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1. INTRODUCTION. The mixed gamma distribution appears frequently in medi-
cal science, for example, ages of onset of autoimmme diseases. Masuyama [3]
has analysed ages of onset of rheumatoid arthritie which is one of the auto-
immme dlseases assuming that 1t follows a mixed gamma distribution. In his
paper, the parameters of gamma mixture were estimated by the method of moments

. based on two kinds of moment, that 1s, ordinary moment and the first moment of
the logarithmically transformed variate. However, it seems that the procedure
requires an especially highly skilled technique in practice. Thus there is
room to find a simpler method of estimation. . )

In this paper we consider the estimation of parameters for a mlxed gamma
distribution wG(a,P)+(1-w)G(b,q), O<w<l, assuming that it has equal scale para-
meters, namely @ = b holds. This assumption may be correspond with hit model
in the radiation biology such as. each member of both_ subpopulations has the
same chance of hit but the minimum numbers of hits which impair the normal
function are different. We here construct. the moment estimators by using the
first four k-statistics and show that the moment estimates are uniquely diter-
mined from the root of cubic equatlon having a unique solution, Next the asymp-
totic varlances of the estimators are calculated for various values of the para-
meters, In order to 1nvest1gate the samplmg properties of the moment estima-
tors, a szmulatlon ‘study was made, A practlcal example 1s taken up m the last
section.

2. CONSTRUCTION OF MOMENT ESTIMATORS. The probability density function of
the mixed gamma distribution with equal scale parameters is, for x > 0,
flx) =wf1(x) + (i-w)fg(:z:),' O<w<1

(2.1)

| z z 41 (&
 F12) = gy T ! emp(- 9, fz(a:) = ar(q)(x) " eap(-2),

where scale parameter a is positive constant and indices p and ¢“aré assumed:’
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positive integers relating p < q. We here construct the moment estimators of
the parameters w, a, p, q by using Fisher's k-statistics whose expectations
are the cumulants of the distribution.

Let «p be the r-th cumilant of (2.1) and %, the »-th k-statistic from a
sample of size n. For example the first eight cumulants of this mixed gamma
distribution are expressed as follows:

Ky = ale18+q),

k2 = a?(ep82+c18+q),

k3 = a3(e38%+3c28%+2c16+2q),

Ky = a (cz,&"+6'0363+110262+6016+6q), X

ks = aS(es85+10046%4+35¢363+500,8%+24¢16+24q),

ke = ab(cgs®+15c585+850,6%+2250363+274¢,62+120¢16+120q),

k7 = a’(c787+210¢8%+175¢565+735¢,6%+1624c383+17640,62+720c,6+720q ) ,

Kg = a8(0868+280767+3220566+19600565+67690u6“+151320363
+13068c262+5040¢16+5040q),

(2.2)

where § = p - g and e, indicates a polynominal equation of the r-th degree in w
as the following.

el = w,

ey =wll - wl,

ez =wl(l - w)(1 - 2vw), )

ey =w(l - w1 - 6w(1-wl,

es =w(l - w)(1 - 20)[1 - 120(1 - )],

w(1 - w1 - 300(1 - w) + 1200%(1 - w)?],

e7 =w(l -~ w)(1 - 20} [1 - 60w(1 - w)+3600%(1 - w)?],

g = w(1 - w)[1 - 1260(1 - w) + 16800%(1 - w)? - 504003(1 - w)3].

(2.3)

Cce

Note. The coefficient of 6* in k, is expressed as ka”Ci, where constant k is
the same as the coefficient of the term 67 in.the expansion of (8 + 1)(6 + 2)...
(8§ + » - 1). And the coefficient of q in ky is equal to (r - 1)!.

Equating the first four cumulants in (2.2) to the first four k-statistics
k1, kz, k3, ky, we may obtain the estimating equations as follows:

k1/& = § +.t,
(2.4) ,kz/&z = (q + t) + utz,
k3/a% = 2(§ + t) + 3ut? + u(u - 1)43,
ky/at = 6(g + t) + 11ut? + 6u(u - 1)t3 + utu? - qu + 1)t4,

where it denotes that u = (1 - ®)/0, t = ®(p - ) and the cap over a parameter
indicates the moment estimator. If we let Co :



MIXTURE OF TWO GAMMA DISTRIBUTIONS

ut?
ulu - 1)t3
a2 = ulu- qu + 1)t4,

(2.5)

then the following equation holds among the x, y and z.

(2.6) x3+%xz-%y2=0.

On the other hand, from (2.4) we can obtain the following equations.

(k2 - k1a)/a?,
(k3 -3koa + k132)/a3,
(ky -6k3a + 7koa? —klaa)/&

2.7

F4

Substituting x, y and 2 in (2.7) into the equatlon of (2. 6) yields the follow-
ing cubic equation for a.

2(k3 + k1k2)a3 + 2(kZ -3k2kz - 2kik3)@% + (kiky + 6k1k2)a

(2.8)
+ (k3 - 2k3 - koky) =

It can be seen that from the definition of x and the first equation of (2.7),
the value of a is restricted so that 0 <& < ké/kl and further the above cubic
equation has always a solution in this interval. From the first and second
equations of (2.5) and (2.7), it follows that

= (ko - kia)/a?,

(2.9) - 1)83 = (k3 - 3ked + k1a2)/ad.

Eliminating » from the two equations yields a quadratic equation for t.

ko ki k3 3ka ky ko ky 2
(2.10) (——--——)t2+(——--—-—+—)t—(—-——) =0,
a2 a ad a a a2 a

where g denotes the solution of cubic equation in (2.8). It is clear that
this quadratic equation has always two real roots with opposite sign. We here
choose negative one, since we assume that p < q. Thus the value of u is deter-
mined from the first equation in (2.9) as follows:

(2.11) = (ka2 - kya) / (£2@2).

where a and t denote the estmates obtained from (2.8) and (2 10), respectlve-
ly. At last from the definitions of u and t and the flrst equatlon 1n 2.4),
it follows that :
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b=t P+ 2.1,
a a
kK, k k
(2.12) 5=%(%_._1)+:1_
a a ca
k
i=-=2 -«
a

The estimation procedures are summarized as follows:

1) The estimate of parameter o is determined to solve the cubic equation
in (2.8) under the restriction 0 < a < ko/k ;e

2) After substituting the estimate & into the equation of (2.10), we solve
the quadratic equation for #. Since we assume that p < q, the negative root -is
admissible one as the estimate of ¢. -

3) At last, substituting of @ and ¢ into the equations of (2.12), we may
obtain the estimates of p, ¢ and w.

3. ASYMPI‘OTIC VARIANCES OF THE MOMENT ESTIMATORS We here consider the a-
symptotlc varla.nces of the moment estimators glven in the prevmus sectlon.
Let 4y =, G2 = a, az = p a.nd ay = g, then the asymptotl'c variance of order
1/n for the a; (£ = 1, 2, 3, 4) may be found the fbllowing formula as mentioned
in Robertson-Fryer [4]. ‘ : '
(3.1)  Var(dy = § (09)2 Var(k.) +. ézl piptk
=1 ST A
where Dij is the (7, j) element of the inverse.of. the matrix D whoéé (1, J)-
element is D;; = 3k{/d&j, where the partial derivatives are to be evaluated at
the point &j = aj. The partial derivatives may be easily found from the first
four .equations of (2.2). If the practical value of D;j is known, we may cal-
culate the inverse matrix D~ = (DtJ) with the aid of computer. The asymptotic
variances and covariances of the k-statistics-have been given to order I/n as
expression of cumilants by Kendall-Stuart [2]. . It should be noted that the
first eight cumulants are needed to calculate the asymptotlc variances and co-
variances of the first four k-statistics. : :
The valués of asymptotic variances of the moment estimators: for the case
n = 1000 are plotted as a function of w, with a = 1, p = 5 and some fixed value
of q. The results can easily be rescaled for any value of n, by multiplying by
1000/n.

Cov (k k)"
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Var(n)
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Var(p)
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As expected, the variances generally have a tendency to decrease as the compo-
nent distributions are well separated, that is, as the value of g becomes
larger. However, as Fig. 4 shows, when the value of q is sufficiently large
the variance of g does not decrease even if g increases. From Fig. 1 and Fig.2,
it can be seen that the variance of # becomes minimum for some value of v and
the variance of & becomes a maximum for some value of w. On the other hand, as
Fig. 3 shows, the variance of § decreases uniformly as w increases.

4. THE SIMULATION RESULTS. In order to investigate the sampling properties
of the moment estimators, a Monte Carlo study was made. The computations were
Tun on an IBM 3031 using programs written in FORTRAN IV, By empirical sampling,
30 sets of n qbservations were generated from a mixed gamma distribution with
known parameters values, and the moment estimatesAwex_'e_,fomd from éach set of

Table 1. Sampling distribution of the moment estimates based on
30 simulations for several sample size,

(=04, a=1.0,p=25, q=15)

n mean of ‘variance of . asymptotic
e§t1mates estimates variance

250 w  0.4010 0.002062 0.001768
a  0.9834 . 0.040972 0.049409

p  5.2020 0.814430 . 1.266738

q 15.8839 9.687776 13.026493

500  w  0.4011 0.000985 ‘ 0.000884
a  0.9833 . 0,010930- 0.024705

p .5.1102 0.326881 0.633369

q 15.4760 . 8.375192 6.513247

750  w 0.4025 . 0.000510 - 0.000589.
‘@ 0.9849 . i .0.007205 - 0.016470
p 50731 . . 0.182647 © . 0.422246

q 15.3349 1.723997 4.342165

000 w  0.4000 0.000448 0.000442
a 1.0119 0.008120 0.012352

p  4.9633 0.198266 0.316684

q 14.9178 1.946904 3.256623
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Table 2. Sampling distribution of the moment estimates based on
30 simulations for some selected parameter values.

(sample size n = 500)

mean of variance of - asymptotic
parameters estimates estimates variance
w 0.2 . 0.1983 0.000775 0.001165
a 1.0 0.9938 0.016635 0.021807
pr 5 5.1095 0.606105 1.075611
q 15 15,3403 4.359503 . 5.953983
w 0.4 0.4011 0.000985 0.000884
a 1.0 ' 0.9833 0.010930 : T 0.024705
P 5 5.1102 0.326881 0.633369
q 15 15.4760 3.375192 6.513247
w 0.6 0.5966 : 0.001003 0.000723
a 1.0 1.0097 0.016979 . 0.027772
P 5 4.9561 0.217138 0.543835
q 15 15,0834 2.991390 . 6.830301
w 0.8 C0.7965 0.000508 ©0.000761
a 1.0 0.9770 0.018717 0.0285856
p & 5.1510 0.328299 0.486986
q 15 15.5983 4,067123 5.743827

observations. The sample means and variances calculated from each set of 30
estimates along with the asymptotic variances are given in Table 1 for several
values of n, and in Table 2 for some selected parameter values. Table 2 shows
that the biases of # and & can be ignored, but a small amount of bias in 7 and
§. However, as shown in Table 1, the bias decreases as.sample size n increases
and it can be ignored for large value of n. In general, it seems that asympto-
tic variance overestimates the Monte Carlo variance. \
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5. ARPLICATION TO THE DATA OF RHEUMATOID ARTHRITIS. - To illustrate the prac-
tical application of computation procedures described in this paper,. we take up
the data appeared in Inagakl [1] which also has been- ‘taken up in. Masuyama {3]
as an example. The data is ages of onset of the rheumat01d athritis’ (female)
and- glves as shown in Table 3, the frequency dlstrlbutlon showmg the bimodali-
ty with peak at about 20 and 35, years of age.. | S
The values of the first. four k- statlstlcs are
Table 3 k1

= 34.309370,
age of ko = 194.53642
°§Set frequency k2 570 20306’

3 = . 3
0- 4 2 kg =-24963.358.

The cubic equation of (2.8) becomes as follows;

10 - 14 34 .

15 - 19 72 94122.218a —1376555.7&2+6?34031.7&-9542821.1 = 0.
20 - 24 66 This cubic equation has a single root a = 2.1770798 as
25 - 29 72 the solution in the interval (0, k2/k1] = (0, 5.670067].
30 - 34 76 By using the value of a, equation (2.10) becomes

35 - 39 74 25.26488t2 - 52.113925t - 639.32554 = 0.

40 - 44 68 )

45 — 49 49 On solving for the negative root of this equation, we
50 - 54 49 obtain £ = -4,1023872. When these values of g and ¢ are
55 - 59 36 substituted into the equations of (2.12), we have the
60 - 64 g following estimates:

65 - 69 3 P =9.595896,

70 - 74 2 q =19.861741,

75 - 79 1 © = 0.399615,

Total 619 Since indices p and ¢ are assumed to be positiveinte-

gers, we should round up the values of p and §. Thus we
have the final estimates: p* = 10 and q* = 20. Assuming that p = 10 and q =
20, we anew estimate w* and a* from the first two equations of (2.4). It be-
comes that a* = 2.197, w* = 0.438. This result is the same as that of Masuyama
[3]. Based on these estimates of parameters and by using the method described
in section 3, we obtain the asymptotic variances of the estimators as follows:

Var(w*) = 0.000994,
Var(a*) = 0.101724,
Var(p*) = 1.835789,
Var(q*) = 9.738741,
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