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ABSTRACT 

A theoretical analysis of the free vibrations of a clamped 

circular plate was undertaken. The effects of transverse shear 

were considered for application to relatively thick plates in which 

there exist sharp transients and frequencies corresponding to 

higher modes. The method adopted by R. D. Mindlin was used to 

develope the differential equation of motion for the plate. The 

damping effect due to the resistance of the medium in which the 

plate vibrates was also considered. This damping was assumed to 

be due to the generation of pressure waves caused by the displace-

ment of the plate. 

P1t A product solution of the form R(r)e was assumed. The 

equation governing the frequencies of vibration was obtained by 

the application of the boundary conditions. Of the several sets 

of roots of this equation, one set of roots has been discussed in 

this investigation; namely, the roots of the Bessel function of 

the first kind and zero order. Accordingly, it was found that two 

values of P1 exist for every root of the frequency equation. As a 

result, the general form of the time dependent part of the solution 

was the sum of two different forms of exponential functions. The 

initial conditions for the displacement and velocity were success-

fully applied to the solution to evaluate the arbitPary constants. 

The solution involved the combination of two different roots of 

Bessel functions of the first kind and zero order. 
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D.eflection curves for a specific example were calculated and 

plotted by combining the roots of the Bessel functions in several 

ways. Three diff.erent classes of deflection curves were found to 

exist in the nineteen solutions computed. It was observed that the 

maxim.utn defle.ction did not always o·ccur at the center of the plate. 

The solutions in which one root of the Bessel function of the first 

kind and zero order does not associate with two frequencies is 

believed to give the best results" Since the solution requires 

that the initial displacement function pe known, the example pre

sented is at best an approximation because the initial displacement 

function assumed did not include shear deformation. It should be 

emphasized that only one possibility of the roots of the frequency 

equation has been discussed in this investigation. Therefore, the 

solution presented is a particular solutio_n. However, it is hop·ed 

that this is a significant first step in the study of the stated 

problem. 
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I. INTRODUCTION 

The use of a plate as a component in machinery and equipment 

is very common. Therefore, the analysis of the behavior of plates 

under various loading conditions and environments has received 

considerable attention. The attempts which have been made t.o 

analyze the behavior of a plate during vibrations are numerous 

and diverse. 

In general, the method used is to solve the mathematical 

equations derived from the mathematical simulation of conditions of 

vibration. In the classical theory proposed by Lagrange, it is 

assumed that normals to the middle surface of the plate remain 

straight, normal, and unstrained as the plate deforms and thus 

dqes not include any effects of transverse shear on the defor-

mations. In the theory given by E. Reissner [1]*, it is assumed 

that the components of stress at a point in the plate depend on 

the z coordinate at that point, and does include the effects 

of transverse shear on the deformation of the plate. Most cur-

rent authors agree that a consistent theory should require that 

three conditions,known as Poisson's boundary conditions,shou1d be 

satisfied by the solution where only two boundary conditions were 

used with the classical theory. In the theory given by Reissner, 

it is required that the solution satisfy three conditions at the 

* Numbers in the rectangular brackets refer to the references at 
the end. 



boundaries of the plate. It is generally agreed in most of the 

literature that the consideration of the effects of transverse 

shear in the theory improves the analytical results significantly. 

The theory given by Reissner is applicable to small deflections 

of thin plates. It can also be applied to the case of small de

flections of moderately thick plates. The effects of transverse 

shear play an important role as the thickness of the plate in

creases. The classical theory shows that the velocity of straight 

crested waves is inversely proportional to the wave length, but 

this result is valid in the case of linear, three dimensional 

theory of elasticity only for waves which are long compared to the 

thickness of the plate. Therefore, the effects of transverse 

shear are important when sharp transients .and higher modes of 

vibrations are present. The effects of transverse shear on the 

flexural motion of a plate can be taken into account, as has been 

done by R. D. Mindlin [2], by inclusion of the terms for rotary 

inertia and shear deformation in the equations of motion. 

There is a resistance to the flexural motion of a plate from 

the medium in which the plate is vibrating. As the plate vibrates, 

it generates waves in the medium on either side of it and the 

pressure due to these waves resists the motion of the plate. This 

resistance depends upon the density of the medium and the velocity 

of wave propagation in the medium. The case of forced vibrations 

2 

of a clamped, rectangular plate in a fluid media. has been investigated 
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by Yeh and Martinek [3], though without consideration of the effects 

of transverse shear i.e. they did not include the terms of rotary 

inertia and shear deformation in the differential equation of motion. 

It seems from the literature survey that Reissner's theory is 

the most accurate of the available theories. The difficulty in the 

application of Reissner's theory is the solution of the differential 

equations one obtains. This investigation was undertaken in order to 

provide an analytical solution for the case of free vibrations of a 

clamped circular plate which includes transverse shear and damping. 
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II. REVIEW OF LITERATURE 

The free vibrations of a thin, isotropic, elastic, circular 

disk of a constant thickness were first studied by Poisson (1829) [4]. 

G. Kirchoff has also investigated the case of free vibrations of an 

undamped, circular plate with free edges. D. A. Goldhammer (1910) [5] 

considered the damping of the vibrations of plates for the first time. 

Timoshenko has given a solution for the case of rectangular plates 

with free edges. Voigt has also given a solution for two opposite 

edges of a rectangular plate simply supported and the other two 

edges free. Robertson [6] has considered circular plates with con

centrated mass with a free circumf.erence and a clamped circumference. 

Many more like Rayleigh, Meyer Zu Capellen.,. Debye, Franke, Ritz, 

Iguchi, Young, etc. have made valuable contributions to the subject. 

The work of these investigators was primarily based on the classical 

theory of plates proposed by Lagrange •. 

The theory proposed by E. Reissner [1] is one of the most recent 

and most successful attempts to improve .upon the classical theory. 

Following the lines of development of Reissner, R. D. Mindlin [2] has 

proposed a theory of vibrations of plates which accounts for the ef

fects of transverse shear. This theory removes the discrepancies of 

classical theory as it assumes linear variation of stress in the 

direction perpendicular to the plane of the plate throughout the 

thickness of the plate. The theory given by Mindlin yields three 

differential equations of motion of a plate which can be reduced to 



one differential equation .of motion in terms of the transverse 

displacement of the plate. The case of free vibrations of a 

circular plate with free edges for elastic material has been 

considered by Mindlin [7, 8, 9]. F. F. Ehrich [10] has given 

a matrix solution for the vibration modes of nonuniform disks. 

s 

A complete analytical solution for forced vibrations of a clamped, 

circular plate with viscous damping has been given by Jaroslav 

Pachner [11]. However, he neglected the terms for rotary inertia 

and shear deformation in the differential equation of motion. The 

damping due to the resistance to the motion of the plate from the 

medium in which the plate vibrates has been considered by Morse [12] 

and Vogel [13]. 
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III. DEVELOPMENT OF THE DIFFERENTIAL EQUATION 

The equations of motion for the vibrating plate can be 

developed in a very simple and straightforward manner by use of 

various equations in the theory of elasticity in three dimensions. 

The equations of motion and expressions for unit moments, shear 

forces and twist are developed for small deflections of plates. 

The equations of motion and the expressions for unit moments. 

shear forces and twist are developed in cylindrical coordinates 

for the case of axially-unsymmetric deflections of circular plates. 

The theory is developed on the basis of Reissner's theory and in 

the same manner used by R. D. Mindlin [ 2] • The theory is developed 

as follows: 

For an elemental volume in cylindrical c·oordinates as shown 

in Figure 1, the strain-displacement relations in three dimensional 

theory of elasticity are given by [14]. 

2 2 2 
= [au + 1. (au) + 1. (av) + .!_ (aw) 1 ar 2 ar 2 ar 2 ar 

1 au 1 2 2 2 av + _.!.. ((}(I)) + _.!.. (au_ 
Ee =- rae + u + 2r <aa·+u) v) 1 r 2r as 2r ae 

[ aw + 1. 
2 2 

(au) 
2 

E = (aw) + !. (au) + 1 ] z az 2 az 2 az 2 az (1) 

Yre = 

Yrz = 
,.. 

= .av +.£!E.._+ 1 (ov + u) (av.)+ !. (aw) (aw)+ 1. (au _ ) (au) 
Yaz az rae r as az r as az r ae v az 



•· 

T rz 

~r 
a z 

a-r 
Tze_ + z9 

- az 
acr 

cr z 
+ ~ dz----' az 

T zr 

3-r 
+ zr 

az 

7 ' 

acr 
+ _____!:.. dr 

r r 
a-r + rz dr 

... ar 
+ a-rr9 dr 

ar 

-rr9 = 1:9r 

-rez == 1:z9 
T .,. T 
rz zr 

.Figure 1: Components of Stress on an E1ement in Cylindrical Coordinates 



8 

For sma11 displacements, higher powers of small quantities are 

neglected. Neglecting powers higher than one, equations one 

reduce to [14], 

au e: =-
r ar 

e:e = .!!. + .!. a.v 
r r ae 

aU) 
e: =-

z az 

Yre 
= .!.. au + av - v 

r ae ar r 

(2) 

Yrz 
= au + aw 

az ar 

Yez 
= av + 1 aoo 

az r ae 

In ~he three d~ensional theory of elasticity, stress-strain relations 

are given by [15], 

e:e 

e: z 

Yre 

Yez 

Yrz 

C1 
r =--E 

ar ae ~z 
= ll-+-- ll-

E E E 

O'r ae az 
= ].1 l.l-+-

E E E 

-rre 
=--

G 

Tez 
=--

G 

-rrz 
=--

G 

(3) 
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While considering the equations of motion, it is assumed that there are 

no body forces such as gravity. The equations of motion in the three 

dimensional theory of elasticity are [16], 

acrr 1 aTre ()Trz 0' 0' 
a 2u + r- e -- + ---- + = p ar r ae az r 
at2 

<hre 1 acre aTez 
+ 

2-rre a2v (4) +---+ = p 
~t2 ar r ae az r 

d't' 
+1. 

3Tez acr 't' 2 rz + __ z + ___E_ ()· &t· 

al-" r ae Clz r - p 
at2 

The derivation of the two of the above three equations, i.e., equations 

1 and 4 can be found in any book on the theory of elasticity. The 

derivations of equations 1 and 4 are given in Appendix- A. 

The unit moments, shear forces and twist for a circular plate 

are defined as (2] 

= 

Me = 

Mre = 

~ = 

Qe == 

h/2 
J crr z dz 

-h/2 

h/2 
J cr6 ~ dz 

-h/2 

h/2 
J 't' 

-h/2 ra 
z dz 

h/2 
J 't' . dz 

-h/2 rz 

h/2 
f Te dz 

-h/2 z 

The directions of positive moments, shear forces and twists on a 

typical plate element in cylindrical coordinates are shown in 

(5) 



.----Mer 

_...........-Qe 
Me 

10 

(lr 
a z 

I / 
J/ 

--l. --------

aM 
r + --dr 

ar 

d~ 
Q + -..,.- dr r or 

aMr9 
......__ __ Mre + ar dr 

Figure 2: Directions of Positive Moments, Shear Forces 
and Twist on a Plate Element 
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Figure 2. The unit moments, shear forces and twists shown in 

Figure 2 are known as Plate Stress Components. To obtain re-

lations for the plate stress components in terms of plate dis-

placements, the procedure is as follows. 

In the three dimensional theory of elasticity, there are six 

components of stress and six components of strain. The six 

components of strain are related to three components of displace-

ment and the six components of stress are related to the six 

components of strain by means of Rooke's law. Of the six components 

of strain, the relation for the strain in the z direction in terms 

of the six components of stress is ignored, because for small de-

flections, the elongation per unit length in the z direction is negli-

gible. Now five equations for strain in terms of the 6 components of 

stress are solved for cri:' cre, Tre' Trz' Tez in terms of e.r' ee, Yra' 

y , y and cr • The relations for the stress components are then 
rz ez z 

integrated over the plate thickness to ·convert the ordinary stress 

components to the plate stress components • For the case of a thin 

plate, the boundary conditions for stress components are 

crz l+h/2 = - ql (r,_e,t) " crz l_h/2 = -q2 (r,e,t) , 

T -re I 
(6) 

rz -l+h/2 0 and- 0 = z +h/2 - . 

The expressions for the plate stress components , which have inte-

grations of strain components and integrations of 

in two respects. 

cr , are altered 
z 
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a) Integrations containing a are dropped, because the disz 

placements are small and when vibrations are free, the value of 

a is very small. Further, the thickness of the plate is very z 

small compared to the other dimensions. Therefore, the contributions 

of the integrations containing a are negligible. 
z 

b) The coefficients of the integrals containing Yrz and Yez 

are multiplied by a constant. In this manner, the modulus of 

2 rigidity G is replaced by G' where G' - k xG. The value of constant 

k2 ~s chosen in order that the relations for the plate stress compo-

nents could be used even when the wave lengths during vibration are 

short compared to the thickness of the plate and so as to give better 

analytical results for sharp transients and for the modes of vibrations 

of higher order. 
2 

The value of the constant k has been found by 

2 
M1ndlin [2] to be ~ /12. Therefore, the expressions for the plate 

stress components become, 

~a 

Q 
r 

Qe 

h/2 h/2 . . h/2 

= I a zdz 
-h/2 r 

= D E1 ; r e: zdz 
h -h/2r 

12ll I + ~ e:8zdz] 
h -h/2 

h/2 h/2 
= n [12 ll f e: ·zdz + 12 f e: 8· zdz 1 

h 3 -h/2r h 3 -h/2 

= (1 -ll ) D 12 h/2. -
zdz] [- f y 

2 h3 -h/2re 

G'h 
lh/2 

= [h J yr dz] 
-h/2 z 

1 h/2 
= G'h [h J-y~ .dz] 

-b/ z 

(7) 



13 

where G' = K2xG and 

D = Eh3/12(1~2) 

The deduction of the first of the equations 7 is given in Appendix-B. 

Now, by using the strain-displacement relations, the relations 

for plate stress components can be obtained. Some approximations 

to the radial and tangential components of displacement are now 

made. It is assumed that the radial and tangential components 9£ 

the displacement of a point,u and v respectively, vary linearly 

with its distance from ther-e plane, i.e., its z coordinate. 

The assumption is that 

u(r,e,t) = z lflr(r,e,t) 

and (8) 

v(r,e,t) = z wa<r,e,t) 

where ~ is the negative of the slope at a point in the radial 
r 

direction neglecting shear deformatio~ and ~e is the negative of the 

slope at a point in the tangential direction [17]. In figure 3, s1 

is the slope of the neutral plane at a point neglecting shear defor-

mation and s2 is the angle of shear at the neutral plane. The 

classical theory does not assume the existance of s2 ; therefore, 

the total s~ope at a point is given by 81 + 82. The w's in equation 

8 are the negative of the s1 's in their respective directions. 

Now, using the strain-displacement relations in equations 2, the 

following expressions for the plate stress components in terms of 

the plate displacement components oo, wr and lPe can be obtained. 



1 
(--~--, 

Neutral Plan~ ___j__ 
(Unstrained I '\ t 

condition)L- - u __J . 

l el \ . 

\ \ 
\ 

14 

Neutral Plane 
~ (Strained condition 
~ with shear deformation) 

Neutral Plane 
(Strained con
dition. Classical 
Theory) 

Figure 3: Slope of a differential element in a strained condition 
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( ) awr awe 
Mre= 1 - ll D [1:. ( ,,, ) + ] 

2 r --a6 - "'e "3r 
(9) 

o = G'h (aw + tiJ ) 
"'r Clr r 

Q = G'h .! (a(i) + •1• ) e r ae "'e 

The next step in the development of the theory is to convert 

the equations of motion which are in terms of ordinary stress co~ 

ponents to the equations of motion in terms of the plate stress 

components. To do this we multiply the first two of the equations 4 

by zdz and integrate over the plate thickness. The third equation of 

equations 4 is simply integrated over the thickness of the plate, 

by using the definitions of the plate stress components. Following 

are the equations of motion in terms of the plate stress components. 

aM M -M 
r + r e 

rae r - Qr 

(10) 

where q(r,e,t) = q2 (r,e,t)- q1 (r,e,t) 

The deduction of the first of equations 10 is shown in Appendix C. 
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It is evident that when the expressions for the quantities 

Mr~ Mre' M8 , Qr' Q8 from equations 9 are substituted in 

equations 10, three equations involving the three dependent 

variables ~r' We' w will be obtained. These three equations 

co~ld be Uncoupled in the manner similar to that used by R. D. 

M1ndlin [2] in rectangular coordinates. The procedure of un-

coupling the equations in. cylindrical coordinates for a spherical 

shell has been given by Kalnins {1~]. Appendix D gives the pro-

cedure to uncouple the equations for a plate. The single equation 

is t:heD., 

2 
+ . a w pn--

at2 

D ·•i + ph2 
= (l - G'h 12G' 

To account for the resistance of the medium to the motion of 

the plate, it is evident that as the plate vibrates, it generates 

waves in the medium on either side of it. It is assumed that the 

waves generated by the motion of the plate are simple plane waves 

(11) 

and there are no losses due to dispersion and scattering. Figure 4 

shows two waves generated by the motion of a plate. At the instant 

shown in Figure 4, the backward pressure P4 acting on the plate 

due to the wave v4 is given from Appendix-E by [19], 

3w 
= -P4°4. a:~: (12) 

where P4 is the density of medium II and c4 is the velocity of 

wave propagation in medium II. The forward pressure P 3 acting 
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Figure 4: Waves Generated by Flexural Motion of a Plate 
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on the plate due to the wave V is given by [19], 
3 

where p 3 is the density of medium I and c3 is the velocity 

of wave propagation in medium I. Therefore, the net resistance 

to the motion of the plate is given by, 

= 

18 

(13) 

(14) 

If an arbitrary forcing function f(r,6,t) were applied to the 

plate, the resultant forcing function would be written as the 

algebraic sum of the forcing function and the resisting force. 

Since the problem under study is that of free vibrations, no 

external forcing function exists. Therefqre, q(r,6,t), which 

was initially assumed to be 

q(r,S,t) = a I - azl = q 2 (r,e,t) - q1 (r,e,t) (15) 
z z=h/2 z= -h/2 

is now given by, 

(16) 

After substitution of equation .16 in equation 11, the differential 

(17) 
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The expressions for moments, shear forces, twist and the 

equations of motion stated in the above discussion are for axially-

unsymmetric deflection of circular plates. For axially-symmetric 

deflections of a plate, there will not be any tangential displace-

ment and the transverse displacement w will not be a function of 9. 

Therefore, 

v = z lPe (r,e,t) = 0 which implies that 

w8(r,e,t) = 0, 

2 
_£g)_ == 0 and ..a__w. == o. 
ae ae 2 

The Laplace 
2 

operator ~ which was 

reduces to 

The expressions for moments, shear forces and twist for axially-

symmetric deflections of a plate are, 

alJir ..1! 
== D [ a;- + r lllr] 

Q = G'h (aw + ·'· ) r or "'r 

Q = 0 e 

(18) 

(19) 

(20) 



The equations of motion for axially-symmetr~c deflections of a 

plate ~n terms of plate stress components become, 

- Q r 

2 
h a w 

p --
at2 
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(21) 

The equat~on of motion in one variable ~, transverse displacement, 

for axially-symmetric deflect~ons of a plate ~s, 

= 0 (22) 

where 

In this derivation, the equat~ons of motion for the plate 

have been developed in a manner si~lar to that of Mindl~n. The 

effect of resistance of the medium was cons~dered as a forc~ng 

function, but since this forcing function depends upon the 

transverse displacement, because of the assumption that the waves 

generated by the v~brating plate are simple plane waves, the 

equation of motion remained in terms of one variable, i.e., 

transverse displacement of the plate. 



IV. THE SOLUTION OF THE DIFFERENTIAL EQUATION 

The differential equation to be solved for the vibrations 

of a circular plate with axially symmetrical deflections, rotary 

inertia, shear deformation and resistance from a fluid med:ta· 

along with boundary conditions and initial conditions can be 

written as. 

Boundary Conditions: 1) w(O,t) must be finite 

2) w(R,t) == 0 

3) 11J (R~t) • 0 
r 

since w (r,t) is the slope without shear deformation. 
r 

Initial Conditions: 

When simplified, the 

2 
InvA - Bv2 _a_ -

at2 

where the constants 

4) 

5) 

w(r,O) ... f(r) 

aw 
at(r,O) = g(r) 

6) as t + =, w(r,t) + 0 

equation becomes 

D, B, P, B1 , Q, and A involving 

material constants are given by the relations, 

D = Eh3/12(1 - ~2) 

B = (P ~3 + .E.!!.) 
12 G' 
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(22) 

(22-a) 

(22-b) 

(23) 

(23-a) 



h2 
p 

12G' 

22 

(23-a) 

It is assumed that the solution of equation (23) is of the 

form, 

Substitution of the above solution in the differential equation 

yields, 

(24) 
Therefore, 

The equation can be expressed as 

where 

c 2 1 
1 = 2D 

c 2 I 
2 = 2D 

(26) 

2 2 4 3 2 ~(-BPl -PP1) -4D(BIPI +QPI +phPl +API)] 

(27) J 2 2 . 4 3 2 • (-BPI -PPI) -4D(B1P1 +QPI +phPI +API)] 

(28) 

Due to the fact that the equation is linear, the solution for R(r) can 

be written as 

R(r) = R1 (r) + R2 (r) (29) 



where R1 (r) and R2(r) are the solutions of, 

(\72 + c 2) R1 (r) = 0 1 

(\72 + c 2) R2 (r) = 0 
2 

respectively. 

So, 

and 

It is known from the theory of differential equations that 

the form of the solution to the differential equation changes if 

the roots of the characteristic function are equal or one of them 

is zero. Therefore, it is noted that the solution given by 

equation 32 to the differential equation 25 is valid only when c1 

and c2 are not equal and neither is zero. In this discussion we 

will investigate only those cases where c1 and c2 satisfy the 

above-mentioned conditions. 

The boundary conditions are 

1) w(O,t) must be finite 

2) w(R,t) = 0 

The first condition.gives a 3 = a 4 = 0. The ~r(r,t) is obtained 

in the following manner: 

Substitution of equations 20 into equations 21 gives 

23 

(30) 

(31) 

(32) 

(22-a) 



2 02,.. < > rL + _!1 tP + [~ +.!. aw _ i ... q r,t 1 = 0 
ar r r dr2 r ar G' at2 - G'h 

Assuming that 

p t 
w(r.t) = R(r)e 1 and 

p t 
W (r,t) = w (r)e 1 r r 
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(33) 

and substituting for q(r,t) from equation 16 into equations 33 gives 

2 3 [-a- +.!. .._.!_ _ _.!. _ .e.!!_ P 2 1 w _ G'h [tP + aR(r)1 _ 0 
~ 2 r ar 2 12D 1 r D r ar or . r 

(33-a) 
2 pl 

[_i + 1 1 tP + [.!__ + .!. .._.!_ - .e._ P 2 - G'h A] R(r) • 0 
ar r r ar2 r ar G' 1 

Differentiating the second of equations 33-a with respect to r and 

substracting the result from the first of .equations 33-a gives 

lP (r.t) =r 

where 

c5 = 
1 

[~3 P 2 + G'h] -1 _a_ [. a2 + i .._.!_ - c5 1 w(r, t) 
12D 1 D ar ar2 r ar 1 

(34) 

Substitution of equation 32 in the boundary conditions 22-a with the 

help of equations 34 yields, 

(35-a) 

(35-b) 

where 
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It should be noted that since 

The constant a 2 from equation 35-b is given by 

{35-c) 

Substitution of this value of a 2 in equation 35-a yields, 

{35-d) 

Therefore, 

a1 
d2C2J1(RC2) [d2C2Jl(RC2) JO(RCl)- dlC1Jl(RCl)JO(RC2)] = 0 

(35-e) 

It is noted if a1 in equation 35-e is zero, a 2 in equation 35-c is 

also zero and that gives a trivial solution. Therefore, 

{36) 

Equation 36 is the equation governing the frequencies of vibration 

because c1 , c2, dl, d 2 are functions of P1 • It is noted that the 

roots of equation 36 would satisfy the differential equation and the 

boundary conditions. Some of the roots of equation 36 are 

dl = 0 , JO(RCl) = 0 

dl == 0 Jl (RC2) = 0 , 

d2 = 0 , Jl(RCl) = 0 
. (36-a) 

d2 = 0 , JO (RC2) = 0 

Jl(RCl) = 0, Jl{RC2) = 0 

JO(RCl) = o, JO(RC2) = 0 
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In this investigation, only the last set of roots in sets 36-a are 

considered. The other possibilities for satisfaction of equation 36 

are not herein investigated. So 'Rc1 ' and 'Rc2 ·• are two unequal and 

n.onzero roots of J 0 (a.). Now, knowing the values of 'Rc1 ' and 'RC2 ', 

the values of 'P1 ' can be obtained from equations 27 and 28 as follows: 

2 (-BB 2 -PP ) 2 4 3 2 
c 2 

(-BB -PP ) (B1P1 +QP1 +PhP1 +AP1 ) 
1 1 1 1 = 1 2D 4D2 D 

2 (-BP 2_pp ) 2 4 3 2 
c 2 

(-BP -PP ) (B1P1 +QP1 +PhPl +AP1 ) 1 1 + 
1 1 = 2 2D 4D2 D 

Now, add the two equations to obtain, 

(-BP 2 PP1 ) 
(C 2 + C 2) = _ ___;1;::.._ __ = 

1 2 D 

and multiply the two equations to obtain. · 

4 3 2 
2 2 (BlPl +QPl +PhPl +APl) 

c c = --~~--~~--~~---=-1 2 D 

(27) 

(28) 

(37) 

(38) 

It is noted that if P1 satisfies equations 37 and 38, it also 

satisfied equations 27 and 28. Further, c1 and c2 have the values 

a./Rand a. /R, where a and am are the roots of J 0 (a). n m n 

It is necessaey to find the values of P1 which satisfy both 

the equations 37 and 38. Consider various combinations of a and n 

Ctm and find numerically for particular values of B, P, Q, A, 

D, B1 , h, R, and p: the greatest common divisor of the two 

polynomials 



DC 2c 2 = 0 1 2 

27 

(39) 

(40) 

After obtaining the greatest common divisor of the two polynomials, 

equate the greatest common divisor to zero and the roots of the 

resulting equation will be the values of P1 which will satisfy both 

of the equations 39 and 40. 

A package subroutine to find the greatest common divisor 

of two polynomials is available in the U.M.R. computer center 

under the title PGCD. This subroutine was used to obtain the 

greatest common divisor of the equations 39 and 40. When the 

first ten roots of J (a) were considered for the material 347 
0 

Stainless Steel , it was found that the polynomial given by 

equation 39 is the greatest common divisor of equation 39 and 

40 for all combinations of a and a except when n - 1 and m • 2. n m 

Therefore, the values of P1 which satisfy both of the equations 

39 and 40 are given by 

.,..p 

2B + (C 2 + C 2) 1 . 2 

where c1 and c2 take the values corresponding to a and a • . n m 

The computer program which gives the greatest common divisor 

of equations 39 and 40 and the results of the computation are 

presented in Appendix-F. 

From the results in AFipendix-F, the values of P 1 which 

satisfy both the equation 27 and 28 are given by the roots of 

(41) 
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BP 2 + + .!L_ (a 2 + 2) = 0 1 ppl R2 n a.m. (39) 

where a and a are two unequal and non-zero roots of J (a). It n m o . 

is evident from the results given in Appendix-F that for n = 1 

and m = 2, equation 39 does not give the values of P1 which satisfy 

both the equations27 and 28 for all other combinations of the first 

ten roots of J 0 (a.), equation 39 gives the value of P1 which satisfy 

both the equations 27 and 28. So except for then= l.and m = 2 

combination, the values of P1 are given by 

(41) 

Since there are two values of P1 for every combination of a.n and 

a.m, let s1 and s2 be the two values of P1 • Then, the solution for 

the deflection curve is given by 

where z1 and z2 are arbitrary constants. The above solution can 

also be written as, 

w(r,t) 

(43) 

where£ stands for a particular combination of a and a. , e.g., for n m 

n = 1 and m = 3, £ = 1. Then, for another combination n = 2 and 

m = 4, t = 2, etc. The arbitrary constants b 2 , b 3 , b4 , and b 5 are 

evaluated by using the initial conditions that 
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5) w(r~O) = f(r) 

6) 
aw at (r,O) = g(r) (22-b) 

7) as t ~ ~ , w(r,t) ~ 0 

Applying the first two of the above initial conditions~ the result is 

00 

00 

From the orthogonality condition for Bessel functions and Fourier-

Bessel series 

(b2 + b3) = ul 

(b4 + b5) "" u2 

where u 1 , u 2 , u 3 , and u 4 are given by · 

u = 
1 

JR rf(r) J (rC1 )dr 
0 0 

JR . 2 
r [J (rc1 ) ] dr 

0 0 

u2 = JR rf(r) J (rc2 )dr 
0 0 

R 2 

of r [J 0 (rc2 ) ] dr 

u3 = JR rg(r) J (rc1 )dr 
0 0 

JR r 2 (J 0 (rc1 ) ] dr 
0 

u4 = JR rg(r) J (rc2 )dr 
0 0 

JR r 2 [J 0 (rc2)] dr 
0 

(44) 

(45) 

(46) 

(47) 

(48) 

(49) 



It is evident that the values of the arbitrary constants b 2 and b 3 

can be obtained from equations 45 and 47. Similarly, the values 
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of the arbitrary constants b 4 and b 5 can be obtained from equations 

46 and 48. In order to satisfy the third initial condition, s1 

and s2 must be negative. We observe from the expressions for the 

terms B, P, and D given in equations 23-a that the terms B, P, 

D 2 2 
and--2 (a +a ) in equation 41 are all positive. Therefore, 

R n m 

the values of s1 and s2 given by 

-P J P2 D [- + ---
2B - 4B2 BR2 

2 2 
(a + a ) ] n m 

can either be negative, positive, or complex. Neither s1 and s2 

can be zero because D2 (a 2 + a 2 ) cannot be zero for a finite 
BR n m 

plate. The roots s1 or s2 could be positive if 

-P 
2B is less than [ 

However, if this inequality were true,. 

- D (N 2 + ~ 2) i ~ ~ s greater than zero, 
BR2 n m 

which is impossible. Therefore, s1 and s2 can be either negative 

or complex. When s1 and s2 are negative, the arbitrary constants 

b 2 , b 3 , b 4 , and b 5 are obtained from equations 45, 46, 47, and 48. 

When s1 and s 2 are complex, they are given by 

-P 
[ 2B + w.R.i] 

(41) 

(50) 



where 2 
(A) == 

R, 

D 2 2 P2 
[- (et + a )- - ] 

BR2 n m 4B2 

The solution for the deflection curves is then expressed as 

00 - p t 

w(r,t) == L e 2B J 0 (rc1 ) [b2 cos wR.t + b 4 sin wR.t] 
R.==l 

Since there are infinite roots of J {a.), there are infinite 
0 

combinations of an, and am. As c 1 and c 2 are given by 

Ct n 
R 

and 

the solution can also be written as 

where 

00 

+ L e 
R.==1 

D(et 2 + et 2 ) 
n m 

(l 
m =-
R 

Of the infinite combinations of a and a. , possible for n m 

the evaluation of wR., it is observed that if both m and n are 

allowed to vary from zero to infinity, there will be duplication 
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{51) 

(52) 

of the combinations of et and a and also wn. Therefore, either of n m ~ 

the values of m or n should be restricted in such a way that this 

repetition does not occur. 

Let m be such that it is always greater than n. Table (IV-1) 

gives the values of the frequencies wR. in ascending order for 
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TABLE: (IV-1) 

The Frequencies in the Ascending Order and the Values of a: and a n m 

Roots of Jo(a) The Value 

n m of 

0: a Frequency WR, n m 

1 3 2.4048 8.6537 14856.54 

2 3 5.5200 8~6537 16978.35 

1 4 2.4048 11.7915 19905.85 

2 4 5.5200 11.7915 21535.80 

3 4 8.6537 11.7915 24193.25 

1 5 2.4048 14.9309 25015.50 

2 5 5.5200 14.9509 26331.02 

3 5 8.6537 14.9309 28545.50 

4 5 11.7915 14.9309 31470.17 



corresp<Onding values of a and a along with the values of the n m 

indices n and m. It can be observed that the frequencies ~t 

follow a particular pattern as far as the combinations of n and m 

are concerned. If n is equal to (m-1), the next combination of 

n and m which gives the frequency w~ immediately higher than the 

previous one, is given by increasing m to m+l and n equal to one. 

It is noted that the third of the initial conditions in 

equation 22-b is satisfied by the solution expressed in the form 
-P 

of equation 52, because as t tends to infinity, e2B t tends to 

zero. Use of the first initial condition in the solution yields 
oo a a 

lOn =>}: [b2 J 0 (r :> + b 3 J 0 (r ~)] 
.11..=1 

as an initial displacement. 
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(53) 

Use of the property of orthogonality for the Bessel functions 

and Fourier-Bessel series, allows evaluation of the arbitrary 

constants b2 and· b 3 as follows, 

b 2 JR an 2 
JR 

a 
rf(r) n (54) r [J0 (r R)] dr = J 0 (r R)dr 

··o ',: 0 

b3<:::bR r 
am 2 

. JR rf(r) 
a m [J0 (rR)]dr = J 0 (r R)dr 

0 

From Wayland [20], 

2 JR 
a 

b2 rf(r) n 
dr (55) = Jo(r R) 

R 2J2(an) 0 
1 

and 

2 
.JR rf(r) 

a 
b3 

m 
dr (56) = Jo(r R) 

R2Jl2(an) 0 
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Use of the second initial condition for the initial velocity allows · 

the arbitrary constants b 4 and b 5 to be evaluated as follows, 

-P 
oo ~ a 

ow(r,t) _ -P oo(r,t)+ \ 2B n ] 
at - ZB L e oo~ J 0 (r JR) [-b2sinoo~t + b 4cosoo1 t 

~=1 

.... p 
co 2Bt 

+ I e oot 
t=l 

oo a a 
~(r,O) = -P oo(r,O)+ \ ~ [b J ( n) b ( m)] 
at 2B t:l ~ 4 o r R + s Jo r R 

so 

(57-a) 

(57-b) 

(57-c) 

Now, h4 and b 5 are obtained in the same manner used to obtain h 2 

and b 3 • 

(58) 

(59) 

For the case under consideration the oscillatory solution for the 

differential equation of.motion for a plate is given by equations 

52, 55, 56, 58, and 59. 



V. THE CHARACTERISTICS 9F THE SOLUTION 

The characteristics of the solution are best illustrated 

by an example. 

SPECIFICATIONS: 

MATERIAL: 347 Stainless Steel. 

DENSITY: 
. 3 

p = 0.2845 lbm./in • 

YOUNG'S MODULUS OF ELASTICITY: 
6 2 

E = 28.43 x 10 lbs./in • 

MODULUS OF RIGIDITY: G = 10.98 x 106 lbs./in2 • 

POISSON'S RATIO: ~ = 0.3 

We assume the following dimensions for the plate. 

RADIUS: R - 3.0 in. 

THICKNESS: h = 3/16 in. 

The medium. in which the plate vibrates is assumed to be air. 

For air, the product of the density [22] and the velocity of 

wave propogation [23] is 

p3 c3 = p4 c4 =0.565 lbm/in2-sec. 

Further, it is assumed that the plate has an initial displacement 

given by, 

f(r) = w max 

35 

(60) 

(61) 

This equation is the static deflection curve for a flat, uniformly 

loaded, circular plate which is clamped around the circumference [24]. 

The initial velocity of the plate is assumed to be zero. Therefore, 

g(r) = 0 (62) 



36 

w is the initial displacement at the center of the plate. For max 

g(r) = 0 and the initial displacement function f(r), the arbitrary 

constants b 2 , b3 ~ b 4 , b 5 can be evaluated by means of equations 55, 

56~ 58, and 59. The integration for the integrals in equations 55, 

56, 58, and 59~ is carried out in Appendix-G with the result that 

where 91 is a constant. 

w max 

To evaluate the arbitrary constants b2 and b 4 , substitute 
a 

e1 == ~ in equation 63 and to evaluate the arbitrary b 3 and b 5 
a 

m 
substitute 91 == ]i in equation 63. These substitutions yield, 

(63) 

2w -8 64 
b 2 = max [ a3 + a 5 1 (64) 

J 1 (an) n n 

b4 == 

bs = 

2w max 
a 

Jl ( m) 

[ -8 + 641 
a 3 a 5 m m 

Pw 
[ -8 + 64] max 

a a 3 a 5 
. wR.BJ1 ( n) n n 

Pw 
[ -8 + 64 l max 

a a 3 a 5. 
wR.BJl( m) m m 

(65) 

(66) 

(67) 

It can be noted from the form of the expressions for the arbitrary 

constants b 2 , b 3 , b 4 and b 5 , that the deflection at any point in the 

plate can be expressed as a product of maximum initial deflection at 

the center, w ~ and some function of radius and time. 
:max 
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TABLE: (V-1) TABLE: (V-2) 

The Solutions of group 1 The Solutions of group 2 

Al A2 A3 A4 As A6 A7 

n m n m n m n m n m n m n m 

1 3 1 3 1 3 1 3 1 3 1 3 1 3 

2 4 2 4 2 4 2 4 2 4 2 4 2 4 

- - 5 6 5 6 5 6 3 5 3 5 3 5 

- - - - 7 8 7 8 - - 4 6 4 6 

- - - - - - 9 10 - - .... - 5 7 

TABLE: (V-3) TABLE: (V-4} 

The Solutions of group 3 The Solutions of group 4 

As A9 ~0 All A12 A13 

n m n m n m n m n m n m 

1 3 1 3 1 3 1 3 1 3 1 3 

2 3 2 3 2 3 2 3 2 3 2 3 

- - 3 4 3 4 3 4 3 4 3 4 

- - - - 4 5 4 5 3 5 3 5 

- - - - - - 5 6 3 6 

TABLE: (V-5) 

The Solutions of group 5 

Al4 A15 Al6 Al7 AlB ~9 
n m n m n m n m n m n m 

1 4 1 5 1 6 1 7 1 8 1 10 

2 4 2 5 2 6 2 7 2 8 2 10 

3 4 3 5 3 6 3 7 3 8 3 10 

4 5 4 6 4 7 4 8 4 10 

5 6 5 7 5 8 5 10 

6 7 6 8 6 10 

7 8 7 10 

8 10 

9 10 
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It is noted that there are an infinite number of solutions 

depending upon the combinations of ~ and a • Further, there are n m 

infinite ways to express the solution as the sum of several solutions. 

The values of w(r,t)/w for this case were computed for nineteen max 

different solutions, each one as the sum of several solutions. In 

tables (V-1) through (V-5), these nineteen solutions have been 

tabulated. 

For the solutions in table (V-1), it was assumed that one 

root of the Bessel function of the first kind and zero order does 

not associate with two frequencies in table (IV-1). For the 

solutions in table (V-2), it was assumed that the values of nand 

m do not repeat in their respective columns. It was assumed for 

the solution in table (V-3), that the values of n do not repeat 

in that column but the value of m has no restrictions. The 

solutions in table (V-4) incorporate the assumption that all 

possible combinations with m = 3 should be considered. Those in 

table (V-5) require that for a particular value of m, n takes the 

value one to ~1. 

The computer program to evaluate w(r,t)/w is given in 
max 

Appendix H along with the results of the computations for three 

values of time (t = 0.0, t = 0.05, and t = 0.1) and for the 

nineteen different solutions. The graphical results are shown 

in figures 5 through 23. Figure 24 shows the graph of the assumed 

initial deflection curve f(r) with which various solutions which 

contain a finite number of terms were compared. 
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VI. SUMMARY AND CONCLUS.IONS 

The case of free vibrations of a circular plate has been dis-

cussed in this investigation. One single differential equation of 

motion has been deduced in Chapter III by the method suggested by 

E. Reissner and in the similar way as has been done by R. D. Mindlin. 

In this development, it was assumed that displacements of the plate 

were axially symmetric and small compared to the dimensions of the 

plate. Further it was assumed that the values of the stress component 

a were small and so the integrations containing a over the thickness z z 

of the plate were neglected. It was also assumed that the radial and 

the tangential displacements were linear functions of the z coordinate 

and independent of shear. While considering the effects of the resis-

tance of a fluid medium to the motion of the plate, the assumption of 

simple plane wave generation was made and so a simple relation for the 

pressure at a point in the wave in terms of the density of the medium 

and the velocity of wave propagation in the medium was used. 

In Chapter IV, the solution to the differential equation of motion 

of the plate has been presented for the case when the plate is clamped 

around its circuuQ:erence. A product solution was assumed in which the 

function of time was exponential in form. The equation governing the 

frequencies of vibration was obtained by application of the boundary 

conditions. Of the several sets of roots of this equation, one set of 

roots has been discussed in this investigation; namely, the roots of 

the Bessel function of first kind and zero order. The solution pre-

sented requires that the roots of the Bessel function be unequal and 

non-zero. 
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For the illustration, the material of the plate was assumed to 

be stainless steel 347. The plate was assumed to be vibrating in 

the medium of air. The radius and the thickness of the plate were 

assumed to be 3.0 inches and 3/16 iD.ch respectively. The plate had 

an initial displacement described by the classical theory corresponding 

to a uniformly distributed load but with no initial velocity. When the 

results of the computations of w(r,t)/w by nineteen different solu-
max . 

tions, each one as the sum of several solutions given in tables (V-1) 

through (V-5) were plotted, it was found that three different types 

of curves are given by those nineteen solutions. 

The first type was given by solutions A14 , A15 , A16 , A17 , A18 , 

~9 • The curves are shown in figures (18, 19, 20, 21, 22, 23). It 

was noted that the approximation to the initial deflection curves was 

very crude. The approximation for the initial deflection at the center 

of the plate given by these solutions was with minimum error of 3.0 

percent. Further it was found that this approximation was better when 

the value of m was increased. In the other two curves for t = 0.05 and 

t = 0.1, either deflections at all points were positive or they were 

all negative. It was observed that the deflections went on increasing 

up to a certain distance from the center of the plate and afterwards 

they decrease to zero at the boundary of the plate. 

Figures 12, 13, 14, 15, 16, 17 show the plots of the results of the 

solutions A8 , A9 , A10 , A11 , A12 , A13• The approximation to the initial 

deflection curve by these solutions is not even as good as that of 

solutions ~4 , A15 , A16 , A17 , A18 , A19 • In this case also it was noted 
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that the deflections near the center of the plate are less than 

those at some greater values of r. This is prominent in solutions 

A13 and ~2 • 

Solutions ~, A2 , ~, A4 , As, A6 , and ~ whose plots are shown 

in figures (S, 6, 7, 8, 9, 10, 11), give the third type of curves 

for w(r, t) I U\na.x• For solution A 4, the approximation to the initial 

deflection curve is very good with an error less than 0.2 percent 

for the deflection at the center. The approximation becomes better 

by increasing the number of terms in the solution. This increase in 

accuracy can be seen from the plots of solutions ~' A2, A3 and A4. 

This increase in accuracy is also true for solutions As, A6 and ~· 
In this case, the deflection also goes on increasing for some distance 

from the center of the plate and then decreases to zero at the boundary 

of the plate. The increase in the deflection in this case was not 

more than the order of 10-1. From the approximation to the tnitial 

deflection curve, the solutions A1 , A2 , A3 , A4 were better than the 

solutions As, A6 , ~· 

Though all the solutions show the characteristic of a hump at 

the center of the plate, very few solutions like ~O' A11 , A12 , ~3 

show a very pronounced hump in the approximation to the initial de

flection curve. The probable reason might lie in the fact that solu

tions of the type used generally employ one Bessel function associated 

with one frequency but in this case every solution of the nineteen 

solutions is the sum of several so+utions and each one ei these several 

solutions is the sum of two Bessel functions with which one frequency 



is associated. From the solutions computed, though no specific 

conclusion as to which solution would give best results could be 

drawn, it could be believed that the soltuions A1 , A2 , A3 , and A4 
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would give best results, as they satisfy the initial condit~ons better 

than the other solutions. However, a comparison with practical results 

would show which of these nineteen solutions give results close to 

the actual data. Since the solution requires that the initial dis

placement function be known, the example presented is at best an 

approximation because the initial displacement function assumed did 

not include shear deformation. It should be emphasized that only one 

possibility of the roots of the frequency equation has been discussed 

in this investigation. Therefore, the solution presented is a particu

lar solution. However, it is hoped that ~his is a significant first 

step in the study of the stated problem. 
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APPENDIX-A 

Derivation of Equations 1 and 4 

In Figure A-1~ PQ is a line segment located in a plate 

before deformation and P*Q* is the same line segment after 

deformation of the plate has occurred. The length of the line 

segment PQ is given by 

(A-1) 

Let the point P displace to P* and let the coordinates of the 

point P* be x*, y*~ z*. 

• 
Then, 

:x* = x + u' 

y* = y + v' (A-2) 

z*=z+w' 

where u', v' and w' are the components of displacement of point P 

in the x~ y and z directions, respectively. 

Let the point Q(x + dx, y + dy, z + dz) displace to Q*(x* + dx*, 

y* + dy*, z* + dz*), where dx*, dy* and dz* are given by 

dx* ax* ax* ax* = dx + dy + dz 
ax ay az 

* * * dy* -~dx+~dy+~dz 
ax ay az 

(A-3) 

dz* az* az* +~dz = -- dx + dy 
ax ay az 

The length of the line element P*Q* is given by 

2 2 2 2 ds* . = dx* + dy* + dz* (A-4) 
.. , 
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z 

Q* (x*+dx*, y*+dy*, z*+dz*) 
.. ....t.-dy z+<lz) --

Q ($.+d1t' J . !.-- -

---
.-- ~splacement of P 

P(x,y,z) 

y 

Figure A-1: Displacement of a Line Segment due to Plate Deformation 



From equations A-2, 

Therefore 

Clx* aut 
ax =ax-+ 1 ; 

ox* au' ay-=ay-; 

~- av• • 
ax - ay ' 

az* aw• 
-- == -- . 
ax ax , 

3v* av' 1 
..:;...&__ = -- + . 
ay ay ' 

oz* aw• oz* aw• 
ay =1Y . --=--+ , az az 

from equations A-1, A-3, A-4, and A-5 

2 2 

1. 

2 2 a , 2 av' (aw•) 2 au' 1 (ds* - ds ) = [ (_!!___) .. + <ax ) + + ax ax ax 

[(au•) 
2 av• 2 aw' 2 2 av• 1 + + <ay ) + (-) + ay ay ay 

[ (au•) 2 (av') 
2 (ow t ) 2 + 2 aw' 1 + + + az az ()z az 

+ [2ou' au' + av• av• aw' aw• 
~--+ 2----+ ax ay ax ay . ax ay 

+ [ 2 au' aut + 2 av' av' + aco' aw' 
2----+ ay az ay az ay az 

+ [2au' au' + 2av' ~· + aoo' aw• 
2----+ ax az ax az ax az 
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(A-5) 

dx2 

dy2 

dz2 (A-6) 

2 av' + au' 
2ay ]dxdy ax 

2av' + 2a00 ,]d dz 
az ay Y 

2 aw' + 2au' ]dxdz 
ax az 

The transformation of the displacement components from rectangular 

to cylindrical coordinates is accomplished with the help of Fig. A-2. 

It can be seen from this figure that 

X = rcosQ 
(A-7) 

y = rsi.ne 

u' = ucos9 - vsin9 

v' = usin9 + vcos9 (A-8) 
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Transformation of the Displacement Components from 
Rectangular to Cylindrical Coordinates 
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These equations are used to transform the terms in Equation A-6 as 

follows: 

au' au' ar au' ae ax = ar- ax + "'39 ax 

sine au av 
= -r [- o9 cose + u sin9 + ae sine + v cose] 

au av + cose [ 0r cos9 - or sine] 

au' au' ar au' ae --=--+--ay ar ay ae ay 

cos9 au 
= ---;- [ ae cose 

av 
u sine - ae sine - v cos9] 

au av + sine [ar cose - ar sin9) 

similarly, 

av' sine au av 
ax = --r- [- ae sine - u cos9 - ae c.os9 - v sin9] 

au av 
+ cose far sine + ar cos9] 

av' cose au av ay = --r- [ae sin9 + u cos9 + 09 cos9 - v sin9] 

au av + sine far sin9 + ar cos9] 

(A-9) 

(A-10) 

It is noted that as 9 approaches zero, sine approaches zero and cose 

approaches 1. 

Therefore, in the limit 

dx = dr 

dy = rd9 

dz = dz. (A-11) 

For this case, Equations A-9 and A-10 reduce to, 
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au' 19+ 0 
au --ax ar ' 

au' 
le 

au v 
ay -+0 = rae - r ' 

3v' 
le -+<> 

3v d(J) 
le + o 

aw 
ax = ar ' =--

ay rae (A-12) 

av' 
le -+o = _1y +}!. aw' 

le +O 
aw 

ay =-
. rae r ' ax ar 

, 

and equation A-6 becomes 

+ 2y rQ rdrd9 + 2y rz drdz 

+ 2Y Qz rdedz 

where e: , e:9 , e: , l' 9 , <:r and Y n are given by r z r rz ~z 

av u 1 au v 2 
( av + u) 

2 aw 2 
e:e = - + - + - [ (- - -) + + <rae> ] rae r 2 rae r rae r 

- aw + .!. [(au) 
2 

(av) 
2 

(aro) 
2 

e: + + ] z oz 2 az az az 

[av + aw + au ( au v) + av ( av + u) + aw ~] 
y ez- a z ra 9 a z ra 9 - r a z ra 9 r a z ra 9 (A-13) 

In large deflection theory, the strain e:L of a line element 

is defined as 

e:L = i [ (d::) 2 -1] 

which, from Equation A-13 is given by 
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where Er' Ee' Ez' Ere' Erz and Eez are components of strain and 

~, m, n are direction cosines of the line element PQ before deformation. 

In cylindrical coordinates ~, m, n are given by 

R- = dr 
ds 

, rd9 
m=~ and dz n =-

ds 

Therefore, the strain components are given by, 

2 2 2 
e =au 1 [(au) + (av) + (aw) 1 r ar + 2 ar Clr ar 

( av + u) + 1:. av + u 
2 

( au - v) ee = [<rae r) + 
rae r 2 rae r 

aw 1 [(au) 
2 

(av) 
2 

(aw) 
2 

E = -+- + + ] 
z oz 2 az cz dZ 

2 aw 
+ <rae) 

au av v+ (au) ( au _ v) + (av) ( au + u) 
Yre =--+--rae ar r ar rae r ar rae r 

+ (aw) ( aw) 
ar rae 

y 
aw Clu (aw) (aw) + (au) (au) + (av) (av) =-+-+ rz ar az az ar az 3-r az ar 

2 

Yez 
av aw ( av + u) cv + (au _ v) au+~ aw =-+--+ az rae rae r az rae r a z rae a z 

which are the same as given by Equations 1. 

1 

(A-14) 

The equations of motion in cylindrical coordinates are derived 

as follows: 

Figure A-3 shows the stresses acting on the six side faces of a 

differential element in cylindrical coordinates. The thickness of 

the element in the radial direction is dr, the thickness in the 

tangential direction is (r + d~)d9 and the thickness in the transverse 
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Figure A-3: Stresses on Six Faces of an Element of Plate 
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direction is dz. Equating the sum of the forces in the radial 

direction to the inertia force in the radial direction yields, 

assuming the force in the direction of increasing r as positive, 

acr a-r e dQ 
(crr + orr dr) (r + dr) dQdz + (rre + ae r de) drdz cos 2 

+ (T + oTrz dz)(r + d2r) dedr- 0' rdQdz 
rz az r 

d d dQ (r +. dr) d9d a i de d d - T re r z cos 2 - T rz 2 r - 9 s n 2 r z 

(A-15) 

where u is the component of displacement in the radial direction 

and P is the density of the material which is assumed to be constant. 

Since d9 is an i~finitesimal angle, 

dQ 
sin-2 = de 

2 and dQ cos-
2 = 1. 

So on simplification the first equation of motion is 

~ a-r a-r 6 -cr 
oO'r 1 rQ + rz + r 9 ar + r ae az r 

Similarly, summing the forces in the tangential and transverse 

(A-16) 

directions and assuming v and w as the displacement components in 

the tangential and transverse directions, respectively, the other 

two equations of motion can be obtained as 

oTrQ dO'e ()'[Qz. Tre d2V 
ar + rae + ---az + 2 r = p 2 

tlt 
(A-17) 

dT tlTez tlO' T 
~+ +--z +~ = ar rae az r (A-18) 

Equations A-16, A-17, and A-18 are the same as Equations 4. 



APPENDIX-B . 

The Derivation of the First of Equations 7 

From the stress strain relations given in equations 3~ it 

can be seen that the expressions for Tre , Tez , T will 
rz 

not involve .. a , • 
z To obtain the expression 

for ·cr , two simultaneous equations, namely the first and the 
r 

second of equations 3, are available. For a , the result is 
r 

Multiplying both sides of equation B-1 by zdz and integrating 

the resultant equation over the thickness of the plate yields 

+h/2 

f 
-h/2 

But by definition 
b/2 

I 
-h/2 

Therefore, 

h/2 h/2 

[ J e: zdz + ll 
-h/2 r 

J e:0 Zdz] 
-h/Z v. 

}l 
+ (1-ll) 

h/2 

I crz~dz 
-h/2 

a ~z = M r: r 
. 
' 

h/2 h/2 

[ I e: zdz + ll 
-h/2 1: 

I e:hzdz] 
-h/2 v. 

h/2 
+ (1-ll) f 

-h/2 
a zdz z 
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(B-1) 

(B-2) 

(B-3) 

Now, neglecting the contribution of the term containing the integral 

of a for the reasons that the value of a is small and the thickness z z 
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of the plate is small compared to the other dimensions of the plate, 

the result is 

2 
12(1-ll ) 

which is the same as the first of equations 7. 

(B-4) 



APPENDIX-C . 

Deduction ·Of the Simplified Equations of Motion 

The first of the equations of motion is 

Multiplying both the 

integrating oyer the 

h/2 a h/2 J crr 
+ 1 zdz -h/2 ar -h/2 

sides of equation C-1 by 'zdz' and then 

thickness of the plate yields 

aTre 1 as zdz r 

h/2 ()T 
+ J 

-h/2 

h/2 
= p J 

-h/2 

rz 
az 

h/2 (ar -cre) 
zdz + J 

-h/2 
r 

Using the definitions for 'M '' r 
'M ' and 'M ' in equation C-2 9 ~ r9 

gives 

aM 9 h/2 
_r_+ J 

ae -h/2 

oT (Mr-Mn) 
__£ zdz + --=----'u"--

az r 
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(C-1) 

zdz 

(C-2) 

(C-3) 

Now, when the assumptions for the radial and tangential components 

of displacement~ namely 

u = z 1/J (r,9,t) and v=zw (r,e,t), are substituted r 9 

in the fifth of equations 2, the result is 

au + d(/J 
l/Jr 

+ aw T = = rz az ar ar 
(C-4) 

It can be seen from equations c-4 that T is not a function of z. rz 

To evaluate the third term in equation C-3, use the identity 

Let 

J udv == uv - J v du · · 

h/2 

I= f 
-h/2 

aT rz 
az 

(C-5) 



Further~ let 
a-r 

and dv = 
rz dz u .. z az 

then~ du = dz and v== T rz 

Therefore~ 

h/2 a-r h/2 h/2 
I == J rz zdz [z T ] - f T dz == rz 

-h/2 
az rz_h/2 -h/2 

Use of the definition of Q (equations 5) and the boundary 
r 
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conditions (equations 6) for T in the preceeding equation gives 
rz 

h/2 
I== I 

-h/2 

dT 
rz zdz 

az 

Hence~ equation C-3 becomes, 

= - Q r 

2 h/2 3M 3M 9 M -Mn r r r -o ar- + r 39 + --=-r-=- • Q = 
r 

_a_ f 2 
P 2 z tPrdz 

at -h/2 

(C-6) 

(C-7) 

Since tPr is not a function of z~ equation B-1 can be written in the 

form 

2 
3M aMre M -M 3 . a t/J 

r r e-
~ 

ph ·r {C-8) ar-+ + = rae r 12 at2 

which is the same as the first of equations 10. 
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APPENDIX-D 

The Procedure to Uncouple the Equations of Motion 

To uncouple the differential equations of motion in terms 

of unit moments, shear forces and twist, the procedure used here 

is similar to that used by Kalnins [18] for spherical shells. 

The procedure is as follows: 

Let 

Qr 
avl 

and =--
ar 

Qe 
avl 

== --rae (D-1) 

where v 1 is an auxiliary function of r, 9 and t. Since, 

1/J = 
aw Qr 

- Clr + G'h , r 

ljJ = aw 1 avl 
r -. ar + G'h ar (D-2) 

and since, 

we = 
aw Qe 

- rae + G'h , 

'flie == 
aw 1 av1 

- ra9 + G'h r39 
(D-3) 

With these substitutions, the expressions for unit moments, shear 

forces and twist become, 

. 3tfJ~ ~ awe 
Mr = D I---ar + r GPr + -agll 

2 2 
M == -I) [~+H. (aw + a w )]. 

r ar2 r ar ra92 
2 2 

D 
a v. avl a v1 

+ G'h 
[ l+.H_ (-+--)] (D-4) ar2 r ar ra92 



a2w 1 
aw9 

Me = D[ll- +- (lJJr +as> 1 ar2 r 

a2w 1 2 
Me = -D[ll -- +- (aw + a w ) 1 

ar2 r ar rae2 
2 2 

D [ll 
a v1 1 av1 a v 1 

+ G'h +- (- + --)] 
ar2 r ar ra92 

M = (1-Jl) 
D awe de ~wr 

r9 2 £-ar - ""'r + rae1 
2 

1 av1 1 a v1 
G'h -2- + G'h rarael 

r ae 

80 

(D-5) 

(D~6) 

The substitution of Mr' M9 , and Mre in the first two of the 

equations of motion gives, 

a 2 n a 2 av 1 h 3 a 2 a 
-D- (V w) + G'h "'r (V vl) ---+.e.__--.( w) a r o a r 12 at 2 ar 

~ a2 av1 
12G' at2 <ar ) = 0 

3 2 ph2 ..,2 av1 
+ £!!.__a_ (aw) o ( ) = 0 

12 at2 ae - 12G' at2 -a9 

Differentiating the equation D-7 with respect to r gives, 
2 

D a2 2 a vl 
+ G'h --2 (V v1) - --2-

ar ar 

Dividing the equation D-7 by r, gives, 

1 a 2 -D-- (V w) 
r ar 

2 av 
+ ___!L.! .L (V v1) - 1 ___! 

G'h r ar r ar 

3 
+ _eh 

12 

(D-7) 

(D-8) 

(D-9) 

(D-10) 



Differentiating the equation D-8 with respect to 9 and dividing 

2 
the same by r yields, 

()2 ()2 
2 

(V'2w) D 2 a v 1 
-D 

r2aB2 + G'h 
r 2 ae2 

(\/ vl) -
r2()92 

ph3 ()2 2 ph2 ()2 
2 

( d w ) 
() v1 

+ 12-2- - 12G' <lt2 ( 2 2) 
()t r2<l92 r ae 

Now, addition of equations D-9, D-10, ana D-11 gives 

3 
+ .£!!__ 

12 

= 0 
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(D-11) 

(D-12) 

For the third of the equations of motion, substitution of Qr and Q9 give 

2 ()2 
\1 v 1 + q(r,9,t) = ph--

at2 

,Now, substitution of v2v 1 from equation D-13 into the equation 

D-12 gives after simplification, 

which is the same as equation 11. 

(D-13) 

(D-14) 
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APPENDIX-E 

The Derivation of Equations 12 and 13 

Equation (12) is the solution of two wave equations in 

terms of effective pressure and effective particle velocity. They are 

2· 
1 .6. .!...E. =-

ax2 c2 at2 (E-1) 

a2u 1 =- a2u 

ax2 c2 at2 

The assumption of simple plane wave generation by a plate during 

· vibrations implies that 

(1) Media on both the sides of the plate are such that the 

simplified small amplitude wave equation is valid, which means that 

The frequencies of vibration are high and 

(A) :J:. and __!!!, > >1 -> 
~ ll c2. R 

. 
(2) The pressure at any point in the wave at any time is a 

function of one variable only (i.e. the distance along the direction 

of propagation of the wave). 

(3) There are no losses due to turbulence and scattering; 

therefore, the wave does not lose energy as it propagates. 

Equations E-1 and E-2 are derived as follows: 

Referring to figure E-1, let the pressure 'p' increase from the 

2.2 left hand surface to the right hand surface by the amount ax ~x. 



z 

y 

n---t-~ I 

/ 
I 

)---

X 

Figure (E-1): Small Volume of Medium in which Pressure Increases 
from Left Face to Right Face by the Amount ~ • 

ax 
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Summing ~he forces in the direction of propagation the result is 

(E-3) 

Equating the sum of the forces to the inertial force in the 'X' 

direction, yields 

a . au 
- ~ 11xl1yl1z = p' at 11xl1yl1z (E-4) 

where p' is the space average of the instantaneous density of the 

medium in the box (11x,l1y,l1z) and u is the average velocity of the 

medium in the box. If the change in the density of the medium is 

small enough, the instantaneous density is equal to the average 

density of the medium. In the limit as 6.x + 0, 11y + 0 and 11z + 0, 

the equation becomes 

- ~ == 
ax 

(E-5) 

The next step is to consider the change in the pressure, temperature 

and volume of the medium in the box. Assume that the change satisfies 

the equation 

y1 
FV = constant (E-6) 

and that it is consistent with assumption 3. For an ideal gas, 

PV = RT (E-7) 

In the differential form, this equation is 

Let 

y 1dv 
y, 

P=P +p • 
0 ' 

(E-8) 



where P and V represent the undisturbed pressure and volume 
0 0 

respectively and p and v 1 represent the incremental pressure and 

volume respectively. Therefore, 

_p__ 
p -

0 
v 

0 

and V 
0 

== 6xllyllz 

Differentiating both the sides of the previous equation with 

respect to time yields 

1 
p 

0 
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(E-9) 

{E-10) 

Now apply the equation of continuity. Referring to figure (E-2), 

if in the interval of time, the particles on the left hand side of 

the box are displaced through x1 , the particles on the right hand 
axl 

side of the box move through (x1 + ax llx~ and the change or increment 

in volume will be 

axl 
v = v --

1 0 ax 

or 

Differentiating the above equation with respect to time, 

au 
== vo ax 

(E-ll) 

(E-12) 

where is the instantaneous velocity of the particles in the 

box. The combination of equations (E-10) and (E-12) gives 

(E-13) 



--.Vt 
14. flx -(fly 

Figure E-2: Change in the Volume of the Fluid Element with 
Change in Position 
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Differentiating the ahove equation with respect to time yields 

(E-14) 

Differentiating equation (E-4) with respect to 

_ip_ = P a2u 

x , the result is 

ax2 0 axat 
(E-15) 

Elimination of u from equations (E-14) and (E-15) produces, 

(E-16) 

where 

Similarly, eliminate p from equations E-4 and E-12 to obtain 

(E-17) 

The general solution of equation (E-16) is written as 

(E-18) 

where f 1 and £2 are two arbitrary functions with continuous first 

and second derivatives. Two important facts are observed from 

the general solution (E-18). 

(1) The pressure at any point x in space can be separated 

into two components: an outgoing or forward traveling wave and a 

X X 
backward traveling wave, f 1 (t- ~)and f 2 (t +~)respectively. 

(2) Regardless of the shape of forward traveling wave, it is 

propogated without change of shape. To show this, suppose that at 



t = t1 ~ the pressure at x = 0 is given by p = f 1 (t1 ) and at the 

time t = t 1 + t 2 , the wave has traveled through the distance t 2c. 
. c 

At this time~ the pressure is p = f 1 (t1 + t 2 - t 2 c)= f 1 (t1). 
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This means that the pressure has propogated without change. The same 

argument can be made for a backward traveling wave~ which travels 

in the -X direction. 

For simplicity~ it is assumed that the local particle velocity 

in the medium in which the plate vibrates is much slower than the 

plate velocity. Then, for the reaction of the particles in the 

medium to the motion of the plate, the steady state solutions of 

equations E-16 and E-17 can be used. 

For equation ,E-15~ the steady state solution is written in 

the form 

p(x~t) = EP (x~t) = E J2 Re 
v v v 

X X 
j I1L t )) -j 11\ .. ;1!' V j (I)V-

e -v [P(+) e -v + P(-) e c] (E-19) 

where the (+) and (-) subscripts represent forward and backward 

traveling waves. . 'Re' means that only the real part of the complex 

functions should be considered. The square rootof_ two is introduced so 

that p~ v and P_ can represent the root mean square values of the 

complex functions in the time dimension. 
(I) 

Substituting k = - ~ any c 

one term of the above series solution is given by 

(E...;2Q) 

Similarly~ 

(E-21) 



For calculation of pressure in the positive direction of propagation 

of a plane wave, only the first term in equations E-20 and E-21 

is considered and for calculating the pressure in the direction 

opposite to the direction of propagation, only the second term in 

equations E-20 and E-21 is considered. 

For forward traveling wave, differentiation of equations E-20 

and E-21 yields 

= jw u (x, t) 

()n W 
..::.x_ = -j- p (x, t) ax c 

Substitution of these derivatives in equation E-5 yields 

p(x,t) = p c u(x,t) 
0 

For a backward traveling wave, the result is 

p(x,t) = p C u{x, t) 
0 

(E-22) 

(E-23) 

(E-24) 

Equation E-23 and E-24 are equivalent to equations 12 and 13 

respectively. 
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APPENDIX-F 

The Computer Program to Evaluate the Greatest Common Divisor 

of Two Polynomials 

NOMENCM.TURE: 

AL(I) 

RHOVWP 

UM 

G 

E 

H 

R 

GP 

D 

B 

p 

Q 

A 

= 

= 

a 1 (i = 1, ••• 10), the roots of J 0 (a) 

p 3c3 = p 4c4 , the product of the density and the velocity 

of wave propogation in air 

~, the Poisson's ratio 

Modulus of Rigidity 

Modulus of Elasticity 

h, the thickness of the plate 

the radius of the plate 

G' = K2G 

Eh3/(2(1-~2), a constant 

h 3 pD 
(P 12 + G'), a constant 

2 p 3c3 , a constant 

a n: 
R 

a 
m 
R 



(X(I) ,I - 1,5) 

(Y(I),I- 1,3) 

IY 

IER 

The coefficients of the equation 40. 

The coefficients of the equation 39. 

to be replaced by the coefficients of the 

greatest common divisor. 

The number of coefficients in the polynomial 

representing Y(I) 

If IER = 0, no error 
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DIMENSION X(6), Y(6), W0(6), AL(20) 
READ(1,14)(AL(I),I=1,10) 

14 FORMAT(5El4.7) 
RHOVWP == 0.565 
RH0=0.2845 
UM==0.3 
G=10.98E6 
E=28.43E6 
H=3/16. 
R==3.0 
GP==3.14159**2/12*G 
D=E*H**3/ 12.0/(1-UM*UM) 
B=(RHO*H**3/12.0)+(RH)*D/GP) 
P=(D/GP/H)*(2.0*RHOVWP) 
B1=RHO*RHO*H**3/12./GP 
Q-RHO*H*H*(2.*RHOVWP)/12./GP 
A=(2.*RHOVWP) 
DO 2 K=l,lO 
DO 2 J=1,10 
IF(K-J)1,2,2 

1 C1=A1(K) /R 
C2=AL(J)/R 
X(l)=-D*C1**2*C2**2 
X(2)==A 
X(3)==RHO*H 
X(4)=Q 
X(S)=Bl 
Y(1)=D*(D1**2+C2**2) 
Y{2)=P 
Y(3)=~ 
IY=3 
WRITE(3,14)(Y(I),I=1,3) 
CALL PGCD (X,S,Y,IY,WO,O.OOOOS,IER) 
WRITE(3,101)(Y(I),I=1,3),IY,IER,AL(K),AL(J) 

101 FORMAT(3El4.7,10X,2I6,4X,2F14.4,/) 
2 CONTINUE 

STOP 
END 
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Input Coefficients of 
Polynomial Y(I) 

IY IER 
Y(l) Y(2) Y(3) 

l 0 0.69l3E-05 0.1145E-01 0.6969E-03 

3 0 0.1538E-06 0.1145E-01 0.6969E-03 

3 0 0.2761E-06 0.1145E-01 0.6969E-03 

3 0 0.4361E-06 0.1145E-01 0.6969E-03 

3 0 0.6337E-06 0.1145E-Ol 0.6969E-03 . 

'3 0 0.8689E-06 p.1145E-01 0.6969E-03 

3 0 O.l141E-07 ~.1145E-01 0.6969E-03 

3 0 0.1452E-07 P.1145E-01 0.6969E-03 

3 0 O.l800E-07 p.1145E-Ol 0.6969E-03 

3 0 0.2009E-06 p,ll45E-01 0.6969E-03 

3 0 0.3232E-06 p.I145E-Ol 0.6969E-03 

3 0 0.4832E-06 b.l145E-01 0.6969E-03 

3 0 0.6808E-06 0.1145E-01 0.6969E-03 

3 0 P.9160E-06 ~.1145E-Ol p.6969E-03 

3 0 b.llSSE-07 b.ll45E-Ol p.6969E-03 

Computed Coefficients of 
Greatest Common Divisor Y(I) 

Y(l) Y(2) Y(3) 

0.2894E-12 0.1420E-05 0.5285E-01 

0.1538E-06 0.1145E-01 0.6969E-03 

0.2761E-06 0.1145E-Ol 0.6969E-03 

0.4361E-06 0.1145E-Ol 0.6969E-03 

0.6337E-06 0.1145E-01 0.6969E-03 

0.8689E-06 0.1145E-01 0.6969E-03 

0.1141E-07 0.1145E-01 0.6969E-03 

O.l452E-07 0.1145E-Ol 0.6969E-03 

0.1800E-07 0.1145E-Ol 0.6969E-03 

0.2009E-06 O.l145E-Ol 0.6969E-03 

0.3232E-06 0.1145E-Ol 0.6969E-03 

0.4832E-06 0.1145E-01 0.6969E-03 

0.6808E-06 0.1145E-Ol 0.6969E-03 

0.9106E-06 0.1145E-Ol 0.6969E-03 

0.1188E-07 0.1145E-01 p,6969E-03 

a 
n 

2.4048252 

2.4048252 

2.4048252 

2.4048252 

2.4048252 

2.4048252 

2. 40l~8252 

2.4048252 

2.4048252 

5. 5200777 

5.5200777 

5.5200777 

5.5200777 

5. 5200777 

5.5200777 

a m 

5.5200777 

8.6537275 

11.7915335 

14.9309168 

18.0710602 

21.2116241 

24.3524628 

27.4934692 

30.6345978 

8.6537275 

11.7915335 

14.9309168 

18.0710602 

21.2116241 

24.3524628 
--- -- - J 

\0 
w 



Input Coefficients of 

IY IER Polynomial Y(I) 

Y(l) Y(2) Y(3) 

3 0 0.1499E-07 0.1145E-01 0.6969E-03 

3 0 O.l847E-07 0.1145E-Ol 0.6969E-03 

3 0 0.4079E-06 0.1145E-Ol 0.6969E-03 

3 0 0.5678E-06 0.1145E-01 0.6969E-03 

3 0 0.7655E-06 0.1145E-Ol 0.6969E-03 

3 0 O.lOOOE-07 O.ll45E-Ol 0.6969E-03 

3 0 0.1273E-07 O.l145E-Ol 0.6969E-03 

3 0 0.1584E-07 0.1145E-01 0.6969E-03 

3 0 0.1932E-07 0.1145E-01 0.6969E-03 

3 0 0.6902E-06 0.1145E-01 0.6969E-03 

3 0 0.8878E-06 0.1145E-Ol 0.6969E-03 

3 0 0.1123E-07 0.1145E-01 0.6969E-03 

3 0 0.1395E-07 0.1145E-01 0.6969E-03 

3 0 0.1706E-07 I<J.1145E-Ol 0.6969E-03 

3 0 0.2054E-07 p,1145E-Ol 0.6969E-03 

Computed Coefficients of 
Greatest Common Divisor Y(I) 

Y(l) Y(2) Y(3) 

0.1499E-07 0.1145E-Ol 0.6969E-03 

0.1847E-07 O,ll45E-01 
i 

0.6969E-03 

o.4079E..:.o6 0.1145E-Ol 0.6969E-03 

0.5678E-06 0.1145E-Ol 0.6969E-03 

0.7655E-06 0.1145E-Ol 0.6969E-03 

O.lOOOE-07 0.1145E-Ol 0.6969E-03 

0.1273E-07 0.1145E-Ol 0.6969E-03 

0.1584E-07 0.1145E-01 0.6969E-03 

O.l932E-07 0.1145E-01 0.6969E-03 

0.6902E-06 0.1145E-01 0.6969E-03 

0.8878E-06 0.1145E-Ol 0,6969E-03 

0.1123E-07 0.1145E-Ol 0.6969E-03 

0.1395E-07 0.1145E-01 0.6969E-03 

0,1706E-07 0.1145E-01 0.6969E-03 

0.2054E-07 0.1145E-01 0.6969E-03 

Ct n 

5.5200777 

5.5200777 

8.6537275 

8.6537275 

8.6537275 

8.6537275 

8.6537275 

8.6537275 

8.6537275 

11.7915335 

11.7915335 

11.7915335 

11.7915335 

11.7915335 

11.7915335 

Ct m 

27.4934692 

30.6345978 

11.7915335 

14.9309168 

18.0710602 

21.2116241 

24. 3524628! 

27.4934692 

30.6345978 

14.9309168 

18.0710602, 

21.2116241 

24.3524628 

27.4934692 

30.6345978 

\0 
.;.. 



Input Coefficients of 

IY IER Polynomial Y(I) 
Y(l) Y(2) Y(3) 

3 0 0.1047E-07 O.l145E-01 0.6969E-03 

3 0 Q.l283E-07 n.ll45E-01 0.6969E-03 

3 0 O.lSSSE-07 0.1145E-01 0.6969E-0. 

3 0 0.1866E.,..07 O.l145E-Ol o.6969E-o~ 

:3 ·,·0 0.2214E-07 0.1145E-O 0.6969E-03 

3 0 0.1480E-07 0.1145E-OJ 0.6969E-03 

3 0 0.1753E-07 0.1145E-Ol 0.6969E-03 

3 0 0.2064E-07 0 .1145E-Ol p,6969E-03 

3 0 0.2412E-07 0.1145E-OJ n.6969E-o3 

3 0 0.1988E-07 0.1145E-OJ p.6960E-03 

3 0 0.2299E-07 0.1145E-OJ p.6969E-03 

3 0 0.2647E-07 O.ll45E-01 p.6969E-03 

3 0 0.2572E-07 0.1145E-OJ P.6969E-03 

3 0 0.2920E-07 0,1145E-01 0.6969E-03 

3 0 0.3230E-07 0.1145E-Ol D.6969E-03 

Computed Coefficients of 
Greatest Common Divisor Y(I) 
Y(l) Y(2) Y(3) 

0.1047E-07 0,1145E.,.Ol 0,6969E-Ol 

O.l283E-07 0.1145E-01 0.6969E-Ol 

0.1555E~07 0.1145E-:01 0,6969E-::-01 

0.1866E-07 0.1145E-01 0.6969E-0~ 

0.2214E-07 0.1145E-01 0.6969E-03 

0.1480E-07 0.1145E-01 0.6969E-03 

0.1753E-07 O.ll45E-01 0.6969E-03 

0.2064E-07 0.1145E-01 0.6969E-03 

0.2412E-07 0.1145E-01 0.6969E-03 

0.1988E-07 0.1145E-01 0.6969E-03 

0.2299E-07 0.1145E-01 0.6969E-03 

0.2647E-()7 0.1145E-Ol 0.6969E-03 

0. 2572E-07 0.1145E-01 0.6969E-03 

0.2920E-07 O.l145E-01 0.6969E-03 

0.3230E-07 0.1145E-01 0.6969E-03 

a n 

14.9309168 

14.930916f 

14,9309168 

14. 930916f 

14.930916~ 

18.0710602 

18.0710602 

18.0710602 

18.0710602 

21.2116241 

21.2116241 

21.2116241 

24.3524628 

24.3524628 

27.4934692 

I 

a m 

18.0710602 

21.2116241 

24.3524628 

27.4934692 

30.6345978 

21.2116241 

~4.35246281 

~7.4934692 

so.6345978! 

~4.3524628 

~7.4934692 

~0.6345978 

7.4934692 

30.6345978 

30.6345978 

\0 
V1 



APPENDIX-G 

The Evaluation of Integrals in Equations 55~ 56, 58 and 59 

The integral to be evaluated is 

I = jR rf(r) J (r9t)dr 
0 

0 

where 

f(r) = w 
max 

and e1 is any constant. With the substitution of f(r) in the 

integral, it becomes 

or 

Let 

Then~ 

R 2 r4 
I = w J r (1 2 r + -) ( 9 )d maxo ---;z R4 Jorl r 

R R 2 3 
I = w f r J (r91 ) dr + w f (-2 ) r J 0 (re1 )dr 

max 0 o max o R 

R 
I 1 = f r J 0 (re1 )dr . 

0 

+w max 

I I 
I = w [I - 2 . 2 + 2] 

max 1 R2 R4 

R 
f (_.!.) 5 J { n )d R4 r o r'C71 r 

0 

96 -

(G-ll 

(G-la) 

(G-2) 

(G-3) .. 



11 is obtained by use of the identity 

d 
dx [x Jl(x)] 

or 

= x J (x) 
0 

97 

To transform the previous equation to cylindrical coordinates, let 

x = r9 1 So dx = dr e1 • 

The equation then becomes 

Therefore, 

12 and 13 are obtained from integration by parts with the use of 

the identity 

J udv = uv - J vdu 

For 12 , let u = r 2 and dv = rJ0 (r91 )dr. Then, du = 2rdr and 

With these substitutions, 

The last integral in this equation is also integrated by parts. 

Letu 2 
== r and dv == J 1 (re1 )dr 

du == 2rdr and v = -J0 (r91 ) 

91 

(G-4) 



Hith these substitutions, the integral reads 

r 3 2r2 4 
I2 = el Jl (rel) + ~ Jo(rel) - ;:z J r Jo(rel)dr 

1 

or 

In this case, 

4 
e:J. 

3 Then, du = 4r dr and 

98 

(G-5) 

To evaluate the last integral in the previous equation, let u = r 4 

3 Jo(re1) 
and dv = J1(r9l)dr, so that du = 4r dr and v =- 91 

Then, 

rs 4 16 
fr 3 J 0 (re1)dr I3 J1 (rei) + 4r Jo (rel) =- - e 2 el e 2 

or 

5 r 
I3 =-

e1 

It is recalled 

I = ro 
max 

1 

4r4 
Jl(r91) - e 2 

1 

Substitution of r 3 yields 

. 1 

16I2 
J (re ) - --o 1 9 2 

1 

5 
I = w [ Il I (~ + 16 ) + r J ( 9 ) 

max - 2 R2 g 2R4 ·~ 1 r 1 
1 elR 

(G-6) 

4 4 
+ r 2 ·4 J (rel)] 

e R 0 

l (G-7) 



Then, substitution of the relations for 

I = t_!_ J ( 9 ) 
el 1 r 1 

r1 and r 2 , gives 

4r4 
+ e 2R4 Jo(r91) 

1 

lVhen evaluated from zero to R , the result is 

ll) 
max 

1.5534.9 

99 

(L) 
max 

(G-8) 



APPENDIX-H 

The Computer Program to Evaluate the Values of w(r,t)/~ max 

NOMENCLATURE: 

ALN(I) 

ALM(I) 

JX 

N 

a 
n 

a 
m 

A number to indicate the solution 

The number of terms in the solution 

lOQ 

RHOVMP p 3c3 = p 4c4 , the product of the density and the velocity 

of wave propagation in air 

UM 

G 

E 

H 

R 

GP 

D 

B 

p 

Q 

A 

AR 

T 

p, the Poisson's ratio 

Modulus of Rigidity 

Modulus of Elasticity 

h, the thickness of the plate 

the radius of the plate 

G' - k 2G 

Eb3/12(1-~2), a constant 

ph3 ~ 
(12 + G,), a constant 

2 D 
(G'h p3c3 ), a constant 

~3 <y2G,), a constant 

ph2 
(2 12G' p 3c3 ), a constant 

-·p/2B; a constant 

The radial distance (r} 

An instant in time. 



w(NN) 

BESJ 

zl 

z2 

B2~B3,B4,B5 

6M 

The value o·f w(r,t)/w 
max 

101 

The package subroutine to evaluate the Bessel function 

of the first kind when the argument is non-zero and 

positive. 

The arbitrary constants b2 ~b3 ,b4 ~ and b 5 in the solution. 

w1 ; the circular frequency 



C TO COMPUTE DEFLECTION CURVE. 
DIMENSION W(SO),ALN(SO),ALM(50) 
READ(1,20)JX,N 

20 FORMAT(2I3) 
READ(1,14)(ALN(I),ALM(I),I•l,N) 

14 FORMAT(6F12.7) 
RHOVlJP=O. 565 
RH0==0.2845 
UM=0.3 
G-10.98E6 
E=28.43E6 
H=3/16. 
R=3.0 
GP=3.14159**2/12*G 
D=E*H**3/ 12.0/(1-UM*UM) 
B =(RHO*H**3/12.)+(RHO*D/GP) 
P=(D.GP/H)*(2.0*RHOVWP) 
Bl=RHO*RHO*H**3/12./GP 
Q=RHO*H*H*(2.*RHOVWP)/12./GP 
A =(2.*RHOVWP) 
R1=-P/(2*B) 

3 T=O.O 
DO 11 MM=l,3 
WRITE(3,15) . 

15 FORMAT(/,lX,'TIME', 8X,'RAD.DISTANCE',5X,'DEFLECTION') 
AR=O.O 
DO 12 NN=l,31 
W(NN)=O.O 
DO 41 J=1,N 

40 BETAJ=ALN(J) 
BETAK=ALM(J) 
RADD=D*(BETAJ**2+BETAK**2)/B/R/R-Rl**2 
OM=SQRT(RADD) 
Cl=BETAJ/R 
C2•BETAK/R 
Z3=BETAJ 
Z4=BETAK 
CALL BESJ (Z3,1,BJ1Z3,0.00005,IER) 
CALL BESJ (Z4,1,BJ1Z4,0.00005,IER) 

• 

,..... 
0 
N 



B2=2./BJ1Z3*(-8./Z3**3+64./Z3**5) 
B3=2./BJ1Z4*(-8./Z4**3+64./Z4**5) 
B4=P/B/OM/BJ1Z3*(-8./Z3**3+64./Z3**5) 
B5=P/B/OM/BJ1Z4*(-8./Z4**3+64./Z4**5) 
Zl=AR*C1 
Z2=AR*C2 
IF(AR)51,52,51 

51 CALL BESJ (Zl,O,BJOZl,O.OOOOS,IER) 
CALL BESJ (Z2,0,BJOZ2,0.00005,IER) 
GO TO 41 

52 BJOZ1=1. 0 
BJOZ2==1.0 

41 W(NN)=W(NN)+EXP(Rl*T)*COS(OM*T)*(B2*BJOZl+B3*BJOZ2)+EXP(Rl*T)*SIN(M*T)*B 
10M*T)*(B4*BJOZ1+BS*BJOZ2) 

42 WRITE(3,17)T,AR,W(NN) 
17 FORMAT(F5.2,10X,F5.2,8X,E14.7) 
12 AR=AR+0.1 
11 T=T+O.OS 

STOP 
END 

~ 
0 
w 
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Solution A1 

I I ME R AD. 0 I STANCE DEELE.cJ.lON(w/wmarl _ 
0.0 0.0 C.1Cl~Q46F 01 
0.0 0.10 O.lCllOOAE 01 
0.0 0.20 O.l002315F Ol 

-·· --·--~·-·0 •. 0 ... -~------·- __ ...... 0. 30. ___ .... D. 9B82092E QQ _________ _._ 
0.0 O. 40 0.96921 09E 00 
0.0 · 0.50 0.9459502E 00 
0.0 0.60 o.al90823E 00 
0 • 0 0. 7 0 C. 8 8 92.Ll...9.:~E~O~Q,__ __ _ 
0.0 0.80 O.R5682C7E 00 
0.0 0.90 O.B222250E 00 
0.0 1.00 0.7855611E 00 ________ o .a_ ___________ . L.lo.. _____________ o. 746 e C35E .. oo. ____ _ 
0.0 1.20 0.7058167E 00 
0.0 1.30 0.6624276E 00 
0.0 1.40 0.6165123E 00 
0.0 1.50 D...!i68!l81 7F OQ 
0.0 1.60 0.5173540E 00 
0.0 1.70 0.4647977E 00 o.o 1.eo o.411145~E oo _______ o ._a_ _______________ 1.9.a. _____________________ o. 3573 619E.. . .oo. _____ _ 
0.0 2.00 O. 3045814E 00 
0.0 2.10 0.2540C81E 00 
0.0 2.20 0.206R061E 00 
0 • 0 2. ~ 0 C---.1D3.9.7~4~3-'::::f-"::O'-'=O._· __ _ 
0.0 2.40 O.l267383E 00 
0.0 2.50 0.939676AE-Ol 
0.0 2.60 0.6712533E-01 

..... 0 .Q _______ ·-------- .... 2.70 ..... 0. 4526.15 7E-OL ______ _ 
0.0 2.80 C.2755675E-Ol 
O.G 2.90 O.l2R9926E-01 
0.0 3.00 O.l328239E-05 

TIME RAO.DISTANCE OEFLECTioftw/oomax) 
0.05 0.0 -0.3485333E-Ol 
0.05 0.10 -C.33?Al06E-Ol 

. 0.05 _____________ ·-· O. 20 -0.2867746E=--.0·~---
0.05 0.30 -0.2137007E-Ol 
0.05 0.40 -O.ll86707E-01 
0.05 0.50 -O.R0573S4~-03 

__ _o_. as n. 60 o .... llll.097E-::ll...,__ __ _ 
o .·as ~---------------·a·~·7a·· ···-· ··---·--·o. 231 f\t24E·=oT ____ ·· ···· 
0.05 O.AO 0.3476746E-Ol 
0.05 0.90 0.4S34714f-Ol 

----~8 . g § t:-£-B 8~~~it i~*~:-:-:::aHr...__ __ _ 
0.05 1. 20 C.6Al35311E-Ol 
0.05 1.30 0.72'5514qE-Ol .. 
0.05 ... . . 1.40 0.75583521:~01 ---- ··o~·os _____ ----------1.so- ·a. 7745230E·=:ol---~--
o.o5 1.60 0.7A37Bl4E-Ol 
0.05 1.70 0.7853Gl3E-01 

--40-1L0.5 L._8 . .0.. ______ Q, 7~.0 425.IE:-_0 .. "!-----
0.05 1.90 0.769l020E-Ol 
0.05 2.00 0.750BC63E-Ol 
0.05 2.10 0.724?799E-Ol 
0.05 2.20 C.6R79175E-Ol 
o.o5··-·-···---~ -- z.3o o.640l378E-"or---------
o.o5 2.40 o.5797741E-Ol 
0.05 2.50 0.5C64C61E-Ol 

----~ .. .g 55 --4,~~-8 X--! .. 34?.03-~~ &~: o0]I ____ _ 
v • • 1.:. 2 . 8 vr::: 

.0.05 2.80 0.2192598£-01 
0.05 2.90 O.l099226E-Ol 

__ _o_._Q_5. _________ ----·-··-·- _3. 0 0 .. _ _ . _o .12 _5816 3E.=-.05 _____ . __ 
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Solution A1 

TIME RAD.OISTANCE P.EFLFCTION(w/w · ) 
0.10 o.o -o. 31 A8004E CO max. 

--8-;f-8 8: ;g =8-~~~j-~~~-~ 88---
0.10 0.30 -0.3lq95~5E 00 
0.10 0.40 -0.3204779E 00 

---·----8·: 18-----··--:- .. 8: ~8---··--·--·······-=8:i~8~i~~-~·-88------
0.10 0.70 -0.3190316E 00 
0.10 0.80 -0.3165342E 00 
0.10 o.qo -0.3125493E oo --o.ro r.o·o -a. ~-o7if:149<JE oo 
0.10 1.10 -G.2992740E 00 o.1o 1.20 -o.2897380F. oo 
0.10 1.30 -0.2787.425E 00 -·- -- o;; 1 a-·--------· -I ;.-4o-···--· ----· - o ~264873 oroo·---
o.1o 1.so -o.2497954E oo 
0.10 1.60 -0.2332455E 00 
0.10 1.70 -0.2155132E 00 o.to t.so o~~o~zs9~E~o~o~----
o.1o 1.90 -o.l778?74E oo 
0.10 2.00 -O.l585579E 00 
0.10 2.10 -O.l394339E 00 
O~lo-----· ·----- .. 2.20 ___ ·-···- ;;..0.1207329F 00 ····---
0.10 2.30 -O.l026784E 00 
0.10 2.40 -0.8543086E-Ol 
0.10 2.50 -0.690R518E-Ol 
0.10 2. 60 -0 .·535 /00.;;.'5E.-._---r.-O;:.l---
O.t0 2.70 -0.3915325E-Ol 
0.10 2.80 -0.2~45290E-Ol 
0.10 2.90 -O.l244934E-Ol -- o ~-~ o------ -- 3-~--oo -----· ·- ··· - -o ~ 13 7 4'60 se..;;n.P.s--· 
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Solution A2 

TIME R AD. 0 IS T ANCF OEFL ECT T 01\1 &l/wma? o • o .. -o-:-c· o • T\YC"5-5 cft;E-TI 1 
0.0 0.10 C.l002778f 01 
0.0 0.20 0.9945222E 00 
0.0 0.30 C.9Al3704E 00 --- --- o ~o------------ --- -·-- o. 40 o. 96 40342E oo _________ _ 
0.0 0.50 0.9431A70E 00 
0.0 0.60 0.9192733E 00 

--8:8 -g:--~-8-- ----8=-~~-~t-~·J4~--*8*8---
o.o 0.90 C.A290463F 00 
0.0 1.00 0.7919284E 00 

----·8 :8-·---~---------- -l: ~8 -- 8: +6l~~~~~-gg.-----
o.o 1.30 C.6?96442E 00 o.o 1.40 0.6106338F. 00 o.o 1.50 0.5606099f 0*0 ____ _ o. o r.~o c. ~rro-2-941Eao 
0.0 1.70 0.4601067E 00 
0.0 1.80 0.4101666E 00 
0.0 1.90 0.3604211E 00 ------o--;o ------- 2".. oo·- -·----- - -- ---o-~-31 oR6-s4e·-·ou---
o.o 2.10 0.2617894E 00 
0.0 2.20 0.2139121E 00 
0.0 2.30 O.l684207E 00 o • 0 2~ 0. 1 l61"977.,...E--w-OO-iE---
o.o 7..50 0.9052116E-Ol 
0.0 2.60 0.6068970E-01 
0.0 2.70 0.376A~21E-01 ------·-a ·;o------ · · 2~-so-- ·------- -----o; 20 9771'3E::.o·I-----
o.o 2.90 0.9124607E-02 
0.0 3.00 0.8796477E-06 

TIME RAD.OtslANCE OEFLFtTIOf\J {Wfw..,.,...,.l 
o.o-s o.o -0.2965109E-Ol ---
o.o5 o.to -o.2Rl5283E-ot 
0.05 0.20 -C.2382190E-Ol · -- --o. 05 --- -·- -- - · · .. o. 30 -o. 1110 A73·E:=at ______ _ 
0.05 0.40 -0.8641366E-02 
0.05 0.50 0.9160286f-03 

. _ 9 !_o_~ ____ o._~~ . ___________ g_~ __ to9_~ I9?s:-2t_ 
0.05 0.70 0.2118350E-01 
0.05 O.BO 0.3125950E-Ol 
0.05 0.90 0.4109669E-Ol 
0.05 1.00 n-50580~~B~E~O~l------
0.05 1.10 0.5951093E-Ol 
0.05 1.20 0.6755775E-Ol 
0.05 1.30 C.7428581E-Ol 

______ C ._Q5 1 ... 40 ________________ .{). 7924640E=:OL_ __ 
0.05 1.50 0.8210808E~Ol 
0.05 1.60 O.A277702E-Ol 
0.05 1.70 0.8146209E-Ol 

----~o~·~o~s~--~------~1.-EO o-7ab5232E-01 
0.05 l.qo 0.75003R6E-Ol 
0.05 2.00 0.7116300E-Ol 
0.05 2.10 0.6757q27E-Ol 

-- -- ___ Q ._o_s__________________ 2. 20 .. ------ . _ .0. 6436384E:-:-OL_. __ 
0.05 2.30 0.6l2430qE-Ol 
0.05 2.40 0.5762A82E-Ol 
0.05 2.50 0.52788l9E-Ol 

___ Q.. 05 2_._6!) _ __J)..,_46.06.9."="8~Q=-E--->::-0~1 ---
0.05 ·2.70 0.3711985E-Ol 
0.05 2.80 0.2602585E-Ol 
0.05 2.90 O.l334430E-Ol 

. . _a_.._a__...£5 __________ .3 • o o ____ --· __ _ _____ o •. 15 31 6 a oE..~_os__ _____ _ 
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Solution A2 

TIME RAD.OISTANCE OEFLECTIO"l(w/wmax) 
0.10 0.0 -0.3?l61SOE 00 
0.10 0.10 -C.321:7312E 00 
0.10 0.20 -0.3220100E 00 

·o.to o.3o -0.3222610F. oo 
0.10 0.40 -0.322223lf 00 

___ 0 •. 10 __________ 0.50 -·------ -· -0.3216278E __ QQ_ __ 
0.10 0.60 -0.320?531E 00 
0.10 0.70 -0.3179507E 00 
0.10 0.80 -0.3146362E 00 
0.10 0.90 -0 . .3LQ2.496E 00 
0.10 1.00 -0.3047032E 00 
0.10 1.10 -C.297R400E.OO 
0.10 1.20 -0.2~94255E 00 --·· ___ o.1o ·---~-..3o _______ -·p- ~o. 279taoaE __ oo ______ _ 
0.10 1.40 -0.266R547E 00 
0.10 1.50 -0.2523143E 00 
0.10 1.60 -C.2356255E 00 
0. 10 1 • 70 o. 211..0..9..46F 00 
0.10 1.80 -O.l972'557E 00 
0.10 1.90 -O.l767q59F. 00 
0.10 2.00 -O.l564382E 00 .o.1o_ __.z.~o _____________ .=-O.l368105E. .. oo __ q---
o.to 2.20 -O.llR3372E 00 
0.10 2.30 -O.IC11792E 00 
0.10 2.40 -0.9524?21E-Ol 
0 .) 0 2. 50 Q..._1024705E-Ol 
0.10 2.60 -0.5583973E-Ol 
0.10 2.70 -0.4170749E-01 
0.10 2.80 -0.2767111E-Ol 

.:._.0 ..... 10. ______________ 2. .. 90 --·· -O.l372190E=0L-__ 
0.10 3.00 -O.l525838E-05 
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Solution A3 

I I ME R A 0 • 0 T..s.LMJ.C F _ _n EF LECIJD.I\LJ w/ w maxl---
0.0 0.0 C.IOC?.851E 01 
0.0 0.10 O.l000115E 01 
0.0 0.20 0.992l951E 00 

______ .0. Q_________ _ __ _ .0 .• .30______ _ C. 9797 95 QE __ QQ _________ _ 
0.0 O. 40 0. 9636572E 00 
0.0 0.50 0.9441895E 00 
0.0 0.60 O.C!213133E 00 
0. 0 OJ.~------(4.8.9 46.2J..8L.O..u0'-----
0.0 O.RO 0.8637677E 00 
0.0 0.90 0.8287435E 00 
0.0 1.00 C.7q0048lE 00 _____ o .a____________ 1. 10 ___ o. 7484 759E oo. ______ _ 
0.0 1.20 0.7047752E 00 
0.0 1.30 C.6593573E 00 
0.0 1.40 0.6122542E 00 
0 • 0 1 • 50 Q .5 633 4_7_.8£_QO.,.,__ ----
0.0 1.60 0.5127259E 00 
o.o 1.70 0.460q?50f 00 
0.0 1.80 0.4088q87S 00 ________ o ._o_____ __ ____ 1. .. 90. .. -.---- _ c. 35 77093E _ oo ___ _ 
0.0 2.00 0.3081450E 00 
0.0 2.10 0.260~105E 00 
0.0 2.20 C.2147666E 00 
o.o 2.30 0.1709511E CO 
0.0 2.40 O.l296459E 00 
0.0 2.50 0.9216595E-Ol 
0.0 2.60 0.6027077E-Ol 

____ Q. Q _______________ 2.7..0 ... _______ 0. 3 5 45 991£-:--0 L ______ _ 
0.0 2.80 0.1Al644~E-01 
0.0 2.90 0.7230077E-02 
0.0 3.00 0.5974738E-06 

TIME RAO. DISTANCE DEFLECT TON(w/wmax) 
0.05 0.0 -0.3114090E-Ol 
0.05 0.10 -0.295q770E-01 _o .os___________ o • .zo -o. 250B497E~o.1 ____ _ 
0.05 0.30 -O.l79638lf.-01 
0.05 0.40 -0.884598'5E-02 
0.05 0.50 O.l460170f-02 
0 • 0 5 0. 6 0 C • 120.9..9:C::2"'::8::'::E:::-~0~1====:::::==:::= -- ---o~6"5 ___________ o_:_'td-- ---------------0. 2238 362E-b1 
0.05 0.80 0.319745BE-01 
0.05 0.90 0.409323~E-Ol 
0 • 0 5 1. c 0 0 ._!t 0 5_5_9_9:-'::2~[::-· -_,0~1~---
0.05 1.10 0.5Rll005f-01 
0.05 1.20 0.664B928E-Ol 
0.05 1.30 0.7413006E-Ol 

-~ __ o_._Q5._______ __l_._40 _______________ o ._so 12 58JE=O_l~---
o.os 1.50 C.8359414E-Ol 
0.05 1.60 C.840°67QE-Ol 
0.05 1.70 C.R1Q0620E-Ol 
0 • 0 5 1 • 8_0 ____D_.J.]_9 6_4:Q_7F -~Q~l ___ _ 
0.05 1.90 0.735319~E-01 
0.05 2.00. 0.6Q6A474E-01 
0.05 2.10 C.6688505f-Ol 
0.0~ 2.20 0.64R27A2E-Ol -----o ~os-------------2~-30-- ------------- 0.6261653E·:.-ot _____ _ 
0.05 2.40 0.5917474E-Ol 
0.05 2.50 0.5368095E-Ol 
0.05 2.60 C.4584241F-Ol --xo-;-o 5 2-.rn o. -,l59-Tmm:·- o-If'-----
o.o5 z.ao o.Z449Ql9E-01 
0.05 2.90 O.l231598E-Ol 

___ __g~ o 5 ~-~o_o ______________ ___ q ._1_:?_~_1_?_2 Jf_~_o_~--- ____ __ 
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Solution A3 

TIME RAO.DISTANCE OEFLECTION(w/w ) 
0.10 0.0 -0.322fJ273f: 00 max 

-·-8: l8 8-:-~8 :8 :-i}-~j-~~t~!!--!igHgE------
0.10 0.30 -0.3224976E 00 
0.10 0.40 -0.3222798E 00 
0 10 0.50 -0.3214771F 00 ---· o: 1 o o. 60 -- -· · · _:-o. 3199465E--co·· 
0.10 0.70 -0.317618~E 00 
0.10 o.ao -0.3144382E oo 
0~10 o.qo -o.3Iozq~o~ oo 
o .to 1--;o-o -o .""3c4q 8513E oo 
0.10 1.10 -0.2982277E 00 
0.10 1.20 -O.~PQ7213E 00 
0.10 1.30 -0.2792238E 00 - -·o··;~.o-------·- -- 1 ~ ·4o·· -- -- ···· --·-.;;.. o. 26.66112t:o·o--·--
o.to 1.so -o.251qoz9E oo 
0.10 1.60 -0.?357601E CO 
0. 10 1.-JO -C. 216 91_L6.;.;,-E _,OIHiOr----
0. 10 L.1f0 -o .19"17t.tt62E oo 
0.10 1.qo· · -C.177203~E 00 
0.10 2.00 -0•1568474E 00 
0.10 2.10 -O.l370026E 00 ··o.to··-- ... ----- 2.20 - ·· · ·--· ;..::o.Il82087E oo·--· -----
0.10 2.30 -0.1007990E 00 
0.10 2.40 -0.84814lqF-Ol 
0.10 2.50 -0.699q987E-Ol 
o.Io z:6o -o.55~026qe-ot 
0.10 2.70 -0.4204187E-01 
0.10 2.80 -0.2809375E-Ol 
0.10 2.90 -0.140065~E-Ol ··-·o -~ ro-- ----- - ------- 3. oo ···· · .. -~ o .ts 6 e 21 aE=-o-s---



110 

Solution.A4 

TJME R AD.O I STANCE OEELE.C...llQN(~~ 
0.0 0.0 O.lC0167?E 01 o.o o.to c.qqAqqqee oo 
O.Q 0.20 C.991352qE 00 

_Q .. a_ --0.30------------- ____ 0 .. 9795404E .QQ _________ _ 
0.0 0.40 0.9641516E CO 
0.0 0.50 C.9451494~ 00 
0.0 0.60 C.972C544E 00 
0 .o o. 70 "....S£.453496 00 
0.0 0.80 O.R628368F. 00 
0.0 0.90 C.R27678qE 00 
o. o 1.00 n. 78~7384JE oo ' 

·----0 • .0 ----------- 1. 10---------- -- C. 7492371E--OO ·--
0.0 1.20 0.7C60236E 00 
0.0 1.30 C.660C508E 00 
0.0 1.40 0.6117722E 00 o.o 1.50 C.5620~61E no 
o.o 1.60 r.sit7045E oo 
0.0 1.70 C.461C578E 00 o.o 1.80 0.4100q89F. 00 

_____ D .•. a._ ____ 1 • .90 0.358£6B5E ... OO------
. 0.0 2.00 0.3C8~864E 00 

0.0 2.10 0.259~187E 00 
0.0 2.20 0.2133830E 00 
0. 0 2. 30 ".1703 554E 00 o.o 2.40 o.I3034Iqe oo 
0.0 2.50 c.q355122E-Ol 
0.0 2.60 C.6ll6068E-Ol 

..... __ 0 .. 0 ___ , ____________ 2 •. :7Q _____ --·· ____ c. 3510841E-OL ... -------
O.O 2.60 C.l6A944qE-01 
0.0 2.90 0.61~676RE-02 
0.0 3.00 0.4504476E-06 

TIME RAD.DISTANCE DEFLFCTION(oofoomaxl 
0.05 0.0 -C.~l476C3F-Ol 
o.os 0.10 -o.zqql505E-OI 

- 0.05.- .. ----·-··-------- 0.20---- -C.2532455E~Ol--·-- ----
0.05 0.30 -O.l80'3A21E-Ol 
0.05 0.40 -0.8705337E-02 
0.05 0.50 O.l733237E-02 
0.05 0.60 ..O.l231009E 01 ·· --------o-.os _____________ o-:7o __________ n. z23566ae=o·c·--·------ --
o.o5 o.so o.3l70976F-ot 
0.05 0.90 0.4062q50E-Ol 

__ __a • o s 1. o o c ... .494_7_l.8.3E=-.~QJ:!----
o.cs 1.10 0.5832661E-Ol 
0.05 1.20 0.66844~4E-Ol 
0.05 1.30 C.7432729E-Ol ______ 0_._05 __________ l .•. ~Q ____________ C. 799A872E.~Ol ______ _ 
0.05 1.50 0.8322662F-Ol 
0.05 1.60 C.8380622E-Ol 
0.05 1.70 C.8194387E-Ol 
n • o 5 1 • a o Q.J.B 3.Q542.=-F -=o~J~--o.os 1.90 0.73A9COOE-Ol 
0.05 2.00 C.6o753~5E-Ol 
0.05 2.10 0.666C289E-Ol ______ o .o5 ____________ z_.._zo ____________ .. c .6443 -:..99E-oL _______ _ 
0.05 2.30 C.6?.44706E-Ol 
0.05 2.40 0.5Q37276F-Ol 
0.05 2.50 0.54C7501E-Ol 

__ ______a_.. 0 5 2. 60 Q_. .4~ 0.~.555 E...::..Q~l --· 
0.05 2.70 0.~58120lE-Ol 
0.05 2.80 0.2413792€-01 
0.05 z.qo O.l200498E-Ol ___________ o_._os 3.9-.o ___________ o. l342702E::o5 __ _ 
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Solution A4 

TIME RAO.O I STANCE OEFlECTlO"J(w/wmax) 
0.10 0.0 -0.3216986E 00 
0.10 o. 10 -l'...JZl.fU .. 9.BE._0.0!!'---
0.10 0.20 -C.3221246E 00 
0.10 0.30 -0.3724265E 00 
0.10 0.40 -0.3224176E 00 ______ o ._to _____ o. so_ _ ____ =.-o. 321744_BE ... oo __ 
0.10 0.60 -0.3201532E 00 
0.10 0.70 -0.3175926E 00 
0.10 0.80 -0.3141785E 00 
Q.lQ 0.90 -rr-3~9-~9aD.~E~O~O ____ __ 
0.10 1.00 -C.3048993E 00 o.to 1.10 -o.2984400E oo 
0.10 · 1.20 -0.?.900695E 00 

---8-:l~ l :-~-8 --:8: ~~X4 ~lg~----88-- --
o.1o 1.so -o.zst5424E oo 
0.10 1.60 -0.2349751E 00 
0.10 1.70 -0......2llQ0.8.6.E~~0¥0 __ _ 
0.10 1.80 -C.1977809E 00 
0.10 1.90 -O.l775545E 00 
0.10 2.00 -O.l56Ql48E 00 

------8:l-8--~-----------'-·~:-~g------··--:8:-li·~~-~~g~-gg------
O.l0 . 2. 30 -C.l0063?7E 00 
O.lQ 2.40 -0.8500832E-Ol 
0.10 2. 50 -0_,_ 7Q3..ff!Z9E-Ol 
0.10 2.60 -0.~615r.Q5E-01 
0.10 2.70 -0.41943SOE-Ol 
0.10 2.80 -0.2773944E-Ol 

--8:1-8- ---· j-:-~8---- ··- =8: l§~~~~-~~~8~~---
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Solution A5 

_ _I..I..Mu...E ____ ......JRo...hD ... Dls.I.AttCL __ _nEF_LEC.:LlD.J..0w/ wma"'IFX;_) _ 
0.0 0.0 C.910?716E 00 

. 0.0 0.10 0.9103835E 00 
0.0 0.20 C.9104837E 00 _____ o .o. o. 30 o. 9099138E ... oo _______ -_ 
0.0 0.40 c.qC77013E 00 
0.0 0.50 0.9027318E 00 
0.0 O. 60 O. Rq 39 253E 00 
o.o a~ _o-aaD~~o~s~E~o~o~------o.o 0.80 0.8615811E 00 
0.0 0.90 C.8372387E 00 
0.0 l.CO C.B074n30E 00 o.o______ 1.10. _____ . o.77257BtE_oa_ 
0.0 1.20 0.7330352E 00 
0.0 1.30 0.6A93067E 00 
0.0 1.40 0.6418207E 00 
o • 0 1 • 50 o. 5.9.D.9A2"-2 ...... E~o ..... a.._. ----
0.0 1.60 0.5370466E 00 
0.0 1.70 0.4~05590E 00 
0.0 1.80 0.4221179E 00 

. _ 0 ._Q_________________ 1. 90 __ ... ___ __ 0. 36 2642.9E ___ oo_ _____ _ 
0.0 2.00 0.3033~43E 00 
0.0 2.10 0.2458920E 00 
0.0 2.20 O.l9l9058E 00 
o.o 2.30 o.J431637E oo· 
0.0 2.40 C.l011721E 00 
0.0 2.50 0.66q7303E-Ol 
0.0 2.60 0.4094760E-Ol o.o __ · _______________ . .2. 70 ..... o. zz70S06E-oL _________ _ 
0.0 2.80 O.ll08467E-01 
0.0 2.90 C.4268076E-Q2 
0.0 3.00 C.3427194E-06 

TIMF RAO.OISTANCE OEFLECTIQl\J(w/wmax) 
0.05 0.0 -0.724P443E-Ol 
0.05 0.10 -0.6980538E-Ol 
0.05. ________ 0. 20 -.0. 620C989E~D~------
0.05 0.30 -0.4978Q42E-Ol 
0.05 0.40 -0.3419362E-Ol 
0.05 0.50 -O.l649294E-Ol 

---.0..05 0. 60 '.1979591.~E=01J..2.:...----
- -o ~·os----------···o~7o· ----- ----{y~-t998292E:..-crc----------

o.o5 O.BO 0.364<1538E-Ol 
0.05 0.90 0.5079675E-Ol 

-~Q~·L0,~5------~~~'!!~~Q~Q~-----Q,_62_ft9_J9,-:!lY::E:---'0~l~---
0.05 1.10 C.7151681E-Ol 
0.05 1.20 0.7?01407E-Ol 
0.05 1.30 0.8230793E-Ol 

________ 0 .Q_5 __________________ l.40 O. 84 76979E-Ol 
o .o5 1. so - ·-o.H575189E=ot ________ _ 
0.05 1.60 0.85526C5E-Ol 
0.05 1.70 0.8426005E-Ol 

--~Q_.._Q 5 1 • B_Q ------s::O..., .. .ft20.2..5.35E=..0~~~----
0.05 l.QO 0.7882702E-01 
0.05 2.00 0.7464606E-Ol 
0.05 2.10 0.604820317-01 
0.05 2. 20 O. 63 38 32 BE-01 

------(f~0-5 _________ -----·- --2.30 0. 5646003E_:Ol·---~---
0.05 2.40 0.4887904E-01 
0.05 2.50 0.40R4220F-Ol 

8:8~ ~=~g--------~O:~-~~i~f}~:81------
0.05 2.80 O.l594701E-Ol 
0.05 2.90 0.7A5934?.E-02 

________ _Q_~J:>5 ______________ :3 _.op_ _ ... o. 90 Oft_4:~_o~;:.:::.06 ________ _ 
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Solution A5 

TIME .RAD. 0 IS T ANCF DEFL FCT ION (~»/wmax) 
0.10 0.0 -0.3005620E 00 

-- ---B·:-18 8: ~8- :8-:1 f~~-~-~~ 8*8-~-
o.1o o.3o -o.3061817E oo 
0.10 0.40 -C.3096571E 00 
0.10 0.50 -0.313093~E 00 ·--------··o. 10-----.. ---------· o~ 60-- ·· ... -o. 3158QI BE·-oo ______ _ 
0.10 0.70 -0.3174fll5E 00 I 

0.10 0.80 -C.3173716E 00 
0.10 0.90 -0.3151904E 00 o • 1 o 1---;oo - c:r.-3-ru-7-o:?.ae~o;no~---
o.to 1.10 -o.3o3aoa2E oo 
0.10 1.20 -0.2945262E 00 

· 0.10 · 1.30 -0.2A29710E 00 ------o ;;to---·------··--·----- ----t·. 40-- ---- ----- -o. 26 93 2 srE-·oo·--------
o.to r.so -0.2~3Bl7a~ oo 
0.10 1.60 -0.?367097E 00 
o .101.10 -0.2182~.59E oo ... , __ _ o. ro 1-;-so ..:~r.-r-<nn~-so-r~-oo-
o.1o t.qo -o.t787563E oo 
0.10 2.00 -0.1583472E 00 
0.10 2.10 -0.1380060E 00 -- o .to·---- ------ .. ··-- ---- 2. 20 --- - -o. 11 P 1116F. oo 
0.10 2.30 -0.9901732E-Ol. 
0.10 2.40 -0.8102119E-Ol 
0 • 10 2. 50 - 0. 64 3 3 6 274_,.E~-..,;O~l=-----O. ro z·~u -o. ~no-4-A6E 01 
0.10 2.70 -0.3518512E-Ol 
0.10 2.80 -0.2255514E-Ol 
0.10 2.90 -0.1G93094E-01 ····· · o .1·o--------------- ------ 3.-oo ·--- ··· --;_o. 1201231 E:.;:os------.... 
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Solution A6 

TIME R AQ. DISTANCE O.EF...LECI ION{w/~max) 
0.0 0.0 C.963q264F: OC 
0 • 0 0. I 0 0 • 9 6 1 2 7 5 6E 00 
0.0 0.20 C.953~915f 00 ________ o .o______ ... o .. 3a _______________ o. 9416oasE oo ____ _ 
o.o 0.40 0.9263110F. 00 
0.0 0.50 0.9086647E 00 
0.0 0.60 0.8PQ3519E OC 
o. a a. 10 a. a6.a6.u...os= oo 
o.o o.eo c.R462046E oo 
0.0 0.90 0.8215294E 00 
0.0 1.00 C.793Bl82E 00 . I 

-----Q .a_ ___________ · ~ •. 10. ____________ .0. 7 6 23 63 3 E __ QQ __ 
0.0 1.20 0.7266970E 00 
0.0 1.30 0.6~66711E 00 
0 .o 1. 40 o. 6424340f 00 
o .o 1 • so o • .5..9~33.16E on 
0.0 1.60 0.5427927E 00 
·o.o 1.10 o.4882573E oo 
0.0 1.80 0.43ll965E 00 

______ n .. .o __ t .. .9a _____________ o. 37221B3E._oo __ 
o.o z.oo o.~l22274E oo 
0.0 2.10 0.2525629E 00 
0.0 2.20 O.l950455E 00 
o.n 2.30 o.J~l..8..623E oo 
0.0 2.40 0.9529376E-Ol 
0.0 2.50 0.5731901E-Ol 
0.0 2.60 0.291R218E-Ol 

. ______ Q .o_ ________________ 2_J_fl _____________ 0. 1103 973E~OL ____ _ 
0.0 2.80 O.l793347E-02 
0.0 2.90 -0.839~787E-03 
0.0 3.00 -0.2742163E-06 

TIME RAO.OISTANCE OEFLECTIONGIJ/oo } 
0.05 0.0 -0.~740921E-Ol JllSJt 
0.05 0.10 -0. 3653624E-Ol _o.os ____________________ o • .2o _________ -o. 3382.9A8E= .. 01 __ 
0.05 0.30 -0.29069Q8E-Ol 
0.05 0.40 -0.2202803E-01 
0.05 0.50 -O.l2614~1E-Ol 
o.os 0.60 -G.l010124E-02 
o~o5 --· o.···r-o -O":·t22759-4E-oi 
0.05 0.80 0.2644348E-Ol 
0.05 0~90 0.4052735E-01· 
0. 0 5 1 .00 Q..-'U5 . .1..81 OE-01 
0.05 1.10 0.64A3912E-Ol 
0.05 1.20 0.7387155E-Ol 
0.05 1.30 0.805R4R8E-Ol _______ 0._05 ____________ .1._4Q ___________ o. R517075E-Ol 
o.os 1. so · -- ·a. R796430E~<n--
o.o5 1.6o o.eq2R239E-Ol 
0.05 1.70 0.~9?.9259E-Ol 

--~Q_._Q 5 1. 80 O .... Jt7.96...0.12.E-Ol 
0.05 1.90 C.R50R664E-Ol 
0.05 2.00 C.80426~7E-01 
0.05 2.10 0.7384282E-Ol 

----- g :8~---------··-- ·--··1: ~8- --------- g: ~~~5~1~~=8i-··----
o.os 2.40 0.4503622E-Ol 
0.05 2.50 0.3453118E-Ol 
0.05 2.60 0.24R664~E-gL___ 
o • o s 2. 1 o c·;r6-'>"8-~>"5R"E- ·r-
o.o5 z.ao o.9R7309?.E-02 
0.05 2.90 0.4520498E-02 

....... _ .. P.~_Q!). ____________ ~~.Q.O _____________ o. 4°.71404E:-!J).6 ____ ... 
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Solution A6 

TIME R A 0. 0 IS TAN C E 0 E F l F C T I ON (w/IJl ) 
0.10 0.0 -0.?78?915E 00 max 

_____ O .. t..l_O _0_.__1 Q _______ -=-.Q_L2 ~.O.L~_Q.9_E__QQ __ 
0.10 0.20 -0.2853352~ 00 
0.10 0.30 -0.293026?E 00 
0.10 0.40 -0.3019327F 00 
0.10_________ ___ 0.50 -0.3106307E 00 
o.1o o .6o -o. 31 77900E-oo--
o.1o o.1o -0.1223748~ oo 
0.10 0.80 -0.3237538E 00 

- ___ 0.10 0.90- -0.,21710SE 00~~--o-.-ru c;-(ro -=cr-;-516:3-66~1:--oo 
0.10 1.10 -0.3C80480E 00 
0.10 1.20 -0.2971569E 00 
0.10 1.30 -0.?840649E 00 · ----·--o;Ia------·-- ----- ·1. 40 ____ ----- ·- -=o.26907o4·E-- oo··---
o.1o 1.so -o.Z524130E oo 
0.10 1.60 -0.2343246E 00 

---8: l8 l-:i8 = 8-:-r-~-§8 §~i~~g~gr--
0.10 1.90 -O.l747818E 00 
0.10 2.00 -O.l546767E 00 
0.10 2.10 -O.l352371E 00 
0.10 ----- 2. 20 -O.ll6808"3E 00 
0.10 2.30 -0.9955740F.-Ol 
0.10 2.40 -G.8346111E-01 
0.10 2.50 -O.A83432AE-01 

---~0-.10 z·;-6-0 -0. 5-:j-94-R32E-Ol 
C.lO 2.70 -0.400270,E-Ol 
0.10 2.RO -0.264ll67F-Ol 
0.10 2.90 -O.l30508~E-01 o. 10· _ .. ___ ... · 3. oo -=c. 14 57 30zE=o5 ___ _ 



116 

Solution A7 

____ T_IM E R_~_D_,.Jll.SJ..,d.!'lC E D..E£LECTlf1!'1 (~L<=>maxl __ _ 
0 • 0 0 • 0 C·. 9 ~ 1 9 R 5 4E 0 c 
o.o 0.10 c.q:nR.s~qE oo 
o.o 0.20 c.q3106?~E 00 
0 .0--------------- __ 0., 30 f'. 9? R~ 68 9E. 00 ____ ... 
0.0 0.40 C.9230354E 00 o.o 0.50 0.913?777~ 00 
0.0 0.60 C.89B60C8E 00 
0 • 0 0_._2" C..._82B.93.3.1L~O'-'.::'O'-------
O • 0 0 • B 0 C • 8 54 7 0 71 E 00 
0.0 0.90 0.8265800E 00 
o.o 1.00 c.7951236E oo ________ o_._o _________ __:_ .1. 1 o _ _ _ __ -· ____ r:. 7noo 21 7E _oo ____________ , 
0.0 1. 20 C'. 7?3051 7E 00 
0.0 1.30 0.6P22239E 00 
0.0 1.40 0.637~912E 00 

--~0_._0 1. so C-.59...D~ Ll_2_E_O~O ____ _ 
0.0 1.60 C.5397883E OC 
0.0 1.70 0.4P65812E 00 
0.0 1.80 C.431?81SF 00 ____ Q_._o____ _________________ L._QQ:_ ____________ 0. 3743439E_ .00 _________ _ 
o.o · 2.oo c.~t6?621E oo 
0.0 2.10 C.2~77894E 00 
0.0 2.20 C.2002069E 00 
0 ~ 0 2 ._3_0 QJ§-.5!t.761.E_O~O~----
O.O 2.40 D.q614515E-01 
0.0 2.50 D.54q3687E-Ol 
0.0 2.60 0.?40Q892E-Ol 
g: g ·------------- -· -- ~: l8 -- ---- -- -·· -:..8: ~-~i§ j~~~::g~ ---------
0.0 2.90 -0.4177775E-02 
0.0 3.00 -0.6959053E-06 

TIME RAO.DISTANCE DEFlf:CTION{tu}oomax) 
0.05 0.0 -C.l767437E-Ol 
0.05 0.10 -C.l8~57QlE-01 

--~---~--. 0. 0 5. ------·-----·-·-----·· 0. 20 _ -:C .1 qql CO lE:-:01_ _____ _ 
0.05 0.30 -0.2101~32E-01 
0.05 0.40 -0.20C0417E-Ol 
0.05 0.50 -O.l546466F.-Ol 
0.05 0.60 -0. 672~62 6F-O......_, ___ _ 

-----·- " ......... - -.-~-------~--~----~-~--------- ---- . ---------~~--· - -

0.05 0.70 0.58qR375E-02 
0.05 0.80 0.2llG013~-01 o.os o.qo t:. 3740o79E-Ol 

--....vO ...0 5 l • 0 0 C-~..:U.l.-5-2~=-=4,0,~-,~1.-----
0.05 1.10 C.6591511E-Ol 
0.05 1.20 C.7612371E-Ol 
0.05 1.30 O.R333254F-Ol 

--- ------0 • .0.5- .1 •. 40 -~--~---- -C. 8791566E-01--------
0.05 1.50 0.903RA03E-Ol 
0.05 1.60 0.9113860F.-Ol 
0.05 1.70 O.ct032RlOE-Ol 
0 • 0 5 1 • 8 0 n • 8-7..90-7-3-7-E-=0-l,.-----
0.05 1.90 C.B377320t.:-Ol 
0.05 2.00 0.7793391E-Ol 
0.05 2.10 C.7C61~62E-Ol _ --·· .o .as ______________ , __ 2 • .20 -- .. ___ _ ____ c. 62 2466 '5E.,-OL------- . --·-
o .0 5 2. 30 C. 51176C5E-Ol 
0.05 2.40 0.4451016E-Ol 
0.05 2.50 0.3600300E-01 

-----D .• 0 5 2..60-- 2R.D.0-1.l-4E-=.0.J.------
0.05 2.70 C.2C50643E-Ol 
0.05 2.PO C.l3~0q??F-Ol 
0.05 ?..qo C.65R~l36F.-02 

--0.05-------------3.00.- .. ----- c. 757682 5E-06----- --
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Solution A7 

TIME RAO.niSTANCF DEFLF.CT!ON(w/w ) 
0.10 o.o -c. 288626::.lE oo max 
0 • 10 0. 1 0 c. ;;)..A.96~----..0J.L..0L-------
O.l0 0.20 -C'.2q26244E 00 c.to 0.10 -o.2q7245?.F. oo 
0. 10 0. 40 -0. 3C 2992 SE 00 . o .10--------------------- o_s,o_.:. ___________ -c. 3091 "381E---.OO-------------
o.to o.6o -o.3t47975E oo 
0.10 0.70 -0.31903SOE 00 
0.10 O.RO -C.~210028E 00 
0 • 10 0 • 9 0 0 • .320.0..:Z6..5 . .t:;.E-AJ0u..Ot------
0.10 1.00 -C.3159438f 00 
0.10 1.10 -0.30A6115E 00 
0.10 1.20 -0.2983363€ co 

------------0 .... 10 ---1•-30-------- --0.2855C37E .. OQ. ___ ----
0.10· 1.40 -0.?.705078E 00 
0.10- 1.50 -0.2536811E 00 
0.10 1.60 -C.2352966E 00 
C.lO 1.70 0.2156327E 00 
0.10 1.80 -0.1950601E 00 
0.10 1.90 -O.l740940E 00 
0.10 2.00 -0.~533712F. 00 

-- - -----0 .l.0---------------··-2.-10----------~C.l335460E---OO. ------
. - 0 • 1 0 2. 2 0 - C • 11 51 3 8 2 E 00 

0.10 2.30 -C.9R38790E-01 
0.10 2.40 -C.A318555E-Ol 
0 • 10 2. 50 :..C-6.£l...l.3.9..2e;..=-:..r.O,L.,Jl~----
O.l0 2.60 -Q.5559301E-Ol 
0.10· 2.70 -0.420B026E-Ol. 
0.10 2.80 -0.2825820£-01 

-·O .1.0--------------- 2. 90-------- -a. t413to.ze.~.ot.~.--------------
0.10 3.00 -O.l593739E-05 
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TIME RAO DISTANCE DF.FlECTIO~W/w ) 
0 • o 0. 0 . a-:·Fr'T~T43-n:-c;o-ma:F-
o.o 0.10 0.8934000E 00 
0.0 0.20 O.A940127E 00 

-------8:-8----:-~--------- 8:~8 · - ----------- 8: ~~4~ba~~-88---·-_· -· 
0.0 0.50 0.8921223E 00 
0.0 0.60 O.AA7231QE 00 

--~o . o o. 10 o .• l3.1Jt~.39_1_E._Qo~--o.o 0.80 0.8647137E 00 
0.0 O.QO 0.8451727E 00 
0.0 1.00 0.8l91683E 00 

-------8:8·------- --------:1:-~g.------ -···-------8:+2z~r~~~---·88·---
o.o · 1.30 0.7006181E 00 
0.0 1.40 0.6487810E 00 o.g 1.50 0.5_CL2.2_45qE OQ 
0 • 1 • 6 0 0. 5 3 2 32 7 ~ E 00 
o.o 1.70 0.4705313F. 00 
0.0 1.80 0.4084679E 00 

--8-;8------------~:-68 --8:~~~~~~~-~-8-8---
o.o 2.10 0.2362239E 00 
0.0 2.20 0.1877970E 00 
o.o 2.3o c.I453358~F--8*-o __ o.o- 2.4o o.Ic9I~1Jc:: o 
o.o 2.so o.7933241E-Ol 
0.0 2.60 0.5535704E-01 
0.0 2. 70 o. 3652928E-01 -------··o;o--·--- ·---·- ---~···-2 .·a a·--------- --o ~-218440 7E~-ar··--·--
o.o 2.90 C.1Cl0163E-01 
0.0 3.00 O.l034739E-05 

TIME RAO .o I sTANCE DE FlEtT lol"f(w/wmax) 
o.os o.o· o.I453605E oo 
0.05 0.10 O.l453632E 00 
0.05 0.20 0.1453301E 00 ------ o.os·-------·------·<r~·3o··------------ ·- ·o.l4514l6E-o·-'iiio:----
o.os 0.40 O.l446103E 00 
0.05 0.50 O.l434994E 00 
0.05 0.60 Q.l415441E QO 

-4· -~-" -· ..•.... ·-·- -~- _,_ -

. o.os 0.70 0.1384788€ 00 o.os · o.ao o.I340622E oo 
0.05 0.90 O.l2Rl046E 00 o.as 1.oo o.J204906E on 
0.05 1.10 O.llll956E 00 
o.-os 1.zo o.t0029S3E oo 
0.05 1.30 0.879837".3E-Ol ________ o.._os._ t-4o .o •. 7453B41E=Jll __ 
0.05 1.50 0.6C33859E-Ol 
0.05 1.60 0.4583079E-Ol 
0.05 1.70 0.3150601E-Ol 
o.os t.so O-L2B2~4~E~-~o-l-----o.o5 t.9o o.5416?1BE-02 
0.05 2.00 -0.54l4531E-02 
0.05 2.10 -O.l425400F.-01 _________ o..ns_ _______ . __ z...z.o _____ -:-o.zca3442E~.OL---
o.os 2.30 -0.250062RE-Ol 
0~05 2•40 -0.?674869E-Ol 
0.05 2.50 -0.2617095E-Ol 
0.05 2. 60 O, 235Qh!U~E=-~0~1---
0.05 2.70 -0.1909849E-Ol 
0.05 2.80 -O.l337814E-Ol 
0.05 2.~0 -0.6838027E-02 

.... O .•. O.S....~---------3..J:l1L --~--·-·-···· _ ~ 0. 79 56 .940E~.O 6_ ...... -· 
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Solution A8 

TIME RAO.OISTANCE DEFLECTION (w/wmax) 
0.10 o.o -o.~oq~634f oo 

-·-·-.0 .... 10 0.10 -0-31.00009-= 00 
. 0.10 0.20 -0.110377AE 00 

0.10 o.~o -0.310P897E oo 
0.10 0.40 -0.3113711E 00 

"--- ·------0 .lQ. ________ ----·--·-····· 0. 5Q __ -'···-- -- ... -. -0. 3116 060E. .. Q(L__ ____ _ 
0.10 0.60 -C.~l13437E 00 
0.10 0.70 -0.3103155E 00 
0.10 0.80 -C.3082539E 00 
0. 1 0 0 • 90 -::.0.--.3..Q.4CJ 1 O?E 00 
0.10 1.00 -0.100C7?~E 00 
0.10 1.10 -0.2c;l35780E 00 
0.10 1.20 -0.2R53277E 00 _________ o .•. l.a.__ __________ __:__ .... 1 .. 30 ____ -~- ____ ~ o .. 21 s 2 8.94 E._ oo _____ · 
0 .. 10 1.40 -0.2635018E 00 
0.10 1.50 -0.?.5007?.0E 00 
0.10 1.60 -0.?351680E 00 
0.10 1.70 -Q.2190.DA3E QO 
0.10 i.BO -0.2018487E 00 
0.10 1.qo -0.1B39664E 00 o.to 2.oo -o.t656440E oo . o .lo _________________ .. _ 2 • .to ____________ -:0.14 71534E. oo __ _ 
0.10 2.20 -O.l2874?6E 00 
0.10 2.30 -O.ll06230E 00 
0.10 2.40 -O.q296101E-Ol · 

--~0 .. ~0 • 50 -:0. .• .7.5ft.7.!t9.~'3E=:.O~l~--
O.l0 2.60 -0.5943320E-01 
0.10 2.70 -C.4365675F.-Ol 
0.10 2.80 -C.7A52795E-Ol 
0.10 ................ __ ··-·-·- _ _ 2. 90..... ... ... -O.l399844E.~OL _____ _ 
0.10 3.00 -O.l551748E-05 
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Solution A9 

---;.J.__..I'-7-M E R AD. DI STANCE 1"~~~ lf. 4f_C ~-fO!'ir.~~~ax2-. 
v • 0 0. C u. ::; 7 __ 6E vO 
0.0 0.10 0.8518972E 00 
0.0 0.20 C.8530A21F. 00 

... 8: g.----~--------·-· .. -----8: ~8- -----·-- - 8: ~§~4~ii~- ·88-----·-···-· 
0.0 0.50 O.B576GOOE 00 
0.0 0.60 O.A573105E CO 

__ Q_LO O. 70 Q_. _ _B~.4ta29LOJI ___ _ 
0.0 0.80 O.B484679E 00 
0.0 0.90 0.8376559E 00 
0.0 1.00 C.82105BlE 00 ______ o.o_____________ ___ 1.10________ o. 797656BE oo 
o.o 1.20 o. 7666672E- oo----·-----
o~o 1.30 C.72764SOE 00 
0.0 1.40 0.6B05812E 00 

--~0.0 1.50 0.6259676E 0~0~-----
0 .o I. 60 ~_r:·s64A2_5/.Eo0 
0.0 1.70 0.4Q868l8E 00 
0.0 1.80 0.4294979E 00 
0.0 1.90 0.3595472E 00 

-----o·~-o--·---------·-··2~-oo·-------·· ·- o. 2912 sz 9e··oo--·---
o.o 2.10 0.2269974E 00 
0.0 2.20 O.l689304E 00 
0.0 2.30 O.llR777.2.E_QQ 0 • 0 2. 40 0 .~776-8 732 E- Ol..,..._ __ _ 
0.0 2.50 0.4613028E-01 
0.0 2.60 0.23B495?E-Ol 
0.0 2.70 0.9883R02E-02 ---·---- o. o----- ------ -------2 .·ao ·----------- o. 266 c 2 86E:... o2 ··- -
0.0 2.90 O.l376420E-03 
0.0 3.00 -O.ll91247E-06 

TIRE R AO. o I STANCE DEFCrriTOl\1 liilfwigaxl 
0.05 0.0 O.l726855E 00 
0.05 0.10 0.1725783E 00 

--- --- g : 8§· -------~-- --- ---- -g : ~g- ---"· · · g: iii~ I~ g€ --gg--
o.o5 o.4o o.t6q3469E oo 
0.05 0.50 O.l661372E 00 
0.05 0.60 0.1611650€ QO 

- ·-·-·--·~ ~ .. --,,.,. y ---------------- -~---·- -----·--·- --~ ~ •·- 'K ~--· .~--~~-·------·-•• ·---- ' -~ 

0.05 0.70 O.l540900E 00 
0.05 0.80 C.1447152E 00 
0.05 0.90 O.l330337E 00 o. o s 1. no c. 1 1 9..25t~2 ...... E__._..o ..... a __ _ 
0.05 1.10 C.l037Rl4E 00 
0.05 1.20 O.R721393E-01 
0.05 1.30. C.7026088E-Ol 

---- -- _Q. 05·---···----~-·-l-4Q_____________ 0. 53 68 55 9E~.OL.-----
0.05 1.50 0.382?574E-01 
0.05 1.60 0.2452013E-Ol 
0.05 1.70 O.l30464?.E-Ol 
0 • 0 5 1. 8 0 G. £t.CS0 .. 6.5~3E~-=->J..0&-2 ---
0.05 1.90 -0.2319687E-02 
0.05 2.00 -0.6305695€-02 
0.05 2.10 -O.B203849E-02 

..... 0 .05 ______ .. _______ 2. 2Q________ -0.846278 ?E-.02 ..... -------· 
0.05 2.30 -G.7590715E-02 
0.05 2.40 -0.609C183E-02 
0.05 2.50 -0.43qB856E-02 o. a 5 2. 60 - o • 2 a.45.5.2'-L6Fc.:-~OL-2 __ _ 
0.05 2.70 -O.l625881E-02 
0.05 2.80 -0.79~4948E-03 o.os z.qo -o.3042046E-03 

. __ Q_. 05....___________ _ __ 3 . ....0 a__ _____ . ________ - 0. 39 0 54 7 5E.:":"" 07 ··--
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Solution A9 

TIME RAO.OISTANCF OEFLECTION(oo/w ) 
0.10 0.0 -0. 327";795E 00 max 
0. 10 0--10 ---=..n.....3.2...7A4.65E 00 . 
0.10 0.20 -0.3275A30E 00 
0.10 0.30 -0.3276036E 00 
0.10 0.40 -0.3272280E 00 

_________ Q •. lQ. ______________ 0.50 - _- _ - -~0.3261174E_QQ ____ - _ , 
0.10 0.60 -0.3?3q210E 00 
0.10 0.70 -0.3203227E 00 
0.10 O.BO -0.31'508271: 00 
0 • 1 0 0 .• 90 - 0_.3_0.B.Q6_9~9~F=--'0"='0~---
0.10 t.oo -o.zqqz778E oo 
0.10 1.10 -o.zsae253E oo 
0.10 1.20 -0.2769402E 00 _______ o ._to ____________ 1. 30. ____________ -----~o. Z639285Loo __ _ 
0.10 1.40 -0.2501345E 00 
0.10 1.50 -0.23'58970E 00 
0.10 1.60 -0.2215073E 00 
o. 1 o 1 • 70 -:..0. zc 71 7~5~1 ~E~Q~o __ _ 

_ 0.10 1.80 -O.l930087E 00 
o.1o 1.qo -o.t790074E oo 
0.10 2.00 -O.l6'50727E 00 

__ 0. 10 _____________ --~- __ 2 .1 0 _____ .. ____ ~ 0. 1510 316E_ OQ ________ _ 
0.10 2.20 -0.1366731E 00 
0.10 2.30 -O.l217868E 00 
0.10 2.40 -O.l062037E 00 
0. 1 0 2-..5.0 -0....8.9 .. 8.:ll.4.lE-~0.._] __ _ 
0.10 2.60 -0.7267731E-Ol 
0.10 2.70 -0.5485717E-Ol 
0.10 2.80 -0.3659184E-01 

___ Q_._lQ __________________ 2.90 __ ___ _ _ -:O.l8l8680E-::.,._Ol....__ __ 
0.10 3.00 -0.2036773E-05 
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I 1 ME B AJla..D~S.IANCE DEE I ECT_J~(w/w ) 
o.o o.o o.~686016F. oo max 
o.o 0.10 o.BABRsoqe oo 
0.0 0.20 C.86955?~E 00 __________ o.o __ _ ______ o .. 3D ___ _ .... o. B701519E .. oa _______ _ 
0.0 0.40 O.R699781E 00 
0.0 0.50 0.868?.096E 00 
0.0 0.60 0.8640040E 00 
o.o 0.70 O.B5~9~3~6~F~O~O~-----
O.O O.·flO 0.~453354E 00 
0.0 0.90 0.82972lqE 00 
0.0 1.00 o.qQQ352AE 00 ' -- ---- 0. Q ______________ 1 •. 10 ---- .. o. 7$.38846E._..QQ ___ _ 
0.0 1.20 0.7529885E 00 
0.0 1.30 0.7163336E 00 
0.0 1.40 0.67"36?09E 00 
o .a 1. so 0.-6246690E oo 
0.0 1.60 0.5695450E 00 
0.0 1.70 0.5087C95E 00 
0.0 1.80 0.4431479E 00 

__ .. ___o . ...n~---------------1 .... 90 .. _. ___ . _______ Q •. 37444COE_OQ_ __ _ 
0.0 2.00 0.3047433E 00 
0.0 2.10 0.23666S6E 00 
0.0 2.20 n..1730392E 00 
0.0 2.30 0.116605 .. ~2"'=F--'='0~0----
0.0 2.40 0.6°66823E-Ol 
0.0 2.50 0.3377095E-01 
0.0 2.60 0.9440139E-02 _____ o.o_ _____________________ 2 •. 10 ___ ..... _ . -0.3940426E~n2 ______ _ 
0.0 2.80 -0.809~109E-02 
0.0 2.90 -0.56959l~E-02 
0.0 3.00 -C.8111454E-06 

TIME RAO.OISTANCF DEFLFCTION ~fw 1 
0.05 0.0 0.1623606E 00 JI)aX 
0.05 0.10 O.l623410E 00 
_0.05 -------- ---~-------0.20. O.l622415LOO ·---
0.05 0.30 O.l619369E 00 
0.05 0.40 C.1612089E 00 
0.05 0.50 0.1597419E 00 
0.05 0.60 o.J571303E OQ 

- o~-o s--- ------o-;i'o _____ -· · ---------··a:·T si<ioao"E ___ oo 
0.05 0.80 O.l466033E 00 
0.05 0.90 O.l378160E 00 
o. o s 1. oo D_._l2.6.3.Q6-=7-=~~o~o~---o.os 1.10 O.ll?0828E 00 
0.05 1.20 0.9~45898E-Ol 
0.05 1.30 0.7707900~-01 

-----8:·8~---· --------}:-~8--·------- -- --8:·~~~~~g~~=8i----·-
0.05 1.60 0.21~754jf-01 
0.05 1.70 0.700?003E-02 
0 • 0 5 1. 80 --=..O •. ~_L4.7.1--:--4-!:-2-:E_-~Q~2 ___ _ 
0.05 1.90 -O.ll20~61E-Ol 
0.05 2.00 -O.l443734F-Ol 

. 0.05 2.10 -0. 1403154E-Ol 
--- __ 00 •. 00_55 _______ .:.________ 2 • 20 . ~0. 10 93944E~Ol ___ _ 

• 2.30 -0.6281462E-02 ··-·····------
0.05 2.40 -O.l256537E-02 
0.05 2.50 0.?050952E-02 

-~g: 8 § ~: ~8 g :i-~-6-i-~-i-~-~=8~~;-----
0.05 2.80 0.5686Ql6F-0? 
0.05 2.90 C.32l2075E-07. 

.. __ Q_!I'Q.~---- ___________ 3._00 ____ .. ______ o. 3_?_§0731E:::06 __________ ... _ 
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Solution A10 

TIME RAD.DISTANCE OFFLF:CTID'\l (w/wmax) 
.0.10 o.o -0.3224669f. 00 

_____ _Q-.J 0 0 • l..O - 0!0 .. 3 .2 2 5.L')_ItE._Q:-l!::Q __ _ 
0.10 0.20 -0.32285B9E 00 
0.10 0.30 -0.32'3188QE 00 
0.10 0.40 -0.3233559E 00 
0.10 0.50 -0.3230745F 00 ----·--o-.-lo------------------·o.6o··- · ··-o. 32200l3E·-oo·--------
o.lo o.7o -o.3197603E oo 
0.10 0.80 -0.3159811E 00 

___ 0.10 0.90 -0.3103453E 00 o-. 1 o 1. m:r------c:-31:r26-348E~o~o~---
o.lo 1.10 -G.2927750E oo 
0.10 1.20 -O.?.~OR632E 00 
0.10 1.30 -0.2671726E 00 --o-;-ro--------- -------r;,;4o -- ..:_o.252130?E-·o·o 
0. 10 1. 50 -0. 2362694E 00 
0.10 1.60 -0.2201537E 00 
0.10 1.70 -0.20429Ql~F-x0*0 ______ _ o. ro 1. so -o-:Te-~o()T8E oo 
0.10 1.90 -O.I74736lE 00 
0.10 2.00 -O.l6120'36E 00 
0.10 2.10 -O.l482587E 00 ·o ~To·--- - 2.20.. -o.l354946E·- oo---_,-
o.lo 2.3o -O.l224096E oo 
0.10 2.40 -O.lOB5035F 00 
0 • 1 0 2. 50 -0. q 3 3 7 6 0~4_..E_--?0....,1,__ __ _ 
0. 10 2. 60 C. 76-8U'9'"8~F. Ol 

. 0.10 2.70 -0.5882197E-Ol 
0.10 2.80 -C.3967763F-01 
0.10 2.90 -O.l985q86E-Ol - o .10 ____ --- --- ----- 3~ oo ·--- -c. 22 3524-4E=-o ...... s--· 

\ 
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Solut:Lon A11 

__ ...._TI.ME R4D.OT$TA.NCE DE.ELEC..LION.(w/w )_ 
0.0 O.C C.860252qE OC ~ 
0.0 0.10 n.8606~CQE 00 
0.0 0.20 C.8617611E 00 

·- ... ____ Q._Q.___ _ ___ · __ _JJ._3Q __________ -·· t. 8633131E ... OQ. _________ _ 
0.0 0.40 C.864R013E 00 
0.0 0.50 0.8654464E 00 
0.0 0.60 0.864lq50E 00 
c.o o.7o c.8597096E oo o.o o.eo r.ssoansoe oo 
o.o o.qo c.B365431E oo 
0.0 1.00 C.R157201E 00 _______ o • .o__ __ . ______ .t.ta._ ______ . ________ .... o. 788138 oe. __ oo_. __ _ 
0.0 1.20 .0.7539154F 00 o.o 1.30 r.7135502E oo 
0.0 1.40 0.6677424E 00 o.o 1.50 C.6J7197?E 00 
0.0 1. 60 O. 5624R54F 00 
0.0 l. 70 C.5040185E 00 
0.0 1.80 0.44216q2E 00 

.. ______ Q._Q_ ________ ._l .... 9Q__ ___ . . 0 .. 3774_992E-.OQ__ __ 
o.o 2.00 c.3110304E oo 
0.0 2. 10 0. 2444469E 00 
0.0 2. 20 O. 1~01452E 00 -
o. a 2. 30 o .1210 st6e co 
0.0 2.40 r-. 7C22768E-Ol 
0.0 2.50 0.3032443E-Ol 
0.0 2.60 l.'.30C4458E-02 

------.. 0.0.--------------·---·---- 2.70.--------- .... -:G.l151678E-Ol ---·--
0.0 2.80 -O.l467873E-Ol 
o.o 2.90 -o.q470560E-02 
0.0 3.00 -O.l259736E-05 

TIME RAO.OISTANCE DfFLECTIONGi(oo1llB-'X) 
0.05 0.0 O.l6756?8f 00 o.os o.to o.I67469tE oo 

--- ---"- 0.05 ____ -----~------ 0.20--------- 0.16 7C970E--0"""0---
0.05 0.30 O.l661QR?E 00 
0.05 0.40 0.1644~46E 00 o.os o.so r.l614637E oo 
0.05 0.60 O.l570112E 00 
o.os o. 10 o.·tso9io3E·--oo ___ _ 
o.os o.ao o.t430953E oo 
0.~5 0.90 C.l3~565~E 00 
0.05 1.00 0-..122.3.39.0~,-E~0¥0 __ _ 
0.05 1.10 f'.l('q4324E 00 
o.o5 ·r.zo o.948Al36E-01 
0.05 1.30 0.78~1331E-01 _____ 0 .•. 0.5 _____ . _______ 1 .•. 4.0 ______________ C. 6154 39qE-.Q L _____ ._ 
0.05 1.50 C.4366432E-Ol 
0.05 1.60 O. 2607439E-Ol 
0.05 1.70 0.9Q25C0~~-07. 
0.05 1. 80 -C.-35..3_:!2.9..8=-F-~0~2 __ _ 
0.05 1.qo -~.13?02B8E-Ol 
0.05 2.00 -D.lR35490F-Ol 
0.05 2.10 -O.IPAB019E-Ol 

______ o_._o5________ _ __ .z •.. zo___ __ __ .. _::-fl. 1s 36731~5:-:-ot _______ ..... 
0.05 2.30 -0.9C52146F.-02 
0.05 2. 40 -0. 1 605146F-O?. , .. 
0.05 2.50 0.5198531E-02 o. o 5 z. 60 c ... .9...8.5.0..LL5E:::..O+z __ _ 
0.05 2.70 O.ll4?786F-Ol 
0.05 2.RO o.q7867R'5E-02 o.os z.qo o.5564116E-o?. 

--· _Q •. 0..5. ____ ..3 .• 00 ___ ·- -·-- .. _0 •. 65_75.976E"':':06 _________ _ 
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Solution A11 

TIME R/\D.OJSTI\NCf DEFLE(Tfl)l\!(w/wma~) 
0.10 0.0 -0.3?5?Al4F. 00 

_ __!).10 O.J.O __ -.C...3253.5C.JE-.0.~0.,.__ __ , 
0.10 0.20 -0.3254~59E 00 
0.10 0.30 -0.~254944E 00 
0.10 0.40 -0.3251011E 00 

___ 0. 10 __ --------------· ______ 0. 50 .-C. 3240C60E .. 00 ___________ _ 
0.10 0.60 -G.321Q368f 00 
0.10 0.10 -0.3186793E 00 
0.10 0.80 ~0.3140831E 00 

__ o~.l.Q o__._~.o~-----~o ,._3~ B_c~~5.6.E_O_Ol!.<----
o.lo 1.00 -D.30048P1E 00 
0.10 1.10 -C.2913410E 00 
0.10 1.20 -0.28C~507F 00 

---------8·:-18------·------- ·l: ~g --··- -:8-: ~~2ll~4€---88----·-·· 
0.10 1.50 -0.23B7884E 00 
0.10 1.60 -0.2225337[ 00 

---l:.O . ....l..Q 1 JlJ -o_,.2.C.:.5.$JlQ 5E 00 
0.10 1.80 -O.lPq4236E 00 
0.10 I.QO -O.l737046f 00 
0.10 2.00 -O.l5qQA39E 00 

.... 0.10 __________________ .. 1-.lO ........ - .-:-.0.1456354E_OO 
C.lO 2 • .?0 -0.133C988E 00 
0.10 2.30 -0.1209105E 00 
0.10 2.40 -O.tCR3l49E 00 
0 • 1 0 2. 50 - 0. 't~5.3l9..l~E,_-~O~l..___ __ 
0.10 2.60 -0.7897949E-Ol 
0.10 2.70 -0.6137620E-Ol 
0.10 2.AO -0.4189584E-Ol 

____ Ott 10 -----·---··----- . 2.90____ _ .. -:0._2113?4?.E-::OL __ 
0.10 3.00 -0.2386478E-05 
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Soluti.on A12 

T.!--LI M'::'-L..F ____ &AD.lll..S...~lCL D F ELEC.L!D.N(.wlc.ll .... ~ 
0.0 0.0 0.7477q8~E 00 max 
0.0 0.10 C.7512725F 00 o.o 0.20 o.7612512E oo 

----·· 0. 0 --- ------------ -- 0. 30 o. 776463 9E. .. 00 ------o.o 0.40 C.7949674E 00 
0.0 0.50 0.8143Bl7E 00 
0.0 0.60 0.83?1536E 00 

--~o~.o~------------0-J~ c.a45B214E oo 
0.0 0.80 C.853228~E 00 
0.0 0.0.0 0.8526695E 00 
0.0 1.00 C.8429599f 00 

- . . -0 • 0. ------- ___ 1 • 1 0 _ . 0. 8 2 34 314E _ _o a_ __ 
0.0 1.20 0.79388?7E 00 
0.0 1.30 0.7545?.42E 00 
0.0 1.40 0.705AA96F. 00 _ __Jo~. o~.~-__________ L.5.0 o .... M.B8 33 ze no 
o.o 1.60 c.sa45183f oo 
0.0 1.70 O.Sl44431E 00 
0.0 . 1.80 0.4404706E 00 

_______ o_ .. o ______ ~------------- 1.90-------- ___ o.3648282E .. oo __ .. _ 
0.0 2.CO 0.290055AE 00 
0.0 2.10 0.2188814E 00 
0.0 2.20 O.l540301E 00 
0.0 2.30 0.9796667E-O} 
0.0 2.40 0.5762124E-Ol 
0.0 2.50 O.l913566E-Ol 
0.0 2.60 -0.232R254F-02 

__ . _____ 0 • 0 _ __ 2. 7 0 - 0. 12 6 7 2 71 E ~ 0 l. ___ _ 
0.0 2.80 -O.l38117q~-Ol 
0.0 2.90 -0.8493539E-O?. 
0.0 3.00 -0.1104644E-05 

TI~E RAD.O!STANCE OEFLFCTJO"J~/'w -} 
0.05 G. 0 0. 1350 543E 00 lJ)aX 
0.05 0.10 C.1360539E 00 o .os_ __ ___ o. 20 o.l388 375L_oo __ _ 
0.05 0.30 O.l427958E 00 
0 .OS 0.40 . o. 1470203E 00 
0.05 0.50 C.l504499E 00 
0 • 05 · 0.....6.0 _ _o • 1 5 20 336E OQ ------·--o -~·as -------- -- -·-- b ~ 7 o - o. 1 so a 9l6Eo5 __ _ 
0.05 O.BO 0.1464431E 00 
o.o5 o.ao o.t~84833E oo 

-~O__._Q_5. 1.-.Q 0 C ._L2.120..LQF!:::-~O-'!:'O __ 
0.05 1.10 O.ll31369E 00 
0.05 1.20 0.9709352E-Ol 
0.05 1.30 0.8001733E-Ol o.os 1.40 o .• 6287187E~Ql __ _ ----- o·.-os ________________ -1.so ·· o.465253qE-o1 
o.os 1.60 o.3t66~oq~-01 
0.05 1.70 O.lR76738E-01 

___ Q...J).S _l_._8Q _________ C .• Jt0..63_4::Z.3E.=.0~2=---
0.05 1.90 -0.4C2Al35F-03 
0.05 2.00 -0.674C190F-02 
0.05 l.lO -C.lll4q77E-Ol 
0.05 2.20 -0.1387123E~Ol --··--o.os·-------------------- 2. 30 -O.I514446E-Ol 
0.05 2.40 -0.1518857E-Ol 
0.05 2.50 -O.l419726E-01 

---la~· :48 ~ ~-=--t-8--------=8-:-~-~·ri-~ ::~=s~~ --
0.05 2.80 -0.6777465E-02 
0.05 2.90 -0.~437119E-02 
o.o __ ~------------- 3.oo -_o. 39~7.749E-:-:O.f> _____ _ 
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Solution A12 

TIME RAn.DISTANCE DEFLECTIONCw/w ) 
0.10 o.o -0.3091411E oo max 

_ ___Q_.J...Q o_._LQ_ - Q_, 3C_9_7_4!t5.LO~O __ 
0.10 0.20 -0.3114280E 00 
0.10 0.30 -G.313829AE 00 
0.10 0.40 -0.3164072F 00 
. 8-: l8-----~--··-· .. 8: ~g . =8: ~ i ~~~~~~ -88--~-
0.10 o.1o -0.3187726E oo· 
0.10 0.80 -0.3159201F. 00 

____ 0.10 0.90 -0.3107110F. 00 o.-r o r~-c·o - o~"30"3T:ra-rto-xo--
o.1o 1.10 -o.2933595E oo 
0.10 1.20 -0.2R17284E 00 
0.10 1.30 -0.2686570E 00 -----o .··ny-----··-··---·-·-· ·1. 40. ---- ·------ .:.. 0. 2 545 867E-LIO ___ _ 
0.10 1.50 -0.2399194E 00 
0.10 1.60 -0.2249715E 00 

8:18 l: ~8 :8:!~4-44~S-~ 8*8--
o.1o 1.90 -o.179Q363E oo 
0.10 2.00 -0.1648621E 00 
0.10 2.10 -C.l496038E 00 
o • 1 o·-- -- · -- - -·- · - ·· 2. 2 o -- ·- ~ o. 13 40 51 7E · oo··- --
o • 10 2. 3 0 - 0. 11 81 2 5 7E 00 
0.10 2.40 -0.1017940E 00 
0.10 2.50 -0.850R247E-01 
0. lo 2. bo - o. 6-~1fr2()2E-o1 
0.10 2.70 -0.5088904E-01 
0.10 2.RO -0.3369407E-Ol 
0.10 2.90 -0.1666840E-Ol --- 0 .1 o--~----·--.. --.- ------ 3 • 0 0 - 0. 18 63 4 OOE=-"1l5p;.---



128 

Soluti~n A13 

_ __,U.M.E R ~..Q.Jll STANCE 0 EfJ,._E_c_T_LOlL (w/W.ma-xL 
0.0 O.C 0.6906533E 00 
0.0 0.10 0.6A45~90E 00 
0.0 ~.20 0.6960596E 00 

___ : ___ o.o --------------·· . o.3o__ ________ o. 7144734E oo 
0.0 0.40 0.7385688E 00 
0.0 0.50 C.7664883E 00 
0.0 0.60 C.7957305E 00 
0 • 0 0 ._]Q C. 82.3Z.5_9..5E._O_O.,._ __ _ 
0.0 O.AO 0.8457433~ 00 o.o o.qo o.e599055E oo 
0.0 1.00 C.862ql93E 00 ________ o.o ______________ .. I.Io ________ ., __________ o. es27604E __ oo ________ _ 
0.0 1.20 C.8284426F. 00 
0.0 1.30 C.79007A3E 00 
0.0 1.40 C.73R7723E 00 

_ _.:0. • o 1_L2..o Q_._ 9.7J~.3.8.3_9_E_Q_~o __ _ 
0.0 1.60 0.6052409E 00 
0.0 1.70 0.527B785E 00 
0.0 1.80 0.4468749E 00 

----8!-8----------- ---- -1: z.g -------- -g: ~~ ~~ ii ~~-- ·88-------
o.o 2.10 0.2077663E 00 o.o 2.20 0.13~1574£ 00 

__ Q .o z .. 2a c~ .... Js..nz26.oE=.o~~t __ --:-o.o 2.40 0.296ql88E-Ol 
0.0 2.50 -0.5156517E-02 
0.0 2.60 -0.?586310E-Ol 
o .o______ 2.10 ------· _ .. -c. 3306°19E-Ol. 
0.0 2.80 -C.28Al271E-Ol 
0.0 2.90 -O.l6394?5E-Ol 
o.o 3.oo o.~62C593E-os 

---=T..-;;:IME R-AD. D J STANCE O·E.F[-E-tT f(jij-(Ut/Ulmax) 
0.05 0.0 O.l435881E 00 
0.05 0.10 O.l444355E 00 
0. 0 5 ________ ·-·------ 0. 2 0 _ _ 0. 146 7 62 4F .. OQ ____ _ 
0.05 0.30 O.l499625f 00 
o.os 0.40 r.l53143lE oo o.o5 o.so o.tss2aoaF oo· 

----"0"'--._Q 5 0 .tt..6_ 0 0 • .15.5.3 92 1 F 0 0 ··-·--a·:as·---------·-o ~ 7<>"-------------·-·o ~ls 26-q49-E--o·a··------~-
o.os o.ao o.l467267F oo 
0.05 0.90 O.l374058E 00 
0 • 0 5 1 • C 0 C • l2 5C 2 7 8 E 0 0 
0.05 1.10 C.ll02061E 00 
0.05 1.20 b.9376955E-Ol 
0.05 1.30 0.7n64388F-01 

____ Q .. O..S --1 •. 4Q ________ o • .sg73423E=0 ..... 1--
0.05 1.50 0.4382ql9E-Ol 
0.05 1.60 0.2953879E-Ol 
0.05 1.70 C.l726508F.-01 
o.o5 1.ao c.7206~~-~o~2~----
o.os 1.90 -C.nl57265F-03 
0.05 2.00 ~0.6317344E-02 
0.05 2.10 -0.1ClC767E-01 · 

.0 .Q.s_____ .. 2.2.Q. _________ ~0.1224808E,-0L----·-- . 
0.05 2.30 -0.1301961E-Ol 
0.05 2.40 -C.l269A76E-Ol 
0.05 2.50 -0.1154102~-01 -
0.05 2-6D ~-~772364E-02 
0.05 2.70 -C.75R6181~-02 
0.05 2.~0 -0.514337RE-02 
0.05 2.QO -0.2577233E-02 

··-·----.0 ... 0..5 3. C 0..------------· 0 •. 1194 90 g E-: 0 s._ __ _ 
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Solution A13 

TIME RAD.OISTANCE OEFLFf.TION ~~w~) 
0.10 o.o -0.?.743527f 00 
0.10 0.10 0..2.:ZS.3 .. 136E CO 
o.to o.2o ~c.27~1471E oo 
0.10 0.30 -0.2B268q~E 00 
0.10 0.40 -0.?.P86217~ 00 

_____ Q •. l..Q_ ___________ Q. 50-------- -~C. 2<?5424.9.F. .. -OO--
O.l0 0.60 -0.1023686F. 00 
0.10 0.70 -0.3C85436E 00 
0.10 o.eo -C.31Zq581E oo 
0.10 0.90 -n.3~46760E 00 
0.10 1.00 -C.3129719E 00 
0.10 1.10 -0.3074605E 00 
0.10 1.20 -0.2991659E 00 

. --···----..0.-LO ----1..3.Q__ ______ ~o.285505.4E-.OCL.----
O.l0 1.40 -0.2701942E 00 
0.10 1.50 -C.2530890E 00 
o. 10 1. 60 -o.?. ?so 16 aF. · oo 
0.10- 1.70 0.2166283E 00 
0.10 1.ao -c.1qa3172~ oo 
0.10 1.90 -O.lBC2174E 00 
0.10 2.00 -0.1622733F 00 

_ _ _____ Q .J..Q _________ -- .. 2 ... 1.0..---· --~C.1443530E .... 00-------
0.10 2.20 -0.1263679E 00 
0.10 2.30 -O.l083538E 00 
0.10 2.40 -0.9C4Q523E-Ol 
0.10 2.50 -0.73D8722E-01 
0.10 2.60 -0.5644911E-Ol 
0.10 2.70 -0.4082290E-Ol o.to . 2.eo -0.262969IE-Ol 

_ ..... _ ........ 0 .~D-----------2 •. 90...---- -- _:-:-0 •. 12:7743 .. 9£-::-=Q.l __ _ 
0.10 3.00 -0.2490921E-05 
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TlME RAO.DTSTANCE DEFLECTIOf\l(w/w ') 
0.0 0.0 O.l061953E 01 max 
0.0 0.10 0.10~4136E 01 

___ .Q_ .. Q _____________ Q .. 2Q. __ -----... - ... 0. 1(' 322.12E.- 0~--
o.o 0.30 O.l00029~E 01 
0.0 0.40 0.96390COE 00 
0.0 0.50 0.9283088E 00 
0.0 0.60 O.B071221E 00 
0.0 0.70 C.8713292E 00 
0.0 0.80 0.8492203E 00 
0.0 0.90 0.8?71360E 00 

------0...0 ----l.QQ ________________ Q.80.07 81 OE-!HL.-
0.0 1.10 0.7666753E 00 
0.0 1.20 0.7232764E 00 
0.0 1.30 0.6714?.80E 00 
0.0 1.40 0.6]40248E 00 
0.0 1.50 0.5550347E 00 
0.0 1.60 0.4982320E 00 
0.0 1.70 0.4460697E 00 o.o 1. ao .0 .. .39qo6.9..4E.._no __ _ 
0.0 1.90 0.3559067E 00 
0.0 2.00 0.3141478E 00 
o.o 2.10 0.2713555E 00 
0.0 2.20 0.2261825E OQ 
0.0 2.30 O.I79050qE 00 
0.0 2.40 O.l321940E 00 
0~0 2.50 0.8903575E-01 

___ _o_. 0 2.-.6<L. 0 .... 53L052.3E=--QL __ 
0.0 2.70 0.2685147E-Ol 
0.0 2.80 O.l075710E-Ol 
0.0 2.90 0.3031876E-02 
0.0 3.00 o.4768306E OS 

TIME RAO.DISTANCE OEFLECTIONC"wfwni~l 
o.o5 o.o o.573075?E oo 

·---0 •. 0..5..----·----0.J.Q _____________ Q • .56.98.8L9E-00'"!---
0.05 o.zo o.5607352E oo 
0.05 0.30 0.5468408E 00 
0.05 0.40 0.52q9202E 00 
0.05 0.50 0.5118552E 00 
0.05 0.60 0.4943156E 00 

Oe05 0.70 0.4784628E 00 
0.05 0.80 0.464784~E 00 
0.05 0.90 0.453Q931E 00 
0.05 1.00 0.44?6697E 00 
0.05 1.10 0.4324974E 00 
0.05 1.20 0.4215273E 00 

__ o~ .. .n s 1. 30 Q_._~0.8J~.26...9.LJJ~o __ 
0.05 1.40 0.3q40670E 00 
0.05 1.50 0.3768~02E 00 
0.05 1.60 0.3573546E CO 
0.05 1.70 Q.33587C5E 00 
0.05 1.80 0.3127517E 00 
0.05 1.90 0.2883257E 00 
0.05 2.00 0.2628522E 00 ___ o .... _o_s _______ . -.2..J.O___ __o •. z 365 33 ~£_QQ__ 
0.05 2.20 0.2095560E 00 
0.05 2.30 O.l~21322E 00 
0.05 2.40 O.l54526~E 00 
0.05 2.~0 O.l270475E 00 



Solution A14 

TIME RAO.OISTANCE 
0.10 0.0 
0.10 0.10 
0.10 0.20 
0.10 0.30 

__ Q_.._li)_ , ___ 0. •. 4.~0 ___ _ 
0.10 o.so 
0.10 0.60 
0.10 0.70 
o.1o o.eo 
0.10 0.90 
0.10 1.00. 
0.10 1.10 

-~0~·~1~0~---------~1~-2~0 ________ , 
0.10 1.30 
0.10 1.40 
0.10 1.50 
o.to t.6o 
0.10 1.70 
0.10 1.80 
0.10 1.90 

OEFLECTfO"J(w/w .. ) 
o. 3C 1 R270f 00 max 
C.3007016E 00 
c.zq74447E'OO 
0.2973880E 00 
o .•. ?. 86.0 136E_o..o__ 
0.27BA642E 00 
0.271455BE 00 
0.2642123E 00 
0.2574283E OQ 
0.2512724E 00 
C'.2458097E 00 
0.2410311E 00 
o.... z:t6.s _7_6.l_E_O...O_ 
0.2337305E 00 
0.229qQ80E OC 
O. 22662l3E 00 
0. 2229640E 00 
0.2184l82E 00 
C.2124016F 00 
0.204345qE 00 

_ __Q_...l_O~---- 2. 0.0 
0.10 2.10 ·------'8:-H-6~-i-~~~ 8~--
0.10 2.20 
0.10 2.30 
0.10 2.40 
0.10 2.50 
0.10 2.60 
0.10 2.70 __ o .10 _z_jl_e..~o ___ _ 
0.10 2.90 
0.10 3.00 

0.16452 99E 00 
0.1461564€ 00 
O.l2~9463r:: 00 
0.1045887E 00 
O.R27A441E-Ol 
0.6112636F.-Ol 

8: i~g!-~~6~:8~1--
o. 3600652E-05 

131 
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Solution A15 

TIME . RAD. Ot STANCE DEFLE=CT 'IO"l(wfw .") 
0.0 0.0 C.1032290E 01 max 
0.0 0.10 O.l0?.2141E 01 _ __!..:c . ._ a ____ o._2a _______________ o. 9974625E_ oa_ __ 
0.0 0.30 0.97Q94l?F 00 
0.0 0.40 0.9522C?8E 00 
o.o o.so 0.9407894F. 00 
0.0 0.60 0.9276912E 00 
0.0 0.70 0.9036440E 00 
0.0 O.AO 0.866R205E 00 
0.0 0.90 O.R235559E 00 _ ___£oJ-,.e.Jo~ ---·---1· aa _______ _o. 7B2C 9B LE--":!--o"i-o __ 
0.0 1.10 0.7453707F 00 
0.0 1.20 0.7091372E 00 
0.0 1.30 0.66672R5E 00 

----'Ou...... • .uO ______ 1.40 c. 61 56045E QO 
0.0 1.50 0.5597032E 00 
0.0 1.60 0.5057415E 00 
0.0 1.70 0.4572285E 00 _----lo":!-fL.":!-o ______ _]_..._aQ _____ o •. 4.ll.B3.5.5F oo 
0.0 1.90 0.3643556E 00 
0.0 2.00 0.3122214E 00 
0.0 2.10 0.2583028E 00 
0.0 2.20 0.2Q84855E no 
0.0 2.30 O.l665151E 00 
C.O 2.40 O.l311044E 00 
0.0 2.50 0.9801471E-Ol 
0 .Q, _______ ..L..2 .. _6Q _o._64.99946E:-:Ol __ 
0.0 2.70 0.3474782E-01 
0.0 2.80 O.l282530E-Ol 
0.0 2.90 0.2308320E-02 
o.o 3.oo -0.7742767E-07 

TIME RAO.DISTANCE OEFLECTIOr..t(w/wmax) 
0.05 0.0 -0.5765131E 00 ___ c_.._o s___ __rr ... t o __________ ---~-o ._57 .. 7.7_6 C.6E._a,~o __ 
0.05 0.20 -0.5A06465E 00 
0.05 0.30 -0.582qR63E 00 
0.05 0.40 -0.5822052E 00 
o.o5 o.so -0.5763215F on 
0.05 0.60 -C.5645138E 00 

0.05 0.70 -0.~471320E 00 o.os o.ao -o.52531SlE oo 
0.05 0.90 -G.~005305F 00 
0.05 1.00 -0.4742200E 00 ·o.os 1.10 -0.4475856E oo 
0.05 1.20 -0.4214643E 00 

-~0"--.. -0-351--------ll:-..~3H.01------'-----0-.-3 96-2 7-7-2-€--0v-0--
0.05 1.40 -0.3721123E 00 
0.05 1.50 -C.34A929AE 00 
0.05 1.60 -0.~2678R2E 00 
0.05 1.70 0.305895?.E 00 
0.05 1.80 -0.2864137F 00 
0.05 1.90 -0.2681372E 00 
0.05 2.00 -0.2503144E 00 

-~0-..-0~5,.____--------.!!·2 -10--- ...... Q.-2-31-8 208E--~--
0.05 2.20 -0.2ll6213E 00 
0.05 2.30 -O.lR92?.13E 00 
0.05 ?..40 -O.l647934E 00 
0.05 2.50 -O.l4R9146F 00 
0.05 2.60 -O.ll21308E 00 
0.05 2.70 -0.8470076E-Ol 
0.05 2.80 -0.5669000E-Ol 

----O-.... o.s;J-------2 _.$;10-.------·--·-o. 2 a 2 .RIo 7E--Ol----o.os 3.00 -0.3159470E-05 



133 

S.oluti.on A15 

TIME RAO.OISTANCE OEFLECTTON(w/wmax) 
0. I 0 0.0 o. 244J6 .. Q.5 5€ 00 
0.10 0.10 o.?.412781E oo 
0.10 0.20 0.2433871E 00 
0.10 0.30 0.247689?E 00 

----0. .. -10 -----0.40--- ----------0.254272 3F---00----
0.10 0.50 0.2621217E 00 
0.10 0.(-.0 0.26q4713E 00 
0.10 0.70 0.2748206E 00 

---40~--1~0~----------~o.so o.z~zat~7F oo 
0.10 O.QO 0.2792657E 00 
0.10 1.00 0.2803704E 00 
0.10 1.10 0.2B16480E 00 

--0-.-l"-'0'--------· --1.20-------C.-2825143E-00--·-
0.10 1.30 0.2816816E 00 
0.10 1.40 C.27B009RE 00 
0.10 1.50 0.2711055E 00 
0.10 1.60 0.2612613E 00 
0.10 1.70 0.2490504F 00 
0.10 1.80 0.2346814E 00 
0.10 1.90 0.2181745E 00 

---0-..10 --2 .•. 00----------0.-l9-95864E---OO-
O.l0 2.10 O.l793197E 00 
0.10 2.20 O.l580824E 00 
0.10 2.30 0.1365660E 00 
0 • 10 2 • 4 0 0. 11 51 7 5 7F. 00 
0.10 2.50 0.94D4796E-Ol 
0.10 2.60 0.7330501E-Ol 
o.to 2.10 o.5325002E-ot 

--0--10 ---·· 2. 80----·----·-··-·-·--·--0 ... 342-826--Q€---ol--
0.10 2.90 O.l660425F.-Ol 
n_lo 3.00 O.l829228E-05 
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TIMF. RAD.OISTANCE" OFFLE"CTION(w/wma~) 
0.0 0.0 O.l043404E 01 
0.0 0.10 O.l034257E 01 

_ ___o .._Q _____ Q .._2(1___ __ _ ...... ·-- 0. 10 10 11B£ __ Q.L.-.:·~-
O.O 0.30 0.97915R3E 00 o.o 0.40 0.9501919F. 00 
0.0 0.50 0.9282673E 00 
0.0 0.60 0.9124335E 00 
0.0 0.70 0.896B234E 00 o.o o.eo o.8742777E oo 
0.0 0.90 O.R404122E 00 o. a ________ ! .. no ______ o •. 7.9.5854l . ..cE~o~o'-----
o.o ·1.10 0.7455279E 00 
0.0 1.20 0.6955946E 00 
0.0 1.30 0.64Q94l6E 00 
o.o 1.40 0.6082769F OQ 
o.o 1.so o.5668288E oo 
0.0 1.60 0.5210824E 00 
0.0 1.70 0.468807?.E 00 

__ .0 .0 .1......8.0 ________ 0 •. 4.1.15.S.:ZRUJF'--O.u.u0_. __ _ 
0.0 1.90 0.3538142E 00 
0.0 2.00 C.3003988E 00 
0.0 2.10 C.2538143E 00 
0.0 2.20 0.2131502f 00 
0.0 2.30 0.1751744E 00 
0.0 2.40 O.l368824E 00 
0.0 2.50 0.9787190E-Ol 

_._0 .. 0_ 2 .... ..60 ___ 0 .... 610.LTl6E::_Ol 
0.0 2.70 0.3097793E-Ol 
0.0 2.80 0.1138783E-Ol 
0.0 2.90 0.23qlQ53E-02 
0.0 3.00 0.136.4638F 06 

TIME RAD.OISTANCE DEFLECTIO~w/wmax) 
0.05 0.0 0.3768965E 00 

____ Q ._Q~5'--_. ____ Q_. 1 0 ·-··. __ .. 0 ... 3_7_.5.0 2.6.6ll...E--l,'0~0'-----
0.05 0.20 G.3703920E 00 
0.05 0.30 0.3653657E 00 
0.05 0.40 0.3623770E 00 
0.05 0.50 0.3625400E OQ 
0.05 0.60 C.3650219E 00 
0.05. 0.70 0.3674976E 00 
0.05 0.80 0.36740SOE 00 
0.05 O.QO 0.3632855E 00 
0.05 1.00 0.3554536E 00 
0.05 1.10 0.3456489E 00 
0.05 1.20 C.3359182E 00 

--->t;J0...-0-5 1. 30 --0 .. ~2-7~-9-0-S~Eo...-...(..Ou.OJ.----
0.05 1.40 0.3196562E 00 
0.05 1.50 0.3110630E 00 
0.05 1.60 0.29q7153E 00 
o.o; 1.70 o.2~4547JF. oo 
0.05 1.80 0.2658455E 00 
0.05 1.90 0.2449445E 00 
o.o5 2.no o.2233348E oo 

__ ---()...0 2. 10 .o .• 20.1-76?-qE-OI.bl0~---
0.05 2.20 O.l799197E 00 
0.05 2.30 O.l56Al23E 00 
0.05 2.40 0.1317162E 00 
0.05 2.50 0.10494~25 00 
0.05 2.60 0.7R03828E-Ol 
0.05 2.70 C.5311765E-Ol 
0.05 2.80 0.3185946F.-Ol 

---v0..-05 · z.qo o .. t457S?sf...-O.l---
o.os 3.00 O.l498955E-05 
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Solution A16 

TIME RAO.OISTANCE OEFLECTION.~/w~) 
0.10 0.0 Ow252Q876E-Ol 
0.10 0.10 0.2664276F.-Ol 
o.to o.2o o.3o3o907E-01 
0.10 0.30 0.3533233E-Ol 

--0---*l-"*0------0-40 ·---0 .... 4048-~l--3F.--0-J:--l---
O.l0 0.50 0.4469374E-Ol 
0.10 . 0.60 0.4732773€-01 
0.10 0~70 0.4832932E-Ol 
0.10 o.so 0.4810025€ 01 
0.10 0.90 0.4727143E-Ol 
o.to 1.oo o.464S792E-oi 
0.10 1.10 0.4610131E-Ol 

-•! -'406f.,;-.... .,.J;uO-------~:l-•-.!!i2~0,___ ____ -()...-464-J-2.80€--0'*l---
•', 0.10 1.30 0.4752073€-01 

0.10 1.40 0.4933729E-Ol 
o~to t.so o.51786ooe-ot 

. 0.10 la60 0.546S050E-Ol 
0.10 1.70 O.S770610E-01 
0.10 1.80 0.6041649E-Ol 
0.10 1.90 0.6229320E-Ol ---'ov-.-..... t.""'o.____ _____ -cez,....""'o'""o,__ ____ ""'oc-..-(;l6~2-a~~~oi-J,.l---
o.1o z.to o.61791SOE-ot o.to z.zo o.sqoo25IE-ot 
0.10 2.30 0.5461339E-Ol 
0.10 2.40 0.4888~97€-01 
0.10 2.50 0.4210228E-Ol 
o.to 2.60 o.3452tltE-ot 
0.10 2.70 0.2633304E-01 

---0 ..... 10 2_.30- -----O..--l-4'-'1-0-971E 01 o.to 2.90 o.R849647E-02 
0.10 3.00 O.l006133E-05 
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Solut:ton A17 

TIME RAO.OTSTANCF DEFLECTION(w/wmax) 
0.0 0.0 0.94~5748F 00 
0.0 0.10 0.9526629E 00 

------0 ... v-0 -----------0. 2 0-- ---·- ------· 0 ... 96 26 36 1 E-·- COJ.---
0.0 0.30 0.9725540E 00 
0.0 0.40 C.9752364E 00 
0.0 0.50 0.96~1240E 00 
0.0 0.60 C--94~~ 
0.0 0.70 0.9034~1BE 00 
0.0 O.AO 0.85QR448E 00 
0.0 0.90 0.8155606E 00 

-0-.-0 l .. 0.0--·--·-----.0 .. -774~40R€-O-O---
O.O 1.10 0.7385193E 00 
0 •. 0 1.20 0.704ll29E 00 
0.0 1.30 0.6673385E 00 
o.o 1.40 o.~43316E oo 
O.Q 1.50 0.5735565E 00 
0.0 1.60 0.5165273E 00 
0 •. 0 1.70 0.4571346E 00 

--4.J) ' 1.-M --0 -~ 9-9.9.0.0-l-E-00 . o.o 1.90 0.3480452f 00 
O.Q 2.00 0.3022737E 00 
O.O' 2.10 0.2608122E 00 
P.O 2.20 0.22065~6E 00 
0.0 2. 30 O. 1793800E 00 
0 •··•: . 2. 40 O.I366499E 00 
0 •. 0 .;: .. · 2. 50. 0. 9468365f-Ol 
~ ... o···· __ ...•. }. 2---6.0 -C---5-7-42-.9:.0....3~--0I-----c.o . . 2.70 0.2B81545E-Ol 

o •. o·· 2.80 O.l087777E-Ol 
o.o z.9o o.259646IE~o2 
0.0 3.00 -0.79~5994E-07 

TIME RAD.OISTANCE . DEFLECTION (w/wrnax) 
0.05 0.0 0.4855346E 00 

_:_o-...o.-s --·-·-- o .... -10----------~ ----0-.. 4-S~644~e'--loo.,....o--o.os 0.20 0.4748253E 00 
0.05 0.30 0.4643111E 00 
0.05 0.40 0.453~841E 00 
0.05 0.50 0.445B60lE 00 
0.05 0.60 0.4412931E 00 

0.05 0.70 0.4396994E 00 o.os o.ao o.4393729E oo 
0.05 0.90 n.4381412E 00 
0.05 1.00 0.4342244E 00 
0.05 1.10 0.4268476E 00 
0.05 1.20 0.4163876E 00 r.os 1 ... 3o____ 0.-4.0A0340E oo 
0.05 1.40 0.3911582E 00 
0.05 1.50 0.37R6846E 00 
0.05 1.60. 0.3667330E 00 
C.OS 1.70 0.3546569E 00 
0.05 1.80 C.3414145E 00 
0.05 1.90 0.32606?3E 00 
0.05 2.00 0.3081286E 00 

_ __o • 0 5 2....1Q_ __________ Q ... 2R7:6963E._OQ,_,_ __ 
0.05 2.20 0.2651R45E 00 
0.05 2.30 0.2409601E 00 
0.05 2.40 0.2150034E 00 
0.05 2.50 O.lB68l73E 00 
0.05 2.60 O.l556402E 00 
0.05 2.70 O.l208840F. 00 
0.05 2.80 0.82594~4E-Ol _ _n_.ns 2.9o. ______________ o.417.12B6E=-O~I--
o.os 3.00 0.4763288€-05 
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Solution ~7 

TIME RAD.OJSTANCE DEFLFCTION (Ul/IJlw) 
0.10 0.0 C.4202600E 00 .o.1o o.1o o.4216609F. oo· 

. o.1o o.zo o.47.5C659E oo· 
0.10 0.30 0.47.R3853F 00 

----Lt-D .. ~.o,__ _ __ Q .. 4Q. __ Q.4290210E-O..v0-~ 
0.10 0.50 0.424~256F 00 
0.10 0.60 0.414857.4E 00 
0.10 0.70 0.3996271F. 00 

_---~,o.J.-4 • .....,]~0-!------- 0. 80 0. 3 80 848 8 F on 
0.10 0.90 0.3606R23E 00 
0.10 1.00 0.3409385E 00 
0.10 1.10 0.3224817E 00 

~-->:0-!-'•a.-.:1~0~-----1 .. 20 .. ..0 .30 S.Q I5.5E-O.Ou._· _ 
0.10 1.30 0.2876903E 00 
0.10 1.40 0.2691003F 00 
0.10 1.50 0.24R4908E 00 
0.10 1.6n n.225B2?3E on 
0.10 1.70 0.20l8206E 00 
0.10 1.80 0.1776387E 00 
0.10 1.90 O.l543794E 00 . __ o_ .. 1.o.,.._____ 2. oo o .• l32705.1E_o.a..._ __ 
0.10 2.10 O.ll27096E 00 
0.10 2.20 0.9408033E-01 
0.10 2.30 0.7644111E-Ol 
0.10 ?.40 0.5968936F-Ol 
0.10 2.50 0.4414802E-Ol 
0.10 2.60 0.30454i3E-Ol 
0.10 2.70 O.l923945E-Ol 

:..:::._.:_::..:Jl_.~a_____ z ... au.o ________ n ... 10_1615.~E=.O..L.l--
o.1o 2.9o o.4665483E-02 
0.10 3.00 0.4195030E-06 
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Solution A18 

TIME RAD.OISI/\NCE DEELECTION (w/w~ 
o.o o.o o.rcq3o7RE 01 , 
0.0 0.10 O.l087113E 01 
0.0 0.20 O.l06q686E 01 _____ o.a_ _______ .. -·-··· 0.3Q _______________ . O.l042134E ... OL-----
O.O 0.40 O.l006497E 01 
o.o o.so o.9652557E oo 
0.0 0.60 0.9210113E 00 o.o 0.10 o.a16L2~74z~e~o~o ____ __ 
o.o o.ao o.S32681QE oo 
o.o o.qo o.7917606E oo 
o.o t.co o. 7'53843SE oo 

.... _ .. Q •. Q --------- .l.lQ ____________ Q.7185633E_QO~---
O.O 1.20 0.6848729E 00 
0.0 1.30 0.6512639E 00 
0.0 1.40 0.616043~E 00 

- o.o J.so n.5176392E on 
0.0 1.60 0.5348791E 00 
0.0 1.70 0.4872148E 00 
0.0 1.80 0.4348525E 00 .. ...o .• a .... 1 ... 90 ___________ o. 3787.709E~oo _________ _ 
0.0 2.00 0.3206279E 00 
0.0 2.10 0.2625659E 00 
0.0 2.20 0.2069485E 00 o.o 2-30 o.J560543E on 
0.0 2.40 0.1117813F. 00 
0.0 2.50 0.7540083E-Ol 
0.0 2.60 0.4738627E-01 

______ Q .0 __ 2 ... 70. _______ O.Z734840E~.QL_ ···--
0.0 2.80 0.1408564E-01 
0.0 2.90 0.5732890E-02 
0.0 3.00 0,4678741E-06 

TIME RAD.DISTANCE DEFLECTioN(w/wmax) 
0.05 0.0 -0.5777692E 00 
0.05 0.10 . -0.57475801:= 00 

. -· .0 .. 05 ____________ _:._ .0.20 ___ -----·- -0.565971.3.LO .. O..,._ __ _ 

0.05 0.30 -0.5521170E 00 
0.05 0.40 -0.5342702E 00 
0.05 0.50 -0.5137315E 00 
o.ns 0.60 o.491B552E on 

· -o.·a~r o.1o -0.46<;!~777E oo o.o5 o~so -0.4487604E·oo 
0.05 0.90 -0.4290791E 00 
0.05 1.00 -0.4LQ~671E 00 
0.05 1.10 -0.3941236E 00 
0.05 1.20 -0.3778862E 00 
0.05 1.30 -C.3613529E 00 

---_;8-:~-!,-------1: ~8---- -:-8-:Ji·~~~tag-&g--, 
0.05 1.60 -0.3007514E 00 
0.05 1.70 -0.2748417E 00 
0.05 1.80 Q~3~28E 00 
0.05 1.90 -0.2147719E 00 
0.05 2.00 -O.l821929E 00 
0.05 2.10 -O.l495017E 00 

--0Q.• .. 00-55 _z __ ._3Z..00:r--- -o. 11 80 7 61 E 0 0 2 ----·..:.a. 8924001E...:-ol ___ _ 
0.05 2.40 -C.6409'597E-Ol 
0.05 2.50 -0.4338538E-Ol o.os 2.60 -0.273918.5£-Ql o • o 5 2. 7o o • r s-q-O"S"B1!E.---,Jto-+I---
o.os 2~80 -0.8253779E-02 
0.05 2.90 -0.33A3444E-02 

___ _9_~05 3.00 ~-0.2_843_7..93£.=...Q_6 ________ _ 
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Soluti~n A18 
TIME R.AO.DJSTANCE DEFtF.CTION(w{wmax) 
0.10 0.0 C.l310496E 00. 

_j)_Ll.Q.._ _____ O:•-LQ Q_._lJ_Q_6_2.l.ZE QQ.__ 
0.10 0.20 C.1293961E 00 
0.10 0.30 0.1275454E 00 
0.10 0.40 O.l253217E 00 

. ---8 :lg----·--------------··- 8:~g ------- ·-----8: l~68ll~~ -88-
0.10 0.70 O.l192?36E 00 
0.10 0.80 O.l180667E 00 
0.10 o.oo O.ll74219E 00 o • 1 o r;co cr:rr,-r-3--crn:o-o-
o.to 1.10 o.ti69035E oo 
0.10 1.20 O.ll63605E 00 
0.10 1.30 O.ll5C738E 00 --··o --;.;ru-·--·- --- --------- - 1 • 4 o·------------ -- -o .112 62 9 7E·-oo·---
o.1o 1.50 O.l086A73E 00 
0.10 1.60 O.l030322E 00 
0.10 1.70 C~9561425E-Ol 
0.10 1. 8lJ 0--;1J65:65-~A-E-Ol 
0.10 1.90 0.7619381E-Ol 
0.10 2.00 0.6495529f-01 
0.10 2.10 0.534G455E-Ol o. 1 o·- --·--- ··· -- ·- z. 20 --·- ~----- o. 4-213 31 OE-·or··· 
0.10 2.30 0.3170133E-Ol 
0.10 2.40 0.2257359E-Ol 
0.10 2.50 O.l506547E-Ol o. ro z-;6o o-;-<r3o86-5Se-o~ 
0.10 2.70 0.523ql85E-02 
0.10 2.RO 0.261C345E-02 
0.10 2.90 C.l02728BE-02 
o.1o··--·--------- --- 3.oo· ·· o. B735373E=o7·-

-' 

·- - . - ... - . ----



~40 

Solution A19 

I IMF R AD. 0 I STA.N..CF .OEELE.CIJ.IL"L~) 
0.0 0.0 C.924196?E 00 
0.0 0.10 0.9267311E 00 
0.0 0.20 C.9334573E 00 

...... 0 .•. 0 _________________ o. 3D _____ .. ____ u. 9419267E_ .. QO __ _ 
0.0 0.40 C.94g639~E 00 
0.0 0.50 0.9497773E 00 
0.0 0.60 0.9419979E 00 
0.0 0.70 0-923l243E 00 
0.0 0.80 C.8925678E 00 
0.0 0.90 0.85l4180E 00 
0.0 1.00 O.R021746E 00 

___ a. .11 ____ --···· ----·-···-· .. 1 .. 10--------------· ... o •. 7 4 81 9 s s E._no ...... __ 
0.0 1.20 0.6929B94E 00 
o·.o 1. 30 o. 639S09IE oo 
o.o 1.40 0.5896080€ 00 
0.0 1.50 0.5437719E 00 
o.o 1.60 o.S011811E oo 
0.0 1.70 0.460C746E 00 
0.0 1.80 0.4183307E 00 

___ o .._a_. --·-----· .... L •. 9o ___ -·-------o .3141 L52E._oo __ 
0.0 2.00 0.3264502E 00 o.o 2.10 0.2755652F. 00 
0.0 2.20 0.2229563E 00 
0.0 2.30 0.1711259E 00 
0.0 2.40 O.l230757E 00 
0.0 2.50 0.81663q7E-01 
0.0 2.60 0.4896603E-01 

... 0 .Q ______ . .. z. .. 70 ---······-··· 0 • .z 5 791 06E~Ol .... __ _ 
0.0 2.80 O.ll46136E-Ol 
0.0 2.90 0.3897760€-02 
0.0 3.00 0.2808877E-06 

TIME R Ao'. DISTANCE DEFLECT ION (w/wmax) 
0.05 0.0 0.333R708E 00 
0.05 0.10 0.3353090E 00 

__ .o .os_____ -·--···· _ .... a. 20 ----··. ...... o. 3 395268E._no __ 
0.05 0.30 C.3462366E 00 
0.05 0.40 0.3549682E 00 
0.05 0.50 0.3650858E 00 

__o.os o.6o a. 3758l74E oo 

··--··a:os·-·-·-------····a:7o-··---------o.--3l'6i9if9t=-oo 
o.o5 o.ao o.3956?9SE oo 
0.05 0.90 0.4029439E 00 

_Q_._Q 5 1 • 0 0 Q • .!t_C_7.4J.U_QE 00 
0.05 1.10 0.4086552E 00 
0.05 1.20 C.4C61068E 00 
0.05 1.30 0.39972q4E 00 __ o.os ___________ l •. 4o_________ o. 3896660E ___ oo __ _ 
0.05 . 1.50 0.3762721E 00 
0.05 1.60 C.360C512E 00 
0.05 1.70 0.3415716E 00 . 

_00 .• 00 55 1. BO 0. ... 32.13.B0.7LQQ __ 
• · 1.90 o.zaqoz78E 00 

0.05 2.00 0.2775102E 00 
0.05 2.10 0.2542548E 00 

···- 8:·8§-------- -------- ---~= ~g · ------·- 8: ~8~6 ~r~~ 88----·---. 
0.05 2.40 O.l7A7474E 00 
0.05 2.50 C.l5ll939E 00 
~ • 0o55 2. 76_~ o0 .... _ .. J .. ~. 2.3.~7._B1 .. J::_o~o'----

v. . 2. u .qr40 .... 9 FOl 
0.05 2.BO 0.6166700E-01 
0.05 2.90 0.3066156E-01 

_____ o_.Q·'---~---·-···---;1"' oo o. 3452 42 7E-o5 
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Solution A19 

TIME RAD.DISTANCE DFFtt=CTIO"J (w/w ) 
0.10 0.0 0.33fl616~E 00 max 

__ o_._l_Q 0.-..10.___ 0 .•. 33_713 9L".=-QD __ 
c.to o.2o o.3356043E oo 
0.10 0.30 0.3314503£ 00 
0.10 0.40 0.3250223€ 00 
0.10 ····----········ 0.50 0.3159353t= 00 o • 1 o o • 6 o o • 3 o 3 9 5 81 E o o· · -
0.10 0.70 0.28qll89E 00 
0.10 O.RO 0.2717592E 00 

--8 : t0 ~-;~B ~ : ~-~~-~-~-i~ 8~8:---
o.1o 1.10 o.2119687E oo 
0.10 1.20 C.lq25099E 00 
0.10 1.30 O.l745907E 00 ---··--··o·.-to--·--·-····--·--- · t.4o -·------- ·- o.tsa5962E-·oo ___ __ 
0.10 1.50 O.l445596E 00 
0.10 1.60 C.l321902E 00 

--8 : i 8 l: ~ 8 8-: i-1-8-~-~~~ ~ &~8'---
o.1o 1.9o o.9950l91E-01 
0.10 2.00 0.8830774E-01 
0.10 2.10 C.7655019E-Ol 

·· ·o.to···--- z.zo ···o.6439114E:::or··--
o.to 2.3o o.s223051E-OI 
0.10 2.40 C.4060764E-Ol 

--8: ts ~:ig 8-:-Jr84~-d~~=gr-
O.l0 2.70 O.l372881E-01 
0.10 2.80 0.8C44794E-02 
0.10 2.90 0.3648899E-02 o .ro····-------·-:--- 3 ;oo o. 36 7043-zE=o6-
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