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Abstract. In this paper four classes of partial linear complex vector functional
equations are solved, namely the general derived cyclic functional equations, the
generalized paracyclic functional equations, the general semicyclic functional
equation and the general special cyclic functional equation, as well a more
general class of functional equations.
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§0. Introduction

In [1] the so called basic cyclic functional equation and its derived functional
equation are solved. Some special generalized cases of these functional equa-
tions are considered in [2, 5, 7]. For the general derived cyclic functional
equation in [9] one unsolved research problem is given, which is solved in the
first section of this paper, and after that some functional equations are also
solved. The results obtained generalize those given in [13].

At the end of §1 and in §4, following the referee’s suggestion, we have found
the general solution of a more general class of functional equations, where the
unknown functions may depend on different number of variables.

The paracyclic functional equations of the first kind considered in [8, 14]
are solved here in a generalized complex vector form without use of a cyclic
operator.

*Partially supported by the Bulgarian Science Fund under Grant MM-706.
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In the third section of the present paper the general semicyclic complex
vector functional equation is solved. For a particular case see the results from
[3].

The fourth section includes the solution of the general special cyclic complex
vector functional equation.

§1. General Derived Cyclic Complex
Vector Functional Equations

First we will introduce the following necessary notations:

Let V be a finite dimensional complex vector space and let there exist
mappings f; : VP — V (1 < i < k). Throughout this section Z; (1 < i < n)
are vectors in V, and C; are constant vectors in the same space. We may
assume that Z; = (z;1(t), -+, zin(t))", where the components z;;(t) (1 <4 <
n; 1 < j < n) are complex functions, and that O = (0,0, --- ,0)T is the zero
vector in V.

Next we will give the following results.

Theorem 1.1. The general solution of the derived cyclic complex vector func-
tional equation

(1.1)

k
S FilZi,Zigr, o Zigp1) =0 (p<n<2p-1;k<n; Zpy=12)
i-1

is given by the formulas

min(k—r,n—p)

(1.2) f1(Z1,2y,...,Z)) = > (V)" Fi(Zin, Lisa, - D)
i=1
n—p
+ Y ()T Fi(Zig, Lo, D)
t=n—r+1
min(k—r,p—1)
+ Y (DT'Fi(Zi1, Ziya, o 2 20, 2, Ty
i=n—p+1
p—1
+ > (1" Fisrn—i(Z1,2Z2, ... . Zp1is Ziv1, Liyo, . .. , L)

i=max(n—r+1,n—p+1)

k—r
+ Z(_l)nﬂ i+r,n7i(zla Zy,..., Zp+i)
i=p
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n—1
+ > (=1)" " Fiyrn-i(Z1,2Za,... , Zpyi) (1 <7 <k;j k<n),

i=max(n—r+1,p)
where

s
ZZO((L>S); Fm+n,i:Fmi; Fi,m+n:Fim
a

and F;; are arbitrary vector functions from V.

Proof. The proof of this theorem will be given by induction.
For k = 2, the equation (1.1) becomes

(1.3) [1(Z1,29,...,Z,) + fo(Z2,Z3,... ,Zp;1) = O.
Putting Z; = C; into the equation (1.3), we obtain
(1.4) fo(Zo,Zs, ... ,Zp1) = —F11(Z2,Zs,... ,Z,),
where the notation

Fi1(Z2,Zs,... ,Zp) = f1(C1, 22, Zs ... , Z)

is introduced. If we put (1.4) into (1.3), we have

(1.5) f1(Z1,2, ... ,2y) = F11(Z2,23,... ,Zy).
Since
min (1,n—p) =1, min (1,p—1) =1,
min (0,n—p) =0, min (0,p—1) =0,
max (n,n—p+1) =n, max (n,p) = n,

max (n—1,n—p+1) =n—1, max(n—1,p)=n—1,

from (1.2) we obtain (1.5) and (1.4) respectively for £ = 2, » = 1 and for
k=2,r=2.
Therefore, the theorem holds for k£ = 2.

Now we will suppose that the theorem holds for some fixed k& < n, i.e. let
the general solution of the functional equation

k
(1.6) > 9i(Zi,Zisr,. .. Zisp 1) =0 (k<n)
=1

be given by (1.2), where in the place of f, we have put g, (1 <r < k).
Let us consider the following functional equation

k1
(1.7) Y filZi,Zisa,. . Zigp1) =0 (k+1<n).
=1
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We will distinguish the following three cases:
1°let2<k<n—p+1. Ifweput Z;, =C; fori Zk+1,k+2,... .k+p
(mod n), then the equation (1.7) becomes

(1.8)  frt1(Zps1, Zis2s - s Ziyp)

n—1

= Y (D" " Fipsrn-i(Zeg1s Zegos - Litpin),

i=n—k

where we introduced the notation
(="M Fopiin—i(Zit1, Zosos - -, Digprk)

= fitht1—n(Zitht1-n>Livks2-ns- -+ > Litkip—n)
Z;=C; for

i1Zk+1,k+2,...,k+p (mod n)
From (1.8) it follows that

n—1

(1.9 frs1(Z1, 2o, Zy) = > (1" Fipgni(Z1, Lo, - .., Ligp)-

i=n—~k

If we substitute (1.8) into (1.7) and introduce new notations by the equalities

(1.10) 9i(Zi, Ziyr, - s Zivp—1) = [i(ZiyZiyr,- . Digp1)
+ (D) i (Zrg1s Zrsos - Bigper)  (E= 1,100 K),

we obtain the equation (1.6).
For 2 < k < n — p, since

min (k —r,n —p) =min(k—r,p—1) =k —r, n—p+1>k—r,
on the basis of the expressions (1.2) the general solution of the equation (1.6)
is

k—r

(111) 9,(Z1,Za,...,2y) = > (1) ' Fi(Zis1, Zisa, ... , Zp)
i=1

n—p
+ Y (V)T Ri(Zin, Bigs, -, L)

t=n—r—+1
p—1
+ Z (=D)" " Firrni(Z1,2Z2,... ,ZpyisLiy1,2Ziyo,. .. ,ZLy)
i=max(n—r+1,n—p+1)

n—1

+ Z (=) " Fippn—i(Z1, Za, . .., Zipyi) (1<r<k).
i=max(n—r+1,p)
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On the basis of the expressions (1.9), (1.10) and (1.11), we obtain

k+1—r
(1.12) fr(Z1,Z2,... 2y) = > (=17 Fi(Zis1, Zita, .., Lp)
i=1
n—p
+ Y ()T F(Zi1, Ziga, -, )
i=n—r-+1
p—1
+ Z (=D)" " Fitrni(Z1,2Z2,... ,ZpyisZiy1,Ziyo,. .. ,ZLyp)

i=max(n—r+1,n—p+1)
n—1 )
+ Y ()T Frni(Z1, 2oy Zpy) (1<r <k +1).
i=max(n—r+1,p)

Therefore, for 2 < k < n —p+ 1 the theorem holds for £ + 1 if it is true for k.
This means that the theorem holds for all such k, and also for k =n —p+ 1.

20. Letn—p+1<k<p fweputZ,=C;fori Zk+1,k+2,... ,k+0p
(mod n), then the equation (1.7) becomes

(1.13)  frot1(Zrs1, Zigos - - s Ziyp)

p—1
- Z (=1)" 7 x
i=n—k
Fiikiin—i(Ziy1, Lry2s - s Lpykris Livkr1, Zivkr2, - Lpik)
n—1
+ Z(—l)n_lﬂ'%ﬂ,n—z‘(zkﬂ, Zit2,- - s Lpigti)s
i=p

where we have introduced the notation

Jivk1-n(Zizks1-n> Litk42-ns- - - » Litkp—n)
Z;=C; for
i1Zk+1,k+2,...,k+p (mod n)

(=)™ F =i (Zrgts Zis2s - - > Bptkris Bivkats Lickt2s - - - Lpik)
(i=n—kn—k+1,... ,p—1),
(_1)n_i+1Fi+k+1,n—i(Zk+1a Ziyo,. .. Lpikyi)

(t=p,p+1,... ,n—1).
Substituting (1.13) into (1.7) and introducing new functions by

(114) 9i = fl + (_1)1+k7iFi,1+k7i (Z =1,... ak)a
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we obtain the equation (1.6).
On the basis of the inductive hypothesis and the equation (1.14), the general
solution of the equation (1.7) is

n—p

fr(Z1,Zs, ... Zp) = (1) ' Fi(Ziv, Lo, .-, D)
i=1

k—r
+ Z (1) ' Fri(Zig1, Ziso, .. Zp, L1, Do, . .. Lpyi)
i=n—p+1

+ (_l)kirFr,lH»lfr(ZlH»era Zk+37ra SR Zpa Zla Z2a SR Zp+kfr+1)

n—p
+ Y (D) Fi(Zig, Ziva, - 2 Zy)

t=n—r—+1
p—1
+ Z (=1D)" " Firrni(Z1,2a,... ,ZyyiyZiy1,Ziyo,. .. ,ZLy)
i=max(n—r+1,n—p+1)

n—1

+ > (=" " Fiyrn—i(Z1, 2o, .., Zpi)

t=max(n—r+1,p)
(r=12,...,p+k—n);

B

-

(1.15)  fr(Z1,Za,... ,Zy) =Y (1) Fri(Zit1, Zive,. .. ,Zp)
1

+ (_l)k_rFr,k+17T(Zk+27Ta Zk+37ra BRI Zp)

~.
Il

n—p
+ Y ()T Fi(Zig1, Zigas - 0 Zy)
i=n—r-+1

p—1
+ > (1" Fiyrn—i(Z1,Z2, ... ,Zpyis Liy1,Ziyo, . . ., Zp)
i=max(n—r+1,n—p+1)

n—1

+ Z ()" Fiprpn—i(Zit1, Ziyo, - . , Lyp)

i=max(n—r+1,p)

(r=p+k—mn+1,... k).

On the basis of the expressions (1.13) and (1.15), the general solution of the
equation (1.7) is determined by (1.2), where k£ must be replaced by k + 1.
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Therefore, for n —p + 1 < k < p the theorem holds for k£ + 1 if it holds for
k, i.e. the theorem is true for all such k, and also for k& = p.

3 Letp<k<n-—1. ForZ;=C;wheniZk+1,k+2,... ,k+p (mod n)
the equation (1.7) becomes

(1.16)

n—p
Fer1(Zogrs Zegzy - Dryp) = D (D) Frp1i(Zigr, Biga, - -, Zp)
i=n—k

p—1
D DR Vi

i=n—p+1
Fiikiin—i(Ziy1, Lry2s - s Lpykris Livkr1 Zivkr2, - Lpik)
n—1
+ ) (D" Fiiprrn—i(Brs1, Drgos - Dpka),
i=p

where we have introduced the notation

fithr1-n(Ziths1-ns Zisky2-—ns - s Lithypn)
Z;=C; for

iZk+1,k+2,...,k+p (mod n)
(—1)' Fyt1,i(Zis1, Zivas .- ,Zp) (i=n—k,... ,n—p),

(=) F k1 n—i(Zit1s Zisas - -+ s Lpboris Zieks 1 Dbt - -+ Liptk)
(Z:n_p+17 7p_]-)7

()" "M F ki1 0-i(Zks1s Zitos - -« s Zpikri) (G=p,p+1,...,n—1).

Now, we will introduce the following notation

(1_17) g =fi+ (_1)i+n_]:ch+1,i+n—k—1 (Z =1,... ,k+1 —p),
(_1)1+k_ZFi,1+k—i (i=k+2—p,... k).

If we substitute the function fi;1 determined by (1.16) into (1.7), in view
of the notation (1.17) we obtain the functional equation (1.6). On the basis
of the expression (1.17) and the general solution of the functional equation
(1.6), we obtain that the general solution of the functional equation (1.7) is
determined by

n—p

fr(Z0, 2o, Zp) =D (=) Fri(Zig1, Ziyo, - -, Zp)
i=1
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p—1
+ Y (V)T Fi(Zis, Zivas - Dy, D1, Day - D)
i=n—p+1
k—r -
+ Z(_l)ni i+r,n7i(zla Zy,..., Zp+i)
i=p

+ ()" ki1 (21, Zoy o D)

n—p
+ Y (VT Fi(Zis, Ziga, - D)
i=n—r+1

p—1
+ Z (_]')n_Z i+r,n7i(Z17 Z27 ey Zp+i7 Zi+17 Zi+27 ey Zp)
i=max(n—r+1,n—p+1)

n—1

+ > (=" " Fiyrn-i(Z1, 2o, .., Zpyi)

t=max(n—r+1,p)
(r=1,2,...,n—k—p+1);

n—p

(118) fT(Z17Z27"' 7Zp) = Z(_l)iilFTi(ZH»laZH»Qa"- 7ZP)
=1

k—r
+ Y (V)T F(Zi Bivs, - Ly, B Dy, D)
i=n—p+1

+ (_l)kirFr,k7r+1(Zk7r+23 Zk7r+3a SR Zpa Zla ZZa SR Zp+kfr+1)

n—p
+ Y (V)T Fi(Zis, Ziga, - D)
i1=n—r+1

p—1
+ Z (_1)71172 i+r,n7i(Z17 Z27 ey Zp+i7 Zi+17 Zi+27 ey Zp)
i=max(n—r+1,n—p+1)

n—1

+ > (—1)"""Fippn—i(Z1, 2o, .., Zpys)

t=max(n—r+1,p)
(r=n—-k—p+2,...,p—1);

k—r

Fr(Z0,Zoy o Zp) =D (1) Fri(Zigr, Zigas - Zp)
im1



PARTIAL LINEAR COMPLEX VECTOR FUNCTIONAL EQUATIONS 113

+ (_1)k_rFr,k+1—r(Zk+2—ra Zk+3—7‘7 ) Zp)

n—p
+ > (=D)TFi(Zis, Biga, - Zy)
i=n—r+1

p—1
+ > (1" Fisrn—i(Z1, 22, ... . Zp1is Ziv1, Liyo, . .. , L)
i=max(n—r+1,n—p+1)

n—1
+ > ()" Fiyrpn i(Z1,Zo, ... Zpi) (r=p,p+1,...,k).

i=max(n—r+1,p)

On the basis of the equalities (1.16) and (1.18) we obtain that the general
solution of the functional equation (1.7) in the case p < k < n—1 is determined
by (1.2), where k must be replaced by & + 1. O

Therefore, the solution of the research problem given in [9] is presented by
this theorem. As particular cases see the results given in [5, 7].

Ezample. For n = 8, p = 5 and k = 6 the complex vector functional
equation (1.1) becomes
fl(Z17Z27Z37Z47Z5) +f2(Z2,Z3,Z4,Z5,Z6) +f3(Z3,Z4,Z5,Z6,Z7)
+ fu(Z4,Zs5,Z6,Z7,Zs) + f5(Zs, Ze, L7, Zs, L) + fo(Zs, Z7,Zs,Z1,Zo)
=0,

whose general solution is given by

fl(Z17 Z27 Z37 Z47 Z5) = FII(Z27 Z37 Z47 Z5) - F12(Z37 Z47 Z5)
+ F13(Zy4, Zs) — F14(Zs5,Z1) — Fo3(Z1, Zo),

f2(Z17 Z27 Z37 Z47 Z5) = FZI(Z27 Z37 Z47 Z5) - F22(Z37 Z47 Z5)
+ Fy3(Za, Zs) — Foa(Zs,Z1) — F11(Z1, 22, Z3,Zy),

[3(Z1,29,23,24,Z5) = F31(Z2,Z3,74,Z5) — F33(Z3,Z4,Z5)
+ F33(Z4,Z5) + Fi2(Z1,22,Z3) — F51(Z1,Z2,73,Z,),

fa(Zy,29,Z23,24,Z5) = Fy1(Z2,Z3,24,Z5) — Fio(Z3,Z4,Z5)
— F13(Z1,Z2) + Fro(Z1,22,Z3) — F31(Z1,Z2,73,Z,),

[5(Z1,29,23,24,Z5) = F51(Z2,Z3,24,Z5) + Fi14(Z1,Zs)
— F53(Z1,Z2) + F30(Z1,22,Z3) — Fy1(Z1,2Z2,73,Z,),
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f6(Z1,29,Z3,24,Z5) = Fo3(Z4,Z5) + Fr4(Z1,Zs5)
— F33(Z1,Zs) + Fuy2(Z1,Z9,Z3) — F51(Z1,Z2,Z3,7Zy4),

where Fj; are arbitrary complex vector functions from V.

Now we will give two particular cases of the above theorem.

Theorem 1.2. The general solution of the functional equation

n
(L19) Y fiZiZit1, - Bigp1) =0 (p<n<2p—1; Zny; = Z;)
=1

s given by
n—p
(1.20) Fo(Z1, 2y 2y) =D (1) Foi(Zig1, Ziya, - -, Zp)
min (n—r,p—1) -
+ Z (—l)iilF,«i(Zi_i_l,ZH_g,... by, L, 2o, ... aZp-l—i)
i=n—p+1
p—1
+ > (=) " Fiyrn i(Z1,Zos ... \ZpriyBois1, Lo, - .. L)
i=max (n—r+1,n—p+1)
n—1
+ D (D" Fiyrnei(Z1, 2y Zyy) (L <7 <),
i=p

where Fj; are arbitrary complex vector functions from V.

Proof. The proof of this theorem immediately follows from the previous theo-
rem for k = n. a
This theorem generalizes the results given in [2].

Theorem 1.3. The general solution of the functional equation
n

(121) Z f(ZZ, Ziii,... aZi—I—p—l) =0 (p <n<2p—-1; Zpy; = Zz)
i=1

s given by

(1.22)  f(Z1,Zo,... %) = Fo(Z1,Za, ..., Zp_r) — Fo(Z, Zs, ... , Tp)
p=[n/2]

+ Z (Fi(Z1,Zs,...,2i,Znpritr,- - ZLp)
i—1

— F{(Zp—it1, .- Zp, 21,2, ... \Dgp_ny)],

where F; (0 <i <p—[n/2]) are arbitrary complex vector functions from V.



PARTIAL LINEAR COMPLEX VECTOR FUNCTIONAL EQUATIONS 115

Proof. By summing up the functions f; (1 < i < n) determined by (1.20) and
putting f1 = fo = --- = f,, = f, we obtain (1.22), where we have introduced
the following notations

r

1
Fo(Z1,2, ... ,Zp 1) = —Z ZGT(ZiaZi-i—la--- Ly 1+1i),

n
r=1 i=1

n

Gr(Z1,22,... \Zpy) = Z(_l)rFir(ZlaZQa--- s Zp—r),
i—1
Fi(Z1,2,. .. ,2i,Zp—prit1s- - 5 ZLyp)

(-t &
= Z Fr,p—i(ZIaZQa--- aZiaZn—p-I-i-i-la"' aZp)

n r=1
p—t

Y FronptilZnprivts- - 1 Ly, D1, Lo, L)
r=1

(1<i<p—I[n+1)/2)).
In particular, if n = 2m, we get

Fp—m(ZIaZQa"' aZp—maZm-i-la"' ’Zp)
()P &
= ——— FnlZ1,Z2, .. Zy o Znirs- - L),

n
r=1

where

FrommZis- o Ty T - - L)
= —FolZomsts o Ty Dy Loy ) (1< 7 <m). O

We have noticed that in [13] special generalized cases of the equations (1.1),
(1.19) and (1.21) are considered. They are solved in a complicated manner
using a cyclic operator.

At the end of the present section we give two more theorems.

Theorem 1.4. The general solution of the functional equation

n

(1.23) > fiZi,Zivr, - Ziip 1) =0 (Znyi = Z)
i=1
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s given by

fr(zra Zr+17 ERIE) Zr+p71)
r—1
= Z(_l)rHFjr({Zra Zoir,oo Loy 1} N {25, Zj1a, . Ljip 1))
j=1
n
+ Y (VF({Ze, B, By 1} {25, B, By 1))
j=r+1
(1<r<n),

where Fr.; (1 <r <n—1, r+1 < j <n) are arbitrary complex vector functions
from V such that

Frj({Zr, Zoi1,..., Zr+p,1} N {Zj, Zj+1, cee Zj+p,1}) = Arj
if
{Zr,Zpy1se o Zyyp 1} {2, 21y Ly} =0,

14

where A,; are constant vectors from V and ) = O for o > v.
g

This theorem generalizes the theorem 1.2 where it is assumed that p < n <
2p — 1. Some other particular cases of the equation (1.23) were considered in
[11, 12] under the hypothesis that the functions and the independent variables
are real.

Theorem 1.4 is proved in [10]. The idea of its proof with slight modifications
will be used below to prove a more general theorem which was kindly suggested
to us by the referee.

Consider the equation

k
(1.24) > filZiay Zyay - Zygsy) = O,
i-1

where 1 < s; < m, fi: Vi — V (1 <i < k), i(v) € {1,2,... ,n} for

1 <v<si, ilp) #i(v) for p#v. -
For two sets of indices {i(1),4(2),... ,i(s;)} and {5(1),5(2),...,7j(s;)} we
denote their intersection by {i5(1),i7(2),... ,%j(ti;)}-

Theorem 1.5. The general solution of the functional equation (1.24) is

(1.25) fi(zg(l)a ZE(2)v e ’Zf(sz'))
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where Fij(ZTj(1)v . vZTj(tij)) are arbitrary functions from V for 1 <i < k —
v

Li+1<j<k,and > =0 foro>uv.
g

Proof. We will prove the theorem by induction.
For k = 2, equation (1.24) becomes

F1(Z1), 2102y - 5 L) + o231y Loy -+ 5 Zg(sy) = O

It is obvious that the functions f; and fs depend just on the variables Zﬁ(1)v
Zi309)s - Lyg(y,,), thus we may write

Fi(Zy0y, Lrys - 5 Lasyy) = —Fia(Zagay, Liggays - - - - Liagyy))s
fo(Zy1ys Loy - - - s Lyy)) = Fra(Zyggy Liggays- - - > Ligyy))
for an arbitrary function Fio : V2 = V| i.e., for k = 2 the general solution of
(1.24) is given by (1.25).
For some fixed k suppose that the general solution of the functional equation

(1.24) is given by the formula (1.25).
Now, let us consider the equation

k+1
(1.26) > filZiry Zigay -+ L)) = O.
=1

If we put Z; = C; for i & {k+1(1),k+1(2),...,k+1(sg+1)}, we obtain the
representation

(1.27)  frr1(Zrgay Zrgiey - Ligi(sp,y))
k

=Y Fient (Zizmnoy Ziarie)y - Zimitg )
=1

where

Fiert(Ziggiay Zigriey -+ Zikrity a)

= ~fiZ501), Zjz), - L)

Z;=C; for .

If we substitute (1.27) into (1.26) and denote

9i(Z51), Ly - - - s Ly(sy) = JilZgy, Lygays - -+ 5 L)
+ Fi,k+1(Zi,k+1(1)v Zi,k—l—l(?)’ M) Zi,k+1(ti,k+1))v
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then equation (1.26) becomes

k
> 9i(Zir) Zigays -+ Zigs) = O-
i=1
By assumption its general solution is

9:(Zi1y Zigzys -+ » Zisy))

i—1 k
=D Fji(Z5ay Zig) = D FiZgay - L),
j=1 j=i+1
and hence
fz(zi(l)a ZE(Q)? ) Zi(sl))
i—1 k+1
=D FiilZgi) - i) = D FiiZgay o Ziy)
j=1 J=i+1

for 1 < i < k. Together with (1.27) this yields (1.25) with £+1 instead of k.
a

82. Generalized Paracyclic Complex Vector
Functional Equations of the First Kind

Let V be a complex vector space with complex dimension n, and let the com-
plex vectors X;, Y; € V (1 < 4,5 < n) be given as in the previous section.
Throughout the section C, D, C; and D; are constant vectors in V.

Also, let there exist mappings f; : VP74V (1 < i < k).

Now we will consider the following generalized paracyclic complex vector
functional equation of the first kind

k
21) Y filXi Xigtyeo o, Xigp-1, Y, Yigr, oo, Yigg1) = O
i=1

(k <mn; Xonri =Xiy, Yo =Y5).

In order to determine the general solution of the functional equation (2.1), we
must distinguish the following six cases:

1 g<2g—1<p=n, M g<p=n<2—1,
3 g<p<n<2—1<2p-1,

4 g<p<2q—1<n<p+qg-—1<2p—1,

50 g<p<p+qg—1<n<2p—1,

6° g<p<2q—1<2p—1<n.
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Theorem 2.1. If ¢ < 2qg — 1 < p = n, then the general solution of the func-
tional equation (2.1) is given by

(2.2) fr(X1,X2,..., X0, Y1, Yo, ..., Y,)

min (k—r,q—1)
= Y V)T FRiXip Xiga, - X, Yigr, Yiga, ., YY)
i=1

1
+ Z )T (X1, Xigas - 5 Xy Yig1, Yo, oo, YY)
t=n—r—+1

min (k—r,n—q)

+ Y ()T R(Xi, Xiga, -, X))

i=q

n—q
+ Z (_1)7177’ i+r,n7i(X1,X2,... 7Xn)
i=max (n—r+1,q)

+ Y ()" P (X1, X, X, Y0, Y, Y )
i=n—q+1

n—1

+ Z (=) Fryrn—i(X1, X0, ..., X0, Y1, Yo, Y )
i=max (n—r+1,n—q+1)

(1<r<k),
where Fj; are arbitrary complex vector functions from V.

Proof. The proof of this theorem is completely analogous to the proof of the
theorem 1.1 given in the previous section. a

Theorem 2.2. If g < p =n < 2q — 1, then the general solution of the func-
tional equation (2.1) will be

(23) fT‘(X17X27"' 7Xn7Y17Y27"' 7Yl])

min (k—r,n—q)
= > ()T Fa(Xig Xigo, - X, Y1, Yigo, o, YY)
i=1

n—q
+ Y ()T R, Xiya, 5 X, Yigr, Yiga, o, YY)
i=n—r+1
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min (k—r,q—1)
+ Z (—1)" 1 x
i=n—q+1
Fri(Xiv1, Xip2, - X, Yir1, Yigo, ., Y, Y1, Yo, 00, Yoy)
q—1

S DR e

i=max (n—r+1,n—q+1)
Fi+T,TL*i(X17 Xoyo o, X5y Y1, Yo, 7Yq+i7 Yi+17 Yi+27 s an)

k—r
+Z(—1)"71 itrn—i(X1, Xa, oo, X, Y1, Yo, o0, Yoyg)
i=q
n—1 -
+ Z (=D)" " Fiprn—i(X1, X2, ..., X, Y1, Yo, o0, Ygu)

i=max (n—r+1,q)

where Fj; are arbitrary complex vector functions from V.

Proof. The proof of this theorem is analogous to that of the previous theorem
2.1. |

Theorem 2.3. If g <p <n <2¢—1<2p—1, then the general solution of
the functional equation (2.1) is

(2.4) fr(X1,X2,...,X,, Y1, Ys,...,Y,)

min (n—p,k—r)

= Z (_l)i_lFri(XH-laXi-l-?a"' aXpaYi-I-laYi-i-?a"' aY(])
=1

n—p
+ Z (_1)l71Fri(Xi+17Xi+27"' 7Xp7Yi+17Yi+27"' an)
1=n—r+1

min (k—r,n—q)

+ Z (_l)i—l >

i=n—p+1
Fri(Xi+17Xi+27 cee 7Xp7 X1, Xa,. .. 7Xi+p7Yi+17Yi+27 s an)

n—q

+ > ()T

i=max (n—p+1,n—r+1)
Fri(Xiv1, Xiga, -5 Xp, X1, Xoy o oo, Xigp, Yigt, Yigo, ..o, Yy)



PARTIAL LINEAR COMPLEX VECTOR FUNCTIONAL EQUATIONS 121

min (k—r,q—1)
+ > (DT R(Xi X, X, X, X, K,

i=n—q+1
Yir1,Yigo,..., Y, Y, Yo, . aYi-i-q)
g1
+ Z (1) " Fypyn—i (X1, X2, .+ s Xip,

i=max (n—q+1,n—r+1)
Xit1, Xig2,--- , Xp, Y1, Yo, o0, Yigg, Y1, Yigo, ..., Yy)
min (k—r,p—1)
+ 2 (U
1=q
Fitrn—i(X1,Xg, ..., Xigp, Xig1, Xy, .-, Xp, Y1, Yo, 00 Y )

p—1

S DR G

i=max (¢,n—r+1)
Fiprm (X1, X0, X Xig1, Xigos o X0, Y1, Yo, 0 Yigy)
k—r
+ 3 ()" Figi (X1, X, K, Y1, Yo, Yiy)
i=p
n—1

+ > (=" Fiprm—i(X1, X2, oo, X, Y1, Yo, Yigg)
i=max (p,n—r+1)

(1<r<k),
where Fj; are arbitrary complex vector functions from V.
Theorem 2.4. Ifg<p<2q—1<n<p+qg—1<2p—1, then the general
solution of the functional equation (2.1) is given by
(2.5) fr(X1,X2,...,X,,Y,Ys,...,Y))

( 7p7k71")
= Z (_]-)l_lFri(Xi+1,Xz'+2,--- 7Xp7Yi+17Yi+27"' an)
i=1

min (n

n—p
+ Z (_l)l_lFM(XH—laXi-l-?a"' aXpaYi-I-laYi-i-?a"' aY(])
i=n—r+1

min (k—r,q—1)

+ ) ()T

i=n—p+1
Fri(Xiv1, X, -5 Xp, X1, Xoy oo, Xigp, Yigt, Yigo, ..o, Yy)
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q—1

+ > (=1 x

i=max (n—p+1,n—r+1)
Fri(Xi+17 Xi+27 cee 7Xp7 X1, Xa,... 7Xi+p7 Yi+17 Yi+27 s an)

min (k—r,n—q)
+ Z (_]-)lilFri(Xi‘FlaXi‘FZa"' 7Xp7X17X27"' 7Xi+17)
1=q
n—q
+ > (=D)" " Fiprn—i (X1, Xo, .., Xigp, Xig1, Xigo, ... Xp)
i=max (n—i+1,q)

min (k—r,p—1)

LD DI Vi

t=n—q+1
Fiprn—i(X1, X2, oo, Xigp, Xig1, Xig2, -+, Xp, Y1, Yo, 00, Yiyg)

p—1

LD DR Vi

i=max(n—g+1,n—r+1)
Fiprn—i(X1, X, oo, Xigp, Xig1, Xig2, -+, Xp, Y1, Yo, 0, Yiyg)

k—r
) ()" Fippni (X0, X, X, Y1, Yo, Yigg)
i=p
n—1

+ > ()" Firm (X1, X, .., Xitp, Y1, Yo, .o, Yig)
i=max (p,n—r+1)

(1<r<k),
where Fj; are arbitrary complex vector functions from V.

We can prove the previous two theorems in the same way as the following
theorem.

Theorem 2.5. If g <p <p+qg—1<n<2p—1, then the general solution
of the functional equation (2.1) is given by the formulas

(2.6) fr(X1,X2,...,X,, Y1, Ys,...,Y,)

min (g—1,k—r)

- Z (_]-)i_lFri(Xi+17Xi+27"' 7Xp7Yi+17Yi+27"' an)
i=1

+

1=n

q—1
(_]-)lilFri(Xi‘Fla Xi+27 s 7Xp7 Yi+17 Yi+27 s an)

r+l1



PARTIAL LINEAR COMPLEX VECTOR FUNCTIONAL EQUATIONS 123

min (k—r,n—p)
+ Z (1) ' Fri(Xig1, Xigo, -, Xp)
i=q

n

/4

+ (=) Fi(Xig1, Xiga, oo, Xp)

i=max

(]

—

q,TL7T+1)

min (k—r,p—1)

+ Y ()T Fa(Xi, X, X0, X0, X, X )
i=n—p+1

p—1

LD DR € Ve

i=max (n—p+1,n—r+1)
Firpn—i(X1, Xy oo s Xigpy Xig1, Xig2, - 5 Xp)

min (k—r,n—q)

+ > (D) Feaei(X1, X, X))
i=p
n—q

+ > (=) " Fryrn—i(X1, Xo, -, Xiyp)
i=max (p,n—r+1)

k—r
+ Y ()" Fnei(X0, Xy XK, Y1, Yo, Y)
i=n—q+1

n—1

+ > ()" Fiyrm (X1, X, .., Xitp, Y1, Yo, .o, Yigg)
t=max(n—¢+1,n—+1)

(1<r<k),

where Fj; are arbitrary complex vector functions from V.

Proof. The proof of this theorem is based on mathematical induction.

For k = 2 the functional equation (2.1) has the form

27) A(X1,Xa,... X, Y1, Yo, .. Y,)
+ f2(X2, X3, .., Xpt1, Y2, Y3,..., Y1) = 0.

Putting X, 11 =C, Y41 = D into the equation (2.7), we obtain

(2.8)
f1(Xq,Xo,. .. Xy, Y1, Y9, ... ,Yq) = F1 (X9, X3,... Xy, Y9, Y3, ... ,Yq).



124 I. B. RISTESKI AND V. C. COVACHEV

If we put (2.8) into (2.7), we have

fQ(XQ,Xg,... ,Xp+1,Y2,Y3,... ,Yq_|_1)
= _FII(X27X3?“‘ aXpaYQaY?n"' an)a

i.e.

(2.9) fo(X1,Xg,...,X,, Y, Ys,...,Y))
= —FH(Xl,XQ,... ,Xp,I,Yl,YQ,... 7Yq71)-

For k =2 and r =1 and r = 2, from (2.6) we deduce (2.8) and (2.9), which
means that the theorem holds for k& = 2.

Now we will suppose that the general solution of the functional equation

k

(2.10) Zgz‘(Xz',Xz'H,--- Xitp-1, Y5, Yig1,...,Y41) =0
=1

is given by (2.6) with f, replaced by g,.
Let us consider the following functional equation

k+1
(2.11) > filXi Xig e Xigpo1, Y, Y, ., Yiggq) = O.
=1

We will distinguish the following five cases:
19 Let 1 < k < q. The substitutions

X;=C for iZk+1,k+2,...,k+p (modn),

(2.12) Y, =D; for iZk+1k+2,...,k+q (modn)

transform the equation (2.11) into

(2.13)  frot1 (K15 X2y - -+ 5 Xk Yooty Y2, oo+ 5 Yoik)

n—1

Fitktt,n—i(Xppt 1, Xpp2s - -+ 5 Xigprky Yit1, Yit2, - Yiggik)-
Putting (2.13) into (2.11) and introducing new functions by
(2.14) gi=fi+ ()" T E L (1<i<k),

we obtain the equation (2.10). According to (2.6) and (2.14), the general
solution of the equation (2.11) is
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(2.15) fr(X1,X2,..., X, Y1, Yo . Y)

k—r
= ()" Fy(Xig1, Xy 5 X, Yirt, Yigo, .o, Y,)

=1

q—1

+ Z (—l)i_lFri(XH_l, Xit2y--- ,Xp, Yiri1,Yiso,... ,Yq)

i=n—r+1

n—p

+ (—1)" Py (X1, Xigay - 5 X))

LD DR € Ve

i=max (n—p+1,n—r+1)

Firn—i(X1, X, o, Xigp, Xig1, Xig2, - -

n—q
+ Yo (D) Fgi(X0, X, X))
i=max (p,n—r+1)

n—1

+ > (—1)" " Fiprm—i(X1, X, ..., X1, Y1, Yo, .

i=max (n—q+1,n—r+1)

+ (_1)kirFr k—l—l—r(Xk—r—l—?a Xk—7‘+37 SR Xpa Yk—T‘-|—27 Yk—7‘+37 s

+
1
Z Z Fm Z+13Xi+23"' aXpaYi-i-laYi-i-?a"' an)

1
+ Z l Fy; Xi-l—laXi-i-?a"' aXpaYi-I-laYi-i-?a"' aY(])
i=n—r+1

i
=

(=)' Fri(Xig1, Xiga, - - - , Xp)
n—r+1)

+
El\g

{=max

p—1

LD DR € Ve

i=max (n—p+1,n—r+1)

Fiprn—i(X1, X,y o, Xigp, Xig1, Xig2, -

n—q
+ Yo (D) Frgi(X0, X, Xyy)
i=max (p,n—r+1)

,Yq)

125

aXp)

Yiig)

aXp)
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n—1

+ > ()" Fiypn (X1, X2, ..., Xitp, Y1, Yo, .o, Yigg)
i=max (n—q+1,n—r+1)

(1<r<k).
On the basis of the expressions (2.13) and (2.15), if 1 < k < ¢, the theorem
holds for k£ + 1. Thus it holds for all such &, and also for & = ¢.

2° Let ¢ < k < n—p+ 1. For the values (2.12) the functional equation
(2.11) becomes

(2.16) Srt (X1, Xigg2, -+ s Xpgks Yieg1, Yigz, oo, Yoik)
n—q
= (=D)" " Fipky1n—i Xpg1, Xpgo, oo Xigprk)
i=n—~k
+
i=n—q+1
Fivkrtn—i(Xeg 1, X2y -+ Xigprk Yirt, Yei2s oo Yiggrk)-

Now we will introduce the notations (2.14). On the basis of the expressions
(2.16) and (2.14), the equation (2.11) becomes (2.10). By using the inductive
hypothesis and by virtue of the expression (2.14), we can conclude that the
general solution of the equation (2.11) is given by the following equality

(217) fo(X1,Xo,... . X, Y1, Yo, ..., Y,)
min (¢—1,k+1-r)
= Z (_I)Z_lFri(Xi-I-laXi-i-Qa"' aXpaYi-l-laYi-i-?a"' aYLI)

1=1
k+1—r
+ Z Xit1y Xit2y e oo, Xp)
+ Z Z lFm XH_l,XH_Q, R aXpaYi+1aYi+2a R ,Yq)
i=n—r+1
n—p
+ > (=) (X1, Xiga, - » Xp)
i=max (¢,n—r+1)
p—1

Y i

i=max (n—p+1,n—r+1)
Firpn—i(X1, Xy oo s Xigpy Xig1, Xig2, - 5 Xp)
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n—q

+ > (=) " Fiyrn (X1, Xa, ., Xiyp)

i=max (p,n—r+1)

n—1

+ > (=1)" " Fiprm—i(X1, X2, .., Xigp, Y1, Yo, Yigg)
i=max(n—¢+1,n—r+1)

(1<r<k).

Therefore, on the basis of the expressions (2.16) and (2.17), we can conclude
that the theorem holds in this case too, and also for k =n —p + 1.

3° Let n —p+1 < k < p. If we substitute (2.12) into (2.11), we find

(2.18)  fiot1 (X1, X2y - -+ 5 Xk Yoot 15 Y2, -+ 5 Yoik)

p—1

Fiikyimi(Xer1, Xpg2s -5 Xigprk X 14is Xkg24is - -+ > Xktp)

n—q
+ Z(_l)nizFiJrkJrl,nfi(XkJrla Xig2y - s Xipptk)
i=p

n—1
+ Z (_l)n—i >

i=n—q+1

Fitktt,n—i(Xppt 1, Xpp2s - -+ 5 Xigprks Yit1, Yit2, - Yiggik)-

If we substitute (2.18) into (2.11) and if we take into account the transforma-
tion (2.14), then we obtain the equation (2.10). On the basis of the expression
(2.14) and the inductive hypothesis, we find that the general solution of the
functional equation (2.11) is given by the following formula

(2.19)  fr(X1,Xg,... , X, Y1, Yo, ..., Y,)
min (¢—1,k+1—r)
= > (1) P (X1, Xigoy - -+ Xy, Yigr, Yigo, oo, Yy)
i=1
min (n—p,k+1-r)
+ Z (—l)iilFm’(XH_l, Xit2y--- ,Xp)
1=q
k+1—r
+ Y ()T R (X Xiga, - X, X X, Xp)
i=n—p+1
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q—1
+ Z (_l)lilFri(XH—laXH—?a"' aXpaYi-I-laYi-i-?a"' aY(])
i=n—r+1

n—p
+ (1) " Fi(Xig1, Xisa, .o, Xp)
i=max (¢,n—r+1)

p—1

+ Z (_l)n—i x

i=max (n—p+1,n—r+1)
Firn—i(X1, Xy oo s Xigpy Xig1, Xig2, . 5 Xp)

n—q

+ > (=)™ Firni(X1,Xa, ., Xigp)

i=max (p,n—r+1)

n—1

+ > (=" Fiprm—i(X1, X2, .., Xigp, Y1, Yo, Yigg)
i=max(n—¢+1,n—r+1)

(1<r<k).

On the basis of the equalities (2.18) and (2.19), the theorem holds for this case
as well, and also for k& = p.

4° Let p < k <n — g+ 1. Putting (2.12) into (2.11), we obtain

(2.20)  frot1 (X1, X2y -+« 5 Xpphes Yooty Y2, -+ 5 Yoik)

n—p

= > (V)T Fepi(Kigks 1 Xigkzs - Xprk)
i=n—k
p—1
i=n—p+1
Figr1n—i(Xer1, X2, - -5 Xihtpy Xtk 1, Xith 425+ -+ 5 Xktp)
n—q
+ ) (1" Fipkprn iXap Xegas - Xigp k)
1=p
n—1
+ Z (_1)n77, %
i=n—q+1

Fivkrin— iK1, Xz -+ Xigprk Yirt, Yei2s oo+ Yiggrk)-
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If we substitute fxy; given by (2.20) into (2.11), by the substitutions

(2.21) g-:{ fl ( )n k+le+1n k+i—1 (lgigk—p+1),
i it (SRR L (i=k—p+2,...,k),

we obtain the equation (2.10). According to (2.21), the general solution of the
functional equation (2.11) is given by

(2.22) fr(X1,X2,...,X,, Y1, Ys,...,Y,)

min (¢—1,k+1—r)
= > (1) P (X1, Xigoy oo+ Xy, Yigr, Yigo, oo, Yy)
i=1
min (n—p,k+1-r)
+ > (1) Fp (X1, Xigas - 5 Xp)
=q
min (p—1,k+1—r)
+ > (1) B (Xig1, Xigor - X, X1, Xo, ., Xigp)

i=n—p+1
k+1—r )
+ Z ()" " Fiprn—i(X1, Xo, ..., Xiyp)
1=p
+ Z l IFTZ Xi-l—laXi-I-?a s aXpaYi-I-laYi-I-?a s aY(])
i=n—r+1
n—p
+ > (=) Fi(Xig 1, Xisa, .o 5 Xp)
i=max (¢,n—r+1)
p—1

LD DR € Ve

i=max (n—p+1,n—r+1)
Firpn—i(X1, Xy oo s Xigpy Xig1, Xig2, - 5 Xp)
n—q

+ > (=)™ " Fryrn—i(X1, Xo, -, Xiyp)

i=max (p,n—r+1)

n—1
+ > ()" Fippn (X1, X, ..., Xitp, Y1, Yo, .o, Yigg)
i=max(n—¢+l,n—r+1)

Therefore, the theorem is proved for p < k <n—q+ 1.
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52 Let n — g+ 1 < k <n. If we put (2.12) into (2.11), we get

(2.23)  frot1 (X1, X2y - -+ 5 Xk Yoot 1, Y2, -+ 5 Yoik)

q—1
= 3 (1t x
i=n—k

Frp1i(Xigks 1, Xight2s -+ 5 Xpiks Yigktt, Yigkt2,--- 5 Ygik)

n—p
+ Z(_I)Z_leJrl,i(XiJrkJrla Xiht2s - > Xptk)
i=q

p—1
+ Z (_l)n—i %
i=n—p+1
Figr1n—i(Xer1, X2, -5 Xihtpy Xtk 1, Xith 425+ -+ 5 Xktp)
n—q
+ ) (1) " Fipkprn iXap Xegas -+ Xigpir)
1=p
n—1
+ Z (—1)" %
i=n—q+1

Fivkrtn—i(Xeg 1, X2y -+ Xigprk Yirt, Yei2s oo+ Yiggrk)-

Substituting the function fi;1 determined by (2.23) into (2.11) and using
the substitutions (2.21), we obtain the equation (2.10). Therefore, the general
solution of the functional equation (2.11) in the case considered can be written
in the following general form

(2.24)  fr(X1,X2,...,X,, Y1, Y, ..., Y,)
min (¢—1,k+1—r)
= > (1) P (X1, Xivo, - X, Yigs, Yigo, ..., Yy)
=1
min (k+1—r,n—p)
+ Yoo ()T R(Xi, X, -, Xp)
1=q
min (k+1—r,p—1)
+ o ()T R, Ko, X, X, X, X p)
i=n—p+1
min (k+1—r,n—q)
+ Z ()" Fiprpi(X1, X2, ..., Xitp)
i=p



PARTIAL LINEAR COMPLEX VECTOR FUNCTIONAL EQUATIONS 131

k+1—r

+ ) (D) Fi(X, Xy X, Y1, Yo, Yy
i=n—q+1

q—1
+ Z (_1)l71Fri(Xi+17Xi+27"' 7Xp7Yi+17Yi+27"' an)
i=n—r+1

n—p
+ > (=)' Fpi(Xig1, Xiya, -, Xp)

i=max (¢,n—r+1)

p—1

+ > (=1)"" x

i=max (n—p+1,n—r+1)
Fiprpn—i(X1, Xo, .00, Xigp, Xig1, Xigo, ..., Xp)
n—q
+ > (=) " Fryrn—i(X1, Xo, -, Xiyp)
i=max (p,n—r+1)

n—1

+ > (—1)" " Fyyrpn (X1, Xos ., X1, Y1, Yo, Yy
t=max(n—¢+1,n—+1)
(1<r<k).
Therefore, the theorem holds forn —g+1 < k < n. O
Now we will solve two particular cases of the equation (2.1).
a) By putting k¥ = n into equation (2.1), we obtain the functional equation

n
(2.25) > filXi Xig - Xigp1, Y, Yig, .. Y1) = O.

i=1

Therefore, if we put & = n into (2.2), (2.3), (2.4), (2.5) and (2.6), then

we obtain the general solution of the functional equation (2.25) in the cases
considered. For example, if we put ¥ = n into (2.4), we obtain that the general
solution of the functional equation (2.25) for g < p <n <2¢q—1<2p—11is
given by the formulas

(2.26) f.(X1,X2,...,X,, Y1, Ys,...,Y,)

n—p
= Z(_1)271Fri(xi+la Xi+23 s aXpa Yi-i-la Yi+2a s aYLI)
i=1
n—q
+ Z (—1)" 1 x
i=n—p+1

Fri(Xiv1, Xiga, -5 Xp, X1, Xoy oo, Xty Yigt, Yigo, ..o, Yy)
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min (n—r,q—1)

+ Y (DT FRa(Xi, Xige, -, X, Xa X, X

i=n—q+1
Yir1, Yigo,.oo, Yg, Y1, Yo, Ygyy)
g—1
+ > ()" Fini (X1, Xy oo, Xpriy X1, X2y - -+ > X,

i=max (n—q+1,n—r+1)
Yi,Y2, ..., Y, Y1, Y0, Y

p—1
2 ()T
i=q

Firn (X1, Xo, oo, Xpui, Xin1, Xigo, o 5 X0, Y1, Yo, oo, Yo0)
n—1

Y (D) P (X1, Xy X, Y1, Yo, Y)
i=p
(1<r<mn),

where Fj; are arbitrary complex vector functions from V.

The functional equation (2.1) for ¢ < p < 2¢—1 < 2p—1 < n had not been
previously investigated, but for this case we must additionally determine the
general solution of the equation (2.25). Now we will give the following result
which treats a more general case than the previous one.

Theorem 2.6. The general solution of the functional equation (2.25) for n+
1 > 2 max (p, q) is given by the formulas

227) £r(X1,Xa,... ., X, Y1, Ys, ..., Y,)
= F.(X1, X2, , X 1, Y1, Yo, ..., Y, 1)
—Frn1(X2,X3,...,X,,Y2,Y3,...,Y,)
(1<r<mn; F,u =F),

where F, are arbitrary complex vector functions from V.

Proof. Using the conventions f, = fr1,, X, = X4, and Y, = Y, ,, the
equation (2.25) in an expanded form can be written in the following way

(2.28)  fr(Xp Xt s Xty 1o You Yoty oo s Yoig1)
+ (X1, X2y oo Xy You1, Yogo, oo, Yogg) + 00
+ fran—p(Xrtn—ps Xrtn—ptis-- - Xrtn-1,
Yrin—p Yrin—ptis--+ > Yrin—piq—1)



PARTIAL LINEAR COMPLEX VECTOR FUNCTIONAL EQUATIONS 133

+ fr+nfp+1(Xr+nfp+la Xr+nfp+27 ey Xr+n717 Xra

Yrin—pt+ts Yrin—pt2:---» Yrin—piq)
+oo fr+n*1(X7‘+n*17 Xra s aXreran Yr+n717 Yra s aYr+q72) = 0.

Assuming that p > ¢ (for p = ¢ there are just slight modifications in the
following formulas) and putting Y, 1, = Y, 4441 = -+ = Y, 4,1 = C and
Xotp = Xpgpt1 = -+ = X1 = C into (2.28), where C is a fixed vector
from V, we obtain

(2.29)  fo(Xes Xpsts e s Xty s You Yoits oo s Yoig 1)
+ fr1 (X, Xogo, o Xy 1,0 Y, Yo, Y1, 0)
+ fro(Xogo, Xog3, oo, Xy p-1,C,C, Y0, Yoi3, o0, Y,y 1,C,C) + - -
b frir 1t (Kyip1,Coee Ot fran(CoCov O frapir (CoCor C) -
+ Frinp(CC.Co s \C) + franps1(CoCoer ,C Xy, CoC.. ,C)
+ frineps2(C.Co s C Xy, X1, CoCoe s ,C) oo
+ fran-1(C X, Xty o oo, Xpgp-2,C, Yoy, Yyyg2) = O.

If we further substitute Y, ,—1 = C and X,;,_1 = C in (2.29), this yields

(2.30)  fr( Xy, Xog1y oo 5 Xpgp—2,C, Y, Yyp1, oo, Yig g 2,C)
+ frt (X, Xpgoy oo, Xy p2,C,C Y41, Yogo, oo, Yy 29,C,C) + -+
+ frap—2(Xpip-2,Cs oo ,C) + fryp-1(C,C,... ,C) + fr4p(C,C,... ,C) + -
+ Lrinep(C,Cr o \C) + frineps1(C,Cy- .. .C. Xy C,C,... ,C)
+ frineps2(C,C . C Xy, Xy 41,C,C, . C) 4o
+ fran-1(C X, Xty oo, Xpgp-2,C, Yoy, Yygg2) = O.

Subtracting (2.30) from (2.29), we get the formula

(2.31)  fr(Xp, Xogtse oo s Xopgp—1, Yo, Yop, oo, Yoggo1)
= [r(Xn X1y Xogp 2,0, Y Yo, Y g 9,C)
— fr1 (X1, X2 Xy 1,0 Y, Y, Y 1, 0)
+ fr1 (X, Xog2, o, Xy 2,00, Y1, Y 0,0 Y 0 0,CLC)
— frao(Xrg2, Xpq3y oo+, Xoip-1,C,C, Y0, Yoia, oo, Yy 1,C,C) + - -
+ fr+p*2(X7‘+p*27 C,....C) — fr+p*1(X7‘+p*17 C,....0)
+ iy 1(C,C,... ,0),

which holds for every r =1,2,... ,n.
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Let us put now

(232) g,«(Xl,Xg,... ,Xp_l,Yl,YQ,... an—l)
= fT(XlaXQa"' aXp—laCaYlaYQa"' an—laC)

+ fr+1(X2,X3,... ,Xp_l,C,C,YQ,Yg,... ,Yq_l,C,C)
+ + frop—2(Xp-1,C,...,C)

and

(233) AT‘ = fr+p71(caca s 7C)

Since f, = frin, we conclude that g, = g,1,. Putting in (2.25) X, =Y, =
C (1 <r <n), we find

n
(2.34) > 4, =0.
r=1
According to (2.32) and (2.33), the formula (2.31) can be written in the

form

(2.35) Fr(X1, X X Y1, Yo, YY)
= (X1, X2, Xp1, Y1, Yo, Y )
— g,«+1(X2,X3,... ,Xp,YQ,Yg,... ,Yq) + A,« (1 <r< 'I’L)

Finally, with the notations

FI = g1,
F, = g2— Ay,
F; = g3— A — A,

Fo, = gn—A1—As—-—Ap

the expression (2.35) can be written in the form (2.27). Thus we have proved
that (2.27) is a consequence of (2.25) if n + 1 > 2 max (p,q). Conversely, a
straightforward computation shows that the functions (2.27) satisfy the equa-
tion (2.35) for arbitrary functions F), from V. O

b) Now we will consider the functional equation

n
(2.36) Zf(XiaXi-Ha oy Xigp-1, Y, Yig1, .o, Yigg-1) = O
i—1

(Xn+i =X, Yoiri =Y))
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which is a particular case of the functional equation (2.25).

In order to determine the general solution of the functional equation (2.36),
we will distinguish the following cases:

19 g<2¢—1<p=n, M g<p=n<2—1,
3 g<p<n<2—-1<2p-1,

49 qg<p<2q—1<n<p+qg-—1<2p—1,

50 g<p<p+qg—1<n<2p—1,

6° g<p<2—1<2p—1<n.

Theorem 2.7. If ¢ < 2qg — 1 < p = n, then the general solution of the func-
tional equation (2.36) is given by

(2.37) FX1,Xa, ., X0, Y1, Yo, ..., Y)
= Fy(X1, X, X, Y1, Yo, Y )
— Fy(X2,X3,..., X0, X1, Y5, Ys, ..., Y,),

where Fy is an arbitrary complex vector function from V.

Proof. 1If we put k = n into (2.2), then by summing up the functions f, (1 <
r < n) and putting f; = fo = --- = f, = f, we obtain the formula (2.37).
O

In the same way the following theorems can be proved:

Theorem 2.8. If g < p =n < 2q — 1, then the general solution of the func-
tional equation (2.36) is given by the formula

(2.38) f(X1,Xg,..., X, Y1, Ys,...,Y,)
= Fy(X1,Xo, ..., X0, Y1, Yo, Y )
— Fy(X2,X3,..., X, X1, Y5, Ys,...,Y,)
g-[n/?]

+ Y [Fi(Xnegritts Xnoghita - > Xit1,
i=1
Yy,Ys,... Y, Yn—q-i—i-l—la Yn—q+i+2a s an)

— Fi(X1,Xg, o, X, Yoipt, Yoigo, o, Yo, Y1, Yo, oo Yo ign)],

where F; (i =0,1,... ,9— [n/2]) are arbitrary complex vector functions from

V.
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Theorem 2.9. If g <p <n <2¢—1<2p—1, then the general solution of
the equation (2.36) is

(239) F(X1,Xa,..., X, Y1, Yo, ..., Y,)
= Fp(X1,Xg,..., X, 1,Y1,Ys,... Y, 1)
— Fy(X2,X3,...,X,,Y2,Y3,...,Y,)

+Z i(X1, X, X, Xy ppit 1 Xnoprig2s - -+ 5 X,

Y”*P+i+17 Ynfp+i+2a ce an)
—Fi(X,,,iH,X,,,M,... X, X1, X0, Xoponois Y1, Yo, o, Yo ni)]
—[n/2]
+ Z Fi(Xy,Xo, o, X, Xy ity X privay - 5 Xy,
i=p—q+1

Y1, Yo,... 7Yi+q7p7 Yn*p+i+17 Yn7p+i+27 s an)
- ‘FZ'(XP*H“l? Xp*i+27 s 7Xp7 X1, Xo,... 7X2p7n7i7
Yp*i+17 Yp7i+27 cee 7an Y1, Ys,... 7Yp+qfn7i)] )

where F; (i =0,1,... ,p —[n/2]) are arbitrary complex vector functions from

V.

Theorem 2.10. The general solution of the functional equation (2.36) for
g<p<2¢—1<n<p+q—1<2p—11is given by the formula

(2.40) f(X1,Xa,... , X, Y1, Yo, ..., Y,)
=Fp(X1,Xg,...,Xp1, Y1, Yo, ... Y )
—Fg(Xg,Xg,... ,Xp,YQ,Yg,... ,Yq)

pt+qg—n—1
+ Z Fi(X1,X2, ., X, X prin 1 X privas - > Xp,
Y pritt, Yo prite, .-, Yg)
_F'(Xp*i+17Xp7i+27--- X, X1, X0, Xoponois Y1, Yo, o, Yo ni)]
—[n/2]
+ Z Fi(X1,Xo,... , X, Xy prit1s Xnoptit2, -« » Xp)
i=p+q—n
—F (Xp i+1, Xp7i+27 s 7Xp7 Xla X27 s 7X2p7n7i)]7
where F; (i =0,1,... ,p —[n/2]) are arbitrary complex vector functions from

V.

Next we will prove the following theorem.
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Theorem 2.11. The general solution of the equation (2.36) for ¢ < p <
p+qg—1<n<2p—1is given by

(241) f(X1,Xa,... , X, Y1, Yo, ..., Y,)
= Fy(X1,Xa, ... . Xy 1, Y1, Yo, ... Y1)
C Fo(X2, Xy ... X, Y0, Y5, ..., Y,)
p—[n/2]
+ Z [F3(X1, X, Xy X pit 15 Xnopritas - -+ » Xp)

i=1
- Fi(Xp*i‘Fla Xp7i+27 ERR) Xpa Xla X27 R X?pfnfi)] )
where F; (i =0,1,... ,p —[n/2]) are arbitrary complex vector functions from
V.
Proof. By summing up the functions f, (1 < r < n) determined by (2.6)
and putting f; = fo = --- f, = f, we obtain (2.41), where we introduced the
notations
Fo(X1, X2, .., Xp 1, Y1, Y2, , Y1)
1 qg—1 r
= - ZZGT(Xi7Xi+17"' 7Xp71“+i717Yi7Yi+17"' 7Yq77‘+i71)
==
n—-p r
+ Z Z GT(Xia Xi-i—la s aXp—T-i-i—l) )
r=q i1=1
GT‘(XlaX?a s ’Xp—TaYlaYQa s an—T)
n
- Z(_l)r-Fir(Xla X27 s 7Xp77‘7Y17Y27 s 7Yq77‘) (]- S r S q— ]-)7
i=1

n

G (X1, Xg,. ., Xy ) =D (1) Fip(X1, X, ..., X))
=1
(T:q7q+17"' 7n_p)7

Fip (X1, Xy oo, Xiey X piht 1y Xn—ptht2s - -+ » Xp)

(_1)k+1 ’I’L*p+k

= Z Frpk(X1, X, oo Xy Xppikt 1y Xnept k425 -+ 5 Xop)

r=1
p—k
- ZFr,n—p—l—k(Xn—p—l—k—l—la Xn—p—l—k—l—?a SR Xpa X1, X2,y Xk)
r=1

(1< k <p—[(n+1)/2]).
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In particular, if n = 2m, we obtain

Fp*m(XhXQa'" 7prm7Xm+17XM+27"' 7Xp)
(-1 &
= 7ZFrm(XlaX2a"' aXp—maXm—l-laXm-i-?a"' aXp)a

n
r=1

where

Fr—l—m,m(Xla-" aXp—maXm—l—la"' aXp)
:_Frm(Xm—i—la--- ,Xp,Xl,... aXp—m) (ISTSm)D

We have not considered the case ¢ <p < 2¢ —1 < 2p — 1 < n, because we
will give instead the following more general result.

Theorem 2.12. Ifn+1 > 2 max (p,q), then the general solution of the func-
tional equation (2.36) is given by

(2.42) F(X1, Xa,. o, X, Y1, Yo, Y)
= F(XlaXQa"' aXp—laYlaYQa"' ) q—l)
— F(X9,X3, ... Xy, Yo, Y3, ... ,Yq),

where F' is an arbitrary complex vector function from V.

Proof. A straightforward calculation shows that every function f of the form
(2.42) satisfies the functional equation (2.36). We have to prove the converse,
i.e. that from (2.36) it follows that f has the form (2.42).

Let C be a fixed vector from V. For X; =Y; =C (1 <i < n) the equation
(2.36) yields

(2.43) fe,c,...,Cc)=0.
Assuming that p > ¢ (for p = ¢ there are just slight modifications in the
following formulas) and n > 2p — 1 and putting Yy41 =Yoo =--- =Y, =C
and X1 = X9 =--- =X, =C into (2.36), by virtue of (2.43) we obtain
(2.44) f(Xq,Xsg,...,X,,Y,Y9,....Y,)

+ f(X27X37"'7XpacaY27Y37-"7Yqvc) +

+ f(X ,...,CO)+ f(,cC,....C,Xy,CC,...,C)

+ f( CXlaXQaCaCa"'?C) +

+ f(C XlaXQa"' aXp—laCaYlaYQa"' an—l) = 0.
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If we further substitute Y, = C and X, = C in the last equation, we get

(2.45) F(X1,Xo,... ., X, 1,C, Y1, Yy, ..., Y, 1,C)
f(X2,X3,...,X, 1,C,C,Y2,Ys,... .Y, 1,C,C) +
(X,, C,....0)+ f(C,c,....C,Xy,C,C,....C)
(, CXl,Xg,CC ,C) A+ e
(

+
+
+
+ C XI,XQ,..., p_l,C,Yl,Yg,... Y, 1) = O.

f
f
f

Subtracting (2.45) from (2.44), we find

(2.46) FX1,Xa,... X, Y1, Yo, Y,)
= f(X1,X9,..., X, 1,C, Y, Yo, ..., Y 1,C)
f(X2,X3,...,X,,C, Y2, Ys,... .Y, C)
+ f(X9,Xs,...,X,.1,C,C, Y5, Y5, ..., Y, 1,C.C)
— (X35, X4,....X,,C,C, Y5, Yy, ..., Y,,C.C)

+ -+ f(X,1,C,...,C) = f(X,,C,...,C).

Putting
F(X1,Xg,...,Xp1,Y,Y5,..., Y, )
= f(X,X9,...,X,-1,C,Y1,Y9,..., Y, 1,0)
+ f(XQ,Xg, .. Xp 1,C,C,Y2,Y3,... ,Yq_l,C,C)
+ +f( p—1, a"'?C)a
the equality (2.46) takes on the form (2.42). O

For particular cases see the results obtained in [8, 14].

83. General Semicyclic Complex
Vector Functional Equation

Let V be a complex vector space, and let Z; (1 <4 < n) be complex vectors
as in §1.
Also, let S} (0 < k < n) be the set of all strictly increasing mappings of
the set {1,2,... ,k} into {1,2,... ,n}. Let f, (r € S}}) be mappings VE V.
We will solve the following semicyclic complex vector functional equation

(3.1) > 21y Zogzys -+ Zngry) = O.

resy
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Theorem 3.1. The general solution of the functional equation (3.1) is given
by

(32) f?"(Zr(l)a Zr(2)a sy Zr(k)) = Z F?"p(er(l)a er(Z)a cee er(kfl))

k
pPESE_,

(r e SE),

where rp(i) = r(p(i)), and Fyp, are arbitrary complex vector functions from the
vector space V such that

(3.3) > Frp(Zy, Luzys - Tage1) = O (€ Spy),
rp=t
where the sum is extended over all r € S}} and p € S']ktl such that rp = t.

Proof. Let f, be defined by (3.2) and let (3.3) hold. Then we have

Z f?"(zr(l)a Zr(Z)a T Zr(k))

resy

= Z Z Frp(zrp(l)a er(Z)a ey er(kfl))

TESI;L pe,5'119971

= Z Z Frp(Zi1ys Zygys - -+ 5 Zye—1)) = O.

teSp_, rp=t

Hence, such functions satisfy the functional equation (3.1).

Conversely, if f,. (r € S) is any solution of (3.1), we have to prove that
the functions f, admit the representation (3.2) with the conditions (3.3). For
fixed r let us put Z; = C into (3.1) for ¢ # r(j) (1 < j < k). Then (3.1) yields
the following (not unique) representation

34)  fr(Zo1): Zrzys- - Zri) = D Grp(Zorp()s Brp(2)s - -+ Dyp(io—))-
PESE_,
For an arbitrary t € S7’_; let
(35)  Hi(Zy1), Zez)r - Zaiey) = D Grp(Zy1)s Zagzys -+ Do)
rp=t
The equation (3.1) can be written in the form

(3.6) Z Ht(Zt(l)aZt(Q)a cee aZt(k—l)) = 0.

tesr_,
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Let P’ be the set of all t € S} | such that H; # O and P" = S |\ P'. The
equation (3.6) is reduced to

(3.7) Z Ht(zt(l)a Zt(z), cee aZt(Ic—l)) =0.
tep’

We can suppose that among all representations of the form (3.4) of the
functions f, we have taken that (or one of those) for which the number s of
the elements of the set P’ is minimal. If s = 0, we can take F,, = G,, and
the theorem is proved. The case s = 1 is impossible in view of (3.7). Thus we
can suppose that s > 1. Let ¢ be some fixed element from P’. Putting Z; = C
into (3.7) for i #t(j) (1 <j <k —1), we obtain

(38)  HZy1y Zuys -+ > Lago1) = = D Top(Baginys Ziin)s -+ » D))

where  Jop(Zyiys Lygin)s - -+ > Li)) (M <k — 2) is obtained from
GTp(er(l), er(Q), e 7er(lc—1)) by putting Z; = CC for all ¢ but
t(1),%(2),... ,t(k —1). The sum on the right-hand side of (3.8) is extended
over certain (not all) pairs of indices r and p.

Consider a certain summand Jy,, on the right-hand side of (3.8). Let
ug € Sp and vg € 511:71 be such that ugvg = t. We can construct a sequence
of ordered pairs

(wo,v0), (uo,wo), (u1,v1), (ui,wi), ..., (ug,wy)
which satisfy the following conditions
1° u; € 57, v; € S’,’g_l, w; € S’,’g_l;
2° (ug, wq) = (ro,po);

3% uimqwi— = uv; (1 <i<gq);

4° the sequence u;w;(1),... ,u;w;(k — 1) (0 < i < ¢) contains the sequence
t(i1),... ,t(im) as a subsequence.
Let us put

(3-9) G, = Guiﬂ)i + Jro,pov GZi,wi = Gui,wi - Jro,po (0 <@ < Q)-

Uj, Vi

We note that the representation (3.4) is still valid with G7, ,. and G}, ,,
instead of Gy, ; and Gy, «,;, respectively. We have H = H; + J,,p,. On the
other hand, if t € P", i.e. H; = O, then also H; = O.

If the same procedure is applied to all summands of the right-hand side

of (3.8), we conclude that the new function H; is identically the zero vector.
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This contradicts the minimum property of the number s. Hence, s = 0 which
proves the theorem. O

This theorem generalizes the results given in [3].
Ezample. If n =5 and k = 4, the equation (3.1) is
f(Z1,Z9,73,724) + g(Z1,Zo,73,Z5) + h(Z1,Zo,74,7Z5)
+ (Z1,Z3,724,Z5) + j(Zo,Z3,7Z4,Z5) = O.
Its general solution is given by

f(Z1,Z2,Z3,Z4) = fl

+
="
N
N
¢
N
=

Z27Z37Z4

) )

) ),

9(Z1,22,23,Z5) = ¢ ) )

Z Z3,Z5)+g4 Zy,73,Zs5),

WZy,Zo,Z4,75) = hi1(Z1,2Z9,Z4) + ho(Z1,Z5,Z5)

+ h3(Z1,24,Z5) + hy(Zo,24,Zs5),

i(Z1,23,24,Z5) = i1(Z1,Z3,Zy) +i2(Z1,Z3,Zs5)

) +i4(Zs3,Zy,7Z5)

+ j2(Z2,Z3,Z5
+ Ja(

?

j(z23Z3aZ4aZ5) = jl

where

( )

( ) + J2
hs(Z1,Z4,Z5) + i3
( )

)

N
»

N
¢

N
ot

N
N
s
N
ot

Ne)

[\~
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+

>

[\
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©
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[l
000000 O0O0
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.
=
N
@
N
=
N
<
|
o

Hence we may take f1, fa, f3, f4,92, 93, 94, h3, ha, 74 to be arbitrary complex
vector functions from the complex vector space V and
g =—f, hi=—f t1=—fs, j1=—f4
hy = —g2, i2=—g3, Jj2=—ga,
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84. General Special Cyclic Complex
Vector Functional Equation

The notations for the vectors in this section are the same as in §1.
Let V be the vector space and let there exist mappings

fi: VY (1<i<n) and g : V2=V (1<i<n—1).
Now we will prove the following result.

Theorem 4.1. The general solution of the functional equation

n n—1
(4.1) S FilZiZisa,. . Zoi) + Y 6i(Z1,Zs, ... D1, Zoig2) = O
i—1 i—1

is given by

f1(Z1,Z5) = Hi(Zy) — F1(Z2),
[i(Zi,Zigr, .. i) = (1) Fi1(Zi, Ziyrs - .-, Dgia)
H(=0)"G 1({Zi, Zis vy Loy N { Dy, T3, ... Doy 1}, Zi;)
+H(—1)'Fi(Zir1,Biva, . Zoi) (2<i<n),

(4.2) Fo(Zpi1,Zpso,. .. ,2Z9,) = 0O,

Gi(Z1,Z3, ... , Doiy1, Doiyo) = (1) Hi(Z1,Zs, ... , Lo 1)
(=) Gi({Zis1, Ziva, - - Loipa} N{Z1,Zs, ..., Zoiy1 }, Zoigo)
H(—=1)'Hiy1(Z1,Z3,. .. ,Zoiy1) (1<i<n-—1),
Hy(Zy,2Z3,- -+ ,Z2, 1) = O,
where F;, G, H; (1 <i<n—1) are arbitrary functions with values in V.

Proof. The proof is by mathematical induction on 7.

If n = 2, then equation (4.1) becomes
(43) fl(Zla Z2) + f2(ZZa Zs, Z4) + gl(Zla Zs, Z4) =0,
whose solution according to [6] is

f1(Z1,29) = Hi(Z1) — F1(Zy),
(4.4) fo(Z9,23,Z4) = F(Z2) —Gi(Z3,2Zy4),
91(Z1,23,Z4) = —Hi(Z1)+ G1(Z3,Z,4).
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Thus, the theorem holds for n = 2.

Suppose that the theorem holds for any fixed n and let us consider the
equation

n+1 n
(45) > filZi Biga, - Do) + Y gi(Z1, T, .. Doy, Dogiga) = O.
i=1 i=1

By putting Z; = C; (1 <1 < n), where C; = const into (4.5), we see that f,11
can be represented in the form

Foi1(Zns1, Znsay - oo Zonya) = (1" Ey(Zns1, Znsa, - - - 5 Zioy)

(4.6) +(-1)"Gn({Zn11,Zny2,--- s Zopy2} N{Z1,2Z3,... ,Zony1}, Lony2),

where F),, and G,, are arbitrary functions.
By a substitution of (4.6) into (4.5), we obtain the equation

n n
A7) > Ai(Zi,Zigr,- . L)+ Y Bi(Z1,Zs,... , Zoiy1, Donya) = O,
=1 =1
where we introduced the notations
(4.8) Ai=fi, Bi=¢g (1<i<n-1),
' Ap = fo+ (=D"E,, B, =g+ (—1)"Gp.

By putting Z; = C; (i = 2,4,--- ,2n) into (4.7) we obtain
(49) Bn(zla Zs,..., Z2n+17 Z2n+2) = (_1)an(Z17 Zs,..., Z2n71)7

where H,, is an arbitrary function.
On the basis of the expression (4.9), the equation (4.7) takes on the follow-
ing form

n n—1

(4.10) Y Ai(Zi,Ziva, ... Do) + Y Di(Z1,Zs,. .., Zoiy1, Dair2) = O,
i=1 1=1

where we introduced the notations

(4.11) Di=B;, (1<i<n-2), D, =B, 1+ (—1)"H,.

The functional equation (4.10) is an equation of the form (4.1). According
to the inductive hypothesis, the general solution of the equation (4.10) is given
by equalities of the form (4.2) with f; replaced by A; and g; replaced by D;.
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By virtue of (4.11), (4.9), (4.8) and (4.6) we deduce that the general solution
of the equation (4.5) is given by

[ilZiy Zigr,s. .. Do) = Aij(Zi, Ziyy, -+, Zo;) (1<i<n—1),

foZpyZyiry. .. yZoy) = Ap(Zpy Zpsy - - . Zioy)
+ (-D)"Fo(Zps1,Zpy2, - .. Zop),
Fni1(Zngt, Znsa, - Zonga) = (=1)" T Fo(Zngt, Znyas - - -, Zon)

+ (=1)"Gn({Znt1,Zny2,. .. ,Zopi2} N{Z1,2Zs,... ,Zopni1}, Zopyi2),
9i(Z1,2Z3, ... ,Zojy1,Z0iy2) = Di(Z1,Z3, ... ,Zoit1,Z2i12) (1 <i<n-—2),
In-1(Z1,23, ... ,Zop 1,Z9,) = Dy_1(Z1,Zs, ... ,Zoy_1,Z9,)

+ (=" H,(Zy, Z3, . .. ,Zon 1),
gn(Z1,Z3, ... Zopni1,Zonso) = (—1)"Hy(Z1,Zs, ... ,Zop_1)

+ (=" G ({Zns1, Zns2y - - Bonio} N{Z1,Z3,... , Zopi1},Zopi2). O

This theorem generalizes the result given in [4].

References

[1] J. Aczél, M. Ghermanescu, M. Hosszi, On cyclic equations, Publ. Math. Inst.
Hung. Acad. Sci. 5A (1960), 215-221.

[2] D. Z. Djokovi¢, Generalization of a result of Aczél, Ghermdanescu and Hosszi,
Publ. Math. Inst. Hung. Acad. Sci. 9A (1964), 51-59.

[3] D. Z. Djokovi¢: General solution of a functional equation, Univ. Beograd. Publ.
Elektrotehn. Fak. Ser. Mat. Fiz. No. 132 — No. 142 (1965), 55-57.

[4] D. 7. Djokovié, Solution d’une équation fonctionnelle & plusieurs fonctions in-
connues, Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 132 — No.
142 (1965), 51-53.

[5] M. Hosszi, A linedris fiuggvényegyenletek egy osztdlydrdl, Magyar Tud. Akad.
Mat. Fiz. Oszt. Ko6zl. 11 (1961), 249-261.

[6] D. S. Mitrinovi¢, Equation fonctionelle d fonctions inconnues dont toutes ne
dépendent pas du méme nombre d’arguments, Univ. Beograd. Publ. Elektrotehn.
Fak. Ser. Mat. Fiz. No. 115 — No. 121 (1963), 29-30.

[7] D. S. Mitrinovi¢, E‘quations fonctionelles cycliques généralisées, C. R. Acad. Sci.
Paris 257 (1963), 2951-2952.



146

[8]

[9]

[10]

[11]

[12]

[13]

[14]

I. B. RISTESKI AND V. C. COVACHEV

D. S. Mitrinovic, E‘quations fonctionelles linéaires paracycliques de premiére
espéce, Publ. Inst. Math. Beograd 3 (17) (1963), 115-128.

D. S. Mitrinovi¢, D. Z. Djokovié, Neki nereseni problemi u teoriji funkcionalnih
jednacina, Mat. Bibliot. 25 (1963), 153-168.

I. B. Risteski, Solution of a class of complex vector linear functional equations,
Missouri J. Math. Sci. (to appear).

P. M. Vasi¢, Sur une classe d’équations fonctionelles linéaires, C. R. Acad. Sci.
Paris 260 (1965), 5666—5667.

P. M. Vasi¢, Résolution d’une classe d’équations fonctionelles linéaires, Univ.
Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 181 — No. 196 (1967),
53-60.

P. M. Vasi¢, R. Z. Djordjevié¢, Sur I’équation fonctionelle cyclique généralisée,
Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 132 — No. 142 (1965),
33-38.

P. M. Vasi¢, R. R. Jani¢, R. Z. Djordjevi¢, Sur les équations fonctionelles linéaires
paracycliques de premiére espéce, Univ. Beograd. Publ. Elektrotehn. Fak. Ser.
Mat. Fiz. No. 132 — No. 142 (1965), 39-50.

Ice B. Risteski
2 Milepost Place #606, Toronto, M4H 1C7, ON, CANADA

E-mail: iceristeski@hotmail.com

Valéry C. Covachev

Institute of Mathematics, Bulgarian Academy of Sciences
8 Acad. G. Bonchev Str., 1113 Sofia, BULGARIA
E-mail: matph@math.bas.bg

Present address: Fatih University
Department of Mathematics

34900 Biiyiikcekmece, Istanbul, TURKEY
E-mail: vcovachev@fatih.edu.tr



