View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Missouri University of Science and Technology (Missouri S&T): Scholars' Mine

MISSOURI

Sl

Learhiiﬁga;ve:gﬁrces Scholars' Mine
Masters Theses Student Theses and Dissertations
1966

The constant impedance tapered lossless transmission line

Yu Kuo Chen

Follow this and additional works at: https://scholarsmine.mst.edu/masters_theses

C)‘ Part of the Electrical and Computer Engineering Commons
Department:

Recommended Citation

Chen, Yu Kuo, "The constant impedance tapered lossless transmission line" (1966). Masters Theses.
2954,

https://scholarsmine.mst.edu/masters_theses/2954

This thesis is brought to you by Scholars' Mine, a service of the Missouri S&T Library and Learning Resources. This
work is protected by U. S. Copyright Law. Unauthorized use including reproduction for redistribution requires the
permission of the copyright holder. For more information, please contact scholarsmine@mst.edu.


https://core.ac.uk/display/229286836?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://library.mst.edu/
https://library.mst.edu/
https://scholarsmine.mst.edu/
https://scholarsmine.mst.edu/masters_theses
https://scholarsmine.mst.edu/student-tds
https://scholarsmine.mst.edu/masters_theses?utm_source=scholarsmine.mst.edu%2Fmasters_theses%2F2954&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/266?utm_source=scholarsmine.mst.edu%2Fmasters_theses%2F2954&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarsmine.mst.edu/masters_theses/2954?utm_source=scholarsmine.mst.edu%2Fmasters_theses%2F2954&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:scholarsmine@mst.edu

THE CONSTANT IMPEDANCE TAPERED
LOSSLESS TRANSMISSION LINE

BY
YU KUO CHEN - (433

A
THESIS
submitted to the faculty of
THE UNIVERSITY OF MISSOURI AT ROLLA
in partial fulfillment of the requirements for the
Degree of
MASTER OF SCIENCE IN ELECTRICAL ENGINEERING
Rolla, Missouri

1966

Approved by \qb

Z/IW (advisor) 9!2 gﬁ%/\

AQ@W R

a5t



ii

ACKNOWLEDGMENT

The author of this thesis wishes to express his
appreciation to Dr, E.C, Bertnolli for his suggestions
and assistance throughout the development and writing

of this thesis,



iii
TABLE OF CONTENTS

LIST OF FIGURES + « o v o o o o o s v o ve e e e v v
I ® INTRO‘DUC TION ® [} > L 3 [ 3 [ B L] * L] L] L ] * * . * [ ) [ 3

—

II. THE TRANSFER MATRIX OF THE TAPERED LOSSLESS LINE
III. THE CONSTANT IMPEDANCE TAPERED-LOSSLESS LINE .

A. Case1. f(X)zeaxoouoooowoo.oo

A1 BN o IR © o BN AV}

B, Case 2. f£(x)=%2 . 4 ¢ ¢ ¢ o o o o o o o o 1
Iv. CONSTRUCTION OF THE TAPERED LC LINE . &« &« & o o« 21
V. CONCLUSIONS & o o o ¢ o o o o o o o o o o o o o 25

BIBLIOGRAPHY '+ o o o o o o o o o o o o o o o o 26

VITA o ¢ o o o o o ¢ o o s o o o o o o o o o o 27



LIST OF FIGURES

Figure

1a, The transmission 1ine . o « o o o o o o

1b. Equivalent circuit of the tapered LC line of

e
5.
6.
7.

lengthAX « ¢ o ¢ ¢ o 6 o o o o o o o
The tapered LC line of length d . . . .
Phase~frequency response of the tapered
transmission 1line « « « o o ¢ ¢ o ¢ ¢ o
Phase=~distance response of case 1 . . .
Phase~distance response of case 2 . . .

Coaxial cable cross=section . « o o o o

Parallel=-strip lines cross=section. . . .

LC

iv

Page

13
14
18
23
23



I. INTRODUCTION

Considerable work has been done on the theory and
development of the distributed RC network which is a
special case of the general distributed network ﬁype of

transmission line.

Sir William Thompson1 analyzed telegraph cables,
assuming the RC line as a model, Oliver Heaviside2 made
numerous contributions to transmission line theory. The
solution of a two-wire transmission line with constant
parameters R and C is obtainable by direct solution of
the telegraphist's equations which are developed from
the equivalent circuit of an incremental length of the
networkE. The sinusoidal steady-state solutions of cer-
tain tapered RC lines have been exhibited4’5’6. The exact
- and numerical analyses of RC lines have also been exhi-

bited’ .

The general line has per unit length parameters of
resistance R, inductance L, capacitance C, and leakage
conductance G, If R and G are negligible, a distributed
lossless network results, In this thesis, lossless tapered
lines that have identical taper functions for L and C
are considered. The uniform LC line is just a special

case of this tapered transmission line,



II. THE TRANSFER MATRIX OF THE TAPERED LOSSLESS LINE

An incremental length of a tapered LC transmission
line is represented by the equivalent circuit of Fig. 1b.
L(x) and C(x) are the inductance and capacitance per unit
length of the structure, x is distance along the line
measured from the input terminals, as shown in Fig. 1a,

s is the Laplace transform variable, and Ax is the incre-
mental length. The parameters L(x) and C(x) are not
constant, but are functions of position x along the line.
Here an asymmetric L-section is used as the equivalent
circuit, since a tapered line is asymmetric on an incre-

mental basis.

The equilibrium equations of Fig. 1b are given by

equations (1) and (2).

V(x+8X, S)—VY(X,5) _ _ s 1cx) (= S) (1)
AX

LXtaX,8) —i(S) _ _ cxy v (x+aT,s), (2)
AX

Upon taking the limit as ax—0, equations (1) and (2)
become partial differential equations (3) and (4) with

variable coefficients,
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Fig. 1a. The transmission line,
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Fig. 1b. Equiavlent circuit of the tapered
LC line of length Ax.



2 V(zs) _

Sx = -5l (= s) ; (3)
<(Z,8)
2 L(xs5) 3% 2 = _5Ce0 Vix,s) . (L)

These two equations are similar to those of the tapered

RC line, except that R(x) is replaced by sL(x).

Equations (3) and (4) may be condensed and expressed

into one matrix equation,

9 V(z,s)J 0 SLAO( yizs)
ox | | =" (5)
4(%,3) sCex o £ (x,5) J
Letting
o) sl
k(1)5)=
sC o)
’
equation (5) becomes
V@, V(2,3)
. @s) — —K(x,9)
A(,3) L(@,%) (6)

Substituting d-y for x gives y=d and y=0 respectively

for the source end and the load end of the transmission

line., Equation (6) becomes



5 [vd-4,9) v(d-4,5)
T =K(d-Y,%
gi(d-a,s)J 3 ad=g-9) | 7

Integrating both sides with respect to y gives

V@-4,9 ] rvs)y (¢ V(@-Y,3)
- { ' ]* j K(d-‘jvs)[ Jdﬂl

(dY,5) 1(d;s) id-4,,8)
or
Vd-4,5) ) Vs y A y
(d‘(jus)
= d" “S)
Equation (8) gives
. V(d"y,',S) V(d)S) 3[ [V(d“gz,S)Jd
= + K(d' >)5) . >
{(d-Yi,5) [i(d,sj So d 1(4-f,9) b (9)

where y; and y, of equations (8) and (9) respectively are
dummy variables of integration. Substitution of equation

(9) into equation (8) gives
V(d~Y,s) V(d,$) I V(d,s)
. 2\ , + gk(&ﬂ.:s)dﬂ: ’
£ (d-Y,s) A(d,s) A L (d5)

| V(d"'ja »S)
+f K(d—y”S)j K(d%'ﬂ[i (AYs > )] A (10)
0

o



Repeating the substitution process, the following well

8

is obtained:

V(d"‘H,5) Y V(dﬁ)
- d" )S
[i(d-g,s)] [‘Q"{K( g JH R ()

4
where £2,(k(d-Y,3)] is the matrizant of K(d-y,s), and

known solution

Q?(K(g,s)] is defined as

4
Qikgys]=1 +J’:<(9,/s)43, +§ ”K(ﬂuS)j K (42,824, 4Y,

¢ Y, da
*5:«%.,95 K(y.,sﬂ K, D4hdtdy +---  (12)

¢ 0

I is an identity matrix of the same order as that of matrix
K(y,s). If K(y,s) has finite elements for all values of y
concerned, this series can be shown to be absolutely and

8

uniformly convergent . Hence, it can be accepted as a gen-

uine solution. For y=d, equation (11) becomes

[V(o,s>]= [_Qj‘[mt—va,sﬂ[ V(d,s)]

{(0.,8) < (d,s)

v (9 [ d Y, (5) A BTV
= K(X,S) 4 = 2 (13)
[ 1,(5)} \Oi ]J[L@J [c D][ L(s)] .

d
The terminal variables are shown in Fig. 2, andﬂﬁlalK(161]

or

is the transfer matrix of the tapered line of length d.

A,B,C, and D are transmission parameters of the network.
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Fig. 2.

The tapered LC line of length d.



ITI. THE CONSTANT IMPEDANCE TAPERED<LOSSLESS LINE

In this thesis, lines that have identical functions
for L(x) and C(x), except for a consbant factor, are con-
sidered. Let

L(x)=L,f(x) ,
and C(x)=Cyf(x) ,
where L, and C,are consbtants, and £(x) is a function of

x only. Equation (5) becomes
X5
—a— V(z)ﬁ) =‘§'F(x) o LO V( J ) (14)
i TR Co O || ~x8)

(6] Lo
K(x,s)=sf(x)[C° O]

=sf(x)M (15)

where
ro L.
M=
¢ o
In general, f(x) can be a large class of functions of x,

but in this thesis, two cases will be examined. First,

let f(x) be the function e2X, and second, the function x2,



A, CASE 1, f(x)=e**

If f(x)=e?¥X (a denotes the taper constant), equation

axM

(15) bvecomes K(x,s)=se“"™", Using equations (12) and (13)

for the line's transfer matrix gives

[" ° - Ok ]

¢ D

I'd

d d A
= I+j sMe™dx+ S sMe“"5 sMe" ™' dz, dx

A X az (% .
T j SMe“z[ sMe 'J sMe" Pdx, oz dz + -

o

= T+ sM (e~ _ fM"(é‘wf-r)z

a 2/ a2
3 n
-+ 53M3(ead—l ) t o0 + S,ZM ”(ea —,) + oo
3/ a3 2!l a”
s5ce=1>M /a

= €

. s(ead—r)ﬁ:a Jﬂ sk s~ MLsCy
G

Cosh 4 q

= (16)
"/{C: 51"1/1 S(ead*éwlaa COSA 5(e“ -1 )JLoCo
o

Q

N ]

Let s(ead-—1),]Lo Co/a=8, then equation (13) gives
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\'/ B Cosh 6 ’{:L-C_: Sinh © Va
- - 1
1 J% sinh & cosh 6 || I, (1)

Equation (17) shows that the transmission parameters

A= cosk O

B=A/-—-Z—9 sinh @

G

C'—'/\[-E—‘i sinh @

D= coshr 6
satisfy the reciprocity relation AD-BC=1. This network
is also symmetric, since A=D., When an impedance Zj is

connected to the load end of the line, the voltage gain

is
- vz
VeGe= v,
]
- Z (18)
Cosho + |Lo ! .
4}‘5 Z, Sink © ,
Now, if Zj, is resistive and equal to the valueﬂlLo/Co,
the voltage gain becomes
f
VOG.= -
COSAG -+ Sl-nke
= % (19)

If a sinuspidal excitation is applied to the source end

of the line, then s:jw , Where w is the radian frequency

of the source, and

-jw (e“d-l NPT /a,
V.Ge= @
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ad —
= | Z.w(e —')//Lofo/a (20)

An interesting result has been reached. The magnitude of
the ratio V2/V1 is unity for all frequencies at any dis-
tance from the source if this special kind of transmission
line is used, It is an all-pass network. For a specific
length d and specific value a, the delay in phase of the
response, with respect to that of the excitation is lin-
early proportional to the frequency of the input voltage.
This linearity is shown in Fig. 3, Where/V=(bai/hﬁEEi/z .

The delay in phase is ¢5d:/\/w .

For the purpose of comparison and simplification,
makea/Z,C, W)=/ , and the delay in phase becomes

4>d=__~?___'_’___

a . (21)

The delay in phase is a function of the distance d. There-
fore, when a sinusoidal voltage is applied at the source
end of this special transmission line, a load voltage is
obtained of the same magnitude, with a delay in phase
which can be adjusted by varying the distance d. The re-
lations between @« and d for the specific values a=%1,
and a=0 are shown in Fig. 4. For the case a=x1, the rela-
tions can easily be plotted from equation (21). For the
case a=0 (i.e., f(x)=1), L(x)=L,, and C(x)=C,. This is the
case of a uniformly distributed LC line, which is similar
to the uniformly distributed RC line, and the transfer

matrix is
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S)f[K(z,sd

M
e:s 4

-]

1 Cosh Sm d /\/% Sinh 54/-1,,(; d b
3

Il

L (22)
A/% sinh UL d  cosh s, d

(]

Or, taking the limit of 8 as a»0, gives

ad
Lo 8= L s(e —‘;)'VéoCo___S,l/LoCod

a—90 a—-»90

Substituting this value into equation (17), the same re-

sult is obtained as in equation (22).

For a sinusoidal input voltage, s=jw, the delay in
phase for a=0 is & =4/,c, wd . Yekingl,c,w =1/ ,

% =4 . (23)
Equation (23) denotes a direct relation between the phase
delay and the distance d from the source end. From the
curves in Fig. 4, it can be seen that for the case a=-1,
the resultant network will not provide a 2m radian delay
~in phase, no matter how long the line is made. In order
to have a variation of 27 radian delay in phase, the leng-
th of the transmission line has to be 6.283 normalized

units for a=0, and 1.986 normalized units for a=1.
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Fig. 3. Phase-frequency response of the tapered
LC transmission line,
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The input impedance for these transmission lines of

length d when terminated by Z7 is

A+ B/z,
L =
¢+ P/z,

Cosh & +,,/C° Z fw{a
=17, (2y)
1/ Z, sinh @ + Cosh@

If 71=JL,/C, , then

Zin = ZL =’\/-C% = Z, . (25)
It is noted that the input impedance is independent of the
length of the line, so long as the load is resistive and
equal to ,JL—O/_CO. The quantity Z, is the characteristic im-

pedance of the transmission line.

Here, a denotes the taper constant, When f(x)=x%, then
L(x)::LOxa ,
C(x)=C x? .
The transfer matrix of this transmission line of length

d can be obtained from equation (13).

A B
= Qf[K(x,S)]

¢ D

15
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4 a d X
= T+ S sM x dx+J' 5Mx‘J 5mx,‘d:c,dz + -
° ° a
a+ 2(at1) 3 ,3(a¥)
sM d Mo s$’M’ 4
=1+ atl af (a+1)? 3/ Car0)?
n(a+t)
-t o 0 s JnM't d 4 0o,
n! (ar)’
SMda""l
a+ti

= e

a+l —_— +{ 3
i cosh s,JLoC, a Aﬂ I_C_Li sink S/JLaC. d-a vl

(26)

a-+ a+l
‘%‘.’. sinh sWleG d A-j cosh sNLCo A Jar
-]

N

s

Letting al
@ = SNLC A fay

the transfer matrix for the network is

V, Cosh & L sinh o V.

' =[ 2 ’ (27)
L J%..o simh6 Cosh 6 I, .

It is noted that the parameter a cannot ©be -1, When an

impedance Zi, is placed at the load end of the line, the
voltage gain of this loaded network is

' {
V0G0= ] 2
C“"“"/%:"EL sink & (28)
L

As in case 1, let Zp={Lo/Co, and equation (28) becomes

e U
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V.G.=e‘&
Equation (29) has the same form as equation (19). The only
difference is that & is a different function of x in the
two cases. If a sinusoidal excitatioﬁ is applied to the
line, then s=jw, where w is the radian frequency of the
applied voltage, and equation (29) becomes

P 2y
| V. G = e‘J“V‘oCo 44,

= | éw‘\/loco dulaﬂ (30)

Again, unity magnitude is obtained for the voltage gain.
For a specific length d and specific value of a, the delay
in phase is also linearly proportional to the frequency
of the input voltage as in case 1. Lettingaliyc, Ao = N ,
the delay in phase, ¢; =Nw, with respect to the input
voltage, is the same as shown in Fig. 3. These two proper-
ties denote that this kind of transmission line can be

used as an all-pass phase shifting network. For the pur-

pose of simplification and comparison, make 4/1050 W=/

Then, 4 aH

= (31)
In equation (31), it is obvious that the delay in phase
is rather simply related to the distance d. The relations
between ¢y and d are shown in Fig. 5 for -2/3sa<2. When
a=0, the case of a uniform LC line results. The length

of the line required to have a 27 radian delay: in phase
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Table 1. Relations of a and d of the

lossless transmisston line ,

L(x)=Lox?, and C(x)=Cyx* .

a d

0 6.283
1 3545
2 2.661
3 2.239
L 1.992

for

19
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1ls shown in Table 1 for different values of a. The quantity
d is in normalized units. The larger the value of a, the
shorter will be the length of line needed to make a 271

radian delay in phase,

The input impedance of this family of transmission

lines when terminated by ZL=1/LO/CO is

Zin=215To/Co - (32)

Again, the input impedance is equal to the line's charac-
teristic impedance,,/Lo/Co , and does not depend upon how
far away the load is placed from the source end, so long

as the load is resistive. and equal toquo/Co .



IV. CONSTRUCTION OF THE TAPERED LC LINE

In case 1, the parameters of the line have to be
L(x)=Loe®* | (33-1)
and C(X)=Coeax . (33-2)
Therefore, when this type of line is built, these two
conditions must be satisfied. The line constants L and C

of a coaxial cable9 are
74 R _
L =5 L henrys/meter (34=-1)

2TE
C = —F—

2n BF farads/meter (34-2)

21

where 4 is the relative permeability, and € is the relative

dielectric constant or permitivity of the medium. The quan-

tities R and r are respectively the radius of the outer and

inner cylinders of the coaxial cable, as shown in Fig. 6.
In order to build a coaxial cable having parameters L(x)
and C(x) for case 1, use equation (33) and equation (34),

and obtain
2mls ax

—Te
R=rTe (35)
and ’
€ = Z.:uCo o2 ' (36)

When the radius of the inner conductor r is fixed, the
radius of the outer cylinder R has to be varied along the
cable as expressed in equation (35). By assuming the per-

meability to be constant, the dielectric constant €



22

must be varied as stated in equation (36). The variation
of € can be approximately accomplished by using sections
of different media whose dielecric constants vary accord-

ing to equation (36) along the cable,

If a parallel-strip line, as shown in Fig. 7, is

being used, its parameters9 are
L = M 34— henrys/meter (37-1)
,
c =€— farads/meter (37-2)

when d«b, Using equations (37) and (33), one obtains

b = AL T (38)
and
LG 22% (39)
AU

®

When d is fixed, b has to be varied as stated in equation

(38). Equation (39) and equation (36) are exactly the same.

In case 2, the parameters of the line have to be
L(x)=Lyx> , (40-1)
and C(x)=Cox2 . (40-2)

Therefore, when a coaxial cable is being used, the follow-

ing conditions must be satisfied:
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Coaxial cable.cross-section.

Fig. 6.

—o —a

~

ANNAN

—f b4

Fig. 7. Parallel-strip lines. cross-section.



2L

amr Lo a
—a X
R: re (41)
Lo C, 2a
E= o X (42)

Equation (42) is similar to equation (36), except that €

varies as x°2,

Similarly, if a parallel-strip line is being used,

the conditions are

- 4d x* (43)
and
€ = 28 (k)

‘ Equation (44) is exactly the same as equation (42).
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V. CONCLUSIONS

The tapered LC lines of the special types discussed
in the previous sections have two important properties

when terminated by their characteristic impedance.

A. The magnitude of the voltage gain is unity.
B. The phase of the response with respect to that
of the excitation is a function of x and the ta-

per constant a.

Having these two properties, these tapered LC lines
may be considered as ideal phase~delay networks, For the
same amount of delay in phase, these lines of certain
taper constants are physically shorter than the uniformly

distributed LC line that provides the same phase shift.
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