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CONVERGENCE OF ITERATIVE SOLVERS
FOR NON-LINEAR STEP-AND-FLASH IMPRINT
LITHOGRAPHY SIMULATIONS

The paper presents the analysis of the iterative solvers utilized to solve the non-linear problem
of Step-and-Flash Imprint Lithography (SFIL) a modern patterning process. The simulations
consists in solving molecular statics problem for the polymer network, with quadratic poten-
tials. The model distinguishes the strong interparticle interactions between particles forming
a polymer network, and weak interactions between remaining particles. It also allows for large
deformations, which all together implies the non-linear model. To illustrate the convergence
of the iterative solvers, we present snapshots of the deformation of the sample being subject
to the iterative solution. We claim that the animation is an interesting way of illustrating
the convergence of the iterative solvers.
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ZBIEZNOSC SOLWEROW ITERACYJNYCH
DLA NIELINIOWYCH SYMULACJI PROCESU NANOLITOGRAFII
PRZEZ NASWIETLANIE | WYCISKANIE

Artykul analizuje zbieznosé solweréw iteracyjnych dla nieliniowych symulacji procesu nano-
litografii przez naswietlanie i wyciskanie. Symulacje polegaja na rozwigzaniu zadania staty-
ki czasteczkowej dla sieci polimeréw, w ktérym przyjeto kwadratowe potencjaly miedzy-
czasteczkowe, rozrézniono silniejsze oddzialywania pomiedzy czastkami tworzacymi lancuchy
polimeréw oraz stabsze oddzialywania pomiedzy pozostalymi czastkami, a takze dopuszczono
wystepowanie duzych odksztalcen, co implikuje model nieliniowy. W celu ilustracji zbieznos-
ci solweréw przedstawiono wizualizacje odksztalcen sieci polimeréw w kolejnych iteracjach.
Taka animacja jest interesujaca metoda ilustracji zbieznosci solweréw iteracyjnych.
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1. Introduction

The paper presents the analysis of the convergence of iterative solver utilized to
solve the non-linear molecular statics problem resulting from Step-and-Flash Imprint
Lithography (SFIL) simulations. The SFIL is a modern patterning process utilizing
the photopoymerization to replicate the topography of a template onto a substrate
[1, 3, 4]. The liquid polymer is placed on the substrate, pressed by the template with
previosly prepared shape, and the photopolymerization process is forced by the UV
expose. The simulation of the SFIL process focuses on the modeling of the densification
step, where the polymer network is formed and the interparticle forces arise and result
in a shrinkage of the sample. The average distance between the molecules decreases
and causes volumetric contraction. Exemplary shrinkage of the sample is presented in
Figure 1. Densification of the SFIL photopolymer may affect both the cross sectional
shape of the sample and the placement of relief patterns.

Fig. 1. Shrinkage of the sample after removal of the template (picture obtained
from Prof. G. C. Willson from the University of Texas in Austin)

The densification process resulting in the shrinkage of the sample is modeled by
the non-linear molecular statics. The input of the algorithm is the polymer network
obtained from the Monte-Carlo simulation [2], describing the chemical reactions that
take place during the photopolymerization. The resulting molecular structure consists
of a lattice of point mass particles with dual, nearest-neighbor, force interactions
governed by force potential functions. In the molecular statics model, large particle
displacements are allowed and all inter-molecular bonds are governed by quadratic
force potential functions.

The resulting model is non-linear and must be solved using the iterative lin-
earization method. The Newton-Raphson method is used for the linearization, and
the GMRES iterative solver is used to solve the linearized problems in consequtive
iterations. The convergence of the iterative solver is tested on the 50x50x50 nm rep-
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resentative sample, and the snapshots of the deformations during particular iterations
are presented. The non-linear model is also compared with linear one, assuming small
deformations, and the linear model is solved by using PCG solver.

2. Molecular Statics Model

This chapter presents the derivation of the equation governing the equilibrium config-
urations of the interacting particles forming the polymerized network. The interpartice
force parameters were generated by the Monte Carlo simulation of the photo-curing
process [2]. The derivation presented here is based on the detailed derivations for
linear and non-linear models for the Molecular Statics and Finite Element Method
[5] summarized in technical report [6].

We consider an arbitrary pair of molecules in the mesh with indices o and § and
given initial position vectors po = (£q, Jas o) and pg. The unknown equilibrium po-
sition vectors of particles o and [ are denoted € = (Za, Yo, 2o) and xg, respectively.
The displacements from the initial position in the lattice to the equilibrium position
are represented by the vectors u, = X4 — po and ug = xg — pg. Let || - || denote the
Eucledean norm in R?, let o5 = |25 — @ || be the distance between particles a and
0 in equillibrium configuration.

In this paper we consider two formulations of the problem. First formulation
assumes small deformations, and thus we formulate the equillibrium equations in the
initial configuration of particles. In other words, the interparticle forces F3 act along
the vector ps — po. The interparticle force is defined as

_ OV(rap) Ps—Pa (1)

F =
o0 s |Ps — Pall
N —— N ——

magnitude direction

where V (rq) is the potential function due to the bond between particles « and 5. The
small deformation assumption, in particular the fact the we formulate the problem in
the initial position of particles, implies the linear model.

In the second formulation the large deformations are allowed and that is why
we formulate the equillibrium equations in the unknown destination configuration of
particles. In other words, the interparticle forces F,3 act along the vector xg — x,.
The interparticle force is defined as

B OV (rag) Xg— X

(2)

F =
o Orap %5 — Xal
N— e N————

magnitude direction

All the force potential functions V(r.s) are assumed to be quadratic and therefore
the magnitude of the intermolecular forces F,3 is linearly dependent on r,g

Fa,@ = kaﬁ (Tag + AT‘ag — Tgﬁ) (3)
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where kqp is the stiffness coefficient of the spring force (provided by the Monte Carlo
simulation) rqg + Arag is length of the spring in equillibrium configuration of the lat-
tice structure and where 9 5 is the unstretched length of the spring (when Fup = 0).

The equillibrium equations are obtained by summing up all interparticle forces
for all particles neighboring the particle «, collected in the set A,. For the linear
formulation assuming small deformations we get

S Fas=-Y OViras) Ps—Pa__ ¢ (4)

BEN BEN, ar@ﬁ ||p5 - paH

and for the non-linear formulation allowing for large deformations we have

ZFaB:_Zavmﬁ Xs —Xa_ _ o 5)

BEN BEN., 67"aﬁ ||Xﬁ _XDt”

The parameters of the potential functions {V(r43)}gen, are provided by the Monte
Carlo simulation algorithm discussed in [2].

In the non-linear model, the intermolecular forces F',3 are linear and we allow
for large deformations. It implies that directions of the spring forces are aligned along
T3 — . Thus, the non-linearity of the model is a consequence of large deformations.

In this paper we simulate the shrinkage of the sample after removing of the
template. The shrinkage is a result of internal forces resulting from the photopoly-
merization of the sample. That is why there are no external forces included in the
equillibrium equations. Moreover, the position of the bottom layer of particles is as-
sumed to be fixed.

3. Linear formulation assuming small deformations

The linear Molecular Statics model is based on two basic assumptions:
1. All the force potential functions V(rng) are quadratic and therefore the magni-
tude of the intermolecular forces F,g3 is linearly dependent on rqg.
2. Small deformations are observed. We will show now that this implies the direction
of the spring forces along the initial spring alignments pg — p,,.
In the following formulae we will write rog as [ for simplicity.

L+ AN =12 xg—xa|® -

I+Al+1 20+ Al
||2—l2

Al=(+an—1="

_l(pg — o) + (up — ua)
B 20+ Al

where

2
2 _ (IPs = Pal®)” + (Ps —Pa) - (up —ua) + [lup —ua* — 2 _
2l + Al
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_ 2(175 — Do) (uﬁ —Uq) + ”uﬁ - ua||2
20+ Al

From the assumption of small deformations it follows that ||ug —wu||* is a higher
order term that can be neglected, and % < 1. Thus now

1

Al 395 = pa) - (us — ua)

which we can rewrite in terms of our unknowns x,, xg:

Al ~

~| =

1 5 1
= —7llps = Pall” + 7 (Ps = Pa) - (@5 —a) =
1
= 1+ 1 (py — Pa) - (@5 — @)
SO )
L+ AL~ 1Dy — o) (5 — %)
The magnitude of the force in the spring between particles o and 8 becomes now

ko
Faﬁ = ko‘ﬁ (l +Al - 7‘25) = ﬁ(pﬁ _poz) ’ (mﬁ - wa) - kaﬁrgﬂ

In the initial configuration, the spring is aligned along p,, —pg. In the equilibrium
configuration it is aligned along xg — .. The angle between these two alignments is
governed by

(P —Po) (s —Ta)  (Pg—Pa) - (Pg — Po + U — Ua)
cosf = = -
1Ps — Pallllzs — @l - (I+Al)
P (ps—pa) - (up — ua)
- (I+ Al

Since we assumed small deformations, we get

1

(ps — pa)l-z(w —ua) _ s = PQILQW —ual _ [lps ;paH <

and % < 1. Hence cosf ~ 1 which implies that § ~ 0 and F,g is approximately
aligned along pg — p,, i.e.

kag o | (s —Pa)
F = | — — . — —k Pl i
af |:raﬂ (pﬁ pa) (iﬂﬁ wa) aﬁraﬁ Top
where [’:;‘g (Pg — Po) - (g — o) — ka,@rgﬁ is a magnitude and (p%ﬁpu) is a direc-

tion.
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At this point we are ready to introduce the equillibrium equations for a linear
model. At each particle, force equilibrium has to hold. Thus

> Fop=0, a=12,... N

which can be rewritten as

_ kagr?
> (W(pa —Pa) - (zg— w&) BT =Yy~ p,) = 0

5 Tap Tap 5 Tap

Note that ro5 = /(25 — £a)? + (U8 — §a)® + (25 — 2a)2. So at each particle we have
3 equations (corresponding to each component of the vector equation).

For example, equations in z direction

kagl(Zp — 2a) (s — o) + (I8 — Ja)(Ys — Ya) + ( Za)(zp — 2a)|(Ep — 2a) _
Z -
5 (@ — 2a)? + (J5 — Ja)? + (23 )2
- kapros(is — Ta) o
Z\/xﬁ—w + (U8 — 9a)® + (28 — £a)?

equations in y direction

=0

kaprds(08 = o)
; V(@ —2a)? + (U — 9a)? + (25 — 2a)?

and in z direction

Z\/ aﬁraﬁ(ﬁ_’%a) _ _ 2:0

(Zp — 2a)? + (U5 — Ua)? + (25 — 2a)

4. Netwon-Raphson method for non-linear model allowing
large deformations

We start with formulating the equillibrium equations for non-linear model. At each
particle «, force equilibrium has to hold. Thus

ZFgﬂ:O, a=12,...,N

which can be rewritten as
F(x)=0

where F' is a composition of F* for all o = 1,2,...,N, and x is a composition of
1,X2,...,TN-
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From Taylor expansion of F' around guess =’ we have
F(z) = F(z') + 0F(z', Az") + H.O.T.
where = 2! + Az®. Since
F(z)~ F(x') + 0F (z', Az")
then Az’ can be approximated from
OF (z', Ax') = —F(x")

The Newton-Raphson algorithm can be summarized in the following way:
Select the initial configuration of particles x°
Compute the right hand side of OF(z', Az') = —F(z")

Compute the Jacobian for the left hand side of JOF(z',Azx’) = —F(z%)
Solve the equation JF(x’,Az') = —F(z') for Ax’

Update z't! =z’ + Az’

if ||Az'|| is not small enough, then i =14+ 1, go to 2.

O O W N

It should be emphesized that line 4 of the above algorithm involves the iterations
of the GMRES iterative solver. In this version of the Newton-Raphson algorithm we
compute directly the Jacobian matrix in line 3. There are some other versions of the
Newton-Raphson algorithm where the Jacobian matrix is not computed directly but
approximated, however in our case we allow for large deformations and the Jacobian
matrix may be very different from one iteration to another, so we decided the compute
the Jacobian matrix directly, using the analytical formulae.

Now, we need to specify how to compute the right hand side in line 2 and the
Jacobian matrix in line 3.

The right hand side is just equal to
w’B - a:i

||a:5

;C'L) :ZFaﬁ(CCZ,.’BB Zk(yﬂ ||:B5 a” aﬁ)
B

Here mix ( ouyou a) and HmaH - \/ xQQ +yé¢ + Z(i)c2'

Now we will derive the formula for the Jacobian

OF (z', Ax') = Z OF op(xl,, xly; Az, Ax))
B

We need to compute
8Fa5(:cg, miﬁ; Aa:fl, Ax},) =

1 . o . o
= lim 7 [Fag(mla + 0Az,,, x5 + OAw%) — Fop5(xy, :c};)] =

0—0
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33}3 + QAa:}'B - wi - HA:Bi

. i i
:glinf k(w(Hmﬁ—i—&Amﬁ—m —0Az: || — 0 )

00 |z} + 0Ax]; — xi, — Az il
) zl, — x?
k(x (”ml l || )M
pAIE [ — x|l
lim [kos(||zf — @, + 0(Aa — A | — " e +
iy ol =+ 08wl = 82l = ro)) fr =5 e, - B
lim + [kag 2 — @i, + 0(A — Az T ~ T
+91£%§ [kagllzl — xl, + 0(Axly — Az),)|] |z, — ai, + 0(Az), — Azl
.1 i i xz_mi
- i ghoallah — bl
1 1 1 i
— lim Zkagr! — : T T 5= Ta) =
fim, FRasras [Ilmg ~2, 100w, Aa) T —:c;n] (@5~ =)

Azl — Az,
[y — |
l”fﬂ% — o ll® =l — xi, + 0(Ax) — Az, )||2] .

= kap [llzh — 2ol — 4]

— hm kag 25

—0 0 ||:cﬁfa:’ ||+Ha:57ml +0(Aw6 Azl)||

xfy — ), B
lef — i |l - [leh — ai, + 0(Az — Azl
Azj — Az,
e — |
20 (@ — i) - (A - Axl,) - 62| Ay - Axi |2
||wﬁ —xi| + ||:1:5 — i, + Azl — Azl )|

= kap [|@h — ol — 78]

1
— hrr(l) gkagrgﬁ

it
mﬁw

lacty — i || [l — il + 0(Axfy — Azl

. ) Azt Aaz
1 K2 /6
= kap [||$g —zo| - 7”35] ﬁ
B
(x4 — ') - (Azl — Ax?) xt — x!,
+ kagrgﬁ A s iﬁQ : b 7 (6)
|z — x| |l — ||

We can reformulate the equations in matrix-vector notation, i.e.

; ; Ax!
OFop(x’; Ax') = (K** K*F < ‘;)
B ( ) A:cﬂ

In the following, we use Einstein’s notation a;b; = a1b1 + asbs + azbs. We define
Cartesian base vectors e; = (1,0,0), e2 = (0,1,0) and e3 = (0,0,1). Hence b = b;e;
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and a- b= (a;e;) - (bje;) = abj(e; - €;) = a;b;0;; = a;;. Now we can write

Az, = A& je;  mo =&
Az = Ay e, @ =& e,

unknown known

Furthermore, we define

s — 24 ] — o]

s — 4 |

b = kap

and
0
kaﬁraﬁ

Php = Wi i l13
O lleh - @il
Now, we can rewrite equation (6)
OF .3 (mfx,az%;Amg,Am%) =
= ‘DZCB(A%,]‘ - Agé,j)ej + @35 [(%,k - ffx,k)ek : (52,1 - 5&,1)61] (ffa,j - 524,]')63‘ =
(@hp(a85, — AL, )+

0 [Eh1AEL — €5 AL — £ ALS +AELEL] X (€5, — ) )es =

—[®hs + Php(€h, — AELTAEL ;=Y whp(Ehy — Eh)(Eh; — € )AL+
1#)

+ [(I)flﬁ + @gﬁ(ffa,j - 53,;‘)2} Afé,j + Z Sﬂgﬁ(%,z - fg,l)(ﬁé,j - fi,j)Affa,l €j (7)
I#37

Thus

—(®h s+ hplah —xl)?)  —@layh — i) (ah —2l) —@lg(zh —2L)(xh — i)

K = | —plglal —at)(yh —vh) —(@hs+0hsyh —va)?)  —whs(ys —ya) (25 — 24)
—@la(aly — b )z —2h)  —oha(uh —ubh)(zh — 28)  — (g + @hs(zh — 24)7)

where submatrices are located in « and 3 rows and columns.

Koo Igaﬁ
K = <Kﬁ0¢ Kﬁﬁ)

and K*’ = —-K**, K% = K**, K’ = K*°.
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5. Numerical experiments

This chapter presents description of the two numerical experiments. The first ex-
periment was performed in order to test the convergence of the Newton-Raphson
algorithm with GMRES iterative solver utilized to solve the non-linear formulation
allowing for large deformations. The second experiment was performed in order to
test the convergence of the PCG iterative solver used to solve the linear formulation
assuming smal deformations. Both experiments are performed over the 3D cube of
50 x 50 x 50 [nm] grid with particles, with interparticle forces parameters obtained by
using the Monte-Carlo simulation described in [2]. The number of equations is equal
to the total number of particles 503 = 125000. The interparticle forces between parti-
cles forming a polymer network was assumed to be stronger than interparticle forces
between another particles. Each particle is assumed to interact with 26 neighbors, in
other words the cross-diagonal bounds are also allowed.

5.1. Convergence of the iterative solver for the non-linear formulation

The solution process starts with performing the first linearization — computing the
Jacobian matrix for the first time, and then utilizing the GMRES algorithm to solve
the linearized problem. We utilize the GMRES algorithm from the SLATEC library
[7]. We also tried to utilize the PCG (Preconditioned Concjugate Gradients) solver,
but it doesn’t converge, since the Jacobain matrix is not positive definite. We also
applied the diagonal preconditioner for GMRES. The snapshots of the convergence
of this first iteration after 8, 12, 18, 32 and 48 iterations are presented in Figures 2,
3,4, 5, 6 and 7, respectively. The blue color of some particles denote the beginnig of
the polymer network (the initial particles). The accuracy of the GMRES algorithm
in these iterations is summarized in Table 1.

Table 1
Convergence of the GMRES alorithm in the first
iteration of the Newton Raphson algorithm

Iteration 8 12 18 32 48
GMRES error | 0.05 | 0.04 | 0.03 | 0.02 | 0.01

The obtained shape of the deformed polymer network conforms our expectations
about the shrinkage of the sample, however the sample is too high in comparison with
the experimental data presented in Figure 1.

The resulting error for the first step of Newton-Raphson algorithm was || Az?|| =
9607.62 where we consider the Eucledean norm of the displacement vector. This is
just the norm of the displacements of all particles from the initial configuration to
the first iteration configuration summarized in Figure 8. Notice that the problem is
formulated in nm units.
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Table 2
Convergence of the Newton-Raphson algorithm

Iteration 1 2 3 4 5 6 7
HAmZH 9607.62 | 12483.78 | 2496.97 | 537.48 | 165.48 | 37.39 | 9.22

The following iterations of the Newton-Raphson algorithm adjusts the shape of
the sample, as it is illustrated in Figures 8, 9, 10, 11 and 12. The figures present
the configuration of the mesh after the final iteration of the GMRES algorithm in
corresponding iterations of the Newton-Raphson loop. The corresponding norms of the
displacement vectors for the Newton-Raphson algorithm are summarized in Table 2.

Fig. 2. Grid configuration after 8 iterations of the GMRES algorithm

Fig. 3. Grid configuration after 12 iterations of the GMRES algorithm
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Fig. 4. Grid configuration after 18 iterations of the GMRES algorithm

Fig. 5. Grid configuration after 32 iterations of the GMRES algorithm

Fig. 6. Grid configuration after 48 iterations of the GMRES algorithm, which is also the
configuration after the first Newton-Raphson loop
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Fig. 7. Grid configuration after second iteration of the Newton-Raphson loop

Fig. 8. Grid configuration after third iteration of the Newton-Raphson loop

Fig. 9. Grid configuration after fourth iteration of the Newton-Raphson loop
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Fig. 10. Grid configuration after fifth iteration of the Newton-Raphson loop

Fig. 11. Grid configuration after sixth iteration of the Newton-Raphson loop

Fig. 12. Grid configuration after seventh iteration of the Newton-Raphson loop



Convergence of iterative solvers for non-linear Step-and-Flash (...) 7

5.2. Convergence of the iterative solver for the linear formulation

In the case of the linear model we just have a single loop perfoming iterations of
Precoditioned Conjugate Gradients (PCG) algorithm. We utilize the PCG algorithm
from the SLATEC library [7]. The snapshots of the convergence after particular num-
bers of iterations listed in Table 4 are presented in Figures 13, 14, 15, 16, 17, 18, 19,
20, 21, 22 and 23, respectively. The blue color of some particles denote the beginnig
of the polymer network (the initial particles). The accuracy of the PCG algorithm in
these iterations is also summarized in Table 4.

Table 3
Convergence of the PCG alorithm

Accuracy | 0.5 | 0.1 | 0.04 | 0.03 | 0.02 | 0.005 | 0.01 | 0.005 | 0.0025 | 0.0001
Iterations | 4 20 82 134 | 264 | 1362 | 7242 | 17952 | 32768 | 52378

The linear problem solved by means of the PCG algorithm has also provided the
shape of the deformed polymer network that conforms our expectations about the
shrinkage of the sample. However the price we paid is the number of iterations. We
needed 52378 iterations of the PCG algorithm, which took 6063 seconds, while the
Newton-Raphson with GMRES for the non-linear model required 583 seconds only.

Fig. 13. Grid configuration after 4 iterations of the PCG algorithm
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Fig. 14. Grid configuration after 20 iterations of the PCG algorithm

Fig. 15. Grid configuration after 82 iterations of the PCG algorithm
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Fig. 16. Grid configuration after 134 iterations of the PCG algorithm

Fig. 17. Grid configuration after 264 iterations of the PCG algorithm
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Fig. 18. Grid configuration after 626 iterations of the PCG algorithm

Fig. 19. Grid configuration after 1362 iterations of the PCG algorithm
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Fig. 20. Grid configuration after 7424 iterations of the PCG algorithm

Fig. 21. Grid configuration after 17952 iterations of the PCG algorithm
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Fig. 22. Grid configuration after 32768 iterations of the PCG algorithm

Fig. 23. Grid configuration after 52378 iterations of the PCG algorithm
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6. Conclusions

The paper presented the convergence analysis of the Newton-Raphson algorithm in-
terfaced with the iterative GMRES solver used to solve the molecular statics model
for the densification of the polymerized network during the Step-and-Flash Imprint
Lithography simulations. The convergence was ilustrated with snapshots presenting
the deformation of the sample after particular iterations of the GMRES and Newton-
Raphson method. We conclude that the algorithm converged well, and that the snap-
shots are nice way of ilustrating the convergence process for the iterative solvers. We
also compared the non-linear algorithm allowing for large deformations with the linear
one, assuming small deformations. We concluded that the solution of the linear prob-
lem takes one order of magnitude more time than the solution of the non-linear one.
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