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ABSTHACT 

The object of this investigation of molecular di11u-

sion in aqueous polymer solutions was to study the effec t 

of solute concentration on the differential diffusion 

coefficient and also to study the effect of polymer concen-

tration on the mean integral diffusion coefficient. For 

this purpose a microinterferometric method was used. Two 

non-ionic, water soluble polymers, Carboxymethylcellulose 

(CMC) and Carboxypolymethylene (Carbopol), were used in the 

study with D-Glucose as a solute. 

The differential diffusion coefficient was found to 

increase with increases in solute concentration in all cases. 

For CMC, the integral diffusion coefficient at first de-

creased with increasing polymer concentration but became 

constant after a certain value of polymer concentration h as 

been reached. For Carbopol, the integral diffusion coeffi-

cient decreased with increasing polymer concentration. 

It appears that the Wilke-Chang correlation may 

approximately predict the differential diffusivity of the 

solute at very low solut e concentrations in the polymeric 

. + 
solutions with a probable error of - 10%. 
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I. INTRODUCTION 

A quantitative measurement of the rate at which a 

diffusion process occurs is usually expressed in terms of 

~ clirru~ion eo~rriei~nt. ln this w~~k, ~ttQntion will be. 

centered on molecular diffusion. Little attention has pre-

viously been given to diffusion in non-homogeneous media in 

which the diffusion coefficients vary with the distances 

measured in the direction of diffusion, apart from the 

special cases relating to composite sheets, cylinders and 

spheres. 

A case of great practical interest is that in which 

the diffusion coefficient depends only on the concentra-

tion of the diffusing substances. Such a concentration 

dependence exists in most systems, but often (e. g., in 

dilute solutions) the dependence is slight, and the diffu

sion coefficient can be assumed constant for practical 

purposes. In other cases, however, such as the diffusion 

of solutes in high polymer substances, the concentration 

dependence is a very marked characteristic feature. 

The purpose of this investigation is to study the 

effect of solute concentration on the diffusion coefficient 

in polymer solutions and also to determine the effect of 

polymer concentration on the diffusion coefficient. The 

non-ionic, water-soluble polymers Carboxymethylcellulose 

(CMC) and Carboxypolymethylene (Carbopo1) were used to 

study this effect, with D-Glucose as the solute. 
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Diffusion coefficients of the polymeric systems were 

determined by a microinterferometric method. The change 

in solution refractive index with solute concentration was 

used to measure the rate of molecular diffueion. This 

technique is very well suited to the low diffusion rates 

encountere~ in high viscosity liquids. Acc~rding to the 

theory of Brownian movement (7, 8) the average of the 

square of the distance over which a particle is randomly 

wandering is proportional to the time during which it 

travels. In other words, the time varies inversely with 

the square of the distance traveled. Therefore, if the 

diffusion process is observed over a small distance, it 

should be possible to reduce the time required for ob-

servation by the square of the magnification factor. 

Thus, if the diffusion measurement ' is observed under a 

microscope (as was done in this work) with a magnification 

factor of 10, the time scale is reduced by 100. Distinct 

advantages of this method over conventional and other inter-

ferometric methods are that the time required is reduced by 

an order of about 100 if a magnification of 10X is used, the 

equipment is less expensive, and only microgram amounts of 

solution are required. It is estimated that the method 

employed has a probable + + 
error of from -5 to -10 per cent 

(25), which is comparable to conventional interferometric 

methods. 
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II. LITERATURE REVIEW 

This chapter reviews briefly the important field of 

diffusion in liquids. The first part deals with the theory 

or mo1 o cular dt££us~on and the seeond part dieeusees various 

experimental techniques for the measurement of the mole c ular 

diffusivity. 

A. Theory of Diffusion 

Mass transfer operations involving polymer solutions 

are often controlled by molecular diffusion. A basic law 

for one-dimensional diffusion was proposed by Fick (9). 

For diffusion at constant temperature and pressure in two-

component systems which show no change in volume on mixing, 

Fick's first law for one-dimensional transport of the 

* solute is 

J. 
1X 

= -n[ 'd ci] 
dx t 

where the subscript 'i' denotes the solute. 

( 2. 1 ) 

This equation shows that at any time, t, and position 

x in the 'x' direction, the flux, Jix' of the solute is 

directly proportion{a{c~o] the first power of the solute con

centration gradien ---1- • The flux J. is positive in the 
d X t 1 X 

direction of increasing x and can be defined as the amount 

of solute crossing a unit area perpendicular to the direc-

tion of the flow per unit time. 

Fick's first law for one-dimensional transport of the 

* All symbols are also defined in.the Nomenclature section, 
Appendix G, page 112. 
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solute, considering the solute transfer by bulk flow, can be 

written as follows: 

n 
.L.1 J= 
j~i 

The above equation shows that the diffusion flux N. 
1X 

of the ith component in the 'x' direction relative to 

stationary coordinates is the resultant of two vector 
n C. 

the vect~r (N. + .~ 1 Nj ) 1 
1X J= X C 

j~l 

quantities: , which is the 

molar flux of the ith component resulting 

motion of the fluid, and the vector J. 
1X 

fr[o~ C ~]he bulk 

= -D ~x1 t' which 

i~ the molar flux of the ith component resulting from the 

(2.2) 

diffusion superimposed on the bulk flow. In this study it 

is assumed that 

n 
J. >> (N. + .~1 

1X 1X J= 
j~i 

c. 
N. ) c.l.. 

JX 

That is to say, the flux related to bulk flow is very 

negligible and all the transport of the solute is taking 

place by molecular diffusion due to the concentration 

gradient. 

Fick's second law for three-dimensional systems may be 

written for unsteady state mass transfer with no chemical 

reac t i on as follows: 

)N. ] + 1Z 

)z 
(2.J) 

In some cases, e. g., diffusion in d i lute solutions, D 

can be taken as being reasonably constant. For such cases 
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when mass transfer by bulk flow can be neglected, N . , N. 
1X 1y 

and N. are g~ven by equat~on (2.1) for each d~rect~on, then 
1Z 

(2.4) 

Consider~ng molecular d~ffus~on only ~n the 'x' direction . 

one obtains the following relat~on 

dC. 
__ 1_ = D 

dt 
(2.5) 

B. Prediction of D~ffusion Coeff~cients 

Several emp~rical methods for est~mating the value of 

D ~n dilute Newton~an solutions of non-electrolytes are 

presented by Re~d and Sherwood (2J). One of the most success-

Cul emp~r~cal correlat~ons has been suggested by W~lke (J4) 

wh~ch later was extended by Thaker and Othmer (JO) and W~lke 

and Chang ( 35). 

The form suggested by W~lke and Chang ~s 

('r M ) 1/2 
4 -8 B B T = 7o X 10 f VA O. 6 

where 

DAB = d~ffus~vity of solute A ~n d~lute solut~ons of 

solvent B, sq. cm./second. 

MB = mol. wt. of solvent. 

T = temperature oK. 

f = viscosity of solut~on, centipo~se. 

(2.6) 

VA = solute mol a~ volume at the normal boil~ng point, 

cc/gm mole. 



'f B = 

water). 

an association factor for the solvent 

6 

( 2. 6 for 

This equation is surprisingly good for low concentra-

tions of the solute and usually is accurate to within 10 

pe r eent ror the low viscosity non-polymer systems (i.e., 

f <4 centipoise). This correlation fails to handle systems 

which are very viscous (31). 

While experimental determinations of diffusivities 

are recommended whenever high accuracy is desired, methods 

of prediction are improving. These developments have been 

based primarily upon the extension of the hydrodynamic and 

Eyring models rather than on the more general expression 

of Enskog (2) and Kirkwood (14). In these models, diffu-

sion coefficients are estimated from more easily measured 

properties such as viscosity and heat of vaporization. 

Among the recent developments are the analysis of Pyun and 

Fixman (21, 22) which allows the extension of the hydro

dynamic model to concentrated systems and the analyses of 

Olander (19) and of Grainer and Metzner (10) which extend 

the Eyring model to dilute solutions of high viscosity. 

These two methods and their recent modifications are dis

cussed in greater detail in reference (15). 

In many systems, e.g., in high polymer solutions, D 

is frequently dependent on the solute concentration. In 

such cases, D varies from point to point in the solution, 

and equation (2.3) then becomes, 
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= (2.7) 

where D is a function of concentration. For one-dimensiona1 

diffusion, the above equation may be written 

de 
dt 

= 
(2.8) 

The derivation of such concentration-dependent molecular 

diffusivity from equation (2.8) and the experimental con-

centration profile is given in the Appendix (A). In this 

development it is assumed that the system is binary, i.e., 

the solvent and the dissolved polymer are treated as one 

component and the solute is the second component. 

C. Techniques for the Measurement of Diffusivity 

Since no completely adequate theory for predicting ·the 

diffusion coefficients exists, experimental measurements 

are generally required. Though Fick's first law equation 

(2.1) defines the diffusion coefficient in terms of the 

flux of solute and its concentration gradient, it is not 

possible to calculate 'D' by direct measurement of these 

two quantities. It is possible to measure the concentra-

tion gradient, but the flux of the solute can not usually 

be measured. The steady state method is the closest 

approach to a direct determination of the flux. This method 

is not useful for the variable, solute concentration de-

pendent molecular differential diffusion coefficient of 

a solute in polymer solutions. This has been fully described 

in reference (5). All other methods of determining 'D' 
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utilize integrated forms of Fick's second law, i.e., equation 

(2.5). For systems in which 'D' is very concentration depend-

ent, e.g., in high polymeric systems, integrated forms of 

equation (2.8) are generally ueed to calculate 'D'. 

A very brief review of the pseudo-steady state method 

(the diaphragm cell) and some of the optical methods for 

studying infinite or free diffusion is given below. The 

microinterferometric method which has been used for deter

mining the differential diffusion coefficient of a solute 

in polymer solutions is fully described. 

1. Pseudo-steady State Diffusion (the diaphragm cell) 

In pseudo-steady state diffusion through a diaphragm, 

a nearly steady concentration gradient is established across 

a porous diaphragm separating two miscible solutions of 

different composition. After a knoWn period o~ diffusion, 

the concentrations of the two solutions are analyzed to 

determine the diffusion coefficient. Because of simple 

apparatus and potentially high accuracy the diaphragm cell 

technique is an outstanding method of measuring diffusion. 

The diaphragm cell may be used for any system where a suitable 

method of analyzing the solution concentration is available. 

This method is not useful for the variable, solute concen

tration-dependent, molecular differential diffusion coeffi

cient of a solute in polymer solutions. 

2. Infinite or Free Diffusion 

Infinite diffusion by interferometric means is one of 

the most accurate current methods of measuring molecular 
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diffusion coefficients. This consists essentially of the 

measurement of the concentration distribution and/or the 

concentration gradient distribution at any particular time 

during the unsteady state diffusion process. The diffusion 

coefficient, 'D', can be calculated as a function of con-

centration from the shape of either or both curves (the 

concentration distribution and/or the concentration .gradient 

distribution) at a given time. Such a method should be con-

sidered if a serious long-range study of a molecular diffu-

sion process is planned. However, the apparatus is large, 

expensive and difficult to construct, and it is only useful 

for systems whose species have significantly different re-

fractive indices. 

J. Refractive Index Profile 

The interferometric methods are based on a phase 

difference due to different propagation rates of light. 

Phase difference is detected by interference of one wave with 

another wave, which may be a reference beam or another part 

of the same beam. The interference fringes formed in this 

way permit a precise determination of the shape of refractive 

index gradient curve. So the diffusion in an infinite geometry 

is best studied interferometrically. 

The binary concentration profile, with constant diffu-

sion coafficient and constant partial specific volume assumed, 

is 
CA-CAo 

CAot~-CAo 
(2.9) 
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This relation applies for "slight solute penetration" 

into a semi-infinite medium. 

If the refractive index is a linear function of com-

position, that is, n = R 0 CA + R 1 , then _the refractive index 

profile is 

n-n 
0 

n.,.- n 0 
= erf 

z 
(2. 10) 

Binary diffusion, which obeys the three assumptions of 

constant diffusion coefficient, constant partial molar 

volume and linear concentration dependence of refractive 

index, is called "ideal" diffusion. 

By differentiating the above equation (2.10) with respect 

to z, an expression for the refractive index gradient is ob-

tained. 

(n-n ) 
... 0 

(2.11) 

This gradient may be measured by a number of optical 

systems. Although Svennsson's {28) modification of the 

Rayleigh interferometer accomplishes this purpose, the 

outstanding system is the Gouy interferometer (15). 

4. Gouy Interferometer 

This highly developed optical system is capable of 

measuring values of the diffusion coefficient to 0.1 per 

cent. Although the optical theory is complex, it is highly 

developed (12). The interference fringes formed by the 

optical systems permits a precise determination of the shape 

of the refractive index gradient curve. The curve should 
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be symmetrical and have only one maximum. Such symmetrical 

curves are not obtained for all the systems ' under considera

tion but to the author's knowledge this symmetrical nature 

of the curve of refractive index gradient vs. distance, 

rather depends upon the time at which the diffusion process 

is observed. 

5. Rayleigh Interferometer 

This method produces fringes which have a shape directly 

proportional to n versus x in the cell. Therefore, from a 

single experiment on a two-component system, one may obtain 

the diffusion coefficient and also obtain information about 

its dependence on concentration. All analyses of data from 

this method have to be done in terms of n versus x curve, 

since the refractive index gradient can not be calculated 

from the integral curve without appreciable loss of accuracy. 

However, Svensson (27, 28) and Svensson, Forsberg and Lind

strom (29) have developed a modification of the optical 

system which automatically performs the equivalent of a 

numerical differentiation of the n versus x curve. Its 

accuracy is considerably greater than that of the Schliesen 

and Lamm scale methods but not quite as great as the Gouy 

and Rayleigh methods. 

A review of different techniques used in the deter

mination of diffusion coefficients, which are of potential 

interest for the study of mass transfer in solutions, is 

given by Muller (16). 

are also provided. 

A number of additional references 
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D. The Optical Wedge Technigue 

The microinterferometric method used in this work was 

adapted from the method used for studying concentration pro

files around growing cryst~ls (1), for maaeurGmGnta oC local 

viscosities (18), and for the study of diffusion (17). It 

has also been used successfully by Secor (25) to study the 

effect of concentrations on diffusion coefficients in polymer 

solutions. 

The diffusion cell consists of a wedge made from two 

partially metallized, plate glass microscope slides separated 

by a thin spacer at one end. In order to produce sharper 

fringes, the slides are partially metallized on one side so 

that they become partly transmitting and partly reflecting. 

The monochromatic light passes through the wedge, producing 

interference fringes that were viewed and photographed 

through a microscope. 

The principle on which the optical wedge works is 

illustrated in Figure 1. A ray of monochromatic light AB, 

enters the wedge at point A and is partly transmitted and 

partly reflected at point B. The reflected ray travels 

along the path BCD. When the difference i n the l e ngths of 

t h e opt i cal paths of the reflected and trans mitte d rays is 

an integral number of wave lengths, reinforcement occurs, 

and a bright fringe is observed. Between the bright fringes 

f ormed by this reinforcement, where the paths of the two rays 

differ by an odd number of half wave lengths, destructive· 

in~erference occurs and a dark fringe is observed. , When a 



d = 
n = 
>.. = 
e = 

d = ..L... 
2n-9 

Distance between adjacent 

Refractive Index of medium 

Wavelength of light. 

Wedge angle. 

bright fringes. 

in wedge. 

Figure 1. The Optical Wedge 

lJ 
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material of constant refractive index is in the wedge, the 

fringes are parallel and are equally spaced at a distance, 

d, given by 

d = >-..j2 n e (2.12) 

The wedge angle shown in Figure 1 is greatly exaggerated. 

Actually, it is very small -- about 20 to 40 minutes of an 

arc. 

The interference pattern has two important character-

istics upon which the experimental technique depend: 

1. Along any line drawn parallel to the original 

interface, the distance between any two adjacent fringes 

is constant; and 

2. Along any line drawn perpendicular to the original 

interface, the change in refractive index between any two 

adjacent fringes is constant. 

From the interference pattern photographed at some time, 

t, and knowing the refractive index as a function of con-

centration, the curve of C versus x can be obtained. From 

this curve, the concentration gradient curve can be obtained 

and subsequently the diffusion coefficient, D, can be calcu-

lated as a function of concentration, C, by the relation 

c - J X 
dC 

(2.13) 

The experimental apparatus, procedure and computation 

technique are expl~ined in detail in the next section. 

The major advantages of using the micronterferometric 
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method (as is done in this thesis) rather than the inter

rerometric method are (1) the rormer equipment is less ex

pensive; (2) the time required to obtain the data is much 

less; (J) only microgram amounts of solution are required 

in this method; (4) the diffusion cell is very thin and so 

convection currents are not important and hence good tempera

ture control as required in macroscopic apparatus is not 

essential here provided the ambient temperature can be 

controlled. 
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III. EXPERIMENTAL 

The purpose of this investigation is to study the effect 

of solute concentration on the molecular diffusion coeffi

cient in polymer ~olutions and al~o to determine the ef~ect 

of polymer concentration on the molecular diffusion coeffi

cient. For this purpose, water soluble polymers, Carbo

xymethylcellulose (CMC) and Carboxypolymethylene (Carbopol) 

were selected. D-Glucose was selected as a solute for both 

the systems as it dissolved rapidly in polymer solutions 

and the difference in refractive index between the solute

free solution and solution with solute was large enough so 

that the interferometric method could be used. The micro

interferometric method was used to measure the diffusion 

coefficient as a function of concentration. The difference 

in the index of refraction of the solute-free polymer 

solution and various solute-polymer solutions was measured 

as a function of solute concentration over the range of 

solute concentrations encountered. 

The Experimental Chapter is essentially divided into 

four parts. The first part includes the information about 

the materials used and the preparation of CMC and Carbopol 

solutions. The second includes the information concerning 

the high vacuum system which was used for preparing the 

partially metallized glass slides. The third describes 

the experimental procedure, and the fourth deals with the 

computation technique used. 
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The experimental apparatus is essentially the same as 

that used by Dalal (5) in a previous study. In general, 

only the modifications in technique or equipment which were 

developed in this work are d~~crib~d her~. Th~ re~d~r is 

referred to the work of Dalal (5) for all other details of 

the apparatus. 

A. Preparation of Solutions 

1. CMC Solutions 

The polymeric systems used to conduct the study are 

shown in Table 1. 

Five different concentrations of CMC in distilled water 

were prepared. (Table 1). Initially, CMC in the form of 

a powder was slowly added to the distilled water in an 

agitated tank in order to prevent the formation of lumps of 

polymer. The initial stirring process continued for about 

12 to 15 hours. In order to know the relation between the 

solute concentration and the refractive index, five to six 

solutions of different but known solute concentrations were 

prepared. (See Figure 8 for the relationship between index 

of refraction and solute concentration.) 

then placed in air-tight glass bottles. 

The solutions were 

The solutions having 

no solute and the solution having highest solute concentration 

were used for photographing the i nterferenc e pattern. 

CMC used in this investigation was from the batch: 

Sodium Carboxymethylcellulose (CMC - 7 HP) 

High Viscosity Premium Grade - Lot Number 44077• 

Hercules Powder Company. 
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TABLE 1. POLYMERIC SYSTEMS USED FOR THE STUDY 

System Polymer 
No. 

1 CMC 

2 CMC 

J CMC 

4 CMC 

5 CMC 

6 Carbopol 

7 Carbopol 

8 Carbopol 

9 Carbopol 

10 Carbopol 

Solvent 

Water 

Water 

Water 

Water 

Water 

Water 

Water 

Water 

Water 

Water 

Polymer Solute 
Concent. 

Wt.% 

2.20% D-Glucose 

2.00% D-Glucose 

1.70% D-Glucose 

1.35% D-Glucose 

1.20% D-Glucose 

0.28% D-Glucose 

0.25% D-Glucose 

0.22% D-Glucose 

0.20% D-Glucose 

0.18% D-Glucose 

Initial Solute 
Cone. 

gm/100 cc Soln. 

10.0 

10.0 

10.0 

10.0 

10.0 

10.0 

10.0 

10.0 

10.0 

10.0 
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2. Carbopol Solutions 

Five different concentrations of Carboxypolymethylene 

(Carbopol) in distilled water were prepared. (Table 1). 

According to a letter of instruction from the B. F. Goodrich 

Chemical Company, it was necessary to add 0.42 parts of 

sod.ium hydroxide per part of Carbo pol (by weight). The 

sodium hydroxide was added in the form of 1 o% aqueou-s 

solutions. Five solutions of different solute concentrations 

were prepared. 

Carbopol used in this investigation was from the batch: 

Carboxypolymethylene (Carbopol 934) 

Commercial Grade. Lot Number 125. 

B. F. Goodrich Company. 

Additives for preparing the polymer-solute solutions: 

1 • D-Glucose: Reagent Grade. Molecular weight 198.18 

Eastman Organic Chemicals; Distillation products indus-

tries. Rochester, New York. 

2. Distilled Water: Distilled water was obtained from the 

Materials Research Center, University of Missouri at 

Rolla. 

B. High Vacuum System for Metallizing the Glass Slides 

One of the key items in the experimental apparatus is 

the ordinary glass microscope slides which were partially 

metallized on one side. The equipment used to vaporize the 

metal which coats the glass slides is described here. 

The Ultek Model TNB is a compact high vacuum system 

capable of a wide variety of tasks in the laboratory, plant 



20 

or classroom. The complete operating procedure for creating 

the high vacuum by this Ultek Model TNB is given in reference 

(J2). Only the main points of interest are discussed here. 

1. Rough Pumping 

Some three or four pieces of either aluminum or platinum 

foil of size 1 mm. x 8 mm. were allowed to hang on the tung-

sten wire of the vaporizer and the whole assembly was then 

covered with a bell jar. The tungsten wire of about 1 mm. 

to 1.5 mm. diameter was used for aluminum vaporization while 

about 2.5 mm. to J.O mm. diameter was used for platinum 

vaporization. The complete assembly under the bell jar with 

other accessories is shown in Figure 2. 

In order to start the "ion-getter" pump it was necessary 

( -2 to reduce the system pressure to less than 10 microns 10 

* Torr ) This was accomplished with a roughing system which 

connects to the Ultek Model 40-141 one inch below the sealed 

roughing valve. This generally took one to two hours depend-

ing upon the cleanliness of the system. The whole system 

was kept at this pressure for at least three to four hours 

before the high vacuum pumping was started. 

2. High Vacuum Pumping 

An "ion getter" pump was used for pumping the work volume 

to a pressure below 5 x 10-9 Torr. The nominal 50 litres per 

second ion pump was used to pump the noble gases in the 

system, and the titanium sublimation or "gettering" pump 

was used for the "getterable" gases. In long-term operations 

after initial wall "out-gassing", the ion pump above was 

* 1 Torr = 760 mm. of Hg. 
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Figure 2. U1tek Model TNB High Vacuum System 
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satisfactory for maintaining a test pressure condition. 

Generally a vacuum of 5 x 10-7 Torr is sufficient for 

metallizing the glass slides with aluminum, but a higher 

vacuum of 10- 8 to -10- 9 Torr is required for metallizing the 

glass slides with platinum. This will be discussed later 

in this work. 

J. System Power Unit 

An Ultek power unit, model 60-655 was used to power the 

ion pump and sublimator. This power unit provides both 

high current at low voltage and high voltage at low current 

for operation. The sublimator portion of the power supply 

has a filament current meter and variable transformer for 

accurate power settings. After creating the high vacuum 

for evaporating aluminum, generally JO to J5 amperes evapora-

tor power supply was used. For evaporating platinum, a 

higher evaporator power supply of 80 to 85 amperes was used. 

This choice of current depends entirely upon the type of 

metallic coating required and vacuum created inside the 

system. 

The tungsten wire on which the foil of platinum or 

aluminum rests is very brittle. After every two platinum 

coating runs , this tungsten wire was necessarily replaced , 

as the higher power supply of about 80-85 amperes was used 

for platinum coating . The purity of platinum foil used in 

this work was high. For aluminum foil, ordinary available 

"Reynolds Wrap" ~as used. 

C. Experimental Procedure 
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Diffusion coefficients for the polymeric systems under 

consideration were determined at constant temperature by 

the microinterferometric method. As mentioned earlier, the 

operating details of the apparatus are given in reference (5). 

Here the diffusion cell consists of a wedge formed by 

two partially metallized glass microscope slides separated 

by a spacer at one end. The solutions with and without 

solute are brought into contact in this wedge. Light rays 

passing through the liquid in this wedge, in a direction 

perpendicular to the slides, produce interference fringes. 

These fringes were parallel to each other if there was only 

one liquid of uniform solute concentration in the wedge. 

Whenever there were two liquids brought into contact in the 

wedge, and if a concentration gradient existed between them, 

the fringes are distorted. (See for example, Figure 5.) 

Measurement of the distortion of the fringes provided a 

means for calculating the diffusion coefficient 'D' and for 

determining its dependence upon the concentration 'CA' of 

the solute. 

1. The Photograph of Interference Fringes 

Method: A polymer solution of known concentration and 

refractive index was placed on the lower slide in the form 

of an e longated strip, approximately parallel to the long 

dimension of the slide. Two cover glasses were placed as a 

spacer on one end of the slide . The upper slide of the 

wedge was then lowered to obtain contact with the polymer 

solutions so that the metallized surfaces of both the slides 
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Figure J. Schematic Drawing of Experimental Apparatus 
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Figure 4. Experimental Apparatus Assembly 
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(A) • Tinle = 0 

(B) • Time = t 

(C) • Time = oo · 

Figure 5. Light Interference Patterns Observed 

During a Diffusion Experiment 



Figure 6. Experimental Interference Pattern at t=20 

Seconds for System J, 1.7 wt.% GMC in Water 

27 



Figure 7. 
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Experimental Interference Pattern a t t = 20 Seconds 

for System 9, 0.20 wt.% Carbopol in Water 
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wore then ~n contact with the solute-polymer solution. A 

set of parallel vertical interference fringes were observed 

through the microscope. The interface between the polymer 

solution and the surround~ng a~r was then scanned through 

the microscope to find a region where the interface was per-

pend~cular to the ~nterference fr~nges. In case such a 

region could not be found a new set of sl~des was prepared 

and the whole procedure repeated. 

After a suitable ~nterface was obta~ned and brought 

into focus, a drop of solute-free polymer solution was 

placed ~n contact with the s~de of the wedge. The drop of 

the solut~on was ~mmediately drawn ~n by surface tension 

forces and as it came into contact with the solute-polymer 

solut~on the d~ffus~on began~ At this point, the stopwatch 

was actuated, thereby measur~ng the elapsed time from the 

beg~nn~ng of the diffus~on process. By photograph~ng the 

interference pattern at some known t~me, 't', after "suff~

cient" d~ffus~on had occurred, ~t was poss~ble to obtain 

the concentration-distance prof~le. (See F~gure 9.) The 

time and temperature at wh~ch the diffusion process occurred 

were noted very accurately for each system. The precision 

of the stopwatch hav~ng a F~sher Watch Guard is 1/10 of a 

second. A ruled m~croscale slide was also photographed 

through the microscope at the same magnification ~n order 

to prov~de a d~stance scale for measur~ng the actual dis

tances between the fringes on the interference pattern. 

Theoverall dimension of the microscale was 2.0 mm. This 
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scale was divided into 20 equal parts, each part being rurtlmr 

subdivided into 10 equal parts, thus providing an accuracy 

of 0.01 mm. on the interference pattern. Typical photo-

graphs of interference patterns are shown in Figures 6 and 7 

for the systems J and 9. 

2. Measurement of Solute Concentration 

The refractive index-concentration relationship was ob-

tained by making measurements of a series of polymer solutions 

with known solute concentration using an Abbe Spencer refract-

ometer. The index of refraction using an Abbe Spencer re-

fractometer could be determined to·!.o001, whereas with the 

Precision Abbe refractometer it could be determined to within 

+ -.OOOOJ. The Precision Abbe refractometer was not available, 

however, until after all the measurements were made with the 

Abbe Spencer refractometer. However, the difference in the 

readings obtained by Abbe Spencer refractometer and Precision 

Abbe refractometer was determined. It was found that the 

difference in the readings obtained for a polymer solution 

by Abbe Spencer refractome~er and Precision Abbe refractometer 

was .001445. In this study, one was mainly concerned with 

the difference of index of refraction between the solute-

free polymer solution and solute-polymer solution, and this 

difference is the same regardless of which refractometer was 

used. Therefore, the measurements were not repeated with the 

Precision Abbe refractometer. 

J. Procedure for Measuring the Experimental Interference 

In the previous study (5), all the photographs of inter-
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fcrencc patterns were taken using a magni:fication power of' 

lOX. For measuring the distances between the points o:f 

intersection where the straight line cuts the inter:ference 

frirtges, a microscale (magnified by the eame amount ae the 

interference pattern) was used. A. straight line was drawn 

in such a way that it was parallel to the fringes at one end 

and perpendicular to the interface. The procedure for draw-

ing such straight line on the photograph of interference 

pattern has been fully described in {5). In this previously 

used technique it is difficult to locate the point where the 

straight line cuts the interference fringes because the 

fringes obtained are not very distinct. Therefore, in this 

work a magnification of J.5X was used in order to get sharp 

interference fringes. At this magnfication the distance 

between the points of intersection where the straight line 

cuts the interference fringes is very small (as compared with 

10X magnification) and can not be measured accurately by 

the use of a microscale magnified by the same amount as the 

interference pattern. In order to avoid this difficulty, 

a Cathetometer which mangifies the distance between the points 

of intersection of fringes was used. 

The Cathetometer is levelled by means of the three 

large knurled head screws in the base, using a centering 

level placed in the base for this purpose. The photo graph 

of the interference pattern is then fixed on a drawing

board and kept perpendicular to the plane of the table. 

The telescope can be focused by loosening the set screws 
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on the eye piece, moving the eye piece in or out as required 

and resetting the set screw until the parallax between the 

point on the photograph and cross-wise of the eye-piece is 
• 

removed. For each point of intersection where the straight 

line cuts the interference fringes, the scale reading with 

its vernier adjustment was recorded. S~milarly for the 

photograph of the microscale, the scale reading with its 

vernier adjustment was recorded. With the help of these 

readings, the actual distance between the successive fringes 

was calculated. These distances were then used to draw 

the curve of concentration vs. distance. 

D. Computation Techniques 

The following equation was used to evaluate the molecular 

diffusivity of the 

D 
c 

polymeric 
c 

-Jxdc 

0 

system under consideration: 

( J. 1 ) 

where D is the molecular diffusivity at a solute concentra
c 

tion c. The detailed derivation of the above equation is 

given in Appendix A. 

1. The Modified Gompertz Equation 

The nature of concentration vs. distance curve is sig-

moid. (Figure 9). The curve is characterized by a very 

small initial slope followed by a period of rapidly increas-

ing slope, which then gives way to an interval of nearly 

cohstant slope, followed by a rapidly decreasing slope as 

it approaches zero. The modified Gompertz Equation 
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X 

y = c/..+ abc ( J. 2) 

has been found to be satisfactory in representing such data 

( 6) • One method for determining the constants in the above 

equation requires that the independent variable be selected 
' 

at equal intervals. In the previous study by Dalal (5), an 

equal interval of independent variable x = 0.010 em. was 

used. In order to have more points for drawing the graph 

of concentration vs. distance, an equal interval of the in-

dependent variable x = 0.005 em. was used in this work. The 

distance between the two successive fringes was found to be 

between .013 em. to .017 em. The complete derivation for 

evaluating the constants of the modified Gompertz Equation 

is given in reference (6). Some of the details are given 

here. 

The data were divided into three parts of n entries each. 

s 1 , s 2 and s 3 are the sums of the three groups of values of 

log y, starting with the lowest values. The ceiling value 

of y . is (a+~) for the modified Gompertz Equation, constants 

a, b, and c can be evaluated from the following equations: 

1 

c = [:~=:;]n ( J. J) 

1 [s, _ s,-:2] 
log a = rt 1-c 

(J.4) 

log b = 
(s 1-s2 )(1-c) 

(1-cn)2 
(J.5) 
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When x is zero and y is neither zero nor small relative to 

its ceiling value the modified Gompertz equation, with ~ 

being the value of y corresponding to x=O, should be used. 

One then works with log (y-~) in place of log y and tho 

constants are determined as before. The computer program 

for evaluating the constants of the modified Gompertz 

Equation is given in Appendix B. 

2. Evaluation of Integral 

After the Gompertz Equation was obtained, the location 

of the original interface, i.e., a locus of x=O, was ob-

tained. Simpson's numerical method was used to evaluate the 

areas A 1 and A2 at a distance x=x' as shown in Figure 10. 

Area AJ was then evaluated and compared with A2 • If 

these were unequal, then another value of x' was specified, 

(x'. = x' + t:.x) depending on which area is large or small. 
1 i-1 

This trial and error procedure was followed until the per-

centage deviation obtained was less than 0.8, where the per-

centage deviation is defined as follows: 

Percentage Deviation 100 

In other words, 
A2 -AJ 

the absolute value of A 
2 

should 

be less than 8 x 10-J for all the systems at a final value 

of x'. This very closely satisfied the requirement that 

C I 

-Jxdc = 
0 

and the line of original interface was obtained (4). 

( J. 6) 



The integral in the equation (J.l) can not be d e t e rmined 

analytically because of the complicated nature of the mod i -

fied Gompertz equation (6). It was therefore evaluated by 

nume r ical integration of the conc~ntrat ion-di etanc e re~ation 

given by the Gompertz equation fit of the experimental data. 

Simpson's numerical method was used for this purpose. 

J. Evaluation of Concentration Gradient 

de The derivative was obtained by simply differentia-
dx 

ting the Gompertz Equation (J.2). 

( J. 7) 

In this work, the concentration gradients for all the 

systems were evaluated using equation (J.?). 

In the previous study by Dalal (5), the modified 

Gompertz Equation was used to evaluate the value of the in-

tegral. For evaluating the concentration gradient, the 

"Davis method" was followed. Details of this Davis method 

are fully described in reference (6). Some of the details 

are given here. Sigmoid curves, both normal and skewed can 

also be fitted by the equation 

where 

J= 
x-x 1 
a+bx 

f = log 
20y 

1og(100-y) 

(J.8) 

( J. 9) 



!.to 

x 1 co~responds toY= 0.1, and a and bare the intercept and 

slope respectively, 
x-x 

of the straight line that results when 
1 

f 
is plotted against x. On differentiation of the above 

equation (J.8), 

!b:= 
dx 

is obtained where, 

a+bx 
1 

(a+bx) 2 s 

s = o.4J4J ~ + 0.4343 
y (100-y) log(100-y) 

For evaluating the concentration gradient the modified 

(3.10) 

(3.11) 

Gompertz Equation (equation no. J.7) was used. The reason 

for using equation (J.7) rather than equation (3.10) is 

fully described in Chapter IV. 

A comparison of the concentration gradients obtained 

by the above two methods is given in Table 14 for a typical 

system number (2), for CMC • 

After the above calculations for the concentration 

gradient were performed, the diffusion coefficient D was 
c 

obtained as a function of solute concentration, c, by appro-

priate substitution in equation (J.1). 

4. Data and Results 

The data taken and the results obtained by performing 

the calculations shown above are presented in Appendix C. 

The differencesin the index of refraction of solute-

polymer solution and solute-free polymer solution were 

initially observed as a function of solute concentration. 

A curve of difference of the refractive index of the solute-
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free polymer solution and the solute polymer solution as a 

function of solute concentration was obtained for each 

system. The form of the curves for all the systems studied 
' 

is an eseentia~ly etraight line. 

sideration, the slopes of the lines were determined in order 

to obtain the value of refractive index correspondi~g to 

the value of concentration obtained from the modified Gompertz 

Equation. The constants of the modified Gompertz Equation 

were determined for each system and subsequently used to 

evaluate the solute concentration corresponding to the 

observed distances on the photograph. The procedure was 

similar to that followed in the previous study by Dalal (5). 
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IV. DISCUSSION 

A microinterferometric method of determining the molec u

lar diffusivity was used to determine the effect of solute 

concentration on the mo1eeu1ar dirrusivity in po1ymer so1u

tions and also to determine the effect of polymer concentra 

tion on the molecular diffusivity. For this purpose Carbo

xymethylcellulose (CMC) and Carboxypolymethylene (Carbopol), 

water soluble, non-ionic polymers were used. D-Glucose wa e 

used as a solute for both the systems. in the previous study 

by Dalal (5), the water soluble, non-ionic polymer hydro

xyethylcellulose (Natrosol) was used and Urea and D-Glucose 

were used as solutes. 

A. Effect of Solute Concentration 

The plots of differential diffusion coefficient versus 

solute concentration are shown in Figures 12 to 23. It was 

found that as the concentration of solute was increased 

there was a marked increase in the diffusivity of that system. 

This increase in molecular diffusivity is particularly sig

nificant for the higher solute concentration. 

1. Viscosity 

In order to measure the viscosity of these solutions, 

an Ostwald type capillary flow viscometer was used. It h a s 

been observed that for these low polymer concentrations and 

flow rates the rate of shear is very low. It is assumed 

that these polymer solutions behave as Newtonian fluids 

under these conditions. The viscosity of nhe solute-free, 



1.2 wt.% CMC polymer solution at 2J°C. was found to be 635 

centipoise, and the viscosity of the solute-free 0.18 wt.% 

Carbopol polyme r solution at 2J°C. was found to be 819 centi-

pois e , These were the least viecuue eolutione of th ~ two 

different polymer systems. The viscosities of the most 

highly viscous polymer solutions of 2.2 wt.% CMC and 0.28 

wt.% Carbopol were also measured. 0 It was found that at 2) C. 

the viscosity of the solute-free 2.2 wt.% CMC solution was 

about 9840 centipoise and the viscosity of the solute-free 

0.18 wt.% Carbopol solution was about 17980 centipoise. 

In this study the range of viscosity available for the CMC 

system was from 6)5 centipoise to 9840 centipoise, and the 

range of viscosity available for the Carbopol system was 

from 819 centipoise to 17980 centipoise. For systems with 

viscosities significantly outside these ranges, the micro-

interferometric method could not be used. 

2. Prediction of the Differential Diffusion Coeffi-

cient from the Wilke-Chang Correlation 

For predicting the differential diffusivity of a solut e 

at very low solute concentration using the Wilke-Chang c o rre 

lation, the viscosity of the solvent {pure water) rather than 

that of the solution at that temperature was used. The value 

of the differential diffusion coefficient of D-Glucose in 

water at 2J°C. using Wilke-Change equation is 0.71 x 10- 5 

cm. 2 /sec., and at 21°C. it is 0.67 x 10- 5 cm. 2 /sec. as cal c u-

lated in Appendix E. If the viscosity of low concentration 

solute-£rse 1.2 wt.% CMC solution and 0.18 wt.% Carbopol 
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solutions (6J5 and 819 centipoise) were used in predicting 

the differential diffusion coefficient of a solute in polymer 

solutions using the Wilke-Chang equation, the value obtained 

might be about 650-800 times less than the values obtained 

above. 

In the previous study by Dalal (5), for very low solute 

(D-Glucose) concentrations in aqueous Natrosol solution the 

differential diffusion coefficient was found experimentally 

to be in the range of 0.50 x 10-5 cm. 2 /sec. to 0.85 x 10-5 

cm. 2 /sec. The Wilke-Chang value was 0.67 x 10-5 cm. 2 /sec. 

It can be said that for the systems studied in this 

work the Wilke-Chang correlation may approximately predict 

the differential diffusivity of the solute at very low solute 

concentrations in the polymer solutions using the viscosity 

of the solvent rather than that of the solution. This ob-

servation can not be extended to the situations in which 

diffusion occurs simultaneously with fluid flow, since all 

of the experiments in this work were performed under con-

ditions of zero fluid shear rate. 

). Results 

F 2 0 t d CMC tern the curve of differential or • w ·~ sys , 

diffusion coefficient vs. solute concentration is flat be-

tween the solute concentration of 2 gm/100 cc to 7 gm/100 cc. 

The flattening of the curve is also observed for the 1.2 wt.% 

CMC system, between the solute concentration of ).5 gm/100 

cc to 5.5 gm/100 cc. There is a marked increase in differ-

ential diffusion coefficient for solute concentrations greater 

than 5.5 gm/100 ceo 
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Similar flat regions are also noted for 0.22 wt.% 

Carbopol system and 0.20 wt.% Carbopol system. For the 0.18 

wt.% Carbopol system such a flat region is not obtained. 

The increase in differential diffusion coefficient is sig

nificant after a certain crit~cal concentration has been 

reached. 

In the previous study by Dalal (5), a similar behavior 

was found. The differential diffusion coefficient was found 

to increase with the increase in solute concentration. How-

ever, the differential diffusion coefficient vs. solute con-

centration curve for the Urea system used by Dalal is relative

ly steeper than the one for the D-Glucose system. Considering 

the Wilke-Chang correlation, this can be explained as follows: 

The differential diffusion coefficient is an inverse 

function of six-tenth power of the solute molal volume. 

Since the molal volume of D-Glucose is larger than that of 

Urea, (177.6 cu.cm./g. mole vs. 4~ cu.cm./g. mole) diffusion 

coefficients for Urea were found to be higher than the corre-

spending diffusion coefficient for D-Glucose in the particular 

Natrosol concentration solutions used. 

4. Choice of the Initial Solute Concentration 

The ·solute-polymer solution which was used for photo-

graphing the interference pattern had a solute concentration 

of 10 gm/100 cc solution for all the systems under considera-

tion. This solute concentration was chosen so that the dis-

to~tion of the fringes could be observed after some convenient 

period of time .(15 to 20 seconds). If a lower solute con-
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ccntration was selected then such a fringe distortion could 

not be observed after a short period of time. This was due 

to the fact that the concentration became uniform in a very 

short time for lower solute concentration polymer solutions. 

In the previous study (5), the solute concentration selected 

for both Urea and D-Glucose systems was also 10 gm/100 cc 

solution. The maximum difference in indices of refraction 

for the CMC systems was 0.0127 and for the Carbopol systems 

was 0.0130. 

B. Effect of Polymer Concentration on the Integral 

Diffusion Coefficient 

From the plots of the differential diffusion coefficient 

vs. solute concentration, mean integral diffusion coefficients 

for the solute concentration range of 1 gm/100 cc to 10 gm/100 

cc were calculated. For this purpose, the following equation 

was used to evaluate the integra! diffusion coefficient. 
c2 

i D 
c1 c 

D = c2 

J de 
c1 

where c 1 = 1 gm/100 cc soln. 

c 2 = 10 gm/100 cc soln. 

•de 

(4.1) 

Simpson's numerical method was used for the above inte-

gration. Plots of the integral diffusivity vs. polymer con-

centration for both CMC and Carbopol systems were made. 

It was found that the integral diffusion coefficient 

is comparatively high for lower polymer concentrations of 
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TABLE 2. VALUES OF THE INTEGRATED DIFFUSIVITY, D, 

FOR THE SYSTEMS STUDIED 

System Polymer Solvent Solute D X 10-5 
No. 10 gm/100 sq.cm./sec. 

cc Soln. 

1 CMC 2.20% Water D-Glucose 1.244 

2 CMC 2.00% Water D-Glucose 1. 227 

3 CMC 1. 70% Water D-Glucose 1. 233 

4 CMC 1. 35% Water D-Glucose 1. 373 

5 CMC 1.20% Water D-Glucose 1.602 

6 Carbopol 0.28% Water D-Glucose 0.949 

7 Carbopol 0.25% Water D-Glucose 1. 228 

8. Carbopol 0.22% Water D-Glucose 1.576 

9 Carbopol 0.20% Water D-Glucose 1.158 

10. Carbopol 0.18% Water D-Glucose 1.601 
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CMC in water. (See Figure 24.) As the polymer cone entration 

was increased there was a marked de~rease in the integral 

dirfusion coefficient. The val-ue of the integral dif:fusion 

coefficient l~vels off after a c~rtain polymer concentration 

has been reached. 

For low polymer concentrations of Carbopol (0.18 wt,%), 

the integral diffusion coefficient was found to be high, 

(See Figure 25.) There is a large deviation in the values 

of integral diffusion coefficient for 0.20 wt.% Carbopol, 

From the plots of the integral diffusion coefficient vs, 

polymer concentration of Carbopol it can be said that the 

integral diffusion coefficient decreases continuously with 

the increase in polymer concentration, although the data are 

somewhat scattered. This may be due to the fact that all 

the measurements were not taken at one constant temperature. 

The difference in the temperatures at which all the measure-

+ 0 menta were taken was -2 C. The photographs of the inter-

ference pattern for systems no. 6, 9 and 10 were taken at 

2J°C. and those for systems no. 7 and 8, for Carbopol, were 

taken at 21°C. 

This behavior in the value of the integral diffusion 

coefficient for both CMC and Carbopol may be explained by 

the following qualitative hypothesis: 

In very low concentration (solute-free) polymer solu-

tiona, the polymer molecules are independent and D-Glucose 

molecules diffuse through the solvent practically unimpeded 

by the presence of polymer, molecules. Hence, a relatively 



high value of the integral diffusion coefficient is obtained. 

Above a certain critical polymer concentration, the polymer 

molecules overlap and the local environment in which D

Glucose molecules move is of a much higher viscosity than 

that of the solvent. As the concentration of polymer 

molecules increases, the D-Glucose molecules become more 

entangled until finally they lose their identity and the 

solution becomes a large network (17). Thus, a relatively 

lower value of the integral diffusion coefficient is obtained. 

In the previous study by Dalal (5), no effect of polymer 

concentration on the integral diffusion coefficient could 

be deduced from the experimental data for the Natrosol 

systems using Urea and D-Glucose as solute, because of the 

large fluctuations obtained in the value of the integral 

diffusion coefficient for various polymer concentrations. 

A relatively small range of Carbopol polymer concentra

tion from 0.18 wt.% Carbopol to 0.28 wt.% Carbopol was 

studied i n this work. The reason why such a small range 

was used in the work will be discussed here. It has been 

found that . at certain polymer concentrations, the "local" 

viscosity of a polymer solution r i ses rapidly and then l e v e ls 

o ff to a f airly cons t a nt value (17). The conc entrati on at 

which the rise commences (known as the critical concentra

tion) is smaller the higher the molecular weight of the 

polymer and, i n fact, is roughiy inversely proportional to 

the three-fourth power of the molecular weight of the 

pblymer molecules. For Carbopol, a higher molecular weight 
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polymer, such a rise in local viscosity occurs at a very low 

critical concentration. Therefore, only a very small range 

of polymer concentration of Carbo pol was available and useful 

for this study since very high viscosity solutions can not 

be studied using the microinterferometric method. 

c. Experimental Eguipment 

As was pointed out earlier, both the polymers used in 

this work are water soluble. In the case of Carbopol, it 

was necessary to add 0.42 parts (by weight) of sodium hydrox-

ide per part of Carbopol. The glass slides which were 

pa~tially c~ated with aluminum for the CMC system could not 

be used for a corrosive system like Carbopol with the sodium 

hydroxide. Hence, for the Carbopol system the g1ass slides 

were partially coated with platinum. 

Considerable difficulty was experienced in metallizing 

the glass slides. As platinum has a boiling point of about 

4J00°C (compared with 2056°C for aluminum), a high vacuum 

-8 -9 . i d f 1 ti d of 10 to 10 Torr 1s requ re or p a num as compare 

with 10-6 to 10-7 Torr for aluminum. For the same reason, 

the tungsten wire on which the foil of platinum rests must 

have a diameter of 2.5 mm.-J.O mm. as compared with 1 mm.-

1.5 mm. for aluminum vaporization. 

If the metallic coating on the slide were too thin, 

the percent transmittance would be too great and it would 

not be possible to get bright fringes. On the other hand, 

a thicker coating tends to make the slides opaque. Four 

to £ive attempts were made for partially coating the glass 
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slid~s with platinum, and two to three attempts were made 

for partially coating the glass slides with aluminum before 

such slides were successfully prepared. 

To obtain a monochromatic 1ight eource, an external 

sodium lamp was used. The light passes through a diffuser, 

and is then reflected upwards into the diffusion cell by 

an optically flat mirror at the base of the microscope. 

The lens used has a focal length of 10 em. The photographs 

were taken with a Kodak Tri-X Pan (ASA speed 4oo), fast, 

black and white film. An exposure time of 1/20 to 1/JO 

second was found to be satisfactory. This depends entirely 

upon the type of the slides prepared. For the development 

of prints from the negatives, Kodak Polycontrast paper (F 

Single Weight of Size 5" x 7") was used. 

In this work, a magnification of J.5X was mainly used 

for taking the photographs of interference pattern. This 

is fully described in the experimental section. However, 

the photograph of the interference pattern using J.SX as 

magnification power, for the system no. 8 (0.22 wt.% Carbopol) 

was spoiled. So for this system the photograph using a 10X 

magnification power was used for drawing the graph of con

centration vs. distance. 

D. Computer Program 

Data that led to Sigmoid curves can be fitted either 

by a modified Gompertz Equation or the equation suggested 

by Davia ( 6) • The comparison of the average absolute per-

centage~. de~iation of observed concentrations with those 
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predicted by the modified Gompertz Equation and Davis method 

is shown in the Appendix D, page 10~ The modified Gompertz 

Equation was used to evaluate the value of the integral, and 

was also used to evaluate the concentration gradient. In 

the previous work by Dalal (5), the modified Gompertz Equa

tion was used to evaluate the value of the integral, and the 

Davis method was used for evaluating the concentration 

gradient. 

It has been mentioned (5) that the Davis method for the 

evaluation of concentration gradient is applicable even for 

the cases where the Gompertz method is not found to be satis

factory. In this work, in order to maintain the "validity" 

of equation (J.l) for evaluating the differential dif~usion 

coefficient, only the modified Gompertz Equation was used 

for both evaluations. The "validity" means that the same 

equation should be used for evaluating the integral and 

also for evaluating the concentration gradient in equation 

(J.1). 

The comparison of concentration gradients, evaluated 

at those values of concentration which were predicted by 

the modified Gompertz Equation or the Davis Equation with 

the observed values of concentration are also given in the 

Appendix D. 

In order to locate the line of the original interface, 

different increments in the value of x were chosen for the 

different systems. Initially, an increment of 0.0002 em. 

irt the ~altie of x wa~ used for all the systems; but system 
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nos. 7, 8, 9 and 10 did not seem to converge (i.e., A21A3 ). 

For these non-converging systems, an increment of, 0.00001 em. 

in the value of x was used in order to obtain the required 

convergence. In the previoue study by Da1al (5), an incre-

ment of 0.0001 em. in the value o~ x was successfully used 

for all the systems. 

Most of the references in this work are taken from the 

previous study by Dalal (5). This is due to the fact that 

to the author's knowledge no new references are available 

since the previous study by Dalal (5) was conducted. 

E. Limitations of the Microinterferometric Method 

This technique is dependent on the existence of a 

relatively large difference in the refractive index between 

the solution and the solvent initially contacted. If the 

difference in refractive index were small, little or no dis-

tortion ·of the fringes would be observed. The minimum re-

quired difference in refractive index depends on several 

factors. In general, a minimum difference of 0.01 is usually 

adequate (25). The minimum difference in the index of 

refraction was 0.0117 for CMC and .0118 for Carbopol. 

The viscosity of the solution initially contacted should 

also be considered. If the viscosity of both the solutions 

were low, considerable convection or turbulence may be 

observed when the drops come in contact with each other in 

the wedge. In these systems, the concentration becomes 

uniform in a very short time and hence no distortion of the 

fringes could be easily observed. Even if the fringes were 
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observed, the diffusion could have been obtained by turbulent 

diffusion rather than by molecular diffusion. In this event 

the equation used would not be applicable. As might be ex

pectQd, thie type of bghavior was not not~d with tho drops 

of higher viscosity. However, it is very difficult to handle 

extremely high viscosity solutions while taking the photo

graphs of the interference pattern because these solutions 

have very high resistance to flow due to friction and two 

drops of such high viscosity solutions may not come into 

contact with each other. This factor limits the range of 

polymer concentrations which one can use with the microinter

ferometric method. 

The volatility of the solvent must also be considered, 

as it would create a problem due to its evaporation on the 

glass slide. 



V. CONCLUSIONS 

The following conclusions concerning the molecular 

diffusion coefficient have been drawn from the data and 

the results obtained ~or Carboxymethy1ce11u1ose (CMC) and 

Carboxypolymethylene (Carbopol) systems using D-Glucose as 

solute. The solute concentration range is from 0 gm/100 cc 

solution to 10 gm/100 cc solution. 

(1) The microinterferometric method is a very rapid 

technique for determining the molecular diffusivity in 

moderately viscous solutions. 

(2) The qualitative effect of solute concentration on 

the differential diffusion coefficient is similar for various 

polymer concentrations of CMC and Carbopol solutions. The 

differential diffusion coefficient increases with increase 

in solute concentration in all cases. There is an increase 

. in the value of differential diffusion coefficient by a 

factor of 2.5 to 3.0 for the higher solute concentration 

range of 8 gm/100 cc solution to 10 gm/100 cc solution as 

compared with the low concentration range. 

( 3) The Wilke-Chang correlat'ion may be used to approxi-

mately predict the molecular diffusivity of a solute at its 

very low solute concentration in polymer solutions using 

the viscosity of the solvent rather than that of the solution. 

This conclusion ~ is based on studies with zero fluid velocity. 

The approximate percentage deviation in the value of the 

differential diffusion coefficient of a solute at the lowest 
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solute concentration from that predicted by Wilke-Chang 

correlation is ~10%. A similar conclusion was found by Dalal 

(5) for the Natrosol system with D-Glucose and urea as solutes . 

(4) For the CMC systems, the integral diffusion coeffi-

cient decreases with increase in polymer concentration. 

the After a certain polymer concentration has been reached, 

integral diffusion coefficient levels off and reamain con-

stant. 

(S) For the Carbopol systems, the integral diffusion 

coefficient appears to decrease with increase in polymer 

concentration, although the data are somewhat scattered. 

(6) The integral diffusivity of D-Glucose in both the 

CMC and Carbopol aqueous polymer systems fo.r its lowest 

concentration . of 1.2 wt.% and 0.18 wt.% respectively is 

found to be similar and of the order of 1.600 x 10-5 

cm. 2 /second. 

(7) In a previous study by Dalal (S) for aqueous 

Natroso~ systems, the differential diffusion coefficient 

increased with an increase in solute concentration in all 

cases. However, no effect of polymer concentration on the 

integral diffusion coefficient could be deduced from the 

experimental data because the data obtained were scattered. 

(8) The microinterferometric method can not be used 

to determine the diffusion coefficient for very low vis-

cosity solutions, as it may not give satisfactory fringe 

distortion. However, the range of' viscosity in which this 

teoluti.que}· may ' be . f1ppi:tcab1e; can be determined by trial 



71 

and error rather quickly. 

(9) In the design of chemical process equipment, par

ticularly in the field of extraction, absorption and reactor 

design, an understanding of the diffusion process is very 

important. It has been found in this work that the differ-

ential diffusion coefficient increases with increase in 

solute concentration for all cases. For the higher ranges 

of solute concentration, the predicted value •of the differen-

tial diffusion coefficient using the Wilke-Chang correlation 

may be very inaccurate. The potential application of this 

work is to add to knowledge of the solute concentration 

dependent molecular diffusion coefficients of a solute in 

polymer solutions. It may be ultimately possible to obtain 

general prediction relations for polymer solutions which 

consider the effect of solute and polymer concentrations. 

(10) From the results of previous studies (5) and (25), 

and from the results obtained in this study, it may be con-

eluded that the differential diffusion coefficient of the 

solute increases with the increase in solute concentra~ion. 
-· 

A more positive generalization for all non-ionic, aqueous 

polymer sy}tems awaits the results of further experimental 

work. However, it is believed that it may be more profit-

able to explore the possibility. of this generalization 

being extended to non-agueous systems. No such generaliza-

tion regarding the integral diffusivity in non-ionic, 

aqueous polymer systems can be drawn from the results of 

previous study (5) and this work. 
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VI. RECOMMENDATIONS 

(1) It has been found that there ~sa marked ~ncrease 

~n d~fferent~al d~ffus~on coeff~c~ent of a solute for h~gher 

so1ute concentrations. The range of the solute concentra-

t~on ~n wh~ch th~s behav~or ~s observed ~s very small. 

In order to study th~s typ~cal range of solute concentrat~ons 

more effect~vely, a h~gher solute concentrat~on of about 15 

to 16 gm/100 cc of solut~on ~s recommended. 

(2) Some k~nd of arrangement must be made by wh~ch 

the molecular d~ffus~v~ty ~n polymer solut~ons at d~fferent 

temperatures can be stud~ed. 

(J) The use of a cont~nuous gas laser as a more power-

ful source of l~ght ~s recommended. Its ma~n advantages 

are the power, parallel~sm and monochromat~c~ty of l~ght 

(31). The laser surpasses, ~n power and parallel~sm, other 

convent~onal sources of l~ght. Sharper fr~nges would be 

obta~ned w~th the use of a laser. 

(4) Non-aqueous polymer~c systems should also be 

stud~ed. 

(5) In th~s work the range of polymer concentrat~on 

for both aqueous systems of CMC and Carbopol, ~n wh~ ch the 

m~cro~nterferometr~c method can be effect~vely used, was 

small. It was also d~ff~cult to prepare more polymer solu-

t~ons of d~fferent concentrat~ons w~thout the v~scos~ty 

becom~ng too great so only f~ve d~fferent concentrat~ons of 

CMC and Carbouol were stud~ed. If ~t ~s poss~ble to study 
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the molecular diffusivity of a solute in polymer solutions 

at higher temperature, a greater range of concentrations of 

polymer solutions could be use . .d in an effort to determine 

more positively the effect of varying polymer concentration 

on the diffusion coefficient. 

(6) In this work one photograph of interference pattern 

for each system was analyzed. In order to take into account 

the possibility of experimental error in each system, it 

is suggested that in future work of this nature at least 

two to three photographs of the interference pattern for 

each system should be taken and the integral diffusivity 

data should be averaged for each polymer concentration. 



VII. APPENDICES 
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APPENDIX A 

Der~vat~on of equat~on for evaluat~on of the d~ffus~on 
. 

coeff~c~ent, D, as a funct~on of concentrat~on, e, ~s shown 

itt this tHlctiott. 

F~ck's f~rst law for molecular diffusion neglecting 

bulk flow obeys the relat~on 

N = (-D'Ve) (A. 1) 

where 

N = flux of the solute, 

D = the molecular d~ffus~on coeff~c~ent, 

VC = the vector grad~ent of solute concentration. 

Fick's second law, in vector notation is, 

(A. 2) 

'de -IT = - "V' N 

= - V (-D"V C) 

= "V(D'VC) (A. 2-a) 

de d (DdC/ox) 
~ (n)cj~y) 

6 t = ox + dy 

d (n~c/'dz) +~ 
(A.2-b) 

The follow~ng assumpt~ons are made: 

1. Equat~on (A.1) ~s val~d only for an ~sotrop~c 

med~um. 

2. The structure and diffus~on propert~es of the 

·. medium irt the ne~ghborhood of any point are the same relative 



76 

to all directions. 

J. Assumption (2) implies that the flow of the 

diffusing substance at any point is along the line of con-

stant concentration through the point and norma~ to the 

surface contacting the diffusing substance. 

If the diffusion is in the x direction only, then 

equation (A.2-b) reduces to 

(A.J) 

The following initial and boundary conditions app~y: 

c = o, t = o, X < 0 (A.4) 

c = c o' 
t = o, X > 0 (A.5) 

c = o, t = t, X___. -oo (A.6) 

c = c t = t, X~ ()() (A.7) 
o' 

c v 
c 0 co t ~ 00 al~ x's (A.8) = v +V 

0 co 

It is also assumed that D is a function of C only. 

Therefore equation (A.J) can be reduced to an ordinary 

differential equation by the introduction of a new variable, 

r, (Boltzmann's variable) where 

1 X 
r = 2 Vt 

(A. 9) 

de 1 dC 
~ = 2"\ft d r 

(A.10) 

and 

dC X dC 
()t = - tJ/2 dr 

4 
(A.11) 

Substituting equations (A.10) and (A.11) i n equation (A.J) 



we get 

X dC 

4 tJ/2 dr 

From equation (A.9): 

X 

'[t 

dr rx= 1 

2'/t 

2r x = tl/2 

dC 
dr 

dC 
dr 

= d 
dr 

Therefore, we get: 

= - 2r 
dC d 
dr dr 
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d 
[ 2~t !ill] = h dr 

d 
[2 

D 2£] dr .'rr t1/2 dr 1"i (A.12) 

(A.1J) 

(A.1Ja) 

!ill] dr (A. 14) 

(A. 15) 

(A.16) 

On integrating equation (A.16) with respect to r, we 

get 

since 

c 

-2 I r dC 
d 
dr [n ~;] dr 

0 

= 

c 
[n ~;J [n -2 r r dC dC] = -

dr C=O 0 C=C 

(D dC/dr) = 0 when c = o, we get 

c 

f r dC = ~ dCJ -2 D dr C=C 0 

- )- } . 

(A. 17) 

(A.18) 

. - ' 
·' 1-..- .' '-''·,t/ ~~,..~·- : .... ·~·. 
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substituting for r, we get 

c 
J-2L-
o 2Yt 

dC - 2Yt D [ctC] 
c dx C 

(A.19) 

where D indicates that D is a :function of concentration. 
c 

There:fore, 

D = c 

c 
j x dC 
0 

(A.20) 
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APPENDIX B 

COMPUTER PROGRAMS 

The program~ U8ed for tho eomputatiotla doeeribod in 

this thesis are given in this appendix. The programs were 

written in the Fortran IV language. The programs were run 

on an IBM 360 Model 40. 



Program No. 1 

·rc 
d c 
I 

..;. - - _ ...;:. · .. ---~--~------

NON-LINEAR CURVE FITTING BY MODIFIEO GOMDERTZ EQUATIONS, FnR FQUAL 
INTERVALS OF THE INDEPEND~NT VARIAALE. 
OIMENSION X(30),Y(30J,SC3l,G(30} 
READ( t,905}KK ·--- -------- - ------------------------
00 900 IJK=l,KK 
WRITF(3,901l 
WRITE(3,QO?l~I~J~K~----------------------~---------------------~ 
WRITE(3,903) 
WRITE(3,904) 
REA 0 ( 1, 10 0 l f S ( J ) , J= l, 3 l 

------- --R-E 1;o c 1 ;ro f f~i; A - --------· 

REA 0 ( 1, l (} Q l ( G ( I l , Y ( I ) , t = 1 , "J l 
00 1 I=1,N 

r -~1-X(I)=(G(T~)/~0~.~0~5~-~l-.~0~)---------------------------------------~ 

SUM=O.O 
·K-=N/3 . ·-·- --···- --· ------------------------ - -- - - --- - ------ - ···--- ---- -
l=l 
K1=K 
00 10 J=l,3 
00 ll I=L,K 

11 SCJl=S(J)+~LOG(Y(Il-Al 

l=K+l 1 
10 K-=K +K l ·-- ----- l, 

P=N/3 
P=1./P , ------- --- c:-r-~-;;-rsrzl- s C1> , 1 c s n,- s c 2, , 
C-=CN**P 
A l-= ( S ( 1 ) - ( ( S ( 1 l - S ( 2 l l I ( 1 • -C N l l ) * P 
A l: EX P ( ALl --- -- -- -- - --- ·-

A l = ( S (1 ) - S ( ?) ) * ( 1 • -C)/ ( ( l • -C N ) * * 2 l 
~L=EXPC.~A~L~l ________________________________ ~----------------------

;-· ----SR~ o. o--
WRITEC3,t03lA,AL,~L,C 
WRITF(2,102)A,AL,AL,C 

continued 

00 
0 



----- ------ WR I TF (3, 105 f -
WRITE (3, 1 04) 

------~-·~--

DO 12 I-=1 ,N 
-------YC;A+AL*r(B~L~*~*~(~C~.*~*~X~(TI~}~)') ________________________________________ __ 

0-=YC-Y(Il 
: · DV=lO/Y(Ill*100.0 
~--- -- -~-~-:~r~~;~:~-~ToV tT ___ _ 

l ____________ \o!_~t Tf {3, 107) X {I), Y ( I l, YC ,.n, OV 
l 12 CONTINUE 
' 
1- ' WRITE(),105L ___ _ _ 

WRITE(3,106)SR 
f-=N 

__ _______ QfV-= S U~M~/--:f:-:-:::-:----------------------------------~ 
WRITE(3,105) i 
WRITF(3,108)DEV I 

, 900 CONTINUE 
:-- --- ---cATl.-Txtr ·-j 
, 100 F()RMATC3El8.8) 
' 101 -FORMAT( I5,Fl8.8} 

l02 FORMAT(4El8.8) 
1 103 FOPMAT(7H ALPHA=,fl8.8,4X,2HA-=,E18.8,4X?H8=,El8.8,4X2HC=,El8.8) 
t 1_Q~ _ F _O~fi~_T ( _ ~_X_4_~X (I) , 14X 4HY ( I) , 12X8HY (l} CALC, 11X4HD IFF, 12XRHPER DEV I) 

I 105 FORMAT(///) 
'l 106 FORMAT{25H SUM OF RESIDUAL SQUARE =,El8.8) 

107 FORMAT(5E18.Rl 
. . -f~ F 0 R M A T 7-( 2::--:5::-:H=:-:---:A:...:B:..-:S:--.---=-A-:-:V-::-E-. -P:::-E"'"'R,...,C:-:E::-:cN-::T::--::0-::E,.,..-V,.-:-I-. --=-, 7E 718~. ~~- ,~--------------------~, 
I lOq FORMAT(7E18.~) f 

901 FORMAT(_lHl ~ __ ____ ___________ _ ___ ____ _ __ __ _j 
902 FORMAT(lXlOHSVSTEM N0.,13} ' 

. 903 FOR~AT(//) 
I 

t . ~ 6§--:-g~~~ i -~ ~ ~) 
END 

00 -



G(I) = Distance, em. 

Y(I) = Concentration, gm./100 cc. soln. 

N = Total number of data points. 

A = Alpha (Intercept) 

AL, BL, CL = Constants for theGompertz Equation. 

co 
1\l 



Program No. 2-A 

c EXPERIMENTAL CONCENTRATION GRADIENT AS A FUNCTION OF DISTA~CE 
D I~ FN SI ON X (15 l , OV ( 15) , Y ( 15 ) , G C 15) 

~- ------~EA_!) _ _Ll__, 905) KK ------· -----·-·- -·-- ·-- --· - - ·- --· 
DO 900 IJK=l,KK 
WRITE(3,90l) 

I WR I KC,_, 3"-'''-'9'-"0'-=2'---o.!.l~I.Y..J"-'--K -------
! WRITEC3,903) 

WRITE(3,904) 
__ REA_Q_( l_, _lQ_?j_L __ _____ ____ _ _ 

RFAO(l,l01lALP,AL,Rl,Cl 
READ(1,109l(G(Il,Y(Il,I=1,Kl 

____ _M_~O I= l '-'K-"-. --------- -
X ( I ) = ( G ( I ) I 0. 00 5 l -1 • 0 
OV(l)=(Al*(~L)**CCL**X(Illl*ALnG(Rl)*(((L**X(I))*ALOG(Clll 

_ _______ _ _!!R_l II~J..ll_?_ _O 0 )_~Jl_L, QV_LU __ __ _____ __ _ _ _ 
10 CONTINUE 

,900 CONTINUE 
CALL EXIT 

101 FORMAT(4E18.8) 
102 FORMATCI5) 
L09 FORM~T(~J~l~8~·~8~l ____________ _ 
901 F':JIH1AT{ lHl) 
902 FORMAT(lX10HSYSTEM NO.,I3l 
903 FORMAT (I I) 
904 FORMAT(/) 
905 FORMAT< I5l 

____ ~QQ __ f:=_Qf3MA_IJ _2F 18.!.!1_) _________ _ _ 
FNO 

·- ----------- ------

00 
w 



Program No. 2-B 

c CALCULATION OF THF DERIVATIVES OF SIGMOID CURVES 
DIMENSION YT(400I,PT(400),Y(20),X(20),F(20l,P(20l,PC(iOl,SC15,16) 
DIMENSIO~ YC(20) 
REA 0 ( 1, 100) ( YT ( I) , P T( I ) , I= 1, 3 89) 
READ(l,90'5)KK 

I no 900 IJK=lwKK 

I 

WRITE('3,901) 
WRITE(3,002)IJK 
WRJTf(?,905)1JK 
WRITE(3,9031 
WRJTF(3,q04) 
RE~D(l~~OllSl,S?,S~.S4,S5 

R€A0(1,1021K 
REAO(l,lOq)(X(I),Y(Il,I=l,KI 

l DOl 1=2-'-K I PIII=ALOG(20.0*Y(tl/(ALOG(l00.0-Y(l))/2.30311/2.303 
I F(I)=(X(II-X(lli/P(Il 

-· -·+X(!) 

S 2= S 2 +X ( I l *X ( J I 
S3=S3+F ( t) 

1 S4=S4+X(Il*Flll 
S(1,l)=K-l 
SC1,21=Sl 
s ( 1 •. = 3 
S(?,li=Sl 
5(2,2)=52 
S(2,31=S4 
WRITE(1,100l(S(1,II,I=1,31 
WRITE ( 3, 100 I ( S ( ? , t I , I= 1, 3 l 
R = ( S ( 1, ?) * S ( 1 , 1 I-S ( 1, 1 l *S ( 2, 3 I I !( S ( 1, 2 I* S P tl I- 5 ( 1, 1) * S ( 2, 2) l 
A=( S( 1, 31-G*S(Z,l )1/SCl,l I 
WRITE(3,10AIA,R 
DO 2 I= ? ,~-

continued 

CD 
~ 



PC( I)=( X( Il-Xf1))/(~+B*X(I)) 
. J=1 
;_________ 3 J=J+l 

PS2=PT( J l-PC( I) 
IF(P$2)4,4,5 

4 PSl=PTfJ) 
GO TO 3 

; 5 PS2=PT( J) 

i YC( I)=(P((I )-PSU*(YT(J)-YT(J-ll )/JPS2-PSl)+YT(J-l) 
D=Y{Il-YC(l) 
DEV=(D/Y( l) )*100.0 - ----.-- -- · --- - ·-
SS=St;+ABSfDEV) 
G=0.4343*(1./YC(J)+0.4343/((100.0-YCfl))*ALOGftOO.O-YC(I)}/2.303J) 
DV= (A +8 *X ( 1 l l I ( ( ( A+ '3* X ( I ) ) ** 2) *G) 
WRITE(3,103lYft},P(1),PCft),O,OV 
W R 1 T E ( 3, 104) X ( I l , F ( I ) , YC ( I ) , G 
WRITE(2,108)DV 

2 CONTINUE 
WRITE(3,105) 
PP=K 
APO=S5/(PP-1.0) 
WRITEn,l05l 
WRITE (3, 107)~PD 

900 CONTINUE 
CALL EXIT 

100 FORMAT(4ElR.8) 
101 FORMAT(5F10.5) 
102 FOR~AT( 15) 
103 FOR~AT(5F20.5) 
104 FOP~AT(l0X,4F20.5) 
105 FOR~AT(////) 
106 FORMAT(1H A=,F1A.A,4X,2HB=,F18.8) 
107 FOR~AT(40H AVERAGE 4RSOLUTE PERCENT OEVfATION IS =,Flq.q) 
106 FORMAT(El8.~) 

continued 

(X) 
V1 





Program No. 3 

rc--- lOCATING THE LINE OF ORIGINAl INTERFACE 
[ .. DIMENSION Y~(25),YBC25) 
l REAOfl,905lKK 
~ • DO 900 JJK=l,KK 
• WRITEl3,901) 

WRITE f3 • 902) I JK 
WR1TI::l3,q03) 
WRITE(3,904) 
REAOfl,lOO)A,~,P,N 

REAO(l,lOl)ALP,AL,BL,Cl 
WRITE(3,102l 
OP= 0. 000 2 
f=N-1 
M=f/2.0+1.0 
DA= ( B-A) /F 
X=A 
DO 10 t=l,N 
YACIJ=AlP+AL*(BL**(CL**(X/0.005-1.0})) 
X=X+DA 

10 CONTINUE 
s 1=0. 0 
52=0. 0 
MA=N-1 
DO 20 1=2,MA,2 
Sl=Sl+Yfdll 

20 CONTINUE 
MB=N-? 
DO 21 I=3,MB,2 
S2=S2+YA(J) 0 

21 C:ONTI NUE 
SIM=(Vh(l)+YA(N)+4.0*Sl+2.0*S2)*0A/3.0 
Al=SIM 

15 OA=(P-Al/(f/2.0) 

continued 

(X) 
-.J 



X:A 
00 11 I= 1, M 
YB(ll=ALP+Al*(BL**(Cl**(X/0.005-1.01)) 
X-:X+OB 

11 CONTINUE 
s 1=0. 0 
52=0.0 
MA:M-1 
on 72 I=2,MA,2 
Sl=Sl+Y8fl) 

22 CONTINUE 
MB:M-2 
00 ?.3 I=3,MB,2 
S 2= S 2 + Y R ( I ) 

23 CONTINUF 
SIM=(YBtll+YB(Ml+4.0*Sl+?.O*S2)*0B/3.0 
A2=SIM 
A3=(B-P)*YA(N)-(Al-A2t 
O=A2-A3 
0 V= ( A 2- A 3 ) I A 2 
PO=OV*lOO.O 
WRJTE(3,103)A1,A2,A3,0,PO,P 
IF lABS(0V)-8.0E-03)6,6,7 

7 IF(A2-A3ll2,6,14 
12 P=P +OP 

WRITE(3,105)P 
GO TO 15 

14 P=P-DP 
WRITE(3,105)P 1 

GO TO 15 l 
6 WR1TE(3,104) 

WRITE (3, 102) 

continued 

00 
00 



I - - ·- .. 

~ . 

WRITE(3,103)Al,A2,A3,0,PO,P 
WRITf(?,!OllALP,AL,RL,Cl 
WRITE(2,10l)A,B,P 

900 CONTINUF 
CALL EXIT 

.100 FORMAT(3fl8.R,Il8l 
101 FORMAT(4fl8.~l 
102 FORMAT(llX,2HAl,l5X,2~A~,l5X,2HA3,13X,5HA2-A3,llX,5HP.DEV,16X,1H~) 
103 FnRMAT(6Fl7.R) 
104 FOR~AT( II /l 
105 FORMAT(5X,2HP=,F18.~l 
901 FORMAT( lH 1) 
902 FORMATC1X10HSYSTEM N0.,13) 
903 FORMAT(//) 
904 FORMAT( ll 
905 FORMAT(15l 

END=---

A = Lower limit for Distance, em. 

B = Upper limit for Distance, em. 

p = Position of the line of original interface. 

ALP, AL, BL, CL = Constants for Gompertz equation. 

A 1 , A2 , AJ = Areas as shown in Figure 10 , page J4. 

co 
\0 



Program No. 4 

c 

,, 
I ' 

I ! ~ -
~I 
r. 
i : 

EVALUATION OF INTEGRAL 
DtMENSfO~J X(70) ,C:(70) ,Xf)(70),Y0(70) 
READ(l,90';)KK 
00 900 IJK=l,KK 
WRITE(3,<;0l) 
WRITF(3,002)IJK 
WRITE(3,903) 
WRITE(3,904) 
READ(l,lOO)ALP,AL,RL,C:l 
~EAD(l,l01lA,R,P 

REAO( l 7 103lN,K,L,NT 
f=N 
READ( l, 104) ( XD( I l ,Yf)( I l, I=l,NTI 
JJ= 1 
DO 10 I= 1, K 
GO TO ( 30 ,31 ) , J J 

30 M=I*N 
GO TO 3~ 

31 M=fi*Nl+l 
- JJ=JJ-2 

GO TO 32 
32 X(ll=A 

C(l)=ALP+AL*(BL**fCL**fX(l)/0.005-1.0))) 
MA=M-1 
MB=M-2 
AM= Ml\ 
X ( ~ l = XO ( I l 
D X= ( X ( "1 l- X ( l l ) I (AM) 
Sl=O.O 
s 2=0. 0 
00 11 J=l,MA 
X(J+ll=X(Jl+DX _ 
C(J+l l=ALP+AL*( BL**(CL**(.!!_~-~1) /~.005-1.0))) 

continued 

. I 
I 

\0 
0 



r· ll CONTINUF 
• 00 12 J~?,MA,2 

S 1-= S 1 +C ( .J l 
12 CONTINUF 

00 13 J=3,M0,2 

_,.___/ 

S2=S2+C(J) I 

13 CONTINIIF J 
SJM=(C( ll+C(M)+4;0*S1+2.0*S?l*OX/3.0 
SIM=SI~+(C(Ml*(P-X(~))) 

WRITE(3,102lX(M),C(M),SJM,I 
WRITF(?,lOOlSIM 
JJ=JJ+l 

10 CONTINIIF 
A2= S I M 
JJ= 1 
DO 20 T = l, L 
GO TO ( 40,41 l , J J 

40 M-=I*N 
GO TO 42 

41 M=(I*Nl+l 
JJ=JJ-? 
GO TO 4? 

42 X(l)=P 
C ( 1 l = dL -P +<U *C RL** CCL**-< X (1) /0.005-1.0) tl 
MA=~-1-1 

M!J:M-? 
AM=MA 
KJ=K+I 
IF (KJ-NT)24,?4,900 

24 X(M)=XD(I<J) 
0 X= ( X ( '-1 ) -X ( ll ) I (AM) 
Sl=O.O 

continued 

\!: .... 



S2=0.11 
00 21 J=l,M~ 

X(J+l l=X(Jl+DX 
CCJ+lJ=ALP+AL*CRL**(CL**(X(J+l)/O.OOS-1.0))) 

21 CONTINUE 
nn ?? J=?,MA,2 
S1=S1+C(Jl 

22 CONTINUF. 
00 23 J=3,Mfh? 
S 2= S2+C ( J l 

23 C: ONTINlJF 
SIM=CCCll+C(M)+4.0*Sl+2.0*S2l*DX/3. 0 
SIM~CCMl*(X( M l-Pl~SIM 
SIM=SIM+.a2 
W R I T E ( 3 , 1 0 2 ) X ( ~1 l , C ( '-1 l , S I M , I 
WRlTF(2,tOO)SI M 
JJ=JJ+1 

20 CONTINUF 
900 CONTINUE 

CALL EXIT 
100 FORMAT(4El8.8l 
101 FORMATC3El8.8) 
102 FORMATC3Fl8.A,Il8l 
103 FORMAT('tllOl 
104 FOR'-'AT(2El8.Al 
901 FOR MAT( lHl l 

C CONTINUED 
902 FORMAT(lXlOHSYSTFM NO.,l3l 
qo3 FORMAT(//) 
904 FORMAT(/) 
905 FORMAT( I 5 l 

END 

c 
Sim = J x de 

0 

i 

\0 
N 



Program No, 5 

·--~ ---. - -· ..... . . ····· · · ·- · - - ··-----~-- ~-- -----#-·-·-· ·· ··· ·- ~--- -- ~ - --- -- --· . . c CALCULATION nF THE niFFUSIVITY AS A FUNCTION OF CONCENTRATION IN 
POL Y~EPIC SYSTE~S 
DIMENSION X1301 ,((301 ,ENI311,EOI301 ,OC(30I,S130l,Rf30l 
READ!l 9051KK 
00 900 IJK=l,KK 
WRITE!3,q0ll 
WRITFI3,002liJ~ 

WRITE!3,903l 
RFADI1, lOOlN, T 
WRITr!3,200JT 
WRITE 13,on3 l 
WRITEn,oo4J 
READ!l lO?lSIIJKl 
REA 011, 10111 X I I l, C I I l , t = l, N l 
READ! 1,1021 IF.~ I Il ,I=l,Nl 
RFAO!l,l02liEO!Il,I=l Nl 
00 l 0 I= 1, N 
R I II= S I I J K l *C I I l 
DC I I I= I F. N I I l/ I 2. 0 *T *F D I I l l I 
EOjil=ED!Il/100.0 
OCIIl=DCIIl*ll0.0**5l 
WRITF!3,203lX!Il,Rili,Cili,ENIIl,EDIII,OCIII 
WRITE 13, OQ4l 

10 CONTl~IUE 

900 CONTPJUF. 
tALL FX IT 

100 FORMATII5,FlO.ll 
101 FOR~ATI2FlR,81 
10? FORMAT!ElR.RI 
200 FORMATI1X8HTIME T =,F5.ll 

_ZJIJ-03 FORMAT! 5X ,F 10.3 ,Ft0,4, F 11.3 ,F9, 3,_Zf~3 l 

continued 



qQl FORMAT(lHll 
OO? F~P"1AT( lXlO~SYSTF\i \JO~ d':\J 
qo3 FllRMAT(//1 

, qQ4 FOPM/\T(/1 
905 FOP. MAT (I 5) 

END 

X(I) = Distance, em. 

R(I) = Refractive Index. 

C(I) = Concentration, gm./100 cc.soln. 
c 

EN(I) = Value of Sx de~ 
0 

ED(I) = Value of concentration gradient. 

DC(I} = Differential Diffusivity, sq.cm./sec. 

T = Time, . sec. 

\0 
~ 



APPENDIX C 

DATA AND RESULTS 
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TABLE ). POLYMERIC SYSTEMS USED FOR THE STUDY 

System Polymer 
No. 

1 CMC 

2 CMC 

J CMC 

4 CMC 

5 CMC 

6 Carbopol 

7 Carbopol 

8 Carbopol 

9 Carbopol 

10 Carbo:ool 

Solvent 

Water 

Water 

Water 

Water 

Water 

Water 

Water 

Water 

Water 

Water 

Polymer Solute 
Concent. 

Wt.% 

2.20% D-Glucose 

2.00% D-Glucose 

1.70% D-Glucose 

1.35% D-Glucose 

1.20% D-Glucose 

0.28% D-Glucose 

0.25% D-Glucose 

0.22% D-Glucose 

0.20% D-Glucose 

0.18% D-Glucose 

Initial Solute 
Cone. 

gm/100 cc Soln. 

10.0 

10.0 

10.0 

10.0 

10.0 

10.0 

10.0 

10.0 

10.0 

10.0 
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Table 4 Data and Results for System No. 1 

c 
Rof'rac- Concontra-

jx de x 102 
tive tion gm. .!!£ D X 105 

Distance Index solute per 0 dx 
2 em ( n - n ) 100 cc.sol. gm/sq.cm. gm/cc/cm em /sec. 

0 

O.OOA o. 0011 0.947 0.020 1.596 0.518 

0.014 0.007.5 2. 06 7 0.036 2.38.6 0.621 

0.019 0.0042 3.482 0.048 2.784 0.715 

0.023 0.0056 4. 664 0.052 2.802 0.11q 

0.028 0.0070 . 5. 861 0.054 2.610 0.857 

0. 035 0.0092 7.674 0.065 2.008 1.353 

0.041 0.0103 R.606 0.077 1.582 2.034 

0.052 0.0119 9. 923 0.104 0.863 5.036 

Time t 12 0 rtd n = 1.JJ85,• T = 2J°C = • seco s; 
0 
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Table 5 Data and Results for System No. 2 

Refrac
tive 

Distance Index 
em (n - n } 

0 

0.026 0.0010 

0.035 0.0016 

0.050 0.0031 

0.061 0.0045 
r---

0.069 0.0056 

0.074 0.0064 

0.080 0.0073 

,0. OA 7 O.OOA5 

' 0. 0Cf4 o. 0097 

I 

Concentra
tion gm. 
solute per 
100 cc.sol. 

0.775 

1. 23 3 

2.415 

3. 524 

4.395 

5. 02 8 

5. 760 

6. 66 7 

7.63A 

0.109 0.0121 
~·---··· -- - - ---··- ----·--·-···- -- . ·· ·-·· • .. -

Time t = so.o seconds; n 
0 

c 

5 no x 102 
X ~ D X 105 

0 dx 
gm/sq.cm. gm/cc/cm cm 2 /sec. 

0.047 0.452 1.032 

0 •. 066 0.616 1.079 

0.103 0.914 1.127 

0.123 1.095 1.125 

0.131 1.100 

0.133 1.241 

0.135 1.281 1.052 

0.143 1.308 1.095 

0.159 i.311 1.214 

0.211 1.258 1.677 
---- -·------ -------- ·- ---- - · 



Table 6 Data and Results for System No. J 

c 
Jx 2 de x 10 

99 

Distance 
em 

Re:frae
tive 

Index 
(n - n ) 

0 

Concentra
tion gm. 
solute per 
100 cc.sol. 

0 dx 
gm/sq.cm. gm/cc/cm cm 2 /sec. 

0.017 0.0012 1.018 0.029 

0.022 0.0020 1.726 0.042 

0.026 0.0029 2.423 0.052 

0.030 0.0038 3.207 0.061 

0.036 0.0052 4.378 0.068 

0.040 0.0062 5.271 0.069 

0.046 0.0076 6.428 0.074 

0.051 0.0087 7.410 0.083 

0.055 0.0095 A.026 0.091 

0.064 0.0109 9.255 0.117 ___ ....:__:_::_ 

Time t = 20.0 seconds; n 
0 

1. 210 0.590 

1.61,1. 0.653 

1.865 0.702 

2.035 0.748 

2.120 0.800 

2.080 0.830 

1.921 0.957 

1.706 1.213 

1.438 1.590 

1. 138 2.560 
·- ----- -
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Table 7 Data and Results for System No. 4 

c 
Ro:frac - Coneen t r a -

jx de x 102 
tive tion gm. &2. D X 105 

Distance Index solute per 0 dx 
cm2/~ec. em (n - n ) 100 cc.sol. gm/sq. em. gm/cc/cm 

0 

0.008 0.0010 0.825 0.023 1.126 0.575 

0.017 0.0024 2. 085 0.047 1.829 0.719 

0.022 0.00 3 6 3.107 0.060 2.074 0.806 

0.028 0.0051 4.381 0.069 2.132 0.900 

0.0 3 ? 0.0062 5. 263 0.071 2.054 0.957 

0.038 0.007 5 6.396 0.074 1.8 39 1.121 

0.045 0.0089 7.59 9 0.086 1.496 1.590 

0.052 0.0100 8. 52 8 0.101 1.161 2.416 

0.065 0.011 3 9.667 0.131 0.678 5.346 
-··---· ---- ------

T i me t = 18.0 seconds ; 
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Table 8 Data and Results ~or System No. 5 

Re:f':rae
tive 

Distance Index 
em (n - n ) 

0 

0.016 0.0010 

Ooneentra- lc 2 
X de X 10 

tion gm. ~ D x 105 
solute per dx 
100 cc.sol. gm/sq.cm. gm/cc/cm cm2 /sec. 

o. 840 0.034 0.699 1.221 

0.0~2~6~--~0~·~0~0~7~1~-----1~-~7~3~0 ____ ~0~·~0~5~8~--~1~-~0~7~1~----~~~·~3~5~0 

0.032 o. 0030 2.438 0.072 1.277 1.407 

0.039 0.(1041 3.340 0.084 1.445 1.446 
----------------------------------~ 

0.045 0.0054 4.363 0.090 1.551 1.452 

0.052 0.0066 0.092 1.581 1.449 

0.058 0.0078 6. 352 0.098 1.570 1.563 

0.063 0.0088 7.187 0.108 1.518 1.785 

0.068 o.oo9P. 7.931 0.121 1.451 2.091 

0.07.~3~--~0~·~0~1~0~6~----~R~·~6~3~6~--~0~·~1~3~7 ____ ~1~·~3~6~8~-----2_._5_0_8 __ 

~_!_o ~..::.1 __ _:o:...:•:...:O~l:..:1::....9;..__ _ _ _ 9_ . f_J!!_7_ ___ _ o. 166 1.220 3.409 

Timet= 20.0 secondsJn = 1·3370; T = 23°C 
n 
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Tab1e 9 Data and Results for System No. 6 

Distance 
em 

0.011 

Re f':rac
tive 

Index 
(n - n ) 

0 

0.0009 

0.017 0.0017 __________ ___.:._ 

0.023 O.OO?.q 

0.029 0.0043 

0.034 0.0054 

Conc entra 
tion gm. 
so1ute per 
100 cc.so1. 

0.71 5 

1. 33 5 

2.198 

3.282 

4.125 

dC Jx de x 102 

0 
gm/sq~ em. 

dx 
gm/cc/cm cm2 /sec. 

0.023 0.858 0.454 

0.038 0.510 

0.054 1.597 0.562 

0.067 1.831 0.608 

0.072 1.903 0.634 

0.075 1.887 0.658 0.040 0.0068 5.268 
------~--------------------------~----------------------

0.047 0.0086 6.~80 0.081 l. 739 

__ o_._o~5~l~_~o_._o_o_9_6 ______ 7 ___ . _3 __ 65 ____ o_._o_9_o ____ l_.5_9_7 ___ o_._9_3_9 ___ 

0.056 0.0105 0.102 1.433 1.181 

o.o~6~1~--~o~·~o~1~1~4~------e_._7~~-o ___ o_._1_1_5 ______ 1_. _2_6_4 _ ___ 1_._5_1_5 __ 

,0. 072 0.0130 

Time t = 30.0 seconds; 

9.962 0.150 ·----- - -·- .. ·-----·· . 

n 
0 

0.891 2.801 - ---
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Table 10 Data and Results for System No. 7 

c 
S d . 2 

X c X 10 dO 
Distance 

em 

Refrac
tive 

Index 
(n - n ) 

0 

Concentra
tion gm. 
solute per 
100 cc.sol. 

o rx 
gm/sq.cm. gm/cc/cm cm 2 /sec. 

0.010 0.0009 0.734 0.022 1.043 0.4'37 

0.015 0.0017 
·-- -- 1.355 0.036 1.4 8r7 0.500 

0.020 0.00?6 z. 140 0.049 1.832 0.562 

0.0~2~4~-~0~-~0~0~3~7 _ _ 0.061 2.033 0.621 

0.0046 3.741 0.067 2.100 0.668 · 

0.031 0.0054 4.455 0.071 2.090 0.711 

0.014 0.006? 5.111 0.073 2.027 0.748 

0.038 0.0072 5. 88 2 0.074 1.897 0.811 

0.043 O.OOA2 6. 72 7 0.079 1.693 0.966 

0.047 o. 0090 7. 367 0.085 1.501 1.178 

0.052 0.009R 8.070 0.095 1.257 1.575 

0.061 0.0110 9.013 0.115 0.877 2.731 

0.076 0.0122 9.970 0.146 0.440 

Tim~ t = 24.0 seconds; n 0 = 1.JJ60; T = 21°0 
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Table 11 Data and Results for System No. 8 

Re:f'l:'ae
tive 

Distance Index 
em (n - n ) 

0 

Concentra
tion gm. 
solute per 
100 cc.sol. 

0 dx 
gm/sq.cm. gm/cc/cm cm 2/sec. 

0.012 0.0015 1.217 0.021 2.096 0.820 

0.017 o. 00 31 2.501 0.034 2.98~ 0.937 
--------------~~~~----~~~ 

0.020 0.0042 3.382 0.039 3.282 0.991 

0.022 0.0053 0.042 3.412 1.031 

0.025 0.0063 5.144 0.043 3.404 1.054 

0.028 0.0076 6.148 0.045 3.262 1.146 

0.030 O.OOA3 6.786 0.048 3.108 1.7.77 

0.034 8.007 0.057 2.692 1.753 

. ··- ·······-- ------

Time t = 6.0 seconds; 
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Table 12 Data and Results f'o'r System No. 9 

Distance 
em 

0.014 

Re:frac
tive 

Index 
(n - n ) 

0 

o. 00 ll 

Conc entra
tion gm. 
solute per 
100 cc.sol. 

0.870 

0.022 0.0024 1.855 
----------~· - ------

0.027 

0.031 

0.036 

0.041 

0.044 

0.047 

0.052 

0.05<) 

Time t 

o. 00 37 2.809 

0.0048 3.717 

0.0060 4.622 

0.0073 5.627 

0.0082 6.273 

0.0091 6.982 

0.0102 7. 840 

0.0116 8.905 

= 20 • 0 seconds;n 
0 

s X de X 102 
dC 5 dX D X .10 0 

gm/sq.cm. 

0.026 

0.045 

0.058 

0.066 

0.070 

0.071 

0.074 

0.079 

0.089 

0.108 

gm/cc/cm cm2 /sec. 

1.077 

1.640 0.685 

1.939 0.746 

2.,079 0.790 

2.115 0.823 

2.057 0.861 

1. 975 0.931 

1.849 1.068 

1.652 1. 351 

1.346 2.010 
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Table 1J Data and Results for System No. 10 

Distance 
em 

0.013 

0.024 

0.029 

0.034 

0.039 

0.045 

0.052 

0.062 

0.078 

Ret'rae
tive 

Index 
(n - n ) 

0 

0. 00 1 1 

0.0023 

0. 00 32 

0.0046 

0.0057 

0.006Q 

O.OOA1 

0.0093 

0.0106 

0.0117 

c~nettntra
tion gm. 
solute per 
100 cc.sol. 

0.970 

1. 940 

2. 72 7 

3.AA3 

4.812 

5. 816 

6. 863 

7.892 

A.94A 

9. 931 

Time t = 20.0 seconds; n 
,, 0 

(X d'C X 102 
J £2. 
0 , dx 
gm/sq.cm. gm/cc/cm 

0.029 1.966 

0.048 

0.060 1.920 

0.071 2.032 

0.076 1.990 

0.077 1.842 

0.083 1.592 

0.096 1.266 

0.118 0.861 

0.150 . 0.428 

D X 105 
2 

em /sec. 

0.363 

0.70R 

0.781 

0.878 

0.952 

1.047 

1.306 

1.892 

3.421 

8.772 
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APPENDIX D 

TABLE 14. COMPARISON OF CONCENTRATION GRADIENTS 

OBTAINED BY TWO DIFFERENT METHODS 

DAVIS METHOD GOMPERTZ EQUATION 

Predicted Cone. Predicted Cone. 
Cone. Gradient Cone. Gradient 

gm/100 cc gm/cc em. gm/100 cc gm/cc em. 
So1n. So ln. 

1. 001 0.5724 0.77 0.4518 

1. 557 0.7154 1. 23 0.6160 

2.827 0.9238 2.41 0.9144 

3.905 1.0310 3-52 1. 0950 

4.711 1 • 0861 4.39 1.1912 

5.284 1.1157 5.02 1.2412 

5-939 1.1416 5.76 1.2812 

6.746 1 • 1641 6.66 1. 3076 

7.614 1.1788 7.63 1.3114 

9.343 1 • 1855 9.52 1. 2576 
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TABLE 15. AVERAGE ABSOLUTE PERCENTAGE DEVIATION 

OF OBSERVED CONCENTRATIONS FROM THOSE PREDICTED 

BY GOMPERTZ EQUATION AND DAVIS METHOD 

System 
No. 

1 2.2% CMC 

2 2.0% CMC 

3 1.7% CMC 

4 1. 35% CMC 

5 1.20% CMC 

6 0.28% Carbo pol 

7 0.25% Carbopol 

8 0.22% Carbopol 

9 0.20% Carbopol 

10 0.18% Carbopol 

* A.A.P.D .1.QQ = N 

N z. 
i=1 

Average Absolute Average Absolute 
% Deviation* % Deviation* 

Using Gompertz Using Davis 
Method Method 

1. 06 2. 11 

8.80 6.75 

3.46 11.01 

6.33 4.98 

2.99 2.04 

4.89 3-93 

2.22 7.80 

8.80 12.71 

3.02 6.46 

8.52 7.61 

C -CA A. . 
10 1 

CA 
i 



APPENDIX E 

CALCULATION OF DIFFERENTIAL DIFFUSION COEFFICIENT 

OF D-GLUCOSE USING WILKE-CHANG CORRELATION 

The form suggested by Wilke and Chang is 

7.4 x 10-8 (~B MB) 1/ 2 T 

f (vA)o.6 

109 

where DAB = diffusivity of solute A in dilute solutions in 

solvent B, sq. cm./sec. 

MB = mol. wt. of solvent; 

0 
T = temp. K. 

f = viscosity of solution_,centipoise. 

VA = solute molal volume of the normal boiling point, 

cc /gm mole. 

'f B = an association factor for the solvent; 2.6 for 

water as solvent. 

The differential diffusion coefficient of D-Glucose in 

0 water at 21 C is calculated as followsa 

f = 0.9810 

f = 2.6 
B 

VA = 177.6 

10-8 
DAB = 1 .4 x 

(177.6) 0 •6 

= · o.67 X 10-5 

(2.6 X 18}0.5 

X 0.9810 

. 2/ em• _sec. 
'l- . 

224 
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In a similar way the differential diffusion coeffi-

cient of D-Glucose in 
0 

water at 2J C is calculated to be 0.71 

-5 . 2/ x 10 em. sec. 
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APPENDIX F 

LIST OF EQUIPMENT AND APPARATUS USED 

Ultek TNB H~sh Vaeuum Syat•m• M.o. 7-7223t Serial No. 

7161, designed and manufactured for University of 

Missouri, Rolla, Missouri. 

2. Microscope: American Optical, Microstar Series 4 

microscope; Serial No. 392668, ALOE Scientific Co., 

St. Louis, Missouri. 

J. Abbe Spencer Refractometer: No. 1182; A. s. ALOE Co., 

St. Louis, Missouri. 

4. Precision Abbe Refractometer: Cat. No. JJ-45-01-01; 

Bausch and Lomb; Rochester, New York. 

5. Cathetometer: ' Nos. 5100 and 5150 Cathetometer; 

Eberbach Corporation, Ann Arbor, Michigan. 

6. Sodium Lamp: SLA-5c for use on 110-140 volts-A.C. 60 

cycle; George w. Gates and Co., Franklin Square, L. I., 

New York. 

7. Ostwald Type Capillary Flow Viscometer: Cat. No. 

1J-617; Cannon-Fenske Routein; Fisher Scientific Co., 

Pittsburgh, Pennsylvania. 

B. Fisher Watch Guard: Catalog No. 14-651-5; Instrument 

. Division; Fisher Scientif'ic, Pittsburgh, Pennsylvania. 
' 
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APPENDIX G 

NOMENCLATURE 

A = area under the curve of concentration versus 
distance, (gm/100 cc so1n.) em. 

a = intercept of straight line that results when 
(x - x 1 ) / f is plotted against x. 

a 1 ,a2 ,a3= constants in Gompertz Equation. 

b = slope of straight line that results when (x- x 1 )/j 
is plotted against x. 

C = concentration of solute, gm/cc. 

C = initial concentration of solute, gm/cc. 
0 

C' = concentration of solute at original interface, 
gm/cc. 

c = concentration of solute, gm/100 cc. 

D = molecular diffusion coefficient of a solute, 
sq. cm./sec. 

D = integral (average) diffusion coefficient of a 
solute, sq. cm./sec. 

d = distance between adjacent bright fringes, em. 

J. = dif;fusion flux of IiI relative to mass average 
1 

M 

N 

n 

n 
0 

r 

T 

t 

velocity, gm/sq.cm. sec. 

= molecular weight. 

= diffusion flux, gm/sq. em. sec. 

= dif~usion flux of 1 i 1 relative to stationary 
coordinates, gm/sq. em. sec. 

= refractive index of solution. 

= refractive index of solvent. 

= x/2'/t, Boltzmann's variable, cm./(sec.) 1/ 2 

= absolute temperatur~, oK. 

= time, seconds. 



V = volume, cu. em. 

w = weight fraction of solute. 

X = fractional area occupied, sq. em. 

X a coordinate, corresponds to distance, em. 

y = coordinate, corresponds to concentration 
solute, gm/cc. 

Subscripts 

Greek 

A = solute A 

B = solvent B. 

c = at some concentration c. 

c = at initial concentration co • 
0 

i = i th solute. 

t = at time t. 

X = direction x. 

y = direction Y• 

Letters and Other S~mbols 

r:J. = intercept, Gompertz Equation. 

e = wedge angle, minutes or 

A = wave length, m or em. 

f = viscosity of' fluid, cps. 

V = vector notation. 

rad. 

~ = an association factor f'or solvent. 

f = symbol used f'or sigmoid function. 

11 J 

of' 
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