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Abstract. Let G be a (p,q) graph and f : V(G) — {0,1,2,3,...,q} be
an injection. For each edge e = wwv, let f*(e) = [w—‘ Then f is

called a mean labeling if {f"(e) : e € E(G)} = {1,2,3,...,q}. A graph
that admits a mean labeling is called a mean graph. In this paper, we prove
ToCy,T6C,, TQP,, T©2P,, where T is a Tj-tree, are mean graphs.
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81. Introduction

By a graph, we mean a finite simple and undirected one. The vertex set and
the edge set of a graph G are denoted by V(G) and E(G) respectively. The
disjoint union of m copies of the graph G is denoted by mG. The union of two
graphs G1 and G is the graph G7 U G2 with V(G1 U G2) = V(G1) UV (Gs)
and F(G1UG2) = E(G1) U E(G3). A vertex of degree one is called a pendant
vertex. The corona G; ® G2 of the graphs (G; and G5 is obtained by taking
one copy of G (with p vertices) and p copies of G and joining the i’ vertex
of G to every vertex of the i** copy of Gs.

Let T be a tree and ugy and v be two adjacent vertices in V(T'). Let there be
two pendant vertices v and v in T such that the length of ug-u path is equal to
the length of vg-v path. If the edge ugug is deleted from 7" and u, v are joined
by an edge uv, then such a transformation of 7" is called an elementary parallel
transformation (or an EPT) and the edge ugvp is called a transformable edge.
If by a sequence of EPT’s T' can be reduced to a path, then T is called a
T)-tree (transformed tree) and any such sequence regarded as a composition
of mappings (EPT’s) denoted by P, is called a parallel transformation of T
The path, the image of T" under P is denoted as P(T).
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Let T be a T)-tree with m vertices. Let T'6C;, be a graph obtained from T’
and m copies of C,, by identifying a vertex of i*" copy of C,, with i*" vertex
of T. Let ToC,, be a graph obtained from T and m copies of C,, by joining a
vertex of i*" copy of C,, with it" vertex of T by an edge. Let TQP, be the
graph obtained from T and m copies of P, by identifying one pendant vertex
of it" copy of P, with i*" vertex of T, where P, is a path of length n — 1. Let
T(©2P, be the graph obtained from T by identifying the pendant vertices of
two vertex disjoint paths of equal lengths n — 1 at each vertex of the T),-tree
T. Terms and notations not defined here are used in the sense of Harary [1].

A graph G = (p,q) with p vertices and ¢ edges is called a mean graph if
there is an injective function f that maps V(G) to {0,1,2,3,...,q} such that
for each edge wv is labeled with w if f(u)+ f(v) is even and W
if f(u)+ f(v) is odd. Then the resulting edge labels are distinct.

The mean labeling of Py ® K is given in Figure 1.
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Figure 1

The concept of mean labeling is introduced by S. Somasundaram and R.
Ponraj [7] in 2003. They have proved in [4, 5, 8, 9] and [10] the meanness of
many standard graphs like P,,, Cy,, K,,(n < 3), the ladder, the triangular snake
Kg,n, Ko +mKq, K, +2K5,C,, UP,, P, X P, Py, x Cp,,Cp, ©® K1, P, ©® K1,
the friendship graph, triangular snakes, quadrilateral snakes, K, if and only if
n < 3, K, if and only if n < 3, bistars B, ,,(m > n) if and only if m < n+2,
the subdivision graph of the star K, if and only if n < 4, the friendship
graph Cg()t) if and only if ¢ < 2. Also they ahve investigated the mean graphs
or order less than or equal to 5. In addition, they have proved that the graphs
Kp(n > 3),Kin(n > 3),Bun(m >n+2),S(K;,)(n > 4),C§t)(t > 2), the
wheel W), are not mean graphs. M.A. Seoud and M.A. Salim [6] investigated
the mean labeling of graphs of order 6. In [2, 3], some constructions of mean
graphs and mean labeling of some standard families of graphs are given.

82. Mean Graphs

Theorem 2.1. Let T' be a T),-tree on m vertices. Then the graph ToC,, is a
mean graph.

Proof. Let T be a T)-tree with m vertices. By the definition of a T)-tree, there
exists a parallel transformation P of T such that for the path P(T") we have
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(i) V(P(T)) = V(T) and (ii) E(P(T)) = (E(T)\E4) U Ep, where Ey is the set
of edges deleted from T and Ep is the set of edges newly added through the
sequence P = (P1, Py, ..., P;) of the EPTs P used to arrive at the path P(T).
Clearly E; and Ep have the same number of edges.

Now denote the vertices of P(T) successively as v1,ve,vs, ..., Uy, starting
from one pendant vertex of P(T) right up to other. Let ul,ub, ..., u’ be the
vertices of the ith copy of C, with ul = v; for 1 < i < m. Then V(T6C,,) =
{ul :1<i<n,1<j<m} Let

2k if n is even.

_{Zk—i—l if n is odd

Define f : V(ToC,) — {0,1,2,3,...,9g = (n+ 1)m — 1} as follows:
Case (i). nis odd.

1
|

F@P Yy =2+ 1)(j—1)+26—1) forl<j< % 1<i<k+l,
(uii21>: 2n+1)(j — 1) +n for1<ji< |5,
=2(n+1)(j—-1)+n—-2 or Sjg_m_,lgigk—l,
f (3 >= 2n+1)j - fori<j<|%|.
u?) =2(n+1)j — 2(i — or1<i< |2l o<i<k42
1 1 1 .
2 neD@i-D+2+1  fori<j< |2 1<i<k-1
A 1)(2j — 1) +2i+1 1 .

Let v;v; be a transformed edge in 7" for some indices ¢ and 7,1 < < j <m
and let P; be the EPT that deletes the edge v;v; and adds the edge v;4v;_;
where t is the distance of v; from v;1+ and also the distance of v; from v;_;. Let
P be a parallel transformation of T' that contains P; as one of the constituent
EPTs. Since v;vj—¢ is an edge in the path P(T), i+t + 1 = j — ¢ which
implies j = i 4+ 2t + 1. The induced label of the edge v;v; is given by,

(2.1) [ (vivg) = [H(vivigari1) = [f(v,) ki J;(vi+2t+1>-‘ =(n+1)(i+1)

and

(2.2) F*(visrv0) = [ (visivisess) = [f i+ ] (“”‘*“)] — ()i +0)

Therefore from (2.1) and (2.2), f*(viv;) = f*(vi4tvj—¢)-
Lete —uf gH,ef@—unul forl1<i<n-1,1<j<m.
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For each vertex label f, the induced edge label f* is defined as follows:

[r(vivig1) = (n+1)i forl1<i<m-—1,
(Y =2n+1)(j—1)+2i— 1 or1<i< |l 1<i<k+1
f*(e J is|g
f(eiizl)=2( DG -Dn-1  forl<i<|o|,
LYoy )= 4n—1+42 forl<j<|Z] 1<i<k-1,
k+2+41 9
F ey =2n+1)j—2i+1 or1<i<|Zl1<i<k+1,
2
* . m
f<em>=2< 1)j—nt1 for1<i<|™].
X Yy=2n+1)j —n+1+2 fori<ji<|Zli1<i<k-1.
k+2+41 9
It can be verified that f is an mean labeling of T'6C),.
Case (ii). n is even.
F@F =2+ 1) —1)+26—1)  forl1<j< _%_,1931”1,
. . [m7
flun) =2+ )G = 1) +n—1 for1<j< |5
WY —on NG —1) 4n—1-2 for1<ji<|Z|1<i<k-2,
k+2+1i 2
F)y=2(n+1)j—2i+1 for1<j< % 1<i<k+1
. . m
Fuyy) = 2(n+1)j —n+2 for1<i< ||,
W y=2n+1)j—n+2+2 or1<i<|Zli1<i<k-2
k+2+i J J D)

Let v;v; be a transformed edge in T" for some indices ¢ and 7,1 < < j < m
and let P; be the EPT that deletes the edge v;v; and adds the edge v;1v;_¢
where t is the distance of v; from v;1+ and also the distance of v; from v;_;. Let
P be a parallel transformation of T' that contains P; as one of the constituent
EPTs. Since v;vj— is an edge in the path P(T), i+t + 1 = j — ¢ which
implies j = ¢ 4 2t 4 1. The induced label of the edge v;v; is given by,

(23)  [T(vwy) = [H(vivigars1) = [f(vi) i J;(UH%HW =(n+1)(+1)

and

(24) F*(visrvy0) = [ (isrvisess) = [f i+ ] (“”t“)] — ()i +1)

Therefore from (2.3) and (2.4), f*(vivj) = f*(Vigevj—s).
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Let eg:uiugﬂ,e%:u%u{ for1<i<n-—1,1<j<m.

For each vertex label f, the induced edge label f* is defined as follows:

ff(vivig1) = (n+1)i for1<i<m-—1,
PPy =2n+1)(G-1)+2i—1 fori<j< Sl 1<i<h
PP =2n+ 1) — 1) +n—2(i—1) forlgjg_%_,lgigkz,
Fre¥)=2(n+ 1) —2i for1<j< % 1<i<k,
FeX ) =2n+1)j—n+2i—1 for1<j< % 1<i<k

It can be verified that f is an mean labeling of T'6C,,. Hence T6C,, is a mean
graph. O

The example for the mean labeling of T'6Cs, where T' is a T)-tree with 11
vertices, is given in Figure 2.
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Corollary 2.2. Let T be a Tp,-tree on m wvertices. Then the graph T © K is
a mean graph.
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Proof. Tt follows from Theorem 2.1, by taking n = 3. O

Theorem 2.3. Let T be a T),-tree on m vertices. Then the graph ToC,, is a
mean graph.

Proof. Let T be a T),-tree with m vertices. By the definition of a T}-tree there
exists a parallel transformation P of T such that for the path P(T) we have
(i) V(P(T)) = V(T) and (ii) E(P(T)) = (E(T') E4) U Ep, where Ej is the set
of edges deleted from T and Ep is the set of edges newly added through the
sequence P = (Py, P, ..., Py) of the EPTs P used to arrive at the path P(T).
Clearly E; and Ep have the same number of edges.

Now denote the vertices of P(T') successively as v1,ve,vs, ..., Uy, starting
from one pendant vertex of P(T) right up to other. Let ul,ub, ..., u’ be the
vertices of the i'" copy of C, for 1 < i < m. Then V(T6C,) = {v], Z' 1<
i<n,1<j<m}and E(ToC,) :E(T)UE(C'”)U{vju{ :1<j<m}. Let

] 2k+1 if n is odd
T 2k if n is even.

Define f : V(ToC,) — {0,1,2,3,...,9g = (n+2)m — 1} as follows:

Flosi) =2(n+2)(i — 1) ﬁw1§ig[%w

F(va) = 2(n +2)i — 1 fm1§i§{%J

Case (i). n is odd.

FWP Y =20+2) -1+ (2i—1)  for1<j< % 1<i<k+1

(u12§]+21): 2n+2)(j -1 +n+1 for1<j< _%_,

fah ) =2 +2)(G 1) +n+1-2i fmlgjg_%_1<i§k_1
fw?y=2(n+2)j—2(i—1) -2 for1<j< % 1<i<k,
(“k+1):2(”+2)1—n—2 for1<j< _%_7

Pl ) = 2(n+2)j = n+ 2 = 1) for1<j<|T|1<i<k

Let v;v; be a transformed edge in 7" for some indices 7 and j,1 <i < j <m
and let P; be the EPT that deletes the edge v;v; and adds the edge v;14v;_¢
where ¢ is the distance of v; from v; 1 and also the distance of v; from v;_;. Let
P be a parallel transformation of T that contains P; as one of the constituent
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EPTs. Since v;yvj—¢ is an edge in the path P(T), i+t + 1 = j — ¢ which
implies j = i + 2t + 1. The induced label of the edge v;v; is given by,

fod el s o)

(25)  fH(vivg) = fH(vivigar+1) = [
and

(2:6) [ (visrvy1) = f*(visevisess) = [f i+ ] (””t“)} — (n+2)(i +1)

Therefore from (2.5) and (2.6), f*(v;vj) = f*(Vigevj—s).
Lete—uju] %—unu1f0r1<z<n—11<]<m

7 1410

For each vertex label f, the induced edge label f* is defined as follows:

f*(viviH) = (n+ 2)i fOT 1 < ) <m-— 1,
= ; . m
froajau ™) =2(n+2)(j - 1) + 1 forl<j<|5]
*(vgju) =2(n+2)j — 1 orlgjg_ﬂ_,
U1 5
e n+ —1)+2: or g‘g_ﬂq,
fre ™ =2n+2)(i - 1) +2 for1<j<|3
1<i<k+1
f*(eii_llﬂ) 2n+2)j—1)+n—-2(0—-1) for1 <5< % ,
1<i<k,
* n+2)j—2i— or §]§T7
ey =2(n+2)j —2i—1 1 5
1<i <k,
% . . m
f(eij_‘_z)—2(n+2)j—n—1+2z for1§g§_5_7
1<i<k+1.

It can be verified that f is an mean labeling of T'oC,,.

Case (ii). nis even.

Fd ™Y =2(n+2)(j — 1) + (2i — 1) forlgjg_%-,lgigk—i—l,

FOZLh =2 +2)(j = 1) +n for1<i<|5|,

FPS ) =2 +2)(j— 1) +n—2i forlgjg_%-,lgigk—z
WY = 2(n+2)j — 2 — 1) — or1<j<|Zl1<i<k+1
f?)=2n+2)j-2i-1)=2 for1<j< || 1<i<k+],

flupy) =2(n+2)j —n+1 for1<j< % :

Fl o) =2(n+2)j —n+1+2 for1<j< % 1<i<k-2
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Let v;v; be a transformed edge in 7" for some indices ¢ and 7,1 <i < j <m
and let P; be the EPT that deletes the edge v;v; and adds the edge v;4v;_;
where t is the distance of v; from v;1+ and also the distance of v; from v;_;. Let
P be a parallel transformation of T' that contains P, as one of the constituent
EPTs. Since v;vj—¢ is an edge in the path P(T), i+t + 1 = j — ¢ which
implies j = i 4+ 2t + 1. The induced label of the edge v;v; is given by,

(2.7)  [fF(ovg) = [H(vivigars1) = [f(vi) i J;(UH%HW =(n+2)(i+1)

and

f(ire + f(Viges1)
2

(2.8) f*(vigevj—t) = fH(VigtViger1) = [ -‘ =(n+2)(i+1)

Therefore from (2.7) and (2.8), f*(viv;) = f*(vit1vj-¢)-

Lete —ufuz+1,e%—unu1f0r1<z<n—1 1<j<m.

For each vertex label f, the induced edge label f* is defined as follows:

(UZUZ_H) (n+2)i for1<i<m-—1,

Fruguy ™) =2 +2)(j - 1) + 1 for1<j<| %]

[ (v25u J):Q(n—i—Q)j—l forlgjg_%_’
PP =2n+2)(G —1) + 2 forlgjg_%_,l<i<k:,
P =2+ -D+n+3-2i for1<j<|T]1<i<k,
)y =2(n+2)j—2i—1 for1<j< % 1<i<k,
FeX ) =2(n+2)j —n+2(i—1) for1<j< % 1<i<k

It can be verified that f is a mean labeling of T'6C),,. Hence T'0C,, is a mean
graph. O

The example for the mean labeling of T'0C5, where T' is a T)-tree with 9
vertices, is given in Figure 3.
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Theorem 2.4. Let T be a T),-tree on m vertices. Then the graph TQP, is a
mean graph.

Proof. Let T be a T)-tree with m vertices. By the definition of a T}-tree there
exists a parallel transformation P of T such that for the path P(T') we have
(i) V(P(T)) = V(T) and (ii) E(P(T)) = (E(T') E4) U Ep, where Ej is the set
of edges deleted from T and Ep is the set of edges newly added through the
sequence P = (P1, Py, ..., P;) of the EPTs P used to arrive at the path P(T).
Clearly E; and Ep have the same number of edges.

Now denote the vertices of P(T') successively as vy, v2,v3, ..., vy, starting
from one pendant vertex of P(T') right up to other. Let u},u}, ud, ..., u}(1 <
4 < m) be the vertices of j!" copy of P,. Then V(TQP,) = {uf 1< <
n,1 < j <m with u%:vj}.

Define f : V(T@QPF,) — {0,1,2,3,...,q = mn — 1} as follows:

Fw@ Y =20—n+i—1for1<i<n1<j< {%—‘,

7

FWy=2j—n+n—ifor1<i<n1<j< [%J :
Let v;v; be a transformed edge in T" for some indices ¢ and 5,1 < i < j < m
and let P; be the EPT that deletes the edge v;v; and adds the edge v;14v;_¢
where ¢ is the distance of v; from v;1+ and also the distance of v; from v;_;. Let
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P be a parallel transformation of T' that contains P; as one of the constituent
EPTs. Since v;vj—; is an edge in the path P(T), i+t + 1 = j — ¢ which
implies j = 7 4 2t 4 1. The induced label of the edge v;v; is given by,

f(vi) + f(vigars1)
2

29) o) = [ (via) = { ] R

and

(210) f*(fUi+tUj7t) _ f*(vi+tvi+t+1) _ ’Vf(vi-‘rt +éf(vi+t+l)-‘ _ 7’L(Z + t)

Therefore from (2.9) and (2.10), f*(viv;) = f*(vi4tvj—t)-
Let egzugugﬂ forl1<i<n-—-1,1<j<m.
For each vertex label f, the induced edge label f* is defined as follows:
fr(vivigr) = ni for1<i<m-—1,
Fre Y =om(j— 1) +i fori<isn-11<j< |2,

f*(ezj):n(Qj—l)—i—n—i forlgign—l,lngL%J_

It can be verified that f is an mean labeling of TQP,. Hence T@QPF, is a mean
graph. O

The example for the mean labeling of T@QPFP,, where T is a T)-tree with 12
vertices, is given in Figure 4.

28

Figure 4
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Theorem 2.5. Let T be a Tp-tree on m vertices. Then the graph T(©2PF, is
a mean graph.

Proof. Let T be a T)-tree with m vertices. By the definition of a T),-tree there
exists a parallel transformation P of T such that for the path P(T") we have
(i) V(P(T)) =V(T) and (ii) E(P(T)) = (E(T)\E4) U Ep, where E is the set
of edges deleted from T and Ep is the set of edges newly added through the
sequence P = (Py, P, ..., Py) of the EPTs P used to arrive at the path P(T).
Clearly E; and Ep have the same number of edges.

Now denote the vertices of P(T') successively as vi,v2,v3, ..., vy, starting
from one pendant vertex of P(T) right up to other. Let uj ,u] 9,4 3,. .., i,
and ué71,u%’2,ug’3,...,uém(l < j < m) be the vertices of the two vertex

disjoint paths joined with j** vertex of T' such that v; = qu n= = - Then

V(T©PFP,) = {vj,u{,i,ug,i 11 <i<n,1<j<mwithv =uj, = uén}
Define f: V(T©2P,) — {0,1,2,3,...,g = m(2n — 1) — 1} as follows:

f(u{7i):(2n—1)(j—1)+i—1 for1<i<n,1<j<m,
fWd, i )=0@n-1)(G-1)+n+i-2 for2<i<n1<j<m.

Let v;v; be a transformed edge in 7" for some indices ¢ and 7,1 < ¢ < j <m
and let P; be the EPT that deletes the edge v;v; and adds the edge v;4v;_4
where t is the distance of v; from v;1+ and also the distance of v; from v;_;. Let
P be a parallel transformation of T' that contains P; as one of the constituent
EPTs. Since v;vj—¢ is an edge in the path P(T), i+t + 1 = j — ¢ which
implies j = i + 2t + 1. The induced label of the edge v;v; is given by,

(2.11)  f*(vivg) = fH(vivitar+1) = [f(vi) ki f2(vi+2t+1)—‘ =2n—1)(i+1)
and
(2.12)

Wi + f(Viges1)
2

W = (@n—1)(i+1).

f*(vi-‘rtvj—t) = f*(Ui+t’U7;+t+1) = ’7

Therefore from (2. 11) and (2.12), f*(vivj) = f*(vigrvj—t).

— . -
Lete12 u11u11+1 for1 <i<n-11<j<m, e = u27,21+1 for

1<i<n—-1,1<j<mande; =vjvj4q for 1 <j<m—1.
For each vertex label f, the induced edge label f* is defined as follows:
f (wiviga)
f*(ei,i)
F (€ ni14)

(2n —1)i for1<i<m-—1,
Cn-1)J-1)+ for1<i<n—-1,1<j<m,

Cn—1)G-1+n+i—2 for2<i<n,1<j<m.
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It can be verified that f is a mean labeling of T'©2PF,. Hence T(©2P, is a
mean graph. O

The example for the mean labeling of T'(©2P3, where T is a T)-tree with
11 vertices, is given in Figure 5.

14

10

Figure 5
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