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ABSTRACT

A new mathematical model for chemotactically aggregating bacteria, which generate several aroma gases in an
intestine with surrounding food, has been presented. This model makes it possible to simulate the destruction
of bacteria caused by the lack of an attractant (feed), and our calculation has shown some of their traveling
zones. The outbreak and the annihilation caused by the over aggregation and the proliferation are also calculated
numerically as the result of this analysis. The interaction between the attractant and the bacteria is considered
using successive approximation, as in our previous paper. This model calculation makes it possible to simulate

some bowel obstructions (ileus) caused by gas-forming bacteria
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1. INTRODUCTION

Recently the problems of swallowing are getting
healthcare professionals’ attention in our aged
society along with the use of QOLT (Quality of
Life and Technology) for geriatric care; therefore
gastroenterological science is becoming more and
more important to senior care. Intestinal digestion
is one of the most essential qualifications for
healthy life, especially in aging people, however it
sometimes happens that some symptoms of ileus
caused by growing bacteria gas-formation disturb
the transport system of the digested material in the
intestine. At the very least, burnt cheese happens to
damage the comfortable relationship among friends
and hurts good QOL. These problems are seem to be
caused by bowel gases with gas-forming bacteria,
however their mechanism is not clear at this stage.
In this article, we have restricted the gas forming
process as follows": Indole C;H,N 1 and
3-Methlindole C;H,N t would be broken down
by the following process. One of the amino-
acid essential Tryptophan C, H,N,O, makes
3-Indolepropionnic acid C,;H;,NO, t or Tryptamine
C,,H;,N, 1 + carbon dioxide gas CO, . These
chemical reactions are known to be activated by
the catalyst activation of gas-forming bacteria.
We have assumed the chemical reaction rates of
gas generation are proportional to the products
between “source material concentrations” and
“number density of bacteria”. On the other hand,
the swarming process of gas-forming bacteria is
very important to investigating the mechanism
of dynamic movement of gases in the intestine.
These processes have been investigated by a lot
of authors theoretically since half a century ago:

About 40 years ago, Keller and Segel'” proposed

an analytical model of chemotaxis, which was
used in the theoretical biology as the most popular
model for chemical control of cell movement. On
the other hand, since Nicholson” proposed the first
competition theory, many authors*® have indulged
in the whimsy of calculating the population problem
of insects or animals, in which the fluctuations of
the insects’ number between restricted limits are
determined by the balance between that insects’
capacity to increase and the environmental checks
to this increase. In the light of the above two
approaches, we made a theoretical model of the
aggregation of microorganisms in our previous
paper, concerning the growth of swarming bacteria
toward scraps stuck in the gap between teeth and
infections speck in other organs. The equation
of the previous model has involved a consuming
term and a proliferation term, and the results
of the calculation have exhibited the empirical
logistic curves to maximum colonies. However the
consuming term and the proliferation term in it are
so modest that neither outbreak nor annihilation
could be seen in the previous calculation, for all
that many of the published studies of predation
concentrate on discrete parts of them. Therefore,
we have used the more violent terms, so that they
should induce some travelling zones of bacteria
caused by the lack of a feed, in some cases of the
larger mortality parameter. Using this term it might
be possible to calculate the bubble size change by
gas-forming bacteria in the inhomogeneous food in
the intestine.

This paper is organized as follows. In section 2 we
describe the mathematical model of our calculation,
and in section 3 we show the method of the

numerical calculation from the model. The result,
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the discussion and concluding remarks follow in

section 4.

2. The model

The geometry of the bacteria swarming model
is spherical symmetric except for the formed
gas distribution. The main assumptions of this
calculation are as follows.
2.1 The Assumptions of the bacteria swarming model
We have assumed the following assumptions for this
calculation.
(A) At the center of the model, a lump of an
attractant having a rigid radius of “a” is fixed at
a constant density. And, although the attractant
diffuses into bacteria, the density of the central
attractant does not change.
(B) Far from the central attractant, the number
density of the bacteria is assumed to be a fixed value
of n,, and the density of the attractant there is also
assumed to be a fixed value of Cg.
(C) At the beginning (t=0) the density of the
bacteria everywhere around the central lump of the
attractant is constant (the same number density of n,
as the background density) and at the next moment
a very thin membrane of the packed bacteria (the
number density is n,,,) is induced by the attractant
containing the central sphere of the attractant.
(D) The maximum number density of the bacteria
is a constant independently of the surrounding
attractant concentration.
(E) The diffusive velocity of the attractant is
assumed to be much faster than that of the
bacteria, and the quasi-stationary diffusion of
the attractant corresponding to “the almost static
arrangement of bacteria” is assumed to be induced

by the distribution of the bacteria. The process of

this diffusion is assumed to obey the differential
equation, which we show later.
(F) The movement of the bacteria is governed by
the gradient of the attractant obeying the differential
equation which will be shown later.
(G) The bacteria should be killed instantaneously
by the lack of the feed (attractant) therefore we
have used a modified step-function of n/c, thus the
bacteria will be killed at a constant rate when “the
ratio of the number density of the bacteria to the
density of the attractant n/c " exceeds a value, and
the bacteria will not be killed without the lack of the
feed. The concrete consuming term of the bacteria
will be described in the equation (9) later.
(H) The proliferation of the bacteria is described by
the following equation.
(I) The incremental radius of the gas sphere
produced by bacteria with food is proportional to
the product ¢z in the vicinity of the attractant center.
(J) The effects of the yield stress of the surrounding
fluid and the surface tension on the expansion of the
generated gas bubble is negligibly small, therefore
we have assumed the pressure in any bubble is the
same as the circumjacent one.
Where ¢,n is a proliferation rate of the bacteria at
very high density of the attractant (feed), and &,cn/u
is a proliferation rate of the bacteria at very low
density of the attractant; the rate is proportional to
cn . This proliferation model was first introduced
Sherrat”, and the one used in this article is more
sensitive to the density of the attractant than his.
2.2 The Boundary Conditions and the initial Conditions
From the above assumption, the boundary
conditions and the initial conditions have been
summarized by the following relations:

At the surface of the sphere of the lump of the
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central attractant,

c=c, at r=a...03)

Far from the central attractant,
n=n, at r > oo...(41),

c=Cg.at r > o..(4-2).

At t=0 the density of bacteria around the attractant
n=n, at r =0, andeverywhere r > a .....(5)
Considering the assumption of initial density
distribution of the attractant, a step-function should
be set for the starting density. However this function
is extremely difficult for the numerical calculation,
and moreover, the merit of introducing the step-
function is very little (restricted at just after t =0).
Therefore, we have assumed a more practical

function, as follows;

c= M expl{— &, (r —a)}+cg (6)
This function reduces exponentially to background
density ¢ far from the central attractant and behaves
like the solution of an ordinary diffusing equation
in the vicinity of the central attractant. Of course,
this solution can not satisfy exactly the differential
equation in the following subsection. The difference
from the correct solution is very small, except for
the initial moment.
2.3 The differential equations describing the
number density of bacteria and the density of the
attractant

According to Ford et al.”,we use the following
differential equations, which represent the number
density of bacteria during the aggregation and the

proliferation (destruction) very simply.

on O on 0
—=—X<D, —\—— V ...... 7-1
ot Ox{ : Gx} ax( ") D)
oc
V=yg—- (7_2)
« ox

Where the first term of (7-1) represents the diffusion
effect by the movement of the bacteria only, and
the second term represents the flow induced by
the gradient of the attractant (¥ is the local mean
velocity of the bacteria induced by the gradient of
the attractant).

The equation which represents the variation of the
density of the attractant is

oc o’c

—=D.—

ot ox
Where D,, D are the coefficients corresponding
to the diffusion coefficients of the bacteria and the
attractant respectively, and D is the coefficient of
the attractant consumption which is caused by the
predation by the bacteria.

Modifying the equations (7) and (8) for a three
dimensional spherical equation, using the distance
from the center “r”, we have the following
equations. In the first equation, we have subtracted
the consuming term, which makes the assumption
(G) concrete, and we have added the proliferation

term explained in the assumption (H).

on 1 0], on oc

@Y Do ()22 — i

o o {r { % Z(C)”arH+
REn[]_e_n CR] ...... (9)

1+ e_n4R

&)t

r_28r or

} —nD,(c)-(10).
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Where the functional form of the above constants

are as follows:

DE(C) _ 1“7(0 iCo) (14),

and D, (¢) in equation (11) was first introduced by

Lapidus'®” experimentally.

3. Numerical Calculation

For a practical calculation of the above
equations we have used the following successive
approximation; using the assumption (E) we have
transformed Eq. (10) under the boundary condition
(4-2), and have used the following equation (the
second term in the right side of equation (10) can be

assumed to be zero).

7 r
c :a_CO_lJ‘r'Zp(r,) dr'+jr'p(r’)dr'+cB ........ (15),
roory u

where 1is the distribution of the bacteria and is

represented as;

. n(r')(l + gzn)l"c(r’)
L e oy

Namely, the number density of the bacteria changes
corresponding to the density of the attractant,
however we fixed the number density of the bacteria
for the moment and calculated the density of the
attractant from Eq.(15) and Eq.(16) at the individual
moment (we have calculated the distribution
function of the bacteria p(r') from the number
density of the bacteria at that moment from Eq. (16),

using the density of the attractant at the preceding
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moment, and using this p(#') we have calculated
the density of the attractant from Eq. (15), and then
we have calculated again the distribution of the
bacteria p(r") from this density of attractant, and we
have repeated these process). These processes were
repeated until the self-consistent stationary state of
the density of the attractant was attained.

Then the number density at the next moment was
calculated from the final density distribution of the
attractant at that moment using Eq.(9). Throughout
this paper we have used the physical value in c.g.s.
Units according the paper by Ford et al.” in the

practical calculation as follows.

Table 1.
Symbol Physical Value Unit
n, 50x10° cellem
Mpax 10X 10" celliem
Co 1.0x107 mol/em’ (mM)
Cq 1.0x10™" molem’® (mM)
C2 20%x107 mol/cm?®  (mM)
Cn 1.0x107 mol/em’  (mM)
£ 0.8 cm’/ mol
£, 1.0x107 cm’/ mol
&, 10X10° cm’/ mol
De, 3.0%X107 cm’s

a 1.0X107 cm
r 1.0x10™",1.0x10% mol/(cell-s)
K, 50%10° cm’/s
R 5.0%10° non

. 50%10° non

Where R is the mortality rate of bacteria in the
moment when lack of the feed is extreme, and we
used R to represent the sensitivity of the consuming
function of the bacteria [R=1/(n,cg) for the

background].
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4. Results and Discussion

We show the growth of the packed area of the
bacteria and the travelling zones of the desk-don
and the outbreak in Fig'l-Fig.4. From these figures,
we can see that the number density of bacteria at a
certain place decays exponentially according to the
distance from the central attractant.

In case where the mortality parameter R is larger
than 0.2, there exist some empty zones of the
bacteria. This mechanism is a little different between
two types of predation; the types of predation of
Fig-1 and Fig.2-Fig.4 are different. This means
that consuming the feed by bacteria contributes to
the destruction of the bacteria in relation to their
mortality. The consuming speed of the type in Eq.
(14) is faster than that of Lapidus'® in the case
of starvation. The predation function represented
in Eq.(14) is named Hollings Type-I function”.
Although this analysis itself cannot be useful for
medical treatment, we can apply this modeling to
some other problems; we will show a few examples:
1. The population problem of epidemics can be
analyzed replacing immunity with predation.

2. The war problem between macrophage and
bacteria.

3. Analysis of the growth of tumor cell population
or that of swarming bacteria.'”"”

4. The model studies of acute leukemia
chemotherapy.”*”

An important aspect of our current and future studies
is the investigation of the real behavior of these
microorganisms or infected people, therefore we
should analyze the above mentioned mechanisms.
Using these data of swarming bacteria and the
condensation of the attractant, we have calculated

the buoyant velocity of the spherical gas bubble
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Fig.1 The Density Distribution of the Bacteria on the Radial
Coordinate from Centre.
The radius of the packed bacteria region in the vicinity of the
central core is expanding in the
course of time. (55~8s) (In the case of T=10"" [mol/(cell-s)])
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Fig.2 The Density Distribution of the Bacteria on the
Radial Coordinate from Centre.
The radius of the packed bacteria region in the vicinity of the
central core is expanding in the
course of time. (6s~8s) (In the case of T=107* [mol/(cell+s)])
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Fig.3 The Radial Growth of the Bacteria Core region at
the Central Attractant.
The radius of the packed bacteria region in the vicinity of the
central core is expanding
in the course of time. (In the case of I'=10"* [mol/(cell+s)],
1x10*> n>3x10’ cell/cm®)
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Fig.4 The Radial Growth of the Bacteria Core region at
the Central Attractant.
The radius of the packed bacteria region in the vicinity of the
central core is expanding
in the course of time. (In the case of I'=10" [mol/(cell*s)],
1x10%> n>3x10’ cell/cm’)
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Fig.5 The Time-Dependence of the buoyant Velocity of
the Gas Bubble.
The velocity becomes constant at about 9s when the bubble is
getting at the no-growing area with tenuous bacteria. (In the
case of I'=10"* [mol/(cell+s)], The medium viscosity 0.01 Pa-s,
1x10*> n >3x10 cell/cm’)
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Fig.6 The Time-Dependence of the buoyant Velocity of
the Gas Bubble.

The velocity becomes constant at about 12s when the bubble
is getting at the no-growing area with tenuous bacteria. (In the
case of =107 [mol/(cell+s)], The medium viscosity 0.01 Pa-s,
1x10*> n >3x10 cell/cm’)

through the surrounding food in the vicinity of the
central core region: The quasi-stationary buoyant
velocity can be calculated using Hadamard’

s Formula for liquid droplets®”. The practical
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absorption of the bubble strongly depends on
the yield stress and the surface tension of the
surrounding liquid (food in this calculation),
therefore we cannot estimate whether the ileus
condition is attained with this calculation. However
we can estimate the interval period for the position
change of the body to prevent ileus; the interval
should be shorter than the amount of time for
bubbles to cross the inner radius of the intestine in

these conditions.

5. Concluding Remarks

Using a new mathematical model for
chemotactically aggregating bacteria, we have
calculated the buoyant velocities of bubbles
produced by bacteria in the intestine. This swarming
model has a new consuming term, which kills
the bacteria instantaneously by the lack of feed,
besides simplifying the physical condition of the
surrounding food around the bacteria. We have
also estimated the generated gas size, assuming
the chemical reaction rates of gas generation are
proportional to the products between the source
material condensations and the swarming bacteria
number density. In this calculation we have used a
modified step-functional term which reveals some
traveling zones of the annihilation of the bacteria, as

many authors investigated*>”

the traveling bands
of chemotactic bacteria, whereas the zones break
out in our cases of the large mortality parameter in
the new term. The buoyant velocities introduced
in this calculation make it possible to estimate the
position change interval period and would be useful

to prevent the ileus in the intestine.



I TF—Ya YREY v —F 0 No.g (2012)

References

)]

2)

3)

4)

5)

6)

7)

8)

9)

10)

Hartung J and Nowak B. : Assessment
of Salmonella contamination using an
antibody-ELISAtest and a PCR technique
in pigs at slaughter and on farm level .Aus
dem Institut fiir Tierhygiene, Tierschutz
und Nutztierethologie der Tierdrztlichen
Hochschule Hannover. 2003.

Keller EF and Segel LA. : Model for
chemotaxis. J.Theor.Biol.. 30: 225-234. 1971.
Nicholson AJ. : The balance of animal
populations. J. Anim. Ecology. 2: 132-178,
1933.

Thompson WR. : On natural control.
Parasitology. 21: 269-281, 1929.

Miline A. :The natural control of insect
population. Can. Ent. 89: 193-213, 1957.

De Bach P, and Smith HS. : The effect of
host density on the rate of reproduction of
entromophagous parasites. J. Econ. Ent. 34:
741-745, 1941.

Sherratt JA. : Chemotaxis and chemokinesis
in eukaryotic cells. Bulletin of Mathematical
Biology. 56 (1) : 129-146, 1994.

Ford RM. and Lauffenburger DA. : Analysis of
chemotactic bacterial distribution in population
migration assays using a mathematical model
applicable to steep or shallow attractant
gradients. Bull.Math.Biol., 53: 721-749, 1991.
Holling CS. : The components of predation
as revealed by a Study of small-mammal
predation of the European pine sawfly. Can.
Ent. 91: 293-320, 1959.

Jansson B and Revesz L. : Analysis of the
growth of tumor cell populations. Mathematical

Biosciences, 19: 131-154, 1974.

11)

12)

13)

14)

15)

16)

17)

18)

19)

20)

21)

Shaffer BM. Pseudopodia and
intracytoplasmic displacements of the
collective amoebae dictyosteliidae. Expl. Cell
Res., 37: 12-25, 1965.

Adler J. : Chemotaxis in bacteria, Science, 153
: 708 -716, 1966.

Berg HC and Brown DA. : Chemotaxis in
escherichia coli analyzed by three dimensional
tracking. Nature, 239: 500-504,1972.

Iapidus IR and Schuler R. : A model for the
chemotacdc response of a bacterial population.
Biophys. J., 16: 797-789, 1976.

Iapidus IR and Schuler R. : A model for
travelling bands of chemotactic bacteria.
Biophys. J., 22: I-13 1978.

lapidus IR. : Pseudo-chemotaxis by
microorganisms in an attractant gradient J.
Theor. Biol., 86: 91-103, 1980.

Rivero MA, Tranquillo RT, and Lauffenburger
DA. : Transport models for chemotactic cell
populations based on individual cell behavior.
Chem. Engin., 44: 2881-2897, 1989.

Charnick SB, Fisher ES and Lauffenburger
DA. : Computer simulations of cell-tarter
encounter including biased cell motion toward
targets. Bull. Math. Biol., 53.. 591J621 1991
De Boer RJ and Perelson AS. : T cell
repertoires and competitive exclusion. J. Theor.
Biol., 169: 375,390, 1994.

Bonner JT. : The cellular slime molds.
Princeton University Press, Princeton, 1967,
Chap.3.

Sherratt JA., Sage EH., and Murray JD. :
Chemical control of eukaryotic cell movement.,

J. Theor. Biol., 162: 23-40, 1993.

— 104 —



SRERHED NN 7 T THEEIC X B H AL OS2 7 IVEHE

22) Rothman C and Lauffenburger DA. : Analysis
of the linear under-agarose leukocyte
chemotaxis assay., Ann. Biomedical Eng., 11:
451-477, 1983.

23) Tranquillo RT, Luffenburger DA., and Zigmond
SH. : A stochastic model for leukocyte random
motility and chemotaxis based on receptor
binding fluctuations. J. Cell. Biol., 106: 303-
309, 1988.

24) Keller EF and Segal LA. : Travelling bands of
chemotactic bacteria. J.Theor. Biol., 30: 235-
248, 1971.

25) Boon JP and Herpingy B. : Model for
chenotactic bacterial bands. Bull. Math. Biol.,
48: 1-9, 1986

26) Nagai T. and lkeda T. : Travelling wave in
chemotactic model. J. Math. Biol., 30 169-184,
1991.

27) Hadamard J. : Sedimentation Velocity of liquid
dlops. Acad. Sci., 152, 1735-1755, 1911.

— 105 —



I TF—Ya YREY v —F 0 No.g (2012)

BRRNIT ) PERICEKD T AREDHELETIVEGE

% R HLAR

BHZ VAT 7 —RFE UNE) T3 R

® B

BN O T WEHEN B 37 7 ) 7 OBE) 2 FEPFERS 28 L BN £ 7L T,
FEHEITTADEEF EEEZER L2, ZOFHRIL. T AL 2GMAEZIET 5 70 ORMERO
e IR 2 FAE S 2 DI IR SN D,

— 106 —



