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ABSTRACT

Three lumped parameter model representations of the one-
dimensional uniform continuous system in a vibration state
are examined. The exact (continuous) solutions were used as
a reference to evaluate the accuracy of the results obtained
via these discrete element models.

The model comparisons, carried out for both the princi-
pal modes and the systems under forced excitations, are
based on the maximum strain energy. The effect of varying
the number of segments in the model representation showed
improvement in approximating the exact strain energy solution
as the number of segments was increased.

In general, the results of the model comparisons based
on maximum strain energy were consistent with previous com-

parisons made on the basis of frequency root errors.
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CHAPTER I

INTRODUCTION

A general theory for solving vibration problems involv-
ing continuous systems has been in existence for many years.
However, the number of problems which can be solved analytic-
ally is very small. Therefore, other techniques which give
approximate solutions to continuous systems, have been exten-
sively investigated.

One such technique, which has been very popular since
the advent of large computers, i1s the lumped parameter model
approximation. Here the continuum is replaced by a finite N
degree-of-freedom system composed of lumped elements, i.e.,
massless springs, point masses, etc. This technique actually
dates back to the fundamental work in vibration by Lagrange
and Rayleigh. Duncan(l), using the same technique, was one
of the first to study the behavior of errors in frequency
roots resulting from the lumped parameter model approximation.
Other investigators have also used the frequency root error
comparison for models ranging from rods and bars to beams and
plate elements.

Rocke(2)

has compared lumped parameter models for the
one-dimensional systems, i.e., vibrating systems which are
governed by the one-dimensional wave equation, using the same
basis - of comparison and has attempted to evaluate whether
those models, which are judged best on the basis of smaller

frequency root errors, do indeed provide better dynamic des-

cription under general transient type behavior. The cases



treated by Rocke include only the constant base acceleration
excitation of rods and beams and because of inconsistent
results his work points out the necessity of having a con-
sistent basis of comparison.

The work presented herein attempts to provide a consis-
tent basis of comparison for lumped parameter models of one-
dimensional systems in.a general dynamic state. The basis to
be used is the maximum strain energy of the system. Strain
energy is proportional to the stress times the strain in the
system and summed over the entire system. Hence, it should
be indicative of displacements and stresses in the system
independent of their position within the system. Furthermore,
the maximum system strain energy should be a better measure
of total system distortion than any one particular parameter,

e.g., maximum displacement or maximum stress.

A. Contents of Thesis

Chapter II contains a description of the one-dimensional
uniform continuous systems. The governing differential equa-
tion and its homogeneous solutions have been established.

To study the system under forced excitation, a constant base
acceleration type of excitation has been used to verify the
analytical solutions derived and to study the behavior of
the models on the basis of maximum system strain energy. A
half sine pulse base acceleration type of excitation has
also been examined to include a time-varying forced excita-

tion. The period of the half sine pulse has been varied to



be less than, greater than, and nearly equal to the funda-
mental period of the system.

The base acceleration excitation when using relative
coordinates is analogous to the case of a distributed forc-
ing function, which is only a function of time and not of
position, imposed upon the uniform one-dimensional system
with fixed base and absolute coordinates. The latter has not
been studied directly since it is covered by the former type
of excitation.

Strain energy of the continuous systems, which is used
as a reference for the comparison of the lumped parameter
models, has also been established in closed form in Chapter
IT for the systems in both the principal modes and the
general transient state for base excitations described.

Chapter III describes the three lumped parameter models
used to describe the continuous one-dimensional systems.
Evaluation of the models as they approximate the continuous
systems has been made. Strain energy for both the principal
modes and the forced excitation conditions has been esta-
blished using matrix algebra.

In Chapter IV, comparisons of the models have been made
on the basis of the maximum system strain energy to deter-
mine if any given model is best. Use of an IBM-360-50 compu-
ter has been made to establish numerical results for the
maximum system strain energy of the various cases. These
comparisons, based on the maximum system strain energy, have
been made for both the principal modes and the forced excita-

tion response.



To check the validity of the solutions established for
the system strain energy, the results for maximum displace-
ment and maximum stress were compared with those of Rocke<2)
for the case of constant base acceleration. A half sine

pulse base acceleration was used to study the effect of time-

varying excitations on the evaluation of the models.



CHAPTER IT

CONTINUOUS SYSTEMS

A. Governing Differential Equations

Systems represented by the one-dimensional wave equation,
i.e., longitudinal vibrations of bars, torsional oscillations
of shafts, transverse vibrations of strings, acoustical oscilla-
tions in ducts, etc., are of practical importance in engineer-
ing design problems. Once the one-dimensional wave equatiocn,
as 1t governs these various systems, is established and its
~general solution found all solutions to the above systems are
determined within applicable constants. To illustrate the
derivation of the one-dimensional wave equation the cases of
the longitudinal rod and torsional bar will be used.

Figure 1 shows a thin uniform bar. Because of axial
forces there will be a displacement 'u' of any particular point
along the bar which will be a function of both the particle's
position 'x' and time 't'. Since the bar has a continuous
distribution of mass and stiffness it has an infinite number
of natural modes of vibration and the displacement of any
given cross section will differ with each mode.

Considering a'dx'element of this bar, it is evident that

the element in the new position has changed in length by an

amount %% dx; thus, the unit strain is %% . Using Newton's

law of motion and equating the unbalanced force on the ele-
ment to the product of the mass and the average acceleration

of the element gives:
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Displacement of a Uniform Continuous Rod Element




— = P — . (2.1)

From Hooke's law the ratio of unit stress to unit strain

is equal to the modulus of elasticity E. Thus,

P/A - T
(du/9x)
where: A is the cross-sectional area of the
bar.

Differentiating this expression with respect to x gives:

2
L -ap 2l (2.2)
x 2
9x
From eqs. (2.1) and (2.2)
2 2
AE 3—%-2 0 3~% , O
X ot
5%y _ AE 3°u
3t2 : 3x2
Defining,
AE/o = a®

the governing differential equation becomes:

33% = a2 33% (2.3)
ot

where a2 is a system constant and depends on the physi-
cal properties of the system as will be illustrated by con-
sidering a second, but different system.

Figure 2 shows torques on a 'dx' element of a uniform
bar_in torsion. In the derivation of the governing differ-

ential equation for the torsional vibration of shafts, the

approach is the same as explained for the longitudinal



vibration of rods except that forces 'P' and the longitudinal
displacement 'u' in the latter case are replaced by the

torques 'T' and the angular displacement '6', respectively.

if) l T + 8T .dx
ax
L< dx 34

Fig. 2 Torque Acting on a 'dx' Element of a shaft

Therefore, Newton's law of motion for this system gives:

2

- 3T 9 B
— dx = I_dx —s , oOr
IX D 3t2

2
3T 3 6
— = I —x (2.4)
X D 8t2
where: Ip = mass moment of inertia per unit

length of the rod.

The angle of twist for the element dx is given by,

_ Toax

a6 = <TT or

2o . T

ox  GJ
2

GJE-—g=?-3 (2.5)
X
X
From egs. (2.4) and (2.5),
826 GJ 826 or

t2 p 9x

Q



é—% = a2 28 (2.6)
ot X
where: a2 = GJ/IP.

It may be noted here that eqs. (2.3) and (2.6) are similar
except for the constant 'a'. Similarly, the partial differ-
ential equation of motion for other one-dimensional systems
is the same as eqg. (2.3) except for the change in constant
'a', Table I shows the values of the constant a2 for various

one-dimensional systems.

Table T

2

Constant "a for Various One-dimensional Systems

TYPE OF SYSTEM a?
Longitudinal vibration of bars AE/p
Torsional oscillations of shafts GJ/Ip
Acoustical oscillations of tubes YrTl
Transverse vibrations of strings S/o

Solution of eq. (2.3) is, therefore, applicable to all the
above systems and others within the constants or parametars

which are basic to that system's description with eq. (2.3).

B. Homogeneous Solutions

Using a standard separation of variables solution of the

form,

ulx,t) = U(x) £(t)
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eq. (2.3) becomes:

aZf(t) ’ ‘a‘QU'(x>

UG EEEL = afreey EEL or
9t ox
2 | 2
1 37fCt) _ 2 1 3°Ulx) (2.7)
£(t) atz U(x) axz

Since the left hand side of eq. (2.7) is independent of x and
the right hand side is independent of t, it follows that each
side must be equal to a constant. Assuming that both sides

of this equation are equal to —w2, two differential equations

can be obtained:

2 2

Q—Iiéi‘l (Y UG =0 (2.8)
a

dx

2

d—f-g-l)- FowlECE) = 0 . (2.9)

at

General solutions of these two differential equations are

~given by:

Ux) C cos (g x) + D sin (g-x) (2.10)

F(E) A cos (wt) + B sin (wt) . (2.11)

i

The arbitrary constants A, B and C, D depend on the initial con-
ditions and the boundary conditions, respectively.

It is of interest to note that if the constant chosen
for eq. (2.7) was +w2, the time dependent part of the solu-

tion f(t), is given by:
f(t) = A cosh (wt) + B sinh (wt)

which does not provide an oscillatory solution, as being

sought. The total solution from egs. (2.10) and (2.11) becomes:
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ul(x,t) = [A cos(wt) + B sin(wt)] [C cos(g x) + D sin(% %) ]

(2.12)
This homogeneous solution is applicable to all the one-dimen-
sional systems except for the change in the value of constant
'a'. For simplicity the longitudinal rod will be the common
system of reference in this study and all eguations and solu-
tions will reflect the appropriate constants and parameters
for this system. Hence, to apply the solutions herein to any
one-dimensional system requires a change in appropriate physi-
cal constant only. Likewise; any comparison of lumped para-

meter models should be invariant to any physical system.

B.1 Homogeneous Solutions with Various Boundary Conditions

For one-dimensional systems there can be four sets of
possible boundary conditions considering free and fixed ends,
i.e., fixed-fixed, free-free, fixed-free and free-fixed.

(2)

Previous work has shown that the behavior of the system
for the fixed-fixed and free-free end conditions is similar

while that of fixed-free ends is physically a mere image of

the free-fixed case. This reduces further investigation to
only two of the four sets of boundary conditions, i.e., fixed-
fixed and fixed-free. 1In this report these end conditions

have been chosen and used throughout.
The mode shapes depend on the specific boundary condi-
tions and can be obtained by using eq. (2.10), which is:

U(x) = C cos(2 %) + D sin(¥ %)
oA a

°
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Fixed-Fixed ends:

These boundary conditions require the following restric-

tions on the spatial function:
u(0,t) = 0 and u(L,t) = 0
Since ul(x,t) = U(x) f(t), it follows that

U(a)

C = 0, and

1]

U(L) = D sin(3) L = 0
D cannot be equal to zero since the resulting trivial solu-

tion U(x) = 0, which implies no vibrations, would be obtained.

Therefore, for vibrations to occur:

Sin(2 L) = 0, or
a
81 = vrm . (2.13)
a
where: v = mode number = 1,2,3,4,..... ,®

L and a are constants, independent of the mode number.
Therefdre, eq. (2.13) shows that the natural frequency depends
on the mode number and should be subscripted to each mode,

i.e.,

Thus, the mode shapes for fixed-fixed ends are given by:

i N
UV(X) = Dv81n(2;) X, Or
U (x) = D sin(¥D) x (2.14)
v L
where: D = a normalization constant.

v
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Fixed-Free boundary conditions:

The fixed end condition at x = 0 requires u(0,t) = 0

which specifies directly that:
Uu(o) = Cc =20

The free end condition at x = L requires zero stress at the

free end, i.e.,

Ju
E — = 0, or

ox %=1

au

_— - 0

ox x=1L

s U'(L) = 0, since f(t) # 0.
o U'(L) = D(£).cos(2) L = 0
a a

But D and (%) cannot be equal to zero for vibrations to occur;

therefore,

cos(®) L = 0, or
a
%L = (2v-1) w/2 . (2.15)
where: v = 1,2,3,..... (all positive integers).

Equation (2.15) shows that o needs to be subscripted, being

dependent on the mode number

w
M (=) = (2v-1) =/2L
a

Thus, the mode shapes for fixed-free ends are given by:
Uv(x) = Dvsin [(2v-1) mx/2L] (2.16)

where: DV:51normalization constant.
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C. TForced Excitation Solution

Two types of forced excitations have been used to study
the model description of the continuum under transient behav-

ior. These are:

(i) constant base acceleration

(ii) half sine pulse base acceleration

Constant base acceleration has been chosen, since some of

(2) have been made using the same type

the previous comparisons
of excitation. These comparisons, based on the maximum sys-
tem displacement and the maximum system stress, have been
reviewed. Furthermore, comparisons of the lumped parameter
models have been made on the basis of the maximum system
strain energy herein, using constant base acceleration type

of excitation. TFor these comparisons, system strain energy
expressions have been evaluated for the one-dimensional con-
tinuous systems in this chapter. Maximum.system strain energy
of the continuous system is used as the reference quantity

for the above comparisons.

In the second case, the one-dimensional systems have been
considered for four variations of the duration of the half sine
pulse. This type of excitation has been included to examine
the time-varying forced excitations; The solution for the
displacement function for both the constant base acceleration
and the half sine pulse base acceleration uR(x,t) are dealt
with in this section of the study.

The boundary conditions used are fixed-free to obtain a

consistent comparison between the results using the strain
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energy approach and the previous results.

C.1 Constant Base Acceleration Excitation

A constant base acceleration, Ao, is applied at the left
end of the rod. In this type of excitafion all normal modes
are excited, some to a greater extent than others. Also with
the constant excitation, the characteristic time (period) of
the forcing function is not aligned with any of the normal
mode periods.

Figure 3 shows a thin uniform bar with a known base dis-

placement ugp(t) and a base acceleration ﬁB(t).
Let, ulx,t) = uR(x,t) + uB(t) (2.17)

where uR(x,t) is the displacement, at distance x and time t,
relative to that of the base of the bar.

Using eq. (2.17) in eq. (2.3) gives:

2 2
3 uR(x,t) .2 ) uR(x,t)
——p—— t Uy = a’ ————
ot X

since up is only a function of time t and not of position x.

2 2
) ) uR(x,t) _ a2 ) uR(x,t) o
Btz 3X2

B (2.18)

Equation (2.18), now becomes the governing differential equa-
tion.. It will be shown by applying Newton's law of motion to
an element 'dx' shown in fig. 3a that eq. (2.18) is similar

to that which repreéents a system having a distributed forcing
function F(t} which is independent of the position 'x'.

Equating forces on the 'dx' element in fig. 3a gives:



Fig.

Fig. 3 Continuous Bar with Base Acceleration'ﬁB(t)

F(t)dx
—

e v —

3a 'dx' Element with Uniformly Distributed Force F(t)

9T
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P 32u
—é—}-—('dX'l"F(t) dX:QdX—"‘?‘,OI’
ot
2
wgl:{:p—-—-—ag—f’(t)
2t
From eq. (2.2)
2
3P _ AE 2 U
ox 2
0X

combining the above two equations,

a2 a2
AE —~% = -—% - F(t) , or
X ot
2 2
3—% = a2 o g + F(t) is obtained.
2t 9x P

This is similar to eq. (2.18) except that HB has been replaced
by -F(t)/p. Hence, all sclutions and conclusions derived
herein are also valid for a fixed base system with a time-
dependent uniformly distributed forcing function F(t).
Solution of eq. (2.18) can be obtained by the standard
procedure of separation of variables. Earlier, it has been
shown that there exists an infinite number of principal modes
ana solutions.. Thus, the most general solution would then be
the summation of all of these solutions. Therefore, the form

of the solution for eq. (2.18) can be given by:
up(x,t) = égaunR(X) £ () (2.19)

where UnR(x) are the mode shapes of the bar relative to its
base and fnR(t) is the accompanying time dependent part of the

solution. Substituting eq. (2.19) into eq. (2.18) gives:
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ki av 3 2 i " P
; U p(x) £ () = a ngl UM (x) £ o (8) - ug.

Multiplying each side by UmR(x) dx and integrating from 0 to L,

L
fngl U p(x) U o(x) F_ (1) ax
0

L L
- 2 - 1 .
= J[-égﬁ UnR(X) UmR(X) fnR(t) dx —J/P up UmR(x) dx
g 0
2 - L .
= a“. }_j (U;}R(x) U g (%) - UlR(x) Ulo(x) dx|f ()
n=1 0
0
L
—d/ﬂ uBUmR(x) dx
0

is obtained.
It should be noted here that the first term on the right
hand side, when evaluated at x = 0 or x = L, is always zero

since UAR(X:L) = U R(X:O) = 0 for the fixed-free ends.

Y 20 U o(x) o (f) dx
n=1

- a (x) U' (X) f (t) dx

[ RG0) dx . (2.20)

The orthogonallty and normalization relationships are

given by:
L
0 UnR(x) UmR(X) dx

1
(en}
“

m#n
L (2.21)

2 -
o UnR (x) dx, m=n

]
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and,

o, m7n

L ) (2.22)
f Q[UAR(X)] .dx, m=n.
0

1l

L
f o UAR(X) UﬁR(X) dx
0

1]

Using egs. (2.21) and (2.22) in eq. (2.20) gives:

L 2 . 2 L 2
f UnR (x) fnR(t) dx = -a J {UI;R(x)} fnR(t) dx
0

L
—jr up UnR(x) dx, or
0

L o .. 9 L{ }2
> 1
L[.U R (x) dk] f R(t) + a jr UnR(x) d}] f R(t)
0

0
L ..
up UnR(x) dx

D\‘

.. L
= - ug jﬁ UnR(x) dx
0

Referring back to the classical free vibration analysis
discussed in section B, for the fixed-free boundary conditions,

UnR(X) = DnR sin(nmx/2L), n=1,3,5,.... (2.24)

where: DnR = a normalization constant.

The normalization constant, D is found by equating the

nR’

normalization relation to the total mass of the bar, or,

L 2
er'UnR (x) dx = eL , or
0

D .2 = L/ Lin2< Tx%/2L) d
nR = S n'x X .
5
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s D . = V2

AR , and

U p(x) = Y2 sin(nwx/2L) . (2.25)

Substituting for UnR(x) from eq. (2.25) into eq. (2.23) gives:

L ., L 2
Q[Jf sin?(nmx/2L) dx} £ (1) + 242 [Jf (" cos 2 (nmx/2L) dx]
nR 2L
0 o]

.. L
= - /2 uB‘/- sin(nmx/2L) dx, or
0 .o
o 2 .nm. 2 UB
fnR(t)-L/Z + a (§E)- L/2 fnR(t) = - 7§ (2L/nm)

L oo L
as Jrsin (nTx/2L) dx = jrcos (nTx/2L) dx = L/2
0 0

2

oo g v o

fnR(t) = F(t) (2.28)

where: F(t) = - 2V2 Hé(t)/nﬂ

This equation is of the form,

2

F(t) + w © F () = F(t)
n n n

and by Duhamel's integral solution (with zero initial condi-

tions) :

L —_ ..
sinlw _(t-1)] =-2/2 u_ (1)
£ (t) :—/ﬁ ( DR )- B dt. (2.27)

wnR nw
0

For a constant base acceleration:

hé(t) = A = constant (time independent)

L
' ~2v2 A,
.e fnR(t) = —HEEEE—' Sln(wnR(t—T) dt.
0
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Substituting for ©_R in the above equation gives:

~8/§.AOL2

fnR(t) = —“'3-'—'§—2-—-—— [1—-cos(mra‘t/2L)] . (2.28)
n "™ a

where: n = 1, 3, 5, 7 —---

Recalling the definition of the constant "a",

a? = AR/

s a®/L? = AR/pL?
Substituting for a2/L2 into eq. (2.28) gives:

2

-8v2 AOpL — 5
£ _(t) = [1-cos(BIE/AE/oL )] , and  (2.29)
nR 3 3 2
n-m AE
_ nma _ nm 2
U)nR = —2T- —-Q—AE/pL . (2.30)
where: n = odd integer.

Furthermore, from the general form of the solution,

up(x,t) = n; U_g(x) £_p()

Hence, the total solution becomes:

2

-16 AOpL l/n3 nrt 2 nmx
uR(x,t) = * [1-cos( 5 [AE/ o L)) sin(ff—)
7 AE n=1,3,5,—-—-

(2.31)

Note that, to find the base stresses it is the relative
displacement which is of primary interest and not the absolute
displacement. Moreover, it is easier to work with the rela-

tive mass deflections in the lumped parameter models. In as
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much as the rigid body part of the solution is not considered
in the case of continuous systems and the lumped parameter
models, for comparisons of end deflections and strain-energy,
eq. (2.31) represents the total displacement solution for the
continuous system to a constant base acceleration excitation.
The relative end deflections and base stresses are found
in order to verify the validity of the method employed as these
responses have been established in a previous paperﬁ2) This
will also keep the study in consistent comparison with the

previous work.

The relative end deflection of the rod is given by:

-16 Ao°L2 3 Tt | 2
uR(L,t) Sl 1/n ~sin(nn/2)[l—cos(n2 AE/pL%) ]
7°AE n=1,3,5,--—-

and its maximum value is found by summing up the series:

—32AOpL2 ,
= ———— 1/n". sin(nn/2) . (2.32)

u, (L, t)
R m r°AE  n=1,3,5,-——-

ax

Obviously this maximum value is first reached at t = 2[pL2/AE.

Stress in the bar is found from the relation:

auR
G(X,t) = E(§§—) s OIr

_8AopL 2 nmt 2
o(x,t) = ——— 1/n" cos(nmx/2L) [l-cos( ,AE/pL )]
2 o 2
1A 7=1,3,5,-——-
This is maximum at x = 0, i.e., at the base. Thus, the maxi-

mum stress in the bar occurs at the base and is given by:

-8A pL —
o( 0,t) = -—2-9-—2 1/n [1-cos<ngt /AE/QLQ)]

T A n=1,3,5,--—-
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Again, this base stress first reaches its peak value at

t = 2[oL?/AE.

The maximum base stress can be obtained from:

~16A oL
._._._..9___ l/n2

a0, t) 5
T A n=1,3,5,-—-—-

1

aZAOpL
= _—r——' - (2033)

C.2 Half Sine Pulse Type of Base Acceleration Excitation

The half sine pulse type of base acceleration has been

chosen to demonstrate the effect of time varying excitations.

The period of the half sine pulse has been examined for four
different cases,
(i) Period of the half sine pulse made equal to half of
the fundamental period of the system.
(ii) The pulse period made 10% less than the fundamental
period.
(iii) The pulse period made 10% greater than the fundamen-
tal period and
(iv) The pulse period made 50% greater than the fundamen-

tal period.

The first and the last cases exhibit the effect of hav-
ing a fast and a slow system, respectively, while the other
two cases exhibit the effect of the forced excitation fre-
quency near the fundamental frequency of the system.

A half sine pulse type of base acceleration is applied

at the left end of the rod and the right end is free.



24

Figure 4 shows a half sine pulse with the duration time of
mty. The equation of the pulse is given by Aosin(t/tl),
where AO is the peak amplitude of the pulse.

The governing equation used previously is directly appli-

cable as only the forcing function is being changed, that is:

2

fnR(t) + W .fnR(t) = - 2Y2 uB/nn

U g(x) = Y2 sin(nmx/2L) , and

w.og = nra/2L , n = odd integer.

For a half sine pulse, the base acceleration function now

becomes:

up = AO 81n(t/tl)
5 -2J7Aosin(t/tl)

S fnR(t) + woR .fnR(t) = e . (2.34)

Again Duhamel's integral solution can be used to obtain the
solution to f__(t).
nR

The solution of the problem with the half sine pulse type
of excitation is obtained in two parts; one is valid for time
t less than 7ty (the total duration of the pulse) and the other,
valid for time t greater than the pulse time, mt,. Both these
solutions are obtained by the Duhamel's integral, care being

taken with the limits of the integral.

For o<tswt, the solution is given by:
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ot sin wnRCt—T)
hid R(t) = | m F(Cr) dr
n ) nR
O .
+ . .
) f sin w_p(t-1) .-2/7Aos;n(r/tl)
= . — dt , or
) “nR
. 0
—ﬁAo rt - .
fnR(t) = [cos(wnRt—wnRT* E—)—cos(wnRt- T+ E_)].dT
nR ) 1 1
0
t
_ —/§AO sin(uw pt-w pT-7/t;) i Sln(wnRt—mnRT+T/tl)
w_ g0 —(wnR+1/tl) —(mnR—l/tl) .
-2/28, 2 2
= W [wnRSln(t/tl)-—l/tlSln(wnRt)]/(wnR —l/tl J
As already found for fixed-free ends:
wop = nra/2L , apd
a = YAE/p .
y w_, = =L JAE/p (2.35)
T nR 2L o :
Therefore, for o<t<mty:
-4v/2A 2
- © f[eL_ |nm AE . in(Rr AR
fnR(t) = nznz iT [ZL . 81n(t/tl)—l/tls1n(2L 5 'tﬁ
nmw 2 2
(T -1/t 7 (2.36)

Since up(x,t) = z: U r(x) f g(t) , it follows:
n=1,3,5,----
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nm [AE . 1 . .nm |AE
~8a_ [T , [§f - sin(t/ty)- %151n(§f}5— tﬂ
uR(X,t) = 2O N 1/n°. — 5 5
™ 521,3,5,~——- [“2"13 BE/9)° -1/t ]
«.sin(nmx/2L). (2.37)

The relative displacement uR(X,t) for ety is obtained

by again using the Duhamel's integral. Using eq. (2.34) for
all tamty gives:

t

Tt
%in w R(t—T) sin w R(t—r)
£ _(t) = L F. (1) dt + n F. (1) dt
nR w 1 w 2
nR
0

nR
Tty

where Fl(T) is the external force, as a function of 1, acting
during the period O<t<mt, and F2(r) is the external force

acting during t»>7t Note that FZ(T) = 0,

1
Trtlsin wnR(t—-T)
s fnR('t) = _ o Fl(r) dt , or
nR
Tl"tl O
sin w R(t—r) —2/7Aosin(r/tl)
£ p(t) = a . — dt
n nR
0
-/2A T T T
= = n: cos(wnRt—wnRT— E—)—cos(wnRt—wnRT+ %—) dr ,
nR 1 1
0
or
Jo . _ )
2 2AO sin mnR(‘t th)+81n(wnRt)
fnR(t) = — 5 5 . (2.38)
W T
. nR 1 (mnR —:I./‘l::L )

1]

Y, Upr(x) fop(t) , and

Since, uR(x,t)
n=1,3,5,--—-

G
~
»
s
1

J7'sin(%%§), it follows that for all time
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._rnT |AE . ,n7m JAE
A 5 [51n{§t E—Ct—wtl)}+81n(§i - tﬁ
_ O oL 2
uR(x,t) = =5 JEE 1/n°- = 5 5
Tt n=1,3,5,-——- (5=JAE/p)"-1/¢t
1 2L 1
.sin(nmx/2L) . (2.39)

The period of the half sine pulse is given by Zth and is

varied for four different cases as explained below:

Zntl = k~2w/wlR

where k is a constant and is made equal to 0.5 in the first
case, 0.90 in the second, 1.10 in the third and 1.50 in the
last case to study all the four cases of the duration of the

pulse time. Therefore, for k = 0.5

27mt

1 0.5 2n/wlR , Oor

T

O.S/w1R

is obtained. Similarly other values of tl for k = 0.9, 1.10

and 1.50 are obtained and are shown below:

k = 0.90 k = 1.10 k = 1.50

tl = O.9/wlR tl = l.lO/wlR tl = l.SO/wlR

The relative displacement function uR(x,t) can be eval-
uated for all the four cases of the pulse duration by using

egs. (2.37) and (2.39) for 0 <t <« mt, and t 2 n t

1 1

respectively.

D. Strain Energy for Principal Modes

The objective of this report is to compare the behavior

of the lumped parameter models using strain energy as the
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basis for this accuracy comparison. Strain energy of the
continuum, therefore, needs to be established for each princi-
pal mode. The maximum strain energy determined for each
lumped parameter model in a principal mode is then compared
to the established exact (continuous) solution to determine
how well the principal modes are described by these models.

The derivation of an expression which evaluates the strain
energy of the continuum as a function of the mode number, Vv,
is given in this section. Referring to fig. 1, the potential
strain energy for the element dx is given by:

_ 1
dUC =5

p (%) dx (2.u0)

where P is the force acting on the element dx and assumed to be

constant over the length dx. From the relation,
Force = stress x resisting area

it follows that:

P = E(2Yy A
X

Therefore, for the element dx:

_ 1 U 2
dUC = 5 AE (3; dx (2.41)

is obtained.
Strain energy, over the entire length of the bar, is obtained
by integrating eq. (2.41) from 0 to L. The total strain energy

of the system is, therefore:

"

L o 2

U 1/2 AE(-2) dx , or

c ax

o L. 2

1/2 AE I (8—?@ dx . (2.42)

0
(since for the system under consideration AE is constant).

U
c
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Equation (2.42) gives the strain energy of a uniform thin
bar and can be used to determine the strain energy of the con-
tinuous system with fixed-fixed and fixed-free end conditions.
In fact, egq. (2.42) can be used for any type of boundary con-

ditions.

Fixed-Fixed Boundary Conditions

The mode shapes are given by:
U (x) = D sinCymx/L)
Vv Y

The normalization constant, D> is obtained by normalizing the
first orthogonality relation to the total mass of the bar,
i.e.,

Lo
f" U, %(x) dx = oL (2.143)

0
where p is the mass per unit length of the bar, which is con-

stant for the system under consideration.

Substituting for Uv(X) in eqg. (2.43),

2 L
D = = —

v 2
%( sin“ (vrx/L) dx

S D, = /2 , and

is obtained.

Uv(x) = Y2 sin(ypx/L) . (2.44)

For a particular vth mode, the maximum displacement as a

-

function of position 'x' is given by:

u(x,t)ma Uv(X)

X

i

/2 sin(i%i)
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Maximum strain energy for this vth mode is obtained from eq.

(2.42) and is given by:

1 aUv(x) 2
max
L 2
-1 v 2, vrx
= 2AE QCTT) cos (—f~).dx
_ 1 AE 2
=5 T (vm) ™ . (2.45)

Fixed-Free Boundary Conditions

The mode shapes for these end conditions are given by:

Uv(X) = Dv sin[(2v-1)mx/2L]

The normalization constant, Dv, is found in the same manner
as for fixed-fixed end conditions explained earlier. From

the first normalization relation:
L

U %(x) dx = L
Vv

s D 2. L , Or

v L 9
sin” [(2v-1)mx/2L]-dx

D. = Y2 , and
U, (x) = V2 sin[(2v-1)wx/2L] . (2.48)

Using eq. (2.42), maximum strain energy for the vth mode is

given by: L
U, = -21—ALE 2{(2v-1)1/2L} 2cos? [(2v-1)mx/2L]. dx
max
0
_ 1 AE 2
= 3 T[(?\)—l)ﬂ] . (2.47)
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E. Strain Energy for Forced Excitation

To study the behavior of the lumped parameter models under
transient conditions, using strain energy as the basis of com-
parison, it is essential to evaluafe an expression for the
strain energy of the continuous systems under similar transient
conditions. Equation (2.42) is used for the evaluation of
strain energy for both the constant base acceleration type of

excitation and the half sine pulse type of excitation.

Constant Base Acceleration Excitation

Differentiation of eq. (2.31) yields:

Ju -8A plL

aXR = 20 E: l/n?cos(nﬂx/ZL)[l cos(ngt/§§7)]

T“AE H=1,3,5,----

Strain energy of the system with a constant base acceleration,

Ao’ is given by:

2
ot 0 2
32aE[20°k nﬂt 3
Uc = | A l/n ‘cos(nmx/2L) {1-cos(—— 2)} . dx
™ L | n=1,3,5,---- VpL
0
A o 2[
o]
- 32AB © l/n cos(nmx/2L){1- cos(mrJC —E—)}
i AE 2
T L _ n=1,3,5,-——- oL
O it
. l/mzcos(?zx){l cos(mg.t ~E7ﬂ dx
m=1,3,5,---= oL

From the orthogonality and normalization relations of the

system in question:

L
-[nUﬁR(x) U&R(x).dx

0

"
o

, mZn

UT

AR .dx, m=n

n
oLNj;
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L

2

A_PL
.U, = 33%5( —5) j[-{ 3 1/ncos?(nmx/2L) 11- cos(nTrt AE —)} } dx

T n=1,3,5,--—- 2\/oL2
0
16AEL, %o pL ‘ rt EE ;2
= (% z: 1/n*[1-cos s (T ﬁijgﬂ
m N=1,3,5,---- oL

(2.48)

Obviously this 1s maximum at t = 2/%%— . The maximum

system strain energy is, therefore, given by:

sua 2021’ Y
U . 1/n
“max TAE 1n=1,3,5,----
(2.49)

- 2A0202L3/3AE

Half Sine Pulse Base Acceleration Excitation

Strain energy for half sine pulse base acceleration type
of excitation is obtained in two parts, one for O<t<th and

the other for temtys by using applicable displacement func-
tions in eq. (2.42).

For O<t<wt,, using eq. (2.37), strain energy, U , is

1 c
given by:
iR LA [2L AE51n(t/t )=-1/t 51n(—— 'tﬁ
U_ = FAE O/pL ) 1/n
1=1,3,5,-——- 2
{(QL ) —l/Jc:L }
2
-cos(ng) . dx
2
nm JAE AE
8Ao2p / , [QL 81n(t/t )= 1/t 81n( - t)]
:_—2.—- 1/n”"-
T R, 3,5, ((ar éﬁ) ~1/t. 2
2LV o 1

L 2
'-/—cos (nmx/2L) *dx , or
0
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2
LA oL [n“ E31n(t/t )-1/t,sin(QL AE t)]
_ By 2 7T .
Ug = =7 L Yn = —
i n=1,3,5,---- nm AE, " ,
? {(7f ?r) l/‘t:L }
(2.50)

The strain energy expression is also needed for t;ntl

since maximum strain energy may occur after the pulse time.
To establish an expression for the strain energy for all

tent uR(x,t) for t>nt1 is used from eq. (2.39):

l)
8A_ [ 2L/ (t mty ) +51n(nﬂt’p )]
(x t) = JZ% E: 1/n
PEL 355 (LR -1/t12}

nmx

51n(2L )
BUR
Substituting for Feva in eq. (2.42), strain energy of the system

can be evaluated as: .
{sin{ / (t-7t )}+81n(nﬂt/ )]
Ug = % T LJK% E: 1/n
T n=1,3,5,---- ny AE 2
{(7E/%;) -1/t7)
2
nmwx
cos(2L ) dx
i nrt
LA oL [ / (t Tt )}+51n( fi_)]
-—2-9——2—2 l/n 5 .
Tt n=1,3,5,---- _ 2
+ %ZL - '1/t1 ] o (2.51)

The strain energy for all four cases of half sine pulse,

for O<t<wtl and for taﬂtl can be obtained from eqs. (2.50)
and (2.51), respectively. Maximum system strain energy can
be computed by evaluating numerically egs. (2.50) and (2.51)

for various values of time 't'. This will be discussed in



chapter IV where the comparison between model and continuum

is presented.

35
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CHAPTER ITII

LUMPED PARAMETER MODELS

A. Model Definitions

Three lumped parameter models commonly used to describe
one-dimensional systems are shown in fig. 5. These models
each approximate the mass and stiffness of one increment of a
uniform continuous system composed of N segments. Model (a),
which was first used by Rayleigh, has the total mass of each
of the N increments, into which the bar has been segmented,
divided into two equal masses concentrated at each end of a
spring which represents the stiffness of the increment. The
second model has been attributed in the literature to Lagrange

(1) and 1s

but has been investigated to some extent by Duncan
sometimes referred to as Duncan's model. This model has the
mass of the increment concentrated at the center with equal
springs on each side. The thifd one, model (c), which has
been used to a large extent in practice, has the mass concen-
trated at one end of a spring.

A new method, under the consistent mass matrix technique,

(3), has been applied to one-dimensional

()

developed by John Archer
systems by A. V. Krishna Murty This new method evaluates
the equivalent inertia forces of the elements at the discrete
displacement points instead of lumping the masses in the con-
ventional models discussed above. The method also requires
selection of a suitable displacement distribution function

over each element and as in Rayleigh-Ritz method, the closer

the displacement function to the exact mode shape, the better
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the result. The frequency roots found by this method have
been shown to be slightly more accurate than those found by
using the models.

In this report only the conventional models will be studied
using the strain energy approach. However, the consistent mass
matrix also needs to be studied on the basis of system strain

energy.

B. Homogeneous Solutions

Various methods are available for establishing the princi-
pal mode shapes for the lumped parameter models, e.g., the
modal matrix technique and the difference equation approach.
The latter method which is particularly useful for repeated
sections has been used for models (a) and (c). For model (b),
this approach gives displacements at the points between adja-
cent springs of the two connecting segments and not at the
mass points as desired. Mass point deflections for model (b),
therefore, have been obtained in conjunction with the use of
the IBM-360-50 computer utilizing a standard eigenvalue sub-
routine from the system library.

Mode shapes for the models under consideration are derived

as described in the following subsection.

Model (a) with Fixed-Fixed Ends

The difference equation approach is used to establish the

mode shapes (see Appendix A) for this case:

XN = Evcos(BN) + Fvsin(BN) (3.1)



39

where: N = 0,1,2,......., N and refers to the mass

point location in the system

v = mode number = 1,2,3,4,....... , up to

the number of masses.

The boundary conditions impose following restrictions on the

spatial functions:

XO = Ev = 0 and XN = Pv31n(8N) =0

which gives:

Xﬁ = Fvsin(ﬁvﬂ/N) (3.2)

where: FV is a normalization constant.

Model (a) with Fixed-Free Ends

The fixed end condition gives:

XO = EU =0

"

X5 = F,sin(8N)

In this model representation with fixed-free ends, the Nth
mass (i.e., mass at the free end) is not equal to other masses
in the system and in order to apply the difference equation
solution, which is applicable tc repeated sections only, the
motion of the Nth mass is examined and a condition for the

rest of the system is evaluated at this mass as shown below.

Considering the equilibrium of the Nth mass:

N8

¥y = ~K(xN-xN_l)
Form of the solution is given by:

o lwt
XN-XNe .
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Substituting this form of solution in the above equation,

2
-w m - _
— Xy = K(XN XN—l)
is obtained.
2
. _ muw
S Xyo1 = (1 - % ) Xy
Substituting for XN~1 and XN’ the above equation becomes:
m2
sin{8(N-1)} = (1 - Z ) sin(BN)
mw?
Noting that, (1 - R ) = cos(B) then,

sin{B(N-1)1} = cos(B) sin(BN)

which gives:

sin(B) cos(BN) = 0

Therefore, either sin(B) = 0 or cos(BN) = O
sin(B) = 0 gives the trivial solution,
Xﬁ = 0, i.e., no vibrations.
For vibrations to occur cos(BN) = 0, or

B = (2v=-1)7/2N

Xg = Fusin[(2v~l)ﬂﬁ/2N] . (3.3)

Model (b) with Fixed-Fixed Ends

The difference equation approach is not applicable in
this case since it gives displacements at the points between
adjacent springs of the two adjacent segments and not at the
mass points of the model as desired. These displacements

are given by egs. (3.2) and (3.3) for fixed-fixed and fixed-free
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ends, respectively. To determine the mass displacements
standard eigenvalue techniques are used. The differential
equations of motion in matrix form are first reduced to a
desirable form in order to facilitate finding of eigenvalues
and eigenvectors of the system. The differential equations

of motion in matrix notation are given by:
CmJ{X}+ [Kj{x} = {0} . (3.4)

It should be noted here that the mass matrix [m] is
always a diagonal matrix for model (b) and each diagonal ele-

ment, m is equal to m (the mass of each segment). The

ii’
general form of the stiffness matrix [K] for model (b) with

fixed-fixed ends 1s given by:

3K -X
K 2K 0
N
[K] = AN N x N MATRIX
N

0 2K X

-K 3K

L -

where: K = AE/1 and 1 = L/N.

Premultiplication of eq. (3.4) by ~md "t yields:
K+ Cnd Tl = {0}

It may be noted that matrix [K] is a symmetric matrix and
[\m\J—l[K] is also a symmetric matrix in this particular case,
since r‘m_J—l is equal to %[I], where [I] is an identity matrix.
A standard eigenvalue subroutine from the IBM-360-50
computer library was employed to find the eigenvalues and

eigenvectors of [\m~J—l[K]. The square root of the eigenvalues
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gives the natural frequencies of the system. The eigenvectors
obtained are normalized just as in the continuous system, by

using the normalized equation in matrix notation, i.e.,

DvQ{x}T[‘m\J{x} m N , and

i

{U ()} D {x} , or
\Y Vv

(m) 2 {x}
1
({x}T [~ma] {x})7?

Model (b) with Fixed-Free Ends

The procedure for finding the eigenvalues and the eigen-
vectors, of model (b) with fixed-free ends, is exactly the same
as that used for model (b) with fixed-fixed ends, except for
the change in the stiffness matrix [K]. The stiffness matrix
[K], in general form, for model (b) with fixed-free ends is

of the form:

B
-K 2K 0
\\
[K] = ‘\ N x N MATRIX
B -K K]
where: K = AE/1 and 1 = L/N.

Model (c) with Fixed-Fixed Ends

Models (a) and (c) are exactly alike for fixed-fixed
boundary conditions. Thus the solutions for model (a) with
fixed-fixed ends, established earlier, can also be used for

model (c¢) with fixed-fixed ends.
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Model (c¢) with Fixed-Free Ends

The fixed boundary condition gives:

The free boundary condition gives:
cosB(N+%) = 0, or

g = (2v=-1)m7
T N D

L Xz = Fsin [(2v-1)nN/<2N+1)] (3.5)

C. Forced Excitation Solutions

For means of comparisons, the two types of excitation
used for the continuous systems will be employed for the
lumped parameter models. These are:

(i) constant base acceleration

(ii) half sine pulse base acceleration.
In each case a analogue system of the model relating to the
continuous bar with base acceleration, HB(t), is obtained.
This new system gives the mass point deflections relative to
the base, the base stresses and the strain energy to be com-

pared with the corresponding results obtained for the continuum.

Relative Coordinate Formulation

The formulation of the analogue systems can be shown by
an example with the number of segments in the model being
three. Figure 6 shows model (a) with 3 segments and with a
base displacement or displacement of mass my, a5 up and base

acceleration as Ué which are general time-varying functions.



l——>- Up 'u'B |-—> X, l—-—;— Xq ‘_.;. X,

Fig. 6a Relative Coordinate Formulation
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The absolute displacements of masses m,s Mg and m, are given

i
by Xyy Xg and Xy respectively, in fig. 6. Each spring in
figs. 6 and 6a has the same stiffness K = AE/1 = %%N’ where

L is the total length of the bar and N is the number of seg-
ments used in the model representation.
Figure 6a shows a system with a fixed base and displace-

ments iz, i3 and iu of masses my, M and m,, respectively,

3
which are displacements measured relative to the base. There-
fore, in this new system the base is shown to be fixed. It
will now be shown that the system with its base fixed and

each mass having (fig. 6a) an external force, proportional to
its own mass, has similar differential equations as those of
the system with a base acceleration, ﬁB (fig. 6).

Referring to fig. 6, the differential equations of motion

for Moy, Mg and m, are:

m2x2+2KX2—KX3—KuB =0 (3.6)
m3x3—Kx2+2KX3—KXu = 0 (3.7)
m, X, ”KX3+KX4 =0 . (3.8)

The displacements, x, of the system in fig. 6a are defined as:

X. =T X.-u or
i i "B’
®x. = x.tu
i 1 B
y X, = i.+ﬁ
1 i °B

Substituting for ii and %i in eqs. (3.6), (3.7) and (3.8), the

differential equations of motion become:
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m2x2+2Kx2—Kx3 = -myug (3.9)
m3x3-Kx2+2kX3—KxI+ = —msuB (3.10)
muxu—Kx3+KX4 = -m,ug (3.11)

It may be noted here that egs. (3.9), (3.10) and (3.11)
are similar to eqs. (3.6), (3.7) and (3.8), respectively,
except for the change of coordinate system. The new system
of coordinates defined by ii gives the relative deflections
of point masses. Equations (3.9), (3.10) and (3.11) repre-
sent the system shown in fig. 6a. In matrix notation these

equations can be written as:

o (nt+ (K1 {5} = Siglm ) (3.12)

These equations represent a system with the mass points
having external forces proportional to the masses themselves.
Thus a new system, given by eq. (3.12) and shown in fig. 6a,
is formulated and is shown to be analogous to the system pre-
sented in fig. 6. This new system can be used to determine
the relative end deflections given by iN (the displacement

of the mass m, in fig. 6a) and the base stresses per unit

N

cross sectional area of the bar. The latter quantity is given

by %, times the stiffness of the first spring, which depends

2
upon the type of model under consideration. Strain energy can
be evaluated by using iz, §3, ..... s QN’ directly and without

considering the rigid body displacements Ros Xgpeeens > Xy It

may be noted here that all solutions and conclusions derived

herein for a system with external forces at the mass points,
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proportional to the masses themselves, are also equally appli-
cable to a system with base acceleration since the two systems

have been shown to be analogous.

Modal Matrix for Lumped Parameter Models

The modal matrix is required to establish a solution for
the relative deflection vector {%} and to, thus, find the base
stresses and the strain energy of the system. Computation of
the relative deflections, the base stresses and the strain
energy is done by using the system represented in fig. 6a for
various values of N.

The differential equations of motion in matrix form for

the homogeneous solution are given by:
FmJd{%3+ [KI{%} = {0} (3.13)

where [Tm<] is a diagonal mass matrix and {x} is the relative
~ -k .
displacement vector. Assuming, {x} = [m-] *{y}, i.e., a change

of system coordinates, and substituting into eq. (3.13) gives:
-y .- -1
Cm<d Dm<d 2{y+ K1 [Tm<] 2{y} = {0}

-1 )
and premultiplying throughout by [Fm~] @ results in

1
—%

B md 2K Fnd 2y} = {0}

-1 -3 . . .
It may be noted that [Mm~] 2 [KI[m<] ® is symmetric since
[K] is a symmetric matrix. Therefore, the coordinate transfor-

mation has not disturbed the symmetry of the stiffness matrix.

Ny

Using [K] = [~m<] [K][\m\]_% gives:
{yr+IKl{y?} = {0} . (3.14)

[R] is now, used to determine the eigenvalues and eigenvectors.

This was done using the IBM-360-50 computer utilizing a



48

standard eigenvalue subroutine from the system library. It
can be shown that the eigenvalues of [K] are the same as
those obtained using eq. (3.13). The modal matrix, formed by
writing columnwise the eigenvectors of [K], is premultiplied
by m-1"2 to obtain the modal matrix of eq. (3.13), i.e.,

if [B] is the modal matrix of [K] and [u] be that of eq.

(3.13),
' -
[v] = [mg °[8]
The normalized modal matrix [v] of eq. (3.13) 1s obtained as
explained below.
If [\Ai\] is the normalization constants matrix with

normalization constants as the diagonal elements, the normal-

ized modal matrix becomes:
[v] = [p][‘Ai\] , and
T _
(vl"m<] [v] = Nm[I] , or

[~A 1 W] o [nl (74,0 = N om [I] , or

o,y hTrmdr
1 VS Rl G : (3.15)

Ai can be found from eg. (3.15) and, thus, modal matrix, [v],

can be obtained from:
[v] = [u][\Ai\]

[vl is, then,. the required modal matrix to be used to
establish the relative deflections, the base stresses and the

strain energy of the lumped parameter models.
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Solution by Classical Superposition of Normal Modes

Once the dynamically equivalent system is established
and its modal matrix formed, the next step is to find the rela-
tive deflections of the mass points. This is done as follows.
Let, {2} = [v1{P}

where: {P} are the principal coordinates.

Then, from eq. (3.12):
mJ [vI{F}+ K] [vI{P} = -igim,}
Premultiplying this by {v]T,

[v]T[‘m\] [v]{’P'}+[v]T[1<] [v1{P} = —'dB[v]T{mi} (3.16)

is obtained.

It may be noted that [v]T[‘m\J[v] is normalized to N m[I],
where m is the mass of each segment and [I] is an identity
matrix. Also,

MRS RN

Therefore, eq. (3.16) gives:
.o N 2 _
#1+ [uy2] BY = (D)) (3.17)

&
a B T
where: {F(t)} = N m[v]v{mi}

Duhamel's integral can now be used to evaluate {P} as

shown below:

‘ ..
{P} = - rwi\l—lj[- {;Ih wiCt:ij}ug(;) [V]T{mi} dr

0
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Constant Base Acceleration Excitation

For studying the case of constant base acceleration,

up = A_ = constant (i.e., independent of time 't').

"

{P} %gg rwi] -1 ' [;;h wi(t~r)][v]T{mi} dr , or
N ~

-A l-cos w.t
- @] \U.) -1
Nm [ i\J

Since {x} [vI{P}, it follows that:

~-A l-cos w.t
1

Nﬁg[“] rmi\J_l wi\\\

{x}

[\)JT{mi} . (3.18)

Equation (3.18) gives the relative deflections of the
mass points in the system. The time-varying relative end

deflection is given by x the displacement of the last mass

N?
point, and its maximum value is established by selecting the
maximum value of %y over all values of time 't'.

The relative end deflections are of importance in order
to check the validity of the method by comparing the results
computed herein with ones previously(Z) calculated. This
comparison is made in the following chapter. To verify the
previous work further, base stress, in the bar, is also com-
puted. Base stress per unit cross-sectional area of the
bar is obtained by multiplying the stiffness of the first
spring, from the fixed end of the system of the type shown
in fig. 6a, by the relative displacement of the first mass,

§2, from the fixed end of the same system. Since iz is time-

dependent, the base stress per unit cross-sectional area of
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the bar is found for various values of time 't' and its maxi-
mum value established. Maximum base stress per unit cross-
sectional area of the bar has been compared with the results

obtained from the continuous analysis.

Half Sine Pulse Base Acceleration Excitation

The base acceleration, U from a half sine pulse is

B)
given by:
ugp = A081n(t/tl)

where the duration is ﬂtl.

Substituting for u, in eq. (3.17) gives:

.o N
{P} + [ m.2
i

B
-A sin(t/tl)
]{P}: ° '

T
[v] {m.}
N N m 1

Duhamel's integral can again be employed to obtain the
{P} vector for O<tsntl and for t;wtl. It may be noted here
that the solution for {P} is obtained in two parts, as in the
continuous analysis, one valid for O<tswtl and the other for
tymt,, care being taken in the integration limits of the
integral. Therefore, for O<t<ntl:

t

{P} = - rwij -1 [\;inwi(tizz\

A sin(t/t.)
} o~ 1 [v]T{mi} dr

t
_Ao -1 AN
= rw.J cos(uw.t-w.t-1/t)——os(w.t-w.t+1/t,)
i 1 1 T 1 1 1
; \

'[v]T{mi} dt

Na s _ _ 3 _
Sln(wit ws T T/tl) Sln(mit wiT+T/tlﬂ

= w2 [ ] -1 SRy ~les =17t N,

T
. [vl {mi} . (3.19)
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Further simplification yields:

-A \wisin(t/tl)—l/tlsin(w.t)

(P} = Oy, ]°¢ T |[v] m;}
Nm i 2 2 i
(w; °=1/€,%) AN *
(3.20)
Since {x} = I[v]{P}, it follows that:
-A Sw.sin(t/t.)-1/t.sin(w.t)
(2} = 2l a1t 2 e N R
(w; ©=1/7%, ) AN
(3.21)

The solution for temty is obtained by using the limits

of integration from 0 to #t, in the eq. (3.19). Therefore,

1
for tzﬂtl;
Na i . th
{P} - :égf\w ]_l Sln(wit—wiT—T/tl) ) Sln(wit—miT+T/tl)
2Nm 1 —(wi+l/‘tl) _(wi,_l/tl) \ O

w1 {my }

is obtained. On simplification:

R _ ’ -
(P} - AO - ]—l sin mi(‘t Tr‘tl)'*'SlI'l(wi't)
CEmt a7 Cw: =171, %)
vy 1

[v]T{mi} (3.22)

T

is obtained. Since {x} = [v]{P}, it follows that:

A

- By — _
{x} = Nﬁ[v][ wi\J

sin w. (t-71t.)+sin(uw.t)
i 1 i

2 2
(mi —l/tl )

1

[v]T{mi}.

Ty

(3.23)

It is important to note that the period, Zntl, of the
half sine pulse is changed as in the continuous analysis and
depends, now, upoﬁ the fundamental period of the lumped para-

meter model under consideration. The relative mass
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displacement vector, {x}, was evaluated for all the four
cases of the period of the half sine pulse, i.e., pulse period
50% less, 10% less, 10% greater and 50% greater than the funda-

mental period of the system under consideration.

D. Strain Energy Form for Discrete Systems

The strain energy of the lumped parameter models is
evaluated for each model and compared with the reference
quantity, the strain energy obtained from the continuous analy-
sis. The strain energy for the principal modes and the forced

excitation is dealt with in this section.

Principal Modes

The mode shapes of the models evaluated in section B need
to be normalized to obtain consistent results with those of
the continuum and this is done in a manner similar to the one
followed for the continuum.

If Dv is the normalization constant, it can be evalua-

ted from the relation:
2 T 3
Dv {Xv} [ m\]{Xv} = Nm

where {Xv} are the mass point displacements amplitude vector,
in the vth mode, established for each model and for specific
boundary conditions in section B and N m is the total mass of

the bar. Thus, the normalized mode shapes are given by:
{Uv(x)} = DV{XV}
Maximum strain energy for the vth mode is obtained by

using the matrix equation:
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_ 1 T
U, = (U, ()} [KI{U (=)}
max

where [K] is the stiffness matrix of the model in question.

Forced Excitations

Strain energy of the lumped parameter models is obtained

by using the matrix equation:

U, = %{Q}T[K]{i} (3.24)

where {x} is the relative mass point deflections vector of

the model and the type of excitation in question. Since {x}
is time dependent, the maximum value of the system strain
energy can be found by computing the strain energy for various
values of time 't'. Difference in the maximum strain energy
of the models and that of the continuum is checked for conver-
gence and the rate of convergence as a function of N, the
number of segments. Results of these comparisons are included

in the next chapter.
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CHAPTER IV

COMPARISON OF LUMPED PARAMETER MODELS

A. Basis of Comparison

The objective of this study has been to provide a consis-
tent basis of comparison for lumped parameter models of one-
dimensional systems in a general dynamic state. The basis
chosen for this comparison is the maximum system strain energy
as it 1s indicative of displacements and stresses in the sys-
tem independent of their position dependence within the system.
Furthermore, this basis of model comparison should give a
better measure of total system distortion than any one parti-
cular parameter, e.g., maximum displacement 6r maximum stress.
The strain energy expressioné in principal modes and under
forced excitations for the continuum and the lumped parameter
models have been derived in chapters II and III, respectively.
In this chapter these expressions have been numerically eval-
uéted for the comparison of the models.

For the model comparison a system has been devised whereby
the strain energy expressions can be evaluated numerically.

In this system

1 ., and

For the same reason, it is assumed that the amplitude, AO of

the base acceleration is also equal to unity.
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It may be mentioned here that in the evaluation of the
comparisons of the lumped parameter models, the strain energy
value obtained from the exact solution (continuous) will

always be utilized as the reference point.

B. Comparisons in Principal Modes

The maximum system strain energy in the vth mode, of the
continuum with fixed-fixed ends is obtained from eq. (2.45)

and with the constants chosen simplifies to:

U = l(vw)z
c 2
max

For fixed-free ends, the maximum strain energy is obtained
from eq. (2.47) which reduces to the form:

_ 1 2
UC = -8—[(2\)—1)71‘]
max

The maximum system strain energy in the vth mode, of the lumped
parameter models with any specific boundary conditions, is

found from the relation:

-1 T
U, = 50,6 KU, Gy
max

The normalized eigenvectors, {Uv(x)}, for the vth mode of the
models are obtained for a specific boundary condition as
explained earlier in chapter III.

Figure 7a shows the behavior of the difference in maximum
strain energy of the continuous system and that of the models
(a) and (¢) as a function of the number of segments, N, for
the first three modes with boundary conditions as fixed-fixed.

The corresponding difference for model (b) is shown in fig. 7b.
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Figures 7c, 7d and 7e show the difference in maximum strain
energy of the continuous systems and that of the models (a),
(b) and (e¢) respectively, for the first three modes with
fixed-free boundary conditions.

Models (a) and (b) are found to behave as - for a large

N2

value of N for both fixed-fixed and fixed-free ends. This is
established numerically as shown below: (refer to the curve
in the second mode of fig. 7c).

At N = 15, DIFF, the difference in maximum strain energy,

is equal to 0.094. Assuming the relation:

DIFF = a/N2
0.094 = a/225, or

o = 0.094% x 225 is obtained.
Assuming the form above, DIFF at N = 10 should be:

DIFF 0.094 x 225/100

0.2118.

From the graph at N = 10, DIFF is found to be 0.208. There-
fore, at these values of N the results follow closely the

assumed form. To check the accuracy of the assumed behavior
for small values of N, the value of DIFF = 2.10 is obtained

from the graph at N = 3 and by calculation, it is found to be:
DIFF = 0.094 x 225/9 = 2.35.

It can, therefore, be seen that the assumed behavior is in
error by 11.9%, for small values of N. This is still close

for engineering guideline purposes.
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Similarly, for models (a) and (c¢), the results for small
N are found to be in error by about 15.4% with fixed-fixed
ends. For model (b) the corresponding percentage 1s found to
be 19 with fixed-fixed ends and 17.9 with fixed-free ends.
Model (c) behaves as 1/N, for large N, with fixed-free ends
and the error in this behavior, for small N, is found to be
about 3.66%. This result can also be established numerically
as shown above for model (a).

On the basis of the above discussion it can be concluded
that models (a) and (b) give more consistent errors in strain-
energy approximation for the specific boundary conditions used.
It may be noted also that models (a) and (c¢) have only (N-1)
differential equations to work with for fixed-fixed boundary
conditions while model (b) has N.

Previous oomparisons(S) based on the frequency root errors
have established similar results obtained here by using the
strain energy comparison. The error in the maximum strain
energy representation behaves similar to the freguency root
errors for models (a), (b) and (c) for the boundary conditions

considered.

C. Comparison under Forced Excitations

Constant Base Acceleration

To check the numerical calculations against previous
work(Q), comparison of the models is made on the basis of
maximum relative end deflection and the maximum base stress

in the system.
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The maximum relative end deflection for the continuous
system is obtained from the eq. (2.32) after further simplifi-

cation to:

< ’22 Z: l/n?sin(nn/Z)

™ n=1,3,5,--—-

uR(L,t)ma

(4.1)
= -1.0

The maximum base stress for the continuous systems is obtained

from the eq. (2.33) which is simplified to the form,
c(O,t)maX = -2/A

and the maximum base stress per unit cross-sectional area of
the bar is given by:

o(0,t) _ = -2.00 . (4.2)

The maximum strain energy of the continuous system is estab-
lished by using eq. (2.49) after further simplification to

obtain:

U = 8 ¥ am® = 2. (4.3)
max T n=l1,3,5,----

Relative end deflections for the lumped parameter models
are computed from the eq. (3.18) simplified to the form:

N1-cos(w-t)

{x} = —I\)]I‘wi\rl ™ [\)]T{mi}
(4.4)
The peak value for iN is obtained by computing the vector {x}
for various values of time 't'. This has been done for N = 3,

5 and 9. Base stresses, for the models with N = 3, 5 and 9

are computed from the expression,
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Base stress per = (§2) x (stiffness of the first spring
unit cross- from the fixed end)

sectional area

of the bar

iz is found for various values of time 't' and thus maximum
base stress and its timing are established.

Strain energy of the models is calculated from the equa-
tion

v 2T K )

Maximum values of strain energy of the three models have
been evaluated by computing the strain energy of the models
for various values of the time 't'. Difference in the maximum
value of the strain energy, between the continuum and that of
the models, is found for N = 3, 5 and 9. Values of N as 3, 5
and 9 are chosen to establish the rate of convergence for the
low as well as larger values of N.

Figure 8 shows a plot of the relative end deflections
against time 't' for models (a), (b) and (e¢) with fixed-free
ends and a constant base acceieration AO = 1, at the fixed
end. Model (a) behaves better than models (b) and (c) on com-
parison with the continuum, since the peak amplitude of the
relative end deflection and its timing are better approximated
by model (a). The number of segments considered in fig. 8 is

(2) for the similar case were made

nine while those published
with N = 5. The results with N = 9 show improvement in approx-
imating the peak displacement and its timing over the ones with
N = 5.

A plot is drawn for the base stresses against time 't' for

the three models with the number of segments considered for
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each model as nine, see fig. 9. Plots with N = 8 show improve-
ment in approximating the continuum as N is increased, as com-

(2) with N = 5. The main

pared to the previous work published
point being that the results are very close and, thus, verifi-
cation of the calculations was shown.

Figure 9 shows a plot of the base stress against time 't'
for models (a), (b) and (c). The peak amplitude of the stresses
is best approximated by models (b) and (c); however, models (a)
and (b) are better in approximating the timing of the peak
amplitude of the base stresses.

Figure 10 shows a plot of the difference in the maximum
strain energy of the continuum and that of the models for con-
stant base acceleration against the number of segments N.

Model (a) shows best approximation of the maximum strain energy
of the continuum followed by models (b) and (c¢). The timing

for the maximum strain energy is also best approximated by
model (a) followed by model (b). Model (c) deviates by 0.1
seconds from the exact timing for the case N = 9. Models (a)
and (b) give solutions that agree with the exact solution within
the #0.05 seconds time increment used.

. Model (c¢) behaves as 1/N, for the region of N considered,
which is found numerically from the plot, in fig. 10, in a
manner similar to the one shown earlier in section B of this
chapter. Model (b) behaves slightly better than 1/N and model
(a) slightly better than l/N2 for values of N considered. The
percentage error for N = 3 (small values of N) in the above

behavior for model (b) is about 21% and for model (a) is about
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33%. The above behavior are good for the boundary conditions

considered, i.e., fixed-free.

These comparisons show that model (a), in general, is
better than the other models for the boundary conditions used
and for the constant base acceleration problem. It shows more

consistent errors on a comparison of maximum strain energy.

Half Sine Pulse Base Acceleration

The maximum strain energy of the continuum is found by
evaluating eqs. (2.50) and (2.51) for various values of time
't'. The maximum strailn energy may occur in the region 0<t<wtl
or in the region t>ntl. This, therefore, necessitates the com-
putation of both egs. (2.50) and (2.51).

These equations for the system under consideration can be

rewritten as:

For 0<ts7t

13
. t
Blsin(t/t,)-1/t, sin(325)]
U = —”—2- 1/n% 2 1 > 1 2 (4.5)
mTRE1,38,5, -0 p(Amy T gy 232
2 1
and for tzﬂtl, )
- nmw .
I 9 [81n{§~(t—ntl)}+51n(nﬂt/2)]
Uc = 5 1/n"- 5 >
Tt nEhE,0, 0 (3 1/t %
(4.6)

Maximum strain energy for the continuum is established
for all values of t discussed in chapter II from egs. (2.50)
and (2.51). Maximum strain energy of the three models under

consideration is obtained from the equation:

U = %{ﬁ} (K] {=} . (4.7)
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The vector {x} can be established from egs. (3.21) and (3.23)
for O<t<ntl and terty, respectively. For a system with AE/L=1
and N m=1, these equations become: |

For D<t<ﬂt1,
N . ) .

1 wis:Ln(t/tl)—l/t151n(wit)

= - T
{x} = [vV]I[Tw:<] [v] {m;}
1 2 2 1
(4.8)
and for tzntl,
N .

. -1 sinw. (t-rt. )+sin(w.t)

ey = DvIlFe; -] - 3 | 1T my )
(4.9)

Equations (4.8) and (4.9) are used in eq. (4.7) to provide

continuity through the point t=7t and the strain energy is

1°
computed for different values of time 't'. This gives the max-
imum strain energy of the system at a particular value of time
Tt

Likewise, maximum strain energy for the three models is
established for the four values of ty discussed earlier. The
procedure is repeated with N = 3, 5 and 9. Difference in the
maximum strain energy of the continuum and that of the models
was found and plotted against the number of segments, N, of
the model. This was done for the four values of ty -

Figure lla shows a plot of the difference in the maximum

strain energy of the continuum and that of the models (a),

. . 0,5 .
(b) and (c) as a function of N with t; = & . Figures 1lb,
. . 1o.9 1.1
llc and 11d show similar results with tl =T s tl = ==
1 1

and t, = :ULj'S , respectively. In all four plots model (a)
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behaves approximately as —-:% for the values of N considered as
N

3, 5 and 9. TFor a small value of N, the percentage error in
the above behavior is about 28%. Mocdel (b) behaves nearly as
1

5 for the region of N considered and for all the four plots.
The error in the behavior for a small value of N is about 23.7%.
Model (c) behaves approximately as %;for all the four cases of
the pulse duration. The error in the behavior for a small value
of N is about 9.6%.

Note that the above behavicr of models (a), (b) and (c)
are good for the fixed-free ends with base acceleration applied
at the fixed end only. As discussed earlier, however, this

result is analogous to the system with fixed free ends and a

uniformly distributed time dependent forcing function.

As can be seen from the pleots for tl = O.9/m1 and t, =
l.l/m1 the maximum strain energy is finite and is, therefore,
1

also expected to be finite for the case where t — , l.e.,

1 w
for the time period of the half sine pulse to be exaitly equal
to the fundamental period of the system. Equations (2.50),
(2.51), (3.21) and (3.23) are all indeterminate for this par-
ticular case where t, = ::‘i- . Ey applving La-Hospital's rule
to these equations it wasl found that the strain energy of the
system, for the case when tl = 1/4., is bounded and the value

of the maximum strain energy, for this case, can be established.

The evaluation of the strain energy of the system in the case

of t; = L was not found necessary due to the complications
w1
involved in its computation. Instead the two border cases of

t] = 0'9/“’1 and t; = l-l/ml were examined.
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The duration of the half sine pulse was a function of
the model being investigated and was determined as a per-
centage of the period of the fundamental mode of each model.
The variation in the duration of the pulse was not appre-
ciable from model to model. This change does not effect the
absolute value of the maximum system strain energy appreciably
as can be seen from the maximum system energy error curves
for the half sine pulse. Examining these curves for any
given model shows that the maximum strain energy difference

between models varies slightly when t., is changed by a fac-

1
tor of three, which is represented by a change of 25% to
75% of the fundamental period.

Since the pulse duration was varied from model to model,
no correlation could be obtained for the time occurrence of
the maximum strain energy. This correlation could have been
obtained if the pulse duration had been held constant for all
models. One means of doing this would be to select the pulse

duration as a percentage of the duration of the fundamental

mode of the continuous system.
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CHAPTER V

CONCLUSIONS

Using the maximum strain energy as a basis of comparison,
several conclusions can be reached about the accuracies of the
three lumped parameter models examined.

1. Model (a) (mass-spring-mass) and model (b) (spring-mass-
spring) produce essentially equivalent strain energy errors
in the principal modes. When N is large, the errors behave as
l/N2 in the principal modes with fixed-fixed and fixed-free
end conditions.

2. Model (c) (spring-mass) is less consistent than models (a)
and (b) under the same principal mode comparison. For fixed-
fixed ends, the strain energy error behavior is l/N2 for a
large value of N and for fixed-free ends it is found to be
1/N, when N is large. The behavior of all the three models
is similar to that based on the frequency root error compari-
son.

3. It is possible to formulate a related system of models
with base acceleration by a change to relative coordinates.
Thus all results derived in the study are equally applicable
to systems with uniformly distributed forcing functions.

4, In extending the model comparisons to transient behavior,
models (a) and (b) were found to produce more consistent
strain energy error for both the constant base acceleration
and the half sine pulse base acceleration types of excitation.
For the constant base acceleration, models (a) and (b) behave

approximately as l/N2 while the behavior for model (c) is
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found to vary approximately as 1/N for values of N in the
range 3, 5 and 9. This result is similar to that of the fre-
quency root error behavior obtained by Rocke(2).

5. In the case of half sine pulse type of excitation, model
(a) with fixed-free ends is found to behave approximately as
1/n° for values of N considered being 3, 5 and 9. Under the
same comparison, the behavicor for model (b) varies slightly
better than l/N2 and that for model (c) slightly better than
1/N.

6. The timing for the maximum system strain energy for the
constant base acceleration problem is best approximated by

model (a). Model (b) is less accurate and model (c) deviates

considerably from the exact timing.
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CHAPTER VI

APPENDIX A

DERIVATION OF THE DIFFERENCE EQUATION

Frequently in a dynamical system identical sections are
repeated several times. The equations of motion can then be
treated with advantage by the difference equation. As an
example of repeating sections, consider the N-segments spring-
mass system (fig. 12), where all masses are equal to m and all
springs have a stiffness of K. The differential equation of
motion for the Nth mass is then:

m¥,. = K(x., .-%.)-K(x ) . (A-1)

N N+17*N NT¥N-1
Assuming harmonic motion of the masses, i.e., let form of solu-
tion be:

x_ = X e. . ‘ (A-2)

Substituting eq. (A-2) in eq. (A-1), eq. (A-1) becomes:

2
mw -
XN+1"2(1— T)XN+XN—1 = 0 . (A-3)

This suggests form of solution for Xn as:

X = oifn (A-1)
n

which leads to the relationship:
mm2) - etBie”
2K 2

is

(1 - = cos B. (A-5)

From eq. (A-4), the general solution for Xn is given by:
X = A cos(Bn) + B sin(gn)
where: A and B are constants.
Note that B, a parameter dependent upon the symmetrical pro-
perties m and K and the natural frequency of the system is

evaluated from the boundary conditions in the given problem.
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Spring-Mass System with N Symmetrical Segments
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