View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by University of Massachusetts Boston: ScholarWorks at UMass

University of Massachusetts Boston

ScholarWorks at UMass Boston

Management Science and Information Systems

Management Science and Information Systems
Faculty Publication Series & 4

7-1-2013

Product Bundling: Impacts of Product
Heterogeneity and Risk Considerations

Mehdi Sheikhzadeh
Sharif University of Technology, sheikhzadeh@sharif.edu

Ehsan Elahi
University of Massachusetts Boston, ehsan.elahi@umb.edu

Follow this and additional works at: http://scholarworks.umb.edu/msis faculty pubs
b Part of the Management Sciences and Quantitative Methods Commons

Recommended Citation
Sheikhzadeh, Mehdi and Elahi, Ehsan, "Product Bundling: Impacts of Product Heterogeneity and Risk Considerations" (2013).

Management Science and Information Systems Faculty Publication Series. Paper 27.
http://scholarworks.umb.edu/msis_faculty pubs/27

This Article is brought to you for free and open access by the Management Science and Information Systems at ScholarWorks at UMass Boston. It has
been accepted for inclusion in Management Science and Information Systems Faculty Publication Series by an authorized administrator of

ScholarWorks at UMass Boston. For more information, please contact library.uasc@umb.edu.


https://core.ac.uk/display/229336045?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://scholarworks.umb.edu?utm_source=scholarworks.umb.edu%2Fmsis_faculty_pubs%2F27&utm_medium=PDF&utm_campaign=PDFCoverPages
http://scholarworks.umb.edu/msis_faculty_pubs?utm_source=scholarworks.umb.edu%2Fmsis_faculty_pubs%2F27&utm_medium=PDF&utm_campaign=PDFCoverPages
http://scholarworks.umb.edu/msis_faculty_pubs?utm_source=scholarworks.umb.edu%2Fmsis_faculty_pubs%2F27&utm_medium=PDF&utm_campaign=PDFCoverPages
http://scholarworks.umb.edu/msis?utm_source=scholarworks.umb.edu%2Fmsis_faculty_pubs%2F27&utm_medium=PDF&utm_campaign=PDFCoverPages
http://scholarworks.umb.edu/msis_faculty_pubs?utm_source=scholarworks.umb.edu%2Fmsis_faculty_pubs%2F27&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/637?utm_source=scholarworks.umb.edu%2Fmsis_faculty_pubs%2F27&utm_medium=PDF&utm_campaign=PDFCoverPages
http://scholarworks.umb.edu/msis_faculty_pubs/27?utm_source=scholarworks.umb.edu%2Fmsis_faculty_pubs%2F27&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:library.uasc@umb.edu

Product Bundling:
Impacts of Product Heterogeneity and Risk Consider#ons

Mehdi Sheikhzadeh
Sharif University of Technology
sheikhzadeh@sharif.edu

Ehsan ElaHi
University of Massachusetts, Boston
ehsan.elahi@umb.edu

Abstract

Bundling has been extensively studied in the liteen and its benefits have been
manifested through three perspectives of achieb@tter price discrimination, helping to
save costs, and preserving the power for deteaipgtential entrant. In this study, we
examine two aspects of bundling which have not stadied before. We examine the
impact of product heterogeneity on bundling decisio We also address risk
considerations in a bundling problem. Specificallye consider a retailer who has the
option of selling a bundle of two products (pureathiing policy), or selling the products
separately (no-bundling policy). The retailer coaldo face a product selection problem
for which we consider three scenarios of choosiv pproducts with perfectly positively
correlated, perfectly negatively correlated or peledent reservation prices. We use a
Mean-Variance approach to include retailer's riskotigh her profit variability when
maximizing the expected value of profit. We chagaze the conditions under which a
policy or scenario performs better than the othemsler the influence of product
heterogeneity and/or retailer’s risk aversion. Agnother findings, we show that optimal
bundling price chosen by a risk-averse decisionenaannot be larger than the one

chosen by a risk neutral decision maker.
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1. Introduction

Bundling is the sales of two or more separate prtsdin a package (Stremersch and Tellis,
2002), alternatively, it can be viewed similar tolume discount where the volume is based on
aggregate sales across products (Nalebuff, 2008hdlBg literature enumerates different
reasons for bundling. For instance, it has beenvshibat a better price discrimination can be
achieved, especially when customers’ evaluationsprdducts are negatively correlated.
Furthermore, bundling can help save transactiopawmkaging costs. Bundling has also been
shown to play as a competitive mechanism by prasgrihe power for deterring a potential
entrant. Of course, there are certain situationsvimich no-bundling is preferred, either to
enhance the profit or to keep distance from legakerns. Overall, bundling is extensively used
in different industries. Bundling of vacation pagka, software applications, insurance packages,
restaurant menus, consumer products, electroniaags) telecommunication packages, etc. are
some of the common applications in daily life rethtto both manufacturing and service
segments. The trend of using bundles is increasirey time due to emergence of offering
bundles of services with products, in particular bosiness segments (Dukart, 2000; Swartz,
2000).

Marketing and economics literature have extensivd@lydied many aspects of product
bundling. In this paper we try to analyze two asp&tich have not received proper attention in
the existing bundling literature, but can have majgacts on bundling decisions.

We first examine the impact of heterogeneity intilwe products to be bundled. We look at
the heterogeneity from the perspective of custohmesgrvation prices for the two products. The
heterogeneity could be due to the difference inatferage prices which customers are willing to
pay for each product, e.g. bundling an expensiwedymt with an inexpensive one. For instance,
personal computers are sometimes bundled with fioeed) external audio speakers. As
another example, flight tickets are usually bundieth rental cars, where the former could be
much more expensive than the latter. For more elesgee Brough and Chernev (2012).

The heterogeneity could also be due to the diffs¥em the uncertainty level in the
customers’ reservation prices for the two produetem the firm’s point of view, the uncertainty
in the customer reservation prices could be dudirto’s lack of information about each
customer’s valuation of the products. High hetenaify could happen when an established

product is bundled with a new product with high emainty in the customers’ valuations of the



products. For instance, AMC Theaters bundle mowmikets with popcorn and drinks. While
customers’ valuations of popcorn and drinks aratinadly known, their valuations of a new
movie are more uncertain. Another example coulthbeébundle of cell-phone plans and a newly
released handset. Customers’ valuations of a nesased handset are much more uncertain
than customers’ valuations of cell-phone planssTigpe of heterogeneity might also happen
when a new product, whose quality is unknown taamasrs, is bundled with an established high
quality product to signal the quality of the newaghuct (Choi, 2003).

We also examine the impact of firm’s risk attitud@ the best of our knowledge, risk
considerations have not been studied in the egidiimdling literature. In this paper, we use a
Mean-Variance(MV) approach to examine the impact of risk on diing decisions. In this
approach, the firm maximizes the expected profiilevikeeps the profit variance below a
threshold level. Compared to other risk relatechpeaters, the expected and variance of profit is
most readily available to decision makers. Hentwe MV method can be considered as the most
practical approach. We will show how the bundliregidions could change when the firm is
considering an MV approach (risk-averse) rathen thasimple expected profit maximization
approach (risk-neutral).

Our model considers a monopolist retailer selliwg products to a market whose customers
have different valuations for the products. We enésa customer’s valuation for a product
through a reservation price, which indicates th&imam price a customer is willing to pay for
it. Hence, the customers’ valuation of a produainf the retailer’s point of view, is a random
variable. In accordance with the majority of bundlistudies, we assume uniformly distributed
reservation prices. That is, the reservation pofceach customer for a product is a draw from a
uniform distribution. However, as opposed to mdasidies, who consider reservation prices
normalized between 0 and 1, we consider a genasa of any arbitrary range for reservation
prices. Although this more general model makesdé@vation of results more complicated, it
allows us to examine the impact of product hetanedg on bundling decisions.

The retailer has the choice of applying either gauredling policy, in which the products are
offered only in the form of a bundle and not sefmyaor no-bundling policy. While customers’
reservation prices are independent from each other,reservation prices of an individual
customer for the two different products can be aelated. To capture the impact of this

correlation, we present our results for three emérescenarios: independent, perfectly positively



correlated, and perfectly negatively correlatecenegtion prices. We compare the performance
of these scenarios and offer related managerigtitss

The rest of this paper is organized as followstiSe@ briefly reviews the related literature.
In section 3, we describe the model and derivgpteBminary results which are used through the
rest of the paper, including purchasing probabsitand optimal prices. In section 4, we analyze
the impact of product heterogeneity. The impactis consideration is presented in section 5.
Section 6 closes the paper by our concluding resnand a few managerial insights. Proofs of

all propositions are in Appendix A.

2. Literature review

The literature on the economics of bundling carcdtegorized into three broad groups: benefits
of bundling as a tool for price discrimination (Mie& et al., 1989), as a cost saving mechanism
(Evans and Salinger, 2005), and finally as a medrentry deterrence (Carlton and Waldman,
2002; Nalebuff, 2004).

Traditionally, economists have explained bundling an effective tool for price
discrimination since it helps a monopolist to reglbeterogeneity in customer valuations (Bakos
and Brynjolfsson, 1999). This means the advantddmindling is especially apparent when the
values of products are negatively correlated. Is tlase, bundling leads to more homogeneous
valuations among customers and thus a greateopoofi customer surplus can be captured by
the monopolist. The first study on the benefit ahbling from this perspective can be traced
back to the influential work of Stigler (1968), limlved by structural study of Adams and Yellen
(1976), and has continued by other researchersa&imon and Wiubker (1999) and Kihn et
al. (2005). These papers mainly explore the printenyefits of bundling in different situations;
different from our intention of investigating thenpacts of risk considerations and product
heterogeneity. Schmalensee (1982) shows that mbwtling can be profitable for a firm even
when customers’ valuations are positively correlads long as the correlation is not near to or
equal to one. McAfee et al. (1989) show that evenundling of independent products can still
be better than no-bundling. Moreover, the authtieasthat if the retailer could monitor the
purchases, then a mixed bundling strategy can al@legays be more profitable than no-

bundling. To achieve this result, the authors asstimat the retailer can prevent consumers from

2 In a mixed bundling strategy the retailer selks iundle of the products as well as each prodipetraeely.
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purchasing both product 1 and product 2 separafedyopposed to McAfee et al. (1989), our
model focuses only on the case where the retadlena monitor the purchases. Instead, we
provide insights on the impact of the correlati@ivween the reservation prices, the impact of
product heterogeneity, and the role of retaileis& preferences. We refer interested readers to
Kobayashi (2005) for a more detailed review of thesature.

Another theme of studies on bundling has been abansaction cost reduction mostly in the
form of bundle discounts (Dewan and Freimer, 2Q@Bjszewski and Cunha, 2004; Sheng et al.,
2007). In a more recent study, Evans and Saling@08) provide a model for the size of
discount and highlight the critical role of cost emplaining bundling and tying behavior in
comparison with the role of demand in the previstiglies. They show that bundling is more
profitable when customers are willing to buy allhgmnents of the bundle, or when the fixed
costs of handling and transaction are high. Theodeh is based on the assumption that
customers’ demand for each product is independetiiteoprice (perfectly inelastic demand). In
this paper, however, we model customers’ demanautir their reservation prices for each
product. Therefore, demand for each product (obthvelle) depends on the selling price through
the probability distribution of the reservation qa@s. Hence, we can model the impact of
heterogeneity in the customers’ valuations of tloglpcts.

The third advantage of bundling is entry deterremdgch is beyond the scope of this study.
The number of such studies is escalating over {ee Whinston, 1990; Carlton and Waldman,
2002; Nalebuff, 2004; Choi and Stefanadis, 200&hbéud et al., 2007; Peitz, 2008).

Bundling of information goods is attracting moréeation over time due to technological
progresses. In fact, bundling of information gobds been a common practice for a while due to
cost savings in production and distribution of pbgsmedia such as CDs and DVDs. However,
benefits of bundling seem to decrease due to signif cost reduction in reproduction and
distribution for information goods. Bakos and Biglfgson (1999) show that pure bundling of a
large number of information goods is still advaetags in special situations, which may never
happen in practice. To address this shortcoming, dtid Chen (2005) propose the concept of
customized bundling: a pricing mechanism wherebstamers may select a fixed number of
goods out of the total goods available for a fiygtte. Such a pricing scheme has different
desirable properties due to flexibility and effieay. Wu et al. (2008) extend the work of Hitt
and Chen (2005) and explore the properties of auged bundling using a nonlinear mixed-

integer programming approach. All these papersysthe bundling of a large number of
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information goods with very low (or zero) marginaloduction cost. Our model, however,
focuses on the bundling of only two products withitaary marginal production costs. We can
therefore provide insights on the impact of margp@duction cost (see sections 4 and 5) as
well as the impact of heterogeneity in customeeduations of the products. Other researchers
who study the bundling of products with zero maagioost include Ibragimov (2005), Geng,
Stinchcombe, and Whinston (2005), and Fang and Biort2006).

Our base model can be considered as a generaliaddl mf McCardle et al. (2007). Similar
to their work, we consider the impact of bundlimggucts on retail merchandising. Our work,
however, is different from that study from sevaspects. First, we consider only basic products
since our objective is to address risk considenatiof bundling, not comparing bundles of
fashion and basic products. Second, as opposdttstudy and most other studies considering
normalized reservation prices between 0 and 1, ememglize reservation prices by considering
arbitrary upper and lower limits. Specifically, Mafdle et al. (2007) considered the range of
reservation prices of one product to be a subs#tebther one. Our generalized model lets us
consider the impact of heterogeneity in customeaiiations of the two products. Another paper
which uses a modeling approach similar to oursdkabar (2010). This paper, however, is
limited to the case where the lower bound of prodeservations is zero. This simplification lets
the author provide insights on the mixed bundliige paper does not address the impact of
product heterogeneity or risk consideration.

To be able to focus on the impact of product hegeneity and risk consideration, in this
research, we assume an additive model for thewvasen price of the bundle. That is, each
customer’s reservation price of the bundle is @ f the customer’s reservation prices of the
components. This is consistent with the assumptiilm#sdams and Yellen (1976), Schmalensee
(1984), McAfee et al (1989), McCardle et al (200aH)d Kramer (2009). Bulut et al (2009) and
Venkatesh and Kamakura (2003) provide a model iithvthe reservation price of the bundle
can be superadditive or subadditive. That is, #senvation price of the bundle can be greater or
smaller than the sum of the reservation priceqefdomponents. Modeling superadditivity and
subadditivity makes the problem formulation consatddy more complicated. Therefore, to
derive their results, Bulut et al (2009) mostlyyreh numerical analysis, while Venkatesh and
Kamakura (2003) resort to simplifying assumptiofmndling of products with identical
production cost and identical reservation pricd$)ese authors relate the superadditivity and

subadditivity of reservation prices to complemeiyarand substitutability of products,
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respectively. Although this relation is accepted rbgny researchers, there are others who
provide different perspectives. Popkowski Leszcegcal (2008) observe subadditivity for
complement products. They also show superadditifiatyproducts that are not complement.
McCardle et al (2007) relate the complementarityl aubstitutability of products to the
correlation between their reservation prices.

Choi (2003) proposes bundling as a mechanism tasstw product with unknown quality
bundled with an established product with known hggiality. The author uses amformational
leverageapproach to show that this bundling could sighal high quality of the new product.
Similarly, we consider the impact of the heteroggnen customers’ perception of the two
products. Our focus, however, is on the heteroggmeicustomer valuation (reservation prices)
of the two products.

Heterogeneity in product bundling has been studhethe literature (Adams and Yellen,
1976; Guiltiman, 1987; Tellis, 1986; Stremersch ditlis, 2002). The focus of these works is
on the heterogeneity in the reservation prices iferént customer segments. The general
conclusion is that heterogeneity in customer segsnenakes the product bundling more
desirable. Our focus in this research, howevennishe heterogeneity of products (not customer
segments) in a homogeneous market. For instanggllibg an expensive product with an
inexpensive product, or bundling an establishealped with relatively known demand with a
new product for which the customer valuations aceamncertain.

Other aspects of heterogeneity in product bundéirg studied through empirical methods.
Brough and Chernev (2011) study consumers’ pemmemf the value of a bundle consisting of
an expensive product and an inexpensive produaty Bmow that combining expensive and
inexpensive items can lead to subtractive rathemn t#dditive judgments. Agarwal and Chatterjee
(2003) examine the consumers’ perceived decisidficdty in selecting from a menu of
bundles, where the bundles vary on different attab including their perceived similarity. They
show that similar bundles pose greater choicedtiltiy than dissimilar bundles. Similar to our
paper, Popkowski Leszczyc et al (2008) study theaich of heterogeneity in product uncertainty
for high and low value products. Their approach #oalis, however, are different from ours.
They use an experimental approach to study theatgdeheterogeneity on the superadditivity of
the reservation prices. The authors conclude Hestet heterogeneities can change our perception

of complement and substitute products. We, on therdhand, use mathematical and numerical



modeling to analyze the impact of heterogeneityeurdifferent reservation price correlations.
For a comprehensive review of bundling literatuee Stremersch and Tellis (2002).

In this research, we also examine the impact ofiéirrisk consideration in bundling
decisions. To the best of our knowledge, all thpeps on the economics of bundling focus on
risk-neutral firms who try to maximize their expedtprofit. We contribute to this literature by
exploring the impact of firm’s risk aversion on guzt bundling decisions. In the literature of the
modern theory of risk management, in the absendeakion maker’s utility function, variance
of profit (as the most practical and readily aval#arisk measure) has been widely employed
based on the pioneer work of Markowitz’'s (1952) Markowitz’'s MV approach, a risk-averse
decision maker minimizes the risk (i.e., profit iaaice) while requiring that the expected profit
will not fall below a threshold level. Alternativglas a dual of this model, the risk-averse
decision maker can maximize expected profit (rejvasdlong as the profit variance (risk) is not
escalated beyond a threshold level. In this papense the latter approach as it has been used in
many different studies (Choi et al, 2008a; Choalet2008b; Martinez-de-Albéniz and Simchi-
Levi, 2006). Clearly, in the special case wheregtwdit variance is not a binding constraint (e.qg.
when the variance threshold level is high enouttg,risk-averse decision maker behaves the
same as a risk-neutral decision maker whose onlctbke is maximizing expected profit. In
some other studies, a risk-averse decision makewdeled as a person who tries to maximize
the expected profit while penalizing it by a factay of the profit variance (Gan et al, 2011; Wu
et al, 2009; Lau, 1980). This approach can be &tkthe same as the earlier approach when the
variance constraint is binding, in which casplays the role of a Lagrange multiplier. Wheis
zero, the objective function becomes the samerak-aeutral decision maker. Krokhmal et all
(2011) and Steinbach and Markowitz (2001) showeitp@ivalency of the three MV approaches.
That is, by considering proper values for the etgubprofit threshold, profit variance threshold,
and factor a, the three MV approaches yield the same set of @ptisolutions (efficient

frontiers).

3. Model Formulation and Preliminary Calculations

A monopolist retailer sells two produddsandB in a homogeneous market whose sizkliand
customers’ purchasing behaviors are independergach other. A customer’s valuation of

producti is represented by his reservation price for thadgpct, r;, which indicates the



maximum price he is willing to pay to buy it. Fraime retailer's perspective, the customer’s
reservation price for a product is a random vaeabhose distribution, we assume, is uniform:

r,~U[l,u]in which |, =20,i O{A,B} . It is a common practice in the bundling literatuo

assume uniformly distributed reservation pricest @adel, however, considers the most general
form of uniform distribution, as opposed to most thle existing studies which assume
reservation prices normalized between 0 and 1.

We consider two Policied}: Pure Bundling(1l) andNo-bundling(2). In a pure bundling
policy only a bundle of two producfsandB is offered to the market. This policy is calleare
bundling since the products are not offered sepigrationg with the bundle. In a no-bundling
policy, the products are offered only separatelypteNthat the policy indexP(=1or2) is
corresponding to the number of pricing decisiomsr#tailer needs to make.

Under each policy, the customers’ reservation price a given product are assumed to be
independent of each other. That is, the valuatfaaistomer for produgctis independent of the
valuation of another customer for the same prodtidwever, for a given customer, the
reservation prices of the two produétsand B are not necessarily independent of each other.
Therefore, under each policy, we study three ex¢r8genariosS): Independen{0), Perfectly
Positively Correlated(+1), and Perfectly Negatively Correlateq-1). Under independent
scenario, the valuation of a customer for a produatdependent of his valuation for the other
product. Under the other two scenarios, howeves, vliluation of a customer for a product
determines his valuation for the other product.thiese two perfectly correlated scenarios, there
is a linear relationship between each customessrx@tion prices for the two products:

I, +K(r, -l if S=+1
fo = {uBB - K((:A - |Az) if S=-1" @)

whereK =b/a, a=u, - I,, and b=y, - k. Without loss of generality, we assurfe<1. That
is, we name the product with larger uncertaintigsmeservation price as produkt

Perfectly correlated scenarios correspond to theescavhere the correlation coefficient
between the reservation prices of the two prodisatther-1 or +1. In this case the value of one
random variable identifies the value of the othee.oThis assumption is consistent with the
assumptions in Carbajo et al (1990), Nalebuff (3p@#d McCardle et al (2007). In a perfect

correlationr, cannot vary independent of. Nevertheless, is a uniformly distributed random



variable. Its randomness, however, follows exatily randomness af,. This is the extreme

case for the more general case where the corneletiefficient of reservation prices is a number
between-1 and +1. In this general case, each random variebh change (to some extent)
independent of the other one. Complete independeappens when the correlation coefficient
is zero. We choose to present our results only derfect correlations (and complete
independence) to make our mathematical modelingatée. Appendix C (available as an
electronic supplement) shows how the general chsertelation between reservation prices can
be modeled. As it can be seen in this appendixpthblem formulation is considerably more
complicated. The complexity of the formulation peats us to analyze the impact of
heterogeneity and risk consideration under the ig¢meodel. Therefore, the results of the paper
are presented only for independent and perfectiyetaied reservation prices. The numerical
results in Appendix C, however, suggests that t@nges in the expected and variance of profit
are continuous and monotone with respect to theeletion coefficient. Therefore, by providing
the results for the special cases of independettpanfectly correlated reservation prices (the
two ends and the mid-point of correlation coefitisspecturm), we expect to gain general
insights about the behavior of the problem whenctiveelation coefficient changes continuously
between-1 and +1.

The retailer sets prige for producti in scenarids (-1, 0, or +1) and under polidy (1 or 2).
Note thati could be: onlyAB when P =1and eitherA or B when P=2. A customer may
purchase none of the products, or may purcA&sehen P =1, and purchase eithé; B, none,
or A+B (separately purchasing bodandB) when P =2.

Under no-bundling policy, the marginal cost of egmloducti is assumed to be <y,
otherwise, no customer buys productnder the pure bundling policy, d,; <c, + c;, we say

the retailer benefits from economy of bundling. éeing positive net profit for each item sold

and definingu =u, +u, and L=1,+I,, we have the following relations which are being
respected throughout the paper:
Max(g,|)s p<uy, O{AB,
Max(Cy, L) < pe< U, and Max(c,, G) < Gg. (2)
We userras the total profit earned from each individuastomer, and1 as the retailer’s

total profit. Due to homogeneity of customers ahd fact that each customer’s purchasing

10



behavior is independent of other customers’ puidga®ehavior, the expected value and

variance of the total profit are, respectiveBfM] = M.E[77] andV[M]=M.V[7]. So, through

the rest of the paper, we focus only on the expeatel variance of retailer’s profit from each
individual customer (expected and varianceotdl profit can simply be derived by multiplying
by M). Through the rest of this section we characteti®e purchasing probabilities and the

corresponding optimal pricing decisions for eachdiimg policy.

3.1 Pure Bundling Policy (P=1)

A customer buys the bundle if and only if the bengdlice is not more than the sum of his
reservation prices for each product individuallgnde, the probability that a customer buys the
bundle is:Pr(AB) = Pr(p,; < 1, + 13 ). The profit function can then be written as:

3
0 with probability of 1- Pr(AB) ®)

n—{eAB with probability of Pr( AB=Pr( p,< 1+ §)
wheree,; = p,; — C,5- Figure 1(a) shows the purchasing behavior of stotner under pure

bundling policy. By applying relations in (1), warccharacterize the pure bundling purchasing

probabilities under each scenario as summarizéabie 1.

Reservation Reservation
price of B Price of E
A Ar
ug|=- ug |- -
Both
Bundle B A&B
AB (A+B)
N Ps
RN N
TR None
None ¢
lB o 1 1 lB T 1
. 1 .
! 1 Reservation ! ! ‘Reservatlon
L w, Price of A L Pa " Price of A
(a) Pure bundling policy (b) No-bundling pglic

Figure 1 - Possible purchasing behavior of custsraader the two policies
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Scenarig Pr(AB)
1 if pu<ug+l,
S=-1 % if Uy +l, <SpSU+l KZL
0 it Uyl <Ppe
IRY:
1_% it pPag <Ugtl,
+1)+2(u, - .
S=0 ((UB B) 2a(uA pAB)) |f UB+IASpABSUA+|B
U- 2 :
% if Uy +lg<pgg
s=+1| 2P
at+b

Table 1 - Purchasing probabilities of pure burglliolicy

The derivation details of the results in tables # tcan be found in Appendix D (available as an

electronic supplement). Using (3), the retaileXpexted profit can be derived as follows:
E[7] = e, Pr(AB 4)

3.2 No-bundling Policy (P=2)
Under no-bundling policy, a customer buys any eftino products if the price of that product is
not more than the customer’s reservation pricetfédtence the probability that a customer buys
producti is: Pr{i)= Pr{p, <r. ). The profit function can then be written as:

e, with probability of Pr(A=Pr(p< t and p> J)

. € wi-th probabi.li.ty of Pr(B=Pr(ps< ¢ and p> ) 5)

e, + & with probability of Pr( A B=Pr( p< r and p< ;i)

0 with probability of 1- Pr(A)- Pr(By Pr(A+ B)
wheree, is the marginal profit of selling produictFigure 1(b) shows the purchasing behavior of
a customer under this policy. By applying relatiamg1), we can characterize the no-bundling
purchasing probabilities under each scenario asmsuiped in table 2. The purchasing
probabilities for producB, Pr@B), are similar in format to PAj, but the indice®\ andB should
be swapped.
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Using (5), the retailer’'s expected profit can bews as follows:

E[7] =e,Pr(A+ .Pr(B+ (g+ g).Pr( A E

Pr(A) Pr(A+ B)
Uy~ Pa if pA_IA>uB_ Ps 0 if pA_IA>uB_pB
S=-1 S ) a b - ] _a b
1—*3—pB otherwise e~ Ps _U\™ P otherwise
b b a
S=0 (UA B pA)( Ps — lB) (UA B pA)(uB - pB)
ab ab
pB_IB pA_IA' pA_IA pB_IB 1_pB_IBif pA_IA<pB_IB
- if < b a b
S=+1 b a a b i
0 otherwise Pa=la otherwise
a
Table 2 - Probabilities of no-bundling policy
Scenarig Pas
Ug +1, if Capp<Ugtl,—(a—Db)
+1, + )
S=-1 w if ug+l,—(@-b)scp=su,+I,K#1
purebundlingisnot feasible if MoK
* - b
Pag: if Cre <E_ atug+l,
+l.+2u,+2c,, .. b b
s=o [{%e 4UA A8 if E—a+uB+IAscABSuA+IB——2
U+2c . b
— 28 if uA+IB—§<cAB
+
Y*G it ¢ >aL-U
S=+1
L otherwise

Table 3 — Optimal bundling prices for pure bundlipadicy
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Scenari E[ 77 pas)]
Ug +1,—Cprp if Cg<Ugtl,—(a—D
U+ 1=’
S=-1 Wlf Ug+tl,—@-b)scsu,+1,Kz1
purebundling is not feasible if UL
. (Pag; — L)? : b
(Pags = CAB)(]-_ABZlT if Cas <_2_ at U+ |,
(Ug+1,+2u,-2¢c,.Y .. Db b
S=0 E— 16aA ABZif —2—a+uB+IAscABsuA+IB——2
2U —cp)° : b
——fe if u,+l,-=<c
27ab AR
_ 2
UGl 4 ¢ 5o -y
S=+1 4(a+b)
L-Cup otherwise

Table 4 — Optimal expected profit for pure bundlpadicy

3.3 Optimal Solutions

We can now derive the retailer's optimal solutiomer different scenarios of pure bundling and
then no-bundling policies. Tables 3 and 4 provide bptimal prices and the corresponding
maximum expected profits under the pure bundlingcpoTo make the presentation easier we

define p,, as follows.

. 2L+Cug+(Cis— L)* +6ab
pABl = 3 (7)

The optimal prices which maximize the retailer'pegted profit under no-bundling policy

p’;:mw{%““ Ij 0, = ma{CB;”B ls} ®)

. ac,’ if c¢y<l |[bg? if ¢,<1
Elm(p, =1 D S e ©)
|,—c, otherwise | L- ¢ otherwis

are:

U,—C Ug —
wherec,, = A2 Aandc,, = BZb% :
a
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4. The Impacts of Product Heterogeneity

In this section, we investigate the impacts oftredareservation price uncertainty as well as the
relative average customer valuation of the two pot&lon the benefits of product bundling. We
use the span of the probability distribution oferestion prices as a measure of its uncertainty,
that isa andb for productA andB, respectively. A high level of uncertainty coule & result of a
high diversity in the retailer's customer base, ibicould be due to the retailer’s lack of
knowledge about the product attractiveness toatsrgial market. Therefor&k =b/a represent
the relative uncertainty in the reservation pricethe two products.

The midpoint of the probability distribution of aservation price can be considered as a

measure for average customers’ valuation of thedywots. That is,m, =(l,+u,)/2 and
m, = (I + ug)/2. Therefore, we can measure the valuation heterdgeofthe two products
with 7 =m,/ m,. To make our comparisons meaningful, while we stigate the impact of
and K, we keep the values ¢a+b) and (m, + m;) constant. The summatidi@+ b) could,

intuitively, represent the total uncertainty in treservation prices of the two products, while

(m, + m,) could be a measure of the total average custoaieation of the two products.

4.1. The impact ofp

To be able to focus on the impact gf we assumé&=1 in this subsection. Without loss of

generality we assume, = m, (7=1).
Proposition 1. For any given values of & b, and(m, + m,), the expected profit of pure

bundling policy (all three scenarios) is independef;.
Proposition 1 states that for any two products witle same relative reservation price
uncertainty, the relative customer valuation of tike products/;, does not have any impact on
the retailer’s expected profit as long as the teghhation of these products is kept constant. This
intuitively means that it does not matter whetherbwndle a very expensive product with a very
cheap product, or we bundle two products with maievalues; both provide the same level of
expected profit.

To make the comparison of pure bundling and no-loggossible, we assume there is no

economy of bundlingd,; = c,+ ¢;) and the cost of each product is proportional sximum
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customer valuation of that product. It is easy ¢oify that under these conditioms=uyc,/ U,

iI{A B . Since we have =b, this assumption means that a more expensive prdths a

higher production cost than the production cost ocheaper product in a proportional way. This
cost structure allows us to focus only on the impég.

Proposition 2.For any given values of ab, and(m, + m,), the expected profit of no-bundling
policy (all three scenarigsis increasing in;.

Propositions 1 and 2 suggest that the value ofymtodundling (compared to no-bundling
policy) decreases as the heterogeneity of the ptodlues increases.

Although demand correlation between the two prasluides not have any impact on the
expected profit under no-bundling policy, the reté expected profit from bundled products
depends on this correlation (different bundlingnsees). Our results show that for products
with very low production costs (information goodsr fexample), bundling of negatively
correlated productsSE-1) is more profitable than bundling of positivelyradated §=+1). The
profit of bundles of product with independent dedw®=0) is somewhat in between. However,
for products with relatively high production costs, equivalently with low profit margins
(commodity products for example), the profit of {hesitively correlated products is more than
the profit of negatively correlated products. Theofpp of independent products is again
somewhere in between.

To better observe how the expected profit of bumgdtiepends on the production cost under
different scenarios, we first look at the impactpodduct bundling on the probability of bundle

sales under the three different scenarios. Prapns3tstates this result.

Proposition 3.For any bundle of two products, the following reésuiold
@) Pas=Pas = PréBl_, = Pr@B|y = Pr@aB|), = 50¢
(0) Pe<Ppe =  PraB|L, = Pr@B| = PraB)

© Pe>Pie =  PreB|)_, < PreB|L < Prag)
wherep,; = (U + L)/2.
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Figure 2 — The behavior of purchasing probabilitiesoss different scenarios of pure bundling
(m,+ m, =400, a+ b= 200; K= 0.33;7=1
Figure 2 depicts the results in proposition 3. Wan crewrite equations (4) as

E[7]/ e; =Pr( AB . In other wordsPr(AB) can be considered as the representatives for the
expected profit. Moreover, the optimal bundlingcpris increasing in the bundle cost. Therefore,
the behavior of the optimal expected profit vs. diancost should be similar to the bundling
probability vs. bundle price. Therefore, for vemgwl bundle costs, bundling of negatively
correlated productsSE-1) should provide the highest expected profit, wHide very high
bundle costs, bundling of positively correlated ducts &=+1) should provide the highest

expected profit. The following proposition provésstresult. Letc,,, = max(U -Aad+p ()

Proposition 4: For all scenarios, the optimal bundling price and corresponding expected
profit are continuous and decreasing functions aefgimal cost of bundling. Moreover,

(a) whenc,; < ¢,y we have:

B[ i)l o < B Prdl 50< Bt DA 51

(b) whenc,, = p,, We have:

EL7 Pl o> B Bl 00> EZE DA o

Note that the conditions stated in parts (a) andofbproposition 4 are sufficient (not
necessary) conditions. Our numerical results stawthe results of this proposition can be valid
for a much wider range of parameters than whatated in these conditions. Proposition 4

shows that the behavior of optimal expected pi@iitder different scenarios) is similar to the
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behavior of purchasing probabilities. That is,het lower range of marginal cost of bundling the
optimal values of$=-1) is greater than the optimal values 8£Q) and optimal values of5£0)

is greater than the optimal values 8&¢1). Such a relation is reversed when the marginst co
of bundling is at higher levels. However, as oppote purchasing probabilities, there is no
single marginal cost as a turning point. Instedrd are three different marginal costs of
bundling at which different pairs of scenarios halentical optimal values. Figure 3 depicts this
behavior for a numerical example.

200
160 -
120 -

80 -

Expected Profit

40 -

0

CaB

Figure 3 — Expected profit for different scenamdgpure bundling
(m,+ m, =400, at+ b= 200; K= 0.33;7=1

The result of proposition 5 provides us with theam® to compare the profitability of
bundling and no-bundling policies under differecersarios and different bundling costs.

Proposition 5. For any given values of a b, and(m, + m,), no-bundling policy is always
more profitable than the bundling policy for a blendf perfectly positively correlated products
(S=+l) whenc,; =c,+c;, and ¢= ug,/ L i{AB.

Although we prove proposition 4 for the caseksfl, its result is not limited to this case.

McCardle et al (2007) show that no-bundling alwpgsforms better tharSE+1) when there is

no economy of bundlingd,; = ¢, + ¢;). Their result holds for any value Kfas long as; =1,

andug < u,. Our numerical results, however, suggest thatrésalt holds even in general ranges
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of reservation prices. In other words the only lsst the pure bundling of positively correlated
products can perform better than no-bundling i©ubh a sufficient level of economy of

bundling, that is wher,; <c,+ c,. The following proposition states the result foe tcase

where there is economy of bundling.

Proposition 6: Under perfectly positively correlated scenario=8l, as longs as optimal

bundling prices are greater than the lowest feaslblel (, < p,, |5 <Py L <P rg), We have:

(U _CAB)2 > (uA_CA)2 + (UB_ CB)2
a+b a b

< E[ﬂ( p;B)] 2 E[]'( p*Ae F*)s)]

The above relation is a generalized form of theultestated by McCardle et al (2007).
Comparing the results of propositions 4 and 5 weamaclude the following corollary.

Corollary 1. For any given values ofab, and(m, + m,) ,while c,; =c,+ c;andc =yg,/U

, 1{A B, the following results hoid

(a) For very high product costs, no-bundling policy als provides the highest expected
profit (compared to all scenarios of pure bundling

(b) For very low product costs
* For low values of7 =21, no-bundling policy provides lower expected profimpared
to bundling of perfectly negatively correlated pwots (S=—1) and independent
products(S=0).
* For high values ofy (if possiblg, no-bundling policy can provide higher expected

profit compared to different scenarios of pure bitmgl

Figure 4 shows the results through a numerical @i&am
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Figure 4 — The expected profit for different patigiand scenarios vg.
(m, + m, =400; a+ b= 200; K= 1.01

4.2. The impact ofK
To investigate the impact of the heterogeneityh@ teservation price uncertainty of the two
products we look at the impact of changeXKiwhile we keepn=1 fixed. Similar to previous
subsection, to make our comparisons meaningfukeep the value ofa+b) constant. That is,
we compare situations with similar total uncertaiit the reservation prices. The following
proposition shows the impact Kfon the retailer's expected profit.
Proposition 7.For any given(a+b) andn=1, we have
(a) The expected profit of pure bundling of perfectigipively correlated products=+1) is
independent of K.
(b) The expected profit of pure bundling of perfecdgatively correlated produc(&=-1) is
decreasing in K ift,, >U - a and increasing it,, <U —a—-(a—-b.
(c) The expected profit of pure bundling of indepengeatucts(S=0) always lies between
the expected profits ¢6=-1) and (S=+1) products.
(d) The expected profit if no-bundling is always mdrant or equal to the expected profit of
pure bundling of perfectly positively correlated ogucts (S=+1), when

Cig=CatCyand ¢= yg,/ L iO{AB.
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Figure 5 — The expected profit for different patigiand scenarios us.
(m, + m; =400; at+ b= 200; 7= 1

Figure 5 demonstrates the results in propositidor @ numerical example. We can see that
the impact ofK is somewhat similar to the impact gf except that the expected profit of pure
bundling depends on the value &f However, similar to the impact af, an increase in the
heterogeneity level decreases the value of the llmgngolicies compared to the no-bundling
policy. Moreover, the no-bundling policy performstier than all bundling scenarios when the
product costs are relatively high. The bundlinghegatively correlated productS<-1) can be
higher than the no-bundling policy when the prodasts are relatively low, especially when the
heterogeneity is not very high. Again, we can shbat the bundling of positively correlated
products §=+1) can be more profitable than no-bundling only wilegre is some economy of
bundling. It is also interesting to note that tredue of the bundling of negatively correlated
products increases with the heterogeneity in theerainty of the reservation prices (while
keeping the total uncertainty fixed).

5. The Impact of Retailer's Risk Aversion

The results presented in section 4 characterizepkienal parameters for a risk neutral retailer,
i.e. for a decision maker who seeks to maximizeetkgected profit regardless of the involved
risk. To characterize the optimal solution for akraverse decision maker, we use an MV

approach, i.e.;
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max E[r7]

subjectta V71 < V., (10)
whereV [.] denotes the variance ad.y is the acceptable level of variance (the retasleisk
tolerance). Under this criterion, if the prices @fhimaximize the expected profit result in a profit
variance which is smaller thaf,a, then these prices are optimal. However, if tisailted profit
variance is larger thaWmax then the retailer should choose a new set okeprighich brings
down the profit variance to an acceptable levelofiPvariance for no-bundling and pure

bundling policies can be respectively calculatedfrequations (11) and (12).
V[7] = e, Pr( AB(1- Pr(AB) (11)

V[ =e?Pr(A(1-Pr(A) + ¢*Pr(B( - Pr(B)+ (g+ &) Pr(A B % Pr(A B
-2[e,q Pr(APr(B)+ g (g+ g)Pr(API(A B (& OPr( BPr(+A i

Tables 5 and 6 provide the profit variance for modiing and pure bundling policies under

(12)

different scenarios based on the probabilitiesutated in section 3.

Scenarig V[ pae)]
0 if Cpp<Ug+l,—(a—-h)
(u, +1,-c,)*(2a-2b—u,— I+ c,,) .
S=-1|j—"——2—28 16@-b) A_B_TABjf ug+l,—(@-b)Scypsu tl, K#L
purebundlingis not feasible if A oK g
. e — L) e — L) , b
(pAsl_CAB)Z(l_(pAzlab ) J(pAzlab) if CAB<_2_a'+uB+IA
(Ug+ 1 +2u,—2c,.Y Qu,— 4 ,—u,—l .+ 2x,)) .. b b
S=0 B —A A (16a;2 A8 B AR jf —2—a+uB+|AscABs uA+IB——2
— 3 — —
2(U CAB) (9a‘b 22(U CAB)Z) |f UA+|B——b<CAB
9(%ab) 2
— 3 —
UzCe) UrCe=2L) 4 ¢ 5o -y
S=+1 16(a+b)
0 otherwise

Table 5 — Variance of the optimal expected prafitgure bundling policy
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V7 p,, Ps)]
_]0 if Cp+Cq <1
5% | 2a%Kc,, G, max((1- ¢, )(t ¢, ),0) otherwis:

S=0 |Vgo = 2a2(cA13 max (- ¢, ,0f K*c,® max(* ¢, ,C)]

S=+1|Vy,+aKcycymin(cy, G)

Table 6 — Variance of the optimal expected prafitrio-bundling policy

5.1. Optimal Prices
Propositions 8 and 9 describe the relation betvileeroptimal price under MV decision criteria,
pM, and the optimal price which maximizes the expkpt@fit, p, .

Proposition 8 Across all scenarios under the pure bundling polidhe unique solution for

optimal price, pyy , under MV decision criterigl0) has the following property:

*

If V[ﬂ(p*AB)]<Vmax then dg_ RB else ﬂ< *&

This proposition states that if the bundle pricaclvhmaximizes the expected profit results in
a profit variance larger than the maximum acceptathnce, the bundle price should always be
lowered to achieve the MV optimal price. This babavs resulted from the fact that the price
maximizing the expected profit is always smalleartithe price maximizing the profit variance
(see the proof of proposition 8 for details). Sanitesult holds for the no-bundling policy except
for (&=-1).
Proposition 9 Under no-bundling policy when the scenario is &it(®=0) or (S=+1), the
unique solution for optimal pricespy’ and @, under MV decision criterig10) has the
following property:

If VP, P)] < Vo then BV = p else ' < [p O{ Al
The reason that we do not have a similar result($sr-1) is that, in this scenario, the
variance of profit can be decreasingmt which means the retailer might need to chooséca p
higher thanp' to bring the profit variance down to the accemdblel. The variance constraint,

however, is binding under fewer occasions f8={1) scenario, since this scenario has the

smallest level of variance compared to the otherdeenarios (see proposition 11). Interestingly,
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the results of propositions 8 and 9 are not limttedniformly distributed reservation prices. The
following proposition states this result.

Proposition 10 The results of propositions 8 and 9 hold for reation prices with any

probability distribution, as long as the distribati's hazard function is increasing.

Limiting the distribution to those with an increagihazard function is a mild condition,
since most of the famous probability distributiofiddormal, Exponential, Gamma, Poisson,
Uniform,...) have this property. Appendix B (availablas an electronic supplement)

demonstrates this property through a numerical @kafor a triangular distribution.

5.2. Comparing Bundling Scenarios
To compare the performance of different scenarfgsuoe bundling policy under MV decision
criteria, we define the notion afominanceas follows. We say scenario X is dominant over

scenario Y if X has equal or higher expected prafit lower profit variance. The dominance of
X over Y is shown byX /Y. Obviously, X \\Y is a sufficient condition to have
CVv[n, <C\M7,, whereCV[7], denotes the coefficient of variation of profit fecenarioi.

The following proposition compares the performan€ealifferent scenarios in terms of bundle

price.

Proposition 11:Under pure bundling policy,
(@) When p,g < P,s We have:(S=-1) \y (S=0) \ ( S=+1).

(b) When p,; = P, three scenarios are indifferent.
(c) Whenp,; > p,gthere is no domination since we hawpr._, <M 7 o, <\ 7T 4., and
Eley <HA o< B o
As we can seep,; is a turning point at which the relative performarf different scenarios
changes. Proposition 11 implies that fiQg < p,; we haveCV[7,., <CM 74 o, < CY7T o,,-
There is no such a relation fqr,, > p,; and an MV trade-off (10) should be made.

Exploring the behavior of purchasing probabilittegé show us how we have the result stated
in proposition 11. From equations (4) and (11),ca8 see thatag is the same across different

scenarios (for a given value pf; ). Hence, different values of purchasing probabsitare the
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only reason that we have different values of thpeeted and variance of profits for different
scenarios. In other words, the difference in thdogpmance of scenarios roots in the different

behavior of the corresponding purchasing probaslit We can rewrite equation (11) as

V[7/ e’ =Pr( AB(1- Pr(AB). In other wordsPr(AB)(1- Pr(AB) can be considered as a

representative of the profit variance. Figure 6 destrates the behavior of this term across
different scenarios for different values of bundliprice. Although the order of the expected
profits of different scenarios turns over when Wwargge bundling price from values smaller than

Pas to values larger thap,, (figure 2), it can be easily verified that for tleatire range of
possible bundling prices we hawéf7._, <M 7t o, <V 7t ¢.,, Which intuitively makes sense

since for 6=+1) we have the highest correlation of reservatiangsrand for $=-1) we have
the lowest correlation of reservation prices.
As opposed to pure bundling policy, there is noitug point under no-bundling policy based

on the following proposition and corollary.

Proposition 12: Under no-bundling policy, for any given set of pwotiprices, expected profits

are the same across all scenarios andzs__, <V[7¢ ¢, <\ 7t &,,, Which in turn results in
CV[7Ms. . < CM7 o < CY 7T oy

The following corollary is a natural conclusiongybposition 12.

Corollary _2: Under no-bundling policy, for any set of productices, we have
(S=-1) N\ (S=0)\ (S=+1).

Pr(AB)[1 - Pr(AB)]

0.25 ~
0.20 +
0.15 -

—»—S =+1
0.10 ~

—S=0
0.05 - S=.1

0.00 & . &
300 350 400 450 500

Pas

Figure 6 — The behavior of purchasing probabiliiesoss different scenarios of pure bundling
(m, +m, =400; at+ b= 200; K= 0.33;7=1
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5.3. Bundling vs. No-Bundling
We now try to investigate the conditions under Whpure bundling policy is superior to no-
bundling policy or vice versa while considering MV decision criterion. In spite of scenario
analysis, comparing different policies leads to encomplex relations from which deriving
analytical results is not an easy task. Hence, igsgmt these results through numerical analysis.
The results presented below is for a case wher®é =250 andm, + m, =400. To consider a
full range of possibilities, we also replicated thmmerical results for cases where
a+b0{100,150,200,250,30(. We observed in all these cases the similar behs\as we
observed in the case+ b =250 (discussed below). However, for the sake of byewite do not
present the results for other cases here.

To compare the performance of the two policies,camsider a situation in which the two
policies yield equal expected profits (due to ecopmr diseconomy of bundling). The policy

which then provides lower profit variance is momsidable to a risk-averse decision maker.

Therefore, we compareV[7(p,,)] and V[m(p, )] for situations where we have
E[7( pp)] = B p, )] - To do so, for any pair dk,,c,), we consider the case where the

value ofcag is such that it results i&[71( p,.)] = E 7€ p, B)] - When we set the expected profits

of the policies equal to each other we can conclinde dominance of the policy by only
comparing their variances. Figure 7 plots the vexéadifferences vg; for pairs of high cost and
low cost products. Figure 8 shows the same refuldifferent values oK. We can see a similar
pattern between the two sets of figures. Thateigardless of the type of product heterogeneity

(K or 77), we can observe the following behaviors:
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Figure 7 -V[7( p,e)] —M 7€ p, )] for equal expected profit
(m, + m; =400; at+ b= 250; K= 1.01

* For the case of perfectly positively correlated ducds §=+1), an increase in the
heterogeneity can result in the superiority of ti@bundling policy (lower profit
variance for no-bundling) for high cost productsr Fow cost products pure bundling can
be superior when the heterogeneity level is high.

» For the case of independent produ&s(), the no-bundling policy provides lower profit
variance and hence is more desirable.

» For the case of perfectly negatively correlateddpots §=-1), pure bundling results in
lower profit variance for low product costs as tieterogeneity increases. However, for
high product costs, the behavior differs with respeK ands.

o With respect tos, an increase in heterogeneity of high product saivays
results in a lower profit variance of pure bundlimgich makes it superior to no-
bundling.

o With respect toK, although for low heterogeneity levels the pur@diing has
lower profit variance, when the heterogeneity iases, the no-bundling policy
becomes more desirable due to its lower profitarare.

We can see that the desirability of the two pofider a risk-averse decision maker could be

quite different from that of a risk-neutral decisimaker who would be indifferent when the
expected profits are equal.
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Figure 8 -V[71( p,x)] ~M 7L p, )] for equal expected profit
(m,+ m, =400; a+ b= 250;n7=1

6. Concluding Remarks

In this paper we tried to analyze different aspeftproduct bundling which have not been
received proper attention in the existing literatuVe investigated the impact of heterogeneity in
the uncertainty level of customers’ reservatiorcesi for the two products (the impact K.
High level of heterogeneity could happen when aabdished product is bundled with a new
product with unknown customers’ reservation pricé&e also investigated the impact of the
heterogeneity in the customer valuation of the praducts (the impact of). In this case, the
high level of heterogeneity could mean the bundbhgn expensive product with an inexpensive
one. We analyzed the impact these two types ofdgeaeity on the value of product bundling
for different scenarios (bundles products with reston prices that are uncorrelated, perfectly
positively, or perfectly negatively correlated). eTtollowing managerial insights can be
concluded from this analysis (assuming there isacanomy of bundling).

* For very high product costs (e.g. commodity progueith low profit margins), the
expected profit of no-bundling is the highest. Hugperiority of the no-bundling policy
over all scenarios of pure bundling policy incresaae the heterogeneity level (in terms of
K or n) increases. If bundling is preferable due to otkasons, the bundling of perfectly
positively correlated productS£+1) provides the highest expected profit.

» For very low product costs (e.g. information good$igh end products with large profit

margins), when we don’t have major heterogeneitye bundling of the perfectly
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negatively correlated product§S£-1) provides the highest expected profit. As the
heterogeneity level increases, the no-bundlingcggerforms better and at some point it
might outperform the bundling policy.

The only situation in which the bundling of perfggbositively correlated products can

perform better than the no-bundling policy is whieere is a certain level of economy of

bundling. That is wher,; <c, + C;.

In addition to the impact of the heterogeneityhe tharacteristics of the two products, we

also explored the impact of retailers’ perceptibmigk. To include retailer’s risk aversion in our

analysis we use a mean-variance approach, in whiehprofit variance should not exceed a

certain level while the retailer maximizes the eotpd profit. The followings are the managerial

insights which we can learn from this analysis.

The optimal bundle prices for a risk averse denisiaker is always less than or equal to
the optimal bundle prices for a risk neutral dexisinaker.

For very low bundle prices, the bundling of perfgctegatively correlated products is

always the dominant scenario.

For very high bundle prices, we don’t have domimaota single scenario. An MV trade

off should be used to find the scenario which penfobetter than the others.

When the bundling and no-bundling policies yielle same expected profit (due to
economy or diseconomy of bundling), we have:

o Bundling of perfectly positively correlatedproductssults in higher profit
variances compared to no-bundling policy when tredpct costs are high (no-
bundling is more desirable). For low product cobsyever, bundling can have
lower profit variances (bundling is more desirabdjen the heterogeneity level
is high.

o Bundling of independent products always resultshigher profit variances
compared to no-bundling policy and hence is lessiralele for a risk-averse
decision maker.

o Bundling of perfectly positively and perfectly néigaly correlated products

behaves the same when the product costs are low.

Our work can be extended from different perspestivérst, in this research we considered

only the extreme cases of completely correlatediaddpendent reservation prices for the two

29



products. Considering the full spectrum of coriela could bring new insights to the analysis.
Our research can also be extended to consider mmedenous markets which consist of
different segments. Our model was limited to a npahp environment and considering other

market structures such as duopoly or oligopoly @ddnd other extensions.
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Appendix A

Proof of Proposition 1

Let m, + my = m. Then it is easy to show thet=m+ (a+ /2 andL =m-(a+ /2, which
means for fixed values of, a, andb, the values o) andL also remain fixed. From the
definition of p,g, it is clear that this parameter also remainsdfix&e are then able to write the

expected profit of the retailer at the optimal prie terms of these fixed parameters. This means

that this expected profit is independent of theigaif 7).

33
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U-a-c¢c, if Cg<U-a-(a-D
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purebundlingis not feasible if U 9,6
. (Page — L) ) . b
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2U -c)’ : b
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27ab | HaTle TS e
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UGl ¢ ¢ saL-u
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L-Cup otherwise

Proof of Proposition 2

Letm=(m,+ m)/2 anddo=mp- ™ m }.
The following cases are possible (note thatl = c, <c;,)

(@ cy<2and g,<2
P 1 1 1 1
EL7( P B = acy 7 bg =2 U- 9)2+743( Y- 9’

1 c 1 C
E[7( py B)] = —auA (- GB) w2y = (uw - -y

E[7( pl, B)] = (( m-J+ d2f +(mrd+ 42 )(L- ABf

P 2 Ca OE[71( Py, Po)]
Eln(p), B)] = ((m+ d2f +&)a-rey o S RRs0
(b) cy,<2 and ¢, >2

E[7(p, A=, 86 +(h= Q) = (U Q*+(4- b 9
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E[7( P, )] ——u (1~ AB)Z * qg(l—%)— ;
Cag\2 _ Sy _
E[7( P Bo)] = a(m—5+ atz) (1- U) +(md+ d2)d J )- |

oE N B B
—[’7(6"5 P)] 261(m 5+ al2) (-2 + (1-22)

OEL7( P B)] _1 g Gyl o 10 _Gey=1pGeyp 1y 1 Ge
55 2(1 U){z a(m o+al2) (1 U )} 2(1 U {2 aqa(l—uﬂ

OB/ Py B =1 g _ Gy Ly —oy|2lqe Geyoo
53 2(1 U)[z a(uA cA)} 2(1 J J2-cy]=C

(c)cy>2and g,>2
EL7 P )] =(1h=6) +(lg=¢) =(u,— a- c) +( U= b Q
B P, )] = UL 72%) - &k u1-8) - b= (Yt Y2~ 2

OB P B _

o e _Cagy_
E[7( pa B:)] =(2m+ 3(1 U) 2a = 33

Proof of proposition 3
Given the fact thatu, +1, < p,;<u,+ 1, using probability relations of table 1, the prejion

3 can be proved. In the rest, we prove the projposior only p,; < p,s @and it can be similarly
proved forp,; > p,s - Note that P#B)=50% across all scenarios pf; = p,; around which

1
<—<

respectivel
-b 2a P y

probabilities are linearly decreasing with differesiopes (

corresponding toS=-1, S=0, and S=+1). This means, whenp,;<P,; ., we have:

o~ Pag , (Ua* 1) *20Us~ Pud) L U~ Pre pyinermore, whem,, <u, +1,, we have:
a-b 2a atb

—1)? 2
1>1—M. It is easy to verify that we also ha\Zle(pAB b U Pas (after
2ab 2ab a+b

2ab< 2b
a+b 1+K

simplifying:  p,s—L< <b which is true as p,<ug+l, ). Thus,

Pas < Paz = PI(AB)__ > Pr(AB)_ > Pr(AB),, as illustrated in Figure 2.
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Proof of proposition 4

It is easy to verify thap,,is a continuous and increasing function @f . By considering
relations amongst bundling cost limits of table & ave:

2L-U <g—1+uB +1,< min(uB+ l,— @=b)u,+ lB_g)

< ma><(uB +1,-@-b),u,+ IB—gj< u,+ g

It is easy to verify that optimal prices of the eérscenarios have the following unique
intersections, as illustrated in figure Al:

b . .
(@) Cppg=Cpy _E Tat Ut o pA‘Jszo 2 pAELS:—l

>Co,=U.+1,—ac 4 > 4
(b) Cap2Cpp = Ugt la— 8= Pad . 2 Pagg

() If V&’ +b* <U/2 then Cp 2 Cpy =U-22/a+ 1 = [l = P _ .

Otherwise p;B‘S:ﬂ < Prs

o7 Cas
. _ b :
By considering the facts that, = c,g, +§ (or C,g > Cug,) and wherm,, exists thernc,g, > C,gq,

(OF Cogy > Crgy > Cagg ), ONE can conclude the whefa? +b? <U/2, forc,, < ¢, We have:

p;B‘ < p*AB‘$0 < |6AB‘ ., (note thap,g, at its lowest value d,; =0) is greater thar), and

S=+1

whenc,; > ¢, we have: pAB‘S:+l > pAB‘s:o > pAB‘ -1

* A
PaB

C C
U AB3 AB1

1
1
1
1
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Figure Al — Intersections of optimal bundlinggas of the three scenarios of pure policy

Relations of optimal bundling prices are directutes of the above relation between optimal

bundling prices. For expected profits, based snlte of proposition 3 and the relations pf, ,

and the fact thatc,, <P, for (a) we have: p*AB‘S=+1> p*AB‘&O>6AB‘ .., and

., (Similarly, for (b)). Thus, optimal expected ptsfialso

Pr(AB)_, < Pr(AB}_ < Pr(AB)

follow the same relations as optimal bundling psice

Proof of proposition 5

We proved that the expected profit of pure bundigigndependent of for any givera = b, and

(m, + m,), while the expected profit of no-bundling is inaseng ins. Therefore, it is enough to

prove that these two expected proftss{1) are equal ay = 1.

n=1 u,=u; =U/2
a:b}: lg=1g=L/2
Ca=Cy =Cyp/2

We consider two possible cases:

U-Cp ~ ZUA_ZCASZ«:» Un= G g, C< ]

a) Cz22L-U = <
(@) o U-L 2u, -2, 2a

Similarly, c,; 22L-U < ¢, <1

_U-c)’ - (U-cy)’
4(a+b) 8a
— (UA_CA)2 — (U/r2- CAB/2)2 — (U- CAB)2
2a 2a 8a

E[77( pye)]

E[72( P, Po)] = aG, + bg/
(b) c,g<2L-U = cy <1 and g, <1

E[7( p*A' p*s)] =( lA_ CA) +( lB_ CB) = L-Cpe= B 7( ﬁAé]

Proof of proposition 6

The proposition can be easily proved by substigutelation (9) and relation of S=+1 in table 4.
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Proof of Proposition 7

Letm=(m,+ m)/2 ando=( a p/2.Sincen =1, the value omis fixed anddis half of
the difference between the spans of the two digiohs. As beforda+b) andU are fixed. It
would be easy to verify that=(a+ b/2+0,b=(a+b/2-J, and
d=[1-K)/A+K)[(a+b/2].

Proof of part (a) It is obvious from table 4.

Proof of part (b)

. +b
Co<Uptl-(@-h=U-a-(a- ) = B pl= U220 g

The right hand side is decreasingdrSincedis decreasing i, the expected profit is

increasing irk.
2
(U —a;b+5—CABj
Ce2Ugtl,—(a-b=U-a-(a-Hh = §E @B)]: 4(20)
a+b
a5 807 "8

The right hand side is positive onlydf, = U — a. Therefore, forc,, 2U - a, the expected

profit is increasing ird. SinceK is decreasing i@, the expected profit is decreasindinf

Cy2U —a.

Proof of part (c) We can conclude it from proposition 4.

Proof of part (d) We first prove that the expected profit of no-8limg is decreasing iK.

First consider the case wheeg <1 and ¢, >1. Therefore,

2 2 2
1=+ -5 [

We know thatu, = m+ a/2 andug, = m+ b/2. Also, a=(a+ b)/(1+ K)and
b=(a+ b K/(1+ K). Therefore,
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XL TR PR Y
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Therefore, the expected profit of no-bundling isréasing irk. Since the expected profit of no-
bundling and the expected profit of bundling of twerfectly positively correlated products
(S=+1) is equal aK=1 and ;7 =1, we can conclude that the expected profit of noeling is

always greater than the expected profit®f {1) for all K<1.

Proof of proposition 8 and 10.

Here we prove a general case for pure bundlinglimded to uniform distribution. Lef,g(.) and

Fag(-) be the probability density function and cumwiat distribution function ofr,g,

respectively. Then, we have: E[7] =( P~ Cid 1= Fad Pad) and
V[ =( Pae ~ AB)2 FAE( IOAQ (1_ FA& pAQ) = B7( Pag™ CA)B F/(B p)B'
OE[7] _ 1-Fae(Pre)

(1_ FAB(pAB)) ~(Pae=Cpe) FaAd P9 =0 = p*AB: C gt
OPas

E[n( p;\B)] :( F;AB_ CAQZ fAé 6AQ

We can prove thap,, is the unique maximizer of the expected profiti@sy asr,; has an

increasing hazard function sinqéAB—cAB:L(pAB). The left hand side of the above

fas(Pag)

equation is an increasing function pf, with a negativer-intercept. The right hand side of this

fas(Pag)

equation is the inverse bazard functionSince the hazard function is increasing, its iggas a

decreasing function. The right hand side of theaqn has a positivg-intercept. As a result,

this equation has a unique solutign,, . To calculate the CDF af,; in terms of the distribution
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functions ofr, andrg, we look at correlation of products under eacmade. For the variance of
profit we have:
ovi[ _oH74 ~ _
= (Pas
apAB apAB
S=0:

CAB) FAB( pAB)+ H7 FA& pAE + 7( Pas~ CA)B f‘B plB

FAB(pAB) = I:)r(rABs pAB) = Pr(r A+ r BS p AB): J.OpAB Pr( As p AB y )f B@ ﬂy

Pas

=), FalPas—y) fa(y) dy
S=+1: Using relation (1), we have:

FAB(pAB) = l:)r(rABS pAB): I:)r(rA-'_rBs p AB): Pr( A+I B+K ( A_| A)Sp AEJ

-1+ - .+
- Pr[rA < pAB |B Kl Aj - FA£ pAB I B Kl Aj
1+K 1+ K

S=-1: Using relation (1), we have:
Fas(Pag) =Pr(rag< Pag) = Prt at rgsp n0)= Pré U o= K (o1 5P

=P, < Pae ~Up ~ Kl, =F, Pae— le— Kl ,
1-K 1-K

Across all scenariosf?vﬂ >0 for anyp,g < Pag- THUS, Prg < Prg = 9%El7 2 0=>—a\/[ 1 >0.

0Pas OPas 0Pag

Proof of proposition 9 and 10.

We also prove a general case for no-bundling, moitdd to uniform distribution. Let
a =Pr(A)+ Pr(A+ B), £=Pr(B)+ Pr(A+ B) and y =Pr(A+ B) then
E[7=ea+eB=Em]+ En] .
Similar to the proof of proposition 8 and 11, inseaof general distribution we have:
LR
fi(p)

for productA. Similar results hold for produ&t

p =g andE[7(p)] =(p - ¢ f( p) . Now, we look at each scenario separately

S=0: In this casey =ag . So:

V[ _0H 7] -
AT A
op, 0p,

(p)+HrJF(p)+ E] e D=w

S+1:Inthiscasey=a if a<pf elsey=p4. So,

40



V(A _ w+2%pm‘]eBFB(pB) if azp

ap, g

w+ 2E[5,](F.(py) + €, f( p)) otherwise
OEI7 o0 M7 5

ov|[ . .
>0 for an <p,.Thus,p,<p,=>——=
o, YPa < Pa Pa < Pa ap, ap,

So, whersz-1,

Proof of proposition 11.

Since E[7] andV[7] have respectively common multiplier ef,and e,;* across all scenarios,
we should only focus on probabilistic terms, iR (AB) for E[771 andV1=Pr(AB).(1-Pr(AB)) for
V[ . PrAB) behaves according to the proposition 3, acrossnas®s. However,

V1
dPr(AB)

=1-2Pr(AB)which is negative (positive) whep,; < P,z ( Pas > Pas )- Considering

proposition 3, we can then conclude that at anydlog price we always have:
vi_ sVl <V1_  (equality happens only ap,, =P, . see figure 6). Thus, when
Pas < Pags » the notion of dominance exists since expecteéitpand variance behave adversely
(ie., E[7ll_, <HA| <E7 oa SVU7E| o SN[, ) When p>Dy
notion of dominance does not exists since expeptefit and variance behave similarly (i.e.,
ElA|,_ <H7i| < E7&|, andV[A|_ M| <V 7|,,,) Given the fact that at special

case ofp,; = P,z €Xpected profits and variances across scenaedharsame (respectivef&z’,ﬁ

oy @Nd V[7g

andeAfz), the three scenarios are indifferent. This cotetuproof of proposition 11.

Proof of proposition 12.

Across all scenarios, we have the following relagio

a=Pr(A)+ Pr(A+ B)=22"Pa ang  g=pr@)+ Pra+ B)=pr3 and y=Pr(A+ B)
a

Teherefore:
min(a, ) if S=+1
y=sap if S=0

max@+ £ -10)if S=-1
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So, we car rewrite (5) as:

e, with probability a -y

& with probability 8-y
T=1e, + & with probability y

0 with probability 1-a-8+y
max@+p£-10)if S=-1

Therefore, we haveE[77] =e,a + = k] + En] , which is the same for all scenarios.

V{7 =e’a(l-a) + ¢’B1-B)+2e gy-ap)
=E[m]e,F{p)+t Erd e KB R +2 e gy-ah

As intuitively expected, it is easy to veri¥§{7|_ <M 7| <V 7

S+1°

42



	University of Massachusetts Boston
	ScholarWorks at UMass Boston
	7-1-2013

	Product Bundling: Impacts of Product Heterogeneity and Risk Considerations
	Mehdi Sheikhzadeh
	Ehsan Elahi
	Recommended Citation



