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I. INTRODUCTION

The economic evaluation of a petroleum reservoir in-
volves two fundamentel operations; 1) predicting future
production bshaviour, 2) determining the present worth
of this future produetioh. This thesis purpoées to elim-
Inate the necessity of repeated calculation which is
required in performing the second operation under existing
methods. |

Because the first operation, that of prgdicting future
behaviour, is necessariiy an estimate, there is an apparent
tendency to employ approximate methods in the determination
of present worth., The evaluatlion method developed in this
paper confines estimation to the first operation, where it
rightly belongs, and treats all subsequent work with math-
ematical exactness. |

The estimation of petroleum reserves and future pro-
duction rates has received considerable attention in the
past. Various techniques for predictihg behaviour hﬁve
been devised and successfully applied to petroleum reser-
voirs. Where production 1s obtéined by gas cap and solution
gas drives, the application of decline ecurves can often
supply & dependable prediction of future rates. It has
been found, in theseq cases, that the instantaneous rate of
uncurtailed production declines in a regular manner and is
a function of the conditions within the reservoir at the

instant in question. Since these conditions are in turn



a function of past produetion, it is jJustifiable to extrap-
olate the deeline curve to predict future rates. Such an
extrapolation 1s of course purely empirical and is based on
the assumption that the future behaviour of a reservolr will
be governed by whatever trend of mathematical relationship

is apparent in its past performance.



II. REVIEW OF THE LITERATURE

The mathematical analysis and development of wvarious
production rate~-time and cumulative production-time curves
has been presented in detail by Arps, Cutler, Larkey, and
others. However, these anslyses have been concerned with
the primary operatlon of curve fitting and prediection.

To the best lmowledge of the author, no work comparable to
the development of the evaluation method presented herein

has been published.



IXII. DISCUSSION
General Decline Curve Types

Three types of production decline curves are ecommonly
recognized: constant percentage decline, hyperbolic decline,
and harmonic decline. The several curve types are shown
in Pigs. A, C, and E, which have been plotted from sample
production data contained in Appendix A. The curve equa-
tions have been-derived in the literature by the application
of numerical analysis. However, considering that the meth-
od described herein is intended for prectical application,
the general curve equations will be derived from graphiecal
inspection wherever possible.‘

All three curves have a common characteristic; they
can be made rectilinear through the selection of an appro-
priate coordinate system. If a curve can be stralghtened
in this manner, then its extrapolation is greatly simplified,
and merely consists in extending tﬁe line. The equation
of the curve can be easily written in this form by appiying

the general rectilinear equation y « mx+b.

Constant Percentage Decline

Any constant percentage decline curve, such as the one
shown in Flg. A, can be straightened by graphing the logarithm
of the production rate versus actual time. This can be
conveniently accomplished by graphing actual rate and time

values on a semi-logarithmic coordinate system as shown in
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Fig. B.

Remembering that the ordinate represents the logarithm
of the rate, én equation can now be written by applying the
general equation for a stralght line

¥y = mx+b
The curve then becomes
ln g = kt+1n q,
or more familiarly
q = qoek?® (1)

where q = rate at any time t (bbl. per day)

~ _ d(1ln in 81
k-_LE&_.QJ.. e

- t1-to
t = time (yrs.)

Qo = initial rate at time %o

The specific equation for the curve in Fig. B can now
be written as shown on page 31, Appendix A, the necessary
constants being calculated or supplied directly from the
graph. ‘

Hyperbolic Decline

Hyperbolic curves, such as the one shown in Fig. C, can
be straightened in the following manner. The logarithm.of
the rate and of the time are plotted rather than the actusal
values themselves. This can be conveniently accomplished
by graphing the aectual values on a fully logarithmic coor-
dinate system. The resulting curve is shiftedl to achieve
linearity as indicated in Fig. D.
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1 Lipka, J., Graphical and Mechanical Computation, Part iI,

¥.Y., John Wiley & Sons, 1921, p. 149 et. seq..

Remembering as before that the ordinate and abacisa#
represent the logarithms of rate and time, the curve equa-
tion can again be written by applying the general straight
l1ine form ¥y =mx+b
The curve then becomes

In g = m « In (+t/c) + 1In q
or more familiarly
a4 = gl+t/o)™ (2)
where ¢ is the shift constant (yrs,) required to produce
linearity.
This is equlivalent to the analytical equation of

Arps;z -1/b
qQ = qy(th/ap +1) See p. 35a

2
Arpa, J. J., Analysis of Deeline Curves, Transsctions of
the A.I.M.E.-Petroleum Teehnology & Development, Vol. 160

p. 239.

Harmonic Declline

Narmonic decline involves thé special case of the hy-
perbolic form where the exponent m ié equal to -1l. IHow-
ever, because of the mathematically indeterminate qualities
B the speclal case it will be treated separately in all
subsequent development. |

Substituting m =« ~1 in eg. 2 for hyperbolic decline
Yields the rollowiixg expression for harmonic decline:
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q= 90 (3)
1+4t/e

The shifting process is the same as for hyperbollc
decline and is indicated in Fig. F. For a thorough dias-
cussion of curve shifting the reasder 1s directed $o J. J.
Lipka's "Graphical and Mechanicel Computation®™ cited in
the first footnote.



IV.. ECOMOMIC CONSIDERATIOKS
Operating Expenses and Net Price

Operating expenses can be divided into two general
categories; flixed operating expenses (F) and variable
operating expenses (V), Variable opérating expenses con-
sist of 1lifting costs, ete., and can be most convenlently
treated by calculating the expense per barrel of produced
0ll and subtractimg thls amount from the market price.

Thus the Net Price (M) is equal to the market price minus
the variable operating §xpenses. |

Fixed operating expenses are relatively 1ndepen&ent
of production and consist of salaries, overhead, etc..

They must be treated in a different manner and will be dia-
cussed later. Fixed and varlable operating expenses will
vary from field to field and must be determined from exper-

lence.
Bconomic Limit

It will be assumed that production will continue until
an Economic Limit 1s regched, i.e. until the value of the
Production 1s equal to the dally fixed costs. To disouss
this 1imit it will be necessary to modify the production
equations to cash equations. The cash rate equations cor-
responding to the three production equations are shown in
Table I.
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TABLE I
Cash Rate Equations
Constant Percentage Hyperbolic Harmonie
Decline Decline Decline
(L) | (5) (6)
A= Mq,ect Qe = Mao(l+t/c)™ qo = Mo _

1+t/c

where gq 1s the daily cash production and M is the net
price per barrel. .

The economic 1limit wlll be reached when daily cash
production 1s equal to the constant fixed costs. Setting
Qe equal to the fixed cost (F) and solving for t will give
the time of abandonment‘(tg). The expressions for teg
appear in Table II. |

TABLE II.
Economic Limit Equations
Constant Percentage Hyperbolie Harmonic
Decline Decline Decline
(7) (®) p (9)
ta = 1r F t c P m_ t = C 2 -
e nm e = H o e Mgo c
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V. ECONOMIC EVALUATION
General Procedure

Having determlined the cash rate equations for various
decline curves, it is now posaible to apply the technigues
of economic evaluation. The problem of obtalning a val-
uation involves three operations; 1) determining the
cumulative cash income in each discount interval, 2) dis-
counting the cash income by selecting a suitable interest
raté, 3) summing the 2ndividually discbuntad incomes to
obtain a total present worth. The following devalopmant
will adopt a yearly discount interval. This, however, in
no way limits the ordinates of the production rate graph.
BEach decline type requires a different method of solution'

and wlll therefore be treated separately.

Constant Percentage Decline
Step I. Determining the eumulative cash income in each dls~
count interval.

Let Q equal the cumulative production in barrels.
Then the production raie, gs of eq. 1 is the derivative of
Q taken with respect to time.

qQ = 49 aqOBkt
dt

or dQ = qoektdt
If the units of q and g, are bbl./day then the right side
can be multiplied by 365 and the equation can be integrated

over any year to determine annual cumilative production.
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Using the generaligzed limits, t and t-1, the annual
cumilative production takes the form

Qt = j ¢ 365q,0ktat (10)
where Qi 1s the cumulative tx;lz-oduction over the ttR year.

Or in terms of the cash income

t N
Rt = ft_‘ 365 Mgoektat (11)

where Qgt 18 the cumulative cash income over the toh yoar.

Step II. Discounting the cash income.

| The present worth of this cash ixicome is equal to the
produet of the annual curmlative income and the appropriate
discount factor, Dt-3 Assuming the use of simple discount

Paine, P., Oil Property Valuation, ¥.Y., John Wiley and
Sons, 1942, p. 128.

gives the followling expression for Dy.

Dp = _1 where 1 - interest rate
(1+1)% -
Since 1 is a constant for any specific interest rate,

1+1 ,
this term may be represented by b. Then Dy = b’, and the

present worth of the tth yeart's income, Pt,' is egual to
Qet*Dty Or from eq. 1l t
Py = th’zésn%ektAt (12)
Step III, Summing the discounted incomes.

The total present worth of future income, Pp, is the

sum of these annual present worths.

te t

Pp = ) bt A 365Mgoektat (13)
+sl =1
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where te 13 determined by the economic limit equations in
- Table II.

Performing the integration and extracting constants
from the summation results in the expression

Pp = 365“@0 :" bfgk’b] z- 1

Pp = 365Ma0 g bt (ekb. o¥t-K)
3}

Pp = 365Mqo g. pPekt (1 - o=K)
-ky 2 Kt
Pp = 365Mgo(l - e~¥) bbeX® (1)
; 2

Yow in the geometric series 3 bUeXt if |bek)< 1 then the
t=o

serles converges to 1l . See p. 35.
1 -beE

Seott, E. J., Transform Calculus with an Introduction to
Gcmlex Val’i&bles’ H.Yo’ H&I‘Per & Bros», 1955, P 167.

The gebmatrio serles in the present worth equation:
begins with the term t3, while the series above begins with
the term t,. To sdjust for this difference the t, term

will be subtracted from the convergence vélue.

Then f ptekt o 1 -1 = bek * (15)
€ I - bek T = bek

This expression can be substituted in eq. 1llf for the sum-

mation to give : :
' Pp = 365Mgo(l - e~kK)rpek

3 T—Fek

This is the present worth of all production from t = o to

t - o0,
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The economic limit will be reached when t = te, as
gilven in Table II, at which time production will be dis-
continued. It 1s therefore required to find the total
present worth of production prior to te. To determine
thilis value the partiagl sum of the geamatric series must
be found. The summation has been rearranged below.

Z" btekt - i(bek)t
This is similart;; the gene;;l series éirp“l, the partial
=1

sum of which has the form -
Sp = (1l-»1 (16)

ler
where Sy is the sum of the sertes up to and including the
nth term.s

5 Sherwood, G. E. F., and Taylor, A. E., Calculus, N.Y.,
Prentice-Hall, 1949, p. 372.

The total present worth series involves the exponent
t rather than t-1 and the partial sum must be adjusted
accordingly. Comparing the first few terms of both series
will demonstrate the necessary adjﬁstment.

i (bek)t

2 “bek 4+ (bek)2 +(bek)3 4(be¥)l, ouo
L

2 (bek)t=1 = 1 + pek & (bek)Z 4 (bekK)3 ...
ty

But from eq. 16

h

2 (mei)®l o 3 - (pek)®
LAY 1 -~ beil
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Le t t e\t
Therefore Z (be¥)® = 1 - (beK)P® - 1 + (peX)'e
by T - beX

te
or g (be¥)t = bek [L - (pek)®e] (17)
LY ] 1 - bek

Substituting this for the series in eq. 14 gives

Ppn = 365Mg,(l - e°K) pok[§ - (pe¥)be a8)
T ® ]_;i_ bek ]
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Hyperbollc Decline

Step I. Detefmining the cumilatlve producﬁion over the
discount interval.

The differential production for any time increment can
be derived from the production rate equation, eq. 2, as
follows,

: q = %% = qo(l+t/c)®
dQ = qu(l+t/e)Mat
As in constant percentage decline this expression can be
integrated over any year to determine annual ?roduotion.

Using the general limits ¢t and t-1 the annual production

takes the form t
Q = 365q, (1 +t/c)Bdt (19)
¢~
or in terms of cash income
t
Qet = f 365Mqq (1 +t/c )Bdt (20)

t-1
Step II. Disecounting the cash income.
The present worth of this cash income is egual to the
product, Qet * D¢y as discussed before.

t
Py = b® | 365Mge (1 +1t/c)dt (21)
-t ’ :

Step III. Summing the discounted production.
The total present worth of future income is the sum

of these present worths.

, ¢

Pp = fbtf 365Mqo (1 + t/c )™ at (22)
t=) L~

where te is determined by the economic limit conditions in

Table II.



Performing the integration and extracting constants from
the summation results in the expression

6 S t m+1]%
Pp = 35qu§b S T4 ] DY

m+1
Pp = 365quef{bt(l+t/c el b"[l - gt-lzm"j]}
. <

&t

m+1l

Pr = 365Mg, ibt(c-»t)m"l -f bbtc - 1 +t)m+i

L+ zm"'l; t= =i

22

(23)



Hermonic Decline
Harmonic decline is & special case of hyperbolic de-

cline, i.ee m u ~-1. However, the present worth expression
for hyperbolic decline, eq. 23, becomes mathematically
indeterminate when this particular value is substituted

for m. It will therefore be necessary to begin develop~-
ment of the present worth equation from the annual cash

incone equation which 1s determinate for the special case.

Step I. Determining the cumulative production over the dis-

count interval.
Substituting m = -1 in eq. 20 results in the fol-

lowing integral: R

Qot = f 365Mqodt (2l )
t-) 1+ t/c

Step II. Dlscounting the ecash income. As before, the

present worth of this income is equal to the product Qe * Dty
or ' t
Py = bY f 365Hqodt (25)

-t 1l+t/c

Step III. Summing the discounted incomes.
The total present worth 1is equal to the sum of these

anmual present worths.

te t
zz bt | 365Mgodt (26)
t= -1 1+t7c

Performing the integration and extracting constants from

the summation ylelds te ot
Pp = 365Mgoc 2 b°[in (1 +t/c )] 1
. =}

t
+

Pp = 36SMgoe > b' In e+t (27
t= 1 c - 3. + 4

23



Fixed Operating Expenses

The fixed operating expenses as discussed on p. 1l
are independent of production and are sssumed constant.
This dally expense must be subtracted from the dally in-
come and thus constitutes a new seriles of terms which mast
be discounted and summed in the same manner as production.
The method of solutlion willl be demonstrated for harmonic
decline. Considering eq. 2, |
if | ..;"32_ a dally cash incone

1 +t/e
and F = dally fixed operating expense

then the dally net income is equal to Mg, wminus P. This
1+t/c
is the amount requiring discount and summation. Subtract-

ing F in eq. 2l ylelds

Qet = 365f£ - d-g; (28)
+ t/c

Discounting the net annual cumulative income:

a th' 365Mqodt - f 365Pdt (29)
1+t§c 1

Summing the discounted net income:

+te ¢ '
Pp = Z bt [ 365Mqodt -Z bt f 365Fdt
t=t t-1 1+ t7c L=t (30)

The first term on the right has been solved 1n eq. 27.
The second term after integration becomes ;3651"1315 which
1s similar to the general series frp 1 treated on r. 19.

€=t
The partial sum is found in the same manner as before.
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Zm:t = Ste = Fb(l - bte)
3 1-b

Substituting thls term for the summatiomn in eq. 30, and
rewriting the solution of the first term as glven by eq. 27,

1iad te
yrerse Pp = 365 Maee Z,[bt In e+t ] -365Fb(L - b°)  (31)
=\ e=1l+t]) - 1 =D

This represents the total present worth of future net income
for harmonic production. The second tefm on the right is
ldentical for all three decline types and can be attached
to the expression for present worth, eq. 18 and eq. 23,

without alteration.

Royalties
Royalties, when payable, are generally expressed as

a fraction of the daily production rate. From the oper-
ator's'standpoint this has the effect of multiplying dally
production by one minus the royalty fraetion, i.e. net pro-
duection = q(l—R), where R is the royalty fraction.

The introduction of a royalty psyment necessitates a
generallzation of the economic limit conditions in Table II.
These are easily adjusted, however, by multiplieation of the
Mg, terms by (1-R). ‘
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VI. CORCLUSIONKS
Generallzed Economlc Limit and Present Worth Equations

The present worth equations have been derived and the
effects of fixed operating expenses and royalty payments
have been discussed. Po inelude these factors thé present
worth equations were modified. Appearing below are the
generalized present worth equations together with the cor-

“responding economlie 1limit conditlons.

Constant Percentage Decline

t
Ppo = 365M(1-R)gobek(1-¢7%) 1-(be¥)™® _ spem,(1-p%®) (32)

| k(1-beX) 1-b
where ® : «
te = in WR)% ' (33)
T 4
BEyperbolic Decline
(34)
- Pp, = 365Mag(1-R) ibt 5B L St -11;*’1*1- 65Fb (1-bbe
° (m+1 )ct [;q (ost) %;, (e-1+%) 3 SFb(;iE:*%

where .
tg = o EF ]l/m-c - (38)
(T-R)Mao |

Harmonic Decline

Pro = 365uq0(1-a)cfbt1n c+k - 365Fb(1-ble) (36)
<tz c~l+t 1l -

Ihére
tg = c(l-R)Mq, - ¢
P

(37)

In the preceding equations the term Pp, represents the total
present worth of future production from the operator‘'s stand-

point. A list of all other symbols follows.



List of Symbols

¢ = shift eonstant (yrs.) required to produce linear-
ity of the production equation

Dg = 1 = diécount factor
(1+1)®

= base of natural logarithms

o

P = fixed operating expenses

"k = 1n o) = exponent for constant percentage
t1 - to- decline
1l = Interest rate expressed as a decimal fraction
In = logarithm to the base e
m = slope of the-straightened production curve
M =« net price per bbl.

Pq = total present worth

Pp, = total operator's present worth
P+= present worth of tth yearts production
Q = cumulative production (bbi.)

Qt = cumulative production for tth year

Qet = cumulative cash income for}tth year

production rate (bbl. per day)

e}
|

d, = cash value of daily production
Qo = initial dally production
q] = daily production at any specific time tj
Spy = sum of a series through the nth term

t = time (yrs.) since initial production
abandonmenf time, economic limit

ct
o
n

27
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List of Symbols (comtd.)

t1 = any specific time with corresponding production q;.

V = variable operating expense

Royalty Holder's Present Worth

The preceding equations can be used to ealculate pre-
sent worth from the royelty holdert!s standpoint with the
following changes. Substitute R for (1-R), market price

per bbl. for M, and drop the term, 365Fb(l - btel s from
1-5

each present worth equation.

Taxes

Because of the variation in federal income tax rates,
no consideration has been given to their effect on the
total present worth. If the pertinent taxes are of a
predictable nature, 1t may be possible to modify the pre-

sent worth equations to accomodate a tax factor.
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Numerical Evaluation of the Generalized Present Worth
Equations

To facllitate the numerical evaluation of the férew
going equations several graphical and mechanlcal alds have
been prepared. These appéar in the asppendlces accompanled
by an example solution. Appendix A contains sample pro-
duetion data for the curves shown in Figs. A - F and
indicates the general procedure for obtaining specific
equatlions from the graphes production curves.

Constant Eereentgge"evaluations can be most easily
made since there are no series involved. The economic
1imit, te, 13 calculated from a study of operating expense.
This value, together uith the other speecific conditions of
the problem are then substituted in eq.32 to determlne the
total present worth.

Hyperbolic evaluations are more difficult since they
involve solving the two series in eq. 34. The term bt 1is
the familiar discoun£ factor obtainable from any fundamental
6

economlcs text.:

6 | | ' |
Bullinger, C. B., Engineering Economic Analysis, N.Y.,

A nomogram hss been prepared for determining the

(c+t )™ 1 and (e-1+t) terms. The construction and use of

the nomogram are discussed in Appendlix B.
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Harmonic Decline also necessitates a series solution.
AThe values of the serles have been calculated for two com-
mon interest rates and for eight shift constants in the
graphs of Appendix C. Anrexample'solution is included.

A slide rule has been devised to facilitate the rapld
calculation of ad@itional series which have not been graph-
ed. The rule employs three interest rates and twenty
shift constants. All four digit mmbers appearing on the
rule are decimal fractions. When the slide rule is ad-
Justed to the proper shift constant, the value of the
individual terms in the seriles is equal to the product of
the production factor and the disceﬁnt factor appearing
opposite. The individual products are then summed to yield

the series wvalue.
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VII. SUMMARY

Several generallized equations for the economic eval-
uation of petroleum production have been derived for normal
production patterns. To facllitate the numerical solution
of these equations, several graphical and mechanical aids
have been preparsed. Much of the tedious work of repeataa
calculation required under existing methods has been elim-
inated. The generalized equations contain those economlce
factors generally consldered in a practical evalunation and
at no time have the probiems been purposely oversimpliified
for the =ake of a simple theoretlcal solution. Every
effort has been made to devalop‘and present a practical
evaluation method applieable to a wide range of production

trends.
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VIII.APPENDICES: APPENDIX A

Constant Percentage Decline
Characteristic production data |
Initial production: 100 bbl./day, January, 1950.

Production for succeeding two years:

¥onth Year Production (bbl.f@gzl
January 1950 100.0
July 1950 779
January 1951 60.6
July 1951 h7;2
January 1952 36.8

The production data has been plotted in Fig. A and
Flg. B. The decline curve is a stralght line on the semi-
log coordinate system of PFig. B. Therefore it has the
general equation q = qoakt,
where g = production at time ¢

Qo= Initial productlon

t = t:!.me
k = 1n _.q.'..].'-—
do

t1-to A
The constants, q§ and k, can be evaluated from the
known production history.
Qo = 100 bbl./day
ke g8 o .5

2
By substituting in the general equation, the curve equation

becomes q = 100e""'St
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Hyperbolic Decline

Characteristic production data
Initial production: 100 bbl. /day, January, 1950.

Production for the succeeding two years:

Month Year Production (bbl./day)
Janmuary 1950 100.0
July 1950 73.5
Jermary 1951 56.3
July 1951 hhi.5

January 1952 36.0

The production has been plotted in Fig. C and shifted
for linearity in Pig. b. The curve can be stralghtened _
by a three yesr shift. Therefore 1t has the general equa-
tion q = gu(1+t/c)®
where ¢ = shift constant in years

m = slope of shifted curve
The constants in the equation can be evaluated by
inspection from Fig..D.
Qo = 100 bbl./day
c = 3 yrs.
me -2
By substitution in the general equation, the curve eqﬁation
becomes q = 100(1+t/3)"2
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Harmonlc Declline
VCharacteristic'production data
Initial production: 100 bbl./day, January, 1950

Production for the succeeding two years:

—  Bonth Year ot ) .
January 1950 100.90
July 1950 85.6
January 1951 7540
July 1951 66.7

January 1952 60.0

The productlion has been plotted iIn Fig. E and shifted
for linearity in PFig. F; The curve can be stralghtened by
a three year shift. Therefore it has the general equation
q = Qq (1L +t/c)™. The constants in the equation can be
evaluatéd by inspection from Fig. PF.

dp = 100 bbl./day

¢ = 3 yrs.
me -1
By substitution in the general equation the curve equation

becomes q = 100
1+1t/3



APPENDIX B

_Convergence Test for Series

It will sometimes be useful in computing serilies values
to be able to estimate ’t;he'remaindef after any arbitrary
number of terms have been calculated. This is especially
true when the field haﬁs a long production life requiring
the calculation of a considerable number of terms, The
following convergence test and dependent theorem‘? may be

used to determine the meximum error bound.

7 Middlemiss, R. Re., pDifferential and Integral Calculus
Second Edition, ¥.Y., McGraw-Hlll Book Co., 19J+6, P 5.07.

: — :
Let > up be a serles of positive terms such that

ns=) .

limun+l = p< 1

O————

N>ew
Un

" ,
Let Sy = Z u, be the sum of the first k terms, k satis-

nsi

fying the conditions that uy+] = r<l, and for n>Xk the
Uk

value of this ratio is less than r.
Then Ry « T » 1.8. the error or remasinder after k terms
T-r

13 less than »r times the last te_rin retained.

Example
The series in the hyperbolic present worth equation,

[a]
eq. 3!, has the form ; bt(e-t-t )m"'l. Forming the prescribed
el
ratio yields g+l = bt l(e-1+t)m*1 A
uk bE(o+t )+
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1im upe; = 1im ¥ (e-1+6)" o p
Koo o0 _Eic.- b e+t )m+
Since b = 1 , and 1 assumes only positive values, b must
i+1

always be less than one. Por hyperbolic decline m is al-
ways less than -1. Therfore m+l will be negative and the

necessary conditions are satisfied.

g+l o r<l
Uk

Also'for all n>k the value of the ratio is less than r.

Therefore the remainder after k terms is given by the

the expression Ry . buyx .,
1~5

Condition for Convergence

As discussed on p. 18, the geometric series, thakt,

-
will converge to 1 i |pbekl<l. Now b= 1 R
, 1 - bek 1+13

where 1 takes only positive values. Therefore b muast al-

ways be less than one. Also, k = In (B /q0) , ana since
1y - to

the production decreases consistently, k must be negativs.
Then ek will always be less than one. Therefore the pro-
duct, be¥, and its absolute value, |bekl, must always be less

than one for the case of declining production.
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Discussion of Arps' Hyperbollec Decline Eguation
Definition of terms {(Arps):
P = production rate (bbl. per unit t)

P 2 loss in production rate during unit ¢
a = zgm = loss ratio per unit t
b = A['P] a change of loss ratio per unit t
AF. |
or in equivalent derivatives,
P = apP/at

dP?dt
b o~ &l
d .
The minus signs have been inserted to make a and b
positive constants.
Derivation:
Integration of the preceding equation yields

P = =bt +C

ar/at

To evaluate the constant of integration,; C, substitute
the initial ocondlitions a = a, when t = O.

Then C = -ag
and P --bt-ao

Frae -
or dP = - dt
3 8o + bt

A second integration Jields

In P = -1/b 1n (bt +ag)+1n Cy _
To evaluate this constant of integration, C1, substitute
the inltial conditions P = P, when t = O.
Then €1 = Po(ao)Y/P
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Substitution of this value for Cy; ylelds
In P = -1/b 1n (bt +ag)+1n Bolag)l/P
or P = Po(tb/ag+1)-1/P

"This expression ... shows that horizontal shifting to
the right over a distance ag/b is necessary ... for
straightening the curve on log-log paper.™

Therefore ao/b is equal to the shift constant, ¢, used .
throughout this paper, and the equation above 1s egui-
valent to the equation derived graphically on p. 10, i.e.
q = qo(l+t/c)m. |
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Momogram for Series Evaluation

The total present worth equation for hyperbolie de-
cline contains the series i {c+t )m+l and i(c-l-ﬁ-t )m+1.
A nomogram has been prepar;gito determine tﬁg terms of the
serlies more guickly.

Construction of the nomogram

The generallzed form of the preceding series may be

n
written g Ty = ng
=} )}

wheré P = m+l
V = (c+t) or (e-1+t)
T = VP :

The desired range of the variables must be determined.
From practical considerationg these have been assumed as'
follows: T to vary from .00l to 1.00

V¥V to vary from 1.0 to 100

m to vary from =1 to = ee
Using logarithms, the equation T « VP may be written in

the form X = 2z or 1ln T = g_.
¥ w In v

From the range of T the scale modulus for’x (In T) is foﬁnd
to be My = Mjn ¥ = 10 = 3633 (using a 10 in. scale)
Similarly the modulus for g-(ln V)Vis found to be

By = My, vy = %? -5 (using a 10 in. scale)

The distance, L, frpm the point T = 1 along the diagonal to

Valils given, for various values of p by the equation

L = pKiy
- ¥y-plix

where K 1s the length of the diagonal.
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A table of p values appears below. These values were

‘ 8-
computed from the equation and laid off on the diagonal.

-m = 1
1.1 0.1 0.71
R+ B
1. . .
1. O.h 2.39
1.5 0.5 2.8
1;2 0.2 3;25
1.7 0.7 3.60
1.8 0.8 iggh
1.9 0.9 25
2.0 1.0 '%Z
225 e
i.o 2.0 6.48
.0 3.0 7.55
500 - Qo 8.25
6.0 5.0 8.75
7.0 6.0 9.10
8.0 7.0 9.34

Use of the nomogranm

To obtain the numerical value of any term in the series
(c+6)"" or (c-1+t )21,

l.Let V = (c+t) or (c=1+t)

2.Commect the known V and m values with a straight edge
and extend the line to its intersection with the T scale.

3.Read the value of the term at the point of‘intersection.

8 Swett, Ge W., Construction of Alignment Charts, N.Y.,

John Wiley & Sons, 1928, p. 59.
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APPENDIX C
Example Evaluation for Harmonic Decline

The production data on p. 33 and the following eco-
nomlc values will be used to calculate the total present
worth of productlon up to the time of abandonument.

Interest rate = 8%

Market price: $2.60 per bbl.

Variable operating expenses: $O.30 per bbl.

'Fixed operating expense: $25.00 per day

Royalty: one eighth -

Step I. Calculation of the "break evan” or abandonment time.

From eq. 37 ty = (1-R)eMap - o
F s .
te = (1-1/8 4 2,30)(100) =~ 3

te = 21 yrs.
Step I1II. Dahuzmination of the Series Valuse.

From the graph on p. hl, when t = 21 and ¢ = 3, the
Series Value = 1.26 | |
Step III. Substitution of the preceaing values in the total
present worth equation, oq.,36 |

Pro .(365)(2.60 -0.30)(1—1/8)(100)(3)(1 26) -

(365)(25)(1/1.08) G- (1/1.08)%*]

(1"'1/1.08 )
Ppg = 278,000 - 90,900
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Cs=s1l

«6055
11065
.2h1S
.1768
1362
.1087
.09388
«0739
062l
.0532
+0l458
.0398
«0347
.0305
. 0269
.0239
.0212
.0189
«0170

.6055
1.0120
1.2535
1.1:303
1.5665
1.6752
1.7610
1.3379
1.9003

1.9535

1.9993
2.0391
2.0738
2,103
2.1312
21551
2.1763
2.1952
2,2122

SERI&S CALCULATIOKRS

Harmonic Decline4

C =2

«14309
2560
<1874
IO

.32

-09h1
.0783
.0661
. 056l
.0lL06
.oly22
.0363
.0323
.0235
.0253
.022%
.0201
.0180
.0161
0145
.0131
' «0118
«0107
<0097
.0088

4309

6369
.87h3
1.0187
1.1339

1.2280

1.3063

1.372

1.4288

1.L77h

1.5196
1.556l
1.5877
1.6172
1.6L25
1.6650
1.6851
1.7031
1.7192

1.7337

1.7468
1.7586
1.7693
1.7790
1.78378

C =
-271Y
.1986
«1531
.1221
. 0998
.0830
.0701
.0598
.0515
.07
.0390
03,3
.0303
.0268
.0238
.0213
.0190
.0171
.015)
.0139
.0125
.9113
0103
.0093
.0085

3
o271l
11700
.6231
7452

8450 -

.9280
.9981
1.0579
1.109hL
1.1511
1.1931

1.2274

1.2577

1.238,45
1.3083
1.3296
1.3486
1.3657
1.3811

1.3950.

1.4o75

1.4188 f

1.4291
1.4384

1.14,69-

Ce

2105

.1623

.129L
.1058

.0880 .

.07L3
. 063l
.05lb
<oLT7l

<ohal

.0363
.0321
028l
.0253
. 0226
0203
.0171
.oié3
«0147
«0133
+0120
.0109
.0099
. 0090
.0082

L
#2105
«3728
.5022
.6080
,6960
7703
.8337
.3883
«9357
<9771y
1.013)
1.0455
1.0739
1.0992
1.1218
1.1h21
1.2602
1.1765
1.1912
1.2045
1.2165
1.227}
1.2373
1.2463
1.25485
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Ce5
«1720 .1720
.1372 - .3092
1121 1213
.0933 .51L6
.0787 .5933

. .067l L6607
.0579 .7186
.0502 .7688
.oh39 .8r27
.0385 .8512
.0340 .3852
.0301 .9153
.0268 .9Lh21
.0239 .9630
.021l.  .98LlL
.0192 1.0036
.0173 1.0208
.0156 1,0365
.01h1 1.0506
.0127 1.0633
.0115 1.0778
«0105 1,0883
<0095 1.0978
.0087 1.1065
.0079 1.11L}

'SERIES CALCULATIONS
Harmonle Desline

C »b
-5l sk
.1188 .26)2
.0939 .3631
.0835 L4166
.0712 .5178
.0613 .5791
.0532 ,6323
.olh6s 6738,
0408 .T7T196
.0360 .7556
.0319 .7375
.028). .8159
.0253 .8la2
0227 .8639
020l .93L3
.0183 .9026
.0165 .9191
.01kg .93ho
.0135  .9475
.0122 .9600
.0111 .9711
.0101 .9812
.0092 .990L
.008l .9968

.0076 1.0064

Cs=7-
1259 +1259
1048  .2307
.0335  .3192
.0755  .3947
.0650 141597
. 056l ,5167
.0h93 .565L
.0L33 .6087
.0382 669
.0338 .6807
.0301 .7108
.0269  .1377
0240 .7617
.0216 .7833
019, .8027
.0175 .8202
.0158 ,8360
.03 .8503
.0130 .9633
.0116 .87h9
.0107 .8856
.0097 ~ .8953
.0089 .9042
.0081 .9123
.0074  .9197 .
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-~ 3916
2284 1.2142

SERIES CALCULATIOKS

Cs1l
5943 .5943
.9859

-1640 1.3783
.12L1 1.5023

<0779 1.677L

.0636)1.7h10
«0527 1.7938

-0LL2 1.8379

.0373 1.8752

.0273 1.9343

.0235 1.9577

.0203 1.9781
.0177 1.9958
0155 2,0112
.0135 2,028
.0119 2,0266

Harmonie Deeline

C =2

21229
266
1771
-1340
.1049
.0842
.0687
. 0569
0477
.oho3
0343
.029)
. 0257
.0220

.0191
.0167

. 0116

0128
.0113
.0100

. .0088

0078
.0070
<0062
+0055

24229

. 6695 -

.8143

9276

1.0185

1.1026
1.1713

1.2283
1.2759

1.3162

1.3506
1.3800

1.4057

1.4277

1.4468

1.4635
1.4781
1.4910

1.5023 '

1.5122
1.5211
1.5289
1.5358

1.5420

1.8475

SN 7

¢z 3
<2664
«1913
.602l,
7157
.8066
.8808
9423

.1130
- 0909
o742
.0615
.0515

.0318 1.1062

0274 1.1336

.0237 1.1573
.0206 1.1779
.0180 1.1960
.0158 1.2177
-0139 1.2256
.0122 1.2378
.0108 1.2,86

.0095‘1.2581’

.0085 1.2666
.0075 1.27)1
.0067 1.2808
.0060 1.2867

..6553 1.2920

.9938
.0l435 1.0373
.0371 1.07L4l

8%

cC=l

.2066 .2066
.1563 .3629
.122l; .48s3
.0981 .5834
.0802 .6636
.066l. .7300
.0556 .7856
0470 .8326
.0ho0 .8726
-0343 .9069
.0296 .9365
)25 9621
.0223 .984)
.0195 1.0039
.0170 1.0209
.0150 1.0359

L0132 1.0491
0116 1.0607
.0103 11,0710
+0091 1.0801
.0081 1.0882~

© .0072 1,095
006l 1.1018

.0057 1.1075
. 0651 1.1126
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'c . 5

«1623
#1322

»1060

0866
<0717

- s0601
"+ 0508

.0L132

0371
0320

.0277
.02l
.0210
.018)

.0162

.01l2
«0126

.0112
- 0099

.0078
. 0069
. 0062
.0055
.00L9

«1688
<3010

.ho?o'
1936

.5653

625l

L6762

-« 7194
. 7565
.7885 -

0162

.0Lo3

.5613
8797
. 3959
.9101
.9227
.9339
.9438
.9526
. 960}
9673
« 9735
« 9790
+9839

SERIES CALCULATIONS
Harmoniec Deeline

Cunb'

«1427
\ 1145
.0935
«O7Th

~0649 -

<1427
2572
« 3507

0281
-.}4930

.'0514.8 ' Qﬂ&?a

.04 67
N¢ ey
.0345
.0299
0260
.0227
.0199
-0175
.6153
.0136
. 0120
.0106
. 0095
.008L
.0075
.0067°
»0060
.0053
.oéﬂa'

.S9Ls

.63L5
. 6690
.6989
7249
cTh16
.7675
.7850
.8003
.8139

.8259
.3367

Cw=7

21236

«1010

«0837
<0700
«0592
.050l
-0l 32

0373

.0323
. 0281
-02h5
.0218
.0189
. 0166
+0147
.0130
.0115
.0102

. .0091

.0081
.0072
- 0065
.0058
.0052
;oohé

«1236
22116
.3083
.3783

L1879

5311
5684,
6007

' .6208

.6533
678
.6937

.7103

. 7250

.7380

.7495
7597

.7688

«7769
.78
. 7906
- 796l
.aqié
.3062

8%

- C'w 8

<1091 L1091

090, 41995
.0756. 2751
<0639 43390
.0545 .3935

-.0403 4805

tky

0303 L5456

0265  ,572;
.0232 ,5953
.oz20l .61§7
.0179 .6336
.0158 649l
010 .663l
.0124 .6753'
.0110 .6868
.0098 .6966
.0087 .7053
.0078 .7331

.0070 .7201

.0062 . 7263
.‘0956 .7319
.00f9 .7368
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