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Wei-Wen Yu International Specialty Conference on Cold-Formed Steel Structures
St. Louis, Missouri, U.S.A., November 7 & 8, 2018

Using Generalized Beam Theory to assess the behavior of
curved thin-walled members

Nuno Peres', Rodrigo Gongalves' and Dinar Camotim?

Abstract

In this work, the first-order behavior of naturally curved thin-walled bars with
circular axis, without pre-twist, is assessed with the help of the Generalized Beam
Theory (GBT) formulation previously developed by the authors. With respect to
the previous work, which dealt with simple cross-sections, the present paper
presents a method to obtain the deformation modes for arbitrary flat-walled cross-
sections. Despite the complexity involved in this generalization, the standard GBT
kinematic assumptions are kept, since they are essential to (i) subdivide the modes
in a meaningful way and (ii) reduce the number of DOFs necessary to obtain
accurate solutions. It is shown that the curvature of the bar influences significantly
the deformation mode shapes. Furthermore, a standard displacement-based finite
element (FE) is employed to solve several examples that highlight the peculiar
behavior of curved members. For validation and comparison purposes, results
obtained using shell FE models are provided. Finally, the superiority of a mixed
GBT-based FE format is demonstrated.

1. Introduction

Generalized Beam Theory (GBT) is a thin-walled bar theory incorporating cross-
section deformation through the consideration of hierarchical and structurally
meaningful cross-section DOFs, the so-called “cross-section deformation
modes”. GBT was initially proposed and developed by Schardt (1966, 1989), and
it is currently well-established as an efficient, versatile, accurate and insightful
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approach to assess the structural behavior of thin-walled prismatic bars (e.g.,
Camotim et al., 2010a, 2010b).

Quite recently, the authors developed, for the first time, a linear GBT formulation
for elastic thin-walled bars with circular axis, without pre-twist (Peres et al.,
2016). This formulation extends the classic prismatic case while still making it
possible to incorporate (or not) the usual GBT strain assumptions. Moreover, it
extends the classic theories of Winkler (1868) and Vlasov (1958). Although all
types of cross-section deformation modes can be handled, their systematic
determination for complex cross sections was not developed, since the so-called
“natural Vlasov modes” (complying with Vlasov’s assumption) need to be
calculated using a complex constraint for curved bars. This paper closes the
previous work by proposing a procedure for the calculation of the cross-section
deformation modes for members with circular axis and arbitrary flat-walled cross-
sections, extending the concepts introduced for the prismatic case in (Gongalves
et al., 2010; 2014; Bebiano et al., 2015). The modes are hierarchized and
subdivided using specific kinematic constraints (such as the Vlasov assumption),
to keep the usual efficiency of the GBT analyses, namely to ensure that the modal
decomposition of the solution provides in-depth insight into the mechanics of the
problem under analysis. A set of representative numerical examples is presented,
to show the capabilities of the finite element (FE) implementation of the proposed
formulation. Moreover, it is demonstrated that a mixed format is more efficient
than a standard displacement-based format.

2. First-Order GBT for Members with Circular Axis

For completeness of the paper, the fundamental equations derived in (Peres et al.,
2016) are reviewed. Fig. 1 shows the global cylindrical (6, Z, R) and the local
wall (x, y, z) coordinate systems for an arbitrary curved thin-walled member. The
member axis arc-length coordinate X defines the arbitrary cross-section “center”
C, lies on the Z = Z¢ horizontal plane and has curvature equal to 1/Rc. For the wall
local axes, y and z define the mid-line and through-thickness directions,
respectively, and x is concentric to X. Moreover, ¢ is the wall rotation angle.

The standard GBT variable technique is employed for the membrane
displacements (u, v, w) along (x, y, z), respectively,

uM=a"(y) ¢'x), M =9 o), w"=w'(@) ), (1)
where bold letters indicate column vectors, the “bar” vectors contain the
deformation mode functions, the ¢ vectors collect the corresponding amplitude
functions, the commas indicate derivatives (e.g., f» = 0f/0x) and the prime 'is used



for a derivative with respect to X. Using small-strains and Kirchhoff’s thin-plate
assumption, to eliminate plate-like shear locking and write the displacements in
terms of the membrane displacements, the strains are given by

[1]
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where M/B designate membrane/bending terms, K, = cos¢/Rc¢, K:=—sing/Rc are
the curvatures along the local axes and § = R./R, where R is the mid-line radius.
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Fig. 1. Global and local (wall) axes for a naturally curved thin-walled member

The homogeneous form of the differential equilibrium equations reads

Co¢""' —(D—-F—-F)¢" +(G+E+E" +B)¢p =0, (6)

where D = D; — D, — DY and the GBT modal matrices read
= fA :7:%5:&5@14’ C= fA :7%5135{3‘114’ (7
D, = fA i_Rf3zfgsza D, = fA 11:5 . fz1f13dA (®)
E=], 1”’; RR §ughidd,  F= [, o8 EdA, ©)

G = fA 12 R fnfndA (10)



In these expressions, 4 is the cross-section area, £ is Young’s modulus, v is
Poisson’s ratio and G is the shear modulus. If 8%, = 0 is assumed, the Poisson
terms for the membrane strains are eliminated and membrane/bending coupling is
eliminated by taking R/R. ~ R/R; = 1/f. In Peres et al. (2016) the equilibrium
equations are also written in terms of stress resultants, and the external load terms
and the natural boundary conditions are also given.

3. Cross-section Deformation Modes

For the determination of the deformation modes, the cross-section is discretized
using (i) “natural” nodes, automatically located at wall mid-line intersections and
free edges, and (ii) “intermediate” nodes, arbitrarily located in the walls, between
natural nodes, defining the discretization level. An initial basis for the modes is
generated using three DOFs per node: two in-plane displacements (the in-plane
rotations are condensed, as in the classic GBT formulations) and one warping.
Between nodes, as usual, Hermite cubic functions are employed for wy, and linear
functions for v, and ;. For members with circular axis, linear i1, functions can
be shown to be consistent with the Vlasov (y,ﬂ'g', = 0) and Syy = 0 assumptions,
which read, from the strain-displacement equations,

ﬁk,y = 0, Vg = _Ty_ Kzﬁk' (11)

It is noted that the latter is significantly more complex to handle than its prismatic
member counterpart. However, it is fundamental to subdivide the deformation
modes — for open sections it is generally acceptable to consider only the modes
with y,ﬁ‘f, = 0 —and eliminate shear locking. For illustrative purposes, Fig. 2 shows
the initial modes for a lipped channel discretized with a single intermediate node
in the web, leading to 21 modes.

The final deformation modes are calculated from the initial basis through change
of basis operations using the GBT modal matrices and assuming R/R; ~ 1/,
leading to membrane-bending uncoupling. The following mode sets are defined:
e Vlasov natural modes, generated from the natural node warping DOFs and
satisfying yy, = e%, = 0. As in the classic GBT, this set is subdivided into (i)
distortional and (ii) rigid-body modes (extension, bending and, for open
sections, torsion).
e Local-plate modes, also satisfying vy, = e%, = 0 but involving essentially
plate bending.
o Shear modes (yyy # 0 and &5}, = 0), which are subdivided into (i) cell shear
flow modes for closed sections (torsion is included), (ii) warping functions of



the Vlasov modes and (iii) additional warping functions. The shear modes
generated by the intermediate node DOFs are included in the latter subset.

e Transverse extension modes, satisfying e%, # 0, including the intermediate
node DOFs.

a R ) i Diseretization
! O natural nodes
Y. 30 ® intermediate node
f 1
.1_1._8 (mm)
. 100 |
b 1 2 3 4 5 6 T
Warping l \W ﬂ
™~ N E - = - o ~ = o 4
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| == [
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Fig. 2. Lipped channel (a) geometry and discretization, (b) initial deformation modes.

From the strain-displacement relations, it is observed that modes complying with
the Vlasov constraint span the nullspace of D}!, whereas the null membrane
transverse extension modes belong in the nullspace of B. Both matrices are
necessarily positive semi-definite and one solves

(BM — ADv = 0, (12)

where the A # 0 eigenvectors define the BM-orthogonal transverse extension
modes. The 1 = 0 eigenvectors satisfy €5/, = 0 and thus contain the remaining
mode sets. One then solves, in the latter space,

(DY — ADv = 0, (13)

where the 4 = 0 eigenvectors define a basis for the Vlasov and local-plate modes.
These modes are hierarchized as in the procedure proposed by Schardt (1989) for
prismatic members, namely by solving

(BM —A(C" + CB))v =0, (14)



with the 4 = 0 eigenvectors defining the rigid-body mode subspace and the
remaining eigenvectors corresponding to the Vlasov distortional and local-plate
modes. The rigid-body modes are extracted as in the classic formulations for
beams with circular axis (e.g. Dabrowski, 1968): C coincides with the centroid
and the first three modes correspond to tangential (mode 1), radial (mode 2) and
out-of-plane (mode 3) rigid-body displacements. Using Eq. (6b), it can be shown
that mode 3 involves a torsional rotation equal to —1/R.

The torsion mode for open sections is calculated by working in the 4-D rigid-body
mode space and calculating the 1 # 0 eigenvector of

(D — ACM)v = 0, (15)

since the nullspace of Df corresponds to yy, = 0 and matrix C¥ ensures
orthogonality of the torsion warping stress resultant with respect to the first three
modes. For closed sections, the torsional mode belongs to the shear mode space,
as discussed next.

The determination of the shear modes is based on the procedure proposed in
(Gongalves et al., 2014) for the prismatic case. This set is subdivided into: (I) cell
shear flow modes, which only exist in closed sections, (II) warping functions of
the Vlasov modes and (III) additional warping functions. The II modes are
obtained by retaining only the warping functions of the Vlasov natural modes,
excluding mode 1 (extension). For the III modes, the orthogonal complement (in
the CM sense) of the II subset plus mode 1, in the warping mode space, is first
obtained. The modes are orthogonalized and hierarchized through

(DY — ACM)v = 0. (16)

For the I modes, a basis pertaining to independent ¥ displacements of the walls is
obtained and added to the II and III shear modes, excluding the warping functions
of modes 2 and 3 (the bending modes). Then, one solves

(BE — A(B + D{))v =0, (17)

where the eigenvectors for 0 < A < 1 define the I shear subspace excluding
torsion. The torsional mode is obtained from the A = 0 eigenvectors (the
nullspace of B?), by calculating the single non-null eigenvalue of

(Df — ADY)v =0, (18)

The final deformation modes are normalized as follows: (i) the rigid-body modes
correspond to unit displacement/rotations, (ii) the Vlasov, local-plate and I shear
modes have a maximum unit in-plane displacement, (iii) the II and III shear modes
have a maximum unit warping displacement and (iv) the transverse extension



modes have a maximum unit membrane transverse extension. The proposed
procedure was implemented in MATLAB (The MathWorks, 2010). With an Intel
Core 17-9700HQ CPU@2.60 GHz processor and an open cross-section with about
20 modes, the runtime is approximately 0.2 seconds. For a closed cross-section
with 50 modes, the runtime increases to about 2 seconds.

Figs. 3 and 4 show the deformation modes for two cross-sections, considering
Rc = 0.4 mand R; = 100 m (Fig. 4c shows only selected modes). In both cases
Cis taken as the cross-section centroid. It is observed that the mode configurations
change with R., becoming less symmetric or anti-symmetric as this parameter
decreases. Note that, for R, = 0.4, mode 1 does not correspond to uniform
warping and mode 3 includes a torsional rotation, as already discussed. Note also
that, in Fig. 4b, the center of rotation of mode 4 is slightly offset to the right of
the centroid.

4. Numerical Examples

All examples concern 90° cantilevers subjected to end forces, with £ =210 GPa
and v=0.3. Examples 4.1 to 4.3 are solved using a standard displacement-based
GBT FE (see, e.g., Gongalves & Camotim 2011, 2012), using Hermite cubic and
Lagrange quadratic functions, the latter for the deformation modes involving only
warping. To prevent locking, 3-point Gauss (reduced) integration along X is used.
Along y, 5 Gauss points are employed between cross-section nodes. Along z,
analytical integration is carried out due to the R/R, ~ 1/f assumption. Finally,
example 4.4 compares the performance of the displacement-based element with
that of a mixed displacement-strain element, to demonstrate that the latter is
particularly efficient for curved members.

The FE procedure was implemented in MATLAB. Although uniform
discretizations along X are employed in all cases, the procedure is quite fast —e.g.,
with an Intel Core 17-9700HQ CPU@2.60 GHz processor, the runtime is below
0.5 seconds for a discretization with 50 elements and 15 deformation modes. For
comparison purposes, results obtained with refined 4 node MITC shell FE models,
using ADINA (Bathe, 2017), are presented.

4.1 Lipped channel beam subjected to two out-of-plane tip loads

The first example concerns a lipped channel section cantilever subjected to two
out-of-plane tip loads, as shown in Fig. 5 (recall also Fig. 3). The GBT cross-
section analysis was carried out with 7 nodes, as displayed in the figure.
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Fig. 3. Lipped channel cross-section deformation modes: (a) geometry, discretization and
material parameters, (b) deformation modes for R = 0.4 m and (¢) R, = 100 m.
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Fig. 4. Three-cell cross-section deformation modes: (a) geometry, discretization and
material parameters, (b) deformation modes for R; = 0.4 m and (c) R, = 100 m.
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R.=15m tip displacement (m)
L i inner node outer node
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- GET, RB+D+LP modes, 50 FE _ 0.0604632  (0.4%)  0.0524390 {0.4%)
-| - {mem)
014
HKey
012
E extension T torsion o
014 B bending D distortion T
£
= 008
-
E oos
] B {mode 3)
3
2 004
002 o
e o
o - L
2x0.001 kN ] 05 B (mode 2) E 1
002
0.004 / 0.00004
0.003 | s LP (mode 7)
i T / B (mode 3) 000003 //_“
@ ooz g 000002 !
k-1 / /
% 0.001 3 / ——— :Zecmm P .-"l
[ I = — — 1 & Y E LP {other modes) LP (mode 9)
@ 0 B 1 = o fn-L ’ ——— R
B 0001 e — 2 | e —
£ 0 {mode 5) . : . —
0.002 E T 0,00001
B (mode 2) s
0,003 -0.00002 LP (mode 8)
-0.004 <0 D000

Fig. 5. Lipped channel 90° cantilever subjected to two out-of-plane tip loads.

The table in Fig. 5 shows the tip vertical displacements obtained with a refined
shell FE model and the GBT solution, using 50 FEs and different combinations of
mode sets: (i) rigid-body (RB), (ii) Vlasov distortional (D) and (iii) local-plate
modes (LP) — the shear (S) and transverse extension (TE) modes have a very small
influence and therefore were left out. It is concluded that the GBT solution
including only the RB modes falls very short of the shell model result. This
difference is due to the influence of the D (mostly) and the LP modes, whose
inclusion in the analysis leads to results that virtually match those of the shell
model, as the deformed configurations displayed in the figure clearly show. This
demonstrates that, as in the case of prismatic open sections, only the RB+D+LP
modes are normally required to achieve very accurate results.

In spite of the influence of the D and LP modes, they are hardly visible in the
deformed configurations. A more in-depth analysis can only be achieved from the
mode amplitude graphs in Fig. 5. These graphs show that, although the B and T
modes are naturally dominant, the D mode 5 plays a relevant role, namely near
the support. The LP modes are only visible in the bottom-right graph, even though
their inclusion lowers the displacement error by more than 3 %.
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4.2 Three-cell beam subjected to an out-of-plane tip load

A beam with the cross-section of Fig. 4 is analyzed, as shown in Fig. 6. The GBT
analyses were carried out with several combinations of mode sets. The table
shows that a virtually “exact” GBT solution is obtained when the RB+D+LP
modes are included in the analysis. The deformed configurations demonstrate the
excellent agreement between the GBT and shell model results: cross-section
torsion and distortion are visible throughout the beam and significant local-plate
deformation occurs near the fixed end (see the detail in the figure). The mode
amplitude graphs confirm these findings: although the RB-+D modes are
predominant, the LP modes also play a significant role, even if their participations
are one order of magnitude below the other ones.

R.=20m Tip displ (m}
=R i Discratization Shell 0.0414023
l e s GET, RB modes, 50 FE 0.0087355 _(78.9%)
Z i  intermediate nodes GET, RB+D modes. 50 FE 0.0383003  (7.5%)
GBT, RE+D+LP modes, 50 FE 0.0412719  {0.3%)
50
o GBT
."’ :
o0
|
up | ™

i 7 ——
e
Key

E extension D distortion
B bending LP local-plate

(x10)

T torsion
00s 00012
1] 00008 { [ LP {mode 9}
0.03 B {mode 3} § 0.0005
E 2 LP (mode 15)
Z e 2 ocoos
E 2 LP (mipde 13) LP (other modes)
g oo I e S P [0
g LP modes T E B — O - 1
i _.:.'_—_-'—-"_'_'__7‘_ \._
O e e————— e S 1P (ol TN
D (made 7) E. B (made 2) =
0.0008

&
2

Fig. 6. Three-cell section 90° cantilever subjected to an out-of-plane tip load.
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4.3 Twin trapezoidal cell beam subjected to an out-of-plane tip load

This example consists of a twin cell section taken from (Garcea et al., 2016) and
shown in Fig. 7, whose discretization leads to 51 deformation modes — the most
relevant ones are displayed in the figure.

R Discretization Material
o natural nodes £ =210 GPa
Z 100 = intermediate node r=03
g
R.=20m
s . : & )
80 |1 40 60 ||
10 0 10 10
Vlasov modes Shear modes |
Extension Bending Bending Torsion Distortion

s LTL] L0 ME/D UL

Vlasov distortional modes Local-plate modes (in-plane component)

- 0yuuoy
U UM

Shear modes Il (see warping of modes 2, 3, 6-8)

Shear modes Il (warping only)

Fig. 7. Twin trapezoidal cell cross-section deformation modes for Rc =2.0 m.

Fig. 8 shows the results obtained when a single concentrated eccentric vertical
force is applied at the free end cross-section of a 90° cantilever. It is once more
concluded that the RB modes alone do not provide accurate results. In particular,
the three Vlasov D modes (6-8 in Fig. 7) play a significant role. A small
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improvement is obtained when either (i) all the LP (9-17) or (ii) the distortional
cell shear flow (5) or (iii) all the shear modes are added to the analysis. The
deformed configurations clearly demonstrate that there is an excellent match
between the shell and GBT models. The bottom-left modal participation graph
makes it possible to conclude that the B and T modes are dominant. Nevertheless,
the bottom-right graph shows that all three Vlasov D modes are also quite relevant
throughout the beam length, followed by the cell shear flow mode 5. The LP
modes are only important near the fixed end.

R.=20m tip d (m)
—p — - Shell 0.0374231
l R GBT, RB modes, 50 FE 0.0268902 {28.1%)
z 100 ‘ ¢ AR o GBT, RB+D modes, 50 FE 0.0369405_ (1.3%)
]| s GBT, RB+D+LP modes, 50 FE 0.0370172  (1.1%)
l ] (mm) GBT, RB+D+LP+cell shear flow modes, 50 FE 0.0370826  (0.9%)
&) 40 || 80 GBT, RB+D+LP+all shear modes, 50 FE 0.0373968 (D.1%)
10 10
Key
E extension D distortion
B bending LP local-plate
T torsion CSF cell shear flow (mode 5)
0.04 0.0004
0.035 __ D{mude7)
0.0002 e SRR
003 = / LP =
£ ooz 2 0 3 =S— TP
k| B (mona/?;] £ h:( o5 "".\_\ 1
E o002 E 3 Csf —a
£ > o 00002{ R
g° 05 / 1 ‘é \ D (mode 6) o
E o001 o 0.0004 ~
\ e
0.005 \ 7
her modes A e
% = other m 20000 "D (mode 8)
o 05 1
0.005 0.0008

Fig. 8. Twin trapezoidal cell section 90° cantilever subjected to an out-of-plane tip load.

4.4 Comparison between compatibility and mixed elements

In this example, the displacement-based FE is compared with a mixed strain-
displacement FE. The latter is obtained using the Hellinger-Reissner principle and
approximating the strains associated with each deformation mode using linear
functions. The additional DOFs are subsequently eliminated at the element level.
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Fig. 9 compares the performance of the two GBT-based FE with the classic
Winkler solution, for a 90° cantilever subjected to a tip load. It is observed that
the displacement-based FE requires 10 elements to achieve accurate results,
whereas the mixed element leads to good results with just one or two elements.

1 kN

5,
] ’ - - b
t £ —
= -
h g 0.8 F;"
= j
g 0.6
lb 3 P
R AV
2
h =400 mm 2 421"
b =200 mm ’
t=10 mm 4
E =210 GPa 1 5 10 15 20
»=03 number of elements

Fig. 9. I-section 90° cantilever subjected to an in-plane tip load.
5. Concluding Remarks

This paper improved the first-order GBT formulation for curved thin-walled
members introduced by Peres et al. (2016) by presenting a systematic procedure
to obtain the cross-section deformation modes for arbitrary flat-walled cross-
sections (open, closed or “mixed”). This procedure retains the nomenclature of
the deformation mode subsets defined for prismatic members, by handling
adequately the complex kinematics pertaining to curved bars. In particular, it was
shown that (i) very accurate solutions are generally obtained with only a small set
of modes and (ii) the modal features of the GBT solution can provide in-depth
insight into the structural behavior of naturally curved bars. Finally, it was shown
that a mixed strain-displacement FE format is much more accurate than its
displacement-based format. This mixed element is currently being developed to
include all deformation modes. The results will be presented in the near future.
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