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1. Introduction

In this paper we consider a non-autonomous evolution problem which appears
in the investigation of the model of concentrated suspensions (proposed by Heb-
raud and Lequex |[12]) with non-autonomous coefficients. More precisely, the
unknown function p(z,t), representing probability density, satisfies the following
equation:
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where o > 0 is a parameter, xg\[—1,1) is the characteristic function of the open
set R\ [—1,1], dp is the Dirac delta function with support at the origin,
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and the function b(t) is assumed to be non-autonomous. Moreover, mechanical
background of the model requires boundedness with respect to the time of the
average stress function

T(t) = /xp(t, x)dx.
R

Existence and uniqueness results for such model were proved in [4]. The theory
of global attractors was applied first for (1.1) in Amigé et al. [1], where the
existence of global unbounded attractors with respect to the weak topology was
proved for the case b(t) = 0. Numerical aspects were investigated in [2,13]. The key
point in [4,13] was the analysis of the so-called vanishing viscosity approximation
system, where the diffusion coefficient was everywhere positive. In [3,5-10, 14—
22| the existence of global attractor in the strong topology of the phase space
for m-semiflow generated by vanishing viscosity approximation was proved. Only
autonomous (i.e. b(t) = const) case was considered. In the present paper we
extend results from [14] to much more general non-autonomous case, using the
uniform global attractor approach [11,23-26].

2. Setting of the problem and preliminaries

Let o« > 0 be a positive constant, 0 < ¢ < 1 be a small parameter, and
b: Ry — R be a measurable function. Consider the following evolution problem
with non-degenerate diffusion:

p p 9%p D(p .
% —b(t>% + (D(p) + 5)@ — XR\[=1,1](Z)p + (i )50(513)» a.e. in R x Ry;
(2.1)
p(z,t) >0, a.e. in R x Ry; (2.2)
/p(m,t)dm =1, ae in Ry; (2.3)
R
/ |z|p(x,t)de < oo, a.e. in R. (2.4)
R

Suppose that b is an essentially bounded function, that is, there exists a constant
B > 0 such that
|b(t)| < B for a.e. t > 0. (2.5)

Further we will use the following notation:
[P =IP(R), H'=H\(R), H™' = (H')",

for each 1 < p < co. Let (-, -) be the pairing on H~! x H! (on L4 x LP respectively
with p > 1 and 1 < ¢ < oo such that % + % = 1) that coincides with the inner
product on L2, that is,

(f ) = /R f(@yu(z)d,
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for each f € L? and u € H' (for each f € L9 and u € LP, respectively).
Let 0 <7 < T < oo be arbitrary fixed. A solution of equation (2.1) on a finite
time interval |7, 7] is defined as follows.

Definition 2.1. Let 0 < e < 1. A function p € L®(r, T; LA N L) N L2 (7, T; HY)
with % € L%(r,T; H™') is called a (weak) solution of equation (2.1) on [r,T], if
the equality

T
/ (<?§,n>+b<t><§§,n>+<D<p<-,t>>+s><§§,§Z>+/I>1p-ndx> a

- /TD(p("t))wo,mdt,

holds for each n € L(,T; H').

(2.6)

Remark 2.1. We note that the right hand-side of equality (2.6) is equal to

/T D(p(t))

a

n(0,t)dt.

Remark 2.2. Let 0 < ¢ < 1, and p be a solution of equation (2.1) on [r,T]. Since
p € L*(r,T; H') and % € L3(1,T; H™1), then p € C([r,T]; L?), and, therefore,
the following initial condition

Pli=r = pr(z), a.e.in R, (2.7)

makes sense for p, € L' N L2
Let
Xi={pe I3(R) : [ Jallpla)|do < oc},

which is a Banach space with the norm
Ipllx = lpllze + [ lellp(o) o, pe X

Remark 2.3. The embedding X C L' N L? is continuous. Moreover, X = 'n L?,
where

' ={pel: /|:c]p\da:<oo}
R

is a Banach space with the following norm:

—1
bl = /R (1 + lzl)lp|de, peL

We understand condition (2.4) in the sense of the following definition.
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Definition 2.2. The solution p of equation (2.1) on [r, T] satisfies condition (2.4)
on [, T]if p € L (7, T; L').

Remark 2.4. Let p be a solution of equation (2.1) on [, T|. Then xp € L>=(7,T; L')
if and only if p € L°°(7, T; X ). Moreover, since p € L>(0,T; X), p € C([0,T]; L?),
and X C L?, we have that p € C([0, T]; Xy).

Let 0 < € < 1 be arbitrary fixed. Cances et al. [4, Proposition 2.1] proved
that for each p; such that

pr€ LINL>®, p. >0, /RpT(x)da: =1, /R\x|p7(x)dm < 00, (2.8)

problem (2.1)-(2.4), (2.7) on [r,T] has a unique solution p. Moreover,

p € L>®R x (1,T)), op € L*> (0,T; L"),
pe C([r,T); L2N L), D(p) € C([r,T)),

and

/p(t,a)dazl, p(t) >0 for all t > 0. (2.9)
R

Therefore, the phase space for this problem can be defined as follows:
H:=clxE, E:={pe X : pELOO,pEO,/p(a:)dle},
R

where cly is the closure in the space X (see Amigé et al. [1]). The convexity of
E implies the equality H = clx, E.

Remark 2.5. For 0 < ¢ < 1 it is easy to show that for every p, € E p €
C([r,T); (L* N L*),). In particular, we have that p(t) € E for each t € [r,T].
Therefore, for each p € H the following two conditions hold: (a) p(x) > 0 for
a.e. z € R, and (b) [pp(x)dz = 1 [1, p. 212]. Moreover, for each 0 < ¢ < 1,
0<7<T<o0,and p; € H there exists no more than one solution p of problem
(2.1)-(2.3), (2.7) on [, T].

The main goal of the present paper is to show the existence of uniform
global attractors in the strong topology of the phase space H for the m-semiflow
generated by the non-autonomous problem (2.1)—(2.4).

3. Existence and properties of solutions

In this section we provide results from [14] about existence and topological
properties of (2.1)-(2.4).

Let IC; R (D:.r .) denotes the family of all globally defined solutions of problem
(2.1)-(2.3) ((2.1)-(2.4)) on [r,00) with p(7) € H. By definition, D}, C K,
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Lemma 3.1. [14, Lemma 3.1| There exists a constant C > 0 such that, if
0<e<1,7>0andpeK, withp(r) € H,

then p € D _ and the following inequality holds:

T,
()l < Ilp()lzre 2 + 0, (3.1)

for each t > 1. Moreover, for each 6 > 0 and a bounded set (in fl) K CcH
there exist constants T = T(0,K) > 0 and k = k(0,K) > 0 such that for each
0<e<1,7>0,andpe K with p(t) € K the following inequality holds:

T,E

/ p(z,t)|x|dx <4, (3.2)
|x|>2k

foreacht>7+T and k > k.

Remark 3.1. According to Lemma 3.1, each globally defined solution p of problem
(2.1)-(2.3) on [1,00) with 7 > 0,0 < e < 1, and p(7) € H, belongs to L>(r, oo;fl).
In particular, the following equality holds:

Df. ={peKk}, :p(r) e H}.
The following result guaranties existence and dissipativity for the problem
(2.1)-(2.4).

Theorem 3.1. Let 0 < ¢ < 1. Then for every p, € H problem (2.1)-(2.4), (2.7)
on [1,T] has a unique solution p. Moreover, p € C([1,T); H). Moreover, there
exists Ry > 0 such that for an arbitrary bounded (in L?) set K C H and for
arbitrary € € (0,1) there exists a moment of time T = T(K, €) such that for every
7 >0 and p € D, satisfying p(T) € K the following inequality holds:

T,E
lp(t)l 2 < Ro, (3.3)

for eacht > 7+ 1T.
The next result guaranties the continuous properties of solutions of (2.1)-(2.4).

Theorem 3.2. [14, Lemma 3.3] Let 0 < 7 < T < o0, p* € H, b, € L>®(1,T),
and 0 < e, < 1 for each n =0,1,... . Suppose that |b,(t)| < B for a.e. t € (1,T)
and p" € C([r,T]; Hy) be a solution of problem (2.1)-(2.4), (2.7) on [1,T] with
parameters p2, en, by, for each n > 1. If

Py — pg in Hy, e, — 0 > 0, b, — by weakly-star in L>(1,T),

then there exists a solution p € C([1,T|; Hy) of problem (2.1)-(2.4), (2.7) on
[7,T] with parameters p2, eo, bo, such that up to a subsequence the following con-
vergence holds:

p" — pin C([r,T]; Hy). (3.4)

Moreover, if p? — p in H, then the following statements hold:
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(a) p,p" € C([1,T); H) for each n > 1;

(b) the following convergence holds for the entire sequence:
p" — pin L*(r,T; HY), (3.5)
p" — pin C([r,T]; H). (3.6)

If, additionally, by, — by in the Lebesque measure on [1,T), then

= & = in L*(r,T; H Y. (3.7)

4. Existence and properties of uniform global attractors in the
non-autonomous case

To characterize the uniform long-time behavior of solutions for non-autonomous
dissipative dynamical system consider the wunited trajectory space IC;F’U for the
family of solutions {KZ_ },>0 shifted to zero:

Ky = UJ{TWy(-+7) - y(-) e KL h =0}, (4.1)
>0

and the extended united trajectory space for the family {IC;T}TZO:

’Cg_ = ClClOC(R+;H) [IC;:U] s (42)

where clomoeg, )] is the closure in C'°(R4; H). Since T(h)Kt, € KZ, for
each h > 0, then
T(h)KI C KT for each h > 0, (4.3)

due to
peroer, ;i) (T (R)u, T(h)v) < peroc(r ;) (u, v) for each u,v € C°°(Ry; H),

where pooc(r . p) is the standard metric on Fréchet space C'°¢(R,; H). Therefore
the set
X:={y(0) : y e KT} (4.4)

is closed in H. We endow this set X with metric
px(x1,22) = ||z — 22l|x, 1,22 € X

Then we obtain that (X,p) is a Polish space (complete separable metric space).
Let us define the multivalued semiflow (m-semiflow) V. : Ry x X — 2%:

Ve(t,yo) = {y(t) : y(-) € LI and y(0) = w0}, ¢ >0,y €X.  (4.5)

According to (4.3) and (4.4) for each t > 0 and yo € X the set V.(¢,10) is
nonempty. Moreover, the following two conditions hold:
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(i) V2 (0,-) = I is the identity map;
(i) Ve (t1+t2,90) C Ve (t1, Ve (t2,90)) , Vi1,te € Ry, Vyp € X,

where V; (t,D) = U V. (t,y), D CX.
yeD

We denote by distx(C, D) = sup.c¢ infaep px(c, d) the Hausdorff semidistance
between nonempty subsets C' and D of the Polish space X. Recall that the compact
set ©. C X is a global attractor of the m-semiflow V. if it satisfies the following
conditions:

(i) O, attracts each bounded subset B C X i.e.

distxc(V(t, B), ©.) — 0, t — +o0; (4.6)

(ii) ©; is negatively semi-invariant set, that is, ©. C V; (¢,0,) for each t > 0.

In this paper we examine the uniform long-time behavior of solution sets
{Kt }r>0 in the strong topology of the natural phase space H (as time t — +00
for a fixed € > 0) in the sense of the existence of a compact global attractor for
m-semiflow V; generated by the family of solution sets {CI_},>0 and their shifts.

Theorem 4.1. For each ¢ > 0 the m-semiflow (4.5) has the connected stable
global attractor O, in the phase space X. Moreover, O, is bounded in H uniformly
mn €.

Proof. Due to Theorems 3.1, 3.2 and classical results about existence of global
attractors (see [21]) it is sufficient to prove that V. is asymptotically compact,
that is,

every sequence {&, € Vi(t,,py)} is precompact in H,

where t,, / +oo, [|pgllx <7 .

Let gn € Va(tnvpg)~ Then 3¢, : ”§n - gnHX < % and &, = pn(tn)a Pn IS a
solution of (2.1)—(2.4) with p,(0) = py and b, (-) := b(- +75), 7o, > 0. Therefore,
from Theorem 3.1

lpn®)lx < Ro+r,¥Vn>1,t>0. (4.7)

So we can claim that {&,} is precompact in H,,. Indeed, since |||z < Ro+ 7
then up to subsequence &, — & in L2. Let us prove that up to a subsequence

&y — €in fiu. Since &, = pn(tn), then (3.2) yields that for each § > 0 there exist
k(0) > 1, n(d) > 1 such that

/ &n(x)|z|de < é, V k> k(5), n>n(d).
|z|>k 3

According to Amigo et al. [1, Lemma 6.1]

(F)* ={o=({1+|z))u : ue L*}.
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Thus, we set dp(z) = (1 + |z|)€n(z) and prove that {d,} is a Cauchy sequence in
L} because

(1 + |2))(&n(x) = &m(2))u(x)dx

/ (o () — () ()| <
R

o " d m d ,
2l ( /Wf () |zldz + /Ma ()] :c) <3

for each u € L> and n,m > N = N(6, k). Since the space L' is weakly complete,
then up to a subsequence d,, — d in Ll for some d € L'. Thus

z|<k

- d -1
—&=——in L,.
If we consider the restriction of &, to each interval [—k, k|, then we deduce that
& = & and up to a subsequence &, — & in Hy,.
Now let us prove this convergence in the strong topology of H. Consider a
smooth real function 6 that satisfies the following three conditions:

(a) 9( ) =0, |s| < 1;
(b) <f(s) < |s| € [1,2]; (4.8)
() 9( ) =1, |s| = 2,

and define for £ > 1 .
Pk(l‘) = 9(?-

According to Amigé et al. [1, pp. 215-216] after multiplying (2.1) by pr(z)p, we
obtain

2
+(D(pn(- ))+5n)(/Rpk(CC) (08];") da (4.9)

/0/ %dx) /pk(x)pidx =0.
R

Integrating by parts we deduce

bult) [ (utatpn e = =200 [ ' ypian,

/9/ apn _ 2k2/0// 2d.’I}

Then from (4.9) we have

1d 9 Bﬂ (a+1)8 / 9
—— < — 4.1
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where 3 := max {|0'(s)| + |6"(s)|}.
|s|€[L,2]

Combining (4.7) and (4.10) we deduce from Gronwall’s Lemma that for some
positive constant C' = C(r)

/ pi(x,t)dxge”rhclir),v&o, n>1, k>1. (4.11)
|| >2k

On the other hand, for every solution of (2.1)-(2.4) we have the following
energy equality (for details see the proof of Lemma 3.2):

(6p(:c, t)

1d 2
d:EJr/ p(z,t))%dx
(v ) o)

2dt Iy

(p(a,1))%dz + (D(p(- 1)) + ) /

R

(4.12)
Let us consider the functions

Pn(t) = pn(t + (tn —1)), £ 2 0.
Then p,, is a solution of (2.1)—(2.4) with b, () := b, (- +t,—1) = b( - +t,—1+7,),
Pn(0) = pu(tn — 1), pp(1l) = &, and p, satisfies (4.7), (4.9), (4.12). Moreover,
similarly to the previous arguments we deduce that up to subsequence
Pn(0) =pp(tn — 1) = po in Hy.
Hence, from Lemma 3.2 we obtain for every T > 1 that
pn— P in C([0,T]; Hy), (4.13)

where p is a solution of (2.1)—(2.4) with p(0) = py and some b € L>°(0, +o0) such
that b, — b weakly star in L>(0,T) for each T' > 0. In particular, |b(t)| < B for
a.e. t> 0.

Since € > 0 is fixed, we can derive from (4.7), (4.12) and the Aubin-Lions
theorem [16] that for every k > 1 up to subsequence

pn— P in L*(0,T; L*(—k, k).
In particular,
Pu(t) = p(t) in L*(—k,k) for a.a.tc (0,T).

By a diagonal procedure we obtain that up to a subsequence and for some
7€ (0,1),
Pu(T) = p(7) in L*(—k,k), Vk>1. (4.14)

From (4.11) we get

/ 2 (0.7 )da < o202 ¢ C](:) Vn>1, k> 1. (4.15)
|| >2k



10 N.V. Gorban at all

Combining (3.2), (4.14), (4.15) we have
Pn(T) = p(7) in X.
Then the second part of Theorem 3.2 guarantees the convergence
pn — P in C(r,T]; H).

In particular,
& =pn(l) - p(1) in H.

Thus we obtain the required precompactness of {§,,} and, therefore, the existence
of the connected, stable global attractor ©;. O

Acknowledgment

The first two authors were partially supported by the National Academy of
Sciences of Ukraine, Grant 2290-18. The third author was partially supported
by Spanish Ministry of Economy and Competitiveness and FEDER, projects
MTM2015-63723-P and MTM2016-74921-P, and by Junta de Andalucfa (Spain),
project P12-FQM-1492.

References

1. J. M. Amico, I. CarTto, A. GIMENEZ, J. VALERO, Attractors for a non-linear
parabolic equation modelling suspension flows, Discrete Contin. Dyn. Sist., Series B,
11(2009), 205-231.

2. J.M. Awmico, A. GIMENEZ, F. MORILLAS, J. VALERO, Attractors for a
lattice dynamical system generated by non-Newtonian fluids modeling suspensions,
Internat. J. Bifur. Chaos Appl. Sci. Engrg., 20(2010), 2681-2700. DOLI:
10.1142/50218127410027295.

3.  A.V. BaBiN, M.I. VisHIK, Attractors of Evolution Equations, Nauka, Moscow,
1989.

4. E. CANCES, I. CAaTTO, YO. GATI, Mathematical analysis of a nonlinear parabolic
equation arising in the modelling of non-Newtonian flows, SIAM J. Math. Anal.,
37(2005), 60-82. DOI: 10.1137/S0036141003430044.

5.  E. Cances, C. LE BRris, Convergence to equilibrium of a multiscale model
for suspensions, Discrete Contin. Dyn. Sist., Series B, 6(2006), 449-470. DOI:
10.3934/dcdsb.2006.6.449.

6. V.V. CuepryzHOv, M.I. VISHIK, FEvolution equations and their trajectory
attractors, J. Math. Pures Appl, 76(1997), 913-964. DOI: 10.1016/S0021-
7824(97)89978-3.

7. E.A. FEINBERG, P.O. Kasyanov, M.Z. ZGUROVSKY, Uniform Fatou’s lemma,
J. Math. Anal. Appl., 444(2016), 550-567. DOI: 10.1016/j.jmaa.2016.06.044.

8. H. Gaiewski, K. GROGER, K. ZACHARIAS, Nichtlineare Operatorgleichungen
und  Operatordifferentialgleichungen, Akademie-Verlag, Berlin, 1975. DOLI:
10.1002/mana.19750672207



9.

10.

11.

12.

13.

14.

15.

16.
17.
18.

19.
20.

21.

22.

23.

24.

25.

Attractors for viscosity approximations of complex flows 11

A. GIMENEZ, F. MoORILLAS, J. VALERO, J.M. AMIGo, Stability and numerical
analysis of the Hebraud-Lequeux model for suspensions, Discrete Dyn. Nat. Soc.,
2011(2011), Art. ID 415921, 24 pp.
N.V. GorBAN, O.V. KArusTYAN, P.O. KAsyaNov, Uniform trajectory attractor
for non-autonomous reaction—diffusion equations with Carathéodory’s nonlinearity,
Nonlinear Anal., 98(2014), 13-26. DOI: 10.1016/j.na.2013.12.004.
N.V. GOrRBAN, O.V. KarusTYAN, P.O. KASYANOV, Uniform trajectory attractor
for non-autonomous reaction—diffusion equations with Caratheodory’s nonlinearity,
Nonlinear Analysis, 98(2014), 13-26. http://dx.doi.org/10.1016/j.na.2013.12.004.
P. HEBRAUD, F. LEQUEUX, Mode-coupling theory for the pasty rheology of soft
glassy materials, Phys. Rev. Lett., 81(1998), 2934-2937.
0.V. KAPUSTYAN, J. VALERO, P.O. KaAsvaNov, A. GIMENEZ, J.M. AMIGO,
Convergence of numerical approximations for a non-Newtonian model of
suspensions, Internat. J. Bifur. Chaos Appl. Sci. Engrg., 25(2015), 1540022, 24
pp-
0.V. KarusTyan, P.O. KasvaNov, J. VALERO, M.Z. ZGUROVSKY Strong
attractors for wvanishing viscosity approximations of non-Newtonian suspension
flows, Discrete and Continuous Dynamical Systems, 23(3)(2018), 1155-1176. DOI:
10.3934/dcdsb.2018146.

O.A. LADYZHENSKAYA, Attractors for Semigroups and FEvolution FEquations,
Cambridge University Press, Cambridge, 1991.
R. TEMAM, Navier-Stokes Equations, North-Holland, Amsterdam, 1979.
R. TeEMAM, Infinite-dimensional Dynamical Systems in Mechanics and Physics,
Springer-Verlag, New York, 1988.
J. VALERO, A. GIMENEZ, O. V. KAPUSTYAN, P. KAsyanov, J. M. AMIGO,
Convergence of equilibria for numerical approzimations of a suspension model,
Comput. Math. Appl., 72(2016), 856-878. DOI: 10.1016/j.camwa.2016.05.034.
K. YosipA, Functional Analysis, Springer, Berlin, 1980.

M.Z. ZGUurovsky, P.O. KAasyaNov, J. VALERO, Noncoercive evolution inclusions
for Sk type operators, Internat. J. Bifur. Chaos Appl. Sci. Engrg., 20(2010), 2823-
2834. DOI: 10.1142/S0218127410027386.
M.Z. Zcurovsky, P.O. Kasvanov, O.V. KAPUSTYAN, J. VALERO, N.V.
ZADOIANCHUK, FEwvolution Inclusions and wvariation inequalities for earth data
processing III, Springer-Verlag, Berlin, 2012.
M.Z. ZGUROVSKY, P.O. KaAsyaNov, Multivalued dynamics of solutions for
autonomous operator differential equations in strongest topologies, Continuous
and Distributed Systems: Theory and Applications. Solid Mechanics and Its
Applications, 211(2014), 149-162.
M.Z. ZGUROVSKY, P.O. KASYANOV, Ewvolution Inclusions in Nonsmooth Systems
with Applications for Earth Data Processing : Uniform Trajectory Attractors for
Nonautonomous Evolution Inclusions Solutions with Pointwise Pseudomonotone
Mappings, Advances in Global Optimization, Springer Proceedings in Mathematics
& Statistics, 95(2015), 283-294. DOI: 10.1007/978-3-319-08377-3 _ 28.
M.Z. ZaGurovsky, P.O. Kasvyanov, Uniform Trajectory Attractors for
Nonautonomous Dissipative Dynamical Systems, Continuous and Distributed
Systems II. Series Studies in Systems, Decision and Control, 30(2015), 221-232.
DOI: 10.1007/978-3-319-19075-4 13.
M.Z. ZGurovsky, P.O. KAsyaNov, Uniform Global Attractors for
Nonautonomous FEvolution Inclusions, Advances in Dynamical Systems and



12

26.

N.V. Gorban at all

Control. Studies in Systems, Decision and Control, 69(2016). DOIL: 10.1007/978-3-
319-40673-2 3.

M.Z. ZcUurovsky, M.O. GruzmaN, N.V. GorBaN, L.S. PaALiicHUK, O.V.
KHOMENKO, Uniform Global Attractors for Non-Autonomous Dissipative
Dynamical Systems, Discrete and Continuous Dynamical Systems, 22(5)(2017),
2053-2065. DOI: 10.3934/dcdsb.2017120.

Received 17.12.2018



