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Abstract. The problem given by M. Matsumoto in his paper [10] is that
whether there exist conformally equivalent Berwald, or locally Minkowski man-
ifolds. In this paper we are interested in case of positive definite Berwald man-
ifolds of dimension n > 3 solving the problem under a further condition: we
shall suppose that one, and therefore all indicatrices have positive curvature.
Then the conformal change must be homothetic unless the Berwald manifolds
are Riemannian.
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8§1. Preliminaries

1.1. Throughout the paper we use the terminology and conventions described
in [13]. Now we briefly summarize the basic notations.

(i) M is an n (> 1)-dimensional, C*°, connected, paracompact manifold;
C°(M) is the ring of real-valued smooth functions on M.

(ii) m: TM — M is the tangent bundle of M, mg: TM — M is the bundle
of nonzero tangent vectors.

(iii) X(M) denotes the C*°(M)-module of vector fields on M.
(iv) QF(M) is the module of scalar k-forms on M; Q°(M) := C=(M).

(v) ¢F(M) is the module of vector k-forms on M; ¢/°(M) := X(M).
*Supported by FKFP (0184/2001), Hungary.
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(vi) vx, Lx are the insertion operator and the Lie-derivative with respect
to the vector field X € X(M), respectively. The exterior derivative is
denoted by d as usual. It is well-known that

Lx=txod+doitx, Lxod=doLx.

1.2.  Vertical apparatus. ([13]; see also [9] and [19]) Consider the tangent bun-
dle m: TM — M. X"(T'M) denotes the C°°(M)-module of vertical vector
fields on TM. C € X¥(TM) and J € ¢*(TM) are the Liouville vector field
and the vertical endomorphism, respectively. We have:

(1) Im J=Ker J=X"(TM), J*> =0,

(2) dyp =dpolJ,

where ¢ € C®°(TM) and dy is the derivation induced by J. The vertical
and complete lifts of a vector field X € X(M) are denoted by XV and X¢,
respectively. As it is well-known

(3) [J,XU]ZO:>dJO£Xv:£XvOdJ

and, furthermore, the collection (X7,..., X", X7, ..., X¢) is a local basis for

X(TM) provided that (X1,...,X,) is a local basis of X(M).

1.3. Horizontal endomorphisms. (]3], [4]; see also [13]) A vector 1-form h €
Y (T M) is said to be a horizontal endomorphism on M if the following con-
ditions are satisfied:

(HE 1) h is smooth on 7 M,
(HE 2) h is a projector, i.e. h? = h,
(HE 3) Ker h=X"(TM).
J and h are obviously related as follows:
(4) hodJ =0, Joh=J

and, furthermore, any horizontal endomorphism A determines an almost com-
plex structure F' € (T M) (F? = —1, F is smooth on T M) such that

(5) FoJ=h, Foh=—Jand Jo F =v,
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where v := 1 — h is the so-called vertical projector. The horizontal lift of a
vector field X € X(M) is given by the formula

(6) X" = Fxv,

as it is well-known the collection (X?,..., XY, X ..., X"} is a local basis for
X(TM) provided that (Xi,...,X,) is a local basis of X(M).

Let a Riemannian metric g on the vertical subbundle be given. The map-
ping

: gn: X(TM) x X(TM) — C=(TM),
(7) gn(X,Y) :=g(JX,JY) + g(vX,vY)

is said to be the prolongation of g along h. (Note that g, is generally smooth
only over 7M !)

1.4.  Finsler manifolds. (for the details see [13]) Let a function E: TM — R
be given. The pair (M, E) is said to be a Finsler manifold if the following
conditions are satisfied:

(FM 1) Yo € TM : E(v) > 0; E(0) =0,

(FM 2) E is of class C! on TM and smooth over T M,

(FM 3) CE =2E, i.e. E is homogeneous of degree 2,

(FM 4) the fundamental form w := dd;E € Q?(T M) is symplectic.
Under these conditions the mapping

(8)  g: XUTM) x X'(TM) — C®(TM), g(JX,JY) =w(JX,Y)

is a well-defined, nondegenerate symmetric bilinear form which is said to be
the Riemann-Finsler metric of (M, E'). The Finsler manifold is called positive
definite if g is positive definite.

Let h be the canonical horizontal endomorphism (the so-called Barthel
endomorphism) associated with the canonical spray S, i.e.

tsw = —dE.

The tensor field C satisfying the condition

) W(C(X,Y), 2) = 5(Lsx T )Y, 2)



18 CS. VINCZE

is called the first Cartan tensor of the Finsler manifold. C' denotes its semiba-
sic trace:

(10) C(X) := trace(F o 1xC);

for a general definition see [5]. It is easy to check that the first Cartan tensor
is semibasic and its lowered tensor C, is totally symmetric. Moreover, for any

vector field XY, Z € X(M)
1
(11) Cy(XP, Y 72 = S X g(Y", Z") and €7 := 15C = 0,

where S is an arbitrary semispray on M, i.e. JS = C. The second Cartan
tensor C' is defined by the formula

(12) wC(X,Y),2) = S (Laxan)(IY, I 2);

the vanishing of the second Cartan tensor characterizes the so-called Landsberg
manifolds.

1.5.  Further formulas (a practical summary). Let (M, E) be a Finsler man-
ifold. The covariant derivatives with respect to the Cartan connection can be
explicitly calculated by the following formulas:

(C1) DyxJY = JIJX,Y]+C(X,Y) =Dyx JY +C(X,Y),

(C2) DpxJY = v[hX,JY] +C'(X,Y) =Dnx JY +C'(X,Y),
(C3) DyxhY = h[JX,Y] + FC(X,Y) =Dyx hY + FC(X,Y),
(C3) DuxhY = hF[hX,JY] + FC'(X,Y) =Dpx hY + FC'(X,Y),

o
where D denotes the Berwald connection on the Finsler manifold. The vertical
covariant differential of the first Cartan tensor is totally symmetric:

(13) (DsxC)(Y, Z) = (DyyC)(X, Z);

for a proof see [4]. The v-curvature tensor Q of the Cartan connection can be
calculated by the formula

(14) Q(X,Y)Z = C(FC(X, Z),Y) — C(X, FC(Y, Z)).

(¢}
It is well-known that the vanishing of the hv-curvature tensor P characterizes
the so-called Berwald manifolds and, consequently, the Barthel endomorphism
is just the horizontal lift of a linear connection on the underlying manifold M.
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Let a smooth function ¢: TM — R (or ¢: TM — R) be given. Since the
fundamental form w is symplectic, there exists a unique vector field grad ¢ €
X(7 M) such that
(15) lgrad oW = de = LJ grad oW = —d jp;

this vector field is called the gradient of .

Lemma 1. Consider the vertical lift o’ := aom of a function a € C®°(M);
then grada® is a vertical vector field with the following properties:

(i) [C, grada®] = — grada®,
(ii)) grada®(E) = af, where o := Sa" is the complete lift of «,
(ili) ¢F gradarC = —%[J, grada®).

If grada® = uC, where p € C*°(TM), then p = 0 and, consequently, the
function a is constant.

For the proof see [12] and [17].

Lemma 2. Let (M, E) be a positive definite Berwald manifold of dimension
n > 3. Then the following assertions are equivalent:

(i) The indicatriz hypersurface
Sy :={veT,M | L(v) =1,where E = $L?} C T,M

has positive curvature with respect to the Riemann-Finsler metric re-
stricted on the punctured vector space Tp,M \ {0};

(ii) for any q € M the indicatriz hypersurface Sy C T, M has positive curva-
ture.

Proof. Since (M, E) is a Berwald manifold we have a unique linear connec-
tion V on the underlying manifold M such that the canonical Barthel endo-
morphism h coincides the horizontal structure induced by V. The Barthel
endomorphism is conservative, i.e. the h-covariant derivatives of the energy
function E vanish. This means that the linear isomorphisms induced by the
parallel transport between the different tangent spaces preserve the Finslerian
norm L(v) of any tangent vector v € T'M. Therefore the indicatrices are in-
variant under these isomorphisms. On the other hand, as an easy calculation
shows,

9 lT,m= g |l1,M5
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where 7,M :=T,M \ {0} and 7: T, M — T, M is the corresponding linear iso-
morphism induced by the parallel transport with respect to V along a curve
joining p and ¢. Taking into account the fact that M is connected, the non-
trivial implication (i) = (i7) follows immediately. [J

Remark 1. Note that this argumentation holds without any modification in
case of Finsler manifolds which have a linear connection on the underlying
manifold M such that the induced horizontal endomorphism is conservative:
they are the so-called gemeralized Berwald manifolds, especially the Wagner
manifolds; see e.g. [8],[15] and [17].

Definition 1. A positive definite generalized Berwald manifold (M, E) of di-
mension n > 3 is called almost spherical if one, and therefore all of its indica-
trices have positive curvature.

§2. Conformal equivalence of Riemann-Finsler metrics

Definition 2. Consider the Finsler manifolds (M, E) and (M, E) with Riemann-
Finsler metrics g and g, respectively; g and g are said to be conformally equiv-
alent if there exists a positive smooth function ¢: 7 M — R such that § = ¢g.
The function ¢ is called the scale function or the proportionality function.
If the scale function is constant, then we say that the conformal change is
homothetic

Remark 2. If g = pg then

~ . 1

(16) E=59(C,C) = 599(C.C) = ¢E.

It is also well-known due to M.S. Knebelman, that the scale function between
conformally equivalent Finsler manifolds is a vertical lift, i.e. ¢ can always be
written in the form

(17) p=expoa’ :=erpoaor.

Moreover, if a Finsler manifold (M, E') with Riemann-Finsler metric g and a
function o € C*°(M) are given, then

(18) Jo =g (p=-expoa)

is the Riemann-Finsler metric of the Finsler manifold (M, E,), where the
energy function F, is defined by the formula E, := @E. According to these
elementary facts we also speak of a conformal change go = wg of the metric
g; for the details see [11], [12] and [17].
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In what follows, we summarize some of the basic transformation formulas;
for the proof and notations we can refer to Hashiguchi’s fundamental work [7]
and [17], [18]. Let us define first of all the tensor fields B} (1 <i < 4),V and H
in the following way:

Bi(X) = djE®C(X)-EJX,
1
BY(X,Y) = EC(X,Y)+ 3 (dJE ANJ(X,Y) +g(JX, JY)C’),

BYX,Y,Z) — E((DJX@(Y, 7) - C(FC(X,Y), Z) — Q(X, Y>z) N
+ %(g(JX, IY)IZ 4+ g(JX,TZ)JY — g(JY, JZ)JX> +
+ dJE®uxC(Y,Z)+djE®1xC(Z,Y),
V(X,Y.Z) = % (dJE 9 C(X,Y,Z) +dyE ©C(Z X,V) +

d;E®CY,Z,X) +C(X,Y, Z)C) +
E(D;xC)(Y, Z),

Bi(X,Y,Z,W) = (DywB3)(X,Y,Z) - By(FC(X,W),Y,Z) +
+ BLX,FC(Y,W),Z)+BiX,Y,FC(Z,W)) —
— C(FBY(X,Y,Z),W),

H(X,Y,Z,W) = Bi(X,Y,Z,W)+C(FB}(X,Y,Z),W).

Lemma 3. Let (M, E) and (M, E,) be conformally equivalent Finsler mani-
folds; then

(19> So = 8- LFgmda“BL
(20) ho = h—1p gradoz”B%a
(21) C& = (' - Lp gradoz”Va
(22> Po = P—tr gmda“lel-

Definition 3. Let (M, E) be a Finsler manifold; the change

Jo = PG
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is called a Landsberg-, Berwald-, or locally Minkowski-type conformal change of
the metric g if the resulting Finsler manifold (M, E,) is a Landsberg, Berwald,
or a locally Minkowski manifold. The manifold (M, E) is also said to be a con-
formally Landsberg, a conformally Berwald manifold (in an equivalent termi-
nology: a Wagner manifold), or conformally flat Finsler manifold, respectively.
We set

L = {aeC®M)| ga = ¢y is Landsberg-type},
B = {aeC®M)]| ga =g is Berwald-type},
M = {ae€C®M)| ga =g is locally Minkowski-type}

and, for any p € M
L, :={dpa | a €L}, B, :={dpa|ac B}, M, :={dpa|aec M}.

Lemma 4. For any p € M the sets L, and B, are affine subspaces of the
dual vector space Ty M ; they are linear subspaces provided that (M, E) is a
Landsberg, or a Berwald manifold, respectively.

For a proof see [18].
Definition 4. We set
I(p) :=dim Ly, b(p) :=dim By, m(p) :=dim Aff(My),
where Af f(M,) denotes the affine hull of the set M.

§3. An observation on the existence of nontrivial conformal
changes preserving the (hv)-curvature tensor of the Berwald
connection

Lemma 5. Let (M, E) and (M, E,) be conformally equivalent Finsler mani-
folds, i.e.

o =g (p=-erpoa)

and X := F grada”. Suppose that the second Cartan tensor is invariant under
this conformal change; then

@) =5 (lecxR(IXIE -

+ Eg(Q(X,FC(X, X))FC(X, X), JX).
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Proof. Since C!, = (', it follows by (21) that ¢xV vanishes and, consequently,

E(DyxC)(Y, Z) = _% <ofC(Y, Z) +dyE ® ixC(Y, Z) +
(24)
b dyE @ ixC(Z,Y) 4 Cy(X,Y, Z)C’) .

On the other hand, for any vector field W € X(M) we have that

gBI(X, W, X, X),JX) =

= g((DyxBH(X,We, X),JX) — g(BLFC(X,X), W, X),JX) +
+g(BY(X, FC(W* X),X),JX) 4+ g(BL(X, W, FC(X, X)),JX) —
9(B3(X, W*, X),C(X, X)),

(25)
where, according to (C1), DyjxW" =C(W*¢ X) and, by Lemma 1. (iii)
(26) DyeJX = —C(W°, X) = DyxJX = —C(X, X).

Using the metrical property of the classical Cartan connection, (25) reduces
to the following simple form

gBI(X, W X, X),JX) =

27
27 = JXg(BY(X,W*, X),JX) +29(B}(X, W, FC(X, X)), JX).

Since the v-covariant differential D;xC can be expressed in a specil way, we
have from the definition of B the relations

Bi(X, W X) =
1
=3 (W”E C(X, X))+ [|[JX|*> WY — g(C(X,X),W?) C) —

—E<C(FC(X, W), X) +Q(X, WC)X>,
B (X, We, FC(X, X)) =
= %(WE C(X,FC(X, X)) 4 g(C(X, X), JX)W? + g(JX,W")C(X, X) —

—aC(WE FC(X, X)) —g(C(X,X),W")JX —g(C(X,X),C(X,W°)) C) —

—E (C(FC(X, X), FC(X,W*)) + Q(X, W) FC(X, X))
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and, consequently,
JXg(B3(X,W* X),JX) =
1
= 5 (9O X),TX) + LXK Pl X)) +

+3WYE [|C(X, X)|? + afg(C(X, X),C(X, WC))) +

+E<g(C(X, FC(X,W*)),C(X, X)) + g(C(FC(X, X), Wc),C(X,X))> +
+5 (B (D€)X ). 1) — (DX, X)) -

~E (9D, X),CX W) + (DO (X)X X)) )

By the help of (24) we can set this formula free from the v-covariant differential
of the first Cartan tensor C. Together with our previous result (27) this process
gives the following expression:

1
—39(Bi(X, W, X, X), JX) =

- %(HJX\PQ(C(X,X),WU) —g(JX, W”)g(C(X,X),JX)> N

(28> (6% v c v
+ E(W Eg(C(X,X),JX) —ag(C(X, X)W )) +
+ Eg(Q(X, W) FC(X, X), JX).

Since it has a tensorial character in the second argument, we get the desired
relation by the substitution of the vector field FC(X, X) into (28). O

Definition 5. Let (M, Er) be a Riemannian manifold, o € C°°(M) such that

(i) dpa # 0 and a(p) = 0; this means that « is regular on a connected open
neighbourhood U of the point p € M.

(ii) The gradient of o with respect to the Riemannian structure has a con-
stant unit length on the neighbourhood U, i.e.

Lp(gradg a) lv=1,
where the fundamental function Ly is defined by the conditions

1
ERziLﬁ% and Lp >0
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as usual. Consider a smooth function
K: M — R such that —4 < K(q) <4 (g€ U)
and let v € T; M be an arbitrary tangent vector. Then, of course,
0 =v+tgradpa(q),

where v € T, M is tangential to the level hypersurface N, = o~ (r) N U
containing the point ¢ € U; r := a(q). The energy function

- - t
(29) B(0) == (Er(0) + K(q)Lr(v)7)
2K 4t + K(q)L K
i( arctan + K@) Lr(v) arctan ¢)
16— K2(q) L) /16— K2(g) 16— K2(q)
constructed on the neighbourhood U is called an Asanov-type Finslerian met-
ric function; for the terminology see [2]. Furthermore,

exp

E(0) :=0,

> q 1 2K T K
(gra R(X) = 5633]) \/ﬁ 5 — arctan\/ﬁ s

> q 1 —2K T ; K

(—gradp o) := 2exp{m<2 + arctan m)}
Remark 3. As a special case of our definition a similar, but not exactly
the same construction can be found in Asanov’s paper [2], see also [1]; now
we briefly summarize the basic ideas. Finslerian metric functions proposed by
G.S. Asanov to study are given first of all on the product manifold M := N xR;

(30)

for brevity let us set
a: N xR =R, alp,r) :=r= N=a 0).

The Riemannian structures on the different level hypersurfaces with respect to
the function a are induced by the help of a Riemannian energy function Eg
on the manifold N. This means that they are isometric to each other under
the natural identification

pE€N — (p,r) € N,, where N, :=a~!(r).

Moreover, the function K does not depend on the value of r, i.e. for any scalars
r,s € R

K(q,7) = K(q,8) = K(q) == K(q,7);
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the function F is given by the formula

[t ]

(31) E(v) := (Er(0) + K(q)Lr(v)=~)
exp L@(arctan /16— K¥(q) | ¢ — arctan 16——K2(q)
16 — K2(q) K(q) |t |+4LR(v) K(g) 7

where

v=0v+ t% € T{gyM and v € T(y )Ny = TyN.
As we can see, Asanov’s energy function (31) is reversible and, consequently,
it has lots of singularities along the equatorial section defined by the equation
t = 0 unless the metric is Riemannian, i.e. K = 0: ... At the points of the
equatorial section, the gemeratriz of the indicatriz has a corner whose angle
is /* = 180° — 2arctg%... this angle may be regarded as “the parameter of
non-Riemannianity”... (cf. Theorem 7; [1]).

Suppose that dim M > 3; Asanov proved that the indicatrices of the Finsler
manifold (N x R, FE) have constant curvature 1 — If—g with respect to the
Riemann-Finsler metric restricted on the tangent spaces (except, of course, at
the origin). Now we are going to show that the metric (29) in Definition 5 also
has this property; the argumentation is based on the fact that the sectional cur-
vature of the indicatrices with respect to their own restricted Riemann-Finsler
metric is invariant under any conformal change. Indeed, due to Knebelman’s
observation, the conformal change works as a scalar multiplication for the
tangent spaces as Riemannian manifolds; notations as above.

Proposition 1. Suppose that dim M > 3; for any q € U the indicatriz hyper-
surface Sy of an Asanov-type Finslerian metric function has constant curva-
ture.

Proof. It is enough to prove our statement at the point p € M; the proof
is similar in case of any other point. Let N := a~!(0) N U be the level
hypersurface cointaining p. First of all we investigate the upper half indicatrix

St =8,N{0 =v+tgradga(p) € T,M |t > 0}
of the metric (29) by the help of the function

V16— KQ(p) ‘ ! ‘ — arctan At + K(p)Lr(v)
K(p) |t | +4Lgr(v) Lr(v)y/16 — K2(p)’

where v € T,N \ {0} is an arbitrarily fixed tangent vector. Differentiating
with respect to t, an easy calculation shows that ©,'(t) = 0 for any positive

©4(t) := arctan
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real number ¢ € R. Therefore, for example

O (1) = lim ©,4(t) = —arctan K(p)

— V16— K2(p)

provided that K(p) > 0; if K(p) < O then the domain of parameters ¢ €
R* must be divided into connected parts! This means that the upper half
indicatrix of an Asanov-type Finslerian metric function (29) consists of such
parts which are homothetic to the upper half indicatrix of the metric (31) at

the point p. For the lower half indicatrix S, let us form the auxiliary metric
(31) by the help of —K instead of K, i.e.

| t]

(32) E(v) := (Er(0) — K(p)Lr(v)=)
exp ﬂ(arctan v 16~ K2p) [ ¢] — arctan 16_—KQ(M)
16 — K2(p) ~K(p) | t|+4Lg(v) -K(p) ~
Differentiating the function
©_(t) := arctan — 16 — K2(p) | t| + arctan At + K (p)Lr(v)
o —K(p) |t | +4Lg(v) Lr(v)y/16 — K2(p)

with respect to ¢, an easy calculation shows that ©_'(¢) = 0 for any real
number ¢t < 0 and, consequently, the lower half indicatrix of an Asanov-type
Finslerian metric function (29) consists of such parts which are homothetic to
the lower half indicatrix of the metric (32) at the point p. Since the indicatrix
hypersurfaces of (31) and (32) have the same constant sectional curvature

K?(p)
16 16

1—

this means that S, also has constant sectional curvature as was to be stated;

K2
N

of course, it is just 1 —

Proposition 2. Let (M, E) be a positive definite Finsler manifold of dimen-
sion n > 3 with an almost spherical indicatrix hypersurface at a point p € M,
i.e. suppose that it has positive curvature. If there exists a conformal change

ga =g (¢ =expoa’)
of the metric such that

(i) the scale funtion is reqular at the point p,
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(i) the (hv)-curvature tensor of the classical Berwald connection is invari-
ant,

then E is conformal equivalent to an Asanov-type Finslerian metric function
on a connected open neighbourhood U of the point p.

The proof consists of more steps presented below; conditions of the theorem
are used without any further comment. Keeping in mind that our result has
a local character, consider a connected open neighbourhood U of the point
p such that d,a # 0, where ¢ € U and, for the sake of brevity, let us set
X ;= Fgrada’ = JX = grad o’ as above (cf. Lemma 5).

Lemma 6. The vector fields C(X,X) and JX — %C are linearly dependent
at the points v € T,M \ {0}, i.e.
ac

(33) Gy(C(X, X), JX — ﬁc) (v) =0,

where G4 forms the Gram-determinant of its arguments with respect to the
Riemann-Finsler metric g.

Proof. 1t is well-known (see e.g. [13], p. 44) that for any vector field Y, Z, W €
X(TM):

1 o
(39 /(Y. 2.W) = —2g(B (v.2)W,C)

which implies the second Cartan tensor to be also invariant under the con-
formal change g, = ¢g. Using Lemma 5 we have from the vanishing of the
tensor field LFgNMMIBB}1 that for any v € T,M \ {0}:

1 af 2
(35) 0=— <\|C(X,X)||2(\|JX\|2 _ r2) ) — g% (C(X, X), JX)) (v) +

+9(Q(X, FC(X, X)) FC(X, X), JX)(v),
where r := L(v). If the plane determined by the vertical tangent vectors
C(X,X)(v) and JX, — %(U)Cv exists, then (35) shows the vanishing of the
corresponding sectional curvature for the hypersurface rS, C T,M. Since
(M, E) is almost spherical at the point p, this is a contradiction. [J

Lemma 7. Er := E|JX|?, where the norm is taken with respect to the
Riemann-Finsler metric g is a Riemannian energy function on 7—*(U). For
any vector fields Y, Z € X(U) the associated Riemannian metric v and g are
related as follows:
gr(Y", 2°) = |JX|*g(Y", 2°) = Y (E)g(C(X, X), Z")~
(36) — Z°(E)g(C(X, X),Y") +2a°(C(X, Y*), 2") +
+2Eg(C(X,Y"),C(X,Z°) +2Eg(Q(X,Y)Z, JX),
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where gr(Y?, ZV) :=~y(Y, Z) o . We have:
grada’ = ||JX|]*gradya — gradya(E)C(X, X)—
(37) —g9(C(X, X), gradna)C + 2a°C(X, gradpa) +
+2EC(X, FC(X, gradfa)) — Q(X, gradza) X,

where gradr o € X(U) is the Riemannian gradient of the function «, gradpo
and gradpa are its vertical and complete lifts, respectively.

Proof. Since the hv—curvature tensor of the Berwald connection is invariant,
we have that for any vector field Y, Z,W € X(U):

o o

0 = P, (Y5,ZW)—P (Y, ZW°) =
= [[Yha’ Zv]a WU] - [[Yh’ ZU]? WU] = [[Yha’ ZU] - [Yh’ ZU]? Wv]a
which means that the vector field [V, Z?] — [Y", Z¥] is a vertical lift (see e.g.
[13], p. 37). Therefore, as an easy local calculation shows, the components of
the difference tensor h, — h are linear on the tangent spaces and, consequently

the difference of the associated semisprays is a quadratic vector field. From
the transformation formula (19) it follows at the same time that

Sq — S = —a°C + Egrada’;
applying both sides to the function a*:
E||JX| := E|grada’||® = (Sa — S)a® + (a€)?,

where the function on the right hand side is quadratic. We have:

gr(Y?, 2%) = Y (2" Eg) = Y* ((Z”E)HJXH2 " EZ”HJX|!2> -

B8 S xRyt 2% + (2B + () 27X +

+EY"(Z°|JX|?).
Here

2 JX|? = 29Dz X, 0x) % —2g(c(X,2%),TX) =
= —29(C(X,X),Z2") = Y*|JX|]* = —29(C(X, X),Y"),
YU(ZIX|?) = —2¥Pg(C(X, X),2") =

= —2(Dy+C(X, X), 2°) — 29(C(X, X),C(v*, 7)) &

29!
= —2g((DyvC)<X7X), Z”) + Qg(C(FC(X,YC),X), Z”) —
~2g(C(X, X),C(v?, 29) ‘&) —2g((DyxC)(X, V), Z") +
(c(
(

+29(C(FC(X,Y*), X), 2%) - 29(C(X, X),C(v*, 2¢)) 2

= -2 (DJXC)(X,YC),ZU) + 29(Q(X3Y6)azc)v‘]X)
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taking into account the fact that the lowered first Cartan tensor is totally
symmetric. Since the vertical covariant differential D ;xC has a special form
(24), by the substitution of these expressions into (38) we get immediately
the relation between the metrics; (37) is a direct consequence of the previous
formula (36). O

Lemma 8. || gradp a|]? := ~y(gradgp o, grady o) < 1 and for any q € U the
following assertions are equivalent:

(i) Il gradg af*(q) = 1,

(i) Gg(grada®,C)(v) = 0, where v = £ gradr a(q), i.e. the Liouville vector
field and grada® are linearly dependent at the points

v := % gradp a(q).

Proof. Using the Cauchy-Schwarz inequality (with respect to the Riemann-
Finsler metric g) we have that

Jgrada’] < —2%_ < || grada®|;
9(C,C)

here, as it is well-known, Ca® = o€ and g(C,C) = 2E. Therefore

(a°)?
2F

(39) < |l grad o’||* = (a%)* < 2Ep.

Evaluating both sides along one of the vector fields + gradp « it follows that

| gradg af* < ||gradp a|/? and, consequently,

(40)

0 < [lgradg af*(1 — |[gradg af*) = | gradp o||* < 1

the norm in the last formula (40) is, of course, taken with respect to the
Riemannian metric v and equality holds if and only if the condition (ii) is
satisfied. [

Lemma 9. For any tangent vector v € T,M \ {0}

(41) Gg(grada”, gradpo, C)(v) =0,

i.e. the system of vector fields (grada”, gradpa, C) are linearly dependent at
the points of the punctured tangent space T,M \ {0}.
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Proof. Let v € T,M \ {0} be an arbitrary tangent vector; we can obviously
suppose that the Liouville vector field C' and grad o’ are linearly independent
at the point v. In this case, according to Lemma 6 we have that

of 9(C(X,X),JX)

42 C(X,X), =0,(JX — —=C),, where 0, := -
(1) C(X,X)y = 0,(JX — 2=0) e

(v)

is the Fourier coefficient of the tangent vector C(X, X), with respect to (JX —
2.C),. It is clear that the formula (42) also holds on a connected open
neighbourhood W C T,M of the point v. In what follows we restrict our
investigations to the neighbourhood W without any further comment; the
sign of the restriction will be omitted. Now we are going to calculate again
the relation betwen the Riemann-Finsler metric g and . For the sake of
brevity let us introduce the functions

(a)?,
2F

¢:=g(C(X, X), JX) and 5 = [|TX]|* -
then, of course, 6 = % For any vector fields Y, Z € X(U) we have:

20X = 29Dz X, x) E —agc(x, 29),0x) =

“2gC(X, X), 2°) ) _29 <(Za) o — QO‘—EZ”E>,
v 2 _ _a_c v
YUIX|? = 20<(Ya)o7r g E)
Y2 IX|?) = _2(Y”9)<(ZQ)M_;‘—EZUE>+

+% <(Ya) onZ'E + ag(Y", Z%) — %C(YUE)(ZUE)> ,

where

Y0 = (YY)~ — %<Y”||JX||2 - %C(Ya) o+ MYE>

2FE?

I |
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Since the lowered first Cartan tensor is totally symmetric, (26) shows that

YUg(C(X,X),JX) = g(Dy-C(X,X),JX) — g(C(X,X),C(X,Y°)) =
= g((Dy+C)(X, X),JX) — 3g(C(X, X),c(X,v*)) &
= g((DsxC)(X,Y),JX) - 3¢(C(X, X),C(X,v¢)) &

- L <(Y”E)g(C(X,X), JX) + 3acg(c:(X,X),yv)> +

" 2E

“3¢(C(X, X),C(X,Y¢) &
_ i((va) (C(X, X), JX) +300%(Ya) o 39ﬂY”E>
- T2E JEAS ) Y -

—362 <(Ya) om — ;—EY”E>.

Substituting these new formulas into (38) the relation between the metrics
reduces to the following simple form:

gr(Y", Z2") = Ag(Y",Z") + P(Y'E)(Z"E)+
(43) + Q((Ya) onZ'E+ (Za) o wY”E) + R(Ya)on(Za)om,

where, after a very long calculation, the coeffitients can be given in the fol-
lowing explicite way:

o af af 0 af
P = o—(14+—(=+10 =—(0+a°—(==+10
wap (14 55 +0). Qo= (04005 +0)),
0, af
= 2E—(—=+90
R n(zE +0)
and the "main coefficient” A := ||JX||? + fa must be positive on the neigh-

bourhood W because the dimension of the tangent space T, M is no less than
3. As a direct consequence of (43) we get the relation between the gradient
vector fields grad ¥ and gradya:

Agradha = (1 — Qgrad%a(E) — R| grady o* o 77) grada’ —
- <Q|| gradg af® o + Pgrad%a(E)) C

as was to be stated. OJ

Lemma 10. || gradg o|*(p) = 1.
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Proof. Suppose that ||gradg a||?(p) < 1; then, by Lemma 8, it follows that
the Liouville vector field C' and grad oV is linearly independent at the point
v := gradp a(p). On the other hand, since gradpa(v) = C,, the relation (37)
reduces to the following simple form:

grad o’ (v) = | TX|2(0)Cy — 2E@)C(X, X ) 2 A(0)C, — 2E(0)8(0) I Xy,

where, of course, JX = grada’. This means that the "main coefficient” A
vanishes at the point v which is a contradiction. [J

Remark 4. Without loss of generality we can suppose that a(p) = 0; consider
now the submanifold N := a~1(0) N U together with the induced energy
function E |ppn.

Lemma 11. The functions
| grada®||* and Lg(C(F grada®, F grada'), grada’),

where L is the fundamental function of the Finsler manifold (M, E), are con-
stant on the tangent space T,N .

Proof. First of all we are going to prove that the Finsler manifolds (N, E |7x)
and (N, Er |rn) are conformally equivalent at the point p; more precisely, for
any tangent vector v € T,N \ {0},

(44) gr(Y", Z%)(v) = ||grada”|*(v)g(Y", Z°)(v),

where the vector fields Y, Z € X(U) are, of course, tangential to the submani-
fold N at the point p. (Note that gr is just the vertical lift of the Riemannian
metric v!) The following relations are trivial:

v € TN <= a‘(v) =0,
(45) grad a’(v) L C, with respect to the metric g,
C(X,X), (v) grad " (v);

- ¢
| grad o[

here, as above, ¢ := ¢g(C(X,X),JX) and X := Fgrada” = JX = grada®.
Since the Liouville vector field C' and grad o’ are perpendicular at any point
v € T,N \ {0}, they are linearly independent at the same time. The formulas
in the proof of Lemma 9 shows that

Z°|IX|? |r,n= 0, Y|JX|? |z,5v= 0 and Y*(Z*| JX|) |7, 5= 0

which imply the relation (44). Using Knebelman’s observation at the point
p € N, it follows that the ”scale function”

I7X[* = || grad a**
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is constant on the tangent space T,N. On the other hand, for any point
veT,N,
0 (9(€(X, ), ) ) = (¥*L)g(€(X, X),JX), +
+L(v)(Y")pg9(C(X,X),JX) = (Y'L),g(C(X,X),JX), —

— L (0)(Y*E).g(C(xX, X), JX),

0
2F

using the formulas in the proof of Lemma 9 again. [J

Lemma 12. Let v € T,N \ {0} be an arbitrarily fixed tangent vector and
consider the integral curve

c: R—T,N, c(t) :==v+tgradg a(p)
of the vector field gradpo. The function
y(t) == Eoc(t)
satisfies the following differential equation:

2
(46)  2Er(v)y(t)y"(t) + 2ty(t)y'(t) — (Er(v) + %)(y')z(t) —2y%(t) = 0.

Proof. The differential equation (46) can be deduced from the relation (41),
which implies that

Gy(grad a’, gradga, C) o c(t) = 0.

Taking into account the following simple facts

g(grad a”, grad%a) o ¢ = || gradg of*(p) = 1 (see Lemma 10),

g(gradpa, gradia) o c = gradp, (gradURa(E)) oc=1y",

g(grada, C) = grada(E) and gradja(E)oc=1v/,
g(C,C) =2E and afoc(t) =t%

1
E|grada’||* = Er and Egoc(t) = Er(v) + 5152’

the proof is a straightforward calculation. [

Now we are going to solve this differential equ/ation to complete the proof of
Proposition 2. As it can be easily seen, if z := % then z satisfies the following
first order Ricatti-type differential equation:

2EBg(v) — 12 ,

(47) 2ER(v)2(t) + 2t2(t) + — 7 (t) —2=0.
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Since
y'(0) = (gradja),E = (grad%a)v(%) -
Xl
of ER 2
)~ 7 () eradia). X
E v
- e X =
E (26)
N _QHJ)?HMU)Q(Dgrad%aJXvJX)(“) =
E v ), FE
= 2K, X), gradga)(v) 2 2 g (0)C(0) =
B L% _ Lg
- W(v)@g)(v) = W(LC)@),

E L2
¥ = B) = 5m ) = 5rm ),

we have, by Lemma 11, the initial condition

SN S ()
[JX|P* " Lr(v)  Lr(v)’

(48) 2(0) =2

where K(p) € R is a constant. As it can be easily seen, the function

2t + K(p)Lr(v)
2t2 + tK(p)Lgr(v) + 4Eg(v)

(49) z2: T — R, z(t) =2

is the uniquely solution of the Cauchy-problem. Therefore

(Boc)
Foe

lz= 2;

since the left hand side is well-defined on the whole set of real numbers it
follows that —4 < K(p) < 4 and, consequently,

(Eoc)
Foc

2t + K(p)Lr(v)

(50) 2t2 +tK (p)Lr(v) + 4ER(v)

(t) =2

for any real number ¢ € R. Integrating (50) with respect to t, we have that

(51) y(t) = 4K*(p) (ER oclt) + K(p)LRw)f)

4
2K (p) 4t + K(p)Lg(v)

P R A L /16 — K2 ) 16 - K2(p)
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where

1
K*(p)i= ———;
#) = Hgrada’ 20)’

the right hand side is depend only on the ”position” as we have proved in
Lemma 11. In view of Remark 3 this result shows that S, has constant pos-
itive curvature. Therefore, we can suppose that for any ¢ € U the indicatrix
hypersurface S, also has positive curvature and the argumentation is similar
as above.

84. On conformal equivalence of almost spherical Berwald
manifolds

Proposition 3. Keeping our previous notations let E be a non-Riemannian
Asanov-type Finslerian metric function at the point p € M, i.e. suppose that

K(p) #0. If
Ty,M=Wea{tw| teR} =W & L(w)

is a direct composition such that for any v € W and t € R the symmetry
property

(52) E(v+tw) = E(—v + tw)
1s satisfied, then
W = Ker(a® |,m) = T,N and w € L(gradp a(p)).
Proof. Let v € W be an arbitrary tangent vector such that
v =g+ togradp a(p), where vy € T,N;

first of all we suppose that vy # 0. Using the symmetry property (52) it follows
that F(v) = E(—v) and, consequently,

53 (Er(o) + K La)D ) Fit0) = (En) — K o) L) ) £(-t),

where the function f is defined by the formula

2K (q) retan 2+ K (@) Lr(w)

VG- K g Lauo)y/16 - K2X(g)

f(t) :=exp
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It can be easily seen that
f is strictly increasing < K(p) > 0,
f is strictly decreasing < K(p) < 0.

Since f is positive, these observations are also true for the function f2; there-
fore, for any t € R

tK (p)(f(t) = f2(=1)) = 0.
On the other hand, according to the relation (53)

Er(0)(f(to) — f(~t0)) + K(p)Lr(vo) > (£ to) + f(~ts)) =0

and both members on the left hand side have the same sign because their
product is no less than 0 as we have seen above. This means that tg = 0, i.e.
v € T,N. If vy = 0, then v = tggrady a(p) and the symmetry property (52)

gives that
K 1
t3<eXp 16 (}2’2 " K(p) ) -
- (p) exp \/16772(17)71-

and, consequently, tg = 0.
Consider now the subspace £(w) C T,,M; we put

w = wo + to gradp a(p),

where wg € T,N and ty := w(a). If v := %wo and ¢ := % then the symmetry
property (52) gives that

2
E(gradg a(p)) = E(%wo + gradp a(p)).
Let us define a function
. . t . .
Jj:10,2] = R, j(t) := E(%wo + gradp a(p)) = j(0) = j(2);

since j is continuous and it is differentiable at any inner point, there exists a
real number 0 < ¢ < 2 such that j/(¢) = 0. On the other hand, according to
(29) an easy calculation shows that for any inner point t:

) 1
J'(t) = 2E R (3 -wo)

2K(p) 4+ K(p)Lr(5wo) K(p)
exp —————/(arctan - —— — arctan ——————),
B K2 Ta(Lwe)y/16 - K2() 16— K2(p)

and, consequently, £ (%wo) = 0 = wg = 0, which implies our statement. [J



38 CS. VINCZE

Theorem 1. Let (M, E) be an almost spherical Berwald manifold of dimen-
sion n > 3; then the Berwald-type conformal changes of its Riemann-Finsler
metric must be homothetic unless the manifold is Riemannian, i.e. one of the
following cases is satisfied:

(ii) b =n and, consequently, (M, E) is a Riemannian manifold.

Proof. Suppose that there exists a nontrivial Berwald-type conformal change

Jo = @9 (@ =expoa’)

of the metric g, i.e. (M, E,) is a Berwald manifold and d,a # 0 (p € M).
Proposition 2 implies the energy function E to be conformal to an Asanov-
type Finslerian metric function on a connected open neighbourhood U of the
point p. This means that for any ¢ € U the indicatrix hypersurface S, has
constant sectional curvature and the symmetry property

E(v+ tgradp a(p)) = B(v— tgrady a(p)),

where v € T, M is tangential to the level hypersurface N, := o~ (r) N U
containing ¢ is satisfied; notations as in the proof of Proposition 2. Since
the canonical Barthel endomorphism A arises from a linear connection V on
the underlying manifold M, it follows that the punctured tangent spaces as
Riemannian manifolds are isometric to each other (cf. the proof of Lemma 2).
Therefore, the indicatrices have the same constant curvature which means that
the function K is constant on the neighbourhood U. We can obviously suppose
that this Asanov-type Finslerian metric function is non-Riemannian, i.e. K #
0. Taking into account the fact that the parallel transport with respect to V
preserves the Finslerian norm, Proposition 3 implies that the tangent spaces
of the level hypersurfaces NV, are also invariant under the parallel transport
with respect to V. In other words, these hypersurfaces are totally geodesic
submanifolds of the Berwald manifold (M,E), i.e. for example

SOCC ’TN: 0,

where N := a~1(0) N U - without loss of generality we can suppose that
a(p) = 0. Starting out from the Berwald manifold (M, E,) and the Berwald-
type conformal change g = % go of the metric g,, we also have that

Saac |TN: 0= EH grad Osz2 |TN: 0

using the transformation formula (19), see also the proof of Lemma 7. This
is obviously contradicts to the regularity property d,o # 0. Therefore, the
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exterior derivative of the function « vanishes and the conformal change is ho-
mothetic. If K = 0 then the manifold is locally Riemannian and, consequently,
it is a Riemannian manifold; the proof can be easily realized by the help of
the parallel transport with respect to V, see e.g. Proposition 3 in [18]. O

§5. An application: on the uniqueness of Wagner stuctures for
Finsler manifolds

Corollary 1. Suppose that (M, E) is a positive definite almost spherical Wag-
ner manifold of dimension n > 3; then the Wagner structure or, in an equiv-
alent way, the linear Wagner connection on the underlying manifold M is
uniquely determined unless the manifold is Riemannian.

Proof. As it is well-known (see e.g. [17], [15] and [8]), if there exists a linear
Wagner connection on a Finsler manifold (M, E), then it is conformal to a
Berwald manifold and vica-verse. Explicitly, if

Jgo = @9 (@ =expoa’)

is a Berwald-type conformal change of the metric g, then the Wagner con-
nection induced by —%a is linear. According to Theorem 1, for any positive
definite almost spherical Wagner manifold b = 0, i.e. the Berwald-type con-
formal changes can be written in the form

©) 1= exp o(o/’ + )\),

where A is an arbitrary constant. Since the exterior derivative of a constant
function vanishes, the Wagner connections induced by the functions —%a and
—2(a+)) coincide as was to be stated; for the details see [17], [16] and [6]. O

Remark 5. For a detailed discussion of the two-dimensional case, see [10].
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