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INTROIDCTION

The object of_ this investigation iag to detormine the stresses
about a hole in & thick plate of large dimensions compared with the
radlus of the hole when the plate is loaded parallel to the axis of
the hole under various conditions of restraint, and to apply the
results }t,o the case of a desp well. The case of a plate with an

initial stress ia its plane 12 salso conaidered.

It #1111 be convenient
%o call the axis of the hole

eI e e, i e s

that axis as being vertioal,

! 1 ? ‘ t ’ T t T} although the results of the
' : » investigation would not he

PIG. 1
in the least affected if it

had sny other direction.

The conditions of latersl constraint considered are: (1) mo
lateral constraint; (2) conatraint in one latersl direction; (3) con-
straint in both lateral dlrections. Rach of these is combined with
etich of the following conditions of vertical constraint; a) m vert-
c¢al constraint {case of plane stress) ; b) full vertical constraint
(ms;s of plane straln); ¢) uniform vertical expansion. Part X con~
sists of an analysis of stress iz & plane perpendieular to the axs of
the hole. In Part II. stresses resulting from vertical loads are super-

posed on them under the conditions listed sbove,



The prodlem arose from dlfficulties sncountered in the drill-
ing of deep 0il wslls, After Arilling has proceeded to 2 certain
depth, the sides of the bore hole apparently collspse and fill wp
the hole, resulting not only in wasted time and effort but in the
loss of the drill BHite, 3By comsidering the region arcund the well
as & thick plate of dimensions very large compared to the radius of
the bore hole, the conditions will he seen to correspond to one of
the cﬁau investigated. Part II] of this thesis is devoted to appli-
cation of the results of the general investigation carried out in
parts I and X1 %o the mspecial problem of stresses about a deep well
and the emses of the failures described adbove

A1l the cases investigsted do ot spply to deep wellas, tut it
was felt that a complete investigation of the general problem might
find spplication in other fields znd would emhance the value of this
thesis,



PART I

The piobleam of the detrilution of coplaner stresses ir a plate
with a hole normal to the plane of the stiressss has alrsady been
solved(l) , though the detatled solution is not gemerslly availshle.
Flnce ths asgswmtions nsade in the sclution of suich coplanar stress
systems have au lmportsnt bearing on the three-dizensionel astress
syatm the investigation of which 1Is the object of this thesis, the
analyses of

A} a symmetrical streds dlstribtution svound the hole, and
B) the affent nf a olreulsr hole on the stress dlatrilution
in a semi~infinits plets loaded in the plane of the plate.
are given hers, fThe dstermination of the maximum #hearing atreases
for these czaes, which is important in the oll well spplication of

Part IIl. i9s howavar, originsal,

(1) Lame, *Lecons sur la théorle ....de I} slasticits,” Parie, 1852;

G’c x’-“ﬂh, ?enlldﬁ Wl. ﬁl 1893



SYMMETRY CAL STRESS DI STRIBUTION

The general equations of equilibrium for an element are, in polar
co-ordlnates (with no body forces). @)

c')p: LA Tre G -0 _— o

= e T T (1)
1 J0% ‘-') + 27re _

r Z,'\"eQ (),, c=re =0 2

Yor a symmetrical stress distyribution, the stresses do not depend
on € and are functions of r only. 4lso, decause of symmetry Zre

mst vanish, Hense the second of the 2bove equations disappears, leaving

the first As

9o + %r =5 = (3)
Ir -

the ganaxal compatibility equstion 1s(%)
2 .10 L ST 2%
(cﬁ Fowr T 7(—}"> Jrxt ¥ af ‘fv.a ()a:_) =0 {4}

Tor a symmetrical stress distribubion, this bevomes, by eIiminming
the functions of O,

(105 3 <o

(2) Mmoshenko, S. Theory of Zlasticity. 8. Y., MoGraw-gili, 1934, p. 53,
-~ {8) Ibldes p.55



ré or* *dr) ”
2% L1 O3k ___i’&’z}_gté}+z—,%i
dr4 v Jee T dex 7
’C) /Az'st -i.— 43 -
rj—r(‘ C}r:&. t KTF
{ <93 é ~—-“"' - -
T Jrs r’v Jrz=  r )» o
Sos equation {3) maybe urittenz
2% oz 9%¢ L 2% 1 24 _
RPN T N G e T (6)

This is an ordimary differential equation with variable coeffi-

ciants., To change the variable coefficients to constant 'eoefﬁcionts.

let »r 4 ot. Then dr = * and at = b, ands
a%

dr
de _ d¢  dt -t dd
de T Fe T dr ‘ 74’%
4%

cESEAe b dfxmﬁ/”“ | =[5l f?‘“(@”’t‘

:€-t§f% ~t%>: ~t<z‘t’o—t—% ‘Vt%%)
e«z_t(’ Ad>¢ O(Cb)

(7)

——

at* At (8)

o> d*
o(f‘ jr(df?} Lolt } ) 'tjf@"zf%%vﬁn

tr st >4 at
=l 1) < L. - 9%)
_ -3t/,3 l

- (th% B 0”-2‘ +Zd > (%)



4 3 A Cf df
%%b& = ﬂl Cj d} ( _) ﬂ/f’ ]
-f_ (J -3*{ d%& . = Cj;‘dﬁ 4_ 7z 01 C{*‘\g}
atl¢ \aes Ela at /]
b -3t/ /13 H S
= € L /C‘igfi‘ ﬁ;ﬁg.ﬁzd ﬁ)z’ 3%.[4) 50{ 2-+8m/}
‘4. A% o d) G{ dqb
t(a?t“‘ é =+ &7z (10)

Writing equation (6) as an ordinary differentisl equation;
d% _4,2.5:3§:___3 A ? ,;,.iéiﬂ‘i_.o

veinan

Ar® roAdr3 re dre " r® v

Substituting values from (7). (8). (9)s snd (10), snd also ¢ ° for % ’

e"“("(% A SR L AT I

Pras At3 A2 dt!'
-di L PpvES
rem( 2 Gt -0 5h ”‘4%)
-4t _ .':?/2’49
G:"Af( d‘ﬁ>
—4¢t [d 4 A 4?4
At —% s T E?'{’*) =Y

Since rj_“ cannot equel sero for all valuea of %,

d¥¢ 4P -
(jt‘; 4 (jlf's 'f‘4 cp/tz' )

e’
¥ow let ¢) ; 2 . L‘
db - e” ¢ d 7"¢‘ . mte ot g’%ﬁ; = e’
; v & -

Thea it )t
A _ At
AE

3




Substi tuting,
MY mie P+ 4n®) = 0
Pactoring,
AY 22) (n-2) (»-2) = 0
which gives the solutions, m} = Oy my = Oy mz = 2y my = 2

stne § = AeT e Bte ™ e et Dot
b= A+ Bt +Ce?tyDte’

Now, et = r; therafore ¢t - loge . S0 a general solution is

: - 1
(Ib = A+ ) Joaj,zl" + Crl~+ L)r"zfo?&jer ()

The stresses in terms of this streas function, ¢7 v arg*);

L2d L 2%

T o 3
“r -l

i"‘?’c)ea ]
05 - ¢ |

(12)

These are general aquations; in the casze of a symmeirical siress distridbu~

tion, fanciions of & wanish (ref, p. 4)., and the eguations beconme

1 24

o = ¥ 3y )
B

0o = M (13)
o

?;efg

(4) Ibvid, o p.53,



Then. from {11)

I re
(14)
B _
- T C + D = b )
o= " 72+ 2 (3+ Z Joger )

Ti’e =  (from {13})

For the case when 1o bole sxiebs at the origin (Lie., r = 0)s O and
Oy are infinite unless B and D are token as serc. Sinee infinite stresces
are not possidlae, this must be th§ only correct solutlon. and O, and Oé
are seen to be constant.

#hen there 1a a hole of radins a at the origin and the suter radius
ie b , the solution is found by taking D= O. This cese can be shown
tc correspond %o & hollow oylinder subjected to un internsl pressures py.

and m external pressures p, .

I D= G,

r= (16)

and the boundary conditionn are )



an
% 4+ 2C = ~fL
%}_- + 2C = ~Po
2 _B = -P(+Po
az b

>* . a*
2C = -p; - (Pe—pl)a®b®
a*(b*-a?)
2C = -p 5L1+P;az_ et b
L*_ a e
2z C = P(jdl — Po
b*_.a*
5“ (F’o Pu’a 2b* PL F’obz
F2(b*—a%) = pr_qz -
or _ —{Pe- P()azb® pr py b2
6 = I"?«(bz, ) Béwzéz’g{,_ a8)

g = - Z—b»PL + azE{:
] r#(b*a ) b*_a%




10

2 2
b A a* r
(19)
2
O Sy {/" + “%2.:2.>
& 5227 a* ¥ (m)

The maximun shearing stress is also of interest. gince f;e. O Cr end
04
€ are principal stresses and since the maximum shearing stress is helf

the difference between the principal stresses(5),

r.—f

“’m(j}ﬂ‘ =" {Cﬂ*‘a‘»@“
Z

PR - T Lol S T o B iy
ax Z(blwd‘"’:}i\ X rZ
P - . B
?max =+ bfa pe | .
r{b*a*) (21)

If 3 4is made very large in compariaon with a . the stresses

approack the values

! pa
O’“:: “"E Q
£ Lrﬁ‘f
Og = + <2
e (22)
_ .2
, o)
Conax. = * Peal
[

Thess stresses are plotted sgainst r/a in Flg. 3 which shows that eech
siresas «-6&" .cg + Bnd 7 - ho's: & maximom value #qual to the internal

pressure.

(5) IMd.. P 20



1

For the case of pg = Do
@ E L, B*
0; P b Pe —— PO

~ L(}:;?:..»d?’ ;{9?"”&‘ 2
T = Pkfiz?%‘;?— ( r:»‘;_ ;} (23)
g = ~ Eif;.a %;2 + !) {24)
Cmax, = < fi“i (f’;z ~/ 4 %: * />
2(6%a?)
Tnax. = + a2b"pe @

I » is made very large in com:arison with & . the stresses
epproach the values |
- ; LA = i

2
0 =-po (G F ) (26)

Cmax., = z E‘:;“;gi‘z

These mﬁmumi ure plotted against rfa in Pg. 4

Note that the sum. (¢ o (equations 17 aud 18 and following)
is constant through the well of the oylinder. 7Therafore thers is a uni-
form extension or fontraction along the axls of the aylinder, é&mn—
sectione perpendiouliar tp this sxis remaln plane, and the deformstion &f
& thin dlmec eut out by plames perpemdionlar o the axis of the eylinder
s not affected by the deformation of sdjacent slesamts, Hemes it ia
Justifishble to sonsider the alement iz & state of plane siraess. 23 was
done in the ghnre discussion. This feet w#ill bSe seen later to Ve in-

portant in the snalysis of atressas due to vertiesl loads,



Stress sign convention: 40 = tension

-~ O =conmpression

FIG. 2
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UBIFORM STRESS IN ONZ DIRECPION

Gonsider a plate subjected in one direction to a uniform tensile
stress, 5 , and having a saall hole of radius a , Stresses at radius b

{b being large in aomparison with a) are unaffected by the hole,

i

: 2a %
O/)’ LB
& \ ? ik |
5 >\/ i
= S J/
FIG. 5

from the prineiple of st. Vmant(6) Then

- L S’CO‘SZQ :’Zg<f+605 26)
t(f‘:b)

Crg. = —Ssinbcos®=-3 S sn26 | ”
"By - S sin 2 ) (27)

Puation (4) ie the general compatidllity equation,

Exp anding b \
) )2. 7,{) ! .
;%: - ):-é e f>f’ * }’L 2 ?”//
) . . 3‘“‘<j) (}3
3 T )cr -2 )/ Loe
e S R 1 5

o




ié

3
N 0% 2 050 AP S L
ﬁ¢( )Z “?% v cSr?—“‘“rc?f‘z’Jrﬁgf re drz
5 Jop + ¢ Jb z J 43 1 __i)f:ﬁ‘é_.’,—
73 00T, | 14 002 r3 8y rrJetdrt
N L TP T R A k-
ol )= Tt TS T e
E9°
+t s PR
J /0 J34 P 2% 1 2%
26 | ) = ;200 | F 0rde MEPrE

L )t Sty
Fejez \ )7 rzormer T r droot

Gollecting terms,

z Y ()4 —-6334; _ -2 2 c)(b 3&3&)2_
L )-SR 5 s
+ r”""_éfé_/ + ér"4.,_§?;
Je"-&lr
Y ~2,) 304 3J3b
A = Rk g P
~Zr’4_,43
L DT J +r 2 %
e )7 “*%éz A
Adding,
2% 3p _ 2% L3I 5303 a2
St jra Tt 577 et orser
4%, 4% ~
+4r" ooy v ey = O

which is the compatibility equation expanded,



17

How, the stresses at radius b given in equatiorn (27) may be econ-
sldered as forces acting externally on 2 ring of external radius b and
interasl radius a, They produce stresses within the ring which may be
regerded as consisting of two partes, The first is due to the constant
component, %5, of the mormal forces, and can be obtained from equations
(17) and (18). The other part is due to the remaining component of the
rormal forces, 48 cosdB, and to the shearing force, -45 sin28, The
atresses dus to these latier components may be found by using a stress

function of the form

¢::f0050529 (29)

sabstituting this in the compatidility equation (28) (and writing ¢

for f{r)): § By s 5 / _,)f
- = -2 J =
eocZQ( v 2ria iﬁ%'+r 0t 485l
_gr a“g erts e 4)=0

s

e or

e s

O 2 9% _ 4
Jrt r Jr®  r®

9 L a4 2f _ .
oz ©

(30)
T™his is an ordinary differential equation with variadle coefficients
which can be converted to constants by substituting o for r as was

done for equation (£). 'The various derivatives correspond to equations
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(7)s (8)e (9)e =nd (10), Subetituting in (30) snd collecting terms,

a4t (d*F d3f _ 4 d*f ,;zf)f)“.
¢ (\;,_—-;;4 ~A4 e T HF e e gg )= 0

gince o.“ camot equal zero for all values of ¢,

OI4§ Md_dg{ _45}2? +[(af{__F::.0
;FZL At3 Atz dt

JE o mgmt A = mre ™

TF = ME , alfz 3 _é
‘ 2 - {' 0’4 f}’;4@ g

"’1,.;'{: - o€ v .——i 4 =

dt3 . oAt

-
=

KZMt (('7’84———4;/)’1‘5 — A yﬂz,{. { o m> = O
rn@m{ <yﬂ-4) (m+-2)(;m~2> = 0
m, =0, o, :+4; 7773:“‘2) "’Y74:~+Z

E’T‘t
since { = Afi’mt«% Btzmzta— Ce”% 4+ De

yrgt

- A+ Bett + C@"Zt + Dezt

and since ol -
-2 Z
f- A+Brte ey

b =(A+ Brés Cre + Drz)cof» 20 @

Substituting thie expression for ctxiu equations(12), the siresses become

o - %<4E§r3~2Cr'3+ ZDr“)c0529+;’:z<'460529)@+5‘”4+c f.z*Drz)

0y = *60529(4/4 - QCF4+ZD) (52)
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%:(12 Brie Créyz D) (:«:o:—) 2@)

(33)
lro = w2 (-25126)(A+ Brow Cr3Dr?)
.._57 - ngﬁfgz@)@rgw@,gcr- % 2 0r)
Tre = =sin28(2Av24B,% oCr
{ rireClr '-ZD) (34)

The boundary conditions are;
Cr = Owhemr™ a
ﬁfe: Owhen r= a
O = §Scos 20 shenr™ b
'(;re: 38 #in 20 vhen ¥ = W .
o =0 = -cos26(dAai+6Ca+2D)

Yoo |
T 4Aa*+ tCa+20=0
. - -z 4 Z, -4_ D=0
Zdrc-)(r_dfo =2 Aat-LBa"~ 6Ca
-2 s A o
- S cos28= —-C0528 <4Ab 4 6Ch +¢:D>
G'Z(Hb')“”ic' o )
-S _4ppProeChb 420
,,
] : ’ 4
ZJ"Q( L) = 2 sn28 == 5if°29(’ZAb'Z—-éBiaz‘+éCb ~2D)
r=k) = 5 °
L5 - 2 AL 2B+ 6CH 2D
Z

Clearing of fractions, the eguations to de solved simultaneocusly are



2a2a + asg+aly = o

L]
<

2%s - 3888 + 35— atp
2%, + 30+ vip .:_§§f

vea - 388 + 3¢ -~ vy -.:.:.ﬁg."‘.

"

The solution of these equations glives

B = O
¢ = -a’s
= -8

4
D = -3
r

Substituting these values in equations (32), (33), and (34),
Or = Scos20 (5 -22, + o

I 304
0 = ScosZB (-**"2‘ - *2"-;2)

. )

The stresses due to the constant component of the normal forces when

P1L is xero and b 4is large compared to & can bs found from squations (26).

Z -,
o= 2 -4
oo S ( ax
o = 3 I+ 2 (38)
7 = 0
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Total stresses equal (35) plus (36).
p » R L T
_9,2_’(,_,9;_"’: )+QA38@(/~4% +3% )J

=2 [('*w? oa%.é)(/ +’%’"$ )]

3

N

b4
e = -ﬁ<!+2 »3’%_)&*1/’} 28
. (37)
At the edge of the hole, r a, which gives
Yy = O
£y =S-25 cos 26
Tve =0 (38)

The tangential stress,dz; s may be seen to be a maximum when 8 = %%_
or gég; s which gives[?é;:.3s. This stress occurs on & line through
the center of the hole perpendicular to the direction of the stress S,

This line is an axis of symmetry, which makes 7;;=.O and 0 and Jg

principal stresses. The general equations for stress along this line

are
- 4
oy =38 (85 -=)
e e Yqoﬁ)
7 .S A
4’% _.é(&,’_+‘( +3 g
Tre = O (39)

It should also be noted that when & =0 or 7, Jg= - , which
indicates & compressive stress at right angles to the direction of

the original stress and equal to it in megnitude. If the initial stress
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were compressive, this siress would be tensile. The general equations

for the siresses on the line & = 0 or 7] are:

L9 /o prald -l \)
O ‘,_E...(....+uw 52

3 2
%20 - 25%)

“Tre

(40)

;!

: )

The maximum shearing stress is also of interest. Fig., 6 shows that the
difference between J.- and (; is greatest when &= IL—. Since O’T»
&

and dz} are the principal stresses,

2

' - 0% 2 Y
Ty, 2 L8 == $ (-2 + 52y
2( v r<f) (42)

from which ?;mx = =1.55 at the edge of the hole.
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PART II

The effect of uniform loading perpendicular to the plene of the

plate will now be investigated,

SYMMEPRI CAL, SPRESS DI STRIBUPION

In Part I, it was shown from equations 17 snd 18 that the
stresses (', and O’é produce uniform expansion parallel to the
Z axis through the wall of the cylinder., Therefore & strese J»
may be simply superposed without affecting the stresses (, snd
Dé » OF belng affected Dy them,where there is no constraint,
Oonsider now an isptropic plate very large in comparison with
the sise of the hole., and constralned as its doundaries from expsne
sion or contraction in ithe plane perpendiculer to the axis of the
holes According to the principle of St. Venant, the hole will affect
the stresses in the plate only in the immediaste vicinity of the hole.
Then the stresses in the plate (except near the hole) dne to & cone

stant stress, O, , will be

(42)
o, = Vo + VO

Getting U and Og intemsof O, 1
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-
¥ = & Ve o)
)
J;{\’Xj “‘\)}:::. 0 ((*i’ Y)
A
Ve Y
;o (2
7
- = X g
= 1:...;.) > o %
(43)

fhese will be the stresses when r = b, Jor the cylindrical portion
of the plate around the hole, this value of O, 1is equivalemt to p_

in equations 33, 24, 25, and 26, except for sign.

_ %
Po - "”/":‘VOE' _ (44)

Substituting this valus of p, in equations 26, the stresses at the

adge of the hole become

7 =0 | )
7 R
%»,_:_4_25;_,([#\)) }7
] (45)
07 = 0z |

/ J

these are, of course, psincipal sirssses, Thers are three maximunm

shearing stresses, occurring on planes bisecting the angle between each
pair of principal :tre:ses('?). The magnitude of each is aqual to half

(7) Ivi4, p. 187-188
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the _differmec' of the corresponding principal stresses,

Hemce
. O -0 (X
/C = F”z - %(l”\’>
T o L g
Z z
Yo (48
7. 0z -0g _ ife _2Y 5 123Y
( Mmzzw = Z\z— P —Y Z 2<;‘_\}> Z

The largest of these is the maximum shearing stress st the hole, It
nay be seen that this will always be the differsnce between the largest

end emillest principal stresses,



INITIAL URIPORM STRESS IN ONR DIRROTION
PLANE STRESS
there there is no constraint in any direction, a strees ia the
vertical direction may be simply superposed without effecting the
stresses which nay be oalculsted from equations (35),
| If the plate is considered as constrained in the direction of
the uniform stress S § may be considered to be equal $0 §; + V3
(8, belng the unmiform strese in one direction at r= b vhen (7
is sers). and the case equivalent that sbove,

The stressss wvhen Y e a and ¢ = l.g sre tham {from equations
38);

i
o

(Dci \q
i

W
i

H
gV
W
+
<
N
A

f,. (a7)

0z = 0%

then r = & apd @D or T »

0y =0
0p = -5 = = (5,+v9z)

(48)
0z = 0Oz,

The maximum shearing stress csn always be calculated by taking half
the difference of the largest and smallest principal stresses, which



at the edge of the hole, are always (in this and all subsequent cages)
0’7’ ’ Jé s ond ('Y‘Z

If there &s constraint in the horizontal plane perpendicular to
the direction of & the lsteral stress at » - b cannot be considered

unidireational ~~ at least, mot in the direetion of the original stress,

8y « The stresses vhen r = b can be sald to be

-

0x = O

a7, = S, + 0z )

20 - (49)
(5'2 = OEl J

where 5y is considersd to De acting slong an X axis. The effects of
6;( ’ 03/ 'a and (E_' may now be simply superposed to get the stresses

at the edge of the hole.
Ha
pr 6 =4 or ‘32“:

Op =0
05 = 35, - (3, +57)
(80)
0z =0z,
yor O =0 or T,
Sy =0 )
6 - -5, +30y =(3v-1) 5+ 300z,
(s1)

0z = Oz,

the ease of constraint in both horisontal diredtions may be solved by

superposing the effects of the stress 8 end the verticsl atress, OE



Gonsldering the eoffect of g elong ab » = b,

_ - . Y. < ™
. < 2 3 (52)
Ox = o Wj‘y =S5+ Ve, = =l (
-y <
Then the stresses at the edge of the hole reslting from 8y alone ares
T
for ¢ = — :
2 * -
g, =0 |
. B=¥_ 5
8 j-E T ij (53)
¢ =0 ™
3y !
0. = =Y
<] o= i (84)
=V J
Superposing upon this the effects of the verticel stress, which for
symmetrical lateral constraint are given by squations (45),
Cj? = )
. Z v 3-y
0f = =%, 0z + 32 5,
6 Y ' I =Y (55)
0z =0z,
for @ = I’. ore = 0O
2 N,
S I
o |
- X o + 2=l 5 |
e f -V l | —¥* ! ( 56)
0z = 0z, )



- PLARL SiRAXN

Plane strain, of course, presumes full constraint in the vertical
direction. In the chse of symmebzricel stress distrivution, the results
are mo different from those obtalned for plane siress since, as pre-
viously shown, sny extension or contractiocn slong the 2 sxis iz uni-

form, This is not trus in the case of a uniform stress in one
dirsction., It can be seen, however, that the vertical stress is not
sffected by the lateral stresses except nesr the hole, That is, if
oz,
slsn be 0, when r= b, regardless of the conditions of lateral and

is the vertiocal stress in the eass of plane stress, it will

vertical constraint; Wt at the edge of the hole, vhers r = =%

57 = 0z, + V(or +o3)

0, = 0z, +Y05 (67)

The case of plane atress vlaced no restriction on the vertlcal expan-
sion and contraction of the plate. If Oé' \ is the tangential
atreas at the hole for the case of plane stress. then, for the oise

of plane straln
| . (58)
Op = 0o, + -F(cr) ;.

In order to determine F(G;) » consider first the problem of
stress in a Yody elastically constyained laterslly. 1f there is po



lateral constraint, there is no lateral stress due to a vertieal load,
and the unit lateral deformation is

€x = VIx

If there is full constraint, the stress is g)g‘;( and the deformation
is zero. The case of olastic constraint lies between these two cases,
The deformation of the comstraining mediwm must equal that of

the body. Let % = the modulus of elastielty of the body material
and B, = the modulus of elssticity of the constrsining medfum, Let
the body be some unit velume surrcunded on all sides by the constrain-

ing medium and loaded vertically, iumating deformations in the X

directions
VOz + Yoy -9% _ o
£, EZ (89)
Iquating them in the T direction,
\?G‘Z_ + YOy wd:z _ E—Z’_
£, E, (e0)

Row consider as the body an element at the edge of a hole in a
larze plate, Jor the case of a uniform stress in one direction and
plane strain, if the ratio a/d is very small, 1%t may De considered
elastically supporsed tangent to the hole and t;ree to expand or cobe
tract in the radial direction, regardless of the constraint condl-

tions at the cuter boundary of the plate.



To apply %ions {59) and (60) to this case, let

% = %
G’S,::O‘,,:O
Eéf’Ez,

Then

VO - Og . Os
E E
Ué:%()}
fhus

f(oy) = ¥ oz
gubstituting this in equation (88).
6. = o= v

:M(Y‘
6, T 5 ¥Z

(a)



Getting Tz and Té in terms of

By substituting the appropriate value for 0;1 {

(62)

(83)

from the resultis pre-

vicumly derived for the case of plane stress, the stresses at the hole

nay be obtained,

When thers is mo lateral constraint, the stresses at the sdge of

the hole for 8 = :ﬂf— are

o
% =0 |
= :3‘{'1‘”“/6’2 (
© zZ-v? [
oz = 2(%,+395) |
Z=y* ¥
un&foregoorW .
oF =0 )
=25, + VY02, .
% = R k
oz = 2 (0%, ~vS) S

(64)

(65)



When there is constraint in the direction of S» the stresses at

the edge of the hole are, for 8 = _272" (refer equations 47),

& =0 h
e 2-vZ2 L (e6)
— - (vs, +z(1+3v%) oz,
Z - - N |
end for g = {ref. equations 48),
Op =0 |
05 . T25, 7V0z, |
-~ 2 - V’Z’ l:\,
/ (67}
5, 2(1-v)az, —2Y5

i

Z-V* ¥
when thers is constraint perpendimular to the direction of 3 in the
horisontal plane, the strosses at the edge of the hole are, for o= T

a—

(ref. eguations 50)

Oy =0 b
2(3-v)S, + Yz, |
o= =t e TV TZ |
o= 2(1-v)oz, + 2v(3-7)3,
Z -v*
and for @ = 0 » (ref. equations 51)
0y =0
05 = 2 (3v-1)S, +7V 0%, -
' 2-vz

of = 2(1+3v¥)aoz, + ZV(3V-1) S,

et e

2,\)2 -



Whan Yhere is lateral constralant in sll directions, the siresses

at the edge of the hole decome, for @ = IIZ: ¢ {ref, eguations 55)
Or =0 ) )
2V Oz 3-V
O,é — Z (W»—-w‘?l +-—}—-:~§)*Z_S;>'§‘ 3)62;

e L=V

z-yT !

0 = 2(i+ V2V )0z, + zv(z-V)S,

LRy e T

or =0 )
i
|

(n)




UNIFORM WPANSION

In this oass there 19 neither plane strain nor plsme stress;
the extension or contraction in the 4 direction 1s uniform, and
there is no other restriction. The stresses at r - b Will de the
same as those for the corresponding condition of constraint in the
case of plane atress, The lataral stroeszses at the hole may be ex
pressad in the same form a3 in the cuss of plans strain; s¢ the

stressses for r= a2 xre

A
il
o

(72)
07 = Oz, + v (0g + 6 - Ix *0}>
(where and sre the latersl stresses at ¥ = D).
( e o
Then thers 13 no lateral constraist, the stresses at r - b are
0y = =¥
(73)

S
" i

o
i\ﬂ



which reduces %o
O = () )
. D
oo (6 )53'”" VOz,
G RV . (74)
_ 2z {(oz, + 2v5,)
0% - 2.__\)2
Jor no constraint, ¥ = a, and @ = O,

i

which reduce to

or =0 7
v -

(78)

Whan there is lateral constraint in the direction of & the

stracsec at v - B are
Ox = S, +V0z

and vhen * w 8 804 8 = J;f .

Gr=0 2 ( V4 o3 )
C-VE)S 4 +NV-YV )0z
0p = . )\}'2__\)2 =* L (™)
o - 2(1+2V%)0z +4avs, [
- Z-y2




For® = 0O,
OT,: = : \\!
. o\ . AR
0. (W-2-Y)ay, —(2+VE)S,
: 553 (78)
0 = 2(i-2y*)oz, — 4V,
z-yZ2

tYhen there is lateral constraint perpendicular to the direction of

Ss the stresses at ¥ « b ars given by equstions (48), The atresses
vher v = 2 fore = :g are then (ref. equations 50},

)
which reduce to
0 = 0 , ) \\

- (e=2v-v*v)5, v(1evez,
2 -V \

(79)
2(/ "Z\)?’)Cyz, 4—4\)(/*\))5,

Z -V*

0> =

and for * - & anl for @ = O (ref. equations Bl),

Tp =0

o < o3 + V(05 VS - VE 50

which reduce to
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Op =0
0 = (évm2~-v'2»\/‘3)35+\)(7-¢)a;1
o oo (20)
o _ 21+ 2v3)oz, +4 (VDS
- z-y=

~

when thare is lateral constraint im 211 direetions, the stresses
&8t r = b are

o =S, + V(oz, +0y)
Oy = \)((rz} + V)
0z = 9z,

o5 = s,+v(+Vaoz, )
J

j— Y=
Ty = VS +V(1+V)%, ¢ (63)
, /—V %
0z = ¢z,
-
The stresses at r = a for @ = 7/ are them {ref. equations 55}
4
Tp =0
o= -y % T Ty z <

0z = 0z, + (o5 + 5;“"2‘}5‘21)

which reduce %o

-
{
<

J;:O

0. = \)(5+4\)~3s)2~2v5)a“ +(Z);2 V"V_)f_i’:_)f,z_, (e2)
T EE Y




and for 8 - 0,

Cr;;::@
2y 3 -/
Cg = 75 Iz, +}M.y2~5’ +.2202
— I _ S, +2Zvoz,
(QZ__@!‘;«),(@ I/_.L) “L/
which remes to
Oj: = {J
g = VEH V322000 +(Gy-z 02 )5
/=VE) o ?
(/=V)(z-v?) )

o = Z9%, 4 {1+V)S, f
Zoyz




PART 11X
APPLIQATION TO A DEEP OIL WILL

CONTITICHES ENCCUNTERED
The results of Part II will now be applied to the case of = deep

0il well. Any stratum or layer of rock through which the well is
drilled may be considered as & plate of large lateral dimensions with
a relatively small hole. The stresses due to the overburdea may be
considered symmetrical, However, large lateral strssses may exist
1n the earth's crust in some areas, and therefore the oase of &

uni form lateral stress should be of interest also,

The lateral expansion of the %plate* csused by the vertical
compression dune to the welght of the overburden is resisted by a
constraint which must be considered nelther as rigld nor as negli-
&lble but as elastis, for the Wplate" is bounded only By mors of the
material of which the plate consists, This constraint presumsdly
exists in al) directions. As regards vertical constraint, it does
not affect s symmetrical stress distridbution. In the case of lat-
eral stress, plune siress cvidently does not exiet eince the ground
around the well would in this ozse rise an amount which, for materials
of a thickness of several thousand feet, would be quite perceptible.
Such a rise does nmot occcur, On the other hand, the earth absve a
given stratum is not perfectly rigid, Since an assumption of slastie
vertical constrsint omn be shown to be cpen to an objection similar
to that made %o the assumption of a condition of plane stress, the
case seens to correspond most clossly to what has deen called in

Part 11 uniform expansion,



The two cases of interest sppear to be symmetrical sivess distrie
bation with elnstic constraint og all sides, and uniform stress in one
Mrection with elastic constraint on sll sides and uniform vertiocal

expansion,



DERIVATION OF FORMULAR

The case of a body elastically constrained has already been
discussed on page 31. where the constraining medium is of the same
material as the body, ¥ = E; in equation (59) and 1t becomes

VOz +V0y ~63 = o,
v
ox = ¥ (02 +97)

(84)
Xfo;:g;:a‘;:ﬂg‘ atr = by
VG (85)
r= % z -

This comparet with eguetion {43) for rigld constraiat, so by the same

reasoning used there, the stresses when r=a are

Tr =0
0p = £Y%z.

2 - (86)
Iz = oz, |

: -7
These ars the stresses for the case of symmetrical stress distributioa

with slastic constraint laterally,
the other case to bes investigated ies that of a unifora horisontal
stress in one direction with elastic constraint in all lateral direo-

tions and uniform expansion vertically. The stressesat r - b are
= S, + %5 (ﬁ/ z, * 0})
®$Q(Q+QJ
G';',_, = Oz

§



which reducs to

o 2 45+ V(z2+y) oz, ?

G~y 2
(},}.I - ovsS, + Y’(”%w\/ (3‘7_,

T (87)
g~ 2

0z = oz, .

The stresses at the edge of the hole could now be found from equations

{72) if the stresses for the corresponding case of plane siress were

known, so that case will be investigated here, In the case of plane

stress, the mtresses at r - b due to S 2lone are

L5 Yo . 43,
=S tE Ty ST )
- Y - . RBVS,
(j}“‘“ ,,O—,x - P V}Z __‘,j (88)

Then the stresses at the edge of the hole due to 8; alone are, when

2
07. = :) 7
— 2/4 v 5(
Yo = —yTvz j (st
and vhemr &6 - O,
CT’;: = O )
. 2(3v-2)3,
O:S‘ = 4*\;2 ) {90)
Superposing stresses due to O, o+ as given by equations (86) for
e = T, |
z 0, =0 1
¥ .
- - ZNV0z, 4 2(:3‘) Z)..S_
Yo = T2y 4 -z (s1)
oz - oz,



and for & = 0O,

(5';.::() .

o . 2V0z, , 2(3v-2)S, )
Y o -z {92)

CTE{ = 0%,

Thess sre siressss Inr tho omse of plane strala with elastic constrsint
in 811 loterel &Erectiosue.
The stresses 2t the edze of the hele for the case of wdform ew
pansion ced slzetic lateral constreint mey sow be found, Substituting
squasbions {91) mnd (87) imto squations for & = _:7.21.' .

o7 = O

o zy(+z)oz, +2(6-)S ¥ o3

- 4-yz <

0o - 0= e v _ 22+VS, + 2z )03

= z, + \,((}'é .~_~<_~_ ,;_..V‘Zf )ZL_)

whioch redies to

=0 | )
o~ V(iztdv-59220%)0; +2(lz-2V-2v% V33,
‘ G
2z C2+\/‘)sz, + 4vVS,
Oz= (z+V)(z-v?) |
Jor r= & and ¢ = O + sobstitute equetions (93) and (BE) in squetions

(%3)

(93) and {88) in equations (72). Them

(f,;::O
o ZvoE, 2(50=2S 4 Yoy

Z-V 4-ve=
2(z+¥)S, +2)(2+V) 0z L\
- 4 -y* /

_
7 = Oz, + V(C‘e



which reduce to

=0 3
E)K./4+4v~JJ yaY }CZ 4~/{/ 3/"4' 2”’; V, ) I

Co = (4“”/,2,)(

h
g
/o (99
(;;:7_: 4’.’(2'%3) 27 — 8V O, g

(z+V)(2- V)

The effect of an internal preesure, p; » within the bore hole ,
may be simply superposed on amy case since abtrssses due %o such a
pressure are symmetrical, fThe stresses tc be added would be, for
all values of @ eand vhen ¥ = @,

O = — P *?

. !
Tg = P k‘* (96)
6z = O J

The particular phenomens which prompted this investigation of the
stresses around an oil well ars; 1) Jddem pressure drops in the fluld
pressure in the well during drillisg., and 2) spalling of material from
the 2ldes of the bors hole, If the expressions for the stress around
& well whish have been derived are comsidered together with the mschan-
108l properties of the rook, an explamation may &ppesre A Drief summary
of pertinent mechanioal properties 28 given in avallable references is
here presentode



MAGHANT 347, PROPTRPTES OF ROCKS\B)

rable X

Rock Average Average Average Poissonts
Type Uitimate Ultinete Mtimate tio

Compressive Tensile Shearing (v

Stramgth = Strength Strenmgth

-1 N pst , psi
Harbla 13000 450 1300 o 27
Limastone 9000 300 1350 26
sandstons 11000 200 ‘ 1200 23
Granite 20000 880 2000 21

On p. 258 of Johnson's Natariale of gonstruckion is another talle,
taken from Seuschinger, showing that the shearing stremgth parallel
to the bedding plane of the rock runs about 50 to 704 of the value
perpendiconlsr to the bedding plane,

Stress-atraln disgrams on pp. 256~-257, Johnson, show that stone
does mot striotly follow NMooke's law; however, the tangent modunlus
actually inereases with load, rather than decressss, the curves belag

quite straignt near the ultimnte. Lewls? rmﬂtt(g‘) show fairly

(#) Johnsom. J. B., Withey, M. Q.. and jston, James, Johnson's mate
erials of construction. 8th ed, ¥. Y.. Wiley, o. 1939, pp. 254-258
Yalues glven in the ta‘hle’ ars spproximate sverages of values from
Tadle 4, p. 355, |

" (¥) Lewis, Walter 3. 'The mechanicsl properties of mine vocks and a

standardised test procedure for thelr determination., Thesis, lo.
school of Nines and Netallurgy., Rolla, Ho.

«



strai ght stress-sirain ourves with a proportionsl slastic limis very
close to the ultimata, In sither omse, the sssumption of an elastle
naterial seems ressonnbly slose.

Valuas for all properties of stons wary widely with dlrferent
- specimens; the compraszive strengih of limestone. for instancs. ney
vary frax 4000 paf o 20000 pel. Oonseguently, for accurste resulis,
sermle Sasts must be made of the rock st the place in guestion. With
regard o the comprPesalvse strength of 2tone, LV 1d uwndoubtedly ool
el daradly grester when confiped on =l)l sidss than shen unconfined,
The valuss in Table I wers from tests on undonfined stone,
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SR GAL STRESS 19 STRISUTION

An average value of \,} from Table I is zbont .26, Subetitu~
ting this in eguations (86).

.5 o3
Cg = ‘..7.,%%;, = , 286 0z,

Using » welght of overburden, w, of one 1b, pser sq, in. per foot of
depth and letting 5}, = Wz, the stresses around a well at & depth
of 10,000 feat {for example) are

Cr

Cg = =2860 pei

0

O;;_ - ~10000 13".

1f 1t is assumed that there is no imternal pressure inside the bore
hole. Oil wells are custoparily drilled. however, with 8 liquid md,
having & specific gravity of about 2,0, being pusped into the hole %o
keep up & pressurs, A% & depth of 10000 feot, the static head wonld
be sbout 8700 psl. Neglekting any pumping pressure, the stresces at
10000 fest would be {using eguatiocns {95) saperposed on equations (88);

Cy .= - 8700 pst

T = 5840 osi

0> = =~ 10000 psi

The naximun shearing stress 1s evidently

0g - Oz = 7920 pat
.2



A comparison of these results with Table I shows that the rock
around the well should be expeoted to fail in tension and in shesr
long befors the compressive sirength of the material has been ex-
cesded.

While tensile stresses exist only very close to the hole, they

might cause vertical cracks which oould be opened wider by the pressure
of the fluid seeping into the cracks, fThe lateral pressure in the rock
scme distance from the hole, from uqnatién {B5) would be sbout 1430 psi,
which 1e¢ mich less than the corresponding fluld pressure, so thars is
nothing in thenry %o prevent the crack from extending indefinitely ex-
cept & drop in fluld pressure. Such a drop. of courss, would be the
patural result of the escape of the fluld into cracks,

in the ense of a low fluld pressure, as in the case of water as
the fluld or hypothesizing s pressure drop as suggested above, the
shearing stresses in the rock become critiocal, since the tensile
strosses are affected more tham the shearing stresses by an internsl

_pressure.

Consider a snall pyramidal element on the bYoundary of the holes
the base of the pyramid belng on the surface of the hole. It is seen
that, with the tensile stress Og  small and the compressive stress
G~ 1arge, the remltant of the normal forces on the faces of the
pyraxid tend to expel the ¢lement into the well, this tendency belng re-
sisted by the shmina forces on these faces. When the sides of the
elenental pyramid make 45° with the base, the shearing stresses on
these faces are maximum shearing stresses, When the shearing strength



of the rock is exceecded on thess planes, bits of rock may de expected to
pop off the sides of the bore hols 2nd the procsss of spalling to contime

until the broken materizl can glve the walls sous sappors,



UNIFORM STRESS IN ONE DIRRCTION

The probable magnitude of a lateral stress in a stratum 10000 ft.
below the surface of the earth is difficult o estimate, tut for pure
poses of exsmmple suppose 5) to be equal to the vertical stress, 52/ »
or 10000 pesi compresaion, to use the ssme valuo as in the previcus em
ample. Then the stresses at the edge of the bole {with no interansal
pressurs) are, from equations (93),

«?
= =34000 pai -

- 12680 pel,

-

SIS

£

ate;f o 2nd at 8 g O,
= 0
= «1050 psl

= =B0S0 pei

g9

Siperposing stresses from ap internal pressure of 8700 psi, for ¢ :272:

=~ -8700 psl
-~ ~35300 psl

SR

~ =12680 psi

and for @ = O»
= =8700 pai

= +7650 psi

SIS

-8050 pel
The maximn shearing stress for @ = % is 8300 pei and 8130 psi at
e = 0

These @mlat!om show that the &!ﬁma of a latersl compres-

sive gitress accentustes the tendencies discuseed for the cass of



eymmstrical stress distribution. The tenslle stress is higher for at
least part of the surface of the hole, apd the shearing stressee are
alse higher. The shearing otraesses are a grsst deal higher for the case
of 2 low fluld pressuve, incremsing to a value of 17000 psl st ¢ - __g——-
for a 2ero prescurs ns compared tu 2 decrsase to 5000 psi for the same
iimiting pressure in the case of symmetry. Ths tendency toward spalling
would be concentrated on the sides of the hole At the ends of a diemeter
transverss %o the direction of Sl ¢ vhioh might further contribute to the
gp2lling tendency since tho stress concentration a&round an ellipiical or
slotted hole with the mzjor axls parpendicular %o the direction of the
spplied stress {which shape the hole would tond to sssume) is greater
-7

than for & oircular hole$iC). In fact, the tangentisl stress &t 6= ——

spproaches infinity aa the leangth of the major axis is increased,

(10) Timoshenko, S. Theory of Flastielty, N. Y.s MoGraw-H111,1834 p.81



SU¥MARY AND COBCLUSIONS

The strasses in a plate with s relsatively smsll hsle have bdeen
discuzsed for various conditions of loeding snd constraimt, aad the
results spplied in the investigation of the phemomenn nf pressare
drops and spalling during the drilling of desp o011 wells, Sample
ctleulations of the siresses around « well were made.

The general oconclusions are stated in the various formulas which
have been derived for streasses in a plste with a sasll hole in it,

As regards the cass of an oll well, 1t iz concluded that the phemomena
of prasmre drops and spalling may be plamsibly explained by considerse
tion of the stress conditions in the rock surrcunding ths well,



APPERDIX A
Definitions of Terns

Compatibility equation - an equation correlating the strain or stress
components at a point,

Constraint — confinement; resistance to expansion or contraction.

Flane strain -~ Deformation restricted to directions parallel to a
single plal;e;

leﬂntru- -= Qomplete freedom of expansion and contraction perpens
dioular $o 2 plane, so that stresses parallel %o the plamne 4o not
affect straesses perpendicular to the plane.

, Prineipal streases - Normsl stiresses corresponding to directions of
sero shesr,

Salling - splitting off of plevaes from a rock face.

Stress function -~ A mathematicsl funstion relsting the stresses in a
bodys used in solving the equilibrium and compatibility equations.

Uniform expansion —— Deformation perpendicular to a plane restricted
only to the sxtent of being held to the esame magnitude over the
gven 'aru.

Yertical — In this psper, parallel ?c the axis of the hole,

~
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APPENDIX B

Symbols

Rectangular coordinates.

Cylindrical coordinates.

56

Normal componets of stress parallel to x-, y-, and

Z=~aXes.

Radial, tangential, and vertical normal stresses in

cylindrical coordinates.

Shearing stress.

Shearing stress componets in cylindrical coordinates.

Stress functions.

Constants.

Inside radius of a hollow cylinder.

Outside radius of a hollow cylinder.
External pressure on a hollow cylinder.
Internal pressure in a hollow cylinder.
Uniform stress perpendicular to the axis of
Initiel uniform stress perpendicular to the
the hole.

Stresses for the case of plane stress.
Unit elongations in rectangular components.
Components of displacements.

Weight of overburden per foot of depth.
Pounds per square inch.

Poisson's ratio.

the hole.

axis of
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