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ABSTRACT

The purpose of this work was to obtain a measuring
system to experimentally determine the instantaneous mag-
nitude and frequency of the torques from zero to 2400
Hertz produced by a single phase motor. This paper
-explains the methods employed in designing and fabricating
a measuring system and shows the results from tests using
this equipment. It was found that a measuring system
based on the determination of the instantaneous value of
the stator's reaction torques could be realized. Also,
it was found that some.simple methods of computation could
be used to find the magnitudes of the fregquency components

comprising these instantaneous torques.
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PREFACE

The main objective of the work required in performing
this research was the physical construction of a test
stand to enable measurement and comparison of the magni-
tudes of the torque components present within the instan-
taneous torque produced by a single phase machine.

I wish to thank Mr. Richard Pohl, Mr. Charles Gross,
Mr. Frank Huskey, Mr. Edward Hornsey, and Dr. Ralph Carson
for their assistance in the design and building of this

system.
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I. INTRODUCTION

Considerable study has been made concerning the torques
and the audio frequency vibrations produced by a single
phase motor. The audio frequency vibration 1s observed to
increase whenever the motor 1is excited from a source con-
trolled by non-linear devices, such as silicon controlled
rectifiers. An instantaneous torque measuring system with
a frequency response of zero to 2400 Hertz was required to
confirm the theoretical torques produced by a single phase
motor excited from a non-sinusoidal source.

Two major approaches were available in measuring these
instantaneous torques: (1) to make acceleration studies
of the rotor and use this data in a mcdel for the instan-
taneous torques, and (2) to measure the reaction torque of
the stator and use this data in a model for the instantan-
eous torques., There are certain advantages assoclated with
each of the two methcds; however, the reaction torgque method
was choosen for this work. The bprimary reasons for using
the reaction torque method were: (1) the avallabtility of
semiccnductor strain gages; (2) the ease with which differ-
ent restraints and supports could be tried; and (3) the
requirement cf making the tests at all load conditions in-
cluding no connected shaft load.

After choosing the method of measurement, a mathemati-
cal model of th= measuring system was derived. This model

was to revresent the physical system's response to torque



with a frequency range of zero to 2400 Hertz and to aid in
choosing techniques required to compensate for the system's
response. Since the frequency response of the strain gage
and the recorder was much higher than the natural frequency
of the measuring system, their effects could be ignored.
Therefore, the transfer function of the system could be
approximated by the transfer function of a seccnd-order
system.

A system was then constructed using this preliminary
work as a guide and the constants for a final mathematical
model were experimentally measured. The system 1is now in

use for instantaneous torque studies.



IT. DISCUSSION OF THE MODEL OF THE MEASURING SYSTEM AND
EXPERIMENTAL METHODS

The measurement of the instantaneous torques to 2400
Hertz by stator reaction methods required a physically
stiff measuring system. After many different configufa-
tions and attachments were tried, the last approach shown
in figure 1 operated best.

For any measuring system, the mathematical model of
the system is required in order to convert from the mea-
sured value to a true value. The modeling of this system
required several assumptioms: |
(a) The reaction torque present in the stator's iron is
transmiﬁted to the measuring beam without any deflection
of the stator.

(b) The motion of the stator is very small. Therefore the
moment acting on the threads in the stator is small and

can be neglected. Thus the torque produced by the motor,
Ts(t), is represented at the base of the beam as a time-
varying force, P(t) times the radius of the motor, -

(c) The measuring beam is homogeneous and has the same
effective cross section throughout its length, L.

(d) The hystersis and backlash effects of the measuring
system are small and may be neglected.

(e) The kinetic friction between the stator and the rotor
is much smaller than Ty maximum.

With these assumptions, an approximate mathematical

model of the transfer function of the torque measuring



system was derived.
The equation describing the reaction torque of the

stator 1is

oo

Tg(t) = Jg€ + T6 + K6 + C (1)

i

where
Tg(t) = reaction stator torque = P(t)rp
Js = mass moment of inertia of stator about the center

line of the rotor

fg = viscous friction coefficient

Kp = torsional-spring constant of the beam
C = kinetic friction

© = angular displacement of stator

However, by applylng assumption (e), the equation reduces to
Tg(t) = Jg© + £ 0 + Kqo (2)
Taking the Laplace transform of equaticn (2) and setting
all initial conditions equal to zero yields
T (s) = s2J_r6r + sfg*04 + Kpvn (3)
Since the measured torque, To(t), is taken from a strain
gage on the beam then
To(t) = Kp@ (&)
and taking the Laplace transform of equation (4) gives

To(s) = Kp+et (5)

So the transfer function of the system 1s

To(s) = Kpv61 Kop
Tg(s)  s2J5r0t + sfgvét + Kpet = s2J5 + sfg + Kp

(6)

A plcture of the beam with strain gage mounted 1is

shown in figure 2.



From the mechanics of materials, a beam can be repre-
sented by the differential equation

EIy = My(t) (7)
where

Mx(t) = time varying moment at a point x

¥ = the second time derivative of the deflection y

E = modulus of elasticity of the bean

I = the centroidal moment of inertia of the beem
Then, by using the assumption made in (b), the beam is
considered to be cantilevered from a fixed reference to

the motor. Therefore, the solution of the differential

equation

Y = Mx(t)/EI (8)
glves

Y = P(t)X3 - P(t)Lx2

6ET 2ET (9)

where

P(t) = To(t) (10)

Tm

and

L = length of beam
Evaluating equation (9) at X = L gives

Y = - P(t)L3
3EI (11)

Also, from mechanics of materials

Kp = ft - 1bs = rpP(t)
radian e (12)

where Kp is the torsional spring constant.



But, applying the assumptions of (b) gives

£ =z (13)
L

and further

I'm I'm

So, substituting equation (14) into equation (12) yields

Kp = rpP(t) = (rp)2P(t) (15)
¥ y
Tm

and substituting y from equation (1l1l) into equation (15) gives

Kp = (rp)2P(t) = 3(ry,)2EI (16)
P(t)L3 L3
3BT

So for a % inch by % inch by 1% inch steel beam

=
!

= 30 x 106 1bs
in?

I =1 in¥
192
Therefore

K = 3 x (2.8)2 x 30 x 106
192 x (1.5)°

= 10.8 x 105 in - 1bs or 9.08 x 10% ft - 1bs
radian radian (17)

The value for fg, the viscious friction coefficient,
was found from figure (3), the plot of the friction force
versus the angular velocity, by taking the slope of the
curve times the radius of the motor.

Therefore

Ts

Ay T = (2.8)(0.101 - ,085) = 8.9 x 10-5 ft - 1bs
Eﬁ% n 12 x 41.9 radian/sec.

(18)



The mass moment of inertia of the stator alone can be
calculated using the weight of the stator and assuming it

concentrated into a thin ring at a center of %(rm + rmi)

inches, where rp; is the internal radius of the motor.
Adding this mass moment of inertia to twice the value of
the mass moment of inertia contributed by one of the end
bells, ylelds the mass moment of inertia, Jg, used in the
model., Therefore, since the stator's weight was five

pounds, the end bell's weight was %+ pound each, Ty was 2.8

inches, and Tmy was 1.6 inches, {1) then

Jg = [fh + rﬁ:}z x welrht + 2($ry? x weight) (19)
&

= 6.95 x 10-3 slug - ft.2
Thus the transfer function of the measuring system, equation
(6) becomes

TO(S) = KT
T (s) s2J4 + sfg + Ko (20)

9.08 x 10%
6.95 x 10-352 + 8.9 x 10-5s + 9.08 x 1l0% (20a)

n

Now forming the characteristic equation

0 = 6.95 x 10-3s2 + 8.9 x 10~5s + 9.08 x 10% (21)
and solving for s gives

s = 0.0064 + J3610 =<+ jW,

So fn of the system should be approximately 575 Hertz.

(1) For the complete description of the motor see
Appendix A.



Now

S=5/ 1
2 KnJg (22)

and by substituting in the values of KT’ f

s» and Jg from
equations (17), (18) and (19)

f=1.77 x 10-6 (22a)
Also the damped angular frequency, wg, is given by

\‘Ud = 1 —52 \Ai:l

(23)
So by substituting in the values of 3 and W, yields

uh_: Ji - (177 x 10"5)2 x 3610 >~ 3610 radian/second

or

Taq 575 Hertz
Further modeling was required to get the torque in terms of
the output voltage of a bridge.

From mechanics of.materials, the relationship giving

strain at point x as a function of moment at x is

€.(t) = Nxlt)e
EI (24)

where
c = the distance to the centroid axis to the point x
€, = the strain at x

Now since |

M. = P(t) (L-X) - (25)

X

so by substituting equation (25) into equation (24)

€x(t) = B(t) (L-X)e
ET

(26)
For thls measuring system

x =1 inch; ¢ =  inch



then by evaluating eguation (26)

€(t) = P(£)(3/2 - 1)2 = 0.8P(t) x 10~ inch
30 x 10° x 1/192 inch (26a)

But from equation (10)

P(t) = To(t)

Tm

so substituting the value of P(t) from equation (10) into
equation (26a)

é(t) = 0.8 x T () x 10"6
z.8 (27)

and rearranging

To(t) = 3.50 €(t) x 106 (272)
Since € is measured as an unbalanced voltage from a bridge,
than for a very small imbalance

Eo(t) = Eg € (£)G.F.

2 (28)
where
G.F. = gage factor(z) of the strain gage
Eg = the source voltage for the bridge
E, = the output voltage of the birdge

Thus, substituting equation (27) into equation (28) and
rearranging

T (t) = 7.00 E(t) x 106
ES G._F.‘.. (29)

(2) Methods requirsd to obtain approximate linear gage factor
were taken from the Semiconductor Strain Gaze Handbook,
Section Two on data reduction. Baldwin-Lima-Hamilton;
Waltham, Mass. )
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(
and for a gage factor of 157 and an Eg of 22-1/2 volts‘3)

T (t) = 1.99E_(t) x 103 in - 1bs
= 0.166E_(t) x 103 £t - lbs (30)

(3) See Appendix (B) for calculation of gage factor.
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ITI. EXPERIMENTAL RESULTS(u)

The experimental data taken from the test stand
agreed fairly well with that found from the mathematical
model. However, for the real system, the assumption of
no hystersis and backlash was not completely valid.

Also the low frequency torques produced by rotor imbalance
and mechanical misalignment was an unexpected problem.

Jg was found experimentally to be 5.85 x 1073 slug-~
£t2, This compared well with the predicted value of
6.95 x 1073 slug-ft®. The difference was probably caused
by the assumption that the stator could be represented by
a homogeneous thin ring at an average radius. fs was
found experimentally to be 3.07 ft-lbs/radian. This
value is several orders of magnitude larger than the
predicted value of 8.9 x 1072 and probably represents
the effect of energy absorption within the beam, an
effect that was not included in the mathematical model.
Using the experimentally determined value of fs in the
calculation of the damping factor yielded a value of
0.0705, which is light damping and has vefy little

effect on other calculations, such asth the natural

angular frequency. K, was found to be 8.1 x 10”

ft-1bs/radian and was near the calculated value of

. ft-1bs/radian. The difference found in

9.08 x 10
Ky was probably caused by the assumptions made in (b)

and (c). 1In particular, the beam was attached to the

(4) See Appendix C for the calculations.
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motor by threads tapped into the stator and cut onto

the beam, then a jam nut was placed on the beam and
against the motor in order to minimize the backlash.

The threads cut into the beam reduced the cross-section
of the resisting area of the member enough to slightly
decrease KT and thereby caused a slight decrease in w, -
The damped natural frequency of this system was found
experimentally to be 590 Hertz, by both step and impulse
loading. This value happened to be very close to the
calculated value because both the mass moment of inertia
of the stator and the beam's stiffness decreased. The
constant relating the torque to the output voltage of
the bridge circuit containing the strain gage was found
to be 1.23 x 103 ft - 1lbs/volt. This compares with the
calculated value of 0.166 % 105 £t - 1bs/volt. The
difference is probably caused by the unpredictable
stress concentration at the beam's base and the hystersis
and backlash effects in the system.

Substituting the values found experimentally into

equation (6) yields

T (16) _ 8.1 x 10% (31)
T, (jw) 5.85 x 10 3{-w?) + 3.07(jw) + 8.1 x 10"

This equation can be used to form the relationship
between the torques produced by the motor and the output

torques measured

T _(jw) _ (5.85 x 1073(~vP) + 3.07(jw) + 8.1 x 10)

i - T
T, (jw) 8.1 x 10

(32)



13

Figure 4 is a graph of the magnitude ratio of T (jw)/
To(jw) calculated from equation (32). This curve can be
used to find the instantaneous value of torque by finding
the magnitude ratio for a given frequency from figure % and
multiplying by the magnitude of T, at that frequency. The
magnitude of T, at the frequency of interest is the product
of the constant CT times the magnitude of the frequency
component taken from the recorder.

Because of the problems associated with the calculation
of CT’ the constant relating output voltage of the bridge
to the torque's magnitude, the system is more valuable in
relating the relative magnitude of the various frequency
components than in measuring the absolute value of the
components.

An interesting example of the response of the measuring
system is displayed from the response to a series of impulses
as shown in figure 5.

Other: examples of the response of the system are shown
in figures 6 and 7.

Figure 6 shows the effect of the instantaneous torque
production of a single phase motor whenever the load is rapidly
removed.

Figure 7 shows the effect on the instantaneous torque
production of a capacitor split motor whenever the load is

rapidly removed. As may be expected by comparing figure 6
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to figure 7, the capacitor split motor operated more quietly
than the same motor without the capacitor. Also, both motors

operated more quietly while under load.
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IV. CONCLUSIONS

The experimental results of this work agreed well with
the predicted results. The main exception to the satisfactory
results was the viscous-friction coefficient which was found
to be small but was several orders of magnitude larger than
the predicted value.

The major problems associated with the project were:

(1) difficult modeling of the motor-beam attachment; (2)
difficulties in the selection of items affecting the viscous
frequency coefficient; (3) binding within the system be-
cause of parts tolerance; (4) large instantaneous torque
components at the motor's rotational angular velocity because
of shaft warp, rotor imbalance, and mechanical misalignment;
(5) handling of the small semiconductor strain gages; and
(6) difficulty in obtaining a very stiff physical system
without extensive modifications of the motor.

A digital computer was used as an aid in the calcula-
~tions for the frequency compensation of the system. A com-
puter program was written to solve the inverse of the trans-
fer function for magnitude and phase at ten-Hertz increments.
The computer's solution for magnitude is shown in figure 4(5).

Several possible areas of additional work to reduce the

data taken from the system are: (1) sampling the output so

(5) See Appendix D for the complete program and the tabu-
lated solution of magnitude and phase for ten-Hertz frequency

increments.



16

the data could be given to a digital computer along with a
Fourier series program and the system's transfer function so
that the magnitude and phase shift of component torques
could be quickly calculated; (2) the simulation of the
inverse of the transfer function on an analog computer so as
to obtaln direct recordings for the instantaneous torque
developed; (3) other configurations of stator restraints
and/or a motor with a specially designed frame could be

used in an attempt to railse the natural frequency; and (4)
the use of a callbrated load device in order fto get an
accurate dynamic calibration.

The system 1s presently béing used to measure and
record the instantaneous torque produced by a single phase
motor. The measurements are made at different load condi-
tlons and different phase splitting of the start windings.
From these recordings the magnitude of the different frequency
components are taken and multiplied by the frequency's
compensating factor taken from figure L., This information
should be useful in future research concerning the single

phase motor.
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APPENDIX A
DESCRIPTION OF EQUIPMENT

I. Motor
1/6 Horsepower 110 Volts 3.0 Amperes
1100/1050/950 RPM 60 Cycle/Second Single Phase
50° C Rise Frame 48y

Model K55HXBPB - 1216
Stator's weight - 5 pounds End Bells' weight - 1/2 Pound
Stator's diameter: inside - 1.6 inches, outside - 2.8 inches
Emerson Electric Co.
II. Brake
1.5 Horsepower at 1800 RPM
Excitation: 90 Volts
Dynamatic Division of Adjusto-Brake Inc.
III.Recorder
Model 447 - Oscillagraph
Century Electronics
IV. Pre-Amplifier
Model 530 CR
Century Electronics
V. Brake Excitation
Heathkit Variable Voltage Regulated Power Supply
Model PS-3
VI. Oscilliscope
Hewlett-Packard

Model 1402
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VIiI. Strain Gage
Model SP5-35-500 Nominal Resistance 5000 ohms
Nominal gage factor 148 Active gage length - 0.35 inch

BLH Electronics
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APPENDIX B

Methods of Data Reduction used with the Baldwin-Lima-
Hamilton Strain Gage and Strain Sensitivity Tables.

The gage factor of a semi~conductor strain gage is a
function of temperature and strain level. In order to deter-
mine the gage factor at room temperature for a bonded gage,
the resistance before and after bonding or mounting must be
kaown. Let Bp be the resistance of the gage after bonding
and. RO be the unbonded resistance; in this case,

Rp = 5784 and R = 5900. Then the unit resistance change

o

in bonding

R, - Ro = 5784 - 5900 = -0.0200 S&

——

R, 5900 sz (B1)

B

Using strain sensitivity tables, the value of the unit resis-
tance change at 80°F. gives a pre-strain value of approxi-

mately -125 u - in.
in.

The equation used to calculate the gage factor of - the

gage in a constant-current circult 1is;

G.F. = G.F.! + Cp'(26+€,)107° (B2)
R
=2 = 156.3 + 71 x 1073 = 156.4

Ry
To determine the gage factor for a constant voltage

circuit

G.F. = ZAR (BB)
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sO

(2 x 5784 + 5784 x 50 x 10 ° x 156.%)50

= 9.04 x 10_6

(11520 + 4.5)50

= 157 (BY4)

This result indicates that the change of gage factor
is small vhen the bonding resistance change is small and
the expected strain level is small.

Other corrections which can be applied to the readings
are linearity corrections and temperature corrections.
Since €4 is small no linearity correction. was made.

Two corrections are required for the temperature effects:

(1) Changes of resistance because of the temperature
coefficient of the silicon material and

(2) Strain caused by the change of length of the
steel beam with temperature.

The first correction is made by the use of figure 8.
This 18 a curve provided by the manufacturer for the part-
icular type gage. For a temperature of 85°F the change in
R with respect to R is found to be 2 percent.

Since the linear coefficient of expansion of steel is
about 6.5 ppm/Fo, then the apparent strain increase at a
10°F change would be 65 micro-in./in.

Since the apparent strain and the temperature coeffi-

cient changes were not 1argé enough to appreciable affect
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the gage constant, their effects were not required in the
test. These effects can be neglected because the impulse

and step response work were performned at constant tempera-
ture and the instantaneous torque measurements are made in
such a short interval of time that the temperature is approx-
imately constant. However, in some of the instantaneous
torgque neasurements, the slight drift of the signal is

attributed to the slow temperature change.
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BLH SEMICCNCUCTOR ST=AIY GAGLS
UNIT RESISTANCE CHANGE VERSUS STRAIN LEVEL AND TEMPERATURE
P-TYPPE GF 156.3 c2 2+300 -0 77F

R—0 IS FUNCTIUN QF T - USE ENCLUSCB TEMPERATURE COEFFICIENT CURVE
ZeR0 STRAIN - UNSTRESSED CUNDITICN AT T-0

STRAIN TEMPERATURE
, | DEGRECS F
U IN/IN 0 20 4C €0 80 100 120

-3000 ~«5130 -« 930 - 765 —e4573 -4 13 ~ebh264 -e4125
-2950 -«5050 ~-e4853 -e4410 ~e4501 —-e 4344 -e4197 ~e 4059
~2900 =e4970 =o4776 =a4596 =a4429 =o42746 =,64129 =~,3994
~28050 =4%889 =-,.4698 -.4521 4351 =44234 =J4062 -.3929
=2800 =44309 <=.4621 -44447 W 2E5  =e4134 =43%G94 ~.3:63
=2750 —.4128 =-.4543 =,4312 «6212 =oull4 —d2526 =,.3797
=2700 —443548 —o44865 —44296 =o414C —o¢lU44 =4 L5%2 =43732
~24650 ~a4566 44387 =-.4221 4081 =45526 =4 37350 =430606

=20T0 =44485 -44309 =.41406 =43994 -4.3u553 =—4u122 -.3800
=2550 —o4404 =44230 —o4070 —=43321 =.3783 =4.3054 =-,.3533
-25.‘00 -0‘9322 -04152 - 3994 - 3544 _.3’12 -e *58E ‘03“767

-2450 -e6241 ~e4073 - e3918
-2400 =.4159 =42594 =43832
"2350 -e4076 -.3915 —e27L6 -
-2300 =-43994 =-.3836 ~.35690
-2250 =.3911 =.3756 =.3615
~2200 =,23829 =-43677 =a2536
=2150 =¢3746 =e3597 =.3459
=2100 =—.3663 <=43%517 =-.3382
=2050 =.3579 =e3437 =.33C5

«3775 —e 3541 —e 1517 —e3nC1
«3701 —e 3570 —e 3443 ~e5334
«3627 -«3999G -e 3319 —e5267:
«e3554 -43428 =.3311 -.3201
¢ 3480 —.3356 =.3241 <-.3134
«340€& —43285 =~e3172 =43067
¢3332 =—e43213 =.2103 =-,.30C0
«3257 =e3141 =-,3033 =-,2932
e3183 =43009 <=.29064 =,2265
-2000 =-.3496 -.3356 =-.322% «e3108 =429G7 =42uG4 =,2798
-IQSO "03412 "'03276 ".3150 «3033 ~e 2925 '02?“2‘0 -e2730
-1900 -«3328 -«3195 -«30172 —-ed958 -e2853 —e2154% -~ e2562
-ISSO "032410 -03114 -e299¢% e 8863 —e278C - 2084 “02594
-1800 =—43160 =43033 =-.2916 e28C08 =o2707 =—-e2614 -.2526
"'1750 "030?5 ".?952 "022138 -.2732 "02635 -—e2543 "‘2658
=1700 +e2991 =42871 -27060 =—e2657 =4.29%62 =42413 -.2390
1650 =,2906 =e2789 =—e2681 =—a42581 =.2489 =-.2402 -.2322

—_—— — e e — s — ———— —— — — s s . e s s e e e e e



U IN/IN Q 20 40 60 60 100 120
-1600 =,2821

«27G7 - 2603 ~e2505 —e2415 ~e2332 -e2253
=-1550 -=-.2736 «2626 =—e2524 =42429 —e2342 -.2261 -.2185
-1500 -.,2650 e2543 =42445 =42353 =,2269 =e.2190 =~,2116
=1450 ~-,2565 =-42401 «2366 =—42277 =42195 =.2119 =-.2047
=-1400 =-.,2479 «2379 =42236 =.2201 =42121 -.2047 <-.1978
-1350 -.2363 02296 =42207 =o2124 =42047 =-.1976 =.1909
-=1300 -.2307 «2213 =,2127 =,2047 =.1973 =-.1904 =-.1840
-1250 —e 2220 «2130 ".2047 -«1970 -+ 1899 -«1833 - 1771

-1200 —.2134 ".20‘07 "019()7 "01893 "'01825 "01761 -01.701
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APPENDIX C
METHODS AND PROCEDURES USED IN THE EXPERIMENTAL DETERMINATION
OF THE CCONSTANTS:

I, Mass Moment of Inertia of the Stator and Beam

The experimental procedure for finding Js required a
test setup which permitted the stator to be free to rotate
about 1its center of gravity. This was accomplished by
using the motor shaft to suspend the motor vertically, Then
a small, lightweight line was wrapped around the stator and
over a low inertia pulley toa welght tray. By means of
changing the amount of weight, the friction between the
stator and the rotor could be determined; then by slightly
increasing the welght, the mass moment of inertia could be
determined.

The motion of the stator when it is free to rotate about
center of gravity 1is described by

T = Jsé+fsé+c (c1)
If a constant torque, Tl, is applied so that the system
rotates at a constant, very low angular veloclty, then

=0
and

feoe¥o
so equation (Cl) reduces to

Ty Yc (c2)
Now by increasing the torque applied to the stator to a new
value, T2 so that the system is subjected to a constant

acceleration, then equation (Cl) becomes
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T, = Jg0 +C (c3)

and by substituting equation (C2) into equation (C3)
Ty, = J0 + Ty (ch)

or rearranging

gy = 21 (c5)

For this system, T1 was found to be 0.0309 ft - 1lbs. and for

a T, of 0.0360 ft - 1bs., & was found to be 0.88 rad/sec.2,

2
so substituting these values into equation (C5) gives

J, =5.85 x 1003 slug - £t.? (c6)

IT. Damped Natural Frequency'uh, Natural Frequency'uh, and

Damping Factor §.

The impulse response shown 1in figure 5 indicates that
the output takes approximately 1.7 milliseconds for cone
cycle, therefore

2T

—3 = 3700 radians/second (c7)
1.7 x 10

Also from figure 5, the damping is found to reduce the wave-
form from approximately 2 units to 0.5 units in 5.3 x 1073

seconds, therefore

0.5 = 2.0e” 7 (0.0053) | (c8)
and solving equation (C8) for

Wy = J1 - $23) W (c10)

g\% - o (c11)

Now

and
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so by substituting w_ from equation (C11) into equation

(c10) gives

w = (1 -$2) %g. (c12)
Putting in values for W; and o from equations (C7) and (C9)
and solving for § yields

§ = 0.0705 (c13)

From equation (C11)

jwn=a’

so substituting the values of oo and § into equation (C11)

gives
hdn ='5T§%%§ = 3720 rad./sec. (c14)
and

fn = 592 Hertz

IIT. Viscous Friction Coefficient, fg, and Torsional-Spring

Constant Krp

fs 1s determined by solving the characteristic equation
taken from equation (20), the transfer function of the mea-

suring system. The characteristic equation 1is

2

8Ty + s8fy + Kp = 0 (c15)
Solving for s gives

2
f f - 43
Jfay Vi 5T (c16)

° = S 2JS

and since s =¢ + Juw

o _ S (017)
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therefore, substituting the values of o and Jg into equation

(C17) and rearranging

s = 2(262)(5.85 x 10-3)
= 3,07 ft. - 1bs. (c18)
rad./sec. ‘
Also
Wy = 474JSKT - rg2 (c19)

2J4
so rearransing and solving for Kp gives

- by 2002 2
Ky = 432052 + g (c20)
4Jg

then'substituting values from equations (C6), (C?7) and (C18)
ylields

Kp = 1875.0 + 9.4 = 8.1 x 10% £t, - 1bs. (c21)
23.4 x 10-3 . rad.

IV. Torgque-to-Voltage Conversion Factor, Cop

The deflection of the recorder for a fifteen pound test
load was 12,0 divisions. The recorder's sensitivity was

238 x 10~ volts/division, therefore

E, = (238 x 107%)(12) = 2.86 x 1073 volts (c22)
so by definins the relationship

r,(Fapplied) = Cqp(E,) (c23)
where

Fapplied is the test force in pounds

and

CT is the torque conversion constant in ft. -, 1lbs./volt



Then

and

2.8 x 15 = (2.86 x 1073) Cp

12

Cp = 1.23 x 103 ft. - 1bs./volt

30

(c2h)

(c25)



APPENDIX D

Computer Program For Inverse Transfer Function And

Tables of Magnitude And Phase For Ten-Hertz Increments

31
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Figure 1.

The Complete Test System
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Figure 2.
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Plot of Inverse Transfer Function vs. Frequency



Figure 5.

Responses to a Series of Impulses Loads
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.Figure 6: Response of a Single Phase Motor to a Load
Change. The "Spike" was caused by capacitive coupling
within the recorder when the load was removed.
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Figure 7. Response of a Capacitor Split Motor to a Lecad
Change. The "spike" was primarily caused by capacitive
coupling within the recorder when the load was removed.
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