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Abstract. Let G be a graph and f : V (G) → {1, 2, 3, . . . , p + q} be
an injection. For each edge uv, the induced edge labeling f∗ is defined as

f∗(uv) =
⌈√

f(u)f(v)
⌉
. Then f is called a super geometric mean labeling if

f(V (G)) ∪ {f∗(uv);uv ∈ E(G)} = {1, 2, 3, . . . , p + q}. A graph that admits a
super geometric mean labeling is called a super geometric mean graph. In this
paper, we discuss the super geometric meanness of union of any paths, union of
any cycles of order ≥ 5, the graph Pn⊙Sm for m ≤ 3, square graph, total graph,
the H-graph, the graph G⊙ S1 and G⊙ S2 for any H-graph G, subdivision of
K1,3 and some chain graphs.
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Key words and phrases. Super geometric mean labeling, super geometric mean
graph.

§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple
graph. Let G(V,E) be a graph with p vertices and q edges. For notations and
terminology, we follow [5]. For a detailed survey on graph labeling, we refer
to [4].

A path on n vertices is denoted by Pn and a cycle on n vertices is denoted
by Cn. A star graph Sn is the complete bipartite graph K1,n. G ⊙ Sm is the
graph obtained from G by attaching m pendant vertices to each vertex of G.
A square of a graph G, denoted by G2, has the vertex set as in G and two
vertices are adjacent in G2 if they are at a distance either 1 or 2 apart in G.
The total graph T (G) of graph G is the graph whose vertex set is V (G)∪E(G)
and two vertices are adjacent if and only if either they are adjacent vertices
of G or adjacent edges of G or one is a vertex of G and the other one is an
edge incident on it. The H-graph is obtained from two paths u1, u2, . . . , un
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and v1, v2, . . . , vn of equal length by joining an edge un+1
2
vn+1

2
when n is odd

and un+2
2
vn

2
when n is even. A subdivision of a graph G, denoted by S(G),

is a graph obtained from G by a sequence of elementary subdivisions forming
edges into paths through new vertices of degree 2.

Barrientos [1] defines a chain graph as one with blocks B1, B2, B3, . . . , Bm

such that for every i, Bi and Bi+1 have a common vertex in such a way that the
block cut point graph is a path. The chain graph Ĝ(p1, k1, p2, k2, . . . , kn−1, pn)
is obtained from n cycles of length p1, p2, p3, . . . , pn and (n − 1) paths on
k1, k2, k3, . . . , kn−1 vertices respectively by identifying a cycle and a path at
a vertex alternatively as follows. If the ith cycle is of odd length, then its(
pi+3
2

)th
vertex is identified with a pendant vertex of the ith path and if the

ith cycle is of even length, then its
(
pi+2
2

)th
vertex is identified with a pendant

vertex of the ith path while the other pendant vertex of the ith path is identified
with the first vertex of the (i+ 1)th cycle. The chain graph G∗(p1, p2, . . . , pn)
is obtained from n cycles of length p1, p2, . . . , pn by identifying consecutive

cycles at a vertex as follows. If the ith cycle is of odd length, then its
(
pi+3
2

)th

vertex is identified with the first vertex of (i + 1)th cycle and if the ith cycle

is of even length, then its
(
pi+2
2

)th
vertex is identified with the first vertex of

(i+ 1)th cycle.

If every edge of the path Pn is replaced by a triangle C3, then the resulting
graph is called a triangular snake Tn. The graph Tadpoles T (n, k) is obtained
by identifying a vertex of the cycle Cn to an end vertex of the path Pk+1.

The geometric mean labeling was introduced in [2] and the geometric mean-
ness property for some standard graphs was studied in [3].

The concept of super mean labeling was first introduced by R. Ponraj and
D. Ramya and studied the super mean labeling of some standard graphs [6].
In [7, 8, 9], R. Vasuki et al. discussed the super mean labeling of the H-graph,
corona of the H-graph and some special classes of graphs.

Motivated by the works on super mean labeling, we introduced a new type
of labeling called super geometric mean labeling.

The geometric mean of any two numbers need not be an integer. To assign
the edge label as an integer based on the geometric mean, we may use either
flooring function or ceiling function. In this paper, we consider the ceiling
function of our discussion.

A vertex labeling of G is an assignment f : V (G) → {1, 2, 3, . . . , p + q} be
an injection. For a vertex labeling f , the induced edge labeling f∗ is defined

as f∗(uv) =
⌈√

f(u)f(v)
⌉
. Then f is called a super geometric mean labeling

if f(V (G)) ∪ {f∗(uv);uv ∈ E(G)} = {1, 2, 3, . . . , p+ q}. A graph that admits
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a super geometric mean labeling is called a super geometric mean graph.
The graph shown in Figure 1 is a super geometric mean graph.
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Figure 1.

In this paper, we have established the super geometric meanness of union
of any paths, union of any cycles of order ≥ 5, the graph Pn ⊙ Sm for m ≤ 3,
square graph, total graph, theH-graph, the graphG⊙S1 andG⊙S2 for anyH-
graphG, subdivision ofK1,3 and the chain graphs Ĝ(p1, k1, p2, k2, . . . , kn−1, pn)
and G∗(p1, p2, . . . , pn).

§2. Main Results

Theorem 2.1. Union of any path Pn is a super geometric mean graph, for
n ≥ 2.

Proof. Let the graph G be the union of k paths. Let {v(i)j ; 1 ≤ j ≤ pi} be the

vertices of the ith path Ppi with pi ≥ 2 and 1 ≤ i ≤ k.

We define f : V (G) →
{
1, 2, 3, . . . ,

k∑
i=1

2pi − k

}
as follows:

f
(
v
(1)
j

)
= 2j − 1, for 1 ≤ j ≤ p1 and

f
(
v
(i)
j

)
= f

(
v
(i−1)
pi−1

)
+ 2j − 1, for 2 ≤ i ≤ k and 1 ≤ j ≤ pi.

The induced edge labeling is as follows:

f∗
(
v
(1)
j v

(1)
j+1

)
= 2j, for 1 ≤ j ≤ p1 − 1 and

f∗
(
v
(i)
j v

(i)
j+1

)
= f

(
v
(i−1)
pi−1

)
+ 2j, for 2 ≤ i ≤ k and 1 ≤ j ≤ pi − 1.

Hence, f is a super geometric mean labeling of G. Thus the graph G is a
super geometric mean graph.

A super geometric mean labeling of P5 ∪ P3 ∪ P4 is shown in Figure 2.r rr r r r r r r rr r
1 3 5 7 9 10 12 14 15 17 19 21

2 4 6 8 11 13 16 18 20

Figure 2.
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Corollary 2.2. Every path Pn, n ≥ 1 is a super geometric mean graph.

Theorem 2.3. Union of any cycles Cn is a super geometric mean graph, for
n ≥ 5.

Proof. Let the graph G be union of k cycles. Let {v(i)j ; 1 ≤ j ≤ pi} be the

vertices of the ith cycle Cpi with pi ≥ 5 and 1 ≤ i ≤ k.

We define f : V (G) →
{
1, 2, 3, . . . ,

k∑
i=1

2pi

}
as follows:

When p1 is odd,

f
(
v
(1)
j

)
=


1 j = 1
4j − 4 2 ≤ j ≤

⌊p1
2

⌋
4j − 5 j =

⌊p1
2

⌋
+ 1

4j − 6 j =
⌊p1

2

⌋
+ 2

4p1 + 5− 4j
⌊p1

2

⌋
+ 3 ≤ j ≤ p1.

The induced edge labeling is as follows:

f∗
(
v
(1)
j v

(1)
j+1

)
=


4j − 2 1 ≤ j ≤

⌊p1
2

⌋
4j − 3 j =

⌊p1
2

⌋
+ 1

4j − 8 j =
⌊p1

2

⌋
+ 2

4p1 + 3− 4j
⌊p1

2

⌋
+ 3 ≤ j ≤ p1 − 1 and

f∗
(
v
(1)
1 v

(1)
p1

)
= 3.

When p1 is even,

f
(
v
(1)
j

)
=


1 j = 1
4j − 4 2 ≤ j ≤

⌊p1
2

⌋
+ 1

4p1 + 5− 4j
⌊p1

2

⌋
+ 2 ≤ j ≤ p1.

The induced edge labeling is as follows:

f∗
(
v
(1)
j v

(1)
j+1

)
=

{
4j − 2 1 ≤ j ≤

⌊p1
2

⌋
4p1 + 3− 4j

⌊p1
2

⌋
+ 1 ≤ j ≤ p1 − 1 and

f∗
(
v
(1)
1 v

(1)
p1

)
= 3.

Case (i) For 2 ≤ i ≤ k, pi is odd and pi−1 is odd.

f
(
v
(i)
j

)
=



f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 1 j = 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 4j − 5 2 ≤ j ≤

⌊pi
2

⌋
+ 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 4pi+ 6− 4j

⌊pi
2

⌋
+ 2 ≤ j ≤ pi.
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The induced edge labeling is as follows:

f∗
(
v
(i)
j v

(i)
j+1

)
=



f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 2 j = 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 4j − 3 2 ≤ j ≤

⌊
pi

2

⌋
+ 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 4pi+ 4− 4j

⌊
pi

2

⌋
+ 2 ≤ j ≤ pi − 1 and

f∗
(
v
(i)
1 v

(i)
pi

)
= f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 4.

Case (ii) For 2 ≤ i ≤ k, pi is odd and pi−1 is even.

f
(
v
(i)
j

)
=



f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 1 j = 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 4j − 5 2 ≤ j ≤

⌊pi
2

⌋
+ 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 4pi+ 6− 4j

⌊pi
2

⌋
+ 2 ≤ j ≤ pi.

The induced edge labeling is as follows:

f∗
(
v
(i)
j v

(i)
j+1

)
=



f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 2 j = 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 4j − 3 2 ≤ j ≤

⌊
pi

2

⌋
+ 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 4pi+ 4− 4j

⌊
pi

2

⌋
+ 2 ≤ j ≤ pi − 1 and

f∗
(
v
(i)
1 v

(i)
pi

)
= f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 4.

Case (iii) For 2 ≤ i ≤ k, pi is even and pi−1 is odd.

f
(
v
(i)
j

)
=



f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 1 j = 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 4j − 5 2 ≤ j ≤

⌊pi
2

⌋
f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 4j − 4 j =

⌊pi
2

⌋
+ 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 4j − 11 j =

⌊pi
2

⌋
+ 2

f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 4pi + 6− 4j

⌊pi
2

⌋
+ 3 ≤ j ≤ pi.
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The induced edge labeling is as follows:

f∗
(
v
(i)
j v

(i)
j+1

)
=



f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 2 j = 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 4j − 3 2 ≤ j ≤

⌊
pi

2

⌋
− 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 4j − 2 j =

⌊
pi

2

⌋
f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 4j − 5 j =

⌊
pi

2

⌋
+ 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 4pi + 4− 4j

⌊
pi

2

⌋
+ 2 ≤ j ≤ pi − 1 and

f∗
(
v
(i)
1 v

(i)
pi

)
= f

(
v
(i−1)

⌊ pi−1
2 ⌋+2

)
+ 4.

Case (iv) For 2 ≤ i ≤ k, pi is even and pi−1 is even.

f
(
v
(i)
j

)
=



f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 1 j = 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 4j − 5 2 ≤ j ≤

⌊pi
2

⌋
f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 4j − 4 j =

⌊pi
2

⌋
+ 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 4j − 11 j =

⌊pi
2

⌋
+ 2

f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 4pi+ 6− 4j

⌊pi
2

⌋
+ 3 ≤ j ≤ pi.

The induced edge labeling is as follows:

f∗
(
v
(i)
j v

(i)
j+1

)
=



f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 2 j = 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 4j − 3 2 ≤ j ≤

⌊
pi

2

⌋
− 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 4j − 2 j =

⌊
pi

2

⌋
f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 4j − 5 j =

⌊
pi

2

⌋
+ 1

f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 4pi+ 4− 4j

⌊
pi

2

⌋
+ 2 ≤ j ≤ pi − 1 and

f∗
(
v
(i)
1 v

(i)
pi

)
= f

(
v
(i−1)

⌊ pi−1
2 ⌋+1

)
+ 4.
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Hence, f is a super geometric mean labeling of G. Thus the graph G is a
super geometric mean graph.

A super geometric mean labeling of C6∪C8∪C5∪C7 is shown in Figure 3.r
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Figure 3.

Corollary 2.4. Any cycle Cn is a super geometric mean graph, for n ≥ 3.

Proof. By Theorem 2.3, the result holds for n ≥ 5.

The Super geometric mean labeling of C3 and C4 are shown in Figure 4.s
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Figure 4.

Theorem 2.5. The graph Pn⊙Sm is a super geometric mean graph, for n ≥ 1
and m ≤ 3.

Proof. Let u1, u2, . . . , un be the vertices of the path Pn and v
(i)
1 , v

(i)
2 , . . . , v

(i)
m

be the pendant vertices at each vertex ui of the path Pn, for 1 ≤ i ≤ n.
Case (i) m = 1.

We define f : V (Pn ⊙ S1) → {1, 2, 3, . . . , 4n− 1} as follows:
f(ui) = 4i− 1, for 1 ≤ i ≤ n and

f
(
v
(i)
1

)
=

{
1 i = 1
4i− 4 2 ≤ i ≤ n.

The induced edge labeling is as follows:
f∗(uiui+1) = 4i+ 1, for 1 ≤ i ≤ n− 1 and

f∗
(
v
(i)
1 ui

)
= 4i− 2, for 1 ≤ i ≤ n.
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Case (ii) m = 2.

We define f : V (Pn ⊙ S2) → {1, 2, 3, . . . , 6n− 1} as follows:

f(ui) = 6i− 3, for 1 ≤ i ≤ n,

f(v
(i)
1 ) = 6i− 5, for 1 ≤ i ≤ n and

f
(
v
(i)
2

)
= 6i− 1, for 1 ≤ i ≤ n.

The induced edge labeling is as follows:

f∗(uiui+1) = 6i, for 1 ≤ i ≤ n− 1,

f∗(v
(i)
1 ui) = 6i− 4, for 1 ≤ i ≤ n and

f∗
(
v
(i)
2 ui

)
= 6i− 2, for 1 ≤ i ≤ n.

Case (iii) m = 3.

We define f : V (Pn ⊙ S3) → {1, 2, 3, . . . , 8n− 1} as follows:

f(ui) = 8i− 3, for 1 ≤ i ≤ n,

f(v
(i)
1 ) =

{
1 i = 1
8i− 8 2 ≤ i ≤ n

f(v
(i)
2 ) = 8i− 6, for 1 ≤ i ≤ n and

f
(
v
(i)
3

)
= 8i− 1, for 1 ≤ i ≤ n.

The induced edge labeling is as follows:

f∗(uiui+1) = 8i+ 1, for 1 ≤ i ≤ n− 1,

f∗(v
(i)
1 ui) = 8i− 5, for 1 ≤ i ≤ n,

f∗(v
(i)
2 ui) = 8i− 4, for 1 ≤ i ≤ n and

f∗
(
v
(i)
3 ui

)
= 8i− 2, for 1 ≤ i ≤ n.

Hence, f is a super mean geometric mean labeling of Pn ⊙ Sm. Thus the
graph Pn ⊙ Sm is a super geometric mean graph, for n ≥ 1 and m ≤ 3.

The Super geometric mean labeling of P6 ⊙ S1, P5 ⊙ S2 and P4 ⊙ S3 are
shown in Figure 5.

q qq q q q q qq q q
q q q q q q q q q q q q q q q q
1 4 8 12 16 20 1 5 7 11 13 17 19 23 25 29

2 6 10 14 18 22

3 5 7 9 11 13 15 17 19 21 23

2 4

3 6 9 12 15 18 21 24 27

8 10 14 16 20 22 26 28

r r r r
r r r r r r r r
1 7 8 15 16 23 24 31

3 6

5
9 13 17 21 25 29

11 14 19 22 27 30r r r r
2

10 18 26

28
20

12
4

Figure 5.

Theorem 2.6. P 2
n is a super geometric mean graph, for n ≥ 3.
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Proof. Let v1, v2, . . . , vn be the vertices of the path Pn.

We define f : V (P 2
n) → {1, 2, 3, . . . , 3n− 3} as follows:

f(v1) = 1,

f(vi) =

{
3i− 3 3 ≤ i ≤ n− 1 and i is odd
3i− 2 2 ≤ i ≤ n− 1 and i is even and

f(vn) = 3n− 3.

The induced edge labeling is as follows:

f∗(vivi+1) = 3i− 1, for 1 ≤ i ≤ n− 1 and

f∗(vivi+2) =

{
3i 1 ≤ i ≤ n− 2 and i is odd
3i+ 1 2 ≤ i ≤ n− 2 and i is even.

Hence, f is a super geometric mean labeling of P 2
n . Thus the graph P 2

n is
a super geometric mean graph, for n ≥ 3.

A super geometric mean labeling of P 2
7 is shown in Figure 6.

r rr r r r r
1 4 6 10 12 16 18

2 5 8 11 14 17

3
9 15

7
13

Figure 6.

Theorem 2.7. The total graph T (Pn) is a super geometric mean graph, for
n ≥ 2.

Proof. Let V (Pn) = {v1, v2, . . . , vn} and E(Pn) = {ei = vivi+1; 1 ≤ i ≤ n− 1}
be the vertex set and edge set of the path Pn. Then

V (T (Pn)) = {v1, v2, . . . , vn, e1, e2, . . . , en−1} and

E(T (Pn)) = {vi, vi+1, eivi, eivi+1; 1 ≤ i ≤ n− 1} ∪ {eiei+1; 1 ≤ i ≤ n− 2}.
We define f : V (T (Pn)) → {1, 2, 3, . . . , 6n− 6} as follows:

f(vi) =

{
1 i = 1
6i− 6 2 ≤ i ≤ n and

f(ei) = 6i− 2, for 1 ≤ i ≤ n− 1.

The induced edge labeling is as follows:

f∗(vivi+1) = 6i− 3, for 1 ≤ i ≤ n− 1,

f∗(eivi) = 6i− 4, for 1 ≤ i ≤ n− 1,

f∗(eivi+1) = 6i− 1, for 1 ≤ i ≤ n− 1 and

f∗(eiei+1) = 6i+ 1, for 1 ≤ i ≤ n− 2.
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Hence, f is a super geometric mean labeling of T (Pn). Thus the graph
T (Pn) is a super geometric mean graph, for n ≥ 2.

A super geometric mean labeling of T (P6) is shown in Figure 7.

r r r r r r

r r r r r

1
3

6 9 12 15 18 21 24 27 30

4 7
10

13 16
19 22 25 28

2
5 8 11 14 17 20 23 26

29

Figure 7.

Theorem 2.8. Any H− graph G is a super geometric mean graph.

Proof. Let u1, u2, . . . , un and v1, v2, . . . , vn be the vertices on the paths of equal
length in G.

Case (i) n is odd.

We define f : V (G) → {1, 2, 3, . . . , 4n− 1} as follows:

f(ui) = 2i− 1, for 1 ≤ i ≤ n and

f(vi) =

{
2n− 3 + 4i 1 ≤ i ≤

⌊
n
2

⌋
+ 1

6n+ 2− 4i
⌊
n
2

⌋
+ 2 ≤ i ≤ n.

The induced edge labeling is as follows:

f∗(uiui+1) = 2i, for 1 ≤ i ≤ n− 1, f∗(uivi) = 2n, for i =
⌊
n
2

⌋
+ 1 and

f∗(vivi+1) =

{
2n− 1 + 4i 1 ≤ i ≤

⌊
n
2

⌋
6n− 4i

⌊
n
2

⌋
+ 1 ≤ i ≤ n− 1.

Case (ii) n is even.

We define f : V (G) → {1, 2, 3, . . . , 4n− 1} as follows:

f(ui) = 2i− 1, for 1 ≤ i ≤ n,

f(vi) =

{
2n+ 4i 1 ≤ i ≤

⌊
n
2

⌋
− 1

6n− 1− 4i
⌊
n
2

⌋
≤ i ≤ n− 1 and

f(vn) = 2n.

The induced edge labeling is as follows:

f∗(uiui+1) = 2i, for 1 ≤ i ≤ n− 1, f∗(ui+1vi) = 2n+ 1, for i =
⌊
n
2

⌋
,

f∗(vivi+1) =

{
2n+ 2 + 4i 1 ≤ i ≤

⌊
n
2

⌋
− 1

6n− 3− 4i
⌊
n
2

⌋
≤ i ≤ n− 2 and

f∗(vn−1vn) = 2n+ 2.

Hence, f is a super geometric mean labeling of G. Thus the graph the
H−graph G is a super geometric mean graph.

The super geometric mean labeling of G1 and G2 are shown in Figure 8.
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Theorem 2.9. For a H−graph G, G⊙ S1 is a super geometric mean graph.

Proof. Let u1, u2, . . . , un and v1, v2, . . . , vn be the vertices of G. Then

V (G⊙ S1) = V (G) ∪ {u′1, u′2, . . . , u′n} ∪ {v′1, v′2, . . . , v′n} and

E(G⊙ S1) = E(G) ∪ {uiu′i, viv′i, ; 1 ≤ i ≤ n}.
Case (i) n ≡ 0(mod 4).

We define f : V (G⊙ S1) → {1, 2, 3, . . . , 8n− 1} as follows:

f(ui) = 4i− 1, for 1 ≤ i ≤ n, f(u′i) =

{
1 i = 1
4i− 4 2 ≤ i ≤ n,

f(vi) =

{
4n+ 2 + 8i 1 ≤ i ≤

⌊
n
2

⌋
− 1 and i is odd

4n+ 8i 2 ≤ i ≤
⌊
n
2

⌋
− 2 and i is even,

f(vn+1−i) =

{
4n+ 2 i = 1
4n− 9 + 8i 2 ≤ i ≤

⌊
n
2

⌋
+ 1,

f(v′i) =

{
4n+ 8i 1 ≤ i ≤

⌊
n
2

⌋
− 1 and i is odd

4n+ 2 + 8i 2 ≤ i ≤
⌊
n
2

⌋
− 2 and i is even and

f(v′n+1−i) =

{
4n i = 1
4n− 12 + 8i 2 ≤ i ≤

⌊
n
2

⌋
+ 1.

The induced edge labeling is as follows:

f∗(uiui+1) = 4i+ 1, for 1 ≤ i ≤ n− 1, f∗(uiu
′
i) = 4i− 2, for 1 ≤ i ≤ n,

f∗(ui+1vi) = 4n+3, for i =
⌊
n
2

⌋
, f∗(vivi+1) = 4n+5+8i, for 1 ≤ i ≤

⌊
n
2

⌋
−1,

f∗(vn+1−ivn−i) = 4n− 5 + 8i, for 2 ≤ i ≤
⌊
n
2

⌋
, f∗(vnvn−1) = 4n+ 5,
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f∗(viv
′
i) = 4n+ 1 + 8i, for 1 ≤ i ≤

⌊
n
2

⌋
− 1,

f∗(vn+1−iv
′
n+1−i) = 4n−10+8i, for 2 ≤ i ≤

⌊
n
2

⌋
+1 and f∗(vnv

′
n) = 4n+1.

Case (ii) n ≡ 1(mod 4).

We define f : V (G⊙ S1) → {1, 2, 3, . . . , 8n− 1} as follows:

f(ui) = 4i− 1, for 1 ≤ i ≤ n, f(u′i) =

{
1 i = 1
4i− 4 2 ≤ i ≤ n,

f(vi) =

{
4n− 4 + 8i 1 ≤ i ≤

⌊
n
2

⌋
− 1 and i is odd

4n− 2 + 8i 2 ≤ i ≤
⌊
n
2

⌋
and i is even,

f(vn+1−i) = 4n− 5 + 8i for 1 ≤ i ≤
⌊
n
2

⌋
+ 1,

f(v′i) =

{
4n− 2 + 8i 1 ≤ i ≤

⌊
n
2

⌋
− 1 and i is odd

4n− 4 + 8i 2 ≤ i ≤
⌊
n
2

⌋
and i is even and

f(v′n+1−i) = 4n− 8 + 8i, for 1 ≤ i ≤
⌊
n
2

⌋
+ 1.

The induced edge labeling is as follows:

f∗(uiui+1) = 4i+ 1, for 1 ≤ i ≤ n− 1, f∗(uiu
′
i) = 4i− 2, for 1 ≤ i ≤ n,

f∗(uivi) = 4n+1, for i =
⌊
n
2

⌋
+1, f∗(vivi+1) = 4n+1+8i, for 1 ≤ i ≤

⌊
n
2

⌋
,

f∗(vn+1−ivn−i) = 4n− 1 + 8i, for 1 ≤ i ≤
⌊
n
2

⌋
,

f∗(viv
′
i) = 4n− 3 + 8i, for 1 ≤ i ≤

⌊
n
2

⌋
and

f∗(vn+1−iv
′
n+1−i) = 4n− 6 + 8i, for 1 ≤ i ≤

⌊
n
2

⌋
+ 1.

Case (iii) n ≡ 2(mod 4).

We define f : V (G⊙ S1) → {1, 2, 3, . . . , 8n− 1} as follows:

f(ui) = 4i− 1, for 1 ≤ i ≤ n, f(u′i) =

{
1 i = 1
4i− 4 2 ≤ i ≤ n,

f(vi) =

{
4n+ 8i 1 ≤ i ≤

⌊
n
2

⌋
− 2 and i is odd

4n+ 2 + 8i 2 ≤ i ≤
⌊
n
2

⌋
− 1 and i is even,

f(vn+1−i) =

{
4n+ 2 i = 1
4n− 9 + 8i 2 ≤ i ≤

⌊
n
2

⌋
+ 1,

f(v′i) =

{
4n+ 2 + 8i 1 ≤ i ≤

⌊
n
2

⌋
− 2 and i is odd

4n+ 8i 2 ≤ i ≤
⌊
n
2

⌋
− 1 and i is even and

f(v′n+1−i) =

{
4n i = 1
4n− 12 + 8i 2 ≤ i ≤

⌊
n
2

⌋
+ 1.

The induced edge labeling is as follows:

f∗(uiui+1) = 4i+ 1, for 1 ≤ i ≤ n− 1, f∗(uiu
′
i) = 4i− 2, for 1 ≤ i ≤ n,

f∗(ui+1vi) = 4n+3, for i =
⌊
n
2

⌋
, f∗(vivi+1) = 4n+5+8i, for 1 ≤ i ≤

⌊
n
2

⌋
−1,

f∗(vn+1−ivn−i) = 4n− 5 + 8i, for 2 ≤ i ≤
⌊
n
2

⌋
, f∗(vnvn−1) = 4n+ 5,

f∗(viv
′
i) = 4n+ 1 + 8i, for 1 ≤ i ≤

⌊
n
2

⌋
− 1,

f∗(vn+1−iv
′
n+1−i) = 4n−10+8i, for 2 ≤ i ≤

⌊
n
2

⌋
+1 and f∗(vnv

′
n) = 4n+1.

Case (iv) n ≡ 3(mod 4).

We define f : V (G⊙ S1) → {1, 2, 3, . . . , 8n− 1} as follows:

f(ui) = 4i− 1, for 1 ≤ i ≤ n, f(u′i) =

{
1 i = 1
4i− 4 2 ≤ i ≤ n,
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f(vi) =

{
4n− 2 + 8i 1 ≤ i ≤

⌊
n
2

⌋
and i is odd

4n− 4 + 8i 2 ≤ i ≤
⌊
n
2

⌋
− 1 and i is even,

f(vn+1−i) = 4n− 5 + 8i for 1 ≤ i ≤
⌊
n
2

⌋
+ 1,

f(v′i) =

{
4n− 4 + 8i 1 ≤ i ≤

⌊
n
2

⌋
and i is odd

4n− 2 + 8i 2 ≤ i ≤
⌊
n
2

⌋
− 1 and i is even and

f(v′n+1−i) = 4n− 8 + 8i, for 1 ≤ i ≤
⌊
n
2

⌋
+ 1.

The induced edge labeling is as follows:

f∗(uiui+1) = 4i+ 1, for 1 ≤ i ≤ n− 1, f∗(uiu
′
i) = 4i− 2, for 1 ≤ i ≤ n,

f∗(uivi) = 4n+1, for i =
⌊
n
2

⌋
+1, f∗(vivi+1) = 4n+1+8i, for 1 ≤ i ≤

⌊
n
2

⌋
,

f∗(vn+1−ivn−i) = 4n− 1 + 8i, for 1 ≤ i ≤
⌊
n
2

⌋
,

f∗(viv
′
i) = 4n− 3 + 8i, for 1 ≤ i ≤

⌊
n
2

⌋
and

f∗(vn+1−iv
′
n+1−i) = 4n− 6 + 8i, for 1 ≤ i ≤

⌊
n
2

⌋
+ 1.

Hence, f is a super geometric mean labeling of G ⊙ S1. Thus the graph
the graph G⊙ S1 is a super geometric mean graph.

The Super geometric mean labeling of G1 ⊙ S1 and G2 ⊙ S1 are shown in
Figure 9.
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Figure 9.

Theorem 2.10. For a H−graph G, G⊙S2 is a super geometric mean graph.

Proof. Let u1, u2, . . . un and v1, v2, . . . , vn be the vertices of G. Let V (G) to-
gether with u′1, u

′
2, . . . , u

′
n, u

′′
1, u

′′
2, . . . , u

′′
n, v

′
1, v

′
2 . . . , v

′
n, v

′′
1 , v

′′
2 , . . . , v

′′
n form the

vertex set of G⊙ S2 and E(G) together with {uiu′i, uiu′′i , viv′i, viv′′i ; 1 ≤ i ≤ n}
form the edge set of G⊙ S2.

Case (i) n is odd.

We define f : V (G⊙ S2) → {1, 2, 3, . . . , 12n− 1} as follows:



110 A. DURAI BASKAR AND S.AROCKIARAJ

f(ui) = 6i− 3, for 1 ≤ i ≤ n, f(u′i) = 6i− 5, for 1 ≤ i ≤ n,

f(u′′i ) = 6i− 1, for 1 ≤ i ≤ n, f(vi) = 6n− 6 + 12i for 1 ≤ i ≤
⌊
n
2

⌋
,

f(vn+1−i) = 6n− 7 + 12i, for 1 ≤ i ≤
⌊
n
2

⌋
+ 1,

f(v′i) = 6n− 10 + 12i, for 1 ≤ i ≤
⌊
n
2

⌋
+ 1,

f(v′n+1−i) = 6n− 11 + 12i for 1 ≤ i ≤
⌊
n
2

⌋
,

f(v′′i ) =

{
6n− 2 + 12i 1 ≤ i ≤

⌊
n
2

⌋
12n− 5 i =

⌊
n
2

⌋
+ 1 and

f(v′′n+1−i) = 6n− 3 + 12i, for 1 ≤ i ≤
⌊
n
2

⌋
.

The induced edge labeling is as follows:

f∗(uiui+1) = 6i, for 1 ≤ i ≤ n− 1, f∗(uiu
′
i) = 6i− 4, for 1 ≤ i ≤ n,

f∗(uiu
′′
i ) = 6i− 2, for 1 ≤ i ≤ n, f∗(uivi) = 6n, for i =

⌊
n
2

⌋
+ 1,

f∗(vivi+1) = 6n+ 12i, for 1 ≤ i ≤
⌊
n
2

⌋
,

f∗(vn+1−ivn−i) = 6n− 1 + 12i, for 1 ≤ i ≤
⌊
n
2

⌋
,

f∗(viv
′
i) = f(v′i) + 2, for 1 ≤ i ≤ n and

f∗(viv
′′
i ) =

{
f(v′′i )− 2, for 1 ≤ i ≤ n and i ̸=

⌊
n
2

⌋
+ 1

f(v′′i ) + 2, i =
⌊
n
2

⌋
+ 1.

Case (ii) n is even.

We define f : V (G⊙ S2) → {1, 2, 3, . . . , 12n− 1} as follows:

f(ui) = 6i− 3, for 1 ≤ i ≤ n, f(u′i) = 6i− 5, for 1 ≤ i ≤ n,

f(u′′i ) = 6i− 1, for 1 ≤ i ≤ n, f(vi) = 6n+ 12i, for 1 ≤ i ≤
⌊
n
2

⌋
− 1,

f(vn+1−i) =

{
6n+ 2 i = 1
6n− 13 + 12i 2 ≤ i ≤

⌊
n
2

⌋
+ 1,

f(v′i) = 6n− 4 + 12i, for 1 ≤ i ≤
⌊
n
2

⌋
− 1,

f(v′n+1−i) =

{
6n− 6 + 6i 1 ≤ i ≤ 2
6n− 17 + 12i 3 ≤ i ≤

⌊
n
2

⌋
+ 1,

f(v′′i ) = 6n+ 4 + 12i, for 1 ≤ i ≤
⌊
n
2

⌋
− 1 and

f(v′′n+1−i) =


6n+ 5 i = 1
6n− 9 + 12i 2 ≤ i ≤

⌊
n
2

⌋
12n− 4 i =

⌊
n
2

⌋
+ 1.

The induced edge labeling is as follows:

f∗(uiui+1) = 6i, for 1 ≤ i ≤ n− 1, f∗(uiu
′
i) = 6i− 4, for 1 ≤ i ≤ n,

f∗(uiu
′′
i ) = 6i− 2, for 1 ≤ i ≤ n, f∗(ui+1vi) = 6n+ 3, for i =

⌊
n
2

⌋
,

f∗(vivi+1) = 6n+ 6 + 12i, for 1 ≤ i ≤
⌊
n
2

⌋
− 1,

f∗(vn+1−ivn−i) = 6n− 7 + 12i, for 2 ≤ i ≤
⌊
n
2

⌋
,

f∗(vnvn−1) = 6n+ 7, f∗(viv
′
i) =

{
f(vi)− 2, 1 ≤ i ≤ n− 1
f(vi)− 1 i = n and

f∗(viv
′′
i ) =

{
f(vi) + 2, i ̸=

⌊
n
2

⌋
f(vi)− 1 i =

⌊
n
2

⌋
.

Hence, f is a super geometric mean labeling of G ⊙ S2. Thus the graph
the graph G⊙ S2 is a super geometric mean graph.
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The super geometric mean labeling of G1 ⊙ S2 and G2 ⊙ S2 are shown in
Figure 10.
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Figure 10.

Theorem 2.11. S(K1,3) is a super geometric mean graph.

Proof. Let v0, v1, v2 and v3 be the vertices of S(K1,3) in which v0 is the central
vertex and v1, v2 and v3 are the pendant vertices of K1,3.

Let the edges v0v1, v0v2 and v0v3 of K1,3 be subdivided by p1, p2 and p3
number of vertices respectively.

Let v0, v
(1)
1 , v

(1)
2 , v

(1)
3 , . . . , v

(1)
p1+1(= v1), v0, v

(2)
1 , v

(2)
2 , v

(2)
3 , . . . , v

(2)
p2+1(= v2) and

v0, v
(3)
1 , v

(3)
2 , v

(3)
3 , . . . , v

(3)
p3+1(= v3) be the vertices of S(K1,3) and v0 = v

(i)
0 , for

1 ≤ i ≤ 3. Let e
(i)
j = v

(i)
j−1v

(i)
j , 1 ≤ j ≤ pi + 1 and 1 ≤ i ≤ 3 be the edges of

S(K1,3) and it has p1 + p2 + p3 + 4 vertices and p1 + p2 + p3 + 3 edges with
p1 ≤ p2 ≤ p3.

Case (i) p1 = p2.

We define f : V (S(K1,3)) → {1, 2, 3, . . . , 2(p1 + p2 + p3) + 7} as follows:

f(v0) = 2(p1 + p2) + 5, f(v
(1)
j ) = 2(p1 + p2) + 5− 4j, for 1 ≤ j ≤ p1 + 1,

f(v
(2)
j ) = 2(p1 + p2) + 6− 4j, for 1 ≤ j ≤ p2 + 1 and

f(v
(3)
j ) = 2(p1 + p2) + 5 + 2j, for 1 ≤ j ≤ p3 + 1.
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The induced edge labeling is as follows:

f∗
(
v
(1)
j v

(1)
j+1

)
= 2(p1 + p2) + 3− 4j, for 1 ≤ j ≤ p1,

f∗
(
v
(2)
j v

(2)
j+1

)
= 2(p1 + p2) + 4− 4j, for 1 ≤ j ≤ p2,

f∗
(
v
(3)
j v

(3)
j+1

)
= 2(p1 + p2) + 6 + 2j, for 1 ≤ j ≤ p3,

f∗
(
v0v

(1)
1

)
= 2(p1 + p2) + 3, f∗

(
v0v

(2)
1

)
= 2(p1 + p2) + 4 and

f∗
(
v0v

(3)
1

)
= 2(p1 + p2) + 6.

Case (ii) p1 < p2 < p3.

We define f : V (S(K1,3)) → {1, 2, 3, . . . , 2(p1 + p2 + p3) + 7} as follows:

f(v0) = 2(p1 + p2) + 5, f(v
(1)
j ) = 2(p1 + p2) + 6− 4j, for 1 ≤ j ≤ p1 + 1,

f(v
(2)
j ) =

{
2(p1 + p2) + 5− 4j 1 ≤ j ≤ p1 + 1
2p2 + 3− 2j p1 + 2 ≤ j ≤ p2 + 1 and

f(v
(3)
j ) = 2(p1 + p2) + 5 + 2j, for 1 ≤ j ≤ p3 + 1.

The induced edge labeling is as follows:

f∗
(
v
(1)
j v

(1)
j+1

)
= 2(p1 + p2) + 4− 4j, for 1 ≤ j ≤ p1,

f∗
(
v
(2)
j v

(2)
j+1

)
=

{
2(p1 + p2) + 3− 4j 1 ≤ j ≤ p1
2p2 + 2− 2j p1 + 1 ≤ j ≤ p2,

f∗
(
v
(3)
j v

(3)
j+1

)
= 2(p1 + p2) + 6 + 2j, for 1 ≤ j ≤ p3,

f∗
(
v0v

(1)
1

)
= 2(p1 + p2) + 4,

f∗
(
v0v

(2)
1

)
= 2(p1 + p2) + 3 and f∗

(
v0v

(3)
1

)
= 2(p1 + p2) + 6.

Hence, f is a super geometric mean labeling of S(K1,3). Thus the graph
the graph S(K1,3) is a super geometric mean graph.

A Super geometric mean labeling of S(K1,3) is shown in Figure 11.
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Theorem 2.12. Ĝ(p1, k1, p2, k2, . . . , kn−1, pn) is a super geometric mean graph
with pi ̸= 4 for 2 ≤ i ≤ n and for any ki.

Proof. Let {v(i)j ; 1 ≤ i ≤ n and 1 ≤ j ≤ pi} be the vertices of the n number of

cycles in Ĝ with pi ̸= 4 for 2 ≤ i ≤ n.

Let {u(i)j ; 1 ≤ i ≤ n−1 and 1 ≤ j ≤ ki} be the vertices of the (n−1) number

of paths in Ĝ. For 1 ≤ i ≤ n − 1, the ith cycle and ith path are identified by

a vertex v
(i)(
pi+3

2

) and u
(i)
1 while pi is odd and v

(i)(
pi+2

2

) and u
(i)
1 while pi is even

and the ith path and the (i+1)th cycle are identified by a vertex u
(i)
ki

and v
(i+1)
1

in Ĝ.

We define f : V
(
Ĝ
)
→ {1, 2, 3, . . . ,

n−1∑
i=1

(2pi+2ki)+2pn−3n+3} as follows:

When p1 is odd,

f
(
v
(1)
j

)
=


1 j = 1
4j − 4 2 ≤ j ≤

⌊p1
2

⌋
4j − 5 j =

⌊p1
2

⌋
+ 1

4j − 6 j =
⌊p1

2

⌋
+ 2

4p1 + 5− 4j
⌊p1

2

⌋
+ 3 ≤ j ≤ p1 and

f
(
u
(1)
j

)
= f

(
v
(1)

⌊ p1
2 ⌋+2

)
+ 2j − 2, for 2 ≤ j ≤ k1.

The induced edge labeling is as follows:

f∗
(
v
(1)
j v

(1)
j+1

)
=


4j − 2 1 ≤ j ≤

⌊p1
2

⌋
4j − 3 j =

⌊p1
2

⌋
+ 1

4j − 8 j =
⌊p1

2

⌋
+ 2

4p1 + 3− 4j
⌊p1

2

⌋
+ 3 ≤ j ≤ p1 − 1,

f∗
(
v
(1)
1 v

(1)
p1

)
= 3 and

f∗
(
u
(1)
j u

(1)
j+1

)
= f

(
v
(1)

⌊ p1
2 ⌋+2

)
+ 2j − 1, for 1 ≤ j ≤ k1 − 1.

When p1 is even,

f
(
v
(1)
j

)
=


1 j = 1
4j − 4 2 ≤ j ≤

⌊p1
2

⌋
+ 1

4p1 + 5− 4j
⌊p1

2

⌋
+ 2 ≤ j ≤ p1 and

f
(
u
(1)
j

)
= f

(
v
(1)

⌊ p1
2 ⌋+1

)
+ 2j − 2, for 2 ≤ j ≤ k1.

The induced edge labeling is as follows:

f∗
(
v
(1)
j v

(1)
j+1

)
=

{
4j − 2 1 ≤ j ≤

⌊p1
2

⌋
4p1 + 3− 4j

⌊p1
2

⌋
+ 1 ≤ j ≤ p1 − 1,

f∗
(
v
(1)
1 v

(1)
p1

)
= 3 and

f∗
(
u
(1)
j u

(1)
j+1

)
= f

(
v
(1)

⌊ p1
2 ⌋+1

)
+ 2j − 1, for 1 ≤ j ≤ k1 − 1.
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For 2 ≤ i ≤ n− 1,

f
(
u
(i)
j

)
=


f

(
v
(i)

⌊ pi
2 ⌋+2

)
+ 2j − 2 2 ≤ j ≤ ki and pi is odd

f

(
v
(i)

⌊ pi
2 ⌋+1

)
+ 2j − 2 2 ≤ j ≤ ki and pi is even.

For 2 ≤ i ≤ n,

f
(
v
(i)
j

)
=



 f
(
u
(i−1)
ki−1

)
+ 4j − 6 2 ≤ j ≤

⌊
pi

2

⌋
+ 1 and pi is odd

f
(
u
(i−1)
ki−1

)
+ 4pi + 5− 4j

⌊
pi

2

⌋
+ 2 ≤ j ≤ pi and pi is odd

f
(
u
(i−1)
ki−1

)
+ 4j − 6 2 ≤ j ≤

⌊
pi

2

⌋
and pi is even

f
(
u
(i−1)
ki−1

)
+ 4j − 5 j =

⌊
pi

2

⌋
+ 1 and pi is even

f
(
u
(i−1)
ki−1

)
+ 4j − 12 j =

⌊
pi

2

⌋
+ 2 and pi is even

f
(
u
(i−1)
ki−1

)
+ 4pi + 5− 4j

⌊
pi

2

⌋
+ 3 ≤ j ≤ pi

and pi is even.

The induced edge labeling is as follows:

For 2 ≤ i ≤ n− 1,

f∗
(
u
(i)
j u

(i)
j+1

)
=


f

(
v
(i)

⌊ pi
2 ⌋+2

)
+ 2j − 1 1 ≤ j ≤ ki − 1 and pi is odd

f

(
v
(i)

⌊ pi
2 ⌋+1

)
+ 2j − 1 1 ≤ j ≤ ki − 1 and pi is even.

For 2 ≤ i ≤ n,

f∗
(
v
(i)
j v

(i)
j+1

)
=





f
(
u
(i−1)
ki−1

)
+ 1 j = 1 and pi is odd

f
(
u
(i−1)
ki−1

)
+ 4j − 4 2 ≤ j ≤

⌊
pi

2

⌋
+ 1

and pi is odd

f
(
u
(i−1)
ki−1

)
+ 4pi + 3− 4j

⌊
pi

2

⌋
+ 2 ≤ j ≤ pi − 1

and pi is odd

f
(
u
(i−1)
ki−1

)
+ 1 j = 1 and pi is even

f
(
u
(i−1)
ki−1

)
+ 4j − 4 2 ≤ j ≤

⌊
pi

2

⌋
− 1

and pi is even

f
(
u
(i−1)
ki−1

)
+ 4j − 3 j =

⌊
pi

2

⌋
and pi is even

f
(
u
(i−1)
ki−1

)
+ 4j − 6 j =

⌊
pi

2

⌋
+ 1

and pi is even

f
(
u
(i−1)
ki−1

)
+ 4pi + 3− 4j

⌊
pi

2

⌋
+ 2 ≤ j ≤ pi − 1

and pi is even and
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f∗
(
v
(i)
1 v

(i)
pi

)
= f

(
u
(i−1)
ki−1

)
+ 3.

Hence, f is a super geometric mean labeling of Ĝ(p1, k1, p2, k2, . . . , kn−1, pn).

Thus the graph Ĝ(p1, k1, p2, k2, . . . , kn−1, pn) is a super geometric mean graph
with pi ̸= 4 for 2 ≤ i ≤ n and for any ki.

A Super geometric mean labeling of Ĝ(9, 5, 12, 3, 6) is shown in Figure 12.

rr r r r r
r

rr r r
rr r r r r r r r r

r r r r r r
r r
r r1

4

8
12

15

18

13

9

5

3

2

6
10 14

17

16

117

19

20

21

22

23

24

25
26

27 28

30 32

34
36

38

40 42

44
47

49
48

46

4543

41
39

37

3533

31
29

50

51

52
53

54 55

57

59
62

64

63
61

60

58

56

Figure 12.

Corollary 2.13. G∗(p1, p2, . . . , pn) is a super geometric mean graph with pi ̸=
4, for all 2 ≤ i ≤ n.

Corollary 2.14. Every triangular snake is a super geometric mean graph.

Proof. By Corollary 2.13, if p1 = p2 = p3 = · · · = pn = 3, then the triangular
snake Tn

∼= G∗(3, 3, . . . , 3) is a super geometric mean graph.

Corollary 2.15. Tadpoles T (n, k) is a super geometric mean graph, for n ≥ 3
and k ≥ 2.
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