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ABSTRACT

In a previous paper [4] we proved that the first eigenvalues of the p-Lapalacian on manifold
M\B: converge to zero as € tends to zero. In this paper we prove that the modified higher
eigenvalues of the p-Laplacian on manifold M\B: converge to the modified eigenvalues of that
on manifold M.

1 Intreduction

We recall the notation in the previous paper [4]. In this paper we assume p=>2, thus L’ < L? . Let M be
a compact Riemannian manifold with dim M = and A, the p-Laplacian acting on functions on M,
where 2pu =div(| Vu ["~? Vi ). Let M *be a compact submanifold of M, and B: the tubular neighborhood
of M~ of radius € >0, that is,

Be={xe M;dx,M*)<e}.
Denote by As« the restriction of A to those functions on M vanishing identically in Be. Set
Qe = M\Be,3Q = 0Be.
We consider the following Dirichlet problem

Mpeu(x)+A(E)|u(x)P ulz)=0 1z
u(x)=0 x € 3%

In the case of p =2, many people have studied the asymptotic expansion of the eigenvalues Awz (&)
(k=12,..) for the 2-Laplacian of a manifold M\B: with the Dirichlet condition on the tubular
neighborhood Be. The first eigenvalue A1 (£2:) of the p-Laplacian is defined as the least number A for
which the Dirichlet problem has a nontrivial solution # € W, (L2:). Here the sobolev space W,* (£2:) is
the completion of Cy° (£2:) with respect to the Sobolev norm |, ={Ja. (|#|? +|Vul?)dvs }. It can be

characterized by

. Jo | Vul? dvg
Arp (e )= inf 2l YU aVs
o ()= it

where # runs over W;” (2:) and dvs denotes the volume element of M. For the higher eigenvalues, We
will define the modified variational eigenvalues. Let {¢;}(j = 1,2,...) be eigenfunctions of p-Laplacian

associated with 4, (£2:) andll#l, =1. Set
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b
Ao (Qs)=i9f{%,/;€ wbidve = 0G =12,k — 1)].

It can be characterized by

?
Ao (@)= inf sup Ll Vel dvs

Ve Wy e nio) Qe|u|pd1}g '

Here
W, ={V : V is a subspace of W,” ,dimV=kk<c N }.

For p > 1,Ae» (£2¢) = c1p, where {cry } is the minimax sequence usually defined using genus v, that is,

. fQ |V”|pd7)g
Crp (§2¢ )= inf sup ~F——F——,
ko (£2) ASsneh o lul? dvs

where Z={AeW}* :A=—-AandAisclosed} and Z, ={A€ X :7(A)=k}.
For A €X we define the genus 7(A) as

n=7y(A)=min{k €N : there exists # € C° (4,R*\{0},) (x)= —h (—x) ie. his an odd continuous map}

7 (A) =0 if there exists no finite such #, and 7 (¢ ) = 0. Clearly, 4,, = c1» and
Arp = crp for all k € N since W, € X, [1][2].

2  Result

Theorem 1 Given N =1, 2..., there exists a sequence of positive numbers {&1} | 0as [—>, N orthogonal p-
eigenfunctions { @1,...¢n } of the modified variational eigenvalues {A1p,eerins } on M, N orthogonal p-eigenfunctions

{@1(e)), ...on (€1)} of the modified variational eigenvalues {215 (€1),....Anp (€1)} on Q¢ such that
llim p; ()= 9; and lim A; (e1) = 4

| — o0

inL? (M) forj=1,.N.
Proof : We prove this by induction. For N =1, the theorem is valid by theorem 2in [4]. Assume that

the theorem is valid for an positive integer N, thatis, for1 <j < N,
lim lo; (&) —@;lli,=0

Let v+1 be an eigenfunction of p-Laplacian (briefly we call it a p-eigenfunction) associated with
Avs1p with fu l@n+1)? dve = 1, and L2 orthogonal to {@1,....e~ }. By lemma 1 in [4] there exitsts ¢: € W,*
(R24) such that lim; -« ¢ —@n+1l1,= 0 and lim; — &1 = 0 .We have

lim/ |V (;/J,)l" dvg :f |V€"N+1VJ dvy = An+1p.
1 —00dQy M

——————
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Set

N

fl = ¢ —g <¢'1,¢7j (51)>¢j (61),
_
T

wherelllfi [, = (o, 1f, 17 dvg) .
Then g, is orthogonal to { @, (1),9; (&1),....n (€1)}, sO

g1 € Wy+1 ={V : subspace of W;*(2:) and dim V= N+1}
and
lim llg: = nsill, = 0.
The variational principle implies that
[ Vo P dvy = s, (e

for alll. Since [I Vg, |’ dvs — An+1p asl — oo, we have

Aviry =limsup Avs1y (&1).

l— o0

Next we prove the following claim.

Claim 2
11}'1’1 iI’lf/lNJrl,p (& ) > Ans1p.
From (2) and (3) we have

11im /1N+1,p (Ez ) = /1N+Lp-
— 0O

To prove claime, for each/, take ¢x.1(e/) to be a normalized p-eigenfunction associated with
An+1p (€1) orthogonal to { @ (€1),...¢x (e1)}. Since C= (M )is dence in L? (M ), there exists ¢n+1. € C* (M)

such that

| G nirs— @1 (&) ||1,p < ll’

and
_[|¢N+u " dvy =1 for all /.
The induction hypothesis implies
onsi(e) . )= Koy (€)@ — @ (e))<lo; — @ (e)]1,— 0(1 — o).

Thus we Ihave

llin30<¢N+1~lv¢f )=0 forj=1,..,N.

(4)




(eI

Now set

nery =22 dije;, (5)

i=1

then

1=2>(d;)?

j=1
and
limdi; =0 forj=1...N. (6)

Let

N
Svig = PN — > di;e;,
j=1

Sveu (7)

Inere = el -
Then gn+1: is orthogonal to {@1,....¢x}. The variational principle implies
AN+1p S/‘ Vansw P dvg =Ani1p (1) +bi.

While we have b — 0 as! — oo by (4) and (6). We therefore have
AN+1p glilm inf Av+1p (&1).

This completes the proof of the claim 2.
Now from (5) and (7),

Let lo be the smallest integer such that Av+1,+1» > An+15, and set

a= 2 (dij)?,

j=N+l+1

a =limsup ¢;.

| — o0

Assume a > 0.

Av+1p :A;lVng-l,l |pdvg :—/A;QNH,J ApGur1dVg

1
= —4N~—/ Z dz,j ®; Z dij Ap ¢J-dvg
1- Zl(dl,,-)z
j=

_ 1 _ % Ajp (dip)? (because of f\{pi |?dvgy =1)

1 (dlvj)zj:N-#l

M=

1

j=1




Convergence of the modified Eigenvalues of the p-Laplacian

1 N+ly 0

>———— /1_N+1,p 2] (dl,j)2+/1N+lo+Lp p (dz‘j)z .

N =N+ =N+l
l—jgl(du)z j=N+1 7 +lp+1
Let{!'} be a subsequence of {/} such that

a=lim ¢,

' —
Then
AN+1p = AN+1p (1 —a)+/1N+10+1,pa > AN+1,[)

which implies a contradiction. So we get a = 0. Thus

oo N+
limey.,(e)=lm > dp= 2 dig;.
= oo l—ooj=q j=N+1

Let H be the subspace of L? (M) spanned by {@x+1,....2n+5 }, H* its othogonal complement in L? (M),

and PP+ the respective projection operators associated with H,H*. Then we have
limPigy. (e)=0.
If, H is one-dimensional then we can see
11£n20¢N+1 (e)=ony1 InL?(M).
(1) Since A1, (M) = 0 and A1, () always have multiplicity 1, we have
lli_,n:,% (e1)= o1.

(2) When all eigenspaces have multiplicity 1, we construct orthonormal bases {1,@.....},{ 1 (&),

@, (e1) ....} of the closed and boundary problems respectively such that
IILIEIO¢/ (El ) = ¢j (]‘ = 1v2"--) .
(3) When lo > 1, we have a subsequence {/ '} C{/} and numbers @v+1,...,.@n+;, such that
llingo dij=a; forj=N+1,..N+l,

from which we have

N+1ly
limoy,i ()= 2 a9,
= j=N+1

Avg;+An 1@ P 2@, =0 for allj = N,..N+1,and 2 (@ )?= 1. For the orthogonal set of p-eigenfunctions

N+ly
{¢1y~--¢N7 2 af¢j},

j=N+1

the induction (N+1) is true.

(4) We have for each 7 = 1,2,... a sequence & — 0 such that 4;, (e:)— A, as] — oo.
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