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Abstract 

A numerical solution has been obtained for the unsteady three-dimensional stretching flow and 

heat transfer due to uncertainties of thermal conductivity and dynamic viscosity of nanofluids. 

The term of nanofluid refers to a solid–liquid mixture with a continuous phase which is a 

nanometer sized nanoparticle dispersed in conventional base fluids. The unsteadiness in the flow 

and temperature fields is caused by the time-dependent of the stretching velocity and the 

surface temperature.  Different water-based nanofluids containing Cu, Ag, and TiO2 are taken into 

consideration. The governing partial differential equations with the auxiliary conditions are 

converted to ordinary differential equations with the appropriate corresponding conditions via 

scaling transformations. Comparison with known results for steady state flow is presented and it 

found to be in excellent agreement. 

 

Keywords: Nanofluid; unsteady state; three-dimensional; boundary layer. 

 

 

Nomenclature 

a  Constant 

A  Unsteadiness parameter 

B   Magnetic flux density 

p
c  Specific heat at constant pressure  

f   Dimensionless stream function  

L  Slip length 

M n  Magnetic field parameter  

P r  Prandtl number 

0
Q  Heat generation or absorption coefficient 

S  Suction or injection parameter 

t  Time 

T   Temperature of the fluid  

( , )u v  Velocity components of the fluid  
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U  Velocity of stretching sheet 

( , )x y  Coordinate axes 

Greek symbols 

a  Thermal diffusivity 

l  Dimensional heat generation/absorption parameter  

s  Electrical conductivity 

r   Density of the fluid 

y  Stream function 

n  Kinematic viscosity 

g  Constant  

q  Dimensionless temperature 

h  Similarity variable 

Subscripts 

w   Conditions at the wall 

¥   Conditions in the free stream 

 

Introduction 

 

 

Analysis of the problem 

 

An unsteady three-dimensional boundary layer flow of a quiescent viscous and incompressible 

nanofluid caused by the stretching of an infinite surface in two lateral directions x  and y  which 

also varies with time namely ( / , / )
w w

u A x t v B y t= = ) is considered. It is at rest at infinity 

and satisfies the no slip condition at the stretching surface and it has no lateral directions at 

z . The fluid is a water based nanofluid containing different types of nanoparticles such as 

Copper Cu, Titanate TiO2, Silver Ag and Alumina Al2O3. It is assumed that the base fluid and the 

nanoparticles are in thermal equilibrium and no slip occurs between them. The thermo physical 

properties of the nanofluid are given in Table 1. The viscous dissipation terms are neglected. The 

boundary layer and Boussinesq approximations are assumed to be valid. The basic unsteady 

conservation of mass, momentum and thermal energy equations for nanofluids can be written in 

the form 

0
u v w

x y z

抖 ?
+ + =

抖 ?
         (1) 

2

2r f r f

u u u u u
u v w

t x y z z

r m
骣抖 抖 ?琪 + + + =琪
琪桫抖 抖 ¶

      (2) 
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2

2r f r f

v v v v v
u v w

t x y z z

r m
骣抖 抖 ?琪 + + + =琪
琪桫抖 抖 ¶

      (3) 

2

2
( )

p r f r f

T T T T T
c u v w k

t x y z z

r
骣抖 抖 ?琪 + + + =琪
琪桫抖 抖 ¶

     (4) 

In the above equations ,x y  are rectangular coordinates parallel to the surface; z  is the 

coordinate perpendicular to the surface; , ,u v w  are the velocity components in , ,x y z  

directions, respectively, t  is the time, 
r f

r  is the effective density of the nanofluid, 
r f

m is the 

effective dynamic viscosity of the nanofluid,  T  is the temperature of the nanofluid inside the 

thermal boundary layer, g  is the acceleration due to gravity. Now for nanofluids let us 

introducing the expressions for ,
r f r f

m r  and ( )
p r f

cr  as 

2 .5
(1 ) , (1 ) , ( ) (1 ) ( ) ( )

r f f r f f s p r f p f p s
c c cm m f r f r f r r f r f r

-
= - = - + = - +  (5) 

On the other hand, effective thermal conductivity can be calculated from the well-known formula 

Hamilton and Crosser (1962) and others as 

( )

(

( 2 ) 2

( 2 ) )

r f s f s

fs f

f

sf

k k

k k

k k k

k k k

f

f

-

+ + -

+ -

=  

Furthermore, f  is the solid volume fraction, 
f

m is the dynamic viscosity of the base fluid, 

,
f s

r r are the densities of the base fluid and nanoparticle, respectively, 
f

k is the   thermal 

conductivity and ( )
p r f

cr  is the heat capacity of the nanofluid, ,
f s

k k are the thermal 

conductivities of the base fluid and nanoparticle, respectively. The properties of the nanofluids 

shown in the above subjects are calculated from water and nanoparticle properties at bulk 

temperature. Following the method of group transformations (Ma and Hui [10]), we derive the 

group-invariant solutions of unsteady three-dimensional flow due to a stretching flat surface 

placed in a gradient fluid, where the stretching velocities of the surface along x  and y  

directions and the similarity variables are described as 

, , , / ( ) ,
f

wf

T Tz A x A y
u f v s w A t f s

t t T Tt

h n q

n

¥

¥

骣 骣 -
琪 琪ⅱ= = = = - + =琪 琪
琪 琪桫 桫 -

      (6a) 

( 0, 0 ) , ( 0, 0 )
w w

A x B x
u A t v B t

t t

= > > = > >               (6b) 

The relevant boundary conditions of the governing equations are 
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0 : , , 0,
w w w

z u u v v w T T= = = = =                 (7a) 

: 0, 0,z u v T T
¥

               (7b) 

With the change of variables (6), Eq. (1) is identically satisfied and Eqs. (2)–(4) are transformed to 

( )
2 1

2 .5

1
( ) 2 0

(1 ) 1
s

f

f A f s f A f f fh

r
f f f

r

-ⅱⅱ ⅱ ⅱ ?+ + - + + =
骣禳镲 琪镲 琪- - +睚 琪镲 琪桫镲铪

  (8) 

( )
2 1

2 .5

1
( ) 2 0

(1 ) 1
s

f

s A f s s A s s sh

r
f f f

r

-ⅱⅱ ⅱ ⅱ ?+ + - + + =
骣禳镲 琪镲 琪- - +睚 琪镲 琪桫镲铪

  (9) 

( )
1

( / )

2 0
( )

P r 1
( )

r f f

p s

p f

k k

A f s
c

c

q q h q
r

f f
r

-ⅱ ⅱ+ + + =
骣禳镲 琪镲 琪- +睚 琪镲 琪桫镲铪

                              

(10) 

The transformed boundary conditions are turn into 

0 : 0, 1, 0, , 1f f s sh g qⅱ= = = = = =  

: 0, 0, 0f sh qⅱ                 (11) 

Here prime denotes ordinary differentiation with respect to the similarity independent variable 

h . In addition, P r /
f f

n a=  is the Prandtl number, , , ( / )A B B Ag =  are dimensionless 

constants and ( 0 1)g g＃  is zero for a two-dimensional case and 1 for axisymmetric case. The 

steady-state equations are obtained by omitting the last term (given within the bracket) in Eqs. 

(8)-(10) which represents the unsteady effect.  

 

 

 

 

 

Numerical procedure 

An efficient Runge–Kutta fourth order method along with shooting technique was used to solve 

coupled ordinary differential equations Eqs. (8)-(10) with boundary conditions (11) for different 

values of controlling parameters. The asymptotic boundary conditions given by Eq. (11) were 

replaced by using a value of 4 for the similarity variable h  as follows.  

m ax
4, 0, 0, 0f sh qⅱ  
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The choice of 
m ax

4h =  ensured that all numerical solutions approached the asymptotic values 

correctly. In the absence of nanoparticles ( 0f = ), the dimensionless heat transfer rates ( 0 )q ¢  

are compared with the literature [33, 35] in Table 1 and 2. Both results are found to be in good 

agreement. Therefore, we believe that the present results are accurate.  

 

Results and discussion  

 

 

The variation of velocity components in x  and y directions (i.e. f ¢  and s ¢ ) for various values of 

g  is plotted in Fig. 1 considering Cu-water nanoparticle and pure water. As it observed an 

increase in g  tends to decrease the x  velocity component f ¢whereas increase the y  velocity 

components ¢ . Fig. 2 illustrate the effect of the constant A on both of f ¢  and s ¢ , with increasing 

A  both of f ¢  and s ¢  decrease. 

 

Fig. 3 exhibits the velocity components distributions for different nanoparticles, when 0 .5A =

0 .6g =  and P r 6 .2=  .It can be observed that the velocity temperature distributions for 

different nanoparticles and decrease gradually far away from the surface of the stretching sheet. 

Moreover, a slight increasing in the velocity and temperature distributions can be detected by 

adding different nanoparticles base fluid.  Therefore, both Fig. 4 exhibits that the addition of to 

the different types of nanoparticles in water improves velocity profiles and temperature 

distributions. Moreover, it can be observed that the velocity profiles and the temperature 

distributions are not strongly affected by additional various nanoparticles with low solid volume 

fraction concentrations. In addition, it can be noticed in Fig.  4 that the velocity profiles of  –water 

nanofluid are  the  higher  one  and  normally  Al greater  the pure  water. This figure show that 

on using different kinds of nanofluids the velocity and temperature change, which means that the 

nanofluids will be important in the cooling heating processes the   

 

than   

The obtained similarity system (6) - (8) is non-linear, coupled, ordinary differential equations, 

which possess no closed-form solution. Therefore, the system of equations (6)–(7), along with 

the boundary conditions (8) are solved numerically by means the very robust symbolic computer 

algebra software MATLAB employing the routine bvpc45. In addition, to validate the method used 

in this study and to judge the accuracy of the present analysis, comparison with available results 

of Chamkha et al. [26] and Sharidan et al. [25] corresponding to the skin-friction coefficient 
w

f ⅱ 

for unsteady flow of viscous incompressible fluid is made (Table 1) and found in excellent 

agreement. In order to get a clear insight of the behavior of velocity and temperature fields for 

non-Newtonian Casson fluid, a comprehensive numerical computation is carried out for various 

values of the parameters that describe the flow characteristics, and the results are reported 

graphically.  
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Figs. 1 and 2 illustrate the behavior of x -component of the translational velocity and 

temperature distributions, respectively, for different values of slip parameter. The slip parameter 

d  measures the amount of slip at the surface. It is observed that, the velocity distribution 

decreases with the increasing values of slip parameter. Consequently, with the increase of slip 

parameter the thickness of boundary layer increases. It can further be noted that as d , the 

velocity of the fluid at the surface will coincide with the free stream velocity of the fluid, because 

if we increase the slip parameter d  to a value tending to infinity then the boundary layer 

structure will disappear. Moreover, the temperature distribution increases with increasing the 

slip parameter. Figs. 3 and 4, respectively, depict the effects of the magnetic field parameter M n  

on the fluid velocity and temperature distributions, considering the cases of wall mass suction 

and wall mass injection. Application of a magnetic field normal to an electrically-conducting fluid 

has the tendency to produce a drag-like force called the Lorentz force which acts in the direction 

opposite to that of the flow, causing a flow retardation effect. This causes the fluid velocity to 

decrease. However, this decrease in flow speed is accompanied by corresponding increases in the 

fluid thermal state level. These behaviors are clearly depicted in the decrease in the fluid velocity 

and the increase in the fluid temperature in figures 3-4. Furthermore, the magnetic parameter 

tends to decrease velocity gradient at the wall and increase temperature gradient as seen in Figs. 

17 and 18. The velocity gradient as well as temperature gradient tends to decreases or increases 

rapidly at first, then gradually levels off as the non-Newtonian Casson parameter is increased. It is 

clear from these figures that both of 
w

f ⅱand 
w

q ¢-  decrease with increasing values of the 

magnetic field parameter.  

Influences of Casson parameter b  on velocity and temperature distributions for unsteady 

motion are clearly depicted in Figs. 5 and 6, respectively considering wall mass suction and wall 

mass injection effects (i.e. 0 .4, 0 .4S = - ). The same type of behavior of velocity with increasing 

b  is noted. The effect of increasing values of b  is to reduce the velocity, and hence, the 

boundary layer thickness decreases. The increasing values of the Casson parameter i.e. the 

decreasing yield stress (the fluid behaves as Newtonian fluid as Casson parameter becomes large) 

suppress the velocity field. It is observed that ( )f h¢  and the associated boundary layer thickness 

are decreasing function of b . The velocity curves in Fig. 5 show that the rate of transport is 

considerably reduced with the increase of b . The effect of increasing b  leads to enhance the 

temperature field for unsteady motion (Fig. 6). This effect is more pronounced for steady motion. 

The thickening of the thermal boundary layer occurs due to increase in the elasticity stress 

parameter. It can also be seen from Fig. 5 that the momentum boundary layer thickness 

decreases as b  increases and hence induces an increase in the absolute value of the velocity 

gradient at the surface. Figs. 7 and 8 exhibit the velocity and temperature distributions, 

respectively for several values of unsteadiness parameter A . It is observed that the velocity along 

the sheet decreases initially with the increase in unsteadiness parameter A , and this implies an 

accompanying reduction of the thickness of the momentum boundary layer near the wall. The 

steady case is obtained when 0A = . Furthermore, it is noticed that the temperature at a 

particular point is found to decrease significantly with increasing unsteadiness parameter. The 
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effect of effect of heat generation or absorption parameter l  on the temperature distributions is 

shown in Fig. 9. It is clear that as the heat generation or absorption parameter increases the 

temperature of the fluid increases as well as the temperature gradient increases (Fig. 20). Fig. 10 

shows the behavior of the temperature distributions for the variation of Prandtl number, Prandtl 

number signifies the ratio of momentum diffusivity to thermal diffusivity. It is seen that the 

temperature decreases with increasing P r .  Moreover, the thermal boundary layer thickness 

decreases by increasing Prandtl numbers. Wall temperature gradient is negative for all values of 

Prandtl number as seen from Fig. 19 which means that the heat is always transferred from the 

surface to the ambient fluid. An increase in Prandtl number reduces the thermal boundary layer 

thickness. Fluids with lower Prandtl number will possess higher thermal conductivities (and 

thicker thermal boundary layer structures), so that heat can diffuse from the sheet faster than for 

higher P r fluids (thinner boundary layers). Figs. 11 and 12 display the effects of suction/blowing 

parameter S  on velocity and temperature fields. With increasing S , fluid velocity is found to 

decrease. That is, the effect of S  is to decrease the fluid velocity in the boundary-layer and in 

turn, the wall shear stress decreases. The increase in S  causes thinning of the boundary layer. 

However, temperature at a point is found to decrease with increasing S . This causes a decrease 

in the rate of heat transfer.  

The behavior of rate of heat transfer (from the sheet to the fluid) decreases with increasing A  as 

observed from Fig. 13. As the unsteadiness parameter A  increases, less heat is transferred from 

the sheet to the fluid; hence, the temperature ( )q h  decreases (Fig. 8). Since the fluid flow is 

caused solely by the stretching sheet, and the sheet surface temperature is higher than free 

stream temperature, the velocity and temperature distributions decrease with increasing h . It is 

important to note that the rate of cooling is much faster for higher values of unsteadiness 

parameter, whereas it may take longer time for cooling during steady flows. Moreover, Fig. 14 

displays the influences of unsteadiness parameter A  and Casson parameter b  on velocity 

gradient at the wall
w

f ⅱ. Magnitude of 
w

f ⅱ related to skin-friction coefficient decreases with 

increasing unsteadiness parameter A  and also with Casson parameter b , but the magnitude of 

temperature gradient at the surface decreases for b  and A . A drop in skin-friction as 

investigated in this paper has an important implication that in free coating operations and elastic 

properties of the coating formulations may be beneficial for the whole process. This means that 

less force may be needed to pull a moving sheet at a given withdrawal velocity, or equivalently 

higher withdrawal speeds can be achieved for a given driving force resulting in, increase in the 

rate of production. Figs. 15 and 16 illustrate the effect of slip parameter on velocity and 

temperature gradient, respectively. As it is illustrated, both of velocity and temperature gradient 

increase with the increase of slip flow parameter. 

 

Conclusions 

 

In this paper, the mechanical and thermal properties of unsteady MHD boundary layer slip flow 

of a non-Newtonian Casson fluid past a vertical stretching surface taking into account the wall 

mass suction or injection and heat generation or absorption effects have been investigated 

systemically. With the help of appropriate similarity transformation, the governing time 
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dependent boundary layer equations for momentum and thermal energy are reduced to coupled 

non-linear ordinary differential equations which are then solved numerically. Results for the 

velocity and temperature distributions as well as velocity gradient
w

f ⅱ, temperature gradient 
w

q ¢  

are presented for representative governing parameters. As a summary, we can conclude that 

 

 Fluid velocity decreases initially due to increase in unsteadiness parameter; temperature also 

decreases significantly in this case.  

  The effect of increasing values of the Casson parameter is to suppress the velocity field, 

whereas the temperature is enhanced with increasing Casson parameter. Moreover, Slip 

parameter and magnetic field parameter have the same effects. 

  Both of 
w

f ⅱ and 
w

q ¢  increase with the increase of slip flow parameter, whereas the magnetic 

field and unsteadiness parameters have an opposite effect. In addition, 
w

f ⅱ decreases while 

w
q ¢  increases with increasing Casson parameter. 

    Prandtl number can be used to increase the rate of cooling in conducting flows. 
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Fig. 1 Velocity components f ¢and s ¢  distributions for different values of  g  
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Fig. 2 Velocity components f ¢and s ¢  distributions for different values of  A  
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Fig. 3 Velocity components f ¢and s ¢  distributions for different nanoparticles 



 

 
Company Registration No.: 201427293E 
7030 Ang Mo Kio Avenue 5#04-155   
Northstar @ AMK Singapore (569880)  
www.Whioce.com 

 

0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1





0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1





Cu-Water

Pure water

Cu-Water

Pure water

A = 0.4, 0.6, 0.8, 1.0, 1.6, 

      2.0, 2.4, 3.0

 = 0.0, 0.2, 0.4, 0.6, 0.8, 1.0

 (b)(a)

 

Fig. 4 Temperature q  distribution for different values of   (a) A ,  (b) g  
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Fig. 5 Temperature q  distribution for different values of P r  
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Fig. 6 Variations of  
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Fig. 9 Variations of  
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q ¢-  against g  for different values of (a) A , (b) P r  

 



 

 
Company Registration No.: 201427293E 
7030 Ang Mo Kio Avenue 5#04-155   
Northstar @ AMK Singapore (569880)  
www.Whioce.com 

 

0 0.2 0.4 0.6 0.8 1
1.6

1.7

1.8

1.9

2

2.1

2.2

2.3

2.4

2.5



0 0.2 0.4 0.6 0.8 1
1.8

1.85

1.9

1.95

2

2.05

2.1

2.15

2.2

2.25



Cu-Water

Pure water

-'
w

      (a) -'
w
      (b)

 = 0.0, 0.02, 0.05, 0.08, 0.1

Cu-Water

Ag-Water
TiO

2
-Water

 

Fig. 10 Variations of  
w

q ¢-  against g  for different values of (a) f , (b) nanoparticles 

 

 

 

 

 

 

 

 

 

 


