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0. Introduction. It is well known that a R1emann1an space is called . symmetric
in the sense of Cartan or recurrent if the curvature tensor satisfies R ;in1=0 or
R%31=k1RY;j; Tespectively, where comma denotes covariant differentiation with respect
to the metric tensor g;; of the space and K1 is a non-zero vector. In previous papers
[1, 21V, we studied Riemannian spaces ¥, (n>>3) whxch sat1sfy
.1 _ Ciin,1=0 ‘
or ‘ . “ . - ) ‘ o

0.2) . C Cha, z"—:c‘iC",;;.

Tespectively, where m is a non-zero vector and C",,;, is the conformal curvature tensor,
‘that is,

(0. 3) ChijkERhijk'— 1

‘ V(thg- :;i—R*g, ik+ R;;0i— Rud?)

lenz)(akgu 3;&1:)

A Riemannian space defined by (0.1) has been called conformally symmetnc by
M. C. Chaki and B. Gupta [3]. We have called a Riemannian space deﬁned._by
€0.2) a conformally recurrent space. Evidently,i a symmetric. space in the sense of
Cartan is a conformally symmetric space, and a recurrent space is a conformally
recurrent space. For brevity, we denote by. CS,-space or CK,-space a Riemannian
space defined by (0.1) or (0.2) respectively. ‘ 4

In §1 of this paper, we shall study conformal transformations of the CK,-spaces,
and in §2 we shall discuss infinitesimal conformal transformations in a CK, ~Space.
Throughout the paper, we suppose that the metric of the space considered 1s pos-
itive definite.

The present author w1shes to express his grateful thanks to Prof T Adat1 for his
invaluable instructions and d1scuss1on opportumtles

1. Conformal transformations of CKn-spaces. Let V¥ and V" be Riemannian
spaces. If the metric tensor g% of Vi 'is given by

1) Numbers in brackets refer to' the references at the end of the paper.
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an ghi=e"gij,
where g;; is the metric tensor of V,, then ¥ is said to be a conformal transforma-
tion of V,. By the conformal transformation (1.1), as is well known, we have
1.2) C*in=C"%js,
where the symbol * denotes the quantities of V7.
Differentiating (1.2) covariantly and making use of the relation

*®
{ih } - {ih j} +olo;+80i—d*g;  (0i=0,, o*=g¥a),
we get
(1.3) C*4;54517=Ch;jx 1—2C5301 — (Ciijao® + Chijuo; + Chino s + Chijior)-

+ 60} Cuijnt gaClajst 81iC"ar+ gu1Clj0),
where semi-colon denotes covariant differentiation with respect to g.
Now, we assume that both ¥, and V} are CK,-spaces, then
(.49 - Chii=riChjs,
(1.5 C*asi=kFC*yj
for non-zero vectors x; and 7.
Substituting (1.4) and (1.5) in (1. 3) and using (1.2), we have
(1.6) (eF — &) C¥ji= —2C% 5301 — (Crijso* + Chijao;+ Chisaj+ Chijior)
+ %0} Coijit+ 8:1Cl%jx+ €1;Car+ guC5a).
Contraction with respect to # and / in (1.6) gives
a7 (&} —£)C%=(n—3)a.C%jx
" by virtue of
C%iv=C%u4=C%js=0 and C¥j;+ Ctui+ Chi;;=0.
Transvecting (1. 7) with ¢/, we get
(1.8) (k¥ —r)C%16°=0.
On the other hand, transvection (1. 6) with ¢ gives
(&F —Kki+20,)0°CH3=0.
Hence we find either
1.9) Ctiin=0
or
(1.10) (¥ —£.)o°= —20,0°.
We consider the case when (1. 10) holds good. Transvecting (1. 6) with (£} —£:)d?,
we have
(£F — £)(} — k) Chijpoi= —2(} — £3)Chijno’ 01— (KF — k4)6" Crijua?
— (&} — £8)CMijs0:0° — (& — £3) Chinoto;— (¥ — £3)CHj0% 0,
+(&F — £1)CPijao o1+ (&F — k1) Chiaroia’gij+ (F — k1) CPijac®cign.
Substituting (1. 7), (1.8) and (1. 10) in this equation, we get
) 040°0:Clx=0.
Hence we find either ,
(1.11) ’ g.,0°=0, that is, ¢=constant
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or
1.12) 6sC%x=0.
When (1. 12) holds good, (1.6) becomes .
(£} — £)CPijp= —2C%5401— Cuijso® — Chijao;— Cling j— Chijion.
Transvecting this equation with ¢, and using (1.12), we have
0.6°Crije=0. .
Hence we find either (1.9) or (1.11). 1In the case (1. 11), the equation (1. 6) becomes
(k¥ —£k)Ckj=0,
from which follows (1.9) or '
£f=r.

Thus we have

Theorem 1.1. If a CK,-space is transformed into another CK,space by a con-
formal transformation (1. 1), then the following cases occur:

(I) the space is conformally flat,

(2) o =constant and the recurrence vectors coincide.

Since a recurrent space is a CK,-space, from this theorem we have the following

Corollary. If a Riemannian space is transformed into another Riemannian space by
a conformal transformation (1.1) as follows:

a CK,space — a recurrent space,
or
a recurrent space —> a CK,-space or a recurrent space,
then the space is conformally flat or s=const. and the recurrence vectors coincide.

Now, if o=constant and the space is not conformally flat, then (1. 3) can be writ-

ten as

C*5a51=Clijp,1.
Consequently, a CK,-space may be transformed into a CK,-space by a conformal
transformation (1. 1).

Thus, considering Theorem 1.1, we have

Theorem 1.2. In order that a CK,-space which is not conformally flat is trans-
formed into another CK.-space by a conformal transformation (1.1), it is necessary
and sufficient that ¢ in (1. 1) is constant.

Next, we assume that V, is a CK,-space and ¥V} is a CS,-space. Then, regard-
ing £} as zero idemtical in the proof of Theorem 1.1, we find either C*;:=0 or
g=constant and x;=x£F=0. However, since «; is a non-zero vector, the space must
be conformally flat.

Hence, we have

Theorem 1.3. If a CK,-space is transformed into a CS,-space or a CS,-space is
transformed into a .CK.-space by a conformal transformation, then the space is con-
Sformally flat.

Since a symmetric space in the sense of Cartan is a CS,-space, from this theorem
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we have the following
Corollary. If a Riemannian space'is transformed into another Rtemanman space
by a conformal transformation as follows :
a CK,-space — a symmetric space,-
a CS,-space — a recurrent space,
a recurrent space — a CS,-space or a symmetric space,
or-
a symmetric space —— a CK,~space or a recurrent space
then the space must be conformally flat. :

If ¥, and ¥V} are both CS,-spaces, then regarding x; and «} as both zero iden-
tical in the proof of Theorem 1.1, we find either C%;;=0 or s=constant. = Thus
we have

Theorem 1.4. If a CS,-space is transformed into another CS,-space by a conformal
transformation (1. 1), then the space is conformally flat or o= constant.

Corollary. If a Riemannian space is z‘ransformed into another Rzemannzan space by
a conformal transformation (1. 1) as follows :

S a CS,-space —— a symmetric space,
or : L

a symmetrie space —> a CS,-space or a symmetric space,
then the space is conformally flat or o= constant.

Theorem 1. 5. In order that a CS,-space which is not conformally flat is trans-
formed into another CS,-space by a conformal transformation (l. ]), it is necessary
and sufficient. that o in (1. 1) is constant [I].

2. Infinitesimal conformal transformatmns in CK.-spaces. Let us suppose that
4 Riemannian space V, admits an mﬁmtesunal ‘conformal transformation defined by
a vector field v>. Then, denoting by £ the Lie derivative with respect to the field
?’, we have [4]: ’ : :

- (2:1) £gi;=20g:;,

Q2 £{ihj} =80+ V=g (0i=0. PP=g¥p),

@23 . ERY 1 =08%pi s — 01 s, i+ 0" igin— P 18iis

. : __ 1 R .
(2~ 4) £C¢J (2% (Cij— n— 2 u + z(n_ 1)(’1—"2) 511)3

Q2.5 £Ch;;,=0, ‘

Prof. T. Adati and Mr. S. Yamaguchi [5] studied infinitesimal conformal trans-
formations in a recurrent space. Their proof for a theorem in their paper [5]' suggests
that the following Theorem 2.1 may be also true. So that we jare greatly indebted
to them. However, we shall prove our theorem by a more sunple method Tt is
an expansion of their theorem -
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Theorem 2.1. If a CK,-space admits: an infinitesimal conformal transformation,
then the space is conformally flat or the transformation is homothetic. .

Proor. Let ¥V, be a CK »-Space. Then since’

(2 6) . Cc* i7k, l—lClChuk
for a non-zero vector x;, we have from (2.5)
2.7 : £C% i 1=Er)C"jx. .

- Substituting (2.2), (2 5) and (2.7) in- the identity [4]

£CHg11— (ECH) 1= Cout [} | — Choet () -cnuelf et {2,
we have
2.8) Chiinkrr= —2C* 01— (Crijap* + Chijap: + Chinpi+ Chijugps)
+¢’"(3;ka+g,tC a1k+gl;Ch,ak+gle ;Ja)
Contractlon with respect to & and [ in (2. 8) gives

- (2.9 ' Coiiikke=(n—3)p.C%;j1;
and consequently, by transvection with ¢ we have
C.10) : : : : ¢*C%;:fk,=0.

. On the other hand, transvecting (2. 8) with ¢, we get
Chijsp* k= —20,0°C";j3.

Hence we find either ~ '

@211y, Ch=0

or V V ' :

(2.12) L P ERa= —20.0°. . ,

We consider the case when (2.12) holds good. Transvectmg (2 8) w1th ¢'£f:;. and'

making use of (2 9, (2.10) and (2.12), we have

@aCoirpp® =
Hence we find either
(.13) - - =0, that is, p=constant
or
2.19 @aC%2=0.

In the case (2.14), (2. 8) becomes
Clipdrer= —2C 01— (Crijap® + Clijzgi+ Chingi+ Chinps).
Transvecting this equation with ¢, and using (2. 14), we get
Crijrpap®=0.

Hence we find either (2. 11) or (2.13). Q.E.D.

In the case when &; in (2. 6) is equal to zero identically, that is, in the case when
the space is a CS, -space, we find that the above proof also holds good. Hence we
have

Theorem 2.2. If a CS,-space admits an infinitesimal conformal transformation,
then the space is conformally flat or the transformation is homothetic.

The infinitesimal homothetic transformation in a compact Riemannian space is al-
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ways a motion [6]. Hence we have the following theorems:
Theorem 2.3. If a compact CK,-space admits an infinitesimal conformal transforma-
tion, then the space is conformally flat or the transformation is a motion.

Theorem 2.4. If a compact CS,-space admits an infinitesimal conformal transforma-
tion, then the space is conformally flat or the transformation is a motion.

Furthermore, since a recurrent space is a CK,-space and a symmetric space is a
CS,-space, when the space is recurrent or symmetric, we can obtain similar theorems
in that case..
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