on uy, then R(a,) = H'(0) € Z’, but H is an accepting run of ./ on u,, and a is a
limit ordinal then H(a,) € F, and (sup, (H),H(a,)) € T. Thus by the definition of T, we get
(sup,, (R),R(a,)) € T,. Therefore, for each § < a, that is a limit ordinal with cf(8) = w, we
get (supy(R),R(B)) € T".

Finally we want to prove condition (3). Assume 3 < a, that is a limit ordinal with cf() >
w, then we have two cases either f§ < a, or a;, < f < a and we want to prove

(sups(R), statg(R),R(B)) € T”.

Also we can show that by the same way when a € succ except for f = a,.

Now assume 8 = a,, then we want to prove
(sup,, (R), stat, (R),R(a)) € T”.
In particular we want to prove (sup, (H), stat, (H),H ’(0)) € T, because

(sup,, (R), stat,, (R), R(a)) = (sup,, (H), stat,, (H), H'(0)).

It is clear by the definition of R, that sup,, (R) = sup, (H) C S, and stat, (R) = stat, (H) C S
and since H’ is an accepting run of .¢’ on u,, then R(a,) = H’(0) € Z’, but H is an accepting
run of .¢/ on u,, and a, is a limit ordinal then H(a,) € F, and (sup, (H), stat, (H),H(a,)) € T.
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Thus by the definition of T; we get (sup,, (R), stat, (H),R(a,)) € T5, where

T;={(A,B,s') :ALBCS, s’ € Z’ such that (A,B,t) € T for some t € F}.

Therefore, for each § < a that is a limit ordinal with cf(f8) > w, we show (sup(R), stat, (H),R(S)) €
T”. Thus, R satisfies the three conditions. Hence u € £ (.</ o .&¢"), which implies to £ (.&/) o
L(A')C L (A o).

From (A1), and (A2) we get Z(.&)o £( ') =L(d o ."). O

4.4 * -Operation
Next, we define the *-ST-automaton as follows:

Definition 4.4.1. Let .o/ = (S,I,T,Z,F) be a ST-automaton over I with Z # (. Define the
*.ST-automaton over I of .&/, or .&* = (S’,I,T’,Z’',F’) as follows:

S'=8x{0,1},
7' =7 x {1},
F=27
T'=T,UT,UT,,

where

T, ={((s,0),a,(t,0)): (s,a,t) € T}U
{(Ax {0},(t,0)):ACS, and (A, t) e T}U
{(Ax {0},B x{0},(t,0)):A,BCS, and (A,B,t) €T},

T, ={((5,0),a,(t,1)): (s,a,t') € T for some t’' € F, and (t,1) € F'}U
{(A x {0},(¢t,1)):ACS, (A, t’) €T forsome t' € F, and (t,1) € F'} U
{(Ax {0},B x {0},(t,1)):A,BCS, (AB,t') €T for some t' €F, and (t,1) € F'},

T; ={((s,1),a,(t,0)) : (s,a,t) e T}.
If Z =0, then define .&/* = ({s},1,0, {s}, {s}), for anys € S.

Then we prove the following theorem that show, applying the * operation to languages

defined by ST-automata, the produce language that is also definable using ST-automaton.
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Theorem 4.4.2. If .o/ = (S,I,T,Z,F) is a ST-automaton over I, with Z is a finite set, then
2L(d*)=(£(A))".

Proof. Assume ./ =(S,1,T,Z,F) is a ST-automaton over I, with Z is a finite set and we want
to prove Z(.&*) = (£ (&))", such that .&* = (S’,1,T’,Z’,F’). We want to prove the following:

(A1) 2(")C(L(A)).
(A2) (£(H))" c2(A).

If Z # (, then by the definition of ./* we get to the following:

S'=8x{0,1},
7' =7 x {1},
FF=27
T'=T,UT,UT,,

where

T, ={((s,0),a,(t,0)): (s,a,t) € T}U
{(Ax {0},(t,0)):ACS, and (A, t) e T}U
{(Ax {0},B x {0},(t,0)):A,BCS, and (A,B,t) € T},

T, ={((s,0),a,(t,1)): (s,a,t') € T for some t’' € F, and (t,1) € F'}U
{(A x {0},(¢t,1)):ACS, (A, t’) €T forsome t’' € F, and (t,1) € F'} U
{(Ax {0},B x {0},(t,1)):A,BCS, (AB,t') €T for some t' €F, and (t,1) € F'},

T; ={((s,1),a,(t,0)): (s,a,t) €T}.

If Z =0, then define .&/* = ({s},1,0,{s}, {s}) forany s € S.

Proof of (A1). 4(&*) C (ZL(«))".

First we want to prove (Al), that is, £ (.&/*) C (Z(.«/))". We can assume Z # §, since if
Z =0, then .&/*=({s}, 1,0, {s}, {s}), for some s€S, hence £(.&/*) = {f}, and since £ (.«f) =0,
then (£ (&))" = {0}, therefore £ (.&/*) = (£ (.«))".

So we can assume that Z # (). Now let u € £ (.«/*), such that u: @ — I, and a € ord. Since
0 e (£L(«))", so we can assume u # (. Then there exists an accepting runR : a+1 — S’ of
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o/* on u. We want to prove u € (£(.))", and since

(£() = ()",

n<w

such that for each n < w,

(2(427))”={u:u=0(uﬁ) ue€ %() for each 3 < n}.

p<n’

We will find n < w, such that u € (£ (.«f))". First we show that
C={B<a:R(B)eF'},

is finite.

Suppose by the way of a contradiction that C is infinite. Let C = {a; : i < n}, where 7 is
an infinite ordinal and a; < a;, for each i < j <. Let

o =sup{a; :i < w},
then o € lim, so
sup,(R)={s €S’ : {y <o :R(y) =s} is cofinal in ¢'}.

Since Z is finite so F’ is finite because F/ = Z x {1}, then there is (t,1) € F’ such that
(t,1) € sup,(R) which is a contradiction since R is an accepting run of ./* on u, then either
(supU(R),R(O')) € T’, when cf(o) = w, or (supU(R), stata(R),R(O')) € T’, when cf(o0) > w,
and there are no (A4,s) € T’ and (A, B,s) € T/, with (s, 1) € A. Therefore C is a finite set. Let

n=|C|—1.
Now define that, for each i and 0 < i < n, 6; € ord such that
ai + 91' == ai+1, and

u; : 6; = I, is such that
ui((S) == u(al’ + 5), fOI‘ all 6 < 91',

then we get,
u=o(u;);.,, and a = ZGi.

i<n
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Now, since for each i with 0 < i < n, a; € C, then R(a;) € F’, and F' = Z x 1, so define
R;: 6;+1— S, as the following:

R;(0) =s, such that R(a;) = (s, 1), for some (s,1) € F/,
R;(6) =s, such that R(a; + 6) = (s,0), forall 0 < 6 < 6;, and
Ri(ei) = tls

such that we get to t’ as the following:
we consider two cases either a;,, is a successor ordinal, or a limit ordinal.
First assume q,,, is a successor ordinal.

Then let a;,; = 0 + 1, for some o € ord, and since R is an accepting run of .&/* on u, then
(R(o),u(o),R(ay) €T,
but for each 0 <i < n, R(a;,,) € F' = Z x {1}, because a,,, € C, then let R(a,,,) = (t, 1), thus
(R(0),u(0),R(a;11)) € Ty,
by the definition of T,, which implies to
(R(0),u(0),R(a;11)) = ((s,0),u(0),(t, 1)),

such that (s,u(o), t’) € T, for some t’ € F.
Second assume a,,, is a limit ordinal. Then either cf(a;,;) = w, or cf(a; ;) > w.

First assume cf(a;,,) = w, then

(sup,, (R),R(a;,1)) € T/,

since R is an accepting run of ./* on u, but R(a;,,) € F' = Z x {1}, because «a,,, € C, then let
R(ai+1) = (t: 1)7 thus
(Supoz,-+1 (R)ﬂR(aH—l)) €Ty,

by the definition of T,, which implies to

(sup,, ,(R),R(a;,1)) = (Ax {0}, (¢, 1)),
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for some AC S and (A,t') € T, for some t’ € F.

Now assume cf(a;,;) > w, then

(supam(R), stat, (R),R(aiﬂ)) eT’,

since R is an accepting run of .&* on u, but R(a,,;) € F' = Z x {1}, because a;,; € C, then let
R(ay1) = (¢, 1), thus
(supam(R), stat, (R),R(a; +1)) €T,,

by the definition of T,, which implies to

(sup,,, (R), stat, (R),R(a:11)) = (Ax {0},B x {0}, (¢,1)),

for some A,B C S and (A,B,t’) € T, for some t’ € F.
So it is remains to prove for each 0 < i < n, R; is an accepting run of .¢f on u;. That is, we
must prove that, foreach 0 < i < n, R;(0) € Z, R;(6;) € F and satisfies the following conditions:

1. For each 3 < 0;, we have
Ri(B), w;(B),R(B+1)) T
2. For each f8 < 0, that is a limit ordinal with cf(f3) = w, we have
(supg(R;),Ri(B)) € T.
3. For each 8 < 0, that is a limit ordinal with cf(f3) > w, we have
(supg(Ry), statg(R;),Ri(B)) € T.

Choose i, such that 0 < i < n and we want to prove R; is an accepting run of .¢/ on u;. First, we
want to prove R;(0) € Z, and R(6;) € F, and that is clear by the definition of R;. It is remains
to prove above three conditions.

Now we want to prove condition (1). Let 3 < 6;, and we want to prove

R:(B),w(B),R(B+1))ET.

Since R is an accepting run of .&* on u, then (R(a; + B),u(a; + B),R(a; + p + 1)) € T'. Now
we will discuss the following cases:
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(B1) If B =0.
(B2) f0<pB<0,.

Case (B1). If 8 =0.
Then

(R(a; + B),u(a; + B),R(a; + f + 1)) = (R(a), u(a;),R(a; + 1)) € T',
and since a; € C, then R(a;) € F'=Z x {1}, so
(R(a; + ), u(a; + B),R(a; + p + 1)) = (R(a), u(a;),R(a; + 1)) € T,
so by the definition of T;, we get
(R(a;), ula),R(a; +1)) = ((s,1),a,(t,0)),
for some (s,a, t) € T and by the definition of R; and u; we get

(R(0),u(0),R(1)) =(s,a,t) €T.

Case (B2). If 0 < f3 < 6..
Then a; < a; + f < a;,1, and

(R(a; + B),ula; + B),R(a; + B+ 1)) € T,

since R is an accepting run of .¢/* on u, and since R(a; + ) = (s,0), R(a; + p + 1) = (t,0) for

some t, s €S, thus
(R(a; + ), u(a; + B),R(a; + B +1)) = ((5,0),a,(t,0)) € Ty,
by the definition of T;, which implies to
R(B),w(B),R(B+1))=((s,a,t)) €T,

by the definition of R;, u and Tj.
Therefore, from (B1), and (B2) we get for each 8 < 6;, we have

R:(B),u;(B),R(B+1))eT.
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Next we want to prove condition (2). Assume f3 < 6;, that is a limit ordinal with cf(f8) = w,
and we want to prove
(sups(R),R;(B)) € T.

We have two cases:
(C1) Either B < 6,,
(C2) Orp =6,

Case (C1). Assume f3 < 6,.

Now, since 3 is a limit ordinal in 6;, with cf(8) = w, then a; + f is a limit ordinal in a,
with cf(a; + ) = w, by lemma 1.2.40, and we know R is an accepting run of .¢/* on u, then
(sup,,.5(R),R(a; + B)) € T' and since R(a; + ) = (s, 0), then (sup, ,5(R),R(a; + )) € T; and
since

(sup,,15(R),R(a; + B)) = (SuPﬁ (R;) x {0}, (R;(B), 0)),
then (sups(R;),R;(B)) € T by the definition of T;.
Case (C2). Assume f3 = 0,.

Since f is a limit ordinal with cf(f3) = w, then a; + 6; = a,,; is a limit ordinal in a, with
cf(a;;1) = w, by lemma 1.2.40, thus (sup,, (R),R(a;;;)) € T’ and since R(a;;;) = (t, 1), then
(sup,,,,(R),R(a;;1)) € T, and

(sup,,,, (R),R(a;41)) = (supy, (R)) x {0}, (¢, 1)),

and since a;,, is a limit ordinal with cf(a;,,) = w, so R;(6;) = t" and (sup, (R;),R;(6;)) € T by
the definition of T,.
Therefore, from (C1), and (C2) we get, for each f < 6, that is a limit ordinal with cf() = w,

we have
(supg(R),Ri(B)) € T.

Finally we want to prove condition (3). Assume 3 < 6;, that is a limit ordinal with cf() >

w, and we want to prove
(supg(R;), statg(R;),R;(B)) € T.

Then we have the following cases:
(D1) Either g < 6;,

(D2) Or 8 =6,
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Case (D1). Let 3 < 6..
Since R is an accepting run of .¢/* on u, and f is a limit ordinal in 6;, with cf(f3) > w, then
a; + 3 is a limit ordinal in a, with cf(a; + ) > w, by lemma 1.2.40, thus

(supg,p(R),stat, g(R),R(a; +B)) € T',
and since R(a; + ) = (s,0), then (sup, 4(R), stat,_ 4(R),R(a; + f)) € T, and since
(sup,,+p(R), staty 5(R),R(a; + B)) = (SUPﬁ (R;) x {0}, supg(R;) x {0}, (R;(B), O)),

then by the definition of T; we get (supg(R;), statg(R;),R;(B)) € T.
Case (D2). Let f = 0..

Since f3 is a limit ordinal with cf(f8) > w, then a; + 6; = a,,, is a limit ordinal in a, with
cf(a;;1) > w, by lemma 1.2.40, thus (sup,  (R),stat,,  (R),R(a;+1)) € T’ and since R(a;;;) =
(t,1), then (sup,_ (R),stat,  (R),R(a;;)) € T,, and since

(sup,,,, (R), stat, (R),R(a;)) = (supy (R;) x {0}, staty (R,) x {0}, (¢, 1)).

but @, is a limit ordinal with cf(a;,;) > w, so R;(6;) = t" and (supy (R;), staty (R;),R;(6;)) € T
by the definition of T,.

Therefore, from (D1), and (D2) we get, for each 8 < 6, that is a limit ordinal with cf() >
w, (supg(R;), statg(R;),R;(B)) € T.

Hence, the three conditions are achieved. Then, R; is an accepting run of .&/ on u;. There-
fore, R; is an accepting run of ./ on u;, for each 0 < i < n. Hence u € (£(.«))". Therefore,
L(A*) C(L(A)).

Proof of (A2). (£ (&))" C Z(.g*).
Assume u € (£(./))", such that u : & — I, for some a € ord.
Ifu=0, thenu € £(.g*), since Z # (), then there exists € Z with (s,1) € Z’ = F’, so define
R:1— S’ such that R(0) =R(a) = (s, 1), and that is an accepting run of .&/* on u.
Now assume u # }, and we need to define an accepting runR : a+1 — S’ of ./* on u. Now
since u € (Z(«))", and
(L)) = JZ(@),

n<w
such that for each n < w,

(z(ﬂ))"={u:u=0(uﬁ) ug € £(.«/) for each § <n}.

p<n’
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Then there exist n < w such that u € (£(.))" and
u=o(u;), U € £() foreachi <n.

Since u # @, then n > 0, and we can assume that for all i < n, u; # 0. Letu, : 6; = I, 6, € ord,

0, #0, and a; = Z;t 6;, for each i < n. And

u(a; +6)=u;(6), forall 6 < 6,.

Then a = >_6,.
i<n
Now, since for each i < n, u; € £(.«), then for each i < n, there exist an accepting run

R;:6,+1—Sof .o onuy,.
We want to prove u € £(.«*). DefineR: a+1 — S’ as follows:

R(a;) = (R;(0),1), for each i < n,
R(a; +6)=(R;(6),0), foreach0< 6 <6;,,i<n
R(a)=(t,1),

for an element(t,1) € F’ such element exist because Z # @, then F' = Z x {1} # 0.
So it is remains to prove R is an accepting run of .&* on u. That is, we must prove that
R(0) € Z’, R(a) € F’ and satisfies the following conditions:

1. For each f < a, we have

(R(B),u(B),R(B+1)) e T".

2. For each 8 < a that is a limit ordinal with cf(8) = w, we have
(sups(R),R(B)) € T".
3. For each 8 < a that is a limit ordinal with cf(8) > w, we have

(supg(R), stats(R),R(B)) € T".

First we want to prove R(0) € Z’, and R(a) € F'.
By the definition of R we get R(0) = R(a,) = (Ry(0),1) but R,(0) € Z because R, is an
accepting run of .&/ on u,, so we get R(0) € Z’ and R(a) € F/, it is clear by the definition of R.

It is remains to prove the three conditions.
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Now we want to prove condition (1). Let f < a and we want to prove (R(),u(f8),R( +
1)) € T’. We have the following cases:

(B1) Either =0,
(B2) Or0<f < a.

Case (B1). Assume 3 = 0.
Since R, is an accepting run of .¢/ on u,, then

(Ro(0),uo(0),Ro(1)) €T,
but by the definition of R, we get
(R(0),u(0),R(1)) = ((Ro(0),1),u,(0), (Ry(1),0)),

hence (R(0),u(0),R(1)) € T, by the definition of T;, then (R(0),u(0),R(1)) € T".

Case (B2). Assume 0 < f3 < a.

Now, assume i — smallest ordinal such that # < a,,;, then there is unique 6 < 6; such that
p=a;+0.

We want to prove

(R(B),u(B),R(B+1)) e T".

Then we have two cases either 6 =0, or 6 > 0.

First assume 6 = 0, then 3 = a;, so by the definition of R, we get
(R(B),u(B),R(B + 1)) = (R(;), u(a;),R(a; + 1)) = ((R;(0), 1), u;(0), (R;(1),0))
and since for each n > i, R; is an accepting run of .¢/ on u;, then (R;(0),u;(0),R;(1)) € T, hence

(R(B),u(B),R(B +1)) € T,

by the definition of T;. Therefore (R(f),u(B),R(f+1)) e T'.

Second assume & > 0, and we want to prove (R(f),u(B),R(f +1)) € T’. Since for each n > i,
R; is an accepting run of .« on u;, and 6 < 6,, then (R;(8),u;(6),R;(6 + 1)) € T, and by the

definition of R we get

(R(B),u(B),R(B +1)) = ((Ri(6),0),u;(6),(Ri(6 +1),0)) € Ty.



CHAPTER 4. OPERATIONS ON ST-AUTOMATA 92

Thus (R(B),u(B),R(f+1)) € T".
Therefore from (B1), and (B2) we get for each 8 < a, (R(8),u(B),R(f+1)) e T'.
Next we want to prove condition (2). Assume 3 < a, that is a limit ordinal with cf(f8) = w,

and we want to prove
(supy(R),R(B)) € T".

We have two cases:
(C1) Either < a,
(C2) OrB=a=>.0,.
i<n

Case (C1). If B < a.

Let i —smallest ordinal such that § < a;,,, then there is unique 6 < 6, such that f = a;+6.
Then we have two cases either 6 > 0, or 6 = 0.
Now let 6 =0, then f = a; = 6, + 0, + -+ - + 6,_;. We want to prove (supg(R),R(8)) € T,. By
the definition of R, we get

R(f) =R(a;) = (R;(0),1) € F,

since for each n > i, R; is an accepting run of .&/ on u;, and 6;_; € lim, with cf(6,_;) = w
because 3 € lim, with cf(8) = w, by lemma 1.2.40, which give us R;_;(6;_;) € F and

(SUP@,1 (Ri—l):Ri—l(Qi—l)) €T, and

(sups (R),R(B)) = (supy,_, (Ri—y) x {0}, (R,(0),1)) € T,

by the definition of T,, therefore (sup4(R),R(f)) € T'.
Assume 6 > 0, and we want to prove (supg(R),R(8)) € T. Then 6 < 6, and 6 € lim with
cf(6) = w because 8 € lim, with cf(8) = w by lemma 1.2.40. Now, since for each n > i, R; is

an accepting run of ./ on u;, then

(supg(Ri),Ri(S)) eT,

and since
(supg(R),R(B)) = (sups(R;) x {0}, (R,(6),0)) € Ty,

then (supgz(R),R(B)) € T'.

Case (C2). Assume 3 =a = >.6,.

i<n
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We want to prove (supg(R),R(f)) € T. By the definition of R, we get
R(B)=R(a)=(t,1) € F’,

and R,_, is an accepting run of ./ on u,_,, and 6,_; € lim, with cf(6,_;) = w because 8 € lim,
with cf(f8) = w, by lemma 1.2.40, which give us R,_,(6,_,) € F and

(supg,_ (Ry1),R,1(6,1)) €T, and

(supg(R),R(B)) = (supy,_ (R,,) x {0},(t,1)) € T,

by the definition of T,, therefore (supgz(R),R()) € T'.
Therefore, from (C1), and (C2) we get, for each 3 < a that is a limit ordinal with cf(f8) = w,

(sups(R), R(B)) € T".
Finally we want to prove condition (3). Assume f3 < a, # = a; + 0, that is a limit ordinal

with cf(f) > w, and we want to prove

(supg(R), stats(R),R(B)) € T".

We have two cases:
(D1) Eitherp < a,

(D2) OrB=a=>.0,.
i<n
Case (D1). f < a.
Let i —smallest ordinal such that § < a;,,, then there is unique 6 < 6; such that f = a;+6.
Then we have two cases either 6 > 0, or 6 = 0.
Now let 6 =0, then § = a; = 6,46, +---+6,_;. We want to prove (supg(R), statg(R),R(f)) € T.
By the definition of R, we get

R(B)=R(a;) = (R,(0),1) € F/,

since for each n > i, R; is an accepting run of .¢/ on u;, and 6;_; € lim, with cf(6,_;) > w
because 3 € lim, with cf() > w, by lemma 1.2.40, which gives us R;_;(6;_;) € F and

(SUPQI-,l (Ri_1), staty,_, (Ri—1),Ri—1(91—1)) €T, and

(supg(R), staty(R), R(B)) = (sups, , (Ri—1) x {0}, staty_, (Ri_;) x {0}, (R;(0), 1)) € T,

by the definition of T,, therefore (supg(R), statg(R),R()) € T".
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Assume 6 > 0.3 = a;+6, and we want to prove (supg(R), statg(R),R()) € T'. Then 6 < 6,,
and 6 € lim with cf(6) > w because 8 € lim, with cf(8) > w by lemma 1.2.40. Since for each
n > i, R; is an accepting run of .&/ on u;, then

(sups(R)), stats(R;),R;(5)) € T,
and since
(supg (R), staty (R), R(B)) = (sups(R;) x {0}, stat5(R;) x {0}, (R(6),0)),
then (supj(R), staty(R),R(B)) € T,. Therefore, (sup,(R), stats(R),R(B)) € T".

Case (D2). Assume f§ =a = ».6,.
i<n
We want to prove (supg(R), statg(R),R(f3)) € T,. By the definition of R, we get

R(B)=R(a) =(t,1) € F’

and R,_, is an accepting run of ./ on u,_,, and 6,_; € lim, with cf(6,_;) > w because f8 €
lim, with cf(f3) > w, by lemma 1.2.40, which give us R,_,(6,_,) € F and

(sung(Rn_l), stat, (Rn_l),Rn_l(Gn_l)) €T, and

(supg(R), statg(R), R(B)) = (sups, ,(R,_1) x {0}, staty_ (R,;) x {0}, (¢, 1)),
then by the definition of T,, we get (sup; (R), statg (R), R(8)) € T,. Therefore (supg(R), statg(R),R(f)) €
T'.
Therefore, from (D1), and (D2) we get, for each 8 < a, that is a limit ordinal with cf() >
w, (supg(R), statg(R),R(B)) € T’. Hence, R satisfies the three conditions.
Thus, R is an accepting run of .¢/* on u. Hence, u € £ (.«/*). This implies to (£ (.&/))" C
% (.o7*). From proof of (A1), and (A2) we get Z(.&*) = (ZL(.F))". O

4.5 w—Operation

The following is a definition of thew-ST-automata.

Definition 4.5.1. Let .o/ = (S,I, T, Z, F) be ST-automaton over I. Then define the w-ST-automaton
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over] of .o/, or &#“ =(S’,1,T’,Z’,F’) as follows:
S'=S§x{0,1}uU {sf}, such thats; ¢ S x {0, 1},

7' =7 x {1},

" {s;} if0¢ (o) and
{s;}uz’ iffe2(a)

T'=T,UT,UT,UT,,
where

T, ={((s,0),u,(t,0)) : (s,a,t) e T}U
{(Ax {0},(t,0)):ACS, and (A, t) e T}U
{(Ax {0},B x {0},(t,0)):A,BCS, and (A,B,t) € T},

T, ={((5,0),a,(t,1)): (s,a,t') € T for some t’ € F, and (t,1) € Z'}U
{(A x {0},(t,1)):ACS, (A, t’) €T forsome t' € F, and (t,1) € Z’} U
{(Ax {0},B x {0},(t,1)):A,BCS, (AB,t') €T for some t' €F, and (t,1) € Z'},

T; ={((s,1),a,(t,0)) : (s,a,t) € T}, and

T,= {(A,sf) :AC S x{0,1} such that there is s € S with (s,1) GA}.

Then we prove the following theorem that show, applying the w operation to languages
defined by ST-automaton, the produce language that is also definable using ST-automaton.

Theorem 4.5.2. If .o/ = (S,I,T,Z,F) is a ST-automaton over I, with Z is a finite set, then
L(d?)=(£(A))°.

Proof. Assume .« =(S,1,T,Z,F) is a ST-automaton over I, with Z is a finite set and we want
to prove Z(.&“) = (£(«))“, such that .® = (S’,1,T’,Z’,F’). Thus we should prove the
following:

(A1) L(&®) S (£())".

(A2) (£L(A)”CL(F?).
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By the definition of .&/“, we get

S’=S><{O,1}U{sf}, such that s, ¢S x{0,1},
Z'=7x{1},
if
e {ss} ?Wﬁf(ﬂ) and
{sf}UZ’ ifle ()
T'=T,UT,UT;UT,,

where

T, ={((s,0),u,(t,0)) : (s,a,t) € T}U
{(Ax {0},(t,0)):ACS, and (A, t) e T}U
{(Ax {0},B x {0},(t,0)):A,BCS, and (A,B,t) €T},

T, = {((s,O),a, (t,1)): (s,a, t’) €T forsome t' € F, and (t,1) € Z’} U
{(A x {0},(t,1)):ACS, (A, t’) €T forsome t' € F, and (t,1) € Z’} U
{(Ax {0},B x {0},(t,1)):A,BCS, (AB,t') T forsome t' € F, and (t,1) € Z'},

T; ={((s,1),a,(t,0)) : (s,a,t) € T}, and

T,= {(A,sf) :AC S x{0,1} such that there is s € S with (s,1) EA}.

Proof of (A1). £(o®) C (ZL())”.

We can assume Z # @, since if Z = 0, then Z’ = @ and £(.«#) = 0, and so (£(«/))” =0,
and Z(.&®) =0, therefore Z(.&*) = (£L(«))".

So we can assume Z # ). Let u € £ (.«/®), such that u : @ — I, and a € ord. Then there is
an accepting runR: a+1 — S’ of .o/ on u. We want to prove u € (£(.«/))*, when

(L(F) ={u:u=o(u);.,, u; € £L(H) for each i < w}.

Now if u = @, then @ € £(/*), therefore Z’NF’ # @, so R(0) = R(a) = (s,1), for some
(s,1) € Z’NnF’, hence F' = {sf} U Z’, thus @ € £(.«/), by the definition of F’. Therefore
fe(£(H))°. Thusu e (L(F))”.

Now, assume u # f). So the only we need to discuses the following two cases:

(B1) R(a) e Z'.
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(B2) R(a) =s;.

Case (B1). If R(a) € Z'.
In this case } € £(.¢). Then by an argument similar to the proof of the previous theorem

we can write u = uyou, o---ou,, such that u; # @, foreachi < nandn > 0. Thenu € (£ (.«))“.

Case (B2). If R(a) =s;.
We will show that

u=o(u;) u; 0, u; € £() foreach i < w.

i<w>

Define
C={o<a:R(o)ez'}={as: B <n},

where 7 is an ordinal with ag < a,, for each § <y <. Now we want to prove n = w. Since
R(a) = s, the only way to get s; in our transition in T4, so we get a € limit with cf(a) = w.
Therefore sup,(R) = A, for some A C S x {0, 1}, such that there is s € S with (s,1) € A. Thus
1N = w. Now suppose 1 > w. Let C’' = {a; :i < w}, and § = sup(C’), then § < a, since if
6 = a, then a,, is an upper bound on C’, so § < a,, < a, hence R(6) = s; and by the definition
of T,, we get sups(R) = B, for some B C S x {0, 1}, such that there is s € S with, (s,1) € B
which is a contraction so C' = C and 1 = w.
Let C ={a; :i < w}. Now define that, for each i and 0 <i < w, 6; € ord such that

al’ + 91' == ai+1, and

u; : 6; = I, is such that
u;(6)=u(a;+06), forall 6 < 6,

then we get,
u=o(u;);.,, and a = ZQi.

i<w
Now since for each i withi < w, a; € C, then R(a;) € Z’, and Z' = Z x 1, so define R, : 6;,+1 —

S, as the following:

R;(0) =s, such that R(a;) = (s, 1),
R;(6) =s, such that R(a; +6) = (s,0), forall 0 < 6 < 6;, and
Ri(ei) - t/,
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such that we get to t’ as the following: we consider two cases either a,,, is a successor ordinal
or limit ordinal. First assume a;_, is a successor ordinal, thenlet a;,; = o+1, for some o € ord,

and since R is an accepting run of ./ on u, then
(R(0),u(0),R(a;1)) € T,
but R(a;,;) € Z' = Z x {1}, because a,,, € C, then let R(a;,,) = (t, 1), for some t € Z, thus
(R(0),u(0),R(a;11)) € Ty,
by the definition of T,, which implies to
(R(0),u(0),R(a;11)) = ((s,0),u(0),(t, 1)),

such that (s,u(o), t’) € T, for some t’ € F.
Second assume a,,; is a limit ordinal, then either cf(a,,;) = w or cf(a;;;) > w.

First assume cf(a;,,) = w, then
(SupaiH(R)?R(aHl)) € T/:

since R is an accepting run of ./ on u, but R(a;,,) € Z' = Z x {1}, because a;,; € C, then let
R(a;;;) = (t,1), for some t € Z, thus

(sup(m1 (R),R(ai+1)) eT,,
by the definition of T,, which implies to
(supy,,, (R), R(a;.1)) = (Ax {0}, (¢, 1)),

forsome ACS, and (A, t') € T for some t’ € F.

Now assume cf(a;,;) > w, then

(supam(R), stat, (R),R(aiﬂ)) eT’,

since R is an accepting run of ./ on u, but R(a;,;) € Z' = Z x {1}, because a,,, € C, then let
R(a;;;) = (t,1), for some t € Z, thus

(supam(R), stat,, (R),R(aiﬂ)) €T,
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by the definition of T,, which implies to

(sup,,,, (R),stat,  (R),R(a;,)) = (A x {0},B x {0},(t,1)),

for some A, BC S, and (A,B,t’) €T for some t' € F.

Now by the same way in previous theorem we can prove that R; is an accepting run of .o/
on u;, for each i < w. Therefore u; € £(.«¢), for each i < w, hence u € (£ (./))*. Therefore
Z(F?) C(L(A))”.

Proof of (A2). (£(«))” C Z(.F*).
Assume u € (£ (.)), such that u : a — I, for some a € ord.
If u =0, then f € £(.¢), since

(L) ={u:u=o(y;);,, uc £()foreachi < w}.

Then there exists s € F N Z, so define R : 1 — S’ such that R(0) = R(a) = (s, 1), and that is an
accepting run of .&/“ on u.

Now assume u # @, and we need to define an accepting runR : a+1 — S’ of .&* on u.
Now since u € (£ (.2/))®, then

u=o(u;);,, Ui € £() foreachi < w.

Since u # @, then we can assume that for each i < w, u; # 0. Letu; : 6, — I, 6; € ord,

0, #0, for eachi < w and a; = Z;B 6;, for each i < w.

u(a; +6)=u;(6), forall 6 < 6, and i < w.

Then a = . 6;. Since for each i < w, u; € £ (<), then there are accepting runsR; : 6,+1 — S
i<w
of ./ on u;, for each i < w. Then we have two cases:

(B1) 0 ¢ <L().
(B2) 0 € £().

Case (B1). If 0 ¢ 2 (.&).
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Now, we want to prove u € Z(.&/®). DefineR: a+1— S’ as follows:

R(a;) = (R;(0),1), foreachi < w,
R(a;+6)=(R;(6),0), foreach0<6 <6, i< w
R(a) =s;.

Now we want to prove R is an accepting run of .¢/“ on u. That is we must prove that, R(0) € Z’,
R(a) € F’ and satisfies the following conditions:

1. For each 3 < a, we have

(R(B),u(B),R(B+1) e T".

2. For each f8 < a that is a limit ordinal with cf(8) = w, we have
(supg(R),R(B)) € T".
3. For each 8 < a that is a limit ordinal with cf(8) > w, we have
(supg(R), stats(R),R(B)) € T".

First we want to prove R(0) € Z’, and R(a) € F’. By the definition of R we get R(0) = R(a,) =
(Ry(0),1) but Ry(0) € Z because R, is an accepting run of ./ on u, so we get R(0) € Z’ and
R(a) € F/, it is clear by the definition of R.

It is remains to prove the three conditions. Now we want to prove condition (1). Let f < a

and we want to prove

R(B),u(B),R(B+1)) T
We discuss the following cases:

(CD) IfB=0.

(C2) Ifo<PB<a.
Case (C1). If B =0.

Since R, is an accepting run of .¢/ on u,, then
(Ro(0),uo(0),Ro(1)) €T,
but by the definition of R, we get

(R(0),u(0),R(1)) = ((Ro(0),1),u(0), (Ro(1), 0)),
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hence (R(0),u(0),R(1)) € T;, by the definition of T;, then (R(0),u(0),R(1)) € T".

Case (C2). If0< f < a.
Let i —smallest ordinal such that 8 < a;,,, then there is unique 6 < 6;, such that # = a;+56.

We want to prove

(R(B),u(B),R(B+1) e T".

Then we have two cases either 6 =0, or 6 > 0.

First assume 0 = 0, then 3 = a;, so by the definition of R, we get

(R(B),u(B),R(B +1)) = (R(a;), u(a),R(a; + 1)) = ((R;(0), 1),1;(0), (R,(1),0))

and since for each i < w, R; is an accepting run of .&/ on u;, then (R;(0),u,;(0),R;(1)) € T, hence

(R(B),u(P),R(p +1)) € Ts,

by the definition of T;. Therefore (R(f),u(B),R(f+1)) e T'.

Second assume 6 > 0, and we want to prove (R(f),u(f8),R(f3 + 1)) € T’. Since for each
i < w, R; is an accepting run of .&/ on u;, and 6 < 6,, then (R;(6),u;(6),R;(6 +1)) € T, and by
the definition of R we get

(R(B),u(B),R(B + 1)) = ((R;(8),0),u;(8),(Ri(6 +1),0)) € T.

Thus (R(B),u(B),R(p + 1)) € T'. Thus, from (C1), and (C2) we get for each < a, we have
(R(B),u(B),R(B+1))eT.

Next we want to prove condition (2). Assume 3 < a, 3 = a; + J, that is a limit ordinal

with cf(f) = w, and we want to prove

(supg(R),R(B)) € T".
We have two cases:
(D1 B<a.
(D2) B =a.

Case (D1). If B < a.
Let i —smallest ordinal such that 8 < a;,,, then there is unique 6 < 6, such that # = a;+56.

Then we have two cases either 6 > 0, or 6 = 0.
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Now let 6 =0, then § = a; = 6, + 0; + - -+ + 6,_;.We want to prove (supz(R),R(f3)) € T,.
By the definition of R, we get

R(B) =R(a;)) = (R,(0),1) € Z,

since for each i < w, R; is an accepting run of .« on u;, and 6,_; € lim, with cf(6,_;) = w
because f3 € lim, with cf(8) = w, by lemma 1.2.40, which gives us R;_;(6,_;) € F and

(SUPQi_1 (Ri—1),Ri_1(6,1)) €T, and

(supg(R),R(B)) = (SUPQFl (Ri—1) x {0}, (R;(0), 1)) €Ty,

by the definition of T,, therefore (supz(R),R(f)) € T".
Assume 6 > 0, where 8 = a; + 6, and we want to prove (supgz(R),R(f)) € T;. Then 6 < 6,,
and 6 € lim with cf(6) = w because f € lim, with cf(3) = w, by lemma 1.2.40. Since for each

w > 1, R; is an accepting run of .&/ on u;, then

(SUP5 (R, Ri(5)) €T,

and since
(supg(R),R(B)) = (SUPg(Ri) x {0}, (Ri(5);0)) €T,

then (supg(R),R(B)) € T'.

Case (D2). If 3 = a.
Now assume f§ = a = Y. 6;. We want to prove (supg(R),R(B)) € T’. By the definition of R,
i<w

we get
R(B)=R(a)=s; €F'.

It is clear that, supg(R) =A € S x {0,1}, and there is s € S with (s, 1) € A, since Z' is finite
and R(a;) = (R;(0), 1), for each i < w. Therefore, (supgz(R),R(f3)) € T4, so (supg(R),R(B)) €
T’. Therefore, from (D1), and (D2) we get for every limit ordinal < a, with cf(f8) = w,
(supy(R),R(B)) € T".

Now we want to prove condition (3). Notes that,  # a, because cf(a) = w by lemma
1.2.37, so assume 3 < a, such that i —smallest ordinal with < a,,;, then there is unique
0 < 6; such that f = a; + 6 that is a limit ordinal with cf(8) > w, and we want to prove

(supg(R), stateg(R),R(B)) € T'.
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Then we have two cases either 6 > 0, or 6 = 0.
First,let 6 =0, then 8 = a; = 6,+6,+ - -+6,_,.We want to prove (supg(R), stateg(R),R(f)) €
T,. By the definition of R, we get

R(B) =R(a;)) = (R,(0),1) € Z,

since for each i < w, R; is an accepting run of .& on u;, and 6,_; € lim, with cf(6,_;) > w
because f3 € lim, with cf(f8) > w, by lemma 1.2.40, which gives us R;_;(6,_;) € F and

(S‘Jpe)i_1 (Ri-1)s Statei,l(Ri—1),Ri—1(9i—1)) €T, and

(Supﬂ (R): State[j (R):R(ﬂ)) = (Sup9i,1 (Ri—l) X {O} > Stateei_l (Ri—l) X {O} > (Rl(O), 1)) € TZ:

by the definition of T,, therefore (sup4(R), stateg(R),R(f)) € T'.

Assume 6 > 0, where 8 = a; + &, and we want to prove (supg(R), stateg(R),R(f)) € T;.
Then 6 < 6;, and 6 € lim with cf(6) > w because € lim, with cf(3) > w, by lemma 1.2.40.
Since for each i < w, R; is an accepting run of .¢/ on u;, then

(SUPE(Ri): State6(Ri)’Ri(5)) €T,
and since
(sup,(R), stateg (R),R(B)) = (sups(R;) x {0}, states(R,) x {0}, (R,(5),0)) € T,

then (supg(R), stateg(R),R(B)) € T'.
Therefore, R satisfies the three condition, hence R is an accepting run of .&/“ on u. Then
ue€ £L(A°). Thus, (L(H))° C L(A*).

Case (B2). If € 2(.«¢).
We want to prove u € £(./“). Then we have two cases either

u=o(u;);,, UE ZL() foreachi < w, or

u=uyou;o---ou,, such thatu; # @ for eachi <n and n> 0.

If u=o(u;),,, u; € £(«) for each i < w, then by the same proof of case (B1), we can show
that u € £(.o°).
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Now assume that u =uyou;o---ou,. DefineR: a+1— S’ as follows:
R(a;) = (R;(0),1), for eachi < n,

R(a;+6)=(R;(6),0)foreach0<6 <6, i<n
R(a) =(t,1),

for an element(t,1) € Z’ such element exist because Z # @, then Z’ = Z x {1} # (. Then
ue Z(.o“), also by the same proof for the previous theorem. Therefore, from (A1) and (A2)
we get () =(Z(A)). O

4.6 #—Operation

Finally, we define the #-ST-automata as follows:

Definition 4.6.1. Let .« = (S,I,T,Z,F) be a ST-automaton over I with Z # . Define the
#-ST-automaton over I of .«/, or .&/* = (S’,1,T’,Z’,F’) as follows:

S’ =S x{0,1},

Z' =7 x {1},

F' =7’
T'=T,UT,UT3UT,,

where

T, ={((s,0),a,(t,0)) : (s,a,t) € T}U
{(Ax {0},(t,0)):ACS, and (A,t) e T}U
{(Ax {0},B x {0},(t,0)):A,BCS, and (A,B,t) €T},

T, = {((s,O),a, (t,1)): (s,a, t’) €T forsome t’' € F, and (t,1) € Z’} U
{(A x {0},(t,1)):ACS, (A, t’) €T forsome t' € F, and (t,1) € Z’} U

{(Ax{0},B x{0},(t,1)):A,BCS, (A B,t')€T forsome t' €F, and (t,1) € Z'},

T; ={((s,1),a,(t,0)) : (s,a,t) € T},
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T,= {(A, (t,1)) : AC S’ such that there iss € S with (s,1) €A, and (t,1) € Z’} U
{(A,B,(t, 1)) : A B C S’ such that thereiss €S with (s,1) €A, and (t,1) € Z’} .

If Z =, then define .&#* = ({s},1,0, {s},{s}), foranys €.

The following theorem shows that, applying the # operation to languages defined by ST-

automaton, the produce language that is also definable using ST-automaton.

Theorem 4.6.2. If .o/ = (S,I,T,Z,F) is a ST-automaton over I, with Z is a finite set, then
(%)= (2(F)".

Proof. Assume .« = (S,I,T,Z,F) is a ST-automaton over I, with Z is a finite and we want to
prove .Z(ﬂﬂ) = (£(#))*, such that .* = (S',I,T’,Z’,F"). We want to prove the following:
(AD) 2(a*) < (L(2))".
(A2) (£())" c2(a”)

If Z # @, then by the definition of .&/*, we get to the following:

S'=Sx{0,1},
7' =7 x {1},
F =7
T'=T,UT,UT;UT,,
where
T, ={((s,0),a,(t,0)): (s,a,t) € T}U

{(Ax {0},(t,0)):ACS, and (A, t)eT}U
{(Ax {0},B x {0},(t,0)):A,BCS, and (A,B,t) € T},

T, = {((s,O),a, (t,1)): (s,a, t') €T forsome t' € F, and (t,1) € Z’} U
{(Ax {0},(t,1)):ACS, (A, t’) €T forsome t' € F, and (t,1) € Z’}U
{(Ax {0},B x {0},(t,1)):A,BCS, (A,B, t’) €T forsome t' € F, and (t,1) € Z’},

T; ={((s,1),a,(t,0)): (s,a,t) € T},

T,= {(A, (t,1)) : AC S’ such that there iss € S with (s,1) €A, and (t,1) € Z'} U
{(A,B, (t,1)): A,B C S’ such that there iss € S with (s,1) €A, and (t,1) € Z’} .
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If Z =0, then define .&#* = ({s},I,0,{s},{s}), foranys € S.
We can assume Z # (), since if Z = @, then .&#* = ({s},1,0, {s}, {s}), for some s € S, hence
(/") = {0}, and since £(.«/) =0, then (£ (.«7))" = {@}, therefore ¥ (.*) = (£ (#))".
So we can assume Z # ().

Proof of (A1). ¥ (.&/*) € (Z())".
Letu € .,%(,;zf#), such that u : @ — I, and a € ord. Since @ € (£ (.¢/))”, so we can assume
u # (). Then there is an accepting runR : a+1 — S’ of .&/* on u. We want to prove u € (£ (.«))"

and since

(2 = | ),

ye€ord

such that for each y € ord,

(ﬁf(,d))yz{u:u=0(uﬁ) ug € £(o) for each < y}.

B<y’
We will find y € ord, such that u € (£ (.«¢))". Let

C={B<a:R(B)eZz'} ={a,3 : B <y}, where y € ord.
Now define that, for each i and 0 <i <y, 6; € ord such that

a; + 91' =0Qiy1, and
u; : 6; — I, is such that
ui(5) - u(ai + 6), for all 5 < 91',

then we get,

u=o(y),, and a = ZQi.

i<y
Now since for each i with 0 < i <y, a; € C, then R(a;) € Z’, and Z’ = Z x 1, so define
R;:0;,+1— S, as the following:

R;(0) =s such that R(a;) = (s, 1), for some (s,1) € Z,
R;(6) =s such that R(a; + 6) = (s,0), forall 0 < 6 < 6;, and
Ri(ei) = t/,

such that we get to t’ as the following: we consider two cases either a,,, is a successor ordinal
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or limit ordinal. First assume a;, is a successor ordinal, thenlet @;,; = o+1, for some o € ord,

and since R is an accepting run of .«/” on u, then
(R(o),u(o),R(a;11)) € T,

but R(a;.,) € Z' = Z x {1}, because a,,, € C, then let R(a;,,) = (t, 1), thus
(R(o),u(o),R(a;;1)) € Ty,

by the definition of T,, which implies to

(R(0),u(0),R(a;41)) = ((s,0),u(0),(t,1)),

such that (s,u(o),t’) € T, for some t’ € F.
Second assume a,,; is a limit ordinal, then either cf(a,,;) = w or cf(a;;;) > w.

First assume cf(a@;,;) = w, then

(sup,,,,(R), R(a41)) € T,

since R is an accepting run of .&/* on u, but R(a;,;) € Z’ = Z x {1}, because a,.; € C, then let
R(a;;,) = (t,1), thus
(SUPOLI,,1 (R)7R(ai+l)) €T,

by the definition of T,, which implies to
(supg,,, (R), R(a;;1)) = (A x {0, (£, 1)),

for some AC S and (A,t') € T, for some t’ € F.

Now assume cf(a;,;) > w, then

(supam(R), stat, (R),R(aiﬂ)) eT’,

since R is an accepting run of .&/* on u, but R(a;,,) € Z’ = Z x {1}, because a,.; € C, then let
R(a;;;) = (t,1), thus
(supam(R), stat, (R),R(a; +1)) eT,,

by the definition of T,, which implies to

(sup,,, (R),stat,  (R),R(a;;)) = (Ax {0},B x {0}, (t,1)),
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for some A,B C S and (A,B,t’) € T, for some t’ € F.
So it is remains to prove for each i < y, R; is an accepting run of ./ on u;. That is, we must
prove that, for each i < y, R;(0) € Z, R;(6;) € F and satisfies the following conditions:

1. For each B < 6; we have

R;(B),u;(B),R(B+1))ET.

2. For each 8 < 0, that is a limit ordinal with cf(f3) = w, we have
(supg(R),Ri(B)) € T.
3. For each f8 < 0, that is a limit ordinal with cf(f3) > w, we have

(supg(R;), statg(R;),R;(B)) € T.

Let i <y, and we want to prove R; is an accepting run of . on u;.
First we want to prove R;(0) € Z, and R;(6;) € F, and that is clear by the definition of R;.
It is remains to prove the three conditions. Now we want to prove condition (1). Let < 6;,

and we want to prove

R:(B),u;(B),R(B+1)) €T

Since R is an accepting run of .&/* on u, then (R(e; + 8),u(a; + B),R(a; + B +1)) € T'.
We have two cases:

(B1) B =0.
(B2) 0<fB <86,

Case (B1). f =0.
Then

(R(a; + B),u(a; + B),R(a; + p + 1)) = (R(a;),u(a;),R(a; + 1)) € T,
and since a, € C, then R(a;) € F' = Z x {1}, so

(R(a; + B),u(a; + B),R(a; + B +1)) = (R(a;), u(e;),R(a; + 1)) € T,
so by the definition of T;, we get

(R(a;), u(a;),R(a; +1)) = ((s,1),a,(t,0)),
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for some (s,a, t) € T and by the definition of R; and u; we get
(Ri(0),4;(0),R(1)) =(s,a,t) € T.

Case (B2). 0< 3 < 6..
Now assume 0 < 3 < 6;. Then a; < a; + < a;,; and

(R(a; + B),u(a; + B),R(a; + f+ 1)) € T,

since R is an accepting run of .#* on u, and since R(a; + ) = (s,0), R(a; + B + 1) = (¢, 0) for
some t,s € S, thus

(R(a; + B),u(a; + B),R(a; + p +1)) = ((5,0),a,(t,0)) € Ty,

by the definition of T;, which implies to

Ri(B),w(B),R(B+1))=((s,a,0)) €T,

by the definition of R;, u; and T;.
Therefore from (B1) and (B2), we get for each 8 < 6,, (R;(8),w;(B),R;,(B+1)) €T.
Next we want to prove condition (2). Assume f3 < 6;, that is a limit ordinal with cf(f8) = w,

and we want to prove
(sups(R),R;(B)) € T.

We have two cases:
(C1) B<6,.
(C2) ﬁ = 91'.

Case (C1). 3 < 6,.
Let B < 6,. Now since f is a limit ordinal in 6;, with cf(f3) = w, then a;+ f3 is a limit ordinal
in a, with cf(a; + ) = w, by lemma 1.2.40, and we know R is an accepting run of .&/* on u,
then (sup, ,5(R),R(a;+B)) € T’ and since R(a; + ) = (s, 0), then (supy+p(R),R(a; +B)) €Ty
and since
(SuPai+/5 (R),R(a; +B)) = (SuPﬁ (R;) x {0}, (R;(B), 0)),

then (supg(R;),R;(B)) € T, by the definition of T;.

Case (C2). 3 =0,.
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Let B = 6,, and since f is a limit ordinal with cf(f8) = w, then a; + 6, = a;,, is a limit
ordinal in a, with cf(a;,,) = w, by lemma 1.2.40, thus (sup,_ (R),R(a;;)) € T’ and since
R(a;4;) = (¢,1), then (sup,  (R),R(a;;)) € T, and

(sup,, ,(R),R(a;1)) = (supg (R,) x {0}, (¢, 1)),

and since a;,, is a limit ordinal with cf(a;,;) = w, so R;(6;) = t" and (supy (R;),R;(6;)) € T by
the definition of T,.

Then from (C1), and (C2) we get, for every < 0;, that is a limit ordinal with cf(f8) = w,
(SUP/j (R:),Ri(B)) €T.

Finally we want to prove condition (3). Assume f3 < 6;, that is a limit ordinal with cf() >

w, and we want to prove
(supg(R;), statg(R;),R;(B)) € T.

Then we have two cases:
(D) B <6,
(DZ) ﬁ - 91"

Case (D1). f < 06,.
First let 3 < ;. Since R is an accepting run of .&/* on u, and  is a limit ordinal in 6, with
cf(B) > w, then a; + B is a limit ordinal in a, with cf(a; + ) > w, by lemma 1.2.40, thus

(Supai+[3 (R)’ Statai+[5(R)1R(ai + [3)) € T/

and since R(a; + ) = (s,0), then

(Supai+[5 (R), StataH[j(R))R(ai + [:})) € Tl

and since

(SuPai+/5(R)s staty,5(R),R(a; + B)) = (SUP/j (R;) x {0}, supg(R;) x {0}, (R;(B), 0)),

then by the definition of T;, we get (supg(R;), statg(R;),R;(B)) € T.

Case (D2). g =0..
Now let B = 6;, and since f is a limit ordinal with cf(8) > w, then a; + 6; = @, is a limit

ordinal in a, with cf(a;,;) > w, by lemma 1.2.40, thus (sup,_(R),stat, (R),R(a;1)) € T’

Qit1
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and since R(a;;;) = (t, 1), then (sup, (R),stat,,  (R),R(a;;1)) € T, and since

(sup,,,, (R), stat,,, (R), R(a:.,)) = (supg, (R,) x {0}, statg (R x {0}, (£, 1)).

and since a,; is a limit ordinal with cf(a; ;) > w, so R;(6;) = t" and (sup, (R;), staty (R;),R;(6;)) €
T by the definition of T,. Thus, from (D1), and (D2) we get, for each < 6; that is a limit
ordinal with ¢f(f) > w, (sups(R;), statg(R;),R;(8)) € T. Hence, R, is satisfying the three con-
ditions. Therefore, R; is an accepting run of./ on u;, for each i < y. Then u € (¥ (.« ).
Therefore £(./*) € (£(.+))"

Proof of (A2). (¥(.«))" € 2(*).

Assume u € (Z(.«))”, such that u : @ — I, for some a € ord. If u = @, then § € .,%(sz#),
since Z # @, then there exist s € Z with (s,1) € Z’ = F’, so define R : 1 — S’ such that
R(0) =R(a) = (s, 1), and that is an accepting run of .¢/* on u. Now assume u # # and we need
to define an accepting run R: a4+ 1 — S’ of .#* on u. Now since u € (¥ (.«/))", and

(2(@) = | (2(),

yeord

such that for each y € ord,
(&) ={u:u= °(u/a’)/5<y’ ug € £(o) for each <y}
Then there exists y € ord, such that u € (£(.«/))" and

u=o(u),, u; € £() foreach i <vy.

Since u # @, then y > 0, and we can assume that for all i < y, u; # 0. Let u; : 6,
0, €ord, 6, #0 foreachi <y and a; = 291, foreachi <.

j<i

— I,

u(a; +06) =u;(6), forall6 < 6;, i <vy.

Then a = >.6,. Since for each i <y, u; € £(.«/), then there is an accepting runR; : 6;+1— S
i<y
of ./ on u;. Now we want to prove u € 3(&7‘#). DefineR: a+ 1 — S’ as follows:
R(a;) = (R;(0),1), foreachi <y,
R(a; +6)=(R;(6),0), foreach0<6 <6, i<y,
R(a) =(t,1),
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such element (t,1) € F’, exists since Z # . So it is remains to prove R is an accepting run of ./*
on u. That is we must prove that, R(0) € Z’, R(a) € F’ and satisfies the following conditions:

1. For each 3 < a we have

(R(B),u(B),R(B+1) e T".

2. For each 8 < a that is a limit ordinal with cf(8) = w, we have
(supg(R),R(B)) € T".
3. For each 8 < a that is a limit ordinal with cf(8) > w, we have
(supg(R), stats(R),R(B)) € T".

First we want to prove R(0) € Z’, and R(a) € F’. By the definition of R we get R(0) = R(a,) =
(Ro(0),1) but Ry(0) € Z because R, is an accepting run of .¢ on u, so we get R(0) € Z’ and
R(a) € F', it is clear by the definition of R. It is remains to prove the three conditions.

Now we want to prove condition (1). Let 3 < a we want to prove

(R(B),u(B),R(B+1)ET".
Then we have the following cases:
(B1) g =0.
(B2) 0< B <a.

Case (B1). g =0.

Assume f3 = 0. Since R,, is an accepting run of .& on u,, then
(Ro(0),uo(0),Re(1)) €T,
but by the definition of R, we get
(R(0),u(0),R(1)) = ((Ro(0), 1),u(0), (Re(1), 0)),

hence (R(0),u(0),R(1)) € Ts, by the definition of T;, then (R(0),u(0),R(1)) € T".
Case (B2). 0< ff < a.
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Leti—smallest ordinal such that # < a;,,, then there is unique 6 < 6, such that # = a;+6.
Now, we want to prove

(R(B),u(B),R(B+1) e T".

Then we have two cases either 6 =0, or 6 > 0.

First assume 6 = 0, then f3 = a;, so by the definition of R, we get

(R(B),u(B),R(B +1)) = (R(a;), u(a),R(a; + 1)) = ((R;(0), 1),1;(0), (R,(1),0))

and since for each i < v, R; is an accepting run of .«/ on u;, then (R;(0),u;(0),R;(1)) € T, hence

(R(B),u(B),R(B +1)) €T,

by the definition of T,. Therefore (R(f),u(B),R(f+1)) e T'.

Second assume 6 > 0, and we want to prove (R(f),u(f8),R(f + 1)) € T’. Since for each
i <y, R, is an accepting run of ./ on u;, and 6 < 6, then (R;(6),u;(6),R;(6 + 1)) € T, and by
the definition of R we get

(R(B),u(B),R(B + 1)) = ((R;(8),0),u;(8),(R;(6 +1),0)) € T.

Thus (R(B),u(B),R(B+1)) € T".
Therefore from (B1) and (B2), we get for each 8 < a, (R(8),u(B),R(B+1)) e T".
Next we want to prove condition (2). Assume 3 < a, that is a limit ordinal with cf(8) = w

and we want to prove
(sups(R),R(B)) € T".

We have two cases:
(C1) B<a.
(C2) B=a.

Case (C1). S <a.

First let f < a and i —smallest ordinal such that # < a;,;, then there is unique 6 < 6,
such that 8 = a; + 6. Then we have two cases either 6 > 0, or 6 = 0.
Now let 6 =0, then f = a; = ZGj, and also we have two cases either i € succ, or i € lim.
First assume i € succ, so i = (;<—l|— 1. We want to prove (supg(R),R(f3)) € T,. By the definition
of R, we get

R(B)=R(a;) = (R;(0),1) € F,
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since for each i < y, R; is an accepting run of .¢/ on u;, and 6, € lim, with cf(6,) = w because
p €lim, with cf()= w,bylemma 1.2.40, which give us R,(6,) € F and

(supy, (R,),R,(6,)) €T, and

(supy (R),R(B)) = (supy, (R,) x {0}, (R,(0),1)) € T,

by the definition of T,, therefore (supg4(R),R()) € T'.
Now assume i € lim, and we want to prove (sups(R),R(f)) € T,. Then

(supg(R),R(B)) = (sup,, (R),R(a;)) = (sup,, (R), (R;(0), 1)),

and supg(R) =A C S” and there is s € S with (s, 1) €A, since Z' is finite and R(aj) = (Rj(O), 1),
for each j <, i € lim. Therefore (sups(R),R(S)) € Ty, so (sups(R),R(B)) € T'.

Assume & > 0, where § = a; + 6, and we want to prove (supg(R),R(f)) € T;. Then 6 < 6,
and 6 € lim with cf(6) = w because 8 € lim, with cf(8) = w by lemma 1.2.40. Since for each

i <7, R, is an accepting run of ./ on u;, then

(SUpa(Ri),Ri((S)) eT,
and since
(sups(R), R(B)) = (sup5(R) x {0}, (R;(8),0)) € Ty,

then (supg(R),R(B)) € T'.
Case (C2). f=a.
Now assume 3 = a = »,6,. We want to prove (supg(R),R(B)) € T’. Then we have two

i<y
cases, either y = o+1, or y € lim. First assume y = 0+1, and we want to prove (supg(R),R(f)) €

T,. By the definition of R, we get

R(B)=R(a)=(t,1)eF' =27,

and since for each i < y, R; is an accepting run of .« on u;, and 6, € lim, with cf(6,) = w
because f8 € lim, with cf(8) = w, by lemma 1.2.40, which give us R,(6,) € F and

(supg, (R,),R,(6,)) € T, and

(supg (R), R(B)) = (supe, (R,) x {0}, (t, 1)) € Ty,

by the definition of T,, therefore (supg(R),R(f)) € T'.
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Now assume y € lim, and we want to prove (supg(R),R(f3)) € T,. Then by the definition of
R, we get
R(B)=R(a)=(t,1)eF =7

It is clear that, sups(R) =A C S and there is s € S with (s, 1) € A, since Z’ is finite and R(a;) =
(R;(0),1), for each i <y, y € lim. Therefore (sup4(R),R(f)) € T, so (sups(R),R(B)) € T'.
Then from (C1), and (C2) we get for each 8 < «a that is a limit ordinal with cf(f8) = w,
(supy(R).R(B)) € T".
Finally we want to prove condition (3). Assume 3 < a, that is a limit ordinal with cf() >
w, and we want to prove
(sups(R), statg(R),R(B)) € T'.

We have two cases:

(D1) B<a.

(D2) B=a.

Case (D1). B <a.
Let i —smallest ordinal such that § < a;,,, then there is unique 6 < 6; such that f = a;+6.
Then we have two cases either 6 > 0, or 6 = 0.
Now let 6 =0, then f = a; = 29]-, and also we have two cases either i € succ, or i € lim.
First assume i € succ, SO i = GJ-T-ll. We want to prove (supg(R), statg(R),R(f)) € T,. By the
definition of R, we get
R(B) =R(a;) =(R,(0), 1) eF' =7,

and since for each i < y, R; is an accepting run of .¢/ on u;, and 6, € lim, with cf(6,) > w
because f3 € lim,with cf(f3) > w, by lemma 1.2.40, which give us R,(6,) € F and

(SUPQG (RO')J State(, (RO')) RO‘(QU)) € T: and

(sup,(R), staty (R),R(B)) = (sup,(R,) x {0}, staty_(R,) x {0},(R;(0),1)) € T,

by the definition of T,, therefore (supg(R), statg(R),R()) € T".
Now assume i € lim, and we want to prove (sups(R), statg(R),R(f)) € T,. Then

(supg(R), statg(R), R(B)) = (sup,, (R), stat, (R),R(a;)) = (sup,, (R), stat, (R), (R;(0), 1)),

and supg(R) = A € S’ and there is s € S with (s,1) € A, since Z’ is a finite set and R(aj) =
(Rj(O), 1), foreach j <1, i € lim. Therefore (supg(R), statg(R),R(f)) € Ty, so (supg(R), statg(R),R(B)) €
T'.
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Assume 6 > 0, and we want to prove (supg(R),statg(R),R(8)) € T;. Then 6 < 6;, and
6 € lim with cf(6) > w because f € lim, with cf(3) > w by lemma 1.2.40. Since for each
i <7, R, is an accepting run of ./ on u;, then

(sup5(Ri), stat5(Ri),Ri(6)) eT,
and since

(supg(R), statg(R), R(B)) = (sup5(R;) x {0}, stats(R,) x {0}, (R(5),0)),

then (supg(R), statg(R),R(f)) € T;. Therefore (supg(R), statg(R),R(B)) € T'.

Case (D2).  =a.
Now assume 3 = a = Y. 6;. We want to prove (supg(R), statg(R),R(B)) € T'. Then we have
i<y
two cases, either y = o + 1, or y € lim.
First assume y = o + 1, and we want to prove (supg(R), statg(R),R(f)) € T,. Then by the
definition of R, we get

R(B)=R(a)=(t,1) € F =7,

and since for each i < y, R; is an accepting run of .« on u;, and 6, € lim, with cf(6,) > w
because 8 € lim, with cf(f3) > w, by lemma 1.2.40, which give us R,(6,) € F and

(supgg (R,), stateo(Ra),Ra(Qa)) € T, and

(sup,(R), statg (R),R(B)) = (supy_(R,) x {0} ,staty (R,) x {0},(t,1)) € Ty,

by the definition of T,, therefore (supg(R),R(f)) € T'.
Now assume y € lim, and we want to prove (supg(R), statg(R),R(3)) € T,. Then by the
definition of R, we get
R(B)=R(a)=(t,1)eF' =Z".

It is clear that, supg(R) =A C S’, statg(R) =B € S’, and there is s € S with (s,1) € A, since
Z' is a finite and R(a;) = (R;(0),1), for each i <y, y € lim.

Therefore (supg(R),statg(R),R(B)) € T4, so (supg(R),statg(R),R(B)) € T'. Hence from
(D1), and (D2) we get, for each § < a thatis a limit ordinal with cf(8) > w, (supg(R), statz(R),R()) €
T'.

Therefore R is an accepting run of .&/* on u, hence u € .,%’(Vef #). Therefore (£(.«))* C
%(.o*). Hence (2(o))" = 2(.o*). O



Chapter 5

Future Work

The first objective is to try to prove main theorem 2.2.3 with a bound on |W U M| that is larger
than X, or without any bound, that is, prove that there exists an ST-automaton .« over {M, W}
such that every bipartite graph G = (M, W, E) has a matching if and only if L(G) N L(.¢/) = @.

Another direction for future work could be defining analogs of Biichi automata, Muller

automata, deterministic automata and finding relationships with the original definitions (see

[5D.
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