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Abstract. A graph G(p,q) is said to be odd harmonious if there exists an
injection f : V(G) — {0,1,2,---,2q — 1} such that the induced function f* :
E(G) — {1,3, -+ ,2q — 1} defined by f*(uwv) = f(u) + f(v) is a bijection. A
graph that admits odd harmonious labeling is called odd harmonious graph. In
this paper, we prove that shadow and splitting of graph Ks,, Cy for n = 0
(mod 4), the graph Hj ., double quadrilateral snakes DQ(n), n > 2, the graph
Pr.m if mis odd, banana tree and the path union of cycles Cy, for n =0 (mod 4)
are odd harmonious.
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81. Introduction

Throughout this paper by a graph we mean a finite, simple and undirected
one. For standard terminology and notation we follow Harary [6]. A graph
G = (V, E) with p vertices and ¢ edges is called a (p,q) — graph. The graph
labeling is an assignment of integers to the set of vertices or edges or both,
subject to certain conditions. An extensive survey of various graph labeling
problems is available in [3]. Labeled graphs serves as useful mathematical
models for many applications such as coding theory, including the design of
good radar type codes, synch-set codes, missile guidance codes and convolu-
tion codes with optimal autocorrelation properties. They facilitate the op-
timal nonstandard encoding of integers. Graham and Sloane [4] introduced
harmonious labeling during their study of modular versions of additive bases
problems stemming from error correcting codes. A graph G is said to be har-
monious if there exists an injection f : V(G) — Z,; such that the induced
function f* : E(G) — Z, defined by f*(uv) = (f(u)+ f(v)) (mod q) is a
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bijection and f is called harmonious labeling of G. The concept of odd har-
monious labeling was followed Liang and Bai [7]. A labeling is said to be
odd harmonious if there exists an injection f : V(G) — {0,1,2,---,2¢q — 1}
such that the induced function f* : E(G) — {1,3,---,2¢q — 1} defined by
f*(uww) = f(u) + f(v) is a bijection. A graph that admits odd harmonious
labeling is called odd harmonious graph. The odd harmoniousness of graph
is useful for the solution of undetermined equations. The same authors have
obtained necessary conditions for the existence of odd harmonious labeling of
graphs:

1. If G is an odd harmonious graph, then G is a bipartite graph.
2. If a (p, q)-graph G is odd harmonious, then 2,/q < p < 2q — 1.

Several results have been published on odd harmonious labeling see [1, 2, 5,
8, 9, 10]. Motivated by these results, in this paper we prove that the shadow
and splitting of the graphs K5 ,,, Cy, forn = 0 (mod 4), the graph H,, ,,, double
quadrilateral snakes DQ(n), n > 2, the graph P,,, if m is odd, banana tree
and the path union of cycles C,, for n =0 (mod 4) are odd harmonious.

Definition 1. A function f is said to be a strongly odd harmonious labeling
of a graph G with q edges if f is an injection from the vertices of G to the
integers from 0 to q such that the induced mapping f*(uwv) = f(u)+ f(v) from
the edges of G to the odd integers between 1 to 2q — 1 is a bijection.

Definition 2. [9] The shadow graph D2(G) of a connected graph G is con-
structed by taking two copies of G say G and G and join each vertez v’ in
G’ to the neighbours of the corresponding vertex v’ in G .

Definition 3. [9/For a graph G the splitting graph spl(G) of a graph G is
obtained by adding a new vertex v corresponding to each verter v of G such
that N(v) = N(v').

Definition 4. The graph Hy, has the vertex set V(Hyy)={v1,v2,- - , U,
ur, Uz, - ,Un} and the edge set E(Hp,) = {viu; : 1 < i < nn—i+1
<j<n}

Definition 5. Let Q(n) be the quadrilateral snake obtained from the path
V1, V2,03, ,Unt1 DY joining v; and viy1 to the new vertices u; and w;. That
is, every edge of a path is replaced by a cycle Cy.

Definition 6. Let Q(n) be the quadrilateral snake obtained from the path
V1,V2,V3, -+ ,Unt1. The double quadrilateral snake DQ(n) is obtained from
Q(n) by adding the vertices si,s2,83, - ,Sp;t1,ta,ts, -+ ,t, and the edges
Uisi,tiUiJrl, Siti fOT‘ 1 S ) S n.
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Definition 7. Let u and v be the fixed vertices and connect u and v by means
of b > 2 internally disjoint paths of length a > 2 each. The resulting graph
embedded in a plane is denoted by Py . Let vé, vll', v%, -, vl be the vertices of
the ith copy of the path of length a where i =1,2,--- b, v(i) =u and v}, = v for
all i. We observe that the graph Py has (a — 1)b+ 2 vertices and ab edges.

Definition 8. For graphs G1,Ga,---Gnp(n > 2), we call a graph obtained
by adding an edge from G; to Giy1 for i = 1,2,--- ;n — 1 a path-union of
G1,Ga, - Gy (the resulting graph may depends on how the edges are chosen).

Definition 9. [3]/ A banana tree is a graph obtained by connecting a vertex
v to one leaf of each of any number of stars. Let Ki,,, Kin,, -, Kin, bea
family of disjoint stars. Let v be a new vertexr and the tree obtained by joining
v to one pendant vertex of each star is called a banana tree. The class of all
such trees is denoted by BT (ny,ng, -+ ,ng). If ng = ng = -+ = ng we denote
BT(nl, no, .-+ ,nk) as BTk(n)

82. Main Results

Theorem 2.1. The shadow graph Dy(Ks ;) is an odd harmonious graph.

Proof. Consider the two copies of Ky ,. Let vi,vs,v3,---,v, be the ver-
tices of the first copy of Ka, adjacent with u and v. Let vy, vy, vg,--- 0,

rrn
be the vertices of the second copy of K, adjacent with u and v'. Let

G = Dy(Kay). Then V(G) = {u,v,u/,v/,vi,vﬂlgign} and E(G) =

uvi,vvi,u/v;,v/v;,uv;,vv;,u/vi,v/fuﬂl <i< n} Hence |V (G)| = 2n + 4 and

|E(G)| = 8n. We define a labeling f : V(G) — {0,1,2,--- ,16n — 1} as fol-
lows:
flw) = 0; f(v) =4n; f(u') = 8n; f(v') = 12n; f(v) =2i—1,1<i < n;
f (v;) =2n—1+42i, 1 <i<n. The induced edge labelings are as follows: For
1<i1<n

Frluvy) = 20 — 1; f*(uvy) = 2n + 20 — 1; f*(vv;) = 4n + 2i — 1; f*(vvy) =
6n+2i—1; f*(u'v;) = 8n+2i—1; f*(u'v;) = 10n+2i—1; f*(v'v;) = 12n4+2i—1;
F*(@'v;) = 14n 4 2i — 1. Hence f*(E(G)) = {1,3,---,2n — 1,4n + 1,4n +
3,---,6n—1,10n+1,10n+3,--- ,12n—1,14n+1,14n+3,--- ,16n—1,2n+
1,2n+3,--- ,4n—1,6n+1,6n+3,--- ,8n—1,8n+3,---10n—1,12n+1,12n+
3, ,1dn—1} = {1,3,-- ,16n — 1}

Thus f admits odd harmonious labeling on Dy (K3 ). O

Illustration 1. The odd harmonious labeling of the graph Da(Ka5) is given
i Figure 1
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Figure 1: Odd harmonious labeling of Dy(K>5)

Corollary 2.2. The graph spl(Ks,) is an odd harmonious graph.

Proof. Let G = spl(K2,). Then G is isomorphic to a graph obtained from the
graph Dy(Ks,,) by deleting the edges u v;,v'v;(1 < i < n). Hence [V(G)| =
2n + 4 and |E(G)| = 6n. By using the labeling given in Theorem 2.1, we
get the induced edge labels as {1,3,---,12n — 1}. Hence spl(K3,,) is an odd
harmonious graph. O

Illustration 2. The odd harmonious labeling of the graph spl(Ka4) is given
i Figure 2

<
’ /
u v

Figure 2: Odd harmonious labeling of spl(Ks4)

Theorem 2.3. The shadow graph Ds(Cy,) is an odd harmonious graph if n =0
(mod 4).

Proof. Let vi,vo,vs3,--- , v, be the vertices of the first copy of C), and w1, us, us,
-, up are the vertices of the second copy of C,,. Let G = Do(C),) and n =0
(mod 4). Then V(G) = {v;,u;|]1 <i<n} and E(G) = {vjvit1, uitti+1, vpv1,
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upur|l < i <n—1}U{vuirr, vpur|l <i<n—1}U{viup, viui—1]2 < i < n}.
Here |V(G)| = 2n and |E(G)| = 4n . We define f : V(G)—{0,1,2,--- ,8n — 1}
as follows:
i—1 i 1<i<®,
flvi) =4 i+1 if disoddand §+1<i<n
i—1 if disevenand §+1<i<mn
f(vi)+2n if iis odd,
flv)) +4n if i is even.
The induced edge labelings are as follows: f*({v;vit1, uittit1, vpv1, upu|l <
i<n-—-1})={1,3,---,2n—1}U{6bn+1,6n+3,--- ,8n— 1}
f*({viui+1,vnv1]1 <i<n-— 1}) = {2n+3,4n+5,2n+7,‘ -, —3,3n+
1,5n+3,3n+5,--- ,6n—1,4n+ 1}
FF{viun, viui—1]2 <i <n}) ={dn—1,2n+1,4n+3,2n+5,4n—7,--- ,3n—
3,5n+1,3n+3, - ,6n—3,4n — 1}.
Hence f*(E(G)) ={1,3,---,8n — 1}. Thus Dy(C,,) is an odd harmonious
graph.

Forlgignf(ui):{

O]

IMustration 3. The odd harmonious labeling of Do(C3) is given in Figure 3

Figure 3: Odd harmonious labeling of Ds(Cs)

Theorem 2.4. The graph spl(Cy) if n = 0 (mod 4) is an odd harmonious
graph .

Proof. Let G = spl(C,,).Then G is isomorphic to a graph obtained from the
graph Dy(C},) by deleting the edges w;u;y1,uui(l < i < n —1). Hence
|[V(G)|] = 2n and |E(G)| = 3n.By using the labeling given in Theorem 2.3,
we get the induced edge labels as {1,3,---,6n — 1}. Hence spl(C,,) is an odd
harmonious graph. O

IMustration 4. The odd harmonious labeling of spl(Cy) is shown in Figure /
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Figure 4: Odd harmonious labeling of spl(Cs)

Theorem 2.5. The graph Da(Hy, ) is an odd harmonious graph .

Proof. Let UL, V2, U3, 75 Uny UL, U, U - 5 Un be the vertices of first copy of
H, , and vl,v2,v3, o ,Un,ul,u;,ug e ,u;L be the vertices of second copy of
H, . Let G = Dy(Hpy). Then |V(G)| = 4n and |E(G)| = 2n(n +1). We
define f: V(G) — {0,1,2,--- ,4n(n + 1) — 1} as follows:

fwi)=i(i—1),1<i<n

fluj)=2n+1)—-25,1<j<n

flo)=i(i—1)+nn+1),1<i<n

fluj)=(2n+1) = 2j+2n(n+1),1<j<n

The induced edge labelings are as follows:

f* (vluj) ii—1)+(2n+1)—2j

[*(vu ) i(i—1)+3nn+1)+2n+1)—2j
f(vuj) i(i—1)+nn+1)+2n+1)—2j5

I (vzuj)—z(z—l) (2n+1) =25+ 2n(n+1).

The induced edge labeling f*(E(G)) = {1,3,5, -+ ,4n(n+ 1) — 1}. Thus
f is an odd harmonious labeling of G. Hence the graph Dy(Hy, ) is an odd
harmonious graph. O

Illustration 5. The odd harmonious labeling of Da(Hs3) is given in Figure
5
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0 2

V1 ¢ v2

us3 ¢ U

Uz Ug

1 3 25

Figure 5: Odd harmonious labeling of Dy(H3 3)

Theorem 2.6. The graph spl(H, ) is an odd harmonious graph.

Proof. Let vy,v9,v3, -+ ,Un, U1, U2, us -+ , Uy be the vertices of first copy of
’ / ’ ! ! ! ! ’ .

Hy . Let vy,v9,v3, - ,v,,u;,Uy, Us - ,u, be the new vertices added to

the corresponding vertices vy, va,v3, - , Un, U1, U2, U3 - - - , Un, respectively. Let

G = spl(Hy ). Then |V(G)|=4n and |E(G)|=|E(Hp-1,n-1)] +3n.

We define f: V(G) = {0,1,2,--+ ,2(|E(Hp—1,n—1)| + 3n) — 1} as follows:

flo))=i(i—1),1<i<mn

fluj)=2n+1)—-25,1<j<n

flw)=i(i—1)+nn+1),1<i<n

fluj)=(2n+1) = 2j+2n(n+1),1<j<n

The induced edge labelings are as follows:

[Foiuj) =i(i— 1)+ (2n+1) — 25

Frou) =iti —1) +nn+1)+2n+1) —2j

f*(viu;) =i(t—1)4+(2n+1) —2j 4+ 2n(n+1). The induced edge labeling
is fY(E(G)) = {1,3,5,--- ,2(|[E(Hp-1,n—1)| +3n) —1}. Thus f is an odd
harmonious labeling of G. Hence the graph spl(H, ;) is an odd harmonious
graph. O

Illustration 6. The odd harmonious labeling of spl(Hs3) is shown in Figure
6

» O

v1

U3 o

—_
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Figure 6: Odd harmonious labeling of spl(H3 3)

Theorem 2.7. The double quadrilateral snake DQ(n) is an odd harmonious
graph forn > 2.

Proof. Let vi,v2,v3,+ ,Up, Upnt1; UL, U2, U3 -+ ,Up; W], W2, W3, , Wy} S1, 52,
S8,y Sn; t1,to, t3, -+ t, be the vertices of DQ(n). Let G = DQ(n). Hence
|[V(G)| = 5n+1and |[E(G)| = Tn. We define f : V(G) — {0,1,2,--- ,14n — 1}
as follows:
If n is even, then f(v1) =0 and f(vp41) =Tn
If n is odd, then f(v1) =0 and f(vp41) =7n —4
floi—1)+3 if ¢ is even,
Also f(vi) = { fgm_ﬁ +11  if i is odd
f(vi)+1 ifiis odd, .
Now f(u:) :{ fgvi)—i-Q if i is even ’ lsisn
fwi) = fvi) +6,1<i<n
N flu)+5  ifiis odd,
flsi) = { f(v;) +13 if i is even
f(t)=f(vi)+8, 1<i<n
The induced edge labelings are as follows:
f*(’UZ"UZ‘_;,_l) =14 —-11,1<1<n
*(viuj)) =141 — 13,1 <i<n
lujw)) =14i—=7,1<i<n
(vi8;) =14i—9,1<i<n

S
I
S
f*(Siti):lﬁli—l,lSiSn
F(
S

2<i<n+1

,1<i<n

“(wiviy1) =141 —5,1<i<n

* tivi+1):14i—3, 1§Z§7’L
In view of the above defined labeling pattern, f admits odd harmonious
labeling for DQ(n). Hence DQ(n), n > 2 is an odd harmonious graph. O

IMustration 7. The odd harmonious labeling of DQ(4) is shown in Figure 7

11 61111 12up 9w2 15us 2(1)03 2614 2%}4

vl V! V. V. Vs
Xk____J/xk____J/\L____/ﬁ\;____/ﬁ8

551 8t 1652 112 1953 9%3 3054 2k

Figure 7: Odd harmonious labeling of DQ(4)

Theorem 2.8. If m is odd, then P,,, is an odd harmonious graph for all the
values of r > 1.
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Proof. let v, vi, v, -+ vb be the vertices of the it" copy of the path of length
r where ¢ = 1,2,--- ,m, ’Ué = u and v}, = v for all i. We observe that the
number of vertices of the graph P, ,, has (r —1)m+ 2 vertices and the number
of edges of the graph is rm. We define f : V(G) — {0,1,2,--- ,2rm — 1} as
follows:

£u) =03 f(0) = rm; f(0}]) = 1

If j =1, then f(v}) = f(vi ) +2,i=2,3,--- ,m.
i i f(vi71)+2m+1 i:12...7(;1
= 1) — J ) g &y D) R

7= then 1) {f(v§_1)+1 () +1<i<m

If j =3,4,---,r — 1, then f(v;) — f(Ué_Q) Y om. i = 1,2, ‘m. The

induced edge labelings are as follows:
frlurt) =2i—1,1<i<m.
Casei. 1 <1< (mgl)
Froiviy) = 2jm 4+ 4i — 1, j = 1,2,3,4,5,-- (r — 2)
Case ii. (mT_l) +1<i<m.
frivi) =20 —m+4i—1,j=1,2,3,4,5,--- (r — 2)
Am + rm + 2i, 1<i< (),
2m+rm+2i () +1<i<m
If j = r—11is odd, then f*(v:_jv) =4dm+rm+2i—1,1<i<m. In
view of the above defined labeling pattern f is an odd harmonious labeling for
P, . Hence P, ,, is an odd harmonious graph for all the values of » > 1. [

If j = r—1iseven, then f* (U,Z;W)Z{

IMlustration 8. The odd harmonious labeling of Ps 5 is shown below:

vi1 V312 v311 V192

v314 v313 v3i4

v36 v315 vi16 v25

vi7 38 v317 vi1g

P9 310 v319 vi9

Figure 8: Odd harmonious labeling of Ps 5

Theorem 2.9. Let G1(p1,q1), G2(p2,42), "+ s Gm(Pm, Gm) be a strongly odd
harmonious graphs and u; and v; be the vertices of G; labeled with 0 and g;
(1 <i < m) respectively. Then the path union graph G obtained by joining u;
with vi11 by an edge for each i, 1 < ¢ < m — 1 is a strongly odd harmonious
graph.
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Proof. The path union graph G has ¢ = q1 +¢2+¢,n+m—1 edges. Let f; be the
strongly odd harmonious labeling of G; and V(G;) = {xs5 : j =1,2,--- ,pi},

1 <i<m. Then V(G) = |J V(G;). Define a vertex labeling f : V(G) —
i=1

i—1
{0,1,2,--- ,q} as f(xij) = fi(xij) + > g +1—1. For each i, the vertex labels
k=1

i—1 i
of G; satisfy the inequality > gp+i—1 < f(zs;) < > qr+i—1. Since f; is an
k=1 k=1

m
injection, f is also injection. The maximum vertex label of G is > ¢;+m — 1.
k=1
i—1 i—1 i
The set of edge labels of G; is {2 SNoaqe+2i—1,2 > qp+2i+1,---,2 > q¢i+2i
k=1 k=1 k=1

—3} for 1 <4 < m. The label of the bridge between G; and G;1 is 2 i qr +
2i — 1 for 1 <i < m — 1. Thus the set of edge labels of G is {1,3,-- Ef%ql —
1,21 +1,2¢14+3,--- ,2q1 +2q2+1,2q1 + 22+ 3, - -+ ,2 in: qi +2m—3}. Hence
f is a strongly harmonious odd labeling. = O

Theorem 2.10. Let G1(p1,q1) be a strongly odd harmonious graph and Ga(p2,
q2) be an odd harmonious graph. Then the graph G obtained by joining the ver-
tex labeled by q1 in Grwith the vertex labeled by 0 in G2 is also odd harmonious
graph.

Proof. The graph G has ¢ = q1 + g2+ 1 edges. Let f; be the strongly odd har-

monious labeling of G1 and f2 be the odd harmonious labeling of Go. Define a
. . . f1($) if xe€ V(G1)
labeling f : V(G) — {0,1,2,--- ,q} by f(x>_{f2(a:) bl i zeV(G).
Since f1 and f are injective functions and 0 < fi(z) < g1 and 0 < fo(x) <
2g2 — 1, f is injective and 0 < f(x) < 2¢1 +2¢2 — 1. The edge labels of G are
remain constant and the edge labels G5 are increased by 2¢; + 2. Hence the
edge labels are {1,3,---,2¢q1 — 1,21 + 1,2¢1 + 3,21 +5--- ,2q1 + 2¢2 + 1}.
Thus, f is an odd harmonious labeling of G. 0

Nlustration 9. The odd harmonious labeling of path union of 5 cycles Cy is
shown in Figure 9
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Figure 9: Odd harmonious labeling of path union of 5 cycles Cg

Theorem 2.11. The banana tree BTy (n) is odd harmonious for all the values
ofn>1and k>1

Proof. Consider k disjoint stars K ,. Let v be a new vertex and BT (n) the
banana tree obtained by joining v to one pendant vertex of each star. Let
V(BTi(n)) = {ai,vij,v]1 <i<kand 1<j<n}and E(BT,(n)) = {av;|1 <
j<kand1l<j<n}U{vvyli=1,2,--- k}.

We define f: V(G) — {0,1,2,--- ,2(nk + k + 1) — 1} as follows: f(v) =0
and f(vy)=2i—1,1=1,2,3,--- |k

fla;))=2(2k—-2i+1),i=1,2,3,--- ,k

Flvg) =2 —142jk,i=1,2,3,--- kand j =1,2,3,--, (n — 1).

The induced edge labelings are as follows: f*(vvy,)=2i—1,i=1,2,3,--- ,k

ff(avin) =4k —2i+1,i=1,2,3,--- |k

[*(ajvyj) =4k +2jk—2i+1,1=1,2,3,--- ;kand j=1,2,3,--- ,(n—1).

In view of the above defined labeling pattern f is an odd harmonious la-

beling for BTj(n). Hence BTy (n) is an odd harmonious graph for all values
ofn>1and k> 1.

O]

IMlustration 10. The odd harmonious labeling of BT5(5) is shown in Figure
10
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0

v

V11d12€)136€14@15

: : V21 €)22€23€24 825 U31€)32@)33@34 @35
7 1319 25 1 9 15 21 27 3 11 17 23 29 5

Figure 10: Odd harmonious labeling of BT35(5)
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