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On complete minimal submanifolds in a sphere
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Shogo Suzuki

Let S™P(c) be an (n + p)-dimensional Euclidean sphere of constant curvature ¢
and M an n-dimensional minimal submanifold isometrically immersed in S™*?(c).
We denote by A¢ the Weingarten endomorphism associated a normal vector field £
and T the tensor defined by T'(§,n) = traceA¢A,,.

Yuan and Matsuyama [13] proved the following: Let M be an n-dimensional
compact minimal submanifold isometrically immersed in S™?(¢). Let o and 1 are
the second fundamental form of M in S"*?(¢) and the immersion respectively. Then

of? < np(n + 2)
2(n+p+2)
if and only if one of the following conditions is satisfied:

c and T=k(,)

(A) |o]*=0 and M is totally geodesic.

np(n + 2)

(B) |0|2 = m

form.

¢ and M is isotropic and has parallel second fundamental

Hence if ¢ is full, then v is one of the following standard ones: S™(¢) —
1 1
S™(c); PRQ(gc) — S*(e); 52(50) — S*c); OP2(c) — S7(c); QPQ(ZC) — S¥(c);
C’PQ(%c) — S%(c).

Moreover, they obtain the reseult of the case of M being complete: Let M be
an n-dimensional complete minimal submanifold isometrically immersed in S™*?(c).
Then

of? < np(n + 2)
2(n+p+2)
Then if and only if one of the following conditions is satisfied:

c and T =k(,).

(A) |o|>*=0 and M is totally geodesic.

np(n +2)

(B) |o]* = Antpt2)

¢ and M is isotropic and has parallel second fundamental

form.

Rerated to these results, Li and Li[2] obtained without assumption of 7' = k( , ),
the following: Let Aj, Ao, ..., A, be symmetric (n x n)-matrices (p > 2). Denote
Sap = trace’A,Ag, So = Saa = N(44),S = S1 + -+ -+ Sp. Then we have

3
Z N(AaAﬁ - AﬁAa) + Z 525 < 5523
a,f a,f
and the equality holds if and only if one of the following conditions holds:
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1) A1:A2:...:Ap:(),

2) only two of the matrices Ay, Ay, ..., A, are different from zero. Moreover, as-
suming Ay # 0,4y # 0,A3 = ... = A, = 0, then S; = S,, and there exists an
orthogonal(n x n)-matrix 7" such that

'TAT = %

0
0
010

1
'TAT = % 0

Using the result, they proved the following: Let M be an n-dimensional compact
minimal submanifold in S™*? . p > 2. If |o|* < %n everywhere on M, then M is
either a totaly geodesic submanifold or a Velonese surface in S4.

Nowletv e UM,,x € M. If ey, ..., €, are orthonormal vectors in U M, orthogonal
to v, then we can consider {es,...,e,} as an orthonormal basis of T,(UM,). We
remark that {v = ey, ey, ...,e,} is an orthonormal basis of T, M. If we denote the
Laplacian of UM, = S" ! by A, then Af = egeaf + -+ + epenf, where f is a
differentiable function on U M,,.

Define functions f;(v), fa(v), -+, fig(v) on UM,, x € M, by

n n

fi(v) = Z<Aa(v,ei)va Ao(v)€i) fo(v) = Z:1<Aa(ej,v)6i7Av(ej,v)€i>7
— =

fo(v) = zn:<A0(ej,ei)6jaAo(v,v)ei>a fuo(v) = i<AU(U’ei)ei?v>7
ij=1 i=1

f3(v) = i:(Ao(v,v)v, Ag(v,e)€i)s S (v) = [Agauv]*.
=1

fa(v) = z”: (Ao(ej )i AowenV), fi2(v) = i(AJ(v,ei)v7Ao(v,ei)'U>
2,7=1 =1

fs(v) = Zn: (As(ei)€ir Ao(v.e))€5) fia(v) = lo(v,v)*
ij=1

fo(v) = i(Ag(v’v)ei,Ag(v,v)ei% fua(v) = i(AU(v,ei)ei,v)la(v, )2
i-1 i=1

fr(v) = |o(v,v)]?, fi5(v) = (En:<A0(v,ei)ei7U>)2

i=1
£ = 3 otweniss Aoty i) fo(w) = loPlo (o, o),

ij=1



The following generalized maximum principle due to Omori [11] and Yau [1§]
will be used in order to prove our theorem.

Generalized Maximum Principle. (Omori [11] and Yau [18])Let M™ be a com-
plete Riemannian manifold whose Ricci curvature is bounded from below and f €
C?*(M) a function bounded from above on M™. Then, for any e > 0, there exists a
point p € M™ such that

f(p) > sup f —e, llgrad f|| < e, Af(p) <e.

We have the following (See [7] and [8])

Lemma. Let M be an n-dimensional minimal submanifold isometrically im-
mersed in S"P(c). Then for v € UM, we have

% Z(V2f7)(ei, i, v) = Z (Vo) (e, v,v)]* + nc|o(v,v)?

=1

+2 Z<AU(U,U)6i7 Aa(ei,v)v> -2 Z<Aa(v,ei)ei) Aa(v,v)v>
=1 =1
- Z<AU(U,U)ei7 Aa(v,v)ei>
=1

= Z (Vo) (e, v, v)* + nfr(v) + 2f1(v) — 2f3(v) — fo(v)

Using this Lemma and the result [2], we obtained: Theorem 1. Let M be an n-
dimensional complete minimal submanifold in S™™P,p > 2. If |o|? < %n everywhere
on M, then M 1is isotropic and either a totally geodesic submanifold or a Veronese
surface in S*

On the other hand, in Yuan and Matsuyama [13], we assume codimension = 2
and
n(n + 2)
2(n+4)

v

traceA? < ¢ for "«

every where on M, we obtained:

Theorem 2. Let M be an n-dimensional complete minimal submanifold in S™*2.
n(n+ 2)

If traced? < ————2
f traceAZ < 20n + 1)
submanifold or isotropic and has parallel second fundamental form.

c for Yo, then M is isotropic and either a totally geodesic
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FEspecially, n =2 = 52(50) — S*e) and n=5= 5" — S(c).
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