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Abstract
We study the asymptotic properties of the solutions of a class of even-order damped
differential equations with p-Laplacian like operators, delayed and advanced
arguments. We present new theorems that improve and complement related
contributions reported in the literature. Several examples are provided to illustrate the
practicability, maneuverability, and efficiency of the results obtained. An open
problem is proposed.

MSC: 34C10; 34K11

Keywords: asymptotic behavior; functional differential equation; even-order;
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1 Introduction
In this paper, we study the asymptotic behavior of a class of even-order damped differential
equations with p-Laplacian like operators and deviating arguments

(
a(t)

∣
∣x(n–)(t)

∣
∣p–x(n–)(t)

)′ + r(t)
∣
∣x(n–)(t)

∣
∣p–x(n–)(t)

+ q(t)
∣∣x

(
g(t)

)∣∣p–x
(
g(t)

)
= , (.)

where t ∈ I := [t,∞), t ∈ (,∞), n ≥  is an even integer, p >  is a constant, a ∈
C(I, (,∞)), r, q, g ∈ C(I,R), r(t) ≥ , a′(t) + r(t) ≥ , q(t) > , and limt→∞ g(t) = ∞. As
pointed out by Hale [], differential equations have applications in the natural sciences,
engineering technology, and automatic control. In particular, equation (.) has numer-
ous applications in continuum mechanics as seen from Agarwal et al. [] and Zhang et
al. [].

As usual, by a solution of (.) we mean a continuous function x ∈ Cn–([Tx,∞),R) which
has the property that a|x(n–)|p–x(n–) ∈ C([Tx,∞),R) and satisfies (.) on [Tx,∞). We
consider only those extendable solutions of (.) that satisfy condition sup{|x(t)| : t ≥ T ≥
Tx} >  and we tacitly assume that (.) possesses such solutions. A solution of (.) is said
to be oscillatory if it is neither eventually positive nor eventually negative; otherwise, it is
called nonoscillatory. Equation (.) is oscillatory if all its solutions oscillate.
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There has been a growing interest in the study of the oscillatory and asymptotic behavior
of various classes of differential equations during the past decades; we refer the reader to
[–] and the references cited therein. In the following, we briefly review several related
results that have motivated the work in this paper. Zhang et al. [], Liu et al. [], and
Zhang et al. [] considered the oscillation of (.) under the assumptions that

g(t) ≤ t (.)

and

∫ ∞

t

[


a(s)
exp

(
–

∫ s

t

r(τ )
a(τ )

dτ

)]/(p–)

ds = ∞. (.)

Assuming that γ >  is a quotient of odd positive integers, Erbe et al. [] studied a second-
order damped differential equation

(
a(t)

(
x′(t)

)γ )′ + r(t)
(
x′(t)

)γ + q(t)xγ
(
g(t)

)
= , (.)

and established some oscillation results in the case where (.) holds and

∫ ∞

t

[


a(t) exp(
∫ t

t
r(s)
a(s) ds)

∫ t

t

q(s) exp

(∫ s

t

r(u)
a(u)

du
)

×
(∫ ∞

g(s)

du
(a(u) exp(

∫ u
t

r(v)
a(v) dv))/γ

)γ

ds
]/γ

dt = ∞.

Rogovchenko and Tuncay [] and Saker et al. [] investigated the oscillation of a second-
order damped differential equation

(
a(t)x′(t)

)′ + r(t)x′(t) + q(t)f
(
x(t)

)
= , (.)

and they obtained several sufficient conditions which ensure that every solution x of (.)
is either oscillatory or satisfies limt→∞ x(t) = . Zhang [] considered oscillatory behavior
of (.) in the case when (.) is satisfied and

∫ ∞

t

[


a(t)

∫ t

t

exp

(
–

∫ t

s

r(τ )
a(τ )

dτ

)(∫ ∞

s

(


a(u)

)/γ

du
)γ

q(s) ds
]/γ

dt = ∞.

So far, the study of the asymptotic behavior of equation (.) when the integral in (.)
is finite, i.e.,

∫ ∞

t

[


a(s)
exp

(
–

∫ s

t

r(τ )
a(τ )

dτ

)]/(p–)

ds < ∞, (.)

has received considerably less attention in the literature. Hence, our objective in this paper
is not only to analyze the asymptotic properties of (.) in the case where (.) holds, but
also to derive new asymptotic tests for (.) under the assumption that

g(t) ≥ t. (.)
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The new theorems obtained improve and complement the relevant results reported in [,
, , , , , ]. As is customary, all functional inequalities considered in the sequel
are supposed to hold for all t large enough. Without loss of generality, we deal only with
positive solutions of (.) since, if x is a solution, so is –x.

For a compact presentation of our results, we use the following notation:

E(t, t) := exp

(∫ t

t

r(τ )
a(τ )

dτ

)
, δ(t) :=

∫ ∞

t

ds
(a(s)E(t, s))/(p–) ,

h(t) :=
ρ ′(t)
ρ(t)

–
r(t)
a(t)

, h+(t) := max
(
, h(t)

)
,

ϕ(t) :=
r(t)
a(t)

+
(p – )p

pp
φ

p
+(t)E(t, t)

δ(t)a/(p–)(t)
,

φ(t) :=


E/(p–)(t, t)
–

δ(t)r(t)a(–p)/(p–)(t)
p – 

,

φ+(t) := max
(
,φ(t)

)
, �+(t, s) := max

(
,�(t, s)

)
,

where the meaning of ρ and � will be specified later.

2 Lemmas
To establish our main results, we make use of the following auxiliary lemmas.

Lemma . (Philos []) Let u ∈ Cn(I, (,∞)). If u(n–)(t)u(n)(t) ≤  for t ≥ tu. Then, for
every λ ∈ (, ), there exists a constant M >  such that, for all sufficiently large t,

u(λt) ≥ Mtn–∣∣u(n–)(t)
∣
∣.

Lemma . (Agarwal et al. []) Let u ∈ Cn(I, (,∞)) and u(n)(t) ≤ . If limt→∞ u(t) �= ,
then, for every λ ∈ (, ), there exists a tλ ∈ I such that, for all t ∈ [tλ,∞),

u(t) ≥ λ

(n – )!
tn–∣∣u(n–)(t)

∣∣.

3 Asymptotic results via the Riccati method
Theorem . Let conditions (.) and (.) be satisfied and

g ∈ C(I,R) and g ′(t) > . (.)

Assume that there exists a function ρ ∈ C(I, (,∞)) such that, for all constants M > ,

lim sup
t→∞

∫ t

t

[
ρ(s)q(s) –

p–

pp
ρ(s)a(s)(h+(s))p

(Mg ′(s)gn–(s))p–

]
ds = ∞. (.)

If, for some constant λ ∈ (, ),

lim sup
t→∞

∫ t

t

[
q(s)

(
λ

(n – )!
gn–(s)δ(s)

)p–

E(t, s) – ϕ(s)
]

ds = ∞, (.)

then every solution x of (.) is either oscillatory or satisfies condition limt→∞ x(t) = .
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Proof Assume that (.) has a nonoscillatory solution x which is eventually positive and
such that

lim
t→∞ x(t) �= . (.)

Modifying the proof in Zhang et al. ([], Lemma .), we can show that, for all t ≥ t, there
exist two possible cases:

() x(t) > , x′(t) > , x(n–)(t) > , x(n)(t) < ;
() x(t) > , x(n–)(t) > , x(n–)(t) < ,

where t ≥ t is sufficiently large. We consider each of the two cases separately.
Case I. Assume first that case () holds. For t ≥ t, we define the function ω by

ω(t) := ρ(t)
a(t)(x(n–)(t))p–

xp–( g(t)
 )

. (.)

Then ω(t) >  for all t ≥ t and

ω′(t) = ρ ′(t)
a(t)(x(n–)(t))p–

xp–( g(t)
 )

+ ρ(t)
(a(t)(x(n–)(t))p–)′

xp–( g(t)
 )

–
p – 


ρ(t)g ′(t)

a(t)(x(n–)(t))p–x′( g(t)
 )

xp( g(t)
 )

.

Let u := x′. It follows from Lemma . that, for some constant M >  and for all sufficiently
large t,

x′
(

g(t)


)
≥ Mgn–(t)x(n–)(g(t)

) ≥ Mgn–(t)x(n–)(t).

Thus, we deduce that

ω′(t) ≤ ρ ′(t)
a(t)(x(n–)(t))p–

xp–( g(t)
 )

+ ρ(t)
(a(t)(x(n–)(t))p–)′

xp–( g(t)
 )

–
p – 


Mρ(t)g ′(t)gn–(t)

a(t)(x(n–)(t))p

xp( g(t)
 )

.

From (.) and (.), we obtain

ω′(t) ≤ – ρ(t)q(t) +
[

ρ ′(t)
ρ(t)

–
r(t)
a(t)

]
ω(t) –

p – 


Mg ′(t)gn–(t)
ωp/(p–)(t)

(ρ(t)a(t))/(p–)

= – ρ(t)q(t) + h(t)ω(t) –
p – 


Mg ′(t)gn–(t)

ωp/(p–)(t)
(ρ(t)a(t))/(p–) . (.)

Hence, we have

ω′(t) ≤ –ρ(t)q(t) + h+(t)ω(t) –
p – 


Mg ′(t)gn–(t)

ωp/(p–)(t)
(ρ(t)a(t))/(p–) .
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Let

y := ω(t), D := h+(t), and C :=
(p – )Mg ′(t)gn–(t)

(ρ(t)a(t))/(p–) .

Using the inequality

Dy – Cyp/(p–) ≤ (p – )p–

pp
Dp

+

Cp– , (.)

where C > , y ≥ , and D+ := max(, D) (see Fišnarová and Mařík ([], Lemma ) for de-
tails), we get

ω′(t) ≤ –ρ(t)q(t) +
p–

pp
ρ(t)a(t)(h+(t))p

(Mg ′(t)gn–(t))p– .

Integrating this inequality from t to t, we obtain

∫ t

t

[
ρ(s)q(s) –

p–

pp
ρ(s)a(s)(h+(s))p

(Mg ′(s)gn–(s))p–

]
ds ≤ ω(t),

which contradicts (.).
Case II. Assume now that case () is satisfied. For t ≥ t, we define another function v as

follows:

v(t) := –
a(t)(–x(n–)(t))p–

(x(n–)(t))p– . (.)

Then v(t) <  for all t ≥ t. Since

(
–a(t)

(
–x(n–)(t)

)p–E(t, t)
)′ = –q(t)xp–(g(t)

)
E(t, t) < , (.)

we conclude that –a(t)(–x(n–)(t))p–E(t, t) is decreasing. Thus, for all s ≥ t ≥ t,

–a(s)
(
–x(n–)(s)

)p–E(t, s) ≤ –a(t)
(
–x(n–)(t)

)p–E(t, t).

Hence, for all s ≥ t ≥ t,

x(n–)(s) ≤ (a(t)E(t, t))/(p–)

(a(s)E(t, s))/(p–) x(n–)(t).

Integrating this inequality from t to ι, we obtain

x(n–)(ι) ≤ x(n–)(t) +
(
a(t)E(t, t)

)/(p–)x(n–)(t)
∫ ι

t

ds
(a(s)E(t, s))/(p–) .

Taking ι → ∞ and using the fact that limι→∞ x(n–)(ι) ≥  and the definition of δ, we have

 ≤ x(n–)(t) +
(
a(t)E(t, t)

)/(p–)x(n–)(t)δ(t). (.)
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Inequality (.) implies that

–
x(n–)(t)
x(n–)(t)

(
a(t)E(t, t)

)/(p–)
δ(t) ≤ . (.)

Hence, by (.) and (.), we get

–v(t)δp–(t)E(t, t) ≤ . (.)

Differentiation of (.) yields

v′(t) =
(–a(t)(–x(n–)(t))p–)′

(x(n–)(t))p– – (p – )
a(t)(–x(n–)(t))p

(x(n–)(t))p .

From (.) and (.), it follows that

v′(t) = –r(t)
v(t)
a(t)

– q(t)
xp–(g(t))

(x(n–)(t))p– – (p – )
(–v(t))p/(p–)

a/(p–)(t)
. (.)

On the other hand, by Lemma ., we have, for every λ ∈ (, ) and for all sufficiently
large t,

x(t) ≥ λ

(n – )!
tn–x(n–)(t). (.)

Using (.) in (.), we have

v′(t) ≤ r(t)
a(t)δp–(t)E(t, t)

– q(t)
xp–(g(t))

(x(n–)(g(t)))p–
(x(n–)(g(t)))p–

(x(n–)(t))p–

– (p – )
(–v(t))p/(p–)

a/(p–)(t)
. (.)

It follows from (.) and (.) that

v′(t) ≤ r(t)
a(t)δp–(t)E(t, t)

– q(t)
(

λ

(n – )!
gn–(t)

)p–

– (p – )
(–v(t))p/(p–)

a/(p–)(t)
. (.)

Multiplying (.) by δp–(t)E(t, t) and integrating the resulting inequality from t to t, we
obtain

δp–(t)E(t, t)v(t) – δp–(t)E(t, t)v(t) –
∫ t

t

r(s)
a(s)

ds

+ (p – )
∫ t

t

a–/(p–)(s)δp–(s)E(t, s)φ+(s)v(s) ds

+
∫ t

t

q(s)
(

λ

(n – )!
gn–(s)

)p–

δp–(s)E(t, s) ds

+ (p – )
∫ t

t

(–v(s))p/(p–)

a/(p–)(s)
δp–(s)E(t, s) ds ≤ .
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Let

y := –v(s), D := a–/(p–)(s)δp–(s)E(t, s)φ+(s),

and

C := δp–(s)E(t, s)/a/(p–)(s).

Using inequalities (.), (.), and the definition of ϕ, we have

∫ t

t

[
q(s)

(
λ

(n – )!
gn–(s)

)p–

δp–(s)E(t, s) – ϕ(s)
]

ds ≤ δp–(t)E(t, t)v(t) + ,

which contradicts (.). This completes the proof. �

Assume n =  and let the definition of ω in (.) be replaced by

ω(t) := ρ(t)
a(t)(x′(t))p–

xp–(g(t))
, t ≥ t.

Then we have the following result.

Theorem . Let conditions (.), (.), and (.) be satisfied and n = . Suppose that there
exists a function ρ ∈ C(I, (,∞)) such that

lim sup
t→∞

∫ t

t

[
ρ(s)q(s) –


pp

ρ(s)a(s)(h+(s))p

(g ′(s))p–

]
ds = ∞. (.)

If

lim sup
t→∞

∫ t

t

[
q(s)δp–(s)E(t, s) – ϕ(s)

]
ds = ∞, (.)

then (.) is oscillatory.

Example . For t ≥ , consider a second-order delay differential equation with damp-
ing

(
tx′(t)

)′ +
t


x′(t) + qx
(

t


)
= , (.)

where q >  is a constant. Let t = , p = , a(t) = t, r(t) = t/, q(t) = q, g(t) = t/,
and ρ(t) = . Then h+(t) =  and thus condition (.) is satisfied. It is easy to see that
E(t, t) = t/, δ(t) = t–//, φ(t) = t–//, and ϕ(t) = t–/. Then condition (.) holds
for q > . Therefore, by Theorem ., equation (.) is oscillatory provided that q > .
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Observe, however, that if γ = , then

∫ ∞

t

[


a(t) exp(
∫ t

t
r(s)
a(s) ds)

∫ t

t

q(s) exp

(∫ s

t

r(u)
a(u)

du
)

×
(∫ ∞

g(s)

du
(a(u) exp(

∫ u
t

r(v)
a(v) dv))/γ

)γ

ds
]/γ

dt

=
/


q

∫ ∞



ln t
t/ dt < ∞

and

∫ ∞

t

[


a(t)

∫ t

t

exp

(
–

∫ t

s

r(τ )
a(τ )

dτ

)(∫ ∞

s

(


a(u)

)/γ

du
)γ

q(s) ds
]/γ

dt

≤ q

∫ ∞



ln t
t dt < ∞,

which mean that the results obtained in [, ] fail to apply in equation (.).

Theorem . Let conditions (.) and (.) hold. Assume that there exists a function ρ ∈
C(I, (,∞)) such that, for all constants M > ,

lim sup
t→∞

∫ t

t

[
ρ(s)q(s) –

p–

pp
ρ(s)a(s)(h+(s))p

(Msn–)p–

]
ds = ∞. (.)

If there exists a function m ∈ C(I, (,∞)) such that

m(t)
(a(t)E(t, t))/(p–)δ(t)

+ m′(t) ≤  (.)

and, for some constant λ ∈ (, ),

lim sup
t→∞

∫ t

t

[
q(s)

(
λ

(n – )!
gn–(s)

m(g(s))
m(s)

δ(s)
)p–

E(t, s) – ϕ(s)
]

ds = ∞, (.)

then the conclusion of Theorem . remains intact.

Proof Assume that x is an eventually positive solution of (.) that satisfies (.). Similar
analysis to that in Zhang et al. ([], Lemma .) leads to the conclusion that, for all t ≥ t,
there exist two possible cases () and () (as those in the proof of Theorem .), where
t ≥ t is sufficiently large. Assume first that case () holds. We define the function ω by

ω(t) := ρ(t)
a(t)(x(n–)(t))p–

xp–( t
 )

, t ≥ t.

With a similar proof as that of Case I in Theorem ., one arrives at a contradiction with
condition (.). Assume, instead, that case () holds. Define the function v as in (.). As
in the proof of Theorem ., we obtain (.), (.), (.), and (.). On the other hand,
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we derive from (.) that

x(n–)(t)
x(n–)(t)

≥ –


(a(t)E(t, t))/(p–)δ(t)
.

Using the latter inequality and (.), we have

(
x(n–)(t)

m(t)

)′
=

x(n–)(t)m(t) – x(n–)(t)m′(t)
m(t)

≥ –
x(n–)(t)
m(t)

[
m(t)

(a(t)E(t, t))/(p–)δ(t)
+ m′(t)

]
≥ ,

which implies that x(n–)/m is nondecreasing. Hence, it follows from (.) that

x(n–)(g(t))
x(n–)(t)

≥ m(g(t))
m(t)

.

Thus, by (.) and (.), we have

v′(t) ≤ r(t)
a(t)δp–(t)E(t, t)

– q(t)
(

λgn–(t)
(n – )!

)p–(m(g(t))
m(t)

)p–

– (p – )
(–v(t))p/(p–)

a/(p–)(t)
.

The remaining proof is similar to that of Case II in Theorem ., and hence is omitted. �

Remark . The optional function m satisfying condition (.) exists and can be con-
structed by taking m(t) := δ(t).

Assume n =  and let ω be as follows:

ω(t) := ρ(t)
a(t)(x′(t))p–

xp–(t)
, t ≥ t.

Then we obtain the following result that leads to the conclusion of Theorem ..

Theorem . Let conditions (.) and (.) be satisfied and n = . Assume that there exists
a function ρ ∈ C(I, (,∞)) such that

lim sup
t→∞

∫ t

t

[
ρ(s)q(s) –

ρ(s)a(s)(h+(s))p

pp

]
ds = ∞. (.)

If there exists a function m ∈ C(I, (,∞)) such that (.) is satisfied and

lim sup
t→∞

∫ t

t

[
q(s)

(
m(g(s))

m(s)
δ(s)

)p–

E(t, s) – ϕ(s)
]

ds = ∞, (.)

then the conclusion of Theorem . remains intact.

Example . For t ≥ , consider a second-order advanced differential equation with
damping

(
tx′(t)

)′ +
t


x′(t) + qx(t) = , (.)
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where q >  is a constant. Let t = , p = , a(t) = t, r(t) = t/, q(t) = q, g(t) = t, ρ(t) = ,
and m(t) = δ(t) = t–//. Similar analysis to that in Example . implies that condition
(.) holds and condition (.) is satisfied for q > 

√
. Thus, by Theorem ., equation

(.) is oscillatory if q > 
√

. Observe that the results reported in [, ] cannot be
applied to equation (.) since g(t) > t.

In the next theorem, we consider equation (.) under the assumptions that (.) holds
and

A(t) :=
∫ ∞

t

ds
a/(p–)(s)

and A(t) < ∞. (.)

Note that condition (.) is also satisfied in this case.

Theorem . Let conditions (.) and (.) hold. Assume that there exists a function
ρ ∈ C(I, (,∞)) such that (.) holds for all constants M > . If there exists a function
ξ ∈ C(I, (,∞)) such that

ξ (t)
a/(p–)(t)A(t)

+ ξ ′(t) ≤  (.)

and, for some constant λ ∈ (, ),

r(t) ≤ q(t)
(

λgn–(t)δ(g(t))
(n – )!

)p–

a(t)E(t, t) (.)

and

lim sup
t→∞

∫ t

t

[
q(s)

(
λgn–(s)ξ (g(s))A(s)

(n – )!ξ (s)

)p–

–
r(s)
a(s)

–
(p – )p

pp


A(s)a/(p–)(s)

]
ds = ∞, (.)

then the conclusion of Theorem . remains intact.

Proof Assuming again that x is an eventually positive solution of (.) that satisfies (.)
and proceeding as in the proof of Theorem ., we end up having to show case () (as the
corresponding case in Theorem .). As in the proof of Case II in Theorem ., one arrives
at the inequalities (.), (.), and (.) which holds for all λ ∈ (, ). Inequalities (.)
and (.) yield, for all λ ∈ (, ) and for all sufficiently large t,

x(t) ≥ –
λ

(n – )!
tn–(a(t)E(t, t)

)/(p–)x(n–)(t)δ(t). (.)

From (.) and (.), we obtain

(
–a(t)

(
–x(n–)(t)

)p–)′

≤ r(t)
(
–x(n–)(t)

)p– – a
(
g(t)

)
E
(
t, g(t)

)(
–x(n–)(g(t)

))p–q(t)
(

λgn–(t)δ(g(t))
(n – )!

)p–

.
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Using (.) and condition (.), we have

–a
(
g(t)

)
E
(
t, g(t)

)(
–x(n–)(g(t)

))p– ≤ –a(t)E(t, t)
(
–x(n–)(t)

)p–.

Thus, by (.), we get

(
–a(t)

(
–x(n–)(t)

)p–)′

≤ (
–x(n–)(t)

)p–
[

r(t) – q(t)
(

λgn–(t)δ(g(t))
(n – )!

)p–

a(t)E(t, t)
]

≤ ,

which implies that, for all s ≥ t ≥ t,

x(n–)(s) ≤ a/(p–)(t)
a/(p–)(s)

x(n–)(t).

Integrating this inequality from t to ι, we obtain

x(n–)(ι) ≤ x(n–)(t) + a/(p–)(t)x(n–)(t)
∫ ι

t

ds
a/(p–)(s)

.

Letting ι → ∞ and using the definition of A, we get

 ≤ x(n–)(t) + a/(p–)(t)x(n–)(t)A(t),

which yields

–
x(n–)(t)
x(n–)(t)

a/(p–)(t)A(t) ≤ . (.)

Now, we define the function v by (.). From (.) and (.), we see that

–v(t)Ap–(t) ≤ . (.)

Differentiating (.) and using (.), we have (.). On the other hand, by (.) and (.),
we obtain

(
x(n–)(t)

ξ (t)

)′
=

x(n–)(t)ξ (t) – x(n–)(t)ξ ′(t)
ξ (t)

≥ –
x(n–)(t)
ξ (t)

[
ξ (t)

a/(p–)(t)A(t)
+ ξ ′(t)

]
≥ ,

which shows that x(n–)/ξ is nondecreasing. Hence, using condition (.), we get

x(n–)(g(t))
x(n–)(t)

≥ ξ (g(t))
ξ (t)

. (.)

Thus, from (.), (.), (.), and (.), it follows that

v′(t) ≤ r(t)
a(t)Ap–(t)

– q(t)
xp–(g(t))

(x(n–)(g(t)))p–
(x(n–)(g(t)))p–

(x(n–)(t))p– – (p – )
(–v(t))p/(p–)

a/(p–)(t)

≤ r(t)
a(t)Ap–(t)

– q(t)
(

λgn–(t)ξ (g(t))
(n – )!ξ (t)

)p–

– (p – )
(–v(t))p/(p–)

a/(p–)(t)
. (.)
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Multiplying (.) by Ap–(t) and integrating the resulting inequality from t to t, we have

Ap–(t)v(t) – Ap–(t)v(t) –
∫ t

t

r(s)
a(s)

ds + (p – )
∫ t

t

a–/(p–)(s)Ap–(s)v(s) ds

+
∫ t

t

q(s)
(

λgn–(s)ξ (g(s))
(n – )!ξ (s)

)p–

Ap–(s) ds

+ (p – )
∫ t

t

(–v(s))p/(p–)

a/(p–)(s)
Ap–(s) ds ≤ .

Let

y := –v(s), D := a–/(p–)(s)Ap–(s), and C := Ap–(s)/a/(p–)(s).

Using inequality (.), we derive from (.) that

∫ t

t

[
q(s)

(
λgn–(s)ξ (g(s))A(s)

(n – )!ξ (s)

)p–

–
r(s)
a(s)

–
(p – )p

pp


A(s)a/(p–)(s)

]
ds

≤ Ap–(t)v(t) + ,

which contradicts (.). This completes the proof. �

Remark . The optional function ξ satisfying assumption (.) can reasonably be con-
structed by taking ξ (t) := A(t).

Similarly, we have the following criterion for (.) in the case when n = .

Theorem . Let (.) and (.) be satisfied and n = . Suppose that there exists a func-
tion ρ ∈ C(I, (,∞)) such that (.) holds. If

r(t) ≤ q(t)δp–(g(t)
)
a(t)E(t, t) (.)

and there exists a function ξ ∈ C(I, (,∞)) such that (.) holds and

lim sup
t→∞

∫ t

t

[
q(s)

(
ξ (g(s))A(s)

ξ (s)

)p–

–
r(s)
a(s)

–
(p – )p

pp


A(s)a/(p–)(s)

]
ds = ∞, (.)

then the conclusion of Theorem . remains intact.

Example . For t ≥  and q > , consider the second-order advanced differential
equation (.). Let t = , p = , a(t) = t, r(t) = t/, q(t) = q, g(t) = t, ρ(t) = , and
ξ (t) = A(t) = t–. Then E(t, t) = t/, δ(t) = t–//, and h+(t) = . It is not difficult to verify
that all conditions of Theorem . are satisfied for q ≥ 

√
/. Therefore, using Theo-

rem ., equation (.) is oscillatory provided that q ≥ 
√

/, whereas Theorem .
implies that equation (.) is oscillatory if q > 

√
. Hence, Theorem . improves The-

orem . in some cases. However, to achieve such improvement, an additional assumption
(.) is required. Therefore, we observe that Theorems ., ., ., and . are of inde-
pendent interest.
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The following example is provided to show that our results are sharp for the second-
order Euler differential equation (tx′(t))′ + qx(t) = , q > .

Example . For t ≥ , consider a second-order differential equation with damping

(
tx′(t)

)′ + rx′(t) + qx(t) = , (.)

where r ≥  and q >  are constants. Let t = , p = , a(t) = t, r(t) = r, q(t) = q, g(t) = t,
and ρ(t) = . Then h+(t) =  and so condition (.) is satisfied. It is not hard to verify that
 ≤ E(t, t) ≤ er , e–r t– ≤ δ(t) ≤ t–, and A(t) = /t. Then condition (.) is satisfied for
all sufficiently large t and, for q > /,

lim sup
t→∞

∫ t

t

[
q(s)

(
ξ (g(s))A(s)

ξ (s)

)p–

–
r(s)
a(s)

–
(p – )p

pp


A(s)a/(p–)(s)

]
ds

= lim sup
t→∞

∫ t



[
q

s
–

r

s –


s

]
ds = ∞.

Hence, by Theorem ., equation (.) is oscillatory provided that q > / (it is well
known that q > / is the best possible for the oscillation of equation (.) when r = ).
Observe, however, that if γ = , then

∫ ∞

t

[


a(t) exp(
∫ t

t
r(s)
a(s) ds)

∫ t

t

q(s) exp

(∫ s

t

r(u)
a(u)

du
)

×
(∫ ∞

g(s)

du
(a(u) exp(

∫ u
t

r(v)
a(v) dv))/γ

)γ

ds
]/γ

dt

≤ qer

∫ ∞



ln t
t dt < ∞

and

∫ ∞

t

[


a(t)

∫ t

t

exp

(
–

∫ t

s

r(τ )
a(τ )

dτ

)(∫ ∞

s

(


a(u)

)/γ

du
)γ

q(s) ds
]/γ

dt

≤ q

∫ ∞



ln t
t dt < ∞,

which mean that the results reported in [, ] cannot be applied to equation (.).

Finally, the following example is given to present an open problem of this paper.

Example . For t ≥ , consider the second-order Euler differential equation

(
tx′(t)

)′ +
t


x′(t) + qx(t) = , (.)

where q >  is a constant. Let t = , p = , a(t) = t, r(t) = t/, q(t) = q, g(t) = t/, ρ(t) = ,
m(t) = δ(t) = t–//, and ξ (t) = A(t) = t–. It is easy to see that h+(t) = , E(t, t) = t/,
φ(t) = t–//, and ϕ(t) = t–/. Applications of Theorems . and . imply that equation
(.) is oscillatory if q > , whereas Theorem . yields oscillation of equation (.) for
q > /. Similar analysis to that in Example . shows that the results obtained in [, ]
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fail to apply in equation (.). However, it is well known that equation (.) is oscillatory
if and only if q > /. How to extend this sharp result to equation (.) remains open at
the moment.

4 Asymptotic results via the integral averaging technique
In this section, we employ the integral averaging technique to establish Philos-type (see
Philos []) asymptotic tests for (.). In the following, we use the notation D := {(t, s) : t ≥
s ≥ t}. We say that a continuous function H : D → [,∞) belongs to the class H if

(i) H(t, t) =  for t ≥ t, and H(t, s) >  for t > s ≥ t;
(ii) H has a nonpositive continuous partial derivative ∂H/∂s with respect to the second

variable satisfying, for some locally integrable function � ∈ Lloc(D,R) and for some
function ρ ∈ C(I, (,∞)),

∂

∂s
H(t, s) + h(s)H(t, s) =

�(t, s)
ρ(s)

(
H(t, s)

)(p–)/p.

We say that a continuous function K : D → [,∞) belongs to the class K if
(j) K(t, t) =  for t ≥ t, and K(t, s) >  for t > s ≥ t;

(jj) K has a nonpositive continuous partial derivative ∂K/∂s with respect to the second
variable satisfying, for some locally integrable function ζ ∈ Lloc(D,R),

–
∂

∂s
K(t, s) = ζ (t, s)

(
K(t, s)

)(p–)/p.

Theorem . Let conditions (.), (.), and (.) be satisfied. Assume that there exists a
function H ∈H such that, for all constants M >  and for all t ≥ t,

lim sup
t→∞


H(t, t)

∫ t

t

[
H(t, s)ρ(s)q(s) –

p–

pp
a(s)(�+(t, s))p

(Mg ′(s)gn–(s)ρ(s))p–

]
ds = ∞. (.)

If there exists a function K ∈ K such that, for some constant λ ∈ (, ) and for all t ≥ t,

lim sup
t→∞

∫ t

t

[
K(t, s)q(s)

(
λ

(n – )!
gn–(s)

)p–

–
K(t, s)r(s)

a(s)δp–(s)E(t, s)
–

a(s)(ζ (t, s))p

pp

]
ds > , (.)

then the conclusion of Theorem . remains intact.

Proof Assume that x is an eventually positive solution of (.) that satisfies (.). Similar
analysis to that in Zhang et al. ([], Lemma .) leads to the conclusion that, for all t ≥ t,
there exist two possible cases () and () (as those in the proof of Theorem .), where
t ≥ t is sufficiently large. First, assume that case () holds. Defining the function ω by (.)
and proceeding as in the proof of Theorem ., we arrive at inequality (.). Multiplying
(.) by H(t, s) and integrating the resulting inequality from t to t, we obtain

∫ t

t

H(t, s)ρ(s)q(s) ds

≤ H(t, t)ω(t) +
∫ t

t

[
∂H(t, s)

∂s
+ h(s)H(t, s)

]
ω(s) ds
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–
∫ t

t

p – 


MH(t, s)g ′(s)gn–(s)
ωp/(p–)(s)

(ρ(s)a(s))/(p–) ds

≤ H(t, t)ω(t) +
∫ t

t

�+(t, s)
ρ(s)

(
H(t, s)

)(p–)/p
ω(s) ds

–
∫ t

t

p – 


MH(t, s)g ′(s)gn–(s)
ωp/(p–)(s)

(ρ(s)a(s))/(p–) ds.

Let

Cp/(p–) :=
p – 


MH(t, s)g ′(s)gn–(s)

ωp/(p–)(s)
(ρ(s)a(s))/(p–)

and

D/(p–) :=
(p–)/p(p – )/p�+(t, s)(a(s)ρ(s))/p

pM(p–)/pρ(s)(g ′(s)gn–(s))(p–)/p .

Using the following inequality (a variation of the well-known Young inequality)

p
p – 

CD/(p–) – Cp/(p–) ≤ 
p – 

Dp/(p–), (.)

where p > , C ≥ , and D ≥ , we conclude that

�+(t, s)
ρ(s)

(
H(t, s)

)(p–)/p
ω(s) –

p – 


MH(t, s)g ′(s)gn–(s)
ωp/(p–)(s)

(ρ(s)a(s))/(p–)

≤ p–

pp
a(s)(�+(t, s))p

(Mg ′(s)gn–(s)ρ(s))p– .

Hence, we have


H(t, t)

∫ t

t

[
H(t, s)ρ(s)q(s) –

p–

pp
a(s)(�+(t, s))p

(Mg ′(s)gn–(s)ρ(s))p–

]
ds ≤ ω(t),

which contradicts (.). Assume now that case () holds and define the function v as in
(.). As in the proof of Theorem ., we obtain (.). Multiplying (.) by K(t, s) and
integrating the resulting inequality from t to t, we have

∫ t

t

K(t, s)
[

q(s)
(

λgn–(s)
(n – )!

)p–

–
r(s)

a(s)δp–(s)E(t, s)

]
ds

≤ K(t, t)v(t) +
∫ t

t

∂K(t, s)
∂s

v(s) ds –
∫ t

t

(p – )K(t, s)
(–v(s))p/(p–)

a/(p–)(s)
ds

= K(t, t)v(t) –
∫ t

t

ζ (t, s)
(
K(t, s)

)(p–)/pv(s) ds –
∫ t

t

(p – )K(t, s)
(–v(s))p/(p–)

a/(p–)(s)
ds.

Let

Cp/(p–) := (p – )K(t, s)
(–v(s))p/(p–)

a/(p–)(s)
and D/(p–) :=

(p – )/pζ (t, s)a/p(s)
p

.
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Using inequality (.), we obtain

∫ t

t

[
K(t, s)q(s)

(
λ

(n – )!
gn–(s)

)p–

–
K(t, s)r(s)

a(s)δp–(s)E(t, s)
–

a(s)(ζ (t, s))p

pp

]
ds

≤ K(t, t)v(t) < ,

which contradicts (.). This completes the proof. �

The validity of the following five propositions can be established in a similar manner as
in the proof of Theorem .. Therefore, to avoid unnecessary repetition, we only formulate
the contents of the following theorems.

Theorem . Let conditions (.), (.), and (.) be satisfied and n = . Assume that there
exists a function H ∈H such that, for all t ≥ t,

lim sup
t→∞


H(t, t)

∫ t

t

[
H(t, s)ρ(s)q(s) –


pp

a(s)(�+(t, s))p

(g ′(s)ρ(s))p–

]
ds = ∞. (.)

If there exists a function K ∈ K such that, for all t ≥ t,

lim sup
t→∞

∫ t

t

[
K(t, s)q(s) –

K(t, s)r(s)
a(s)δp–(s)E(t, s)

–
a(s)(ζ (t, s))p

pp

]
ds > , (.)

then the conclusion of Theorem . remains intact.

Theorem . Let conditions (.) and (.) hold. Assume that there exists a function H ∈H

such that, for all constants M >  and for all t ≥ t,

lim sup
t→∞


H(t, t)

∫ t

t

[
H(t, s)ρ(s)q(s) –

p–

pp
a(s)(�+(t, s))p

(Msn–ρ(s))p–

]
ds = ∞. (.)

Furthermore, suppose that there exists a function m ∈ C(I, (,∞)) such that (.) is sat-
isfied. If there exists a function K ∈ K such that, for some constant λ ∈ (, ) and for all
t ≥ t,

lim sup
t→∞

∫ t

t

[
K(t, s)q(s)

(
λgn–(s)m(g(s))

(n – )!m(s)

)p–

–
K(t, s)r(s)

a(s)δp–(s)E(t, s)
–

a(s)(ζ (t, s))p

pp

]
ds > , (.)

then the conclusion of Theorem . remains intact.

Theorem . Let conditions (.) and (.) be satisfied and n = . Assume that there exists
a function H ∈H such that, for all t ≥ t,

lim sup
t→∞


H(t, t)

∫ t

t

[
H(t, s)ρ(s)q(s) –


pp

a(s)(�+(t, s))p

ρp–(s)

]
ds = ∞. (.)
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Furthermore, suppose that there exists a function m ∈ C(I, (,∞)) such that (.) is sat-
isfied. If there exists a function K ∈ K such that, for all t ≥ t,

lim sup
t→∞

∫ t

t

[
K(t, s)q(s)

(
m(g(s))

m(s)

)p–

–
K(t, s)r(s)

a(s)δp–(s)E(t, s)
–

a(s)(ζ (t, s))p

pp

]
ds > , (.)

then the conclusion of Theorem . remains intact.

Theorem . Let conditions (.) and (.) hold and let condition (.) be satisfied for
some constant λ ∈ (, ). Assume that there exists a function H ∈ H such that (.) holds
for all constants M >  and for all t ≥ t. Furthermore, suppose that there exists a function
ξ ∈ C(I, (,∞)) such that (.) holds. If there exists a function K ∈ K such that, for all
t ≥ t,

lim sup
t→∞

∫ t

t

[
K(t, s)q(s)

(
λgn–(s)ξ (g(s))

(n – )!ξ (s)

)p–

–
K(t, s)r(s)
a(s)Ap–(s)

–
a(s)(ζ (t, s))p

pp

]
ds > , (.)

then the conclusion of Theorem . remains intact.

Theorem . Let conditions (.), (.), and (.) be satisfied and n = . Assume that
there exists a function H ∈ H such that (.) holds for all t ≥ t. Furthermore, suppose
that there exists a function ξ ∈ C(I, (,∞)) such that (.) holds. If there exists a function
K ∈ K such that, for all t ≥ t,

lim sup
t→∞

∫ t

t

[
K(t, s)q(s)

(
ξ (g(s))
ξ (s)

)p–

–
K(t, s)r(s)
a(s)Ap–(s)

–
a(s)(ζ (t, s))p

pp

]
ds > , (.)

then the conclusion of Theorem . remains intact.

5 Conclusions
In this paper, we have established new asymptotic criteria for even-order damped differ-
ential equations with p-Laplacian like operators (.) assuming that (.) holds. Note that
condition (.) brings about additional difficulties in the study of the asymptotic behavior
of (.). One of the principal difficulties arises from the sign of x(n–) <  (which is sim-
ply eliminated if condition (.) holds; cf. []). Since the sign of the derivative x(n–) is not
known, our theorems for the asymptotic properties of (.) include a pair of assumptions,
as for instance, (.) and (.).

Most asymptotic results reported in the literature for equation (.) and its particular
cases have been obtained under the assumption (.); see, for instance, the papers [, ,
, , , , ]. Examples ., ., and . show that the results obtained in this paper
improve those reported in [, ]. Furthermore, our theorems complement the related
results in the cited papers since these criteria can be applied to the case (.).



Liu et al. Journal of Inequalities and Applications  (2016) 2016:321 Page 18 of 18

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All four authors contributed equally to this work. They all read and approved the final version of the manuscript.

Author details
1School of Information Engineering, Shandong Yingcai University, Jinan, Shandong 250104, P.R. China. 2Department of
Mathematics and Statistics, Missouri S&T, Rolla, MO 65409-0020, USA. 3Department of Engineering Mathematics, Faculty
of Engineering, Cairo University, Orman, Giza 12221, Egypt. 4LinDa Institute of Shandong Provincial Key Laboratory of
Network Based Intelligent Computing, Linyi University, Linyi, Shandong 276005, P.R. China. 5School of Informatics, Linyi
University, Linyi, Shandong 276005, P.R. China.

Acknowledgements
This research is supported by NNSF of P.R. China (Grant No. 61503171), CPSF (Grant No. 2015M582091), NSF of Shandong
Province (Grant No. ZR2016JL021), DSRF of Linyi University (Grant No. LYDX2015BS001), and the AMEP of Linyi University,
P.R. China.

Received: 20 October 2016 Accepted: 14 November 2016

References
1. Hale, JK: Theory of Functional Differential Equations. Springer, New York (1977)
2. Agarwal, RP, Grace, SR, O’Regan, D: Oscillation Theory for Second Order Linear, Half-Linear, Superlinear and Sublinear

Dynamic Equations. Kluwer Academic Publishers, Dordrecht (2002)
3. Zhang, C, Agarwal, RP, Li, T: Oscillation and asymptotic behavior of higher-order delay differential equations with

p-Laplacian like operators. J. Math. Anal. Appl. 409, 1093-1106 (2014)
4. Agarwal, RP, Bohner, M, Li, T, Zhang, C: Oscillation of second-order Emden-Fowler neutral delay differential equations.

Ann. Mat. Pura Appl. 193, 1861-1875 (2014)
5. Agarwal, RP, Grace, SR, O’Regan, D: Oscillation Theory for Difference and Functional Differential Equations. Kluwer

Academic Publishers, Dordrecht (2000)
6. Bohner, M, Saker, SH: Oscillation of damped second order nonlinear delay differential equations of Emden-Fowler

type. Adv. Dyn. Syst. Appl. 1, 163-182 (2006)
7. Erbe, L, Hassan, TS, Peterson, A: Oscillation criteria for nonlinear damped dynamic equations on time scales. Appl.

Math. Comput. 203, 343-357 (2008)
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