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A HYBRID COLLOCATION METHOD FOR VOLTERRA INTEGRAL
EQUATIONS WITH WEAKLY SINGULAR KERNELS*

YANZHAO CAOT, TERRY HERDMAN?!, AND YUESHENG XU$

Abstract. The commonly used graded piecewise polynomial collocation method for weakly
singular Volterra integral equations may cause serious round-off error problems due to its use of
extremely nonuniform partitions and the sensitivity of such time-dependent equations to round-off
errors. The singularity preserving (nonpolynomial) collocation method is known to have only local
convergence. To overcome the shortcoming of these well-known methods, we introduce a hybrid collo-
cation method for solving Volterra integral equations of the second kind with weakly singular kernels.
In this hybrid method we combine a singularity preserving (nonpolynomial) collocation method used
near the singular point of the derivative of the solution and a graded piecewise polynomial collocation
method used for the rest of the domain. We prove the optimal order of global convergence for this
method. The convergence analysis of this method is based on a singularity expansion of the exact
solution of the equations. We prove that the solutions of such equations can be decomposed into
two parts, with one part being a linear combination of some known singular functions which reflect
the singularity of the solutions and the other part being a smooth function. A numerical example is
presented to demonstrate the effectiveness of the proposed method and to compare it to the graded
collocation method.

Key words. Volterra integral equations, hybrid collocation methods, weakly singular kernels
AMS subject classifications. 65R20, 45D05

PII. S0036142901385593

1. Introduction. We propose in this paper a hybrid collocation method for
solving Volterra integral equations of the second kind with weakly singular kernels.
By using the singularity expansion of the exact solution, we analyze this method and
prove that it has an optimal order of global convergence. Specifically, for given kernels
K,M € C(IxI)with I :=[0,1] and a given parameter « € (0, 1), we define a Volterra
integral operator T, : C(I) — C(I) by

t
(Tuy)(t) = / Gt s)y(s)ds, te1,
0
where
Golt,s):=(t—s)* 'K(t,s) + M(t,s) for 0<s<t, 0<t<1,
and consider the Volterra integral equation of the second kind

(1.1) y(t) — (Tay)(t) = f(t), tel,
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where f € C(I) is a given function and y € C(I) is the unknown function to be
determined. The kernel M is of practical importance because it occurs in the appli-
cations to aeroelastic modeling problems [7], where a class of neutral delay equations
are converted to integral equations in the form of (1.1). Other related references
include [4, 11].

Since 0 < a < 1, the kernel G, has a singularity along the diagonal. When
(1.1) is solved by a numerical method such as a collocation method or a product-
integration method using the piecewise polynomial approximation, the accuracy of
the approximate solution depends on the order of piecewise polynomials used in the
approximation as well as the degree of smoothness of the exact solution. For instance,
when y € C"(I) and the approximate subspaces are chosen to be piecewise polynomials
of order r, the optimal order r of convergence for the approximate solution y, to y is
achieved, that is,

(1.2) 1Y = ynlloe = O(NTT),

where N is the number of subintervals in the uniform partition associated with the
piecewise polynomial spaces. However, the solution of (1.1) exhibits, in general, sin-
gularities at the zero in its derivatives even if the forcing term f is a smooth function
and the numerical methods mentioned above may not even yield first order accuracy
(see, e.g., [2, 5]). In other words, the use of piecewise polynomials of high order does
not produce high order convergence for the numerical method.

There have been many attempts to overcome the difficulties caused by the sin-
gularity of the solution of (1.1). One of the most commonly used methods [3, 5, 6,
9, 10, 14, 15, 16] is the graded collocation (GC) method using piecewise polynomials
with a graded mesh on interval I according to the behavior of the exact solution near
the singular point, which was first introduced by Rice in [13]. Specifically, the GC
method partitions I by the following knots:

T

(1.3) tiz(]i]y, i=0,1,....N,

which ensures that the GC method retains the optimal error estimate (1.2). However,
as pointed out in [2, 10], the main disadvantage of the GC method is that subintervals
near the singular point in the graded mesh have very small length and thus may
cause serious round-off error problems for small a and high order polynomials. Since
Volterra equations are time-dependent equations, the numerical solutions of these
equations are very sensitive to round-off errors.

Another approach for solving (1.1) is to include some nonpolynomial singular
functions which reflect the singularity of the exact solution as part of the basis for
the finite dimensional subspace in the collocation method (see [2]). We call it the
nonpolynomial collocation (NPC) method. For this method, only a local convergence
result (in [2]) has been seen so far. It does not seem that an optimal order of global
convergence can be proved for this method. The idea of including some known singular
functions in the usual finite element spaces or piecewise polynomial spaces has been
explored in [8] to successfully construct Galerkin methods of high convergence order
for Fredholm integral equations of the second kind with weakly singular kernels. This
idea leads us to the consideration of the present method.

To treat the problems discussed above for the existing methods, we propose a
hybrid collocation (HC) method for solving (1.1) which combines the strength of both
the GC and NPC methods. In this method, we introduce a graded mesh different from
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(1.3) that avoids using small subintervals near the zero and uses the nonpolynomial
function approximation only in the first subinterval. Specifically, the length of the
first subinterval in the HC method is the same as in a quasi-uniform partition, that
is, there exist positive constants ¢y, ce such that

C1 C2

N <t < N
and a graded partition is used only on [t1, 1] so that the instability problem appearing
in the GC method can be avoided. We compensate the use of a large subinterval for the
first interval in the partition by employing nonpolynomial functions '+, i+ ja < r,
which characterize the singularity of the exact solution y of (1.1), as trial functions
in the first subinterval [tg,?;]. The primary purpose of this paper is to prove that
this method provides an optimal order of global convergence by taking the strength of
both the GC method and the NPC method, while avoiding the problems from which
both these methods have suffered.

To prepare for the analysis of this method, we derive a singularity expansion of
the exact solution of (1.1). In other words, we decompose the exact solution into
two parts, one being a linear combination of singular functions t**7¢ which reflect the
singularity of the exact solution and the other being a smooth function. This subject
has been well studied in [5]. We will make use of the results presented in [5] and
construct further a form of expansion that is useful for the development of the HC
method.

We organize this paper in five sections. In section 2, we derive the singularity
expansion of the exact solution of (1.1). Section 3 is devoted to a study of hybrid
interpolation operators which serve as a base for the development of the HC method.
In section 4, we describe the HC method which combines the NPC method used near
the singular point based on the singularity expansion obtained in section 2 and a GC
method elsewhere. We prove the optimal order of global convergence of this method.
Furthermore, we present a theoretical result which gives a comparison of the compu-
tational cost of the HC method and the GC method, and the length of the smallest
subintervals used in both methods. Our theory shows that the HC method is better
than the GC method. Finally in section 5, we provide a numerical example to demon-
strate the effectiveness of the HC method. We compare the numerical performance
of the HC method with that of the GC method. The numerical results confirm the
theory presented in section 4.

2. Singularity expansions. In this section we establish a preliminary result on
the singularity decomposition for the solution of (1.1). Singularity of the solution of
(1.1) when the kernel M is zero has been systematically studied in [5]. In the next
theorem, we make use of the results in [5] and derive the singularity expansion crucial
for the development of the HC method for the general case when M # 0.

THEOREM 2.1. Let r be a nonnegative integer. Suppose that K, M € C"(I x I)
and f has the form

(2.1) &)= > fut!T+ falt),  tel,
JHia<m

where f;; are constants and f,, € C™[0,1] for some fized integer m with 0 < m <r.
Let y denote the solution of (1.1). Then there exist constants c;; such that

(22) y(t) = Y et ron(t), tel,

JjHia<m
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where v, € C™(I).

Proof. When M = 0 formula (2.2) follows from Theorem 1.3.15 of [5] with
some modification. The modification is necessary to treat the series in the expansion
appearing in Theorem 1.3.15 of [5] so that we have form (2.2).

The general case where the kernel M is not zero will be proved by induction on
m. The case when m = 0 is obvious. We assume that the theorem holds for m = k
and proceed to the case m = k + 1. By the induction hypothesis, the solution y of
(1.1) has a representation

(2.3) y(t) = > it/ T fug(t), tel,
Jjtia<k

where vy, € C*(I). For t € I, we let

x(t) ::/0 M(t, s)y(s)ds.

Substituting (2.3) into the expression of function x gives
t . .
z(t) = / M(t, s) Z cij s’ +ug(s)| ds, tel.
0 j+ia<k

To simplify the expression of z, we denote

t 1
w11 (t) = / M(t, s)vk(s)ds and m;;(t) = / M (t, st)s?Tds.

0 0
A simplification with a change of variables leads to the following formula:

z(t) = Z Cijo1mi 1 (T Fwpa (1), tel
jtia<k+1

It is easily seen that wyi1, m;; € C*1(I). Applying the Taylor theorem to the
functions m;;, we obtain that

zt)= > dgtTtuea(t), tel,
jtia<k+1

where d;; are constants and uj41 is a function in C’k“‘l(I). Let f := f —x and rewrite
(1.1) as

y(t) —|—/O (t—8)* K (t,s)y(s)ds = f(t), tel.

Note that f has the form (2.1) with m = k + 1. By the first part of this proof,
we conclude the result of the theorem for the case m = k + 1, which advances the
induction hypothesis and completes the proof. 1]
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3. Nonpolynomial interpolation operators. Motivated by the singularity
expansion of the solution of (1.1), in the next section we will develop the HC method
for solving (1.1). To prepare for this development, we define a hybrid interpolation
operator and study the bound of this operator.

We first define a nonpolynomial finite dimensional subspaces of C'(I). As usual,
we denote by Ny the set of nonnegative integers. For 0 < a < 1 and a positive integer
r we introduce an index set by setting

Wear i ={i+ja:i,j € No,i+ ja<r}

Let ¢ denote the cardinality of the set W, ,. Clearly, W, , contains the first r non-
negative integers ¢ = 0,1,...,7 — 1. For notational convenience, we write

Wor={v;:j=0,1,...,0—1}

with the convention that v; = j for j = 0,1,...,r — 1. Associated with this index set,
we define a finite dimensional space V,. of nonpolynomial functions by

V. :=span{t” : j=0,1,...,0—1}.
We remark that Theorem 2.1 ensures the solution y of (1.1) has the decomposition
y=u+v, veC'(I), and v e V.

Also, we denote by P, the space of polynomials of degree < r — 1. Because the set
W, contains the integers ¢ = 0,1,...,r — 1, it is clear that P, C V,.. In addition,
space V. contains nonpolynomial functions t*7, j = r,r+1,...,f — 1, that reflect the
singularity of the derivative of the solution of (1.1).

We next describe a finite dimensional space whose elements are piecewise in V..
For a given positive integer N, we divide the interval I into N subintervals, that is,
0=ty <ty <--- <ty =1. For a subinterval J of I and a function f € C(I), we use
f|s for the restriction of f on J and, moreover, for V.C C(I) we let

Vij:={vl;:veV}h

Let h; =t; —t;—1 and h = max;<;<n h; . We define a space of functions piecewise in
V by

Wn=A{v:vlp, 1) € Vgt 1=1,2,..., N},

and, in particular, we let V,.;, := (V,.), and S, := (P;)p. Clearly, we have that
Vi CVip and Spp C Vi

We now define interpolation operators P, 1 from C(I) to Sy, and Py o from C(I)
to V;.n, respectively. To this end, we choose £ points 7; in I such that 0 < 7 < 75 <
-+ < 1¢ < 1. The interpolation points on interval [t;_1,t;] are obtained by setting
ty; = tg—1 + The, Kk = 1,2,...,N, 7 = 1,2,...,£. The interpolation operators
Pyp1:C(I) — Sy and Py, o : C(I) — V., are defined as follows. For f € C(I)

(Ph,lf)(tl_j):f<tlj)7 j:1a27"'ara i:172a"'7N7

and

(Praof)(tij) = f(tsj), Jj=12,...,¢, 1 =1,2,...,N.
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Note that for the definition of P, ; we use only the first r points 7, j =1,2,...,r. It
is known (see [2, 5]) that the operators Py ; for ¢ = 1,2 are uniquely defined.

For a function u that is continuous on [t;_1,%;], ¢ = 1,2,..., N, with possible
discontinuities at ¢;, define its maximum norm on [t,,,t,] with 0 <m <n < N by

e, ) = max  max fu(t)]

We will simply use ||u|| when [t,,t,] = I.

Next we show that the norm of the restriction of Py o f on [to,t1] is bounded by a
constant independent of the choice of ¢1. For this purpose, we define, for¢ =1,2,...,¢,
the Lagrange functions

Luilfeo, ) € Velito )
and
Li;(t) =0, t€lt,1]
such that
Lyi(tyy) = 65, §=1,2,...,L

It is easily verified that

L

(3.1) (Puaf)(t) =Y f(ti)Laj(t), ¢ € [to, t1].

j=1

LEMMA 3.1. There exists a positive constant ¢ such that for all t; € (0,1) and
1=1,2,....¢

I L1ill = ([ Lailleo,e0) < e

Proof. For i =1,2,...,¢, we write
¢
Lu(t) =) apt™, t€l[to,t].
p=1

For t € [to,t1], there exists a 7 € I such that ¢t = tg + hy7. For i = 1,2,...,¢ and

p=1,2,...,0 we set b;, := hq”aip. Using these notations, we have that
‘
(3.2) Lyi(t) = bipt™?, t€ [to, ta].
p=1

By the definition of Ly; we observe that
¢
(3.3) > bt =65, j=1,2,...,L
p=1

We introduce an ¢ x ¢ matrix D by setting D := [d;, : j,p = 1,2,...,£], where
djp == T;” and a vector b; by b; = [by, : p = 1,2,...,7. It is easy to verify that
the matrix D is invertible and since all entries d;, are independent of the choice of ¢;
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we conclude that [[D7!||, is bounded by a constant independent of the choice of #;
where the norm used here is the matrix norm induced from the vector norm || - ||oo.
Thus, it follows from (3.3) that

Ibillse < D™ |oc-

Hence from (3.2) we confirm the result of this lemma with the constant

‘

¢:= max <E T”P> DYoo d
0<r<1 .
=

The following lemma, which provides a bound of the norm of P 2 f on [to, t1], is
a direct consequence of Lemma 3.1.

LEMMA 3.2. There exists a positive constant ¢ such that for all t; € (0,1) and
for any f € C(I)

||P}L,2f||[to,t1] < C||f||[t0,t1]'

The next proposition presents order of convergence for the interpolation P, o f to
a function f having form (2.1).

PROPOSITION 3.3. There exists a positive constant ¢ such that for all t; € (0,1)
and for f =u+ v, where u € C"(I) and v € V.,

”f - Ph,2f||[to,t1] < ChI”u(r)H[to,tl]'

Proof. For all functions f having the form f = u+v, where u € C"(I) and v € V,,
recalling that Pj, ov = v for v € V,. we have that

f=Phrof =u+v—Ppa(u+v) =u— Ppou.
Noting that
PhoPri= Py
we conclude that
f—=Prof=U—Pri)u+ ProPriu— Prou= (I — Pr2)(I — Ppi)u.

It follows from Lemma 3.2 that there exists a positive constant ¢ such that for all
t1 € (0,1) and all such f

1F = Pr2fllito, 1) < ell(T = Pr,)ulliso,ra) < e jgg s

where the last inequality follows from a standard error estimate for polynomial inter-
polations. 0

We next define a hybrid interpolation which has a global convergence. To this
end, we describe a graded partition of I in terms of parameters o and r. Specifically,

for ¢ :== % we let 9 be an integer such that

@)+
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where [a] denotes the largest integer less than or equal to a, and set N’ := N —ip+1.
The partition on I is given by

N
(3.4) to =0, tZ:(ZOJF]\’[) . i=1,2,...,N".

Note that ¢ = 1 and the integer i satisfies the condition that
(3.5) N'7Va <4y < N(N —1)"Va,

We remark that as far as stability is concerned this partition is better than the par-
tition (1.3) used in a standard GC method. This point will be made clearer in the
next section.

Associated with the graded partition (3.4), we define the hybrid interpolation
operator Q) by

(3.6) (@nf)

That is, on the first subinterval we use singularity preserving (nonpolynomial) in-
terpolation and on the rest of intervals we use the standard piecewise polynomial
interpolation. The operator ), will be used in the next section for the development
of a hybrid collocation method. To prepare for this development, we present an ex-
pression of projection @), in terms of the Lagrange basis functions. To this end, we
define the Lagrange polynomial basis L; € P, i = 1,2,...,r, such that

1= (Pr2f)ljo) and (Qnf)li 1) = (Pra )l 1

Li(m5) =6i5, 7=1,2,...,m,

and for k = 2,3,..., N’ we define the Lagrange piecewise polynomial basis functions
by setting

[ t—te—1
Lii(t) = { b ( b ) o FE [t

0, otherwise.
Thus, for all Kk =2,3..., N’ there hold the relations that
(3.7) L |l = || L:l|l, i=1,2,...,m,
and we have that
(Puaf)(t ZZf tj) L (1), t € [tr,1].
k=2 j=1

To present projection (Qy, we introduce a notation

l k=1,
(3.8) Tk':{r, k=23,... N
Consequently, we have that

N’ Tk
(39) th Z Z f th ij tel.

k=1 j=1
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In the next proposition, we establish a global convergence result for the interpo-
lation projection @Qy,.

PROPOSITION 3.4. Let Qp, be the hybrid interpolation operator defined in (3.6)
associated with the partition (3.4). Suppose that f has a decomposition f = u + v,
where uw € C™(I) and v € V,.. Then there exists a positive constant ¢ independent of
N such that for all such functions f

If = @nfll <eN7"
Proof. Note that
If = Qnfll = max {||f = Qnfllo,e]> If = QnSllty.1} -
Employing Proposition 3.3 we conclude that there exists a positive constant ¢ such that
1f = @uflloe = I = Prafllos < chillu®llo,e,-

Noting that by the definition of partition (3.4),

io\? N(N — 1)~ 1/a\*? 1 2
- () < (MO 1

we obtain that

1
If = Qnrflljou) < N

We next estimate the error || f — Qp f||, 1) following a well-known argument by
Rice [13]. Since f = u+ v with u € C"(I) and v € V,., we have that

1F ()] < et™™" for t € [ty,1],
and the function t*~" is decreasing in t. For ¢ = 2,3,..., N’, we find that
hi = [(i +i0 — 1) — (i + o — 2)1 N~ = (i+ig—2)1 { (14 (i +io—2) 1] = 1} N,

By the mean value theorem, there exists § with 0 < 6 < (i + 49 — 2)~! such that

(3.10) hi=q(i+ip—2)7 (1 +0) T N"? < c(i+i9 —2)T N9
Thus, there exists a positive constant ¢ such that for : = 2,3,..., N’
”f - th‘ tiz1,ti] — ||f - Ph,2f| [ti—1,t:] < Ch;||f(r)| [ti—1,t:]
. . (a—r)
. . _ _ + 19 — 2 1 1
< _9)g=Drp—gr (L0 T 2 = c—
<c(i+1ip—2) ( ~ N

which completes the proof of this proposition. 0

4. A hybrid collocation method. In this section, we use the hybrid inter-
polation operator @, introduced in the last section to develop a hybrid collocation
method for solving (1.1). We prove that this method has an optimal order of global
convergence. Notice that the singularity in the derivative of the exact solution of (1.1)
occurs only at the left end point of the interval I. This fact suggests that we use a
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singularity preserving collocation method near the left end point and use a standard
piecewise polynomial collocation method with a graded partition elsewhere.
We now describe the hybrid collocation method for (1.1). We seek y;, such that

Ynlio,e] € Venlion]s  Ynlien,1) € Senlie 1)

and

(4.1) Yn — Qnlayn = Qnf,

where @), is the hybrid interpolation operator defined by (3.6) associated with the
graded partition (3.4).

To analyze the order of convergence for the hybrid collocation method (4.1), we
define an integral operator T, ; by

(4.2) (Ton1y)(t) := (Tuy)(t) for te[0,t]

and

(To1y)(t) ::/ Go(t,s)y(s)ds for t € [ty,1].

t1
The study of the error ||y — yx|| demands a bound on the errors
erj = Y(tej) —un(tes), J=1.2,...,7p,

where 7, is defined by (3.8). To this end, we introduce vectors

ey :=lex 1 j= 1,2,...,m)7 for k=1,2,...,N".
We also need vectors

€ = lexj 1 J = 1,2,...,m)T for k=1,2,...,N’,
where
(43) ey 1= (Lot (y = Q) (ta) + (T = Tot) (y — ) ).
Note that when k = 1, it becomes that

€15 = (Ta(y — @ny))(t1)-

We will bound the vectors e; by €.

Next, we derive a linear system that gives a recursive formula for the vector ey.
Toward this goal, for k =1,2,...,N" and j =1,2,...,7, we evaluate (1.1) and (4.1)
at t;; to obtain that

(4.4) Y(trj) — (Tay)(te;) = f(tr))
and
(4.5) Yn(trj) — (Tayn)(trj) = f(tr)),

respectively. Subtracting (4.5) from (4.4) yields

(4.6) erj = (To,1(y = yn)) (k) + (To = Ta,1)(y — yn)) (tr;)-
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Noticing that @y is a projection and y, = Qpyn, we have that

(4.7) Y=y =Yy —Qny+ Qn(y — yn)-

Substituting (4.7) into the first term in the right-hand side of (4.6) and recalling the
definition of ¢j;, we obtain that

(4.8) ex; = (T 1Qn(y — yh))(tkj) +ep; for E=1,2,..., N, j=1,2,...,r

We are required to study the first term in the right-hand side of (4.8). In (3.9),
we replace f by y — yp, and conclude that

(Qn(y —yn)) Ziezp Liy(t), tel.

=1 p=1

Applying the operator T, 1 to both sides of this equation with evaluating at ¢ = ty;
yields

(Ta,lQh(y - yh tkj Z Z ezp @ lep tk])

i=1 p=1

We next make use of the property of the Lagrange basis functions L;, to simplify the
right-hand side of the equation above. For notational convenience, we define

trj
a;?p = Go(trj, s)Lip(s)ds
th—1
and
ki "
dj, = ) Ga(trj, s)Lip(s)ds.
i—1

Noting that L;, vanishes outside the interval [¢;_1,%;], an elementary computation
leads to the formula that

k-1 r

(Ta,lQh (y - yh tk‘] Z a]pekp + Z Z dk':;eipa

=2 p=1

where we have used the relation that r; = r for ¢ = 2,3,...,k — 1. Substituting this
equation into the right-hand side of (4.8) yields

k=1 r

(4.9) Z ajperp + Z Z djpew +ew, 7=1,2,.

i=2 p=1
By introducing an rj X r; matrix
(4.10) Ap=laf,  jp=1,2,... ]
and r X r matrices

(4.11) Dy =[dsl :jp=1,2,...,r], i=2,3,... k-1,
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we write (4.9) in matrix form as

k—1
(412) ek:Akek—i—ZDkiei—l—ek, k= 1,2,...,N/.
=2

The matrices Ay and Dyg; are all dependent on the mesh sizes h;, and we next
study such a dependence. Recalling the transformations s = t5_1 + hx7 when s €
[tk—1,tx] and 7 € [0,1] and ti; = ty_1 + hs7; and using the notations

K(t,7) = K(t,tg_1+hgt), M(t,7):= M(t,t)_1+hp7), Lip(T) := Lip(ts—1+het),

Tj - ~ ~
(~l§p = / {(Tj — T)a_lK(tkj, T) + hllciaM(tkj, T):| L}Cp(T)dT,
0

and

1 a—1
i tho1 —tio1 + heT; - o N
d¥i ;:/ l( kol Lt Ty —T) K(ty;, ™) +h} aM(tkj,T)l Liy(1)dr,
0

h;
by changes of variables we have that

kE _ 1o~k ki _ 1o ki
a;, = hia;, and dj, = hi'dj,.

By introducing new matrices
Ay = [&;?p c4p=1,2,...,r] and Dy, := [CZ% chp=12,...,r], i=2,3,...,k—1,
we observe that
Ay =h *A; and Dy, = h Dy,
Hence, (4.12) becomes

k—1
(413) e, = thkek—l—Zh?ﬁkiei—&—ek, k= 172,...7N/.
1=2

Since both K and M are continuous functions on I x I, by using Lemma 3.1 and
(3.7) we observe that there exists a positive constant ¢; such that for k =1,2,..., N’
and j,p=1,2,...,71%

Tj 1
(4.14) lah,| < cl/ [(rj—7)* ' +1]dr < e (1+ a)
0
and
~ 1 tr—1 —ti—1 + hpTs a-l
(4.15) |d§;\§c1/ ( - h* ]_T> dr, i=2,3,....k—1.
0 0

Estimate (4.14) implies that there exists a positive constant ¢z := 10 (14 1) for all
k=12 N,

[Aklloo < c2.
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Let h := max{h; : 1 <i < N’} and choose h < cgl/a. It follows that for such an h
the matrix I — h{ Ay, is invertible and there exists a positive constant ¢ such that

(4.16) (I = hi AR~ < e

Thus, from (4.13) we conclude that

k—1
(417) e, = (I — th;Qil [Z hlaﬁklel + €k

1=2

We next use estimate (4.15) to study the bound of the entries of matrices Dy;.
Noting that h; < hj41 < -+ < hg—1, we have that

le1—tic1  hi+-+hp
hi hi

>k—1
and conclude that
1
(4.18) i) < 61/ (k—i—r)°ldr.
0

It can be verified from a direct computation that there exists a positive constant c
such that for all i =2,3,...,k—1

1
/ (k—i—71)tdr < c(k—i)*".
0

Using this estimate in inequality (4.18) yields for ¢ = 2,3,...,k — 1 and j,p =
1,2,...,rg that

|d| < e(k — i)
and thus
(4.19) Do < clk — i)

Combining estimates (4.16) and (4.19) with (4.17) gives

k—1
lexlloe < €D i (k=) Heilloo + cllenlloo-
=2

Recalling from (3.10) that there exists a positive constant ¢ such that
hi < c(i+ig—2)1" N,
since ¢ + 19 — 2 < 2N we conclude that there exists a positive constant ¢ such that
h; <eN7L.

Therefore, we have that

_

1=

1 ak—
(1.20) foulle < ¢ (57 ) 2tk =0 e+l
2
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We next use inequality (4.20) to obtain the error estimate of the hybrid collocation
method (4.1). For this purpose, we recall a discrete Gronwall-type inequality (cf. [5]).

LEMMA 4.1. Let 0 < a <1 and {z; : i = 1,2,...,n} be a sequence of positive
numbers and n < N. Let p and (8 be two positive numbers such that for all k =
1,2,....n

1 a k-1
2z < <N) 52(]6 — Z‘)a—1zi +p.
=1
Then there exists a positive constant ¢ depending only on « and (8 such that k =
1,2,...,n,
zr < cp.

We are now ready to prove the main result of this paper, which gives an optimal
order of global convergence for the hybrid collocation method.

THEOREM 4.2. Let y be the exact solution of (1.1), let N be a positive integer,
and let Qn be the hybrid interpolation operator defined by (3.6) associated with the
graded partition (3.4). Suppose that the forcing function f in (1.1) has the form (2.1).
Then, for sufficiently large N, (4.1) has a unique solution yp, and there exists a positive
constant c independent of N such that

Iy = ynl < eNT".

Proof. Tt follows from Theorem 2.1 that the solution of (1.1) has the form y = u+wv,
where u € C"(I) and v € V,.. This allows us to use Proposition 3.4 to prove the result.
We first estimate the error on [tg,t1]. From (4.3) there exists a constant ¢ such that

lerlloe < 1Taly — @uv)llito.er) < clly — @uyllieo.en)-
It follows from (4.20) and Proposition 3.4 that
leilloo < elly — Qnylly,er) < N7
Using Lemma 3.1 and the above estimate we obtain that
1Qn (Y = yn)llito.t) < cllerlloc < eNTT,
which with Proposition 3.4 gives that
(4.21) 1y = ynllito.t] < 1Qr(Y — yn)llo,en) + 1QnY — Yllito,e) SN ™"
Next we estimate the error on [t1, 1]. Using (4.3) we have that for k = 2,3,..., N’
lerlloo < 1Tan(y — Qui)lliey, 1 + 1(Ta — Ta 1) — vl 1)

Now, by using Proposition 3.4 and estimate (4.21) we conclude that there exists a
positive constant ¢ such that

leklloo < clly — @uyllies a1 + 1Y — Ynllio,t) < eNT"
Combining the above estimate with (4.20) we obtain that

k—1
lerlloo < eNT* (k=) eifloo + N7
=2
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Using Lemma 4.1 with 2y = 0 and 2; = ||e;]|eo for i = 2,3,... N’, we conclude that
there exists a positive constant ¢ such that for all k =2,3,..., N’

llexlloo < eNTT.

Now, by the uniform boundedness (3.7) of ||L;;|| for ¢ = 2,3,..., N’ there exists a
positive constant ¢ such that

1Qn(y = yn)llit,1) < cmax{[lepfloc : k=2,3,... N} <eN 7"
It follows that there exists a positive constant ¢ such that

ly = ynlliey,) < N1Qn(y — yu)ll +11Qny —yll < N7,

which concludes the proof of the theorem. 0

We may also use the compactness of operator T, and the uniform boundedness
of @y to prove Theorem 4.2 (see, for example, [1]). In fact, such a proof is more
concise. We choose the current proof, for it provides guidance for the construction of
a numerical algorithm in our numerical experiments.

In the next proposition, we compare the graded collocation (GC) method with
the hybrid collocation (HC) method. To this end, we let Ngo and Nye denote the
number of subintervals used in the GC method and the HC method, and we let Lgo
and Lyc denote the length of the smallest subinterval used in the GC method and
the HC method, respectively. We also consider the ratios of the largest subinterval
over the smallest subinterval for the partitions that associate with the GC method
and the HC method, which are denoted by Rgc and Rye. Such a ratio is a good
measure for the stability of the corresponding collocation method.

PROPOSITION 4.3. There hold the estimates that

N
Nec —Nue > — — 1,
o —Nuo 2 o=
1 vV N
Lec = o> Luc 2 5

and

N
Rae > q(N —1)471 Ruc < gN'

i

Proof. Since Nge = N and Nye = N —ig+1 < N — N'=%/9 4+ 1, we have that

— 1.

N
Nec —Nuc >N — (N - N"7Vip1) =
cc —Nuc > ( ) N
The smallest interval used in the GC method is [0, N79] and thus Loc = -
For the HC method, it is easily verified that Lgc = min{hq, ho}, where hy = (iﬁo)q
and hy = (%)q — (iﬁo)q. Recalling that iq satisfies that condition Nl_% <ig <

1

N(N —1)" 4, we derive that

lel q 1 q
hy > =—2> .
N N N2

ﬂ
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On the other hand, there exists a constant 6 with 0 < 6 < 1/ig such that
hy = qid (1 +0)T N9
Thus

VN

hy 2 qif 'NT1 = NP > S

This concludes the second estimate in this proposition. The third estimate can be
similarly obtained. a

We remark that it follows from Proposition 4.3 that the HC method requires less
computational cost than the GC method even though they have the same order of
convergence. For example, when o = %, r =3, and N = 100, the HC method uses 54
subintervals while the GC method uses 100 subintervals.

Another important point made in the last proposition is that the HC method is
more stable than the GC method since the length of the smallest subinterval used in
the HC method is larger than the length of the smallest subinterval used in the GC
method. Notice that the length of the smallest interval used in the HC method is not
as sensitive to r and « as that in the GC method. For instance, when N = 1000, o =
%, and r = 3, the length of the smallest interval used in the GC method is hy = 10724
while the length of the smallest interval used the HC method is 4.217 x 107°. In
addition, we see from the proposition that for the GC method Rgc grows in the
order O(N?~1) while for the HC method Rpyc grows slower than O(N). When p is
large, which is the case when « is small or r is large, Rgc is extremely large. This
may cause serious instability problems. The result in the proposition shows that the
HC method is much more stable than the GC method.

5. Numerical experiments. In this section, we report results of numerical
experiments which confirm the theoretical analysis for the HC method presented in
the last section and demonstrate the effectiveness of the method.

In (1.1) we choose K(s,t) = M(s,t) = 1, a = 1/2 and choose f such that the
equation has the exact solution

y(t) = V2 +tcost +sint, tel.

Note that the first derivative of this solution has a singularity at t = 0.

The purpose of these numerical experiments is to compare the numerical perfor-
mance of the HC method with the GC method. For both of the methods we use
piecewise polynomials of degree 2, that is, r = 3, and, in addition, for the HC method
we use

Vs =span{l, t, {2, 7, t7, 3}

on the first interval.

Tables 5.1 and 5.2 are given to compare the numerical performance of the two
methods, where “order of conv.” stands for the order of convergence. The weakly
singular integrals that appear in these methods are computed by a numerical inte-
gration scheme presented in [12] specifically designed for weakly singular integrals of
this type.

The HC method and the GC method have the same orders of convergence. The
computed orders of convergence are consistent with the theoretical order, which is r =
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TABLE 5.1
Numerical performance of the HC method.

N | |ly —ynll | Order of conv. | Ngc Lyc

20 3.666e-4 - 8 7.5419e-02

40 4.680e-5 2.9698 19 2.7681e-02

60 1.408e-5 2.9616 30 1.9022e-02

80 5.983e-6 2.9759 42 1.3423e-02

100 3.069e-6 2.9916 54 1.0779e-02
TABLE 5.2

Numerical performance of the GC method.

N | lly —yn]l | Order of conv. | Ngc Lac

20 1.993e-4 - 20 1.5625e-08
40 3.446e-5 2.9720 40 2.4414e-10
60 1.240e-5 2.9576 60 2.1433e-11
80 6.011e-6 2.9776 80 3.8147e-12
100 3.430e-6 2.9896 100 1.0000e-12

3 for both methods. In terms of convergence both methods give satisfactory numerical
performance. However, the HC method uses much fewer subintervals. Therefore, it
requires less computational cost than the GC method. Also, the length of the smallest
subinterval used in the HC method is significantly larger than that in the GC method.
When N is large and « is small, for the GC method, the length of the first interval
is extremely small, which may cause serious round-off errors. The HC method has a
rather uniform partition, which avoids the problem of having small subintervals. In
these two aspects, the HC method has performed better than the GC method.
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