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LIntroduction

Oneoftllemostmterestingtopicsmcomplexdynamcsisastudyofrotationdomains.Ｎ・Stemmetz

hasShownmhisbook[5]thatthecomplexdynamicsoftheB1asChkeproduct

心(…(…鰺夛三i:ﾃﾞ鵲（u）
hasaHermanmgifsisChosenappropriatelyandifaissu笛cientlylarge,andfUrthermayhave

SiegeMiscswithcentersOandoq

Furusawa[1］hasshownthattlleaboveSteinmetz'fimctionhasaHermanrmgonlyifa＞５１/２

＋２．InthisartiC1ewegivefilrtherexamplesofB1asChkeproCluctsfbrWhiChthesimilarphenomena

occur,togetherwithdeterminationofparameter-rangefbrHermanringstobedBg＆nezzHtemm

theunjtGimje、A1thoughitisnoM/ｍＤｚｺﾞevidentthat,fbrsgivingaHermanring,theB1asChke

producthasSiegeldisｃｓｗｉｔｈＯａｎｄｏｏａｓｃｅｎｔｅｒ,itseemstobemostlikely,bycomputerexperiment，

ｔｈattherecoexjStaHermanringandtwoSiegeldiscsfbrB1asChkeproductswehaveconsidered

AttheendofthispaperweShowsomepicturesofaHermanringandtwoSiegeldisksofa

B1ascllkeproCluctWhicllgivestherotationnumber(131ﾉ2-3)/２＝[O;３，３３，…］，asolutionofx2＋３ｘ

－１＝0,ontheunitcircle．

2.RotationnumbersanClsemi-reciprocalequations

WeconsidertheB1asChkeproduct

Ⅲ害北)-…肱､,十三篝学 (2.1）
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whiChisaconfbrmalmaponaneighborhoodUoftlleumtcirclelzl＝1．Weassumethat

f.②＝ｚｅ叩(ig(つ)WheregisllolomorphicmUandreal-valuedonlzl＝1．

Letｚ＝ejr;them.(2)＝exP（ｉ(t+g(zｳ),似(zﾉｰ笠(f､(2)）＝exp(j(ｔ+g(③+β(此))))．

Itfbllowsbymductionthat

fﾂz(ｚ)＝exp(ｉＴｊ,(z))，YH(z)＝ｔ＋ｇ②＋g(』(⑳)＋…＋ｇ(fﾂ２－１(z))，

motherwords,Zhistheliftofかwithrespecttotheumversalcovert→ejz・Thusthe

rotationnumber似ｉｓｇｉｖｅｎｂｙ

g(z)＋g(八z))+…+g('"-1(z)）
鯉一,i､…鶚－mm… ２７ｍ

SmceHermanrings(andSiegeldiscs)areboundedbytwo(ora)fbrwardorbitsofcriticalpomts

[2,3】,thefbnowingpropositionamowsonetodeter血neWhenaHermanringisdegeneratemto

thecirclelzl＝1．

Propositionl・LAnecessazyanasua５℃jGIztcDndlikjDnわrwzhjbhtHlee9uati伽

α０２４＋α１２３＋α２２２＋α１２＋αｏ＝0,

wzhez℃a2jSz9ea4hasamotexp(it）ofabsoﾉute”IueljS坊aMhee9ua加、

２Ｒｅ(ao)cos2t-21m(ao)ｓｉｎ２ｔ＋２Ｒｅ(al)ｃｏｓｔ－２Ｉｍ(a｣)ｓｉｎｔ＋ａ２＝Ｏ

ａ(imi応az9eaImo“ozWumYJan取thaMbee9uatibn

［a2+2Ｒｅ(ao)－２Ｒｅ(al)］ｕ４＋【81ｍ(ao)－４１ｍ(al)]u3＋[2a2-12Re(ao)]ｕ２

－[81ｍ(ao)＋４１ｍ(al)］ｕ＋２Ｒｅ(ao)+2Ｒｅ(al)＋ａ２＝Ｏ

ｈａｓａｚ巴aImotu・

Zf1oDHObservingthat，ｆｂｒｚ＝ejz，

aoz2＋ａｏｚ~2＝２Ｒｅ(aoe2⑨，ａｌｚ＋alz-1＝２Ｒｅ(a,ｅ")，

the趾stequationfbnowsbydividingbyz2、Thesecondcanbederivedbysubstitutions

u＝tan(`／2),ｈｅｎｃｅｓｉｎｔ＝２口(1+u2)-1,ｃｏｓｔ＝(ｌ－ｕ２)(1+u2)-1,ｓ、２t＝４u(ｌ－ｕ２)(1+u2)-2,

cos2t＝(zJ4-6u2＋1)(1+u2)~２．

３．Thefirstexample

Weconsiderthefimction

２－６７１－α吃
（ａ＞0)．ｆi(2)＝exp(2〃jB)ｚ了=三三・百丁Z７丁

Thederivativeh′（z)has,uptoaconstantfactor,tllenumerator

(3.1）
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９１(z)＝ａ２ｉｚ４－２ａ（ａ２＋ｊ)ｚ３＋(a2＋1）２２２－２ａ(ａ２－Ｄｚ－ａ２ｊ，

WhosezerosarecriticalpomtsofiYJ(z)andcanbecalculatedbytheFerrarimethod、

IhediscriminantD1of9,(z)isgivenby,uptoaconstantfblctor，

21216(a２－１)2(a2＋1)2(a8-14a6+24a4-14a2＋1)．

Thelastfblctorbecomes,bysubstitutionsa2＝ｂａｎｄｂ＋ｂ－１＝０，

６４－１４６３+2462-142》+１＝６２(c2-14c+２２)．

ｍｕｓｃ＝7+271/２givesrootsb＝（7+271/2±(72＋１４．２７１/2))／2,whenceweseetllat

al＝3.4804598236ａｎｄａ２＝0.287318356

aretllevaluesofafbrWhicll9,(z)＝Ohasmultipleroots、

ApplyingPropositionL1to9,(z)onegetstheequation

hl(u）＝((a2＋1)2+4a3池4＋(8a2+8鋤LJ3+2(a2＋1)２zJ2

＋(8a-8a2”＋(a2＋1)２－４a3＝０，

Whosediscriminantis

217(a－１)2(a＋1)3(a2＋1)2日4(a3+3a2-a+1)(a8-l4a6＋24a4-l4a2+l)．

Itfbnowstllath(⑳hastwocriticalpomtsontlleunitcircleifandonlyiftlleequatiomh,(の＝O

hastworealrootsObservethat

h,(O)＝(a2＋1)２－４ａ３＜Ｏｆｂｒｌ＜ａ≦3.38,

と,(－１)＝４(a2＋1)２－１６ａ＜ＯｆｂｒＯ３≦ａ＜１

と,(-1.2）＝(3721a4+2684a3+4802a2-14640a＋3721）／625＜O

fbrO28733047≦ａ≦0.9833716

m1isSllowsthat,fbrawitlla2＜ａ＜ａ,，ｈ(z)hastwocriticalp(mtsontheumtcirclesand

henceoneconcludes

Proposition3.1.ＨＧｚｍａｎｎｍＺｇ百Offi(2Ｍ日g垣nezzIteZbrain【a2,ａ,]．

Naturany,morderthatfY1(z)fbranotm[a2,ａｌ】canadmtaHermanring,onemighttalKes

fbrwhichtherotationnumbersatisfiescertainnumber-theoreticconditionssuChasSiegel，

Arnold,BryunoorYOccozfbundOsee[4,ｐｐｌｌ９－１２３ｌ，［5,ｐｐ､90-1101)．

IhefbnowingpropositionwillbeusefmmdetectmgSiegeldiscsatOandoo

PropositionM・fi(z)hasmu肱jpZiGzls

De]qD2兀(s＋艶)ｉａｔＯ

ｉｉ）ｅｍ２元(弘一Ｓ)ｊａｔｏＱ

ＨＹ)ofTY1isfbnows企omthefbllowingcomputation：

（(z）－２(２－α)(１－α吃)(1＋α2＋a2z2+…）

exp(Zmij）αj(１－α－１吃）

＝iz(１－a-1つ(l-aiz)(１＋ａｚ+…)(1+ａ-1吃＋…）
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＝exp(1'2兀｣”r＋higherterms

４．Ｔｈｅｓｅcomlexample

Considerthefimction

……心穏是鶉Ｍ）（4'）
Thederivativefr②has,uptoaconstantfnctor，thenumerator

９２②＝a2Z4+2ａ２(a２－１)z3+(a4＋1)z2+2aK1-a2)z+a2

ApplyingPropositionUto92（２）weseetllat92(z)＝Ohastworootsontheumtcircleifandonly

if

ｈ２(の＝(a2＋1)2ZI4-8a(a2-1m3+2(a4-6a2＋1”２－８a(a2-1)ｕ＋(ａ２+1)２

hastworealzeros、Settingv＝ｕ＋ｕ－１ｈ２(のbecomes

の(カー（ａ２＋1)２v2-8a(ａ2-1)2v-16a2

witlldiscrimmantD/４＝３２a2(ａ４＋1),sothaM2(u)hastwo(real)zerosifandonlyif

leastonenon-zerorealzerovsuchthatlvl＞2.Thenegationofthelatteristham

α,βsuchthat-2＜α,β＜２.Exanmingmequalities

４－(α＋β）＝４(a2＋1)-2(a2(a－１)2+a2+2a）＞０，

（２－α)(２－β）＝４(a2＋1）２(a２－１)(a2-4a-1）＞０，

４+(α＋β）＝４(a2＋1)(a2(a+1)2+(a－１)2）＞０，

（2+α)(2＋β）＝4(a2＋1)-2(a2-1Xa2+4a＋1）＞０，

ｏｎｅｈａｓ

Ｐ]PCposition4.1.Ｈ色zmazznm聯of九(2ＭＢg復Jzez1atejbram[51ﾉ２－２，５１/2+2]、

IheproofofthefbllowingpropositionissimilartoProposition32

Proposition4､2.fh(2MasmuﾙZpZiB27s

i）ｅ皿(２兀(s＋弘)i）ａｔＯ

ｉｉ）eXP(２兀(弱－８)j）ａｔ｡。

12(u)hastwo(reaDzerosjfandonlyifの(v)hasａｔ

>2.Thenegationofthelatteristhatの(のhasroots

5．Stemmetz'example

Considerthefimction(1.1)Wllosederivativehas,uptoaconstantfblctor,thenumerator

９(z)＝ａ２ｚ４－２ａ(ｌ－ａ２)z３－(a4＋1)z2-2a(１－ａ２形＋ａ2．

Settingz＋ｚ￣1＝‘givesrisetotheequation

a2（2-2a(ｌ－ａ２Ｍ;－(a2＋1)2＝0． （5.1）

Itsrootsarerealandgivenby

〔±＝ａ－１（ｌ－ａ２±(２(ａ４＋1)Ｗ，

fiomwhichtlleequationz2-と±ｚ＋１＝Oyieldsthedesiredcrilicalpomts
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ｚ＝1/hに+±に＋2-4)随)，１'hに＿±に－２－４)殆）．

Ｆｏｒ（2-4＜Oonehasnon-realzwithlzl2＝1,whilefbrと2-4＞Oonehas(distmct)real

rootswitllabsolutevalue≠１．〔2-4＜OcanbesOIvedasfbmows・Itfbnowshom(5.1)that

２a(ｌ－ａ２)（＋(a2-1)2＜0,ie.，

（l-a2)(3(l-a2)±2[2(a4＋1)]1/2）＜O

nlisyieldstllat,whenevera＞１ｏｒＯ＜ａ＜１，ａ４－１８ａ２＋１＜0,fiGomWhiChonehas

9-801尼くａ２＜9+801/2．TI1us

５１/２－２＜ａ＜５１/2＋２． （5.2）

A1ternativelyweproceedasfbnows・WeseefiomProp1.1that,fbr9(z)＝Otohave(non-rea]）

rootsofabsolutevalue＝１itisnecessaryandsufhcientthattheequation

（a２－１順2+4a－１)u4+2(α4+6a2＋1池2+(日２－１)(a2-4a-1)＝０，

withdiscriminantD/４＝３２a2(a4＋1)＞0,haspositiverooＭ２,i､e､,simultaneouslnequalities

（a2-1)(a2+4a－１）＜Ｏａｎｄ（a２－１)(a2-4a-1)＜O

areimpossible,Whichgivesriseto(5.2)．muswehave

Propositio、5.1.Hazmanzin顔ofYf1g(2Ｍ日g垣ne21ateham【51/2-2,51ﾉ2+2]．
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，ｔ=-0.1931329
,4）

FatDus8tofeXp(2ｐｉｔｌ)*z(z-a)(1-aiz)八l-az)(2+ai），
DlmAll￣４．－凸

FatousBtDfBxp(Ｚｐｉｔｉ)*z(z-a)(l-aiz)/(l-az)(z+ai），ｔ=-0.1931329

ｉｆｍＭ､iiii〒Ⅶ~|MⅢM・Ｍ－ＭＭご川」Ｍ」’0Ｋ
）

､

6ﾗﾏ

、･・

鎌毛
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Fatousetofexp(2ｐｉｔｉ)*z(z-a)(l-aiz)（１－az)(z+ai），ｔ=-0.1931329
a＝７，ｒＤｔｎｕＨｌ=(13へ（
DＫノン〆

,－Ｍ､do (-50,-50）-（ ０，５０）

可

P

⑭

＄

■

、

。■
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Tablel8givingLhemLaLionnumber(ｒ５－１)／２meXp(2兀is)z(z-a)(l-aiz)／(１－az)(z+ai）

ａＳａＳ

０．６１５１０８０５

０．６１２８６４５

０．６１１７８２１

０．１１７１０６２１

０．１１７１８４３９

０.11724869

0.11730221

0.11734721

011738541

０．１１７４１８１０

０．１１７４４６３１

０．１１７４７０８０

０．１１７４９２２０

６
４
Ｍ

１
２
２
４
５
６
７
８
９
０
１
２
３

０
０
０
１
１
１
１
１
１
２
２
２
２

0.12０．６１６１３６０

０．２０．６１３９８６４

０．２８０．６１１８８０３

４０．１１１１９０７７

５０．１１３３７８８

６０．１１４６１３９

７０．１１５３８７９９

８０．１１５９０６４８

９０．１１５９６７４９

１００．１１６２３２０９

１１０．１１６７３５９１

１２０．１１６８８９３６

１３０．１１７００９８８

Tab1e2sgivmgtherotationnumberlMernumberinexp(2兀is形(Ｚ－ａ)(l-ai尻)／(１－aの(z+ai）

ａｓａｓ

０．１２0.5761071

０．２0.5758425

０．２８0.3178437

0.287057823412

150.07658638

160.07662460

17007665678

180.07668411

19007670750

200.07672766

２１0.07674517

220.07676045

２３0.07677388

０．１0.5763029

０．１６0.5758180

０．２４０３１４５４６０

0.286057817709

４０．０７５４６６８

５－０．０７５２９２５

６０．０７５４８９７

７０．０７５７２５６

８０．０７５９３０９

９０．０７６０９６９

１０0.0762287

11００７６３３３４

１２0.0764172

13007648512

14007654057

500007692645
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Table3sgivingtherotationnumber(、3-3)／２mexp(2兀i)z(z-a)(１－aiz)(１－ａｚ)-1(z+ai)－１
ａ ａ

0.12

0.2

0.3058797

０．３１１３１３８

０．３１７８４３７

0.1873843

-0.1899399

-0.1918235

-0,1931329

-0.1940498

0.16

０．２４

0.287

１６

１７

１８

１９

２０

２１

２２

２３

５００

０８０８３３１８６

０８１４５４６０

０．３１８４５５１

0.19650093

-0.19659948

-0.19668234

-0.19675266

-019681283

Ｕ'9686471

-0.19690976

-0.19694911

-0.19737476

0.28

４
５
６
７
８
９
、
、
皿
田
川
姐
肥

0.1947074

-0.19519180

-0.19555735

-0195８３９３４

－０．１９６０６１１２

－0.196238503

-0.19638250

-0.19650093
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nlble4Rootsofa2iz4-2a(a2+i)z3+(a2＋1)z2-2a(a2-i)z+a2i＝Ｏ
ｒｏｏｔｓａ

0.10.045687+0.009744i-0.045687-0.214004i-0.954088-4.469122ｉ20.954132+4.473382ｉ

0.120.054843+0.011627i-0.054956-0.259212i-0.782724-3.691903ｉ17.449504+3.699487ｉ

0.140.064083+0.013475i-0.064339-0.305975i-0.658126-3.129852ｉ14.944096+3.142353ｉ

0.160.073369+0.015281ｉ-0.073899-0.354816i-0.562589-2.701185ｉ13.06312+2.720721ｉ

0.180.082709+0.017039ｉ-008374-0.406474i-0.486203-2.360019ｉ11.598345+2.389453ｉ

0.200.09211+00187451ｉ-0.09403-0.462061ｉ-0.422908-2.078153ｉ10.4248282.12147ｉ

0.240.11113+0.021972ｉ-0.117442-0.594003ｉ－Ｏ､320327-162016ｉ8.659973＋1.712191

0.280.130495+0.024916i-0.156568-0.820001i-0.224658-1.176615i7.393588＋1.4117000ｉ

0.2860.133434+0.025331i-0.172914-0.91086ｉ-0.201164-1.089675ｉ7.233651+1.3732051

3.481-0.025367-0.133696ｉ0.926798+O175848ilO4149+0.197609i-1.369855-7.219761ｉ

4-0022736-0.115936ｉ0.634889+0.124508il516744+0.297449i-1.628898-8.306022ｉ

5-0.022736-0.115936ｉ0.634889+0.124508ｉ1.516744+0.297449i-1.628898-8.306022ｉ

6-0.015873-0.076476ｉ0.371678+0.077142ｉ2.579391+0.535355i-2.601862-12.536021ｉ

7-0.013736-0.065406ｉ0.312811+0.065692ｉ3.061789+0.642969ｉ-3.07515-14.643274ｉ

8-0.012093-0.057149ｉ0.270739+0.057289i3.535299+0.748074ｉ-3.543945-16.748214ｉ

9-0.010794-0.05075ｉ0.238953+0.050825ｉ4.003788+0.8516ｉ-4.009725-18.851675i

lO-O-OO9744-OO45643i0.214004+0.045687ｉ4.469122+0.954088ｉ-4.473382-20954132i

ll-OOO8878-0041472iO19386+0.041499ｉ4.932327＋1.055846ｉ-4.935492-23.055873ｉ

12-0.008152-0.038002ｉ0.177235+0.038019ｉ5.394021＋1.157069ｉ-5.396437-25.157086ｉ

13-0.007534-0.O35068iO163269+0.035079ｉ5.854598＋1.257887ｉ-5.856486-27.257899ｉ

14-0.007004-0.032555ｉ0.151365+0.032563ｉ6.314325＋1.358391ｉ-6.315829-29.358399ｉ

15-0.006542-0.030379ｉ0.141093+0.030384ｉ6.773388＋1.458646ｉ-6.774606-31.458652ｉ

16-0.006137-0.028476ｉ0.132138+0.02848ｉ7.231924＋1.5587ｉ-7.232924-33.5587041

17－0.00578-0.026797ｉ0.124258+OO268i7.690032＋1.65859ｉ-7.690863-35.658593ｉ

ｌ８利.005461-0.025306ｉ0.117271+0.025308ｉ8.147788＋1.758343ｉ-8.148487-37.758346ｉ

ｌ９勺.005176-0.023972ｉ0.111032+0.023973ｉ8.605251＋1.857983ｉ-8.605844-39.857984ｉ

20-0.004919-0.022771ｉ0.105426+0.022772ｉ9.062467＋1.957525ｉ－９.O62974-41957526i

21-0.004686-0.021685ｉ0.100362+0.021686ｉ9.619473+2.056985ｉ-9.519911-44.O56986i

２２1.004474-0.020698ｉ0.095763+0.020699ｉ9.9763+2.155373ｉ-9.97668-46.156374ｉ

23-0.00428-0.019797ｉ0.091569+0.019798ｉ10.432971+2.255699ｉ-10.433303-48.2557ｉ


