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EQUIVARIANT FORMALITY OF TRANSVERSELY SYMPLECTIC

FOLIATIONS AND FROBENIUS MANIFOLDS

YI LIN AND XIANGDONG YANG

ABSTRACT. Consider the Hamiltonian action of a compact connected Lie group on a
transversely symplectic foliation whose basic cohomology satisfies the Hard Lefschetz
property. We establish an equivariant formality theorem and an equivariant symplec-
tic dé-lemma in this setting. As an application, we show that there exists a natural
Frobenius manifold structure on the equivariant basic cohomology of the given foli-
ation. In particular, this result provides a class of new examples of dGBV -algebras

whose cohomology carries a Frobenius manifold structure.
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1. INTRODUCTION

Reinhart [R59] introduced the basic cohomology of foliations in late 1950’s as a
cohomology theory for the space of leaves. It has become one of fundamental topo-
logical invariants for foliations, especially for Riemannian foliations. An important
sub-class of Riemannian foliations are Killing foliations, as any Riemanian foliation on
a simply-connected manifold is Killing. According to Molino’s structure theory [Mo8§],
for Killing foliations, the leaf closures are the orbits of leaves under the action of an
abelian Lie algebra of transverse Killing fields, called the structure Killing algebra. Go-
ertsches and Tében [GT10] introduced the notion of equivariant basic cohomology, and
used it to study the transverse actions of structure Killing algebras on Killing foliations.
Among other things, they proved a Borel type localization theorem, and established
the equivariant formality in the presence of a basic Morse-Bott function whose critical
set is the union of closed leaves. As a result, they are able to compute the basic Betti
number in many concrete examples, and relate the basic cohomology to the dynamical
aspects of a foliation.

Let (M,n,g) be a compact K-contact manifold with a Reeb vector field &, and let
T be the closure of £ in Isom(M, g). Then T is a compact connected torus; moreover,
the characteristic Reeb foliation is Killing, with a structure Killing algebra isomorphic
to Lie(T")/span{{}. It is well known that in this situation a generic component of the
contact moment map ® : M — t* is a Morse-Bott function, whose critical set is the
union of closed Reeb orbits. In particular, the results established in [GT10] apply to the
transverse actions of structure Killing algebra on K-contact manifolds, c.f. [GNTI2],
and establish the equivariant formality in this case.

It is noteworthy that the characteristic Reeb foliation of a K-contact manifold (M, 7, g)
is transversely symplectic; moreover, according to the definition of Hamiltonian actions
on transversely symplectic foliations recently introduced by Lin and Sjamaar [LS16],
the transverse action of the structure Killing algebra is Hamiltonian with respect to
the transverse symplectic form dn. In view of Goertsches and Toben’s equivariant for-
mality result on K-contact manifolds, one naturally wonder if the equivariant formality
theorem would continue to hold for a more general class of Hamiltonian actions on
transversely symplectic foliations.

On symplectic manifolds, there are two approaches to proving the Kirwan-Ginzburg

equivariant formality theorem of the Hamiltonian action of a compact connected Lie
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group. The first approach ([Kir84], |Gin87]) is Morse theoretic, which works for ar-
bitrary compact Hamiltonian symplectic manifolds. The second approach [LS04] is
symplectic Hodge theoretic, which needs to assume the symplectic manifold to have
the Hard Lefschetz property. On the upside, it provides an improved version of the
equivariant formality theorem, which asserts that any de Rham cohomology class has
a canonical equivariant extension.

In an accompanying paper, the first author extended symplectic Hodge theory to any
transversely symplectic foliation with the transverse s-Lefschetz property, and estab-
lished the symplectic dd-lemma in this framework. In the present article, for Hamil-
tonian actions of compact Lie groups on transversely symplectic foliation with the
transverse Hard Lefschetz property, we establish an equivariant version of the sym-
plectic do-Lemma, and extend the equivariant formality result to this general setup.
As explained in |[LS16], on transversely symplectic foliations, components of a moment
map are in general not Morse-Bott functions, unless the action is clean. A striking
feature of our Hodge theoretic approach is that it would continue to work, even when
the Morse theoretic method fails, as long as the transverse Hard Lefschetz property is
satisfied.

Dubrovin [Du96| introduced the notion of Frobenius manifolds in his study of Topo-
logical Field Theory. Barannikov and Kontsevich [BK98] showed that the formal moduli
space of solutions to the Maurer-Cartan equation of moduli gauge equivalence, related
to a special class of differential Gerstenhaber- Batalin-Vilkoviski (AGBV) algebras, nat-
urally admits a structure of a Frobenius manifold. In addition, they also constructed
an important example of such a special dGBV algebra out of the Dolbeault complex of
an arbitrary Calabi-Yau manifold.

In [Mer9§|, the dj-lemma was used by Merkulov to produce a formal Frobenius
manfold structure on the de Rham cohomology of any compact symplectic manifold with
the Hard Lefschetz property. Independently, Cao and Zhou proved ([CZ99], [CZ00])
similar results on the de Rham cohomology and equivariant de Rham cohomology of
Kahler manifolds. As an initial application of the equivariant dj-lemma established in
the present paper, we prove the following result, which simultaneously generalizes the

constructions of Merkulov and of Cao and Zhou.

Theorem 1.1. Assume that (M, F,w) is a transversely symplectic manifold that satis-

fies the transverse Hard Lefschetz property, and that a compact connected Lie group G
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acts on M in a Hamiltonian fashion. If F is also a Riemannian foliation, then there

s a canonical formal Frobenius manifold structure on the equivariant basic cohomology
Hg (M) as defined in ([{-19).

Transversely symplectic foliations are naturally related to different areas in differen-
tial geometry. Reeb characteristic foliations in both contact and co-symplectic geome-
tries are clearly transversely symplectic. Moreover, leaf spaces of transversely symplec-
tic foliations include symplectic orbifolds ( in the sense of Satake [Sab7]) and symplectic
quasi-folds [Pra0l] as special examples. In many known examples, transversely sym-
plectic foliations arise as Kahler foliations that are homologically orientable, which
are known to have the transverse hard Lefschetz property (c.f. [Ka90]). The results
proved in this paper apply to these situations, and yield a rich class of new examples of
dG BV -algebra whose cohomology carries the structure of a formal Frobenius manifold.

This paper is organized as follows. In Section 2 we review symplectic Hodge theory on
transversely symplectic manifolds. In Section 3, we establish an equivariant formality
theorem for the Hamiltonian action of a compact connected Lie group on a transversely
symplectic manifold with the transverse Hard Lefschetz property. We also obtain an
equivariant version of symplectic di-lemma on transversely symplectic manifolds. In
Section 4, we show that there exists a formal Frobenius manifold structure on the
equivariant basic cohomology of a Hamiltonian transversely symplectic manifold that
satisfies the transverse Hard Lefschetz property. In Section 5, we present examples of
transversely symplectic foliations, which are also Riemannian, and which satisfy the

transverse Hard Lefschetz property.

Acknowledgements. Much of this joint work is completed while the first author was
visiting Sichuan University in the spring of 2016. He would like to thank the School
of Mathematics and the geometry and topology group there for providing him with an
excellent working environment. The second author would like to thank Prof. Guosong
Zhao for his constant encouragement and moral support over the years. Both authors
are grateful to Prof. Xiaojun Chen for his interest in this work, and for many useful

discussions.

2. HODGE THEORY ON TRANSVERSELY SYMPLECTIC FOLIATIONS

In this section, we review the elements of Hodge theory on transversely symplectic

foliations to set up the stage. We refer to [Br88] and [Y96] for general background on
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symplectic Hodge theory, and to [L16] for a detailed exposition on symplectic Hodge

theory on foliations.

Definition 2.1. ([H70]) Let F be a foliation on a smooth manifold M, and let P be the
integrable subbundle of T'M associated to F. F is said to be a transversely symplectic
foliation, if there exists a closed 2-form w, called the transversely symplectic form with
respect to JF, such that Vax € M, the kernel of w, coincides with P,, the fiber of P at
x. The triple (M, F,w) is called a transversely symplectic manifold.

Let (M,F,w) be a transversely symplectic foliation. The space of basic forms is

defined as follows
Qpas(M) ={a € QM) | ixa =0, Lxa =0,V vector field X tangent to leaves}.

Since the exterior differential operator d preserves basic forms, we obtain a subcomplex
of the de Rham complex {Q2*(M), d}, called the basic de Rham complex

(M) = Qb2 (M) = -

bas

. Qk—l(M) _d> Qk

bas bas

The cohomology of the basic de Rham complex {2 (M), d}, denoted by Hp(M), is
called the basic cohomology of M. If M is connected then H%(M) = R!. In general,
the group H%(M) may be infinite-dimensional for k > 2; however, if M is a closed
oriented manifold and F is a Riemannian foliation, then the basic cohomology are
finite-dimensional, moreover, Hz'(M) = 0 or HZ'(M) = R (cf. [T97, Corollary 7.57]).
In particular, when H%'(M) = R, we say that F is homologically orientable.

(M),

which in turn gives rise to the symplectic Hodge star operator = on € (M) as follows

The closed 2-form w induces a non-degenerate bi-linear paring B(-,-) on Q.

5 A0 = Blo, )7

for any o, 3 € QF (M). The bi-linear pairing B(-,-) is symmetric when p is even, and
Y bas

skew-symmetric when p is odd. As an easy consequence, we have that
BA*=*BAa, **=id. (2.1)
The transpose operator o of d is defined by

5 (M) — QP NM), ar— (=1’ xdxa.
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By definition, it is easy to see that 62 = 0 and dd + dd = 0. In this context, a basic

form « is called ( symplectic ) harmonic if it satisfies da = da = 0. Set

Qpar (M) = {0 € Qs (M) | da = 5 = 0}.

Since d anti-commutes with 0, {Qy.. (M), d} is a sub-complex of {Qy.s(M), d}. The co-
homology of this sub-complex, denoted by H}:, (M), is called the harmonic cohomology
of M.

There are three important operators acting on the space of basic forms:

(1) L: Q. (M) —>QZ:S2(M), a— aAw,
(2) A+ (M) — Q200), ar— *Lxa,
(3) H: Q’gas(M) — Q’gas(M), ar— (n—k)a.

Proposition 2.2. ([L16]) The operators d, 6, L, A, and H satisfy the following com-

mutator relations

(L,d] =0, [dA] =0, [A6 =0, [L,d =—d;
[L,A] = H, [H,L] = 2L, [H,A] = —2A,

Lemma 2.3. Let f be a basic function, and X a foliate vector ﬁeldH such that
Lxw = df.

Then for any basic form o we have that

a) [A,ux] =0.
b) §(fa) = féa — txa.
¢) 0(df Na) = —df Nda+ Lxa.

Proof. a) is an easy consequence of [L16, Lemma 3.2]. b) can be proved by the same

argument as the one used in [LS04, Prop. 2.3]

1 The precise definition of foliate vector fields can be found in the second paragraph of Section 3



Using b) and the identity dd + dd = 0, we have that
8(df Na) =6 (d(fa) — fda) = =db(fa) — 6(fda)
= —d(féa —1xa) — foda + txda
= —d(foa) — féda + (dix + txd) «
= —df Nda — f(do + d0d) a + Lxa
= —df Nda+ Lxa.

This proves c).
U

Definition 2.4. Let (M, F,w) be a transversely symplectic foliation of co-dimension
2n. It is said to satisfy the transverse hard Lefschetz property, if and only if for any
0 < k < n, the map

LF: Hy P (M) — HE™ (M)

is an isomorphism.

Brylirski [Br88| conjectured that every de Rham cohomology class of a compact sym-
plectic manifold has a symplectic harmonic representative. However, Mathieu [Ma95]
proved that this conjecture is true if and only if the manifold satisfies the hard Lef-
schetz property. Mathieu’s theorem was sharpened by Merkulov [Mer98] and Guillemin
[Gui01], who independently established the symplectic dj-lemma. The symplectic dd-
lemma was first extended to transverse symplectic flows by Zhenqi He [H10], and more
recently, by the first author [L16] to arbitrary transversely symplectic foliations. The

following results are reformulations of [L16, Theorem 4.1, 4.8].

Theorem 2.5. ([L16] Theorem 4.1]) Let (F,w) be a transversely symplectic foliation
on a closed oriented smooth manifold M. Then M satisfies the transverse hard Lef-
schetz property if and only if every basic cohomology class has a symplectic harmonic

representative.

Theorem 2.6. ([L16, Theorem 4.8]) Assume that (M, F,w) is a transversely symplectic
manifold that satisfies the transverse hard Lefschetz property. Then on the space of basic

forms we have

imdNker § =ker dNimd = im dé.
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Let Qs(M) = ker d N Qpas(M). Since d anti-commutes with 6, Qs5(M) forms a sub-
complex of the basic de Rham complex y,s(M), the cohomology of which we de-
note by Hs(M). The following result is an easy consequence of Theorem 2.6 Here
H (Qpas(M), 6) denotes the homology of Qp.s(M) with respect to 9.

Theorem 2.7. Assume that (M,F,w) is a transversely symplectic manifold that sat-

isfies the transverse hard Lefschetz property. Then the d-chain maps in the diagram
Qbas(M) — Q(g(M) — H(Qbas(M), 5)
are quasi-isomorphisms that induce isomorphisms in cohomology.

3. EQUIVARIANT FORMALITY AND BASIC dgd-LEMMA

In this section we study the equivariant basic cohomology of Hamiltonian actions on
transversely symplectic manifolds using the Hodge theoretic approach. We begin by
recalling the general notion of transverse actions on a foliated manifold.

Let F be a foliation on a smooth manifold M, let Z(M) be the Lie algebra of smooth
vector fields on M, and let =(F) C =Z(M) be the Lie sub-algebra of vector fields which
are tangent to the leaves of F. We say that a field X € Z(M) is foliate, if [X,Y] € Z(F)
for any Y € Z(F). In particular, the set of foliate fields L(M, F) is a Lie sub-algebra of
E(M), since it is the normalizer of Z(F) in Z(M). A transverse vector field is a smooth
section of T'M /T F that is induced by a foliate vector field. It is easy to see that the set
of transverse fields (M, F) = L(M, F)/Z(F) also forms a Lie algebra with the induced
Lie bracket from L(M, F).

Definition 3.1. (c.f. [GTI10]) The infinitesimal action of a finite-dimensional Lie alge-
bra g on a foliated manifold (M, F) is said to be transverse, if there is a commutative

diagram of Lie algebra homomorphisms

g—— L(M,F)

|

(M, F)

Here the vertical map is the natural projection. The action of a compact connected Lie
G on a foliated manifold (M, F) is said to be transverse, if the infinitesimal action of

its Lie algebra g is transverse.
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Lemma 3.2. Consider the transverse action of a compact connected Le group G on a
foliated manifold (M, F). If a is a basic form, and if Xy is a fundamental vector field

induced by an element X € g, then vx,,a and Lx,,« are also basic forms.

Proof. Let Y € Z(F). Since the action of G is transverse, [Y, Xy € Z(F). It follows
that vy (1x,,0) = —tx,, (tya) = 0, and that Ly (tx,, o) = Ly, x, 00 + tx,, (Lya) = 0.
This proves that tx,,« is a basic form. A similar calculation shows that Lx,,« is also
basic. O

Suppose that there is a transverse action of a compact connected Lie group G on
a foliated manifold (M, F). As an immediate consequence of Lemma [3.2] we see that

Qpas(M) is a G*-module in the sense of [GS99, Definition 2.3.1]. Therefore, it has a

well-defined equivariant Cartan model
QG,baS(M) = [S(g*) X Qbas(M)]G>

which we call the equivariant basic Cartan complex of the transverse G-manifold M.
To lighten up notations, let us write Qpas = Qpas(M), and Qg pas = Qapas(M).

Elements of Q¢ pas can be regarded as equivariant polynomial maps from g to {y,.s, and

are called equivairant basic differential forms on M. The bi-grading on Qg pas is defined

by
O s = [S(87) ® Q10

bas

moreover, it is quipped with the vertical differential 1 ® d, which we abbreviate to d,

and the horizontal differential 9, which is defined by

d(a(§)) = —u&)a(§), YEeg.

Here ¢(£) denotes inner product with the fundamental vector field on M induced by

£ € g. As a single complex, Qg 1as has a grading given by Q’abas = @ Qg‘{bas? and a
i+j=k
total differential dg = d + 0, which is called the equivariant exterior differential. We

say an equivariant differential form « is equivariantly closed, resp., equivariantly exact,

if dga =0, resp. a = dgp.

Definition 3.3. The total cohomology ker dg/imdg of the equivariant basic Cartan
model is defined to be the equivariant basic cohomology H¢ p(M) of a transverse G-
action on (M, F) .
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We would like to point out that the above definition of equivariant basic cohomology
was first introduced by Goertsches and Tében in |[GT10] using the language of equi-
variant cohomology of g*-algebras. Following them, we give the following definition of

equivariant formality for transverse G-actions.

Definition 3.4. ([GT10]) A transverse G-action on (M, F) is equivariantly formal if
He, 5(M) = (Sg")“ @ Hp(M)
as a (Sg*)“-module.

Lin and Sjamaar [LS16] introduced the following definition of Hamiltonian actions

on transversely symplectic manifolds.

Definition 3.5. ( |[LS16]) Consider the action of a compact connected Lie group G
with a Lie algebra g on a transversely symplectic manifold (M, F,w). We say that the
G-action on M is Hamiltonian, if the G-action preserves the transversely symplectic

form w, and if there exists an equivariant map,
v:M— g
called a moment map, such that d(¥, &) = 1(§)w, VE € g.

From now on, we assume that (M, F,w) is a transversely symplectic manifold that
satisfies the transverse hard Lefschetz property, and that there is a compact connected
Lie group G acting on M in a Hamiltonian fashion with a moment map ® : M — g*,
where g = Lie(G). The symplectic Hodge theory gives rise to a fourth differential 1 ® &

on Q¢ pas, Which we will abbreviate to 9.

Lemma 3.6. On the space of equivariant basic differential forms Q¢ pas, the following

identities hold.
00 = =00, dgd = —ddg.

Proof. 1t was shown in [LS04, Lemma 3.1] that 90 = —d§0 and dgd = —ddg hold on the
space of equivariant differential forms. Since dg, 6 and 0 map basic forms to basic forms,

these two identities also hold on the space of equivariant basic differential forms. [

This implies that Qg s = ker N Qg pas is a double subcomplex of €2 pas, and that the
homology H (2 pas, d) with respect to d is a double complex with differentials induced
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by d and ¢. Thus we have a diagram of morphisms of double complexes.
Qe bas <— Qa5 — H(Qg pas, 9)- (3.1)

Since ¢ acts trivially on the polynomial part, these morphisms are actually morphisms
of (Sg*)“-modules.

We first establish a preliminary result about the action of ¢(£) on invariant basic
forms. Let QF_ be the space of G-invariant basic forms on M. The identity £; =

L(&)d + du(€) implies that ¢(€) : QY — QY

bas bas 1S @ chain map with respect to d. Here

L¢ denotes the Lie derivative of the vector field on M induced by £ € g. Similarly, an
application of the identity 60 + 906 = 0 to the zeroth column of Q¢ pas implies that ¢(€)

is a chain map with respect to 9.

Lemma 3.7. Let £ € g and o € QF . If a is closed, then (&) is d-exact. If a is

bas*
d-closed, then (&)« is d-ezact.

Proof. Since the action of G is Hamiltonian, it follows from [LS04, Prop. 2.5] that
L(&)a = () — 6(P4a). (3.2)

where ®¢ is the é-component of the moment map ® : M — g*. If « is d-closed, then
we have that ¢(&)a = —§(®%a). Since ®¢ is a basic function, ¢(€)a is d-exact in QF .

It remains to show that if a € QF_ is a closed basic k-form, then ¢(§)a is d-exact.
Since M satisfies the transverse Hard Lefschetz property, by [L16, Theorem 4.3], [a]p €

HE(M) has a unique primitive decomposition
o] =Y L[] 5.

Here [a,]p € Hi (M) is a primitive basic cohomomology class, i.e., L"#+¥+1[a]5 =
0. However, since the action is Hamiltonian, we have that +(¢)(w A @) = d®* A o +
w A t(&)a. Thus to finish the proof, it suffices to show that ¢(€)a is exact when [o]p is
a primitive basic chomology class. We note that he argument given in [LS04, Lemma

3.2] continues to hold in the present situation to show the exactness of ¢(§)a. O]

Note that the symplectic dd-lemma, Theorem 2.6 holds for equivariant basic dif-
ferential forms as well as for ordinary basic differential forms, and that the inclusion

QG

s < as 15 a deformation retraction for d as well as for d. The same argument as

given in [LS04, Lemma 3.3.] leads to the following result.
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Lemma 3.8. The double complex H§ (¢ pas) 15 trivial. Moreover,
H(Q6pas,6) = (Sg")° @ Hg(M). (3.3)

Theorem 3.9. Let (M, F,w) be a transversely symplectic manifold that satisfies the
transverse hard Lefschetz property, and let a compact connected Lie group G act on M
in a Hamiltonian fashion. Then the morphisms ([31) induces isomorphisms of (Sg*)¢ -

modules

Hep(M) <— Hgs(M) — H(Qg,6).

Proof. We first note that since G is connected, the identity £ = du(§) + ¢(€)d together
with the identity (3:2]) implies that G acts trivially on both Hg(M) and Hs(M). Let E
be the spectral sequence of ()¢ p,s relative to the filtration associated to the horizontal
grading and Ej that of Qg s. The first terms are

By = kerd/imd = (Sg* @ Hg(M))® = (Sg*)% @ Hg(M)

3.4
(Es): = (kerd Nkerd)/(imd Nker §) = (Sg* @ Hs(M))® = (Sg*)¢ ® Hp(M). B4

Here we used the observation we made in the paragraph right before Lemma [3.8] as well
as the isomorphism Hs(M) = Hp(M) of Theorem 271 By Lemma B8 H (Qpas, 0) is a
trivial double complex, its spectral sequence is therefore constant with trivial differen-

tials at each stage. The two morphisms (B.1]) induce morphisms of spectral sequences
F +«— E5 — H(Qbas,d).

It follows from (B.3]) and (3.4) that these morphisms induce isomorphisms at the first
stage. Thus they must induce isomorphisms at every stage. In particular, these three
spectral sequences converge to the same limit, and so the morphisms (3] induce iso-

morphisms on total cohomology. This completes the proof of Theorem [3.9 O

The exactly same argument as used in |[LS04, Theorem 3.9] gives us the following

equivariant version of the symplectic dé-lemma on transversely symplectic manifolds.

Theorem 3.10. Let o € Qg pes be an equivariant basic form satisfying dga = 0 and
da = 0. If a is either dg-exact or d-exact, then there exists B € Qqpas such that
a = dgéﬁ
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We now discuss the implications of Theorem 3.9 Observe that ngbas = (O

bas

)G

Y

the space of invariant basic k-forms on M. Thus the zeroth column of the equiv-
G

bmss Which is a

airant basic Cartan model is the invariant basic de Rham complex §2
deformation retract of the basic de Rham complex because G is connected. There-
fore H(QF ) = Hg(M). The natural projection map P : Qgpas — Q5. defined by
p(a) = «(0), is a chain map with respect to the equivariant exterior derivative dg on
(2G bas and the ordinary exterior derivative d on Q,g. It therefore induces a morphism
of cohomology groups p : Hg g(M) — Hp(M). Theorem B9 implies that the spectral
sequence F degenerates at the first stage, and that the map p is surjective. In other
words, every basic cohomology class can be extended to an equivariant basic cohomol-

ogy class. However, Theorem would also imply that there is a canonical choice of

such an extension. Let
s:Hg(M)— Hg (M) (3.5)

be the composition of the map Hg(M) — (Sg*)¢ ® Hg(M) which sends a cohomology
class a to 1 ® a, and the isomorphism (Sg*)% @ Hg(M) — Hg p(M) given by Theorem
B9 The following result is an easy consequence of Theorem 2.7 and Theorem We
refer to [LS04] Corollary 3.5] for more details.

Corollary 3.11. s is a section of p. Thus every basic cohomology class can be extended

to a equivariant basic cohomology class in a canonical way.

4. FORMAL FROBENIUS MANIFOLD STRUCTURE ON EQUIVARIANT BASIC

COHOMOLOGY

Consider the Hamiltonian action of a compact connected Lie group on a transversely
symplectic foliation. In this section, following the approach initiated by Barannikov and
Kontsevich [BK98], we show that if the foliation satisfies the transverse Hard Lefschetz
property, and if it is also a Riemannian foliation, then there exists a formal Frobenius
manifold structure on its equivariant basic cohomology. We first give a quick review of
differential Gerstenhaber-Batalin-Vilkovisky (GBV) algebra.

Suppose that (7, A) is a supercommutative graded algebra with identity over a field
k, and that there is a k-linear operator ¢ : @* — &*~!. Define the bracket [e] by
setting

[aeb] = (—1) (5(a Ab) — (6a) Ab— (=1)lla A (5b)) ,



14 YI LIN AND XIANGDONG YANG

where a and b are homogeneous elements and |a| is the degree of a € o7. We say that
(&, A, 9) forms a Gerstenhaber-Batalin- Vilkovisky (GBV) algebra with odd bracket [e],

if it satisfies:
(1) 6 is a differential, i.e. 6 = 0;
(2) for any homogeneous elements a, b and ¢ we have

[ae(bAc) =[aeb]Ac+ (—1)Id+DPIp A g e (. (4.1)

Definition 4.1 (dGBV-algebra). A GBV-algebra (<7, A, ) is called a differentiable
Gerstenhaber-Batalin-Vilkovisky (dGBV) algebra, if there exists a differential operator
d: o* — o/*1 such that

(1) dis a derivation with respect to the product A, i.e. d(aAb) = daAb+(—1)4aAdb
for any homogeneous elements a and b;
(2) dé + 6d = 0.

An integral on a dGBV algebra &/ is a k-linear functional

/:m—n{; (4.2)

such that for all a,b € 7, the following equations hold

/(da) Ab = (—1)llt! /a/\ db,
/(5a) Ab = (—1)ll*! /a/\ 8b.

Clearly, an integral | induces a bi-linear pairing on H}j(/) as follows.
() Hi(at) % () = b ([a) 1) = [ ans.

In particular, if the above bi-linear pairing is non-degenerate, then we say that the
integral is nice.
The following theorem enables us to use a dGBV algebra as an input to produce a

formal Frobenius manifold(cf. [BK98],[Man00]).

Theorem 4.2. Let (<7, N\, 0,d, [e]) be a dGBV algebra satisfying the following conditions
(1) the dimension of Hj(</) is finite;

(2) there exists a nice integral on < ;

(3) the inclusions (ker 6,d) — (<7, d) and (ker d, ) — (<7, ) are quasi-isomorphisms.
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Then there is a canonical construction of a formal Frobenius manifold structure on
Hi (o)

As an initial step, we first prove that the equivariant basic Cartan complex of a

transversely symplectic foliation carries the structure of a dGBV algebra.

Proposition 4.3. Suppose that there is a transverse action of a compact connected
Lie group G on a transversely symplectic manifold M. Let § be the differential on
equivariant basic differential forms as introduced in Section [3, and let N denote the

wedge product. Then the quadruple (Qg pas, N, 0,de) is a dGBV algebra.

Proof. The only thing that requires a proof is that (A1) holds on equivariant basic
differential forms. To this end, it suffices to show that (A1) holds for ordinary basic
differential forms a, b, ¢ on a foliated coordinate neighborhood. So without loss of gen-
erality, we may assume that b = fodfy A --- Adfy, and that VO <@ < k, f; is a basic
functions such that df; = vx,w for some foliated vector field X;. However, it is easy
to see that if by, .-, bs are basic forms such that V1 < i < s, (@1]) holds for b = ¥,
and arbitrarily given basic forms a and ¢, then ([@I]) holds for b = by A -+ A by and
arbitrarily given basic forms a and c¢. Therefore it is enough to show that (4.1]) is true

in the following two cases.

Case 1) b = f is a basic function such that df = ¢xw for some foliate vector X. Applying
ii) in Lemma 2.3, we have that

[ae fc] =(—1) (6(a A fc) —6(a) A fe— (—1)lla A 5(fc))
= (—1)lal (fé(anc)— (exa) Ne—éd(a) A fe— (—=1)l9la A féc)
[aec] — (=D)ixanc

f
= flaed + (1) (6(fa) - féa) A e
f



16 YI LIN AND XIANGDONG YANG

Case 2) b = df for a basic function f such that df = xw for some foliate vector X.

Applying iii) in Lemma 23, we have that
[a e (df Ac)] = (=1) (6(andf Ne)—dandf Ae— (=D)lela A 5(df A c))
=Lx(anc)—df Nd(aAc)— (=D)"Sa Adf Ac+andf ANdc—a A Lxc
=LxaNc—df Nd(aNc)+df NdaNc+aNdf N\de
=LxaAc—df A ((ane)—danc—(=1)"anAdc)

= LxaAc+ (=1 Afaed].

(4.3)
On the other hand, applying iii) in Lemma again, we have that
[aedf] = (—1)“ (5(a Adf) — da A df — (—1)1la A sdf)
=6(df Aa) — (=1)Sa Adf +andSf
= —df Ada+ Lxa+df Ada “4)
=Lxa
It follows immediately from (43]) and (4.4) that (41]) holds in this case.
O

Recall that a foliation F on a smooth manifold M is said to be Riemannian, if
there exists a (2,0) tensor g on M, called a transverse Riemannian metric, such that:
1) g(X,X) >0, VX € C®(TM); 2) g(X,§) =0,VX € C°(TM), V{ € C(P);
3) Leg = 0, VE € C°(P). From now on, we assume that (F,w) is a transversely
symplectic foliation on a closed connected oriented Riemannian manifold M which
satisfies the transverse Hard Lefschetz property, that F is also a Riemannian foliation,
and that there is a compact connected Lie group acting on M in a Hamiltonian fashion.

Let P be the integrable subbundle of T'M that is associated to the foliation F. By
our assumption, both the tangent bundle TM and the normal bundle @@ = TM/P are
oriented. So P is also oriented with the induced orientation. Suppose that dim M =
2n + 1 and dim F = [. The transverse Hard Lefschetz yields that H&"(M) = HY (M) =
R. Thus the Riemannian foliation F is taut. As a result, there exists a G-invariant
bundle-like metric g on M such that the mean curvature 1-form x = 0 (cf. [PAWOQ9,
Theorem 1.4.6.]). Henceforth, we will assume that M is equipped with a G-invariant

bundle-like metric g such that the mean curvature one form x = 0.
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xr € Q'(M) be the characteristic form of F with respect to the metric g. Since

g is G-invariant, yr is also G-invariant, and therefore can be regarded as an equivari-

ant basic differential form. Using the usual equivariant integral ([GS99]), we define a

S(g*)%linear operator as follows.

/ Qapas — S(@)%, ar— / aXF. (4.5)
M

Lemma 4.4. For any a € Qf ,, and B € Qg ,,, we have

a)

[Jtteayns = (-0 [andes, (4.6)

b)
/(m) AB=(=1)"t /a ASB. (4.7)
Proof. a) We first prove a preliminary result that for any two ordinary basic dif-
ferential forms « € Qf_ (M) and 8 € Qf (M),
| @y ngnxe= 1 [ andsnxs (4.9
M M

By Leibniz rule,
dlaANBAxr)=daNBAXxr+(=1)°aA(dB)Axr+ (=1)TaABAdxr.

Since
/ d(a A A XF) =0, (4.9)
M

to prove (.§]) it suffices to show that

/ aANBNdyr=0.
M

First we observe that since y r is of degree [, we may assume that s+t =2n—1,
for otherwise ({9)) holds for degree reasons. Next recall that by our choice of the
bundle-like metric, the mean curvature form x = 0. So applying [T97, Formula
4.26], we have that dyr = ¢°, where ¢° is a (I + 1)-form such that for any
sections X7, - -+, X; of P, the 1-form vy, - - - LXIQOO vanishes. Since o and [ are
basic, this implies that a A 8 A ¢ = 0, from which (&) follows immediately.
Since d does not act on the polynomial part of an equivariant basic form, (L8]

also holds for equivariant basic forms. On the other hand, Va € Qg (M) and



18 YI LIN AND XIANGDONG YANG

B € Qg pas(M), a simple degree counting shows that

/0@/\ﬁ/\dx;=/a/\0ﬁ/\dx;:(). (4.10)
M M

(Z5)) follows immediately from (4.8]) and (ZI0).

b) It suffices to show that for any ordinary basic forms a € Q (M) and 8 €
Qfoas(M%

/M(éaMﬁAxfz (—1>s+1/aA<6ﬁ>Axf.

Without loss of generality, we may assume that s +¢ = 2n+ 1. Using (2.1]) and
(4.8), we have that

/M(éoz)/\ﬁ/\xf:(—l)sH/(*d*a)/\ﬁ/\x;

M

= (=1)**t | (d*a) A%B A Xxr
/M (4.11)

:—/(*a)/\d*ﬁ/\xf

M
= (—1)** 6 :
1 [ ansin
O]

It is clear that (Sg*)¢ is an integral domain. Let F = {g | f,g9 € (Sg")¥} be the
fractional field of (Sg*)¢. Define

Qe bas = Qi pas (s F.
Extend dg, A and ¢ to Qg,bas, and define
HZ, 5(M) = H*(Q bas, dcs). (4.12)
As an easy consequence of Theorem [3.9, we have
ﬁé,B(M) = H¢; (M) ®(sq-)c F.

Applying Proposition [4.3] we see that (ﬁabas, ), \,dg) is a dGBV-algebra. Moreover,
the operator defined in (435]) naturally extends to a F-linear operator

/ : Qcpas — F. (4.13)

It follows easily from Lemma 4] that (£13) defines an integral on the dGBV algebra
(ﬁabas, A, 0,dg). The following result on the Poincaré duality of a Riemannian foliation

would enable us to show that this integral is nice .
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Theorem 4.5. ([T97, Corollary 7.58]) Let F be a taut and transversally oriented Rie-

mannian foliation on a closed oriented manifold M. The the pairing
a®pBr— / alNBAXF
M
induces a non-degenerate pairing
Hp(M) x HY"(M) — R
on finite-dimensional vector spaces, where ¢ = codim JF .

Lemma 4.6. The integral operator defined in (4.13) is nice, i.e., it induces a F-bi-linear
non-degenerate pairing

FIE,B(M) X E%B(M) —F
Proof. Let [a] be an arbitrary class in H¢, (M) such that

/Mawa; 0, V[0 € Hg5(M).

To prove Lemma [.6] it suffices to show [a] has to vanish.
Let {fi, -, fx, -} be a basis of the real vector space (Sg*)“. Then by Theorem
B9 there exist finitely many unique non-zero elements [y;]’s in Hj(M) such that

@] =3 fi@s(l)).

Here s : Hg(M) — Hg (M) is the canonical section introduced in ([B.5). Let k; be
the degree of the basic form ~;. After a reshuffling of the index, we may assume that
ki > ko > ---. Then for any [¢(] € Ha" ™ (M),

> fe (/Msw) As([cmxf) 0.

This implies in particular that [, 1 A(AxF = 0. Since [(] € HZ"" (M) is arbitrarily
chosen, by Theorem we have that [y;] = 0. Thus s([y1]) = 0. Repeating this

argument, we see that [y;] = 0 for all 7. Therefore [a] must be zero as well.
U

We are ready to prove Theorem [L.T1

Proof of Theorem [11. It remains to show that the following maps induced by the in-
clusions

p: H(ker 5, dg) — H(Qg’bas, dg) (414)
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JIA H(ker dg, 5) — H(QG,basa 5) (415)

are isomorphisms. The fact that the map (AI4]) is an isomorphism is a direct conse-
quence of Theorem 3.9l Let a € ker d¢ be a d-closed form which represents a class [ in
H (ker dg,d). Suppose that [o] is trivial in H(Q¢ pas, 0), then there exists a f € Q¢ pas
such that o = §8. By Theorem B.10, we have that a = dgdy for some v € Qg pas-
This implies that « represents a trivial class in H(ker dg,¢), and that the map (415
is injective.

To see that ({.15]) is surjective, suppose that o € g pas such that da = 0, ie., [a]
is a class in H(Qg pas,0). Let 7 = dga. Then v is both dg-exact and d-closed. By
Theorem [3.10, there exists a 8 € Qg pas such that v = dgdf8. Set & = o — 6. Then
we have that & € ker dg, and that [@] = [a] in H(Qg bas, 0). This proves that (4.13]) is
surjective. By Theorem[£.2] there is a formal Frobenius manifold structure on Hg 5(M)
over S(g*)“. O

When G is a trivial group consisting of one single element, Theorem [L.1] has the

following important consequence.

Corollary 4.7. Assume that (M, F,w) is a transversely symplectic manifold that sat-
isfies the transverse Hard Lefschetz property. If F is also a Riemannian foliation,

then there is a canonical formal Frobenius manifold structure on the basic cohomology
Hy(M).

Remark 4.8. When the foliation F is zero dimensional, we recover from Corollary (4.1
Merkulov’s construction [Mer98] of a Frobenius manifold structure on the de Rham
cohomology of a symplectic manifold with the Hard Lefschetz property. When the foli-
ation F is zero dimensional, and when M is a closed Kahler manifold, we recover from
Theorem [IL1] the construction by Cao and Zhou [CZ99], which produces a Frobenius
manifold structure on the equivariant cohomology of a Hamiltonian action of a com-
pact connected Lie group on a Kahler manifold. Moreover, we are able to remove the

assumption in [CZ99] that the action is holomorphic.

5. EXAMPLES OF FROBENIUS MANIFOLD STRUCTURES FROM TRANSVERSELY

SYMPLECTIC FOLIATIONS

In this section we present examples of transversely symplectic foliations which are

Riemannian, and which satisfy the transverse Hard Lefschetz property. Theorem [.1]
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and Corollary .7 apply to these cases, and provide us new examples of dG BV -algebras
in various geometries, whose cohomology admits a formal Frobenius manifold structure.
We begin this section by making the following simple observation, which will be used

to give examples of transversely symplectic foliations that are Riemannian.

Lemma 5.1. Consider the locally free action of a compact connected Lie group G
on a manifold M. Let g = Lie(G), let h be a sub-Lie-algebra of g, and let F be the
foliation generated by the infinitesimal action of b on M. Then F must be a Riemannian

foliation.

Proof. Let P be the integrable sub-bundle of T'M associated to the foliation F, and
let ) be the orthogonal complement of P in T'M with respect to a given G-invariant
metric on M. Then it is easy to see that both P and () are G-bundles. By averaging
over GG, we may assume that there exists a G-invariant Riemannian metric gg over the

vector bundle ). Now define a (2,0) tensor on M as follows.
JX+Y, X' +Y') =go(X, X)), VX, X" € C®(Q), VY, Y € C(P).

Then ¢ is a G-invariant (2,0)-tensor over M. By definition, it is straightforward to

check that ¢ is a transverse Riemannian metric. O

Now we discuss examples of transversely symplectic foliations to which Theorem [T

and Corollary E.7] apply.

Ezample 5.2 (Co-oriented contact manifolds). Let M be a 2n+1 dimensional co-oriented
contact manifold with a contact one form 7 and a Reeb vector £&. Then the Reeb
characteristic foliation F induced by £ is transversely symplectic, with dn being the
transversely symplectic form. If there exists a contact metric g such that £ is a Killing
vector field, then (M, n, g) is called a K-contact manifold. It is well known that the Reeb
characteristic foliation of a K-contact manifold (M, n, g) is Riemannian. By Corollary
4.7, when M satisfies the transverse Hard Lefschetz property, its basic cohomology
will carry the structure of a formal Frobenius manifold. In particular, this is the case
when (M, 7, g) is a Sasakian manifold ( c.f. [BGOS]). However, it is also noteworthy
that it was recently discovered in [CNMY15] that there exist examples of compact
K-contact manifolds which do not admit any Sasakian structures, and which satisfy
the Hard Lefschetz property as introduced in [CNY13]. By [L13| Theorem 4.4], these

non-Sasakian K-contact manifolds also satisfy the transverse Hard Lefschetz property.
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Ezample 5.3 (Hamiltonian actions on contact manifolds). Let M be a 2n+1 dimensional
compact contact manifold M with a contact one form 7 and a Reeb vecto &, and G a
compact connected Lie group with Lie algebra g. Suppose that G acts on M preserving

the contact one form 7. Then the n-contact moment map ® : M — g*, given by
<O, X >=n(Xy), VX € t=Lie(T),

is also a moment map for the G-action on the transversely symplectic manifold (M, dn, Fe).
Here < -, - > is the dual pairing between t and t*, and X}, is the fundamental vector
field generated by X.

According to [BGO8| Definition 8.4.28], if the Reeb vector ¢ is generated by the
infinitesimal action of an element in g, then the action of G is said to be of Reeb type.
It is clear from Lemma [5.0] that in this case F¢ is also a Riemannian foliation. If in
addition, there is a Sasakian metric g such that (M, 7, g) is a Sasakian manifold, then
Fe satisfies the transverse Hard Lefschetz property. In particular, these observations
apply to the case when G is an n + 1 dimensional torus, and when the action of GG
is of Reeb type, i.e., when M is a compact toric contact manifold of Reeb type (c.f.
[BGO§]). Therefore by Theorem [IT], there is a formal Frobenius manifold structure on

the equivariant basic cohomology of toric contact manifolds of Reeb type.

Ezxample 5.4 ( Co-symplectic manifolds, c.f. [Li08]). Let (M,n,w) be a 2n + 1 dimen-
sional compact co-symplectic manifold. By definition, 7 is a closed one form, and w a
closed two form w, such that n A w™ is a volume form. Then the Reeb characteristic
foliation F¢ induced by the Reeb vector field £ ( defined by the equations ¢en = 1 and
tew = 0) is transversely symplectic with w being the transversely symplectic form.

We claim that for any 1 < k < n, w” represents a non-trivial basic cohomology class
in H2F(M). Assume to the contrary that [w*] =0 € HZ(M) for some 1 < k < n. Then
there exists a basic (2n — 1)-form J such that w™ = df. Since dn = 0, we have that

/MMw"z/MnAdﬁsz—d(nAﬁ)ZO,

which contradicts the fact that n A w™ is a volume form. This proves our claim.

The co-symplectic manifold M is called a co-Kéhler manifold, if one can associate to
(M, n,w) an almost contact structure (¢,&,n,g), where ¢ is an (1, 1)-tensor, and g a
Riemannian metric, such that ¢ is parallel with respect to the Levi-Civita connection

of g. It is straightforward to check that if M is co-Kahler, then the Reeb characteristic
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foliation F¢ is Kahler. Due to the claim established in the previous paragraph, it is
indeed a homologically oriented Kahler foliation, and therefore satisfies the transverse
Hard Lefschetz property. By Corollary .7, the basic cohomology of M has a structure

of a formal Frobenius manifold.

Ezample 5.5 (Symplectic orbifolds). Let (X, o) be an effective symplectic orbifold (cf.
[Sa57]) of dimension 2n. Then the total space of the orthogonal frame orbi-bundle
7w : P — X is a smooth manifold on which the structure group O(2n) acts locally free.
The form w := 7*¢ is a closed 2-form on P whose kernel gives rise to a transversely
symplectic foliation F. If g is a Riemannian metric on X, then 7*¢ is a transverse
Riemannian metric on P. Thus F is also Riemannian. When w is a Kéhler two form, it
was shown in [WZ09] that P satisfies the transverse Hard Lefschetz property. Since in
this case, the basic differential complex of F is isomorphic to the de Rham differential
complex on X, Corollary 4. 7/implies that there is a formal Frobenius manifold structure
on the de Rham cohomology of X.

Now suppose that a compact connected Lie group G acts on (X, o) in a Hamiltonian
fashion with a moment map ® : X — t*, where t = Lie(G). By averaging, we may
assume that there is a G-invariant Riemannian metric g that is compatible with o.
Then the action of G maps an orthogonal frame to another orthogonal frame, and
therefore, lifts to an action on the orthogonal frame bundle P. It is easy to see that the
lifted G-action on (P, 7*0) is Hamiltonian with a moment map ¥ = 7*®. Analogous
to the discussion in the previous paragraph, when X is Kéahler orbifold, Theorem [L1]
implies that there is a formal Frobenius manifold structure on the equivariant de Rham

cohomology of X.

Ezample 5.6 (Symplectic quasi-folds [Pra01]). Assume that (X, o) is a symplectic man-
ifold on which the torus 7" acts in a Hamiltonian fashion. We denote the moment map
by ¢ : X — t*. Let N C T be a non-closed subgroup with Lie algebra n and let a be
regular value of the corresponding moment map ¢ : X — n*. Consider the submani-
fold M = ¢~'(a) C X. The N-action on M yields a transversely symplectic foliation
F with w := i*o being the transversely symplectic form, where ¢ is the inclusion map
of M in X. In this case, the leaf space of F is the symplectic quasi-fold as introduced
by Prato [Pra0l], at least when N is a connected subgroup of T'. It is straightforward
to check that the induced T-action on (M, F,w) is Hamiltonian.
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It is clear from Lemma [5.J]that F is also a Riemannian foliation. Moreover, using an
argument similar to the one given in Example [5.4], it can be shown that F is homologi-
cally oriented. The leaf space of F is called a toric quasi-fold when dim 7" is half of the
dimension of the leaf space. It can be shown that in this case F is a Kahler foliationH.
Thus there exist formal Frobenius manifold structures on the basic cohomology and

equivariant basic cohomology of toric quasi-folds.
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