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ABSTRACT

PHILLIPS, COURTNEY  Lattice Theory. Department of Mathematics, June
2011.

ADVISOR: Susan Niefield

A lattice is a type of structure that aims to organize certain relationships that
exist between members of a set. This thesis seeks to define lattices, and demonstrate
the different types. It will give examples of lattices, as well as various ways to describe

and classify them.
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1 Introduction

Mathematicians began studying what is now known as lattice theory in the early nin-
teenth century. English mathematician George Boole sought to formalize the concept
of propositional logic, which led to the study of a type of lattice, known as a Boolean
algebra, which will be discussed later. In the late ninteenth and early twentieth
centuries, American mathematician Charles Sanders Peirce and German mathemati-
cian Ernst Schroder introduced the concept of lattices, while German mathematician
Richard Dedekind introduced lattices in his research of algebraic numbers.

Lattice theory became securely rooted in the field of abstract algebra. The Amer-
ican mathematician Garrett Birkhoff, who studied abstract algebra and group theory,
published a series of papers in the 1930s, as well as the book Lattice Theory in 1940
which converted lattice theory into a major branch of abstract algebra. Birkhoff used
contributions both from Charles Sanders Peirce and Ernst Schroder, and showed that
lattice theory could provide a unifying framework for various unrelated developments
of mathematics.

Distributive lattices were among the first lattices to be considered, and are there-
fore the most extensive and well-researched subportion. Because of this, mathemati-
cians find it easier to work with lattices after developing a strong grasp on distributive
lattices. Distributivity has provided the motivation for many results in general lat-
tice theory, and as well, weakened forms of distributivity have been used to prove
conditions on lattices and on lattice elements. (For more information, see [6])

In sections two through four, we will introduce the notions of partially ordered sets,
lattices, and rings, giving definitions, properties, and examples for each. In section
five, we will describe and categorize functions that exist between different lattices.
Section six will show an alternate method of describing a relationship between lattice
elements. In section seven, we will consider different types of lattices, giving methods

of distinguishing between them and examples of these types. Finally, section eight



will introduce functions between posets (and between lattices) known as adjoints, and

describe properties of these adjoints.

2 An Introduction to Posets

In this section, we will introduce the concept of a poset and give definitions, examples,
and properties of partial orderings and posets. We will prove an important theorem

that will give us the ability to establish properties of lattices.
Definition 2.1. A binary relation < on a set P is called
(i) reflezive if a < a, for all a € P
(i) antisymmetric if a < b and b < a imply that a = b
(iii) transitive if a < b and b < ¢ imply that a < ¢
(iv) a partial ordering if it is reflexive, antisymmetric, and transitive.

Note that for antisymmetry, we can consider more than just two elements of P.

frg<ax; <...<z,1<uzp,thenaxg=21=...=2,_1.

Definition 2.2. A set P together with a partial ordering < is called a partially

ordered set or poset, and is denoted by (P; <), or merely P.

Like any mathematical structures, posets and partial orderings have certain prop-
erties that hold in all cases. For example, if (P;<) is a poset and () C P with <g

denoting the restriction of < to @, then () is a poset with partial ordering <g.
Examples 2.3. The following are examples of posets:

(1) (P(X); <), where P(X) is the set of subsets of a given set X. In this case, the
relation < is defined for Xy, X; € P(X) by X, < Xj if and only if X, C X;.



(2) (O(R™); C), where O(R") is the set of open subsets of the real numbers.
(3) (IdI(R); C), where Idl(R) is the set of ideals of a ring R.
(4) (P; <), where P ={0,a,b,1} and <= {(0,a), (0,b), (a,1),(b,1)}.

Since (P(X); C) is clearly a poset, we know that Examples 2 and 3 are posets
since O(R") € P(R") and Idl(R) C P(R). We will go into detail in later sections
concerning the definitions and properties of open subsets of R™ and ideals of a ring

R. In Example 4, we defined the relation < explicitly. We interpret this set as

(r,y) € < if and only if z <y

When referring to a general poset, we often refer to the set itself without explicit
reference to the relation.

There are many ways to express a poset, particularly when the underlying set
is finite. Our first option is to represent a poset P using a Hasse diagram, a visual

representation of both the set, and the relationship between items, defined as follows.

Definition 2.4. Let P be a poset, and let a,b € P. Write a < b if a < b and a # b.

Then a is covered by b, or b covers a, if a < b and there is no ¢ such that a < ¢ < b.

Definition 2.5. A Hasse diagram for a poset P is the graph (as defined by [2]) such
that its vertices are elements of P, its edges are sets {a, b} such that b covers a, and

it is drawn so that a is lower than b.

Definition 2.5 gives us the following Hasse diagram for Example 4 above.



With these beginning tools, we can now begin to demonstrate properties of posets.
We will first look at the concept of duality, and how it relates to posets. The following
is the Hasse diagram of “another” poset. We will see later that these posets are

intrinsically the same.

This is the poset (P°;<°) obtained from Example 4 by the following general
construction. The dual of a poset (P; <) is the poset denoted by (P°; <°) or just P°,
and defined by P° = P and x <° y if and only if y < x. Note that for every poset P,
(P°)° = P.

We can relate two elements of a poset with a partial ordering relation, deciding
which element, if either, is greater than the other. We can also define relations to

relate multiple elements, even entire subsets, of a poset.

Definition 2.6. Let (P; <) be a poset, H C P, and a € P. Then a is an upper bound
of H if h < a, for all h € H. An upper bound a is a least upper bound if a < b, for

all upper bounds b of H.



The least upper bound of H is also called the supremum or the join of H, and is
denoted by sup H and \/ H, respectively. By replacing instances of < with >, we get
the definitions of lower bound and greatest lower bound. The greatest lower bound of

H is called the infimum or the meet of H, denoted by inf H and A H, respectively.

Proposition 2.7. For every set P, if x € P and S C P such that for all y € P

(s <y, forall s € S if and only if x < y), then x =\/ S.

Proof. Since x < x by reflexivity, we know s < x, for all s € S, and so = is an upper
bound of S. Then, for every upper bound y, since s < y, for all s € S, it must be that

x < y. Thus, z is the least upper bound of S, and we conclude that x =\/ S. O

Similar to posets, the concepts of upper bound and lower bound are dual to each
other, because one can be obtained from the other by reversing the inequality. In
particular, @ = sup H in P if and only if a = inf H in P°. More generally, if ¢ is a
statement about posets, then the dual of ®, denoted ®°, is the statement obtained

by replacing all occurances of < with >.

Proposition 2.8. (Duality Principle) If ® is true for all posets, then ®° is also

true for all posets.

Proof. Suppose ® holds for all posets, and let P be an arbitrary poset. Since P° is a
poset, it follows that ® holds for P°. Then ®° holds for P, and thus ®° holds for all

posets. ]

With the concepts of meets and joins, we can demonstrate another method of
representing certain finite posets. For Example 4 above, we can create a meet table,
a join table, and a join/meet table, pictured below.

In Table 1, the intersection between any two elements will give the meet of these
two elements. Similarly, in Table 2, the intersection will give the join. In Table 3, we

combined the previous two tables since both are symmetric about a forty-five degree



AlO0O a b 1 V|0 a b 1 VAMAIO a b 1
0O]0 0 O O 010 a b 1 0 * 0 0 O
a |0 a 0 a ala a 1 1 a a x 0 a
b0 O b b b|b 1 b 1 b b 1 %« b
110 a b 1 1 /1 1 1 1 1 1 1 1 %
Table 1: ) Table Table 2: \/ Table Table 3: \/ / A\ Table

line, marked with stars. To find the meet of two elements, we use the intersection
that lies above the star line; to find the join, we use the intersection below the star
line.

Since () C P, for every poset P, we can consider inf ) and sup . We know that
inf (), if it exists, is the lower bound that is greater than every other lower bound.
But since every element of P is a lower bound of ), inf () is the element that is greater
than every element of P. Thus, inf ) = sup P. This element is also called top, written
T or 1. Dually, sup () = inf P is called bottom, written L or 0.

However, like with any subset, () may not have a meet or a join in P. For example,
the poset (Z; <) is one in which inf () and sup () do not exist.

We can show a dual relationship between least upper bounds and greatest lower

bounds.

Theorem 2.9. Let P be a poset. Then \ H exists, for all H C P, if and only if \| H

exists, for all H C P.

Proof. Let \/ K exist for all K C P, and let H C P. Then H' denotes the set of
lower bounds of H. Now, since H' C P and all joins of P exist, \/ H' exists.

Since m < h, for all m € H' and h € H, it follows that \/ H' < h, for all h € H,
and so \/ H' is a lower bound of H. To show that \/ H' = \ H = inf H, let a be a
lower bound of H. Then a < h, for all h € H. So a € H'!, and thus a < \/ H', as
desired.

By the Duality Principle, we get that if A H exists for all H, then \/ H exists for

all H. O



Since we have defined least upper bound and greatest lower bound, we can see

one type of a lattice:

Definition 2.10. A complete lattice is a poset P for which \/ H (or equivalently
/\ H) exists, for all subsets H C P.

In the following section, we will see how this changes if \/ and A exist only for

finite subsets. We can also consider functions between posets.

Definition 2.11. Let P and @ be posets. A function f: P — @ is order preserving,

or equivalently monotone, if a < b implies that fa < fb.

We will give examples of order-preserving functions in later sections.

3 An Introduction to Lattices

Now we can begin our inquiry into lattices. In this section, we will start with two
different definitions, one order theoretic and one algebraic, and then we will prove

that these definitions are equivalent.

Definition 3.1. A poset (P;<) is a lattice if sup{a,b} and inf{a,b} exist for all
a,b € P, or equivalently, if sup H and inf H exist for every finite nonempty subset H
of P.

There is also an algebraic approach to lattices, one that does not use the concept

of posets.

Definition 3.2. A set together with binary operations V and A is a lattice if
(i) vV and A are idempotent, i.e., aAa=a and aVa=a
(ii) V and A are commutative, i.e., aAb=bAaand aVb=>bVa

(iii) V and A are associative, i.e., (a Ab)Ac=aA(bAc)and (aVb)Ve=aV (bVc)
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(iv) V and A satisfy the absorption identities, i.e., aV (e Ab) =a and a A (aVb) =a

But since we have two definitions of lattices and only one concept, we are able to
prove that these two definitions are equivalent and can thus be used interchangably:.

First, we will relate the binary relations used in each definition.

Lemma 3.3. If L x L —= L is commutative, associative, and idempotent, then <*,

defined by a <* b < axb=>b, is a partial ordering on L and a x b = sup{a, b}.

Proof. We know a <* a < a*xa = a. But since * is idempotent, we know by definition
that a * a = a, and thus <* is reflexive.

Assume a <* b and b <* a. Since a <* b and b <* a, we know that a x b = b and
bxa = a. Since * is commutative, it follows that axb = bxa, and so a = bxa = axb = b,
as desired.

Assume a <* b and b <* ¢. We know that a xb = b and b * ¢ = ¢. Then, by

substituting b % ¢ for ¢ and b for a % b, and by associativity of %, we have:

axc = ax(bxc)
= (axb)x*c
= bxc
= c

Thus, a *x c = ¢, so a <* ¢, and thus <* is transitive.
To show that a * b = sup{a,b}, we know that a <* axb < a* (a*b) = ax*b.
We know already that * is associative, idempotent, and commutative. Consider the

following;:

ax(axb) = (a*xa)*b

= ax*xb



Similarly, for b <* a * b, we first have

bx(axb) = bx(bxa)
= (bxb)*xa
= bxa

= ax*xb

Then, a * b is an upper bound of {a,b}.
Now, assume we have ¢ € L such that a < c and b < ¢. Then a * ¢ = ¢ and

bx ¢ = c. Now, to show that a * b < ¢, we have the following:

(axb)xc = ax(bxc)
= axc
= ¢
Thus, a x b = sup{a, b}, as desired. ]

Next, we will show that our poset is an “algebraic semilattice”. However, we must

first define what this means.

Definition 3.4. Let (A; o) be a set with one binary operation o. Then (A4; o) is called
an algebraic semilattice if o is idempotent, commutative, and associative. A poset

(P; <) is a join semilattice if sup{a,b} exists, for all a,b € P. A meet semilattice is

defined dually.

Note that a poset is a lattice if and only if it is both a meet semilattice and a join
semilattice.

Now we can continue on to our proof.

Lemma 3.5. If (P, <) is a join semilattice, then (P,V) is an algebraic semilattice.



Proof. Assume (P, <) is a join semilattice, i.e., aVb = sup{a, b} exists, for all a,b € P.

To show that V is commutative, consider a V b. Then:

aVb = sup{a,b}

- Sup{ba CL}

= bVa.

Thus, V is commutative, as desired. Now, to show that V is idempotent, consider
a € P. Then we have that a V a = sup{a,a} = sup{a} = a, so V is idempotent.
Finally, to show that V is associative, first, we will show that a < b and

c<d=aVe<bVvVd Weknowthat a < b<bVd and c < d <bVd So
bV d is an upper bound of {a,c}. But since a V ¢ = sup{a,c}, a Ve < bV d, as
desired. Now, consider (a Vb) Ve <aV (bVc). To show this, since a < aV (bV c)
and b < bVe<aV(bVc), we have that a Vb < aV (bV ¢). Also, we have that
c<bVe<aV(bVe). Then since we have aVb < aV (bVe)and ¢ <aV (bVc),
so we get that (a Vb) Ve <aV(bVc). Similarly, consider aV (bV ¢) < (aVb) Ve
For this, we have a < (a Vb) < (aV b) Vc. Also, since b < (aVb) < (aVb)Vecand
¢ < (aVb)Ve, we have that bV e < (aVb)Ve. Thus, since we have a < (aVb)Vc and
(bVe) <(aVb)Ve wehave aV (bVe) < (aVb)Ve, as desired. Now, since we have
aV(bVve)<(avb)Vcand (aVb)Ve<aV(bVc),wehaveaV (bVec)=(aVb) Ve,

and thus V is associative. O]
Finally, we are ready to prove the equivalence of our two definitions of a lattice.

Theorem 3.6. (L, <) is a lattice with a A b = inf{a, b} and a V b = sup{a, b} if and
only if \,V are idempotent, commutative, associative, and satisfy the two absorption

identities.

Proof. Assume A,V are idempotent, commutative, associative, and satisfy the two

10



absorption identities. Define <V by

a<'beavb=5h

and define <, by

a<,beb<asbAha=a

Then by Lemma 3.3, <V is a partial ordering on L with a V b = sup{a, b}, and by the
duel of Lemma 3.3, <, is a partial ordering on L with b A a = inf{a, b}.
Now, we have assumed that a V (a Ab) = a and a A (a V b) = a. To show that

aVb=b= aANb=a,suppose aVb=>b. Then

anNb = aA(aVDb)

= a

To show that a A\b=a = aV b=0, suppose a A b =a. Then

avVb = bV (bAa)

= b

Thus, aVb=b< aAb=a,so (L, <) with < defined by a < b < (aVb=>band
aAb=a)is a lattice.

Now, assume that (L, <) is a lattice with a A b = inf{a, b} and a V b = sup{a, b}.
Then (L, <) is a V—semilattice, so by Lemma 3.5, we have that V is commutative,
idempotent, and associative. Similarly, A is commutative, idempotent, and associa-
tive.

To show that a V (a A b) = a, we know that a < aV (a Ab). And, since a < a and

a Ab < a, we have that a V (a Ab) < a. Thus, we get that a V (a Ab) = a.

11



To show that a A (aVb) = a, we first know that a A (aVb) < a. Then, since a < a

and a < a Vb, we know that a < a A (aVb). Thus, a A (aVb) = a, as desired. [

Consider the four examples in 2.3. Each of these examples is a complete lattice.

In Example 1, A A, =) A and \/ A, = |J A,s. For Example 2,

Vu.=u.

and since O(R") is closed under unions, we have that

AU = VIV C (U}

denoted ((U,)°, by the proof of Theorem 2.9. In Example 3, A A, = []Aa, and
VA, = YA, which will be defined in a later section. For Example 4,
AX = inf X and \/ X = sup X, for all X C P, as expected. So we must ask
ourselves: Is every poset a lattice?

By definition, every lattice is a poset. The following Hasse diagrams are examples

\4 /N

The first poset is a meet semilattice, but not a join semilattice. Dually, the second

of posets:

poset is a join semilattice, but not a meet semilattice. Finally, the third poset is
neither a meet semilattice nor a join semilattice. Thus, none of these three posets are

lattices.

12



4 An Introduction to Ring Theory

This section will develop a basis for working with rings and ideals of a ring. We will
begin by defining a ring and giving examples. Then, we will define different types of
ideals. We will prove certain properties about ideals, and define residuals. In a later

section, we will use this concept of rings and ideals to study lattices more in depth.
Definition 4.1. A ring is a set R with binary operations + and - such that

(i) (R,+) is an abelian group

(ii) a(bc) = (ab)e, for all a,b,c € R

(iii) a(b+c) = ab+ ac and (b + c)a = ba + ca, for all a,b,c € R

A ring is commutative if ab = ba, for all a,b € R. A ring has unity, also called a
ring with 1, if there exists an element 1 such that 1-a = a-1 = a. Such an element

is necessarily unique.

Examples 4.2. The following are rings. Unless otherwise stated, define + and - as

usual.
(1) (Z7 +, )
(2) (2Z,+, ), the even integers

(3) (Zn,+n,n), with Z, = {z € Z|0 < z < n — 1}, +,, defined as (z + y) mod n,

and -, defined as (z -y) mod n

(4) ({0}, +,-), known as the trivial ring

Note that the only ring listed above without unity is Example 2. Unless otherwise

stated, all rings we consider will be commutative rings with 1.

Definition 4.3. An ideal of a ring is a nonempty subset I C R such that a +b € [

and ra € I, for all a,b € I and r € R.

13



One example of an ideal is a generated ideal. Let R be a ring, and let S C R.

The ideal generated by S, denoted (S), is the set

(S) = {Z TiS;

=1

riERandsiES}

Since () I, is an ideal for all ideals I,, this set is the smallest ideal that contains S,

and equivalently is

(S) = ({I € 1dI(R)|S C I}

Note that if S = {a} is a set with a single element, then (S) is called a principal ideal,

and is also written (a) or Ra.
Proposition 4.4. Let I be an ideal of a ring R. Then S C I < (S) C I.

Proof. Consider the following:

(YCI & rmsi+...+msp, €1, forallry,...,r, € Rand sq,...,8, € S
< sel, forall s €S, since [ is an ideal

s SCT

So we have (S) C [ < S C [, as desired. O
With this result, we can look at some properties of ideals.

Definition 4.5. For ideals I, J of a ring R, the product of I and J, written I - J or

equivalently I.J, and the sum, written I + J, are defined as
IJ={ijliel, je J}) I+J={i+jliel,jeJ}

Clearly I.J is an ideal by definition, and we note also that I 4+ J is an ideal.

Proposition 4.6. Let I, J, K be ideals of a ring R. Then

14



(a) I(JK) = (IJ)K

(b) IJ = JI

(c) IJCINJ

(d) I(J+K)=1J+IK

(e) ICJ=IKCJK

(f) I(JNK)CIJNIK

(g) ICK=I1+(JNK)=I+J)NK

Proof.

(a)

Since I, J, K are ideals, by Proposition 4.4, we know that

I(JK)=(i(jk)iel,je JkeK)

To show that I(JK) C (IJ)K, we need only show that i(jk) € (IJ)K, for all
iel, jeJ, ke K. Given i, k, we know i(jk) = (ij)k, since multiplication
is associative, and so i(jk) € (IJ)K. A similar proof is used to show that

(IJ)K C I(JK). Thus, I(JK) = (IJ)K.

To show that IJ C JI, we need only show that 15 € JI, foralli € I,5 € J. But
17 € JI since ij = ji. So IJ = JI, since the other subset inclusion is proved

similarly.

Take ij € IJ with ¢ € I and j € J. Since I and J are both ideals of R, we know
1,7 € R. Then, since ¢« € I and j € R, it follows that ij € I. Similarly, ij7 € J.
Thus, 25 e INJ. SolJ CINJ.

Suppose i € I, j € J, k € K. Then i(j + k) = ij + ik, and it follows that
[(J+K)=1J+IK.

15



(e) Let ik € IK, fori € [ and k € K. Then since I C J implies that i € J, and so

tke JK. Thus, I CJ=IK C JK.

(f) Let ir e I(JNK) withi el andr € JNK. Thenr e Jandr € K. Soir e IJ
and ir € IK. Thus, ir € [JNIK,andso [(JNK)CIJNIK.

(g) Let I,J,K € Idl(R) with I C K, and consider [ + (J N K). We know that
I+(JNK)CI+J. Since I C K, we have that I + (J N K) C K, and so
I+(JNK)C({UI+J)NK. Letre (I+J)NK. Thenr € K and r =i+ j, for
some ¢ € [ and j € J. Sot € K since [ C K. Then, since 1 € K and r € K, and

since K is an ideal, r — ¢ € K. Thus, since j € J and j = r — 7, it follows that

je€JNK,andsor € I +(JNK). Then we have that (I+J)NK = I+ (JNK).
[l

Definition 4.7. Let I and J be ideals of a ring R. Then the residuation of I by J,
written I: J, is the set

I:J={reRrJCI}

5 Lattice Homomorphisms

Like with any structure, we can study not only lattices, but also functions between

lattices. In this section, let L and M be lattices.

Definition 5.1. A function f: L — M is a homomorphism if
(i) flavb)= faVv fb,forall a,be L
(ii)) f(aAND) = fa N fb, for all a,b € L

Proposition 5.2. If f: L — M is a homomorphism, then f is order preserving.

16



Proof. If a,b € L with a < b, then a Vb = b and so f(a VvV b) = fb. Since f is
a homomorphism, f(a V b) = faV fb. Then we have that fa VvV fb = fb, so that

fa < fb. Thus, f is order preserving. O

Definition 5.3. A function f: L — M is an isomorphism if f is a 1-1 and onto
homomorphism. We say two lattices are isomorphic if there exists an isomorphism

between them.

Consider Examples 2.3. We saw the Hasse diagram of Example 4, and we saw
that this poset is a lattice. It is easy to see that this lattice P is isomorphic to its
dual P°. As well, both P and P° are isomorphic to P({1,2}). In fact, two finite

lattices are isomorphic if they have the same unlabeled Hasse diagram.

Proposition 5.4. A homomorphism f: L — M is an isomorphism if and only if

there exists a homomorphism g: M — L such that go f =idy and f o g =idy.

Proof. We know that f: L — M is invertible if and only if f is a bijection. It suffices
to show that if f is an isomorphism, then f~! is a homomorphism. Assume f is a

bijective homomorphism. Then we have

FUH@AFHO) = f(F @) AFFHD)

= aAb

= f(f(anb)

Then, since f is 1-1, f~'(a) A f71(b) = f~'(a AD). A similar equation holds for V, so

f~!is a homomorphism. O]

6 Properties of Lattice Elements

This section will give more detail about lattices. We will give relationships between

lattice elements, and categorize different lattice examples.
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First, we will look at lattice elements and how we can relate them to each other.

Definition 6.1. Let L be a complete lattice, and let a,b € L. Then a is way below b,
denoted a << b, if b <\/ S implies that a < \/ F, for some finite FF C S. If a << a,

we say that a is compact.

If S is nonempty, we can rewrite this as b <\/ .S implies that a < sV sa V...V sy,

for some s1,...,s, € S.
Definition 6.2. A nonempty subset S of a lattice L is:
(i) directed if x,y € S implies that x Vy € S
(ii) an ideal if S is directed, and if x € S and y < x implies that y € S

Note that if S is a directed set and a << b, then b < '\/ S implies that a < s for
some s € S. If S is an ideal, then b <\/ S implies that a € S.

The following are properties of complete lattices.
Proposition 6.3. Suppose a << b in L. Then
(a) a <b
(b)) b<c=a<<c
(c) c<a=c<<b

Proof. For (a), assume that a << b and let S = {b}. Then clearly b < \/S. Since
a << b, there exists sq,...,s, € S with a < s; V...V s,. But since S = {b}, by
letting n = 1 and s; = b, we get that a < b.

Now, for (b), suppose b < ¢, and let ¢ < \/ S, for S C L. Then since b < ¢ <\/ S,
we know b < \/ S. So, since a << b, it follows that a < s1V s3 V...V s, for some

S1,82,...,8, € 5. Thus, a << c.
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For (c), let b < \/ S, for S C L, and assume ¢ < a. Since a << b, we know

a<s1VsyV...Vs,, for some sq,$s,...,s, € 5. But, then we have

c<a<s51VsyV...Vs,

and it follows that ¢ << b. O
Proposition 6.4. Ifa << c and b << cin L, then aV b << c.

Proof. Assume that a << ¢ and b << ¢, and assume that ¢ <\/ S, for some S C L.
Then a < s1V sy V...V s,, for some s1,...,8, € S,and b <t; Vi, V...Vt,, for
some ti,...,t,, € S,andsoaVb<sVsV...Vs,Vt1VityV...Vt,, for these

S1y--ySpyt1, .oyt € 5. Thus, a Vb <<c. O]

Corollary 6.5. The set || b = {ala << b} is an ideal of L.

Proof. This follows directly from Propositions 6.3¢ and 6.4 [
There is a stronger relationship that elements of a lattice can have.

Definition 6.6. Let L be a complete lattice, and let a,b € L. Then a is completely
below b, denoted a <<< b, if, for every set S # (), b < \/ S implies that a < s, for

some s € S.

Remark 6.7. The concept of <<< has properties similar to those of << as described

in 6.3.
Proposition 6.8. Let L be a lattice with a,b € L. If a <<< b, then a << b.

Proof. Let S C L be a set such that b < \/S. Then, since a <<< b, we know that

a < s, for some s € S. So we have that a << b. O

We can categorize which elements are way below and completely below other

elements in certain lattices.
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Example 6.9. Consider P(X), where X = R. Let A4; = 3N = {3,6,9,...} and
B = N. We know that B C |JS, for S = {{1},{2},{3},...}. But since A; has
multiple elements, and each C' € S has only one, there does not exist any C' € S such
that A; C C, so A; <£< B.

Now let Ay = {5,10,15,...,100} and let

S ={{1,2,...,10},{11,12,...,20},...,{10n — 9,10n — 8, ..., 10n},...}

But since 5 € {1,2,...,10} and 15 € {11,12,...,20}, again, we find that there does
not exist any C' € S such that Ay C C, so Ay <£< B.

Finally, let A3 = {26}, and consider S from the first example. Then 26 € {26},
so A3 C {26}, and thus A3 <<< B. Now consider S’ from the second example.
Then 26 € {21,22,...,30}, so A3 C {21,22,...,30}, so again A3 <<< B. Finally
let S” ={2Z,{...,—5,-3,—1,1,3,5,...}}. Then since 26 € 2Z, A3 C 27Z, and so

Az <<< B.

Proposition 6.10. In P(X), A <<< B if and only if A =0 or A= {zx}, for some

T € B.

Proof. Assume A <<< B. We know, then, that B C |JS = A C C, for some C' € S.
Let S = {{b}|b € B}. Then B C |JS. Then we have that A C C, for some C € S.
But then since each C' € S is some set {x} C B, it must be that A =0 or A = {z},
for some x € B.

Note that if A = (), A <<< B since the empty set is completely below everything.
Assume that A # () and A = {z}, for some x € B. To show that A <<< B, let
B C S, for some set S. Then z € |JS, so z € C, for some C' € S, and it follows
that {x} C C, for some C' € S. Then, since A = {z}, we have that A C C, for some

ces. O
Example 6.11. Again, consider P(X) where X = R. Let A; = 2N = {2,4,6,...}
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and B = N. For S = {{1},{2},{3},...}, we know that B C |JS. But since
A; is infinite, there does not exist any finite set {Cy,Cs,...,C,} C S such that
A CCLUCyU...UC,. Thus, A, € || B.

Let Ay ={1,2,3,...,10}. We will show for multiple S that

BQUS:>A2§01UC’2U...UON

for some C,...,C, € 5.

(1) Consider the same S as in the previous example. Then, letting C; = {i}, for

?::1,2,...,10, we have that AQQC&UCQU...UCH].

(2) Now let S = {2Z,{...,—3,—-1,1,3,...}}. So we have that B C |JS. Then,
lettlng Cl = 27 and 02 = { cey —3, —]_, ]_,37 .. .}7 AQ - Cl U CQ.

(3) Finally, let S = {{1},{1,2},{1,2,3},...,{1,2,...,n},...}. Then clearly
B g US Let Cl = {1,2,,10} Then AQ g Ol'

Proposition 6.12. In P(X), A << B if and only if A is a finite subset of B.

Proof. Assume A << B and let S = {{b}|b € B}. Then clearly B C |JS. So
AC{b}U{b}U...U{b,}, for some by ...,b, € B. Then A is finite since

(YU b} UL U b} = {bi,ba, ... b}

Now assume A # () and A C B with A finite, and let B C [JS. Then A C |JS.
Since A is finite, we can write A = {aq, as, ...,a,}, foray,...,a, € A. Since A C |J S,
we know that for each a; € A, there exists some C; € S such that a; € C;. Thus,

ACCiUCyU...UC,, for C4,...,C, € 5,80 A<< B. O

We can classify the elements of the lattice (Idl(Z);C) that are way below and

completely below each other. First recall that I € Idl(Z) if and only if I = nZ, for
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n € Z , and that nZ + mZ = ged(m, n)Z (see [7]). First, we look at the way below

relationship.
Proposition 6.13. mZ << nZ if and only if n|m.

Proof. If mZ << nZ, then mZ C nZ, and so n|m.

If n|m, then mZ C nZ, so it suffices to show that nZ << nZ. Suppose

nZ. C ZnaZ

a€A

Then n = ng, k1 +...+naykn, where n,, € Zand k; € Z. Son € ng, Z+ ... +nu\ 2,

and thus nZ << nZ. So by Proposition 6.3c, we conclude that mZ << nZ. O

Now, for completely below, we begin with two examples, which we will generalize

and prove later.
Examples 6.14.

(1) Let m = 0 and n = 2. Then mZ = {0} and nZ = {...,—4,-2,0,2,4,...}.
Then nZ C \/ S, for S = {3Z,5Z}. Note that \/ S = 3Z + 5Z = Z. Then since
{0} C 3Z, we know mZ C I, for I € S. Similarly, for any nonempty set S of

ideals, since 0 € I for every ideal I, this result can be generalized.

(2) Let m = 6 and n = 2. Then mZ = {...,—18,-12,—6,0,6,12,18,...} and
nZ=A{...,—6,—4,-2,0,2,4,6,...}. Now consider nZ C \/ S, for S = {127, 147Z}.
Then \/ S = ged(12,14)Z = 2Z. But 6Z € I, for any I € S, and so 6Z is not

completely below 27
Proposition 6.15. mZ <<< nZ if and only if m = 0.

Proof. Let m = 0 and suppose nZ C \/ S, where S = {n,Z|a € A}. Then equiva-
lently, nZ C Y,ecanoZ. But since 0 € n,Z for all «, it follows that mZ C n,Z, for all

a. Thus, mZ <<< nZ.
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Now, suppose mZ <<< nZ. Then n|m since mZ C nZ. Now, let p,q be prime
numbers such that p # ¢ and p,q f m. Consider the set pnZ + qnZ. Recall that
pnZ + qnZ = ged(pn, qn)Z. But since p and ¢ are prime and thus relatively prime,
ged(pn,qn) = n. So pnZ + qnZ = nZ. Then mZ C pnZ or mZ C gnZ. This
means that either pn|m or gn|m. But by our choice of p and ¢, each of these are an

impossibility if m # 0. Thus, it must be that m = 0. O]

Recall for the remaining propositions that all rings are assumed to be commutative

rings with 1. First, we can categorize ideals of a ring.

Lemma 6.16. For all I € IdI(R),
I=> Ra
acl

Proof. Let I € Idl(R), and let z € I. Since 1 € R, 1z € Rz, so x € X,crRa.
Now let © € Y,crRa. Then x = ria; + reas + ... + rypa,, for rq,...,r, € R and
ai,...,a, € I. But since aj,as, ...,a, € I, and since I € IdI(R), we have that = € I.

Thus, we can conclude that I = ¥,c;Ra, for all I € IdI(R). O
Lemma 6.17. Let R be a ring with a € R. Then Ra is compact.

Proof. Let Ra C ¥,J,. Since a € ¥,J,, we know that a = r;+...+1r, where r; € J,,

for some a4, ...,a,. Thus,
a € ZJ%. and so Ra C ZJ%.
i=1 =1
by Lemma 4.4. Therefore, Ra << Ra. O]

Consequently, for a € I, Ra C I, and so Ra << I.

We can categorize and relate << for ideals of a ring just as we did before with

P(X)
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Proposition 6.18. In IdI(R), I << J if and only if [ C Ray + ...+ Ra,, for some

A1y . 0n € J.

Proof. Suppose I << J. Since J C ¥,c;Ra, by Lemma 6.16, we know
I C Ray + Ras + ...+ Ra,, for some aq,...,a, € J

Suppose I C Ray + ...+ Ra,, for ay,...,a, € J. Since Ra << Ra, for all a € R
by Lemma 6.17, we know Ra; + ...+ Ra, << Ra; + ...+ Ra,, by Propositions 6.3b
and 6.4. Again by Proposition 6.3b, Ra; + ...+ Ra, << J. Finally, by 6.16 and 6.3c,
I << J. [

7 Types of Lattices

There are several different types of lattices, many of which we will be considering

later.

Proposition 7.1. Let L be a lattice. The following are equivalent:
(a) (xANy)V(xANz)=xA(yV=z), forall z,y,z € L

(b) (xVy)AN(xVz)=zV(yAz), foralz,y,z €L

Proof. Assume (a) holds. Then we have:

@Vy)A(zVz) = (zVy) Az)V (@ Vy)Az)
= a2V (zA(zVy))
= zV((zAZ)V(zAY))
= (xV(zAz))V(zAy)
= zV(zAY)
= 2V (yAz)
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Thus, (a) implies (b). Dually, (b) implies (a). O

Definition 7.2. A lattice L is distributive if (x Ay)V (x ANz) = x A (yV z), or
equivalently, if (zVy)A(zVz)=xV(yAz), foral z,y,z € L. Lis modular if z > z

implies that (z Ay)Vz=zA(yV z).

Note that for a distributive lattice L with x,y, 2z € L such that x > 2, we have

(xAy)Vz = (xVz)A(yV=z)

= A (yV=2)

Thus, distributivity implies modularity.

Remark 7.3. In the modular law, we can replace z with z A z to get a more general

form: (x Ay)V(xAz)=xA(yA(zAz)).

The lattices P(X) and O(R") are distributive lattices, since it is easy to see that
AN(BUC)=(ANB)U(ANCQC), for all sets A, B,C. By Proposition 4.6g, Idl(R)
is modular for all commutative rings with 1, but is not, in general, distributive. In
fact, by Theorem 6.20 of [8], a Noetherian integral domain is distributive if and only
if it is a Dedekind domain.

We can categorize exactly the lattices that are distributive and modular. But

first, we need a definition.

Definition 7.4. Let L be a lattice with A C L. Then A is a sublattice if x,y € A

implies that xt Vy € Aand x Ay € A, i.e., A is closed under the operations V and A.

Note that A C L is a sublattice if and only if the inclusion function i: A — L is
a homomorphism.

For example, consider the lattice P({1,2,3}) and the subset A, pictured below.
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||{1 2,3} {1,2,3}
Qp {3}

0

Then clearly A is a subset of P({1,2,3}), but {1} € A and {3} € A, so {1} U {3}
should also be in A. However, {1} U {3} = {1,3} € A, so A is not a sublattice of

P({1,2,3}).
Theorem 7.5. (M3N; Theorem) Let L be a lattice.
(a) L is non-modular iff L has a sublattice isomorphic to Nj

(b) L is non-distributive iff L has a sublattice isomorphic to Ms or Ns.

Proof. (a) Note that if L has a sublattice isomorphic to Ny, then since Nj is non-
modular, L is non-modular. Assume L is not modular. Then we have elements
dye,f € L such that d > f and (dAe)V f#dA(eV f). If d = f, then we have
(dNe)V f=(fANe)Vf=fanddA(eV f)=fA(eV [f)=f,soit must be that
d>f.

Now let u = (dAe)V fand v = d A (eV f), and note that d A e < d and
dNe<e<eVf. Sowehavethat dVe <dA (eV f). Similarly, since f < d and
f < (eV f), wehave that f < dA (eV f). Thus, u = (dAe)V f <dA(eV f)=n.

But we already have that u # v, so it must be that u < v.
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We will show that the following is a sublattice of L.

1

We have that

eNv = eA((eV f)Ad)
= (en(eV [f)ANd

= eAd

and

eVu = eV ((end)V )
= (ev(end))V f

= eVf

Now, consider

dhe=(dNe)ANe<uNe<vAe=dAe

and

eVf=evVu<eVv<eV(eVf)=eVf

Thus, since d Ne < uAe < dAe, we have that u Ae = d A e = v Ae. Similarly,
we have vVe =eV f =uVe. Thus, sinceuVe=vVeand uAe=uvAe, wecan

conclude that L has a sublattice isomorphic to Njs.
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(b) Note that if L has a sublattice isomorphic to M3 or Nj, then L is not distribu-
tive since neither of these lattices are distributive. Also, if L is non-distributive and
non-modular, by (i) L has a sublattice isomorphic to N5. So it suffices to show that
if L is a modular, non-distributive lattice, then L has a sublattice isomorphic to M3.

Let L be modular and not distributive. Then, for all a,b,c € L, we know that
a > c implies that (a Ab) Ve = a A (bVc), and there exist d,e, f € L such that
dN(eV f)# (dNe)V (dA f). Note that since dANe < dand dhe <e<eVf,
then d Ae < dA(eV f). Also, since dA f < dand dA f < f < eV f, we have
that dA f <dA(eV f)andso (dAe)V (dA f) <dA(eV f). Thus, since we know
dN(eV f)# (dNe)V (dA f), we can conclude that (dAe)V (dA f) <dA(eV f).

Now, we define

p = (dAe)V(eANf)V(fAd)

¢ = (dVe)A(eV f)r(fVd)
u = (dAq)Vp
v o= (eAq)Vp
w = (fAQVp

We will show that the following is a sublattice of L:

Clearly, p < u, p < v, and p < w. We can also prove that p < ¢. So,
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u < (dANq)Vq = q, and similarly v < ¢ and w < ¢. Then since L is modular,

we have that d A ¢ =d A (eV f). We also have that

dAp = dA((enf)V(dne)VI(dATS)))
= (@dnr(enf))vdne)V(dAf))

= (dNe)V (dAf).

The second equality holds since L is modular. So, since dAq # dAp, p # q. Thus,

p < q. To show that u A v = p, we have

uhv = ((dAq)Vp)A(eAq)Vp)
= (((eAg)Vvp)A(dAg) VP
= ((gn(evp) A(dAg)) Vp
= ((evp)A(dAg))Vp
= (dnr(evf))A(eV(fAd))Vp
= (@A ((evVf)A(eV(fAd))Vp
= (@A (((eV)AN(fAd)Ve)Vp
= (@A ((fAd)Ve)Vp
= (dne)V(fAd)Vp

= P

The second, third, seventh, and ninth equalities hold since L is modular. Similarly,
vAw =wAu=p. By similar calculations, v Vv =vVw = w V u = q. Note then

that if any pair of u, v, w, p, g are equal, then p = ¢, an impossibility. O

Since a distributive lattice has no sublattice isomorphic to Ns, if a lattice is dis-

tributive, it is modular.

29



We have seen complete lattices in Section 2, and now we have seen distributive

and modular lattices. There are several other types of lattices as well.
Definition 7.6. A lattice L is

(i) bounded if \/ L and A L exist, i.e., if T and L exist in L.

(ii) complemented if L is bounded, and if, for every a € L, there exists a’ € L such

that aVa' =T and a Ad’ = L. We say that a’ is a complement of a.

(iii) a Boolean algebra if L is a complemented, distributive lattice.

Note that P(X) is a Boolean algebra with T = X, L = (), and A’ = X\ A, for
every set A C X. The lattices Idl(R) and O(R") are clearly bounded, but are not

generally complemented, and hence not Boolean algebras.

Proposition 7.7. Let L be a Boolean algebra, and let a € L. If b is a complement of
a, and c is a complement of a, then b = c. In other words, complements are unique

in Boolean algebras.

Proof. 1f b and ¢ are complements of a, then bVa =T =cVaand bAa =1L =cAa.

Then we have that:

b = bAT
= bA(aVe)
= (bAa)V (bAc)
= LV(bAc)
= (cAa)V(cADb)
= ¢cA(aVb)

= cNT
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Thus b = ¢ and so complements are unique. O]

Proposition 7.8. De Morgan’s Laws Let L be a complemented, distributive lattice.

Then (a ANb) =a' Vb and dually, (aV b) =da' ANV, for all a,b € L.

Proof. Consider the following.

(aAb)V(dVY) = (aV(dVE)ADV(d VD))
= ((avd)VV)A(dV(bVD))
= (TVV)A(VT)
= TAT

= T

(aAb)A (@ VYY) = ((anb)Ad)V ((aNb)AY)
= (OA(and)V(aN(DAY))
= (bAL)V(anl)
= 1lvl

= 1

Thus, (a Ab)V (a' V) =T and (a Ab)A(a' V)= 1,80 (aANb) =d VY. O
We can categorize exactly the finite lattices that are Boolean algebras. To do this,

recall the definition of cover from Definition 2.4, and consider the following.

Definition 7.9. Let L be a lattice with L € L. Then a € L is an atom if a covers

L. The set of atoms of L is denoted A(L).

Lemma 7.10. If L is a finite Boolean algebra, then a = \/{x € A(L)|z < a}, for all

a€ L.
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Proof. If a = L, then {z|x <a} =0, and so L =\/ 0 = \/{z|r < a}. If a is an atom,
then {z|z < a} = {a} since a is an atom, and so a = \/{z|z < a}.
Suppose a # |, and a is not an atom. Then there exists some b € L such that

1 < b < a. Now we have:

a = alNT
= aN(bVD)
= (aAb)V(aNl)

= bV (aAl)

So a = bV e, where ¢ = a A V. By assumption, L < b < a. To see that L < ¢ < a,
assume ¢ = 1. Then we have that a = bV ¢ =0V L = b, contradicting that b < a,
so ¢ # 1. Now, assume ¢ = a, so we have a Ab = a and so a’ Vb= a' by 7.8. Then
b<aand b<da,sob<aAd =1 and thus b = 1, a contradiction, so ¢ # a.

Then L < b,c < a. If b and ¢ are atoms, then a < \/{b,c} < \/{z]zx < a} < a,
as desired. If b and ¢ are not atoms, repeat this process substituting a for b and ¢
until they can be written as the joins of atoms. We know we will eventually reach

this point since L is finite. Then, a is the join of atoms, so a = \/{z|z < a}. O

Proposition 7.11. A lattice L is a finite Boolean algebra if and only if L is isomor-

phic to P(X), for some finite set X.

Proof. First we show if L is isomorphic to P(X), for some set X, then L must be a
Boolean algebra. Note first that Tpx) = X and Lp(x) = 0. Suppose f: P(X) — L
is an isomorphism. Then fX < T, = f(A), for some A since f is onto. Then
fHX < f7Uf(A), so X C A and thus A = X. So Ty = f(X). The proof that
f(0) = L is similar. Finally, for L to be a Boolean algebra, it must be distributive

and complemented. To see that it is distributive, consider the following:
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an(bve) = fflan(ffbv )
= f(flan(foUfle)
= f((fTanfTo)u(fan fe)
= (fflanffo)v(fflanff e

= (anb)V(aAc)

To see that L is complemented, let a € L. Then since f is onto, there exists some
A€ P(X) such that a = fA. Soa N f(A)=fANf(A)=f(ANA)=f0) =1,
and aV f(A") = fAV f(A) = f(AUA") = f(X) = Tg. Thus, f(A') =d and so L
is complemented.

Now let L be a finite Boolean algebra with X = A(L), and define f: L — P(X)
by fa = {x € X|xr < a}. To see that f is 1-1, let fa = fb, for some a,b € L. Then

{r € X|z <a}={x € X|xr <b}. So we have

\VA{z e Xz <a} = \/{z e Xz <b}

and so a = b by Lemma 7.10. To see that f is onto, let S = {z1,...,z,} C X, and
let a =2, V...Va,. Clearly, S C fa since z; < a, fori=1,...,n, and so x; € fa.

Let x € fa. Then z is an atom such that z < a. So
r=xANa=xzA(x1V...Vx,)=(@xAx)V...V(TAx)

Since x # L, we know that there exists some ¢ such that x A z; # L. Then for this 7,
1L <axAx; <z, soit follows that = A z; = x since x is an atom. But then x < z;, so
it must be that x = x; since z; is an atom, and thus z € S. Then S = fa, and so we

have that f is onto.
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To show that f is a homomorphism, we must prove the following:
(a) flaAb) = far fb
(b) flavbd)= fauU fb

First we show that f is order preserving. Assume a < b and consider
fa = {z|zr < a} and fb = {z|x < b}. Since x < a for each x € fa, by transi-
tivity, we have x < b, so x € fb. Thus, fa C fb, and so f is order preserving.

For (a), since f is order preserving, we need only show that fa N fb C f(a A D).

Consider the following:

r € fanfb = x<a,r<b, and z is an atom
= z<aAband zis an atom

= x€ flanbd)

Similarly in (b), since f is order preserving, we need only show that

flaVvd) C faU fb. Consider the following:

z€ flavb) = x<aVbandzisan atom
= x=xA(aVDb)

= x=(xAa)V(zAb)

Then since z # L, x Aa# LoraANb# L. Ifx Aa# L, then L <z Aa <z, s0
x A a = x and thus x < a. So we have that x € fa and thus x € fa U fb. Similarly,
if t Ab# L, then x € fband so z € faU fb.

So, we have that f is a 1-1 and onto homomorphism, and thus L is isomorphic to

P(X), as desired. O
Definition 7.12. A lattice L is
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(i) algebraic if it is complete and if every element is the join of compact elements.
(ii) continuous if it is complete and z = \/{y|ly << z}, for all x € L.
(iii) completely continuous if it is complete and = = \/{y|ly <<< z}, for all = € L.

Note that there are certain relationships between lattices. We have seen already
that a distributive lattice is a modular lattice. By definition, a Boolean algebra is a
complemented lattice and a distributive lattice, and similarly a complemented lattice
is a bounded lattice. To see that an algebraic lattice is a continuous lattice, assume L
is an algebraic lattice and let x € L. We have that \/{y|ly << z} < z, since y << z
implies that y < z. Now, since L is algebraic, z = \/{a|a << a,a < z}. But since,

for each a in this set, a << a and a < x, a << x. Thus,
{ala << a,a <z} C {yly <<z}, and so \/{a|a <<a,a<z}< \/{y|y <<z}

So x = \{yly << x} and L is continuous. To see that a completely continuous
lattice is a continuous lattice, let L be a completely continuous lattice, let x € L be

arbitrary, and consider the following:

r = \/{a!a <<< z}
\/{a!a << x}

T

IN

IN

Thus, since = < \/{a|la << z} < z, we have that x = \/{a|la << z}, and so L is
continuous.
The following are examples of continuous lattices from the posets we introduced

in Example 2.3. Clearly,
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is continuous. We will see that the other three examples, introduced in 2.3, are as

well.

Definition 7.13. Let r € R, c € R" and U, FF C R". Then
(i) Dy(c) ={x € R" |||z — ¢|| < r} is called an open disk.
(ii) Dy(c) ={a € R" | ||a —c|| < r} is called a closed disk.

(iii) ¢ is an interior point of U if D,.(c) C U, for some r € R,

(iv) U is open if every element of U is an interior point of U.
(v) F'is closed if its complement R™\ F' is open.

Note that D,(x) is open, and D,(z) is closed. One can also show that D,(z) is a

compact subset of R" since it is closed and bounded (see [11]).
Proposition 7.14. The set O(R™) of open subsets of R™ is a continuous lattice.

Proof. First, note that, for all U € O(R"), \/ U, = |J U, since |JU, is clearly open,

and so O(R™) is complete. By Theorem 2.9,

At = (M) =U{w e o

WgﬂUa}

It is easy to show that each of these are open sets, and so O(R") is complete since all
meets and joins exist in the lattice. Let V' € O(R™) be arbitrary, and consider the set
U{U|U << V}. By Proposition 6.3a, we have that U << V = U <V, thus, for all
VeOR"), V2OIHU|IU << V}. Let x € V. Since V is open, we can find an r € N
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such that D,(z) C V. Let U = Dz (z). Then U C Eg(x) C D,(z) C V. Since Eg(x)
is compact, we have that U << V by Proposition 6.3, and so V' C (J{U|U << V'}.

Then, O(R™) is continuous. O
Proposition 7.15. P(X) is completely continuous, and hence continuous.

Proof. First note that P(X) is complete with \/ A, = |J A, and A\ A, = [ A,, for
all A, C X. Let B € P(X). By Proposition 6.10, we found that A <<< B if and
only if A= {z}, for z € B. Since B = |J{{b}|b € B} = |J{A|A <<< B}, it follows

that B = [J{A|A <<< B}, and so P(X) is completely continuous. O

Proposition 7.16. Idl(R) is algebraic, and hence completely continuous and contin-

Uuous.

Proof. We first note that Idl(R) is complete with

Nlo=()laand \/I.=) 1

acA

By Lemma 6.16, we have that I = ¥{Rala € I}, for all I € IdI(R), and by Lemma
6.17, we have that Ra is compact. Thus, every I € Idl(R) is the join of compact

elements, and so Idl(R) is an algebraic lattice. O

Let r < s. We showed in Proposition 7.14 that D,(z) << D(z), and similarly
one can show that there exists a set W such that D,(z) << W << Dy(z), namely
W = DTTJFS(C). In fact, for all open sets U << V, we can find an open set between

them. We will see that every continuous lattice satisfies this property.

Lemma 7.17. Suppose I and J are ideals of a complete lattice L. If I C J, then

VI<VJ.

Proof. Let i € I. Then, since I C J, we have that i € J. Soi < \/J. Then, since

i <\/J, for all i € I, we conclude that \/ I <\/ J. O
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Lemma 7.18. Suppose {Is}ses is a family of ideals of a complete lattice L, and
I= U I is an ideal of L. Then \/ I = \/{\/ Ls|s € S}.

SES

Proof. Note that for every set X, we have that \/ X <biff z <, for all x € X. Let
i € I. Then there exists s € S such that i € I,. Soi <\/ I, < \/{V L|s € S}. Thus,
VI<V{V s €S}

Now let z € {\/ I,|s € S} be arbitrary. Then there exists s € S such that x = \/ .
Note that Iy C I, so by Lemma 7.17, we can see that x = \/ Iy < \/I. Then, since
x < \/ I, for all x € {\/ Is|s € A}, we have that \/{\/ Is|s € A} < \/ I, as desired.

Then, we conclude that \/ I = \/{\/ Is|s € A}, as desired. O

Proposition 7.19. Let L be a continuous lattice, and let a,b € L with a << b. Then

there exists ¢ € L such that a << ¢ << b.

Proof. First, fix a,b € L with a << b, and define
I ={z|zr << c << b, for some c € L}.

We claim that [ is an ideal of L. Note that 1 € [ since 1 << a << b, and thus
140

Suppose x € I with y < z. Then there exists ¢ € L such that r << ¢ << b.
So, by Proposition 6.3c, we have that y << ¢ << b, so y € I. Now, let x € [ and
y € I. Then there exists ¢ € L and d € L such that x << c << band y << d << b.
Then by Proposition 6.3c, since ¢ < ¢V d and d < ¢V d, we have that r << ¢V d
and y << ¢V d. Also, by Proposition 6.4, since ¢ << b and d << b, we have that
cVd << b. Again by Proposition 6.4, since x << ¢V d and y << ¢V d, we have that
xVy << cVd. Thus, since zVy << cVd<<b, we have that x Vy € I. So clearly,
I is an ideal.

Now, since L is continuous and by Lemmas 7.17 and 7.18, we have the following
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system:

b < \/{c|c << b}

= \/ {\/{m|x << c}le<< b}
- \/ {\/{x|x << ¢ << b, for some c € L}}

:\/]

Thus, we have that b < \/I. Then, since I is an ideal, and a << b, a € I. So, we

have that there exists ¢ € L such that a << ¢ << b, as desired. O

8 Adjoints Between Posets

In addition to lattices and lattice elements, we can also consider functions between

lattices. First, we consider functions between posets.

f
Definition 8.1. Let P and () be posets, and let P?Q be order-preserving maps.

Then f is left adjoint to g, denoted f 4 g, if fr <y x<gy, forallz € P,y € Q.

Equivalently, we say that ¢ is right adjoint to f. We will prove an equivalent

definition.

f
Proposition 8.2. Let P?Q be order-preserving maps. Then f - g if and only if
(a) fgy <y, VWEQ
(b) x < gfr, Vr € P
Proof. Assume f - g, and let y € @ be arbitrary. Then, since gy € P and gy < gy
by reflexivity of <, we have that fgy < y. Now, let x € P be arbitrary. Then since
fr e @ and fx < fx by reflexivity of <, we have that z < gfz.

Now assume that fgy < y, for all y € @, and x < gfz, for all x € P. Now,

if fr <y, we have v < gfr < gy since g and f are order preserving. Then, if
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x < gy, we have that fr < fgy < y again since f and g are order preserving. So, by

transitivity, we have that for <y < x < gy, and so f - g. m

(=)
For example, (—) - ¢, for P(R) ——= IdI(R), by Proposition 4.4.
Next, we show that right adjoints (dually, left adjoints) are unique, and preserve

all greatest lower bounds (dually, least upper bounds).

g1
Proposition 8.3. Let P=—/—=Q . If f 4 g1 and f g, then g1 = g.

g2

Proof. Let f, g1 and g, be as described, and let f 4 g; and f - go. Then we have:

(1) fr<y<ez<gy.
(2) fr<y ez < gy

Now, by reflexivity of <, we have that g1y < g1y, so by (1), we know fgy < y. Thus,
by (2), we have that g1y < goy. Similarly, we can conclude that goy < ¢1y. Now,

since g1y < goy and goy < g1y, for all y € @), we have g; = go, as desired. O

/
Proposition 8.4. Let P?Q with f 4 ¢g. If S C P and \/ S exists in P, then
f(VS) =V [fS. Dually, if S C Q and \ S exists in Q, then g(\S) = A\ gS.

Proof. Given y € Q),

fs<y, forallse S < s<gy, forallse S (1)
& \/S<gy (2)
e f\V/9) <y (3)

We get (1) and (3) by definition of f - g, and (2) by definition of \/. Thus, by
Proposition 2.7, f(\/ S) =V fS, and so f preserves \/. O
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We can expand this to a stronger proposition.

Proposition 8.5. Let f: P — Q with P and Q) complete. Then f has a right adjoint

if and only if f preserves \/. Moreover, the right adjoint is given by

gy = \/{zlfz <y}

Proof. Assume that f has a right adjoint. Then by Proposition 8.4, f preserves \/.

Now assime f preserves \/. Define g: Q@ — P by gy = \/{z|fx < y}. Then

fay = f\VA{z|fz < y} = \/{fz|fr < y}, since f preserves \/. Since for each
a € {fz|fr < y}, we have a < y, we conclude that \/{fz|fx < y} < y and so

foy <.

Consider gfzx = \/{z|fz < fz}. Then, z € {z|fz < fz} since < is reflexive and

sox < \V{z|fz < fa} =gfa.
Thus, since fgy <y, for ally € Q and z < gfz, for all x € P, by Proposition 8.2,

we have that f 4 ¢ and so f has a right adjoint. O]
We conclude the following by duality:

Corollary 8.6. Let g: Q — P with P and @) complete. Then g has a left adjoint if

and only if g preserves \. Moreover, the left adjoint is given by

fe = Nyle < gy}

Proposition 8.7. If X and Y are sets, and f: X — Y s a function, then
(a) f: P(X)— P(Y) preserves | J
(b) f~1: P(Y) = P(X) preserves |J and

(c) fAfT
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Proof. First, we show that f 4 f~'. Let B€ P(Y)and y € f(f~'(B)). Theny = fz,
for some x € f~!(B). But, since x € f~!(B), we know that fx € B, and so y € B.
Thus, f(f~%(B)) € B. Now let A € P(X), and x € A. Then fz € fA, and so
z € f7H(f(A)). Thus, A C f~*(f(A)). So by Proposition 8.2, we have f 4 f~'. Then
by Proposition 8.4, f preserves | J, and by the dual of Proposition 8.4, f~! preserves
N

To show that f~! preserves |, consider the following:

a:ef‘1<UBa) & frelJBa
& fx € B,, for some o
s zef1'B,
S Uf_lBa
Thus, [~ (U Ba) = U f 1 (Ba), and so f~! preserves | J, as desired. O

We can use adjoints to categorize complete lattices. Suppose P is a poset and
x € P. Let v ={y € Ply <z}. Then | defines an order-preserving function from

P to P(P), since < is transitive.
Proposition 8.8. The function |: P — P(P) is order preserving.

Proof. Let a,b € P with a <b. Then |a = {z|z < a} and | b = {z|zr < b}. But then
x <a<bforx € |la,so by transitivity, x < b. Thus, x € | b, and so J.a C|b. So, we

conclude that | is order preserving. O]

Proposition 8.9. |: P — P(P) has a left adjoint if and only if P is complete. In
this case, \/ 4.

Proof. Assume | has a left adjoint. Then there exists some f: P(P) — P such that
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f 4. So, for every set S € P(P), we have:

s<ux, forallse S < SClx

& fS<x

Then, since s < z, for all s € S & fS < x, we have that \/ S exists, and fS =1V 9,
and thus P is complete.

Now, assume P is complete. Then we know that for every S € P(P), we have:

\/Sgy & s<uy, forallse S

& SCly

So, since \/ S <y < S C| y, we conclude that \/ H J. ]
Proposition 8.10. Suppose P is a join-semilattice. Then
(a) | x is an ideal of P, for all x € P.

(b) }: P — Idl(P) has a left adjoint if and only if \/ I exists for all ideals I. In this
case, \/ 1 ].

Proof. Consider y € | x and let z < y. Since y € |z, y < z. Then, by transitivity,
z<xsoz€lx Now,lety,z€ |xz. Theny <z and z <z. SoyVz € |z by
definition of least upper bound. Then, since | x is downward closed and closed under
joins, L x is an ideal.

Suppose there exists some f: Idl(P) — P such that f - |. So, for every set

I € IdI(P), we have:

a<zx forallacel & IClx

& fI<x
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Then, since a < z, foralla € I & fI < z, we have that fI = \/I, and thus \/ I
exists for all ideals I of P.

Now assume \/ I exists for all ideals. Then we know that for every J C IdI(P),

we have:
/<2 & a<a forallacJ
& JClx
Thus, since \/ J < z < J C |z, we conclude that \/ - |. O

In a lattice L, we recall that |} = = {y € Ly << z}. Note that | z is an ideal by

Proposition 6.5.

Proposition 8.11. Assume \/ I exists for all I € Idl(P). Then \/: Idl(P) — P has

a left adjoint if and only if P is continuous. In this case, -/ .

Proof. Assume P is continuous. Consider |}: P — Idl(P), and let I € Idi(P). Then
I VI ={yly << VI}. Givena € {yly << I}, since [ is an ideal, a << \/ I
implies that a € I. So we have that || \/ I C I.

Now let x € P. Then \/ || x = \/{y|ly << x} = z since P is continuous. Thus, by
Proposition 8.2, |4/, so \/ has a left adjoint.

Assume there exists f: P — Idl(P) such that f 4 \/. First, we show fz C |z,
forall z € P. Let z € P, and assume a € fx. To show a << z, let x < \/ I, for some
I € Idl(P). Then since f is order preserving, a € fx = a € f\/I. But since f 4 V/,
we know f\/I C I, and soa € I. Thus, a << x, and we can conclude that fz C | z.

Now, since f 4 \/, we know that z < \/ fx. Then, since fz C | z, we know
Vfxr <V | x by Lemma 7.17. Since x < \/ fzr < \/ | = < z, it follows that

x =\ |z, for all z € P. Thus P is continuous. O

Propositions 8.10 and 8.11 give us that if P is a continuous lattice, then {-\/ - |,
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We can prove properties of functions between ideals of a ring. Recall that for

1,7 € IdI(R),

i=1

aiEI,biEJ} and I: J={r e R|rJ C I}

—J

Proposition 8.12. Suppose J € Idl(R). Then —J 4 —: J, where Idl(R) — TdI(R).
Proof. By Proposition 4.4,
IJCK & ({{ablael,beJ})CK

& abe K, forallael,be J

& aJ CK

& ae K:J forallael

< ICK:J
Then, since IJ C K < I C K: J, by definition, we have that —-J - —: J. O

Proposition 8.13. Consider P(X) and O(R™). Then —N B: P(X) — P(X) and
—NV:O[R") — O(R") have right adjoints.

Proof. Let A, B,C € P(X), and define the function B = — by B = C = (X\B)UC.
To show that —NB 4 B = —, assume that ANB C C' and let x € A. Then, if z € B,
we know that z € AN B, so z € C and thus z € (X\B)UC. Alternatively, if x ¢ B,
then 2 € X\B, and so x € (X\B)UC. Thus, ANBC (C = AC (X\B)UC. Now
assume A C (X\B)UC, and let x € ANB. Then z € A and x € B. But since z € A,

we know that z € (X\B)UC,sox € X\Borx € C. Since x € B, we know z € X\B,
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so it must be that x € C. Thus, these give us that ANB C C < A C (X\B)UC,
so by definition, —-N B 4 B = —.

By 8.5 we have that — N B preserves joins in P(X), and so

(UAQ) NnB=|J(A.nB)

In particular, we have that — NV preserves joins in O(R") from the proof in P(R").
So also by 8.5, — NV has a right adjoint, and if f(U) = U NV, we get that
gW) =U{U|f(U) C W}. Then we can find the right adjoint, V= —. So we have:

V=w = (JUlunvcwy
= Jw c ®\wvyuwy

= [R\V)uw}°

Then we have that —N B4 B = —in P(X),and —NV 4V = — in O(R"). O

We have shown in 8.9 and 8.10 that Idi(R), P(X), and O(R™) are each what is
known as a commutative quantale, i.e. a complete lattice () together with a com-
mutative, associative operation - such that a - (\/b,) = \(a - b,), for all a € @ and

{ba} € Q. For more on quantales, see [10].
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