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8.2 Existence of the solution

In this section we consider the existence of solution for the equation
(76) under the assumption 1—-Av # 0. The case with 1 -Av=0 will be
treated later.

8.2.1 The 1st column and m-th row
The 1st column of the equation (76) contains zero elements and is

extracted to be rewritten as

(1 — )\I/)ZH VZo1 0 0 q11
(I =)z V23 0 0 Q21
(1= M)zpm-11 VZmi 0 0 Gm—11
(1 =)z 0 0 0 Gm1

which can be rearranged as

(1 - AV)Zml =0+ dm1,
(77)

1=z =vzgen1 + ¢, (g=m—1,m—2,.,1).

So that, we obtain the solutions, under the assumption 1 -Av # 0,

P _ qm1
ml (1 — )\l/)7
2 _ VQm1 dm-11
mo T= )2 (1-)

(78)
R V2 T V2 V(31 q21
2 T=x)=D T o =) (1= )
V" g Vg3 V(o1 g1

T A Y AN



108
The m-th row of the equation (76) contains zero elements and is

extracted to be rewritten as
[ I=M)zm1 (L= A)zma .. (1= AV)zma } -

|:O 0 .. 0:|_|:O /\Zml )\Zmz /\Zmn,1:|

_|:000:| = |:qm1 qm2 -+ Gmn |

which can be rearranged as
(1 - )‘V)Zml =0+ gm1,
(79)
(1 = A\v)zZmnt1 = ANemn + Gun, (B =2, ..., m),

Therefore, we obtain the solutions, under the assumptionl —Av # 0,

p _ dm1
m (1- )

_ Im2 )\qml

R I v R C R WL

(80)
_ qmn—1 >\an72 V"73(]m2 )\n72Qm1
ot = g oy T Ao vt taowes T a o wye

_ Jmn >\an71 + /\n72qm2 Anil(}ml

K T v R TR W PR (R W e e s VTS

Thus we can get the solution (78) and (80) for the variables z indicated

in the matrix
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— 211 o o .. (] (] —
291 o o .. g g
7 : (81)
Zme1 O O .. g g
Zml Zm2 Zm3 - Zmn—1 Zmn

where [] means the variable not yet obtained by the 1st column and the

m-th row of the equation system (76).

8.2.2 The remaining part
The remaining variables indicated as [] in (81) are determined by the
equation system (76) other than its 1st column and m-th row. They are

rewritten as
(1 = X)zgh — Vzgyin — AZgh—1 — Zg41h-1 = Qgn,
(g=m-1m=2..1,h=2,..n), (82)
Under the assumption 1 —Av # 0, we can rewrite (82),
Zgh = (Qgh + VZgs1n + A2gh—1 + 2g41n-1) /(1 — Av),

(g=m—-1m—2,..,1,h=2,...n). (83)

The system can be solved sequentially as illustrated in the following
table.
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row\col. | h—1 | .. h
g Zgh—1 I Zgh
(84)
/! T
g+1 Zgt1h—1 | - | Zg+1h
That is, the 1st column of Z, {z1; , 291, -+ » Zm-11> Zm1 |, and the m-th row,
{Zm1> Zm2s > Zmn-1 5 Zmn |, are first determined as (78) and (80), then the

remaining variables are determined by the equations (83). This process
is illustrated by the arrows in (84).

The other process might be possible, though we don't have to consider
it. It is only noted that the north east variable z, can not be determined
by the other process than the one illustrated in (84).

First, the variable appearing in (84) are determined by (77) and (79),
then given these as initial values the remaining variables are deter-
mined by (83) or (82). Thus, under the assumption 1 —Av # 0, we obtain
the solution of Z as a whole. In other words, we have a proposition:
Lemma20 (Without the subscripts i and j, ) there is Z = [ Z ] satisfying
(74) under the assumption 1 —Av # 0.

Recovering the subscripts i and j, under the assumption 1 -Av; #0, (i
=1, ..,rj=1, .., s), there is Z; satisfying (73) or (72). Furthermore,
under the assumption 1 -Av; # 0, there is Z = [ Z;] satisfying (71), and X
=TZS ' with T and S defined in (69) and (70) is a solution of (67), see
Lemma 19.

8.3 Uniqueness of the solution

We here discuss, under 1 -Av # 0 without the subscripts i and j, the
uniqueness of the solution for the equation (74) Z—- (Al + H(m)) Z(vl +
H(n)) = Q or (75). To start with, let us consider a special case with @ =
[g,:] =0 for (75). In this case, we have
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Zml = Zm-11 = ... = 221 = 211 = 0,

in view of (78), and there is no other solution. In addition, from (80), we

have
Zml = Zm2 = -+ = Zmn—1 = Zmn — 07
and there is no other solution. Furthermore, we have, from (83),

zgh =0,(g=m—1,..,1,h=2,..,n),

and there is no other solution. In summary, we obtain

Lemma 21 Under the assumption 1 —Av # 0, if @ =0, then the equation
(74) or (75) has a unique solution Z = 0.

Based on this lemma we get another proposition

Lemma 22 Under the assumption 1—-2Av # 0, the equation (75) Z — (AI +
H (m)) Z (vI + H(n)) = Q or (76) has a unique solution.

Proof. Suppose that Z; and Z, are two solutions for the equation (75) or
its equivalent (72) Z - JZK = @), without the subscripts i and j for Z;, oJ;

and K. That is, suppose that
7 — JZK = Q,

Zg - JZQK = Q,
hold. Then we have

[Zl - Zg] - J[Zl - ZQ]K = 07

which means Z, = Z,, from Lemma 21 under the assumption 1 -Av # 0.
The two solutions are identical. m

Lemma 23 Under the assumption 1-Av; #0, (i =1, ...,r,j=1, ..., 8),
the equation (72) Z;-J.Z;K; = Q;, (i =1, ..., r,j=1, ..., s) has a unique
solution. And the equation (71) Z — JZK = @ has a unique solution. Fur-
thermore, the equation (67) X — UXV = W has a unique solution.

Proof. This is a consequence of Lemmas 20 and 22. m



112

8.4 Matrix series solution

Returning to the equation (67) X— UXV = W, we consider its solution
given by a matrix series. Calculating this series solution does not have
to have a knowledge about Jordan transformation of U and V. Only the
values of U,V and W are necessary. The discussion here aims at analyz-
ing the property of the solution for (67). We also consider a special case
X-UXU'=W.

8.4.1 Solution
We try a series

X =W+ UWV +UUWVV + UUUWVVV + ..., (85)

for a solution for the equation (67), and consider its property.

Lemma 24 If X defined by (85) converges, then X is a solution for (67).
Proof. Suppose that (85) converges, and substitute this X into the left
hand side of (67). Then we have

X -UXV

(W+UWV +UUWVV +UUUWVVV 4 ...)
—UW+UWV +UUWVV + UUUWVVV +..)V
= W+UWV -UWV +UUWVV —UUWVV + ...

= W,

which shows that X of (85) is the solution for (67). m
Note that for a special case with V= U’, the equation (67) is

X - UXU =W, (86)
and the solution (85) for this case is
X =W+UWU +UUWU'U +UUUWU'UU’ + .... (87)

Then we have
Lemma 25 If Wis positive definite and X defined by (87) converges, then
X of (87) is a solution for (86), and is positive definite.
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Proof. Lemma 24 shows the first part. To show the second part, con-
sider a quadratic form of X provided that (87) is convergent. For X = (m

X m), we have a quadratic form
E¢XE=EWE+ EUWU'E + CUUWU'U'E + EUUUWU'U'U'E + ...
with a non-zero vector ' = [, ..., &, ]. Letting n', = £'U* we have
EXE=EWE+mWny +nyWn, + nsWay + ...,

where the first term is positive by the assumption and the other terms
are at least non-negative. Therefore, we have {'X¢>0. m
Condition for the convergence. In Lemmas 24 and 25, the conver-
gent series (85) is assumed. We now consider the condition for the con-
vergence. For that matter, it is reminded that the equation in question
is (67) X— UXV= W, and that the characteristic roots of U and V are A,,
..., A, and vy, ..., v, which include distinct roots only, and that U and V
both can be transformed into Jordan canonical forms.

Then we have
Lemma 26 If1> |y, (i=1,..,7r,j=1,..,s), then the series (85) is
convergent.

Proof. The series (85) is transformed as

TXS™!' = TWS '+ TUWVS + TUUWVVS™
+TUUUWVVVS™ ..
= TWS ' +TUT'TWS 1SV s
+TUT ' TUT ' TW S~ 1SV S~1sv st
+TUT ' TUT ' TUT ' TW S!SV S~1svS—tsv st

foo.,

by T and S defined in (69) and (70). This can be rewritten as
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Z=Q+JQK + JIQKK + JJJQKKK + ....

In partitioned form we have

le le Qll le

Qrs 0 0 K

Ji 00 Qu Q1s K, 0 0
+ 0 0 0 0
0 0 J Qn Qrs 0 0 K
+ JOKP+ ... (88)

Now the (i, j ) —block of (88) is
Ziz = Quij + JiQu; K + Ji JiQi K K + Ji Ji Qi K KK + ...

Rewriting Z;;, @, J;, K;, A, v;, m;and n;as Z, @ , J, K, A, v, m and n by

removmg the subscripts i and j, (88) can be rewritten as

JFQK*

WK

7 =

>
Il
o

M+ H(m))*Q (vI + H(n))",

N

(89)

il
(=]

The convergence problem is now referred to the series (89). (As noted
above, we only deal with the case where m; > 1 and n; > 1.)
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If we apply the binomial expansion to both (\I + H(m))* and (vI + H(n))*,
then we have

g R » R .
Z = Z{Za!(k—a)'H(m)a/\k ]Q{Zb!(k—b)!H(n)byk ]

k=0 La=l o
oo k k ]{;' B kl y a
B ;{;;(M_a)ﬂk O )H(m) 'QH(n)b] (90)

Here the matrices H(m) and H(n) are nil-potent in the sense that

0, ifaZzmorb2n,
H(m)*QH (n)" = (91)

Q(mb)7 ifa<mandb<n,

where
0 ... 0 gay11 Gar12 - Gatin-b
0 ... 0 Gay21 Gat22 - Gat2n—b
(ab) _
Q - 0 ... 0 dm1 dm2 <o Gmn—b
0 0 0 0 0
0 .. 0 0 0o .. 0

We have assumed that m =< n for the indexes m and n and that a runs
over the set of values {0, 1, ..., m, ..., k} while b runs over the set {0, 1,
v, M, ..., N, ..., k}. The equation (91) implies that when a takes a value
m or larger after taking values 0, 1, ... , m—2 and m — 1, H(m)*QH(n)"
becomes zero (matrix), and that when b takes a value n or larger after
taking values 0, 1, ..., n — 2 and n — 1, H(m)*@QH(n)® becomes zero (matrix),
So that, the double summation term including H(m)*@QH(n)® in (90) is



116

truncated or

4 io: -m71§ k! )\k—a k! ]/k_b Q(a’b)
adk—a)l” Bk _b)

k=0 La=0 b=0

k! k! ]
7 = Z ( )\kfa Vk7b> Q(a,b)
prel [ al(k —a)! bl(k — b)! ]
(o) m—1n—1
! k!
\k—a k—b (@b) |
+k§ 2.2 (a!(k—a)! oo )@

Denoting the second term on the right hand side by G, we have

m—1n—1 . k' . k' B
G=> > Q" Z( o o b)

a=0 b=0

m—1n—1
(k+m) o (k+m)! _
(a,b) k+m—a k+m—b (92
ZZQ Z(a'k—i—m—a)')\ b!(k—i—m—b)!y )(9)

a=0 b=0

Letting the infinite series in the equation (92) be ¢, we get

(k+m)! (k+m)! ktm—a, k+m—b
¢= Za'k’—}—m—a'b'(k’—}—m—b))\ v ’

and we consider the convergence property of q5.5)
If we denote the k-th term of ¢ by 6,, we find the ratio

k+m+1
k+m+1-10

6k+1
O

_ k+m-+1
T lk+m+1—a

' A

5) See, for instance, W. Rudin(1976) : Principles of Mathematical Analyses,
Third ed. , McGraw Hill, p.66.
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Then, if 1 > |Av]| , then ¢ and therefore G, Z and X are convergent.

Whereas, for an arbitrary k, we have

k+m-+1
—_— 2> 1 =0,..m—1
k+m+1—a = 7(a b ’m )7
k+m+1
—_— > 1,(b=0,. -1
k+m+1—-0b — 3 el ),

and therefore if 1 = |Av| , then

k1

>1,(a=0,...m—1,b=0,...,n—1),
O

so that ¢ and therefore G, Z and X are divergent. m

Now we are in a position to summarize the results obtained so far in

this section concerning the equations (67) X— UXV = W and (86) X -
Uuxu'=w:
Theorem 27 For the equations (67) and (86), assume that U and V are
transformed into Jordan canonical forms with the distinct characteristic
roots Ay, ..., A, of Uand those vy, ..., v, of V, we have the following propo-
sitions (a), (b), (c) and (d):

(@) Under the assumption 1 -Av;#0, G =1,...,1,j=1, ..., s), thereis
a solution for (67). (See Lemmas 20 and 23).

(b) Under the assumption, 1-Av; # 0, G=1, ... , r, j=1, ..., s), the
solution of (67) is unique. (See Lemma 23).

(c) Under the assumption 1— |Av;| >0, G=1,...,r,j=1,..,9), the
series (85) converges, and is a unique solution for (67). (See Lemmas
23,24 and 26).

(d) Under the assumptions 1- |A;A;| >0, (G, j =1, ..., r) and Wis
positive definite, the series (87) converges, and is a unique solution for
(86), and is positiue definite. (See Lemmas 23, 24, 25 and 26).

Theorem 27 is an extended form of Lemma 12, which is the basis of
the foregoing analyses. While Lemma 12 presupposes the diagonaliz-
ability of U and V, Theorem 27 does not. Therefore, the main proposi-
tions of the previous sections hold with the assumption of the possibility

of Jordan canonical transformation of U and V.
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8.5 Divergent case

There still remains one case to be discussed to complete the analysis.
We here deal with a case where 1 —Av = 0, for the equation (74) Z—- (Al +
H(m)) Z(vI + H(n)) = Q. Recall that it is shown that the series solution
(85) does not converge if 1 —Av = 0. Thought it is thought that other
types of solution than the one given as a matrix series might be tenable,
this subsection shows that the equation (74) does not have a unique
solution when 1 -Av = 0.

When 1-Av = 0, the equation (74) or its equivalent (76) is simplified
and written as

VZo1 VZog ... UVZop 0 )\211 )\2’12 )\Zln—l
VZz31 VZ3a ... UVZ3p 0 )\221 /\222 /\2’2”,1
VZmli VZma o VZmn 0 Azp—11 AZm—12 -+ AZm—in-1
0 0 .. 0 0 Azm1 AZm2 e AZmp—i
0 201 ... 221 11 G2 - Qin
0 231 ... ‘Z3p—1 G21 G2 - Gon
- = (93)
0 Zmi - Zmn-1 dm-11 9m-12 - Gm-1n
L 0 0 0 i L dm1 qm2 Jmn i

Note that if 1 —Av =0, then A = 0 and/or v = 0 are impossible.

8.5.1 The 1st column and m-th row
Some parts of the equation (93) can be simplified further, since it con-

tains the zero elements. To see this, let us rewrite the 1st column of (93),
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VZo1 0 0 a1
vz31 0 0 g21
- - = ; (94)
VZm1 0 0 Im-11
0 0 0 gm1

so that it is seen that g,,; must be zero and that the solution for (94) is

221 qi1
231 1 g1 (95)
T
Zm1 qm—11

In a similar way, we have

*{00.,.0}:[%11 Gmz . q,,m}, (96)

for the m-th row of (93). It is also seen that ¢,,; must be zero and that the
solution for (96) is

1
|: Zml  Zm2 -+ Pmn—1 :l = _X |: qm2 qm3 -+ dmn :| : (97)

Up to now we get the solution uniquely for the variables shown as []
in the matrix
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- O o 0O o 0O -
221 o 0O o 0O
Z = , (98)
zmen O O .0 O O
Zml Zm2 Zm3 - Zmm—1 O

which shows that z;; and z,,, are not determined yet.

8.5.2 The remaining part
The remaining equations of (93) other than (94) or (96) are

—VZgiih — Azgh—l — Zg+1h—1 = Qgh,
(g=m—-1,m—2,..,1,h=2,...,n). (99)

The variables [ ] so indicated in (98) may be possibly determined by this
system. However, the equation system (99) has a logical structure,
which can not determine the [] variables in (98).

The equation system (99) indicates three ways of determining one
variable given the others. For instance, the first way is to detemine z,, -,
given 2.1, and z,,y,-; or the solution would be z,,-1 = — (V/A)z ., — (1/1)
g, This way is illustrated by (i) of figure (100). Given z,.,, and (1/1)
Zg1n-1, the north-west variable z , -, is to be determined. The second and
third ways are illustrated by (ii) and (iii) of the figure (100) in a similar
fashion. Though, these three ways can not determine the north-east
variables z, given the initial values which are obtained in (95) and (97).
The variable z, can take any arbitrary value when 1 —Av = 0. Therefore,

the equation system (74) does not have a unique solution.
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row\col. | h—1 | ... h
. g zgh—l zqh
(i)
T AN
g+1 Zg+lh—1 | ** | Zg+1n
row\col. | h—1 | ... h
g Zgh—1 Zgh
(ii) ! ! (100)
. . N )
g+1 Zgtlh—1 | — | Zg+1n
row\col. | h—1 | ... h
g Zgh—1 Zgh
(i) ! !
!
g+ 1 Zg+1lh—1 | < | Zg+1h

9 Concluding Remarks

The remaining problems are listed below. These points have to be fur-
ther developed

i) The conditions for Theorem 25 are given in terms of the character-
istic roots A4, ..., A, of U (= BA) and those v, ... ,u, of V(= AB). It is not
yet certain whether the condition can be given in terms of B and A sep-
arately, or in another form.

1) It is clear that the necessary conditions for the case of multivari-
ate distributions is not treated good enough.

iii) The analysis leads us from the notion of integral equation to
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those of matrix equation, matrix diagonalization and Jordan canonical
form.Then the analysis stops there. It is not certain now that any fur-

ther development is needed beyond the notion of Jordan canonical form.



