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1. INTRODUCTION. In the test based on the method of » rankings, the null
hypothesis is usually given that the ranks are assigned at random by each of
judges, that is, all rankings are equally frequent in the population of rank-
ings. However we are frequently confronted with the case in which the hypothe-
sis of random ranking is unsuitable. For instance, when we wish to test for
equality of mean ranks between two sets of rankings (namely, two-sample test),
we can take no longer the assumption of random ranking as the null hypothesis.

The author considered in the recent paper (1977) a general population of
rankings for m objects, specified by the probabilities for the m! different
rankings, and showed that if the ranking population has a mean vector y =
(Ulseaey um)‘, 72’;1,; =m(m+1)/2 and dispersion matrix © = (Gij)’ Lod = 1yeuesm,
then the following properties hold:

(@8] Zc =0, forz—l,...,m

=1 7«7
d = -
(2) trZ = 7:;107171 ZiZjGiJ 2 (2 u
(3) If we assume equi-variances and equi-covariances, then it holds
(1.1) 2= (1 1p), '

where I is a mym identity matrix and E denotes a mym matrix with all compo-
nents 1.

(4) In general, I is denoted by using # = (hij) which is mym symmetric
metrix with properties Eh = 0 and Zh ; =0, as follows
(1.2) p=L (r-dp) )
(5) For some constant p( 21), a necessary and sufficient condition for
g omel o 1 '
(1.3) i =L (1R

to be g-inverse matrix of £, is that the following relation holds

1.4 12 = [ptrs/(m-1)12
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These properties play and important part in the problem of » ranking as

the hypothesis of random ranking is unsuitable, Let Kfj = (rlj,...,rm. XNdi=1,
..., n, be a sample from the ranking population with mean vector y = (up,...,
¥, )7 and dispersion matrix I = (Uij)‘ Then sample mean vector E = (Ri,e0s,
}_?m )5 where Ei = Zrij) /n is asymptotically distributed according to m-variate
(degenerate) normal=7 distribution. The author (1977) studied the distributions
of quadratic forms related to the sample mean vector § and obtained the follow-
ing fundamental theorem.

THEOREM 1.1 Suppose the sample mean vector 5 has the m-variate (degene~
rate) normal distribution N( y, TZZ). Then a necessary and sufficient condi-

tion for the quadratic form :

(1.5) 2 _ n(m-1) ’f (R. - u. )2
: Xe = ToErz &1 4T M

to be distributed according to chi-square distribution with (m-1)/p degrees of
freedom, is that there exists the value of p( 21) which satisfies the relation
in (1.4).

The result can be immediately extended to the case of two samples and can
be applied to two-sample test for » rankings as discussed by the author (1977).
The above theorem is the fundamental fact in setting up tests concerning y.
In the present paper, the following problems are studied based on the statistic
K- ,
(a) Test for equality of mean ranks of m objects,
(b) Test for equality of mean ranks of a certain subset of m objects,
(c) Subdivision of Xi into components,

(d) A multipul comparison test for n rankings.

2, TEST FOR EQUALITY OF MEAN RANKS OF m OBJECIS. An important problem is
that of testing the hypothesis that the mean ranks of m objects all equal, <Z.e.

Byt uy = wes =0 = (m+1)/2. Stuart (1951) considered the test based on the
coefficient of concordance:

_ 12 5 m+l 2
2.1 W= twt D) (ad) ;;1 (Ry - =5~ ).

He calculated four moments of W and then used K. Pearson's criterion to decide .
on the most appropriate type of distribution. However it seems the procedure '
is very complicated.

Now we can introduce the-following corollary from the theorem 1.1 mention-

ed in section 1.
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COROLLARY 2.1 Under the same condition in theorem 1.1,

.2 _ n(m-l) 5 _ m+1
(2.2) L i=1(R7; 5 F

is distributed according to a non-central -chi-square distribution with (m-1)/p

d.f. and the non-centrality parameter:

_ n(m-1) m+1
(2.3) o= L 'z” (n, - L2,
Under the hypothesis Z ul—... = = (m+1)/2, we have tri = m(ml-l) (m-1)
/12 and A = 0. Therefore X;z becomes
n X2 = 12n
2.4 oI gy (R, - L

and under the condition:
(2.5) 2% = [pm(m+1)/12]3,

the statistic is distributed according to central chi-square distribution with
(m-1)/p d.f. Note that if I has equi-variances and equi-covariances, then
under B, it becomes

_ _m(m+l)
(2.6) o= (I- —E)

and the condition (2.5) holds for p = 7. Thus, in this case x;z coincides with
the Friedman's statistic X;.

We may use the statistic X;z in (2.4) to test the null hypothesis Hy: m=
o= p, = (m+1)/2. However, if the test has to be applied : must be estimated
in H,. We propose to estimate % by (tr3/trS)S, i.e. [m(m+l)(m-1)/(12trS)] S
where S = (Sij) denotes sample dispersion matrix. In this case, the condition
in (2.5) becomes

(2.7 5% = [ptrS/(m-1)18

and by using least squares method the approximate value of p is obtained as
follows:

2.8 = -

2.8 0 mz)ZZ(s Sip &)/(23)(21—17«7

The significance of the observed Value of X* is determined by reference to
the table of chi-square distribution. However, in the practical case, since
the value of (m-1)/p is not integer, we must use the table of Incomplete Gamma
Function., If the observed value of X;z exceeds the selected value in the
table, then we may reject H,.

As an illustration, we take up Stuart's (1951) data. That is, we have a
sample of 50 rankings of eight occupations. We wish to test whether this
sample could have arisen from a population in which all occupations had the
same mean rank. The sample mean vector § and the sample dispersion Iﬁatrix S =
(s, j) are given in the Stuart's paper.
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When we apply the test introduced in above, the results are
m=8, n=50,

1.8352, v = (m-1)/p = 3.8143,

= 162.76

o]
.2
X
For 4 degrées of freedom this value of X;z is highly significant. This result
agrees with Stuart's findings.

3. TEST FOR EQUALITY OF MEAN RANKS OF A CERTAIN SUBSET OF m OBJECTS. We
next consider to test whether the mean ranks of a certain subset of m objects
are identical. In this case the hypothesis to be tested is that Hz: u’l‘ = ...
= uz, (mz3, 25k £ m), where (u’;,...,uz) denotes a certain subset of
(ul,...,u ) Suppose sampling data is nra.nkings of m objects and the sample
mean vector B has the normal distribution By, 4 —Z) Let Q* = (F%,.. .,Ek*)‘
denote the sample mean vector corresponding to u = {( u’l’,...,uz)’ Then the dis-
tribution of @ is k-variate normal dlstrlbutlon N(,g —1-2* ), where ¥ is a k-
dimensional sub-matrix of ., In the following, we denote by 1, the kyk ident-
ity matrix and by B, the kxk matrix with all components I, By the similar way

used to theorem 1.1, we can introduce the following result.
THEOREM 3.1 If there exists the value of o which satisfies the relation
®2 _ o % _ % 101, %
(3.1) = p tr(Ik kEk)E /(k-1)]2%,

then the quadratic form:

2 mpemh n(k-1) € zx 1% 222
(.2 ¥ T KUK SEreE - ) zo*).,Z (B} - 7L Fs
where T
n(k-1)
= e
(3.3 q o*tp (I, kl Ek)z*ll'k 7 B ),

is distributed according to non-central chi-squave distribution with ( k-1)/p%

d.f. and non-centrality parameter

n(k-1)
(3.4) A* = T - EZO 5 E(u£ ktlu*f

when we especially put k = m, 1t becomes that t* = z,
tr (I, - ?Ek)z*; trz, and — Z B ——

Thus, in this case x; coincides with X;z in (2.2). Note that if k¥ # m and I
has equi-variances and equi-covariances, then the value of p* satisfied (3.1)
does not exist. We shall discuss for such a case the last part of this sec-
tion. Under the hypothesis H;: u’{ T ees = u;:’ it finds A* = 0, and hence X§
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has central chi-square distribution with (k-1)/0* d.f. The approximate value
of p* satisfied (3.1) can be found by least squares method as follows:

K K
* *2
(3.5) (k-J)L_IJZ IR AL 21 s 75%21le za)(zz1g21°za)
For the same problem, Linhart (1960) has given an approximate test. Name-
ly it is proposed to use a chi-square distribution with v d.f. for the statis-

tic t/«, where

= t] £ 3
t= 1/_milm R I
(3.6) a= Var(t)/{ZE(t) },
v = 2E%(t)/Var(t) = E(t)/a

However, in his paper there is no reason to conclude that ¢/« is distributed as
chi-square distribution. Now we can give an interpretation to the distribution
of the statistic ¢/a based on the result mentioned above. If we put a = E(t)/

v, where let v be a parameter, and noting that under H;: Bl == u;:, the fol-
lowings- are obtained

=5 F e 25 a2
t=_1 Z(R R)Z-Zkz(R P AP

(3.7 =g *
1 2k * 1 *
E(t) = i Z a J -201:.7') = (izloii -T'lezloij)’
then we can see that t/u. is denoted as follows
e — =x 1 %
(3.8) t/a = Z" __122* E(R-- Eﬁt)z

Hence, putting v = (k- 1)/p R 1% Jcan be seen that under the hypothesis H* the
statistic ¢/o agrees with x# defined in (3.2) and therefore under the oondltmn
in (3.1) it has chi-square distribution with v = (k-1)/p*

As an illustration, we will take up stuart's (1951) data. The following
results are obtained in a test for equality of mean ranks of jobs B,D, and G.

m=8 n=50, k=3
p* = 1,2689, v = (k-1)/o* = 1,5762,
Xy = 42.2168
This value is highly significant for 2 d.f. For reference, we show the results
of Linhart's (1960) approximate test in the following.

t=8.51, E(t)=0.318, Var(t) = 0.112,
6 =0.177, v =1.80, X2 = t/a = 48,1

Finally, let us consider the special case in which I has equi-variances
and equi-covariances, i.e. I is denoted as (1.1).
The statistic E* = (R{,...,R;) has the distribution N(;d'f, %):*), where I* is
especially denoted as '
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1

_ tr: 1
(3.9 I* =— (Ik = B
Then, for the quadratic form:
2 _ sh,=x _ n(m-1) 7* 15 20,2
(3.10) Xy _E A'g - trE i2 1( A --k—izlpi 25

nim=-1)
trz (I - k By

we can see that (i) APX * is idempotent matrix, (ii) tra(-L e *) = k-1. Thus we
have the following result.

THEOREM 3.2 If & has equi-variances and equi~covariances, then X;! defined
in (3.10) is distributed as non-central chi-square distribution with k-1 d.f.

and non-centrality parame ter

(m-1)
(3.11) i 7,21 '_2 v £

NOTE: We can show that the quadratic form x2 4 is a component of the x*

where A= ),

when I has equi-variances and equ1 covariances,

4. SUBDIVISION OF x2 INTO COMPONENTS.

4.1 SUBDIVISION OF xi INTO SINGLE COMPONENTS. We consider a comparison

among the Rl,..., that is,

m

4.1 .= LB =
4.1 2 1‘21237’37’ where 212’.71,

Suppose that R = (Rl,...,R J° has a normal distribution N( B —z) where we es-
pecially assume that g has equi-variances and equi- covarlances i.e, I is denot-
ed as (1.1). Then it is easily seen that Zj is distributed as normal distribu-
tion with mean 9.7' and variance Dj’ where

m
6. = .2‘ 2..u.,
(4.2) ' J =1 Ji' 1

D,
d  nlm-1){&217§i°
and further the statistic:

2
(4.3) (Zj - ej) /Dj

is distributed according to chi-square distribution with 7 d.f.
Now we consider two comparisons z, = ZR. R and Zg = EJLB R where Zz%
=0 and Ez = 0. The covariance of 7, and Zg is denoted ﬁy usmg two Vectors
Lo = (za‘i,...,zam) and gg = (2g),..4,%, )" as follows
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1,
4.9 Cor(Zy, Zg) 5 Fahs
trl
= ity 4 (T8 ) 48

_ __trk -
= iim-1) Xoks

_ __tri
" "nlm-1) hm"ﬁz

Therefore, if 12,2'“122'811 =0, t.€0 2 and ZB are orthogonal, then it becomes that
cov(Zy, Zg) = 0. Since the joint distribution of Z, and Zg is a bivariate nor-
mal distribution, it means Zy and 2g are independent of each other.

THEOREM 4.1 If the comparisions Zysevesdy_ g are mutually orthogonal,
22. g = 0, for a;‘B = 1ye0.,m=1, then the following subdiviaion holds.

.5 X = "g{;’) Z (R, -u P = Z (z;-0.F/0;

where x.,z, has the chi-square distribution mth m-1 d. fo and ( Zj —ej)z/Dj J=1,
veesm-1 are mutually independently distributed as chi-square distribution with
1 d.f., respectively. .

Similarly, the subdivision of x;z into single components is also consider-
ed. The result is the following,

QOROLLARY 4.1 Under the same condition in theorem 4.1, the following sub-
division holds.

(4.6) W = 2l ) {2, zlzz/oj

where x;z has the non-central chz—square distribution with m-1 d.f. and non-

centrality parameter

*.n" A = %ﬂ#'gl(u i

and in the right hand side z§/nj, d=1,.4.sm=1, ave mutually independently dis-
tributed according to non-central chi-equare distribution with 1 d.f. and non-

centrality parameter A, = e§/pj, respectively, and it holds \ = XAJ-.
J

J
4,2 A CERTAIN INCOMPLETE SUBDIVISION. We here consider an important incom-
plete subdivision. In this case, the results given by Hogg and Craig (1958),
and Ogawa (1949) may be usefull. As mentioned in section 3, when I has equi-
variances and equi-covariances, the statistic X; defined in (3.10) has a non-
central chi-square distribution and becomes a component of the x;2.  Based on
the result, we can make a certain incomplete subdivision of X;2 under the
assumption that I has equi-variances and equi-covariances.
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Let m objects be classified into g groups and let (R ,...,ﬁ(’)), -1,...,g,
be denoted the sample means correspond.mg to the j-th group. Now we put

Q. = n(m-l) X (—0) k(jb j=1

J ,"'-’g,
(4.8) 0 - n(m—l) (-(n m1p
g:l-l t‘.r{ gl my
where 70 = ZR(’)
mg

Note that @, represents the sum of squares of deviations among the mean ranks
in the j-th group and is distributed as non-central chi-square distribution
with mj-l d.f. and non-centrality parameter

_nm-1y,. G 1 @),2 .
4.9 A =T 12:(117; - Eiui), J=1y0...9
While @ 1 is the sum of squares of deviations among the group totals and is

distributed according to non-central chi-square distribution with g-1 d.f. and

non-centrality parameter

_ n(m-1) ) _ m+1
(4.10) Age1 =TT Zu .28

These Qj and Qg +7 3T€ components of the statistic x* . Thus we can obtain the
following result.

THEOREM 4.2 For the quadratic forms QJ,...,Qg, and @ defined in (4.8),

g+1
it holds that
-2
= + s
(4.11) x* J)ZIQJ Yg+1

A= Yagea
j= ¢ gl

NOTE: Under the hypothesis # : y; =...= w, = (m+1)/2, since we assumed %
has equi-variances and equi-covariances, it becomes trr = m(m#1)(m-1)/12, and
the non-centrality parameters are all equal to zero. Thus, in this case QJ. and
Q are especially denoted as

i 12n md 50 20
(4.12) QJ’ = Tmim1) &1 )2 F=1,0005g
. Q =i m,(R(i)_ﬂH-l
gtl  m(m+l) j2,"d 3 /s

and have the central chi-square distributions with mj'1 and g-1 d.f., respec
tively. For example, if g=2, the followings are obtained:

9 = m(m+1) E R -E%,
(4.13) % = (R( - F%
Q= m1m+2r; . k(m-k)( (1) ﬁ(z)z

and it holds that %= @ +Q,+ Q3. This Tesult has been already shown in the
author's (1974) paper and has been applied to test whether there is a
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difference between two sets of ranks assigned to k objects in G, and (m-k) ob-
jects in G,.

5. A MULTIPLE COMPARISON TEST FOR n RANKINGS. Suppose the sample mean
vector B = (R,,. ..,}_?m)‘ is distributed as N(y, —iz) and especially assume that
there exists the value of p which satisfies the relation $2 = [otrs/(m~1)]1z.
Then as mentioned in theorem 1.1, the statistic Xi has the chi-square distribu-
tion with (m-1)/p d.f. Hence, if Xz(m-l)/p () 1is the 100(1-a)% point of this
distribution, we have

m
5 < 82 -
(5.1) P(igl(Ri -w 22 6%) = 1-a,
where
2 _  pirl 2
.2 S = T X 1) p (V-

If we interpret by use of m-dimensional geometric concepts and terminology, the
set of points in the m-dimensional space for the inequality:

m
= < .2
(5.3) iz'l(Ri 111:)2_ 82 |
is the interior of a 100(1-u)% confiedence sphere for the true parameter point

(uy - ..,um). For any particular choise of (g, +ees®, ), not all zero, the two
parallel hyperplanes having equations

(5.4) g“i”i = gziﬁii 6(%25)’9

are tangent to the sphere having equation Z(I_?i _“1',)2 = §2. Thus if we consider
the set of points contained between all pogsible pairs of parallel hyperplanes
tangent to this sphere, this set of points constitutes the interior of the
sphere and the probability associated with this set is 7-q. That is, the pro-
bability becomes 7-o that all possible inequalities: ’

B 2% B 2%
(5.5) gziRi - SM* S Jegug s JuR; 4 8(325)";

for all ¢ ,...,2 , not all zero, are simultaneously fulfilled.
1 m

THEOREM 5.1 Suppose Xi defined in (1.5) has the chi-square distribution
with (m-1)/o d.f. and let x%(, )/ (@) be the 100(1-0)% point of the chi-square
distribution, If L is the set of all real vectors &= ("Ll""”‘m)': where Z’%’
= 0, not all zero, then the probability is I~a that the inequalities (5.5) hold
sitmultaneously for all ) in L.

NOTE: If we take only a finite number N of vector &, the set of points
which lie between all ¥ pairs of hyperplanes corresponding to these ¥ vectors
is a m-dimensional polyhedron which circumscribes the sphere having equation
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;(}-?i —111:)2 = §2, Since the polyhedron contains the sphere, the probability ex-
ceeds I-o that any finite number ¥ of the inequalities corresponding to ¥
vectors are simultaneously fulfilled.

The above result may be applied to the simultaneous test for multiple com-
parisons. The hypothesis to be tested is that

H: 8= gziui =0, for all § in L.

From the theorem 5.1, we can determine a critical value Zo = &( Zzﬁ)% for the
level of significance o such that, under X, the probability is’a that the in-
equalities |z| > 2,, where Z = ZJLiF’i, hold simultaneously for all & in I.
Thus we have the following procédure:

1) zf ~2,8257 5, then H, is not rejected,

(ii) if 2>3Z,, then we reject H, and conclude 6 >0,

(3ii) <f 2<-2,, then we reject H, and econclude 9 <0,

The above method was introduced in a mamer analogous to that of Scheffé's

(1953) procedure. On the other hand, Mcdonald and Thompson (1967) has present-
ed a multiple comparison method based on the range of rank sums.
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