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Optical transportation and accumulation of microparticles by self-accelerating cusp beams

Weiwei Liu, Xiaodong Yang,* and Jie Gao†

Department of Mechanical and Aerospace Engineering, Missouri University of Science and Technology, Rolla, Missouri 65409, USA

(Received 28 September 2018; published 29 April 2019)

Most of the self–accelerating beams have monotonous single-channel bending structures, which greatly limit
their applications in many fields such as microscopic imaging and particle manipulation. In this paper, the self-
accelerating cusp beams with variable numbers of multichannel bending structures are generated to demonstrate
the optical transportation and accumulation of micrometer polystyrene particles. The transportation velocity and
optical force profiles of the microparticles moving along the bending channels of cusp beams are analyzed.
Parallel particle transportation and particle accumulation manipulation from all the bending channels are further
demonstrated. These results will inspire a lot of promising applications for self-accelerating beams especially in
three-dimensional optical micromanipulation.

DOI: 10.1103/PhysRevA.99.043839

I. INTRODUCTION

As one type of the self-accelerating beams, Airy beams
were first found in 2007 attributed to the solution of the
Schrödinger equation [1,2]. Subsequently, the family of self-
accelerating beams has been enriched rapidly accompanied
by the discovery of other spatially accelerating solutions of
the Maxwell’s equations such as Weber beams and Mathieu
beams [3–5]. Self-accelerating beams are attractive due to
their novel nondiffracting propagation properties and unique
bending trajectories, which have enabled numerous appli-
cations in microscopic imaging [6–8], generation of curved
plasma channels [4,9], nonlinear optics [10], as well as optical
particle manipulation [11–13]. Self-accelerating beams with
bending optical structures have enabled the three-dimensional
(3D) optical manipulation in microfluidics [14–16]. However,
conventional self-accelerating beams such as Airy beams only
possess monotonous single-channel bending structures [11],
which greatly limits their applications in particle manipula-
tion and many other fields. Recently, the emergence of self-
accelerating cusp beams has attracted wide attention because
of their autofocusing propagation properties and exquisite
multiple propagation channel structures [17–19]. Cusp beams
are usually derived from the Thom’s umbilics [19–22] and
will benefit the development of parallel transportation for
large numbers of particles in 3D optical manipulation.

In this paper, self-accelerating cusp beams with multi-
channel bending structures are used to demonstrate optical
transportation and accumulation of micrometer polystyrene
particles. The cusp beams are generated through the phase
modulation with a spatial light modulator (SLM) and coupled
into a microscope to conduct 3D optical manipulation. Since
the optical intensity distribution along the main lobe of a
cusp beam is much smoother than other types of autofocusing
beams such as symmetric Airy beams [23,24], the precise
transportation of a single particle along the channel of a cusp
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beam can be realized. Cusp beams can transport particles
within variable numbers of multichannel bending structures
by tuning the generating phase profile, which will benefit
some optofluidic applications where particle manipulation in
different channels is required. Specifically, the transportation
velocity and optical force profiles of polystyrene micropar-
ticles moving along the bending main lobes of cusp beams
are analyzed. Parallel particle transportation and particle ac-
cumulation manipulation from all the bending channels are
also demonstrated. It can be anticipated that these results will
greatly enrich the family of optical micromanipulation config-
urations and also benefit the development of microfluidics and
optofluidics based on the self-accelerating beams.

II. GENERATION OF CUSP BEAMS

The generation of the special optical structures of cusp
beams can be explained by caustics theory [25,26]. Cusp
beams naturally propagate in free space with multiple self-
accelerating channels and exhibit multiple high-intensity
maxima that are equally spaced along a circle in the transverse
dimension. The cusp beam is one kind of self-accelerating
beam with a nontrivial morphology and usually does not
correspond to those described by standard catastrophe optics
[17]. To construct 3D cusp beams, here the Fourier spectra of
targeted beams are taken to load in the SLM. The integral rep-
resentation for the electric field of the cusp beam in Cartesian
coordinates can be written as [21]

E (x, y, z) = A
∫ +∞

−∞

∫ +∞

−∞
exp[ikψ (ξ, η, x, y, z)]dξdη.

(1)

The phase function in the integral can be written as
ψ (ξ, η, x, y, z) = φm(ξ, η)−z(ξ 2+η2)−(ξx + ηy), and A is
a constant and k = 2π/λ is the wave number. (x, y, z)
correspond to the coordinates of the cusp beam electric
field in the image space, while (ξ, η) are the corresponding
spectral variables in the input plane. The generation of cusp
beams is realized by the Fourier transform with the phase
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FIG. 1. (a) The typical holographic optical tweezers setup to
generate the cusp beam and conduct the optical transportation exper-
iment; the phase mask loaded on the SLM for generating cusp beam
with m = 4 is also shown. (b) Schematic of 3D optical transportation
by the cusp beam with m = 4. (c)–(e) Numerical and (f)–(h) mea-
sured optical intensity profiles of the cusp beam with m = 4 in the
focus plane of the microscope objective lens. (i) The beam deflection
of self-accelerating channels for the cusp beam with m = 4 along the
propagation in simulation (curve) and experiment (points). z is the
axial coordinate where the origin locates at the autofocusing region
of the cusp beam, and r is the radial coordinate which represents the
distance from the center of the beam pattern to a peak in one of the
channels of the cusp beam.

term φm(ξ, η) loaded on the SLM. Through a coordinate
transformation, the general expression of φm(ξ, η) in polar
coordinates can be written as [21]

φm(R, θ ) = CRmsin(mθ + w), (2)

where (R, θ ) are the polar variables in the radial and az-
imuthal directions separately, and C and w represent a
constant scaling number and the initial phase, respectively.
The polynomial order m determines the number of self-
accelerating main lobes of the cusp beam. Here, m is set as
m = 3, 4, and 5 to realize cusp beams with variable channel
structures. The typical holographic optical tweezers setup, as
shown in Fig. 1(a), is utilized to generate the cusp beam inside
the sample cell and conduct the optical transportation experi-
ment. The laser beam at 532 nm is first expanded by convex
lenses L1 and L2 (focal length f 1 = 75 mm, f 2 = 300 mm)
and then is incident on the SLM. The convex lenses L3 and
L4 ( f 3 = 200 mm, f 4 = 150 mm) constitute the typical 4 f
system. The phase profiles loaded on the SLM are specially
designed to generate the cusp beams with the appropriate
sizes inside the focus region of the microscope objective
lens (100×, NA 1.3) for transporting microparticles. The lens
L4 and the objective lens constitute the conjugate imaging
system. A CCD camera with the frame rate up to 43 Hz at the
screen size of 680 × 510 pixels is used to record the particle
motion in the bright field.

Cusp beams possess novel optical pyramid structures
during propagation, having the self-accelerating main lobes

FIG. 2. (a)–(d) The dynamic process of a single particle trans-
ported along the self-accelerating channel of the cusp beam with m =
4. (e)–(h) Single-particle transportation along each channel of the
cusp beam in every quadrant. The yellow circle shows the location
of the particle transported along the channel of the cusp beam.
The dashed lines indicate the transverse position of self-accelerating
channels of the cusp beam (media 1 of the Supplemental Material).

which resemble the advanced microscale all-optical channels
that are promising for 3D optical manipulation in lab-on-a-
chip applications. The cusp beams with m = 4 are first gen-
erated to study the dynamic process of the transportation of a
single polystyrene microparticle along the bending channels,
as shown in Fig. 1(b) with the simulated 3D optical intensity
distributions. Compared with other types of autofocusing
beams such as symmetric Airy beams, the optical energy dis-
tribution along the bending channel of the cusp beam is more
continuous and compact in the propagation direction, so that
smooth and precise transportation of a single particle along
the channel can be realized. Figures 1(c)–1(e) and 1(f)–1(h)
present the transverse optical intensity profiles of cusp beams
with m = 4 along the axial direction of the microscope ob-
jective lens in simulation and experiment, respectively. In
simulation, the propagation profiles of cusp beams around the
focus of lens L3 are first calculated by the Fourier transform
of the transmission angular spectrum of a phase mask loaded
on the SLM, and then the beam profiles shown in Fig. 1 at
the focus of the objective lens are calculated by multiplying
the magnification of the conjugate imaging system of the lens
L4 and the objective lens. The position z = 0 μm in the ex-
periment corresponds to the same transverse section in simu-
lation. It is observed that the four transverse intensity maxima
converge into one point along the propagation, indicating the
potential convergence effect for particles transported by all
the bending channels of the cusp beams. Specifically, Fig. 1(i)
shows the deflection of self-accelerating channels of the cusp
beam as a function of radial distance in both experiment
and simulation. Such a relation between the beam deflection
and the transverse position will be applied to derive the 3D
location of transported particles.

III. OPTICAL TRANSPORTATION BY
SELF-ACCELERATING CUSP BEAMS

Figures 2(a)–2(d) present the results of optical transporta-
tion for a single polystyrene particle with the diameter of
2 μm by the cusp beam with m = 4 along the self-accelerating
channel in the fourth quadrant, with the time-sequenced
images taken from the recorded video (see Supplemental
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FIG. 3. (a),(b) Simulated 3D optical intensity distributions of
cusp beams with m = 3 and 5. Single-particle transportation along all
channels of the cusp beams with (c)–(e) m = 3 (media 2 of the Sup-
plemental Material) and (f)–(j) m = 5 (media 3 of the Supplemental
Material). (k)–(m) The trajectories of particles transported along the
channels of the cusp beams with m = 3, 4, and 5.

Material [27]) to show the dynamic process of particle motion.
The laser power is 60 mW at the entrance pupil of the
microscope objective lens. The full width at half maximum
(FWHM) of the laser beam in the incident plane of the
objective is 4 mm to guarantee the whole optical beam could
go through the pupil of the objective to conduct the optical
transportation experiment. The energy of the generated cusp
beams is distributed around the center of Fig. 2 with the size
of about 25 × 25 μm2, while the bright areas in the cusp
beam images in Fig. 2 are due to the light reflection of the
mirrors in the microscopy system, which is not related to the
energy contribution of the cusp beam used for the particle’s
transportation. The particle is suspended in a water solution
inside the sample chamber. It is observed that the single
particle is transported stably by the bending channel towards
the cusp beam center due to the radiation force along the
channel, which is similar to the case of Airy beams [11].
Meanwhile, the transported particle also involves the axial
motion following the 3D bending channel structure, which is
verified by the fact that the images of particles are out of focus
during the transportation. Figures 2(e)–2(h) are the images
showing the single particle transported by each channel of the
cusp beam in every quadrant, indicating the equal transporta-
tion capability for all four self-accelerating channels of the
cusp beams.

The number of self-accelerating channels for the cusp
beam can be varied by tuning the parameter m in the gener-
ating phase profiles. Figures 3(a) and 3(b) show the simulated
3D optical intensity distributions of cusp beams with m = 3
and 5, where similar optical pyramid structures to that of cusp
beams with m = 4 are observed, accompanied by the smooth
optical energy distributions along self-accelerating channels.
The transportation of a single polystyrene particle is also
studied for the cusp beams with m = 3 and 5, as shown in
Figs. 3(c)–3(e) and 3(f)–3(j), respectively, which are taken
from the recorded videos (see Supplemental Material [27]).

FIG. 4. The measured variations of (a) transverse velocity in the
radial direction and (b) total velocity along the 3D beam channel for
a single particle as functions of the radial distance by tuning the laser
power at 40 and 60 mW.

These beams also stably transport the particles towards the
beam center similar to the cusp beam with m = 4, which
indicates that the cusp beams with different number of self-
accelerating channels have an equivalent transportation per-
formance for microparticles in 3D optical manipulation. In
order to further reflect the particle motion transported by
cusp beams, the trajectories of transported particles along
the self-accelerating channels for the above three kinds of
cusp beams in the transverse direction are also plotted in
Figs. 3(k)–3(m). It shows that the particle propulsion along the
3D beam channel is accompanied by slight fluctuations due
to Brownian motion, but overall the particles are transported
stably to converge towards the beam center of the needlelike
optical structure from all-around directions.

IV. ANALYSIS OF TRANSPORTATION VELOCITY
AND OPTICAL FORCE

Control of a particle conveying velocity in microfluidic
channels is the key factor for applications in biological and
medical science [28]. Instead of using a micropump in mi-
crofluidics, here the particle transportation velocity by cusp
beams along their self-accelerating channels can be controlled
flexibly by the adjustment of beam energy. In order to quan-
titatively reflect such velocity regulation and the dynamic
motion of transported particles, Figs. 4(a) and 4(b) show
the variations of radial velocity vr and derived total velocity
v = √

v2
r + v2

z as functions of the radial distance by tuning
the laser power at 40 and 60 mW, typically along the bending
channel in the fourth quadrant of the cusp beam with m = 4.
vr is measured based on the tracked transverse locations of
particle from the recorded video (see Supplemental Mate-
rial [27]), while vz is derived from the deflection curve in
Fig. 1(h), which calibrates the 3D position information of the
beam channel and thus the ratio between vr and vz. Here the
particle is expected to move stably along the bending channel
of the cusp beam. It is observed that the motion of a single
particle along the beam channel is an accelerating process on
the whole. Furthermore, higher average transportation veloc-
ity along the self-accelerating channels can be achieved by
increasing the laser power.

Stable particle transportation by the cusp beam re-
sults from the combination of gradient force and radiation
pressure within the self-accelerating beam channels. The
gradient force will trap the particle and keep it inside the
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FIG. 5. Variations of (a) ma and (b) Fopt as functions of the radial
distance in 3D space applied on a single particle by the cusp beam
with m = 4 at the laser power of 40 and 60 mW.

bending channel of the cusp beam, while the radiation force
Fopt applied on the polystyrene particle will drive the particle
to move along the channel based on Newton’s second law
of motion, Fopt = ma + Fvis, where m and a are the mass
and acceleration of the particle. Fvis is the viscous force of
water for the moving particle as Fvis = 6πηr0v, where r0
and v are the particle radius and the motion velocity, and
η = 0.893 × 10−3 N s/m2 is the viscosity of water at the room
temperature of 25 °C [29]. In the calculation, the ma term
is very small and can be neglected compared to the Fvis
term, so that Fopt ≈ Fvis. Figures 5(a) and 5(b) show the
variations of ma and Fopt as functions of the radial distance
in 3D space. Figure 5(a) clearly shows the dynamic acceler-
ating process of the particle moving along the beam channel,
with relatively constant acceleration at the initial stage and
then rapidly increased acceleration close to the beam center.
Figure 5(b) shows that the optical radiation force for a single
particle keeps increasing towards the beam center along the
bending channel of the cusp beam, which is consistent with
the optical intensity distribution in the self-accelerating chan-
nel of a cusp beam [17]. Then the average radiation force
applied on the particle is proportional to the laser power.
It is noted that the magnitude of the optical force for a
single particle is around 1 pN, which indicates the exquisite
transportation capability of cusp beams for microscale objects
in optical manipulation.

V. OPTICAL ACCUMULATION OF PARTICLES
BY CUSP BEAMS

Distinguished from the precise manipulation of a single
particle by the individual channel of the cusp beam, the mul-
tichannel structures and autofocusing propagation properties
of a cusp beam also provide great advantages in realizing
the parallel manipulation of a large number of microscale
objects. Here the parallel particle transportation and particle
accumulation manipulation from all the bending channels of
a cusp beam with different orientations are demonstrated, as
shown in Fig. 6. The laser power at the entrance of the mi-
croscope objective lens is 50 mW. It is observed that multiple
dispersed polystyrene particles at the bottom of the cusp beam
[	z = 0 μm; Fig. 6(a)] are collected by the multiple bending
channels and then lifted up along the beam propagation to a
higher position [	z = 70 μm; Fig. 6(c)]. Figure 6(b) shows
the middle process when the particles are accumulated by
the cusp beam. These time-sequenced images are taken from
the recorded video (see Supplemental Material [27]). In the

FIG. 6. Optical accumulation of multiple particles by the cusp
beam with m = 5 (media 4 of the Supplemental Material).

experiment, the imaging plane of the microscope system
is tuned to track the location of multiple particles at the
corresponding height. As shown in Fig. 4(b), the transported
particles will continue to possess a relatively large velocity as
they get across the beam center around the autofocusing re-
gion of the cusp beam, and therefore the transported particles
actually flow away from the focus so that the accumulation
height of the transported multiple particles, shown in Fig. 6(c),
will exceed the axial dimension of the cusp beam, which is
estimated in Fig. 1(h). However, the particles may also be
able to stay at the autofocusing region of the cusp beam when
generated with low laser power because there is potentially
a trapping area in the autofocusing region, as shown in Ref.
[17]. Here, the cusp beams are generated with relatively high
laser power to mainly illustrate the particle transportation
ability of cusp beams, which could bring different particles or
cells to mix together, and may also promote such all-optical
beam structure for many biomedical applications. Actually,
the transported height for microparticles by cusp beams could
be derived from the law of energy conservation. Here we set
the transported height of particles by a cusp beam as H , the
function distance of the water viscous force Fvis acting on
the particles is Hvis, and the function distance of the optical
force Fopt acting on the particles is Hopt. It is known that
the velocities of transported particles at the start and end
points during the transportation are both zero. According
to the energy conservation law and force analysis for the
transported particles, it has mgH = FoptHopt − FvisHvis, which
gives H = (FoptHopt − FvisHvis )/mg, indicating that the trans-
ported height of microparticles is determined by the above
parameters of Fopt, Hopt, Fvis, Hvis and m, respectively.

The reason that symmetrical self-accelerating beams such
as cusp beams could gather a large amount of microparticles in
or out of their autofocusing area is because there exists a large
trapping volume around the beam self-focusing region, which
has been demonstrated in the previous work [24], while the
focused Gaussian beams usually could not gather a number
of particles or could only gather a very limited number of
particles since their trapping volume is very limited due to the
absence of such novel self-focusing beam structures. That is
to say, the gathering ability of cusp beams for microparticles
is much more efficient than common Gaussian focused beams.
Meanwhile, the particle gathering ability of cusp beams is
orientation selective, as shown in Fig. 3, because of their
variable multichannel beam structures. With the above results,
it can be concluded that the generated cusp beams can be
used to not only precisely transport single particles in the
individual beam channel, but also to manipulate multiple
particles simultaneously.
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VI. CONCLUSION

In conclusion, the optical transportation and accumula-
tion of microparticles by self-accelerating cusp beams with
variable numbers of multichannel bending structures have
been demonstrated. The dynamic process of precise trans-
portation for single particles along the bending channels of
cusp beams has been presented, with the analysis of the
transportation velocity and optical force for the transported
particle in 3D space. As a proof of the parallel transportation
functionality of the cusp beam, the particle accumulation for
a large number of particles from all the bending channels has

also been realized. These results will not only further enhance
3D optical micromanipulation with complex structured beams
for the development of microfluidics and optofluidics, but
also greatly inspire many promising applications based on
self-accelerating beams.
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