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ABSTRACT

The objective of this study is to describe in a unified manner a
group of structural dynamics analyses using the substructures technique.
An additional effort is to provide a consistent basis for the
selection of substructure principal modes as required by this method.
Substructure principal mode frequency roots and strain energy are two
criteria evaluated for the selection of substructure principal modes.
System eigenvalues and system strain energy are investigated for the
comparison of results in the principal modes. System strain energy
should provide more rational results since it is proportional to the
stress times the strain in the system and summed over the entire
system. Expressions for estimating errors in system eigenvalues and
strain energy in the principal modes due to omission of certain sub-
structure principal modes are derived. To complete the solution to
the free undamped vibrations problem, the substructures method is
extended to include solution with initial conditions. A simple example
of a cantilever beam is presented. It is noted through this example
that the criterion based on substructure normal mode strain energy for
retaining substructure principal modes provides slightly better results
in terms of system eigenvalues and strain energy in the principal
modes. Estimation of errors in system strain energy in the principal
modes due to modal truncation is better in comparison to the estimate
of errors in system eigenvalues. The substructures method is also
applied to complex structures under forced excitation. Since the

classical direct approach results in large order complete structure



matrices, computer storage may exceed that which is available on

most digital machines. Partitioning of matrices, via the substructures
method, is one of the important features of this study and helps keep
the computer storage and cost to a minimum. Matrix partitioning is
utilized to its fullest extent in deriving equations of motion and in
providing their solutions. Several practical excitations are considered
through a simple example of a cantilever beam. Approximate solutions
for transverse displacements and system strain energy are evaluated

for the purpose of comparisons with the 'exact' case when no modal
truncation is used. Results show the applicability of the substructures

method to systems under forced excitation.
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CHAPTER I
INTRODUCTION

A general theory for solving vibration problems through the method
of superposition of principal modes has been in existence for many years.
In this method, termed as the normal mode method, equations of motion
are derived through finite element or continuous techniques and are
uncoupled through the normal modes of the structure. 1In the case of a
complex structure, a finite element model is, in general, necessary in
order to have a systemwitha finite number of degrees of freedom upon
which matrix algebra operations can be performed. However, the number
of equations of motion to be solved for complex structures is usually
large. An eigensolution,which is the most important part of a dynamic
analysis by the normal mode method, becomes uneconomical due to the
large number of equations of motion and may require computer facilities
of greater capacity than those that are available.

In the design of a complex structure, its major components, or
substructures, are often designed by different engineering groups or
at different times. The general normal mode method does not take
this fact into account and treats the structure as a whole. As a
result any modifications in any substructure design would require a
complete re-evaluation of the structure's normal modes. This suggests
that for ease of modification a complex structure should be considered
as consisting of a number of distinct regions which will be referred to
as 'substructures', where analyses may be applied separately.

In the substructures method, the total system principal modes or



response is obtained by parts rather than as a whole. It replaces the
one eigenvalue problem re]ating to one large matrix by several pre-
liminary eigenvalue problems relating to small matrices.and also one
final eigenvalue problem, again of smaller order. The method is based
upon a transformation of coordinates to yield a smaller set of equations
and transforms the equations in such a way that accurate solutions can
be obtained very efficiently over a limited range of the frequency
spectrum.

The columns of the transformation matrix are made up of substructure
principal modes which are computed by utilizing the discrete-element
analytical model available for each substructure. It is noted that the
method of substructures does not necessarily require a finite element
model of substructures. If a particular substructure can be represented
by continuous elements, such as a beam, its principal modes may be ob-
tained by continuous solutions. When all, or too many substructure
principal modes are retained, then computational economy, which is one
of the inviting features of the method, is not achieved. Retention of
only a few of the available modes results in a smaller eigenvalue pro-
blem and hence the desired computational economy.

A. Literature Review

The substructures method has been in use for some time. The
application of the method was first presented by Hunn(],Z)* for the
free vibration analysis of an aircraft structure. Studies by Turner,

Martin and Weikel (3) consider the analysis of complex structures by

*Numbers in parenthesis refer to the list of references.



stiffness or disp]acement methods in which major components are

treated separate]y as free bodies. In the work by Argyris (4) primary
emphasis is placed on force methods and the problem of dealing with
indeterminate connection systems among the substructures is treated

by considering the equilibrium of interaction redundant force systems.
However, displacement methods are also considered by Argyris and in
these it is suggested that the interconnection problem may be resolved
by matching boundary displacements. Gladwell (5) developed a method
which proceeds by dividing the complete problem into two stages. 1In
the first, certain sets of constraints are imposed on the system and
certain of the principal modes of the constrained system are found.

In the second stage, these modes are used in a Rayleigh-Ritz analysis
of the whole system. Przemieniecki (6) has developed a static method
which falls into the category of displacement methods. In this method
each substructure is first analyzed separately; assuming that all
common boundaries with the adjacent substructures are completely fixed,
these boundaries are then relaxed simultaneously and the actual boun-
dary displacements are determined from the equations of equilibrium of
forces at boundary joints. Hurty (7,8) hés presented a method 1in which
the displacement behavior of each substructure is described by a set of
generalized coordinates generated in three categories: rigid body,
constraint, and normal modes. Craig and Bampton (9) simplify Hurty's
method by employing two forms of generalized coordinates: constraint
modes and substructure normal modes, together with conditions of

geometrical compatability along substructure boundaries. Hurty (10) is



also credited with the development of an error algorithm to determine
the eigenvalue error introduced due to omission of given substructure
principal modes. Bajan and Feng (11) and Bajan, Feng and Jaszlics (12)
have presented a modal substitution technique in which approximate
system principal modes, in conjunction with a selected set of previously
unused substructure normal modes, are used in successive modal sub-
stitution cycles to improve approximate system principal modes utilized
as well as their corresponding eigenvalues.

Collins (13) describes mathematically the effect of randomness in
structural element properties on eigenvalues and eigenvectors of large
structures. At the time of completion of this study, Hasselman and
Hart (14) presented a method for assessing and improving upon the con-
vergence of structural modes, based on minimization of the Rayleigh
quotient in a coordinate space, expanded from that of the initial
solution, by the inclusion of additional component mode functions. In
the present investigation the substructures method introduced by Craig
and Bampton, and Bajan and Feng is presented in a more systematic and
elucidating manner. Partitioning of large order matrices is actually
utilized in deriving equations of motion. A criterion based on sub-
structure normal mode strain energy is used for the selection of sub-
structure principal modes. This semi-empirical criterion retains those
lower order substructure principal modes with strain energy levels
below a specified value and attempts to optimize the formulation of
system equations. For the purpose of comparison the criterion of
substructure frequency roots suggested by Bajan and Feng 1is also in-

cluded. Two bases of comparisons are used to evaluate system behavior



due to partial retaining of substructure principal modes. The first
one, which has been used in the past by others, is based on system
eigenvalues, while the second basis uses system strain energy in the
principal modes. Strain energy is proportional to the stress times
the strain in the system and summed over the entire system. Hence, it
should be indicative of displacements and stresses in the system,
independent of their position within the system. Furthermore, the
system strain energy should be a better measure of total system dis-
tortion than any other particular parameter, e.g., displacement or
stress.

In the survey of the literature it was found that 1ittle work has
been done on the solution of systems under forced excitation through
the use of the substructures method. Pakstys (15) has shown the ap-
plicability of this method to shock analysis of complex structures.
Saczalski and Huang (16) present a unified formulation of hybrid elas-
todynamic equations to describe the deterministic and non-deterministic
response characteristics of coupled spatial vibratory systems, consisting
of continuous elements, point masses and rigid bodies.

In this study equations of motion are derived for systems under
forced excitation through the use of the substructures method. It is
assumed that the given structure is Tinear and that damping is negligible
Four different types of excitations are studied: General time-varying
displacement excitation, harmonic force excitation, base acceleration
excitation, and general time-varying force excitation. System displace-
ment response and system strain energy are used as the two bases of

comparison of results.



B. Contents of Thesis

Chapter II outlines the analysis of a typical substructure to
obtain its constraint and principal modes. A compatability matrix to
solve the problem of substructure interconnection at the boundary is
derived by matching boundary disp]acements. Two criteria for retention
of substructure principal modes are included.

Chapter III describes the assemblage of substructure characteristic
behavior to yield a much smaller set of equations of motion for the
total system. The number of equations in this set can be controlled
by varying the size of the transformation matrix. An eigensolution of
the reduced set of equations gives approximate system eigenvalues and
eigenvectors. An expression for obtaining system strain energy in the
principal modes is presented. A detailed error analysis of system
eigenvalues and strain energy in the principal modes due to omission
of certain substructure principal modes is carried out.

The study of the free vibrations solution in the presence of
initial conditions and impulsive loadings is also treated.

Chapter IV discusses the application of the substructures method
to systems under forced excitation. The use of partitioning of matrices
is utilized to keep computer time and storage to a minimum. Equations
of motion are solved to yield system displacement response.

In Chapter V comparison of results in free vibrations is presented
on the basis of system eigenvalues and strain energy in the principal
modes. Under forced excitations the system displacements and system
strain energy are used as the basis of comparisons. Use of an IBM-

360-50 computer has been made to establish all numerical results using



an example of a cantilever beam. A flow chart of the computer pro-
gram developed for the substructures method is included in Appendix A.
The substructures method is verified by comparing solutions ob-
tained by retaining all substructure principal modes against the cor-
responding solutions obtained by the usual direct approach. Solutions
obtained through modal truncation are superimposed on exact solutions

for a direct comparison.



CHAPTER 11
FREE VIBRATION SUBSTRUCTURE ANALYSIS

In the study which follows a free undamped vibration solution of a
complex structure is derived. The given structure is divided into
several small structures, called "substructures". 1In the substructure
method, unlike the usual direct method, the complete solution is ob-
tained by parts rather than directly as a whole. It is a technique
based on utilizing characteristic behavior of individual substructures
for formulating the differential equations of motion which govern the
complete structure.

Individual treatment of the substructures yields a transformation
matrix [T] for the total structure, where [T], in general, is not a
square matrix. Matrix [T] is of the order r x c, where r > c. A
reduced set of equations of motion are then solved for system eigen-
values, eigenvectors and strain energy in the principal modes. The
size of matrix [T] can be controlled by varying the number of substruc-
ture fixed constraint normal modes retained. A comparison of system
eigenvalues and strain energy in the principal modes is made in

Chapter V with the number of reduced equations of motion solved.

A. Substructure Analysis

A finite element mathematical model of the given structure is
drawn up first to closely represent the behavior of the actual struc-
ture. The structure model is then partitioned into several component
substructures whose boundaries may be specified arbitrarily. However,

care should be taken to ensure that the substructure boundaries are



selected in the most economical way since this affects the subsequent
matrix operations.

A substructure contains a set of movable constraints at connections
or boundaries where it joins neighboring substructures. All joints in-
side the substructure are called interior joints. An individual
substructure may also contain any original external constraints ap-
plied to the total structure.

In the discussion which follows a typical substructure is
analyzed to obtain its constraint modes and fixed constraint normal
modes which are then used to form the trahsformation matrix [T]. A
compatibility matrix to ensure compatible displacements at the sub-
structure boundaries is derived.

Consider the ith substructure from the finite element model of
the given structure. The mass and stiffness matrices for the ith
substructure would depend upon the types of finite elements or Tumped
parameter models used to describe the structure. A discussion on
types of finite elements and their mass and stiffness matrices is
included in Appendix B. For this study, it is assumed that the mass
and sfiffness matrices for the ith substructure are known. Furthermore,
damping is assumed to be neqligible. The differential equations of
motion in matrix notation for free undamped vibrations of the ith

substructure are:

[ml; ix3, + [KD; ©x3, = {0}, (1)

where: [m]_i = mass matrix for the ith substructure



10

[K]i = stiffness matrix for the ith substructure
{x}i = displacements at the discrete coordinates in the ith
substructure.
Letting:
{xt; = [s1, {r1., (2)
gives:
{x}; = [o1; {ri,, (3)

where the columns of matrix [¢]i are the ith substructure constraint

modes and fixed constraint normal modes, grouped together. Thus,

Lody = Dot o] s (4)

]
LI (R
;

where [¢C] and [¢n] are the constraint modes and the fixed constraint
i i

normal modes for the ith substructure, respectively. It is now shown
how matrices [¢C] and [¢n] are obtained for the ith substructure.
i i
1. Constraint Modes of a Substructure

The displacement configuration in the substructure due to a unit
displacement at a single connection constraint, with all other boun-
dary constraints being fixed, is termed a 'constraint mode'. The
connection or boundary constraints are constraintsat the connecting
points of neighboring substructures. The connection constraints are
usually located at mass points. These points, one at a time, are
given a unit displacement in the direction of each degree of freedom
considered, resulting in the deflection of the substructure. These

deflected configurations of the substructure are the constraint modes
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for that substructure. The number of linearly independent substructure
constraint modes equals the number of substructure connection con-
straints. In order to compute these modes, let the unit displacements

at the connecting constraints of the ith substructure be given by:
[T = [~1d (5)
i i

where [TI-] is an identity matrix and c denotes constraint modes.

The displacements at the interior or the unconstrained coordinates
may be represented by [Tu]_ for the ith substructure. By definition of
the stiffness matrix, the ;xternal static forces, at connection con-

straints in the ith substructure, required to produce the constraint

modes [¢c]. are given by:
i

[F1; = 0K Dol (6)
where [¢c]. is given by:
i
T 1
[oc] = [-35| = |+ - (7)
<y Tu 3 Tu ;

In Eq. (6), each column of [F]1 corresponds to a particular con-

straint mode. To compute [Tu]_, Eq. (6) is partitioned as follows:
i

)
F Koo |
E___S_ = __EE_:_‘.(‘E!_ [6.1 » or
u_Jg . uc | uu 1
-1 1
' N
F I K I
{E_S_ = __EE_E-_SE_ Y (8)
Fu~ Kuc ! Ku Tu
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where ¢ and u represent constraint and unconstrained coordinates
respectively.

Expanding Eq. (8) gives:

[Fc]i = [KCC]1E‘I~J1 + [Kcu]i[Tu]i, and (9)

tF,]

u

[Kyed D11+ Ty, 1 7,0 (10)

.i
Since there are no external forces at the unconstrained coordinates

in a constraint mode,
tF, 1. = [0l . (11)
i i
In view of Eq. (11), Eq. (10) gives:
- -1
7,3, = = DRy TT KD - (12)

Thus from Eq. (7), [¢C]. becomes:
i

\ I
= feoomeo T
[¢C]1 [ , (13)
uu uc

in which matrices [Kuu] and [KUC] are obtained from Eq. (8).
i i

2. Fixed Constraint Normal Modes of a Substructure

Constraint modes are obtained through a static analysis. Fixed
constraint normal modes are obtained through a free vibration analysis
of the substructure. These modes represent substructure displacements
relative to the connection constraints and can be computed by perfor-

ming an eigenvalue analysis of the substructure with connection
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constraints held fixed. Fixed constraint normal modes for those sub-
structures that may be represented by continuous elements may be
obtained by continuous solutions. The number of linearly independent
fixed constraint normal modes equals the number of unconstrained or
interior coordinates of the substructure. To compute the fixed con-
straint normal modes for the ith substructure, partition Eq. (1)

to obtain:

1
1
|
1
1
1
|
1
1
t
+
1
I
1
1
1
1
I

i i i
Since connection constraints are fixed for a normal mode analysis,

{x.} = {0}, and (15)
i

{ic} = {0}. (16)
i

Expanding Eq. (14) and using Eqs. (15) and (16) gives:

LmC“]i{X“}i + [Kcu]i{xu} {0}, and (17)

1

Im ] {x3} +[K. J{x}
uuiui uu1.u1.

{0}. (18)

Equation (18) is in terms of unconstrained coordinates only and is

solved for eigenvalues and eigenvectors. Let the eigenvalues be

denoted by E‘AJ.J and the eigenvectors by [¢nu] » in which subscript
i i

n indicates noraml modes. The modal matrix [¢ . of Eq. (18) is

nu-i
normalized so that it satisfies the following orthogonality properties:
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[¢nuJ:[muu11[¢nu]i 1+ and (19)

i

I
[¢nu]1[Kuu]i[¢nu]i E‘Aj~Ji. (20)

Thus the fixed constraint normal modes [¢n] are given by:
i

[6 1 = [-z0%- (21)

where [¢nc] represents displacement at the connection constraints.
i

Since connection constraints are held fixed in a normal mode

analysis,

[6nc] = [01. (22)
1

Having obtained the substructure constraint and fixed constraint normal

modes, the transformation matrix [¢]1 is given by Eq. (4), i.e.,

[¢]1 = [¢C§¢n]i. (23)
Substituting for [¢C] and [¢n] from Eqgs. (13) and (23), respectively,
i i
yields:
o \\~§ 0
Lo = f--z9---—= it . (24)
1 1 ~Xou Kuc i *nu

At this point,if the equations of motion for all the substructures
are assembled to obtain the equations of motion for the total structure,

they would be in the unconnected form. Therefore, it must first be
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shown how a “connection” or a "compatibility" matrix is formed. This

matrix is then used in defining a transformation [T] given by:

[T] = [+1[C], (25)
where:
1. 0
(o] = ¥ i
0 ‘~¢N

in which [q>]_i s-1.y 2ve given by Eq. (24), and matrix [C] represents

the compatibility matrix for the entire structure.

B. Compatibility Matrix

The matrix which ensures the compatibility of displacements at the
connections of adjacent substructures is called the "compatibility
matrix". This matrix relates reduced coordinates {r}, which are in the
unconnected form, to the compatibly reduced set of coordinates {q}

through the relations:
{r} = [C]{q}. (26)

Consider two substructures i and j at a common connection s. It will
now be shown how the compatibility matrix for these two substructures
can be formed. Rewriting Eq. (2) in terms of constraint and uncon-

strained coordinates, i.e., for the ith substructure:

]
]
X i r
=3 R IR Y . - (27)
i
|

.i

and likewise for the jth substructure:
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----- -5 (28)

]
i
}
1
1
1
i
1
1

At the common connection, s, the above equations yield:

x5 = {r}°, and (29)
1 1

x5 = (r}° (30)

Cj Cj

where the superscript s refers to the common connection s.

It must be noted that the coordinate vectors'{xc}? and {xc}?
are expressed in the coordinate frames of their respect;ve substruc-
tures. Hence, before establishing compatible displacement relations,
these must be expressed in a common reference frame. Let the common
coordinate system be represented by {q}s. Then the constraint mode
displacements of connection s in the ith substructure are {qc}f and
those in the jth substructure are'{qc}%. Let the rotation mat;ix which
transforms local coordinates to global coordinates at connection s be
given by [R]? for the ith substructure and by [R]? for the jth sub-

structure. In general for a three dimensional problem, i.e., six

degrees of freedom at any coordinate point, the rotation matrix is

given by:
s a o1°
[R]1 = ) (31)
0 al.
3
where: S
. a1 22 3
[a]'i = |27 322 23} > (32)

az1 232 333



in which a,, are the direction cosines from the global axis v to the

substructure axis u.

Thus,
{rc}f = [R]f{qc}?, and (33)
1 1 1
r¥® = [RI%1q}° . (34)
J J J

In the substructure normal mode analysis, the fixed constraint
normal modes are not affected by the local coordinates for the ith

and jth substructures, since connection s is fixed for these modes.

Hence,
{r 3 = E‘IxJ{qn}_, or
i i
{r,} = {qn}., (35)
i i
and similarly,
{r.} =1{q9.1 . (36)
n j n";

The necessary and sufficient condition for compatible displacements

at connection s is given by:

fa.}° = {a.¥° = (q 1%, (37)
1 J

A matrix equation which satisifes equations (33-36) becomes:

17
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[ s W B sy | I s \
r Ry 1 0 E 0 qg
--——‘ —————————————
ro. 0 1., 0 [4q. ¢
<--21-> = “'5":“‘\" ______ UL (37)
|
re Rj : 0 ; 0 qnj
__‘_:____.____ - P
. N
L) Lo 0ty

The first matrix on the right hand side of Eq. (37) is the compatibility
or the connection matrix for the substructures i and j at a common
connection s.

Further, it can be shown through the above procedure, that if
substructure j is connected to substructure g at a connection u, the

compatibility matrix is given by:

(s ) [st 0 v v 1[5 )
S S i I S
LT I T T R I
iINg ! u
i L2 0 N0 0 e
]
re R§EOEO:O:OTq’”’>
_____ = il bt _—__._—_-‘____ —-———— .
1ré‘> OER;EO'O:O Inj (38)
————————————————— |————'.__—- —— A -
] | |\~ |
g _fz_i_fg_i_fl_=_}f>:_fl_ | Tne |
u |
e 0 ! RQ: 0 :_0-: O__
——————— 6‘:-};—'_};_' }; 'i}
| N : \ : RN
) L
In general,
{r} = [C}{a}, (39)

in which the compatibility matrix [C] may be partitioned as:
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[C]=]C. , (40)

v ]

where [C]1 represents the partitioned compatibility matrix for the
ith substructure. Having formed the compatibility matrix for each

substructure, the transformation matrix [T] may now be obtained.

C. Transformation Matrix [T]

Matrix [T] transforms the total set of substructure coordinates

{x} into the reduced coordinates {q} through the relation:

) {x} = [THHaq}. (41)
From Eq. (2),
{x} = [¢]{r} , and
from Eq. (39)
{r} = [C){q}.
Thus matrix [T] is given by:
(11 = [s10c], (25)
where:
", O
[(b] = \¢.i s and
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[c] = Ci

| v

Using partitioned forms of matrices [¢] and [C], matrix [T]

becomes:

[T1 = | ¢.C. , or (42)

[T] = T' 9

in which for the ith substructure:
[T1, = [ed;Lcd; . (43)

Columns of matrix [T] contain constraint modes of the entire structure

and fixed constraint normal modes of individual substructures, i.e.,
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matrix [T] may be partitioned as follows:
[t] = [Tc:Tn], (44)

where subscripts ¢ and n represent constraint and fixed constraint
normal modes.

It is from transformation matrix [T] that certain fixed con-
straint normal modes are retained and the rest are deleted. The
constraint modes cannot be eliminated since these describe the overall
system motion. The omission of certain fixed constraint normal modes
gives the desired reduction in the number of system differential equa-

tions of motion to be solved.

D. Criteria for Selection of Substructure Fixed Constraint Normal

Modes

For problems which are carefully formulated it has been found
in general that the system lower modes determined by the substructures
approach are very accurate and that unacceptably large errors may be
found in the higher order modes. Furthermore, these errors depend
primarily on the unused substructure fixed constraint normal modes.
The selection of a minimum number of substructure fixed constraint
normal modes is based on two criteria which are discussed in the
next two sections.

1. The first criterion, referred to as a frequency root criterion,
is based on substructure fixed constraint frequency roots (11) obtained
in the fixed constraint normal mode analysis. Usually the number of

differential eguations of motion which can be solved by numerical
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computation is known from the Timited core storage available in a
digital computer. This means, that the maximum total number of fixed
constraint normal modes which can be retained from all substructures is
usually known.

In the frequency root criterion, some upper 1limit is set on the
total structure frequency roots and only those substructure lower order
normal modes are retained which have modal frequencies below the set
level. This upper 1imit can usually be predicted depending upon the
structure application, for example, flutter frequency for an aircraft.
By varying the number of modes retained, a study of eigenvalues and
principal mode accuracies can be made for the total structure.

2. The second criterion, referred to as strain energy criterion,
is based on substructure fixed constraint strain energy in the normal
modes. In this case an upper 1imit is set on the total structure
principal mode strain energy and the Tower order fixed constraint
normal modes retained from all substructures have strain energies be-
Tow the above set Tevel. This substructure strain energy may be
computed as follows.

Consider the ith substructure whose fixed constraint normal modes

are given by [¢nu].' Strain energy in these modes is given by:
i

I IR N L S O (45)
1 1 1 1

in which [Kuu] is obtained from Ea. (8).
.i
Again, the total number of differential equations of motion for
the entire structure can be controlled by varying the maximum number

of fixed constraint normal modes retained. A study of system
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eigenvalues and strain energy in the principal modes, against the
number of equations of motion solved, can be made.

A comparison of the above two criteria for the selection of
substructure fixed constraint normal modes can be made by comparing
the system eigenvalues and strain energy in the principal modes.

Once the number of fixed constraint normal modes retained is
decided, matrix [T] can be formed. The size of matrix [T] determines
the number of equations of motion in the reduced set of coordinates
{q}. It will now be shown, how the total structure equations of motion
are put together and transformed into a much smaller set. This will

be discussed in Chapter III.
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CHAPTER III
FREE VIBRATION SYSTEM ANALYSIS

It is sometimes seen in structural dynamics that the most con-
venient set of coordinates in which a problem is formulated turns out
not to be the most suitable for solution. Although finite element
techniques model a structure in a simple manner, the number of finite
elements required to describe accurately the many interfaces and con-
nection points that exist in a structure is large. This results in
equations of motion numbering in thousands. It is, therefore, practi-
cally unreasonable to solve these equations directly, the approach
being uneconomical. Dividing the structure into substructures results
in a transformation which relates the discrete coordinates to a much
smaller set, eigensolution of which is economical and accurate.

It is shown in Chapter II how the transformation matrix [T] can
be obtained. Through the use of either of the two criteria for the
selection of substructure fixed constraint normal modes, certain
columns of matrix [T] can be omitted, resulting in a much smaller sijze
of matrix [T]. This transformation is similar to the normal mode

transformation given by:
{n} = [U]{g}s
where a partial expansion in terms of normal coordinates {z} requires

only a few modal columns, {“}i’ to obtain accurate estimates of dis-

crete coordinates {n}.
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This chapter will be partially concerned with the system equations
of motion and their reduction to a smaller set. Eigensolution of this
smaller set of equations results directly in system eigenvalues, while
eigenvectors need to be transformed to the original set of coordinates
through the transformation matrix [T]. Partitioning of matrices is
utilized wherevef possible to derive the equations of motion in the
reduced set of coordinates. This helps in keeping the computer oper-
ations most economical.

After establishing equations of motion in reduced coordinates
{q}, and the system eigenvalues and eigenvectors, the method of sub-
structures can also be applied to include a free vibration solution
with known initial conditions. An advantage in applying the sub-
structures approach is that only smaller sized matrices are treated
in the digital computation resulting in a saving of storage. A
special solution for impulsive loading which results in initial velo-
cities with zero initial displacements is also presented in this
chapter.

Finally, expressions for an error estimate to the system eigen-
values and strain energy in the principal modes caused by the omission
of certain substructure fixed constraint normal modes, are presented.
A comparison of these estimates of errors in system eigenvalues and
strain energy in the principal modes is made in Chapter V against the

number of reduced equations of motion solved.

A. General Differential Equations of Motion

The equations of motion for the total structure for free undamped



vibrations in the unconnected form are obtained by grouping together

the equations of motion for all N substructures as they would be

described in matrix form separately, i.e.,

in general matrix notation,

where:

.. ) —
Xy Ky
<Kip?
X 0
nf L
- >

[M1{x} + [K]{x} = {0},

M)

[K]

1

{x}

{X}

1]

y , or

(46)

(49)
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It may be noted that any boundary condijtions applied to the total

structure are directly reflected in substructure discrete coordinates

{X}i' The transformation

{x}

[T1{qa}, (41)
gives:

{X}

[T1{q}. (50)

Substituting Egs. (41) and (50) into Eq. (47) yields:
[M1[T14 + [KI[TI1{q} = {O}. (51)
Premultiplying Eq. (51) by [T]T gives:
[T IMICTIG)y + [T1'IKITIMq) = {0}, or (52)
[MI1{gy + [Kl{q} = {0}, (53)

where, [M] and [K] are transformed symmetric system mass and stiffness

matrices given by:

[M] = [T1TIMILT], (54)

[K1 = [T1[KI[TI. (55)

As in Eq. (42), partitioning of the [T] matrix gives:

[T] = Ti t (56)
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where for the ith substructure,

[Tji = [¢]i [Cji. (57)

Substituting Eq. (56) into Eq. (54) gives:

i
m]\ 0 i
LT T h
M1 = [myf ooy " Tl e
0 |
~g=-
| N
3 T T . T
[M] - [T]m1T] + .... + Tim_iT_i + ... + TNmNTN], or
_ T
M} =TI ; Tm.T.7. (58)
i=T,n T
Similarly using Eqs. (55) and (56) gives:
- T » ® » @ T - T
K] = [T]K]T1 + KT+ TNKNTN], or
[K1=1[ § TiKT,1. (59)

The contributions from the ith substructure to the coefficients

of {d} and {a} in Eq. (53) are given by:
[Tlgfmli[T]i, and (60)

[T150K3; 715 (61)

Taking Eq. (60) and expanding using Eq. (42) gives:
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T Tr. 4T
[TI3Imd, LT3, = [c21e1]Im1 [e2.0C0,, or (62)

T ! T )
[C]1[¢ci¢n]1[m]i[¢c?¢n]i[C]i’ or

|
o md
[c1t --%--Qg——f-—J— [cl,. or

.

! []m -
where:
[ = [¢n]:[m]i[¢n]i, or
[mnn]i = [Id, and (64)
[need. = [¢CJ:[m]i[¢c]i (65)
[y - [¢C]:[m]i[¢n]i (66)
LIS [¢nJ:[mJi[¢ch. (67)

Hence, the result for the ith substructure form is:

m

(T3 In]; 73, = 0] [}ﬁgg'§<:¥?é] LCl;- (68)
' i

In the above equation matrix [C]i’ which is the partitioned com-
patability matrix for the ith substructure, connects the ith

substructure with its neighboring substructures. Furthermore, it
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places the contribution of the ith substructure in proper slots of the
total structure mass matrix in the reduced set of coordinates {qg}, i.e.,

Eq. (68) becomes:

0. 0! 0.1 0.1 0_
I'm i 'm ,
ooheey 0 peny 0
l ' ! : ,
T 0+ 0v0 4 00
T1.[ml.[T]. = |-+ L A LA B 69
[ ]]_m]1[ ]1 0 ;mnc.: 0 :\\I : 0 ( )
____,___1\____:_-:>:____
0} 00 010 ]

(0t o0loioio]
] i
0 :ch 10 :Kcnit 0
____|____|____|___-|-___
i ! !
[Tk, = | ot 0403 010 |, (70)
1
0 :Knc1} 0 {Knnil 0
____|___-:____=_-__:-___
ERREREREREE
in which:
[Keed = [61TIKD Lo 1, and (71)
i i i 1
(k.1 = [s,770KI [6,] , or
i i i My
= [\)\.i\]s (72)

where A; are eigenvalues of the ith substructure obtained in the
principal mode analysis of the region with the interconnecting boun-

dary coordinates fixed or constrained.



The submatrices [Kcn].
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and [Knc] in Eq. (70) are null matrices
i

because of the orthogonality property of the columns of the modal

matrix [¢]1.

Hence,

[6.170K1 6,1
1 1 1

17k
Le, 1.[ 11[¢C]i

1}

[ol,

[o1.

and

Using Egs. (73) and (74) with Eq. (70) yields:

;
[T1}KD, [TD; =

Using Egqs. (69) and (75) and retaining all

respective substructure eigensolutions, Eq. (53) becomes:

principal modes

1 | tg
_cey_enry_end || e _ge_j_cnr_i_cnd
) ' . ]
"nre tMene Moend_ [ Y%r ¢+ [ Fore Soenet foend
) . ] ]
Made 1 Mndnr !Mndnd nd Kndc ! Kndnr! Xndnd
and further reduction gives:
| 1 "' F' | |
Mec :McnrlMcnd 99_1 fgg:mp ) ]
vl etk bl I b . Al e
et Tai O | Y% © |01 200
1 S . 1 N
“ngct 0 1 T |9nd] O Ot A

10

[T e
13
U}

Ke]
>
Q

1l

(73)

(74)

(75)
from the
{03,

(76)
{0y, (77)
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where nr indicates normal modes retained and nd normal modes deleted.
A andAd are substructure fixed constraint normal mode eigenvalues

for retained and deleted modes, respectively. Since {qnd} are deleted
coordinates these do not appear in the final equations of motion for
the total structure. The reduced equations of motion for the total

structure in matrix notation, thus, become:

I
! q

vt Sl I Tt 20 et Sl I et A CR 6 (78)
1
]

Equation (78) governs the motion of the total structure and is
expressed in the reduced set of coordinate {q}. An eigenéo]ution of
Eq. (78) would yield approximate system eigenvalues and approximate
system eigenvectors can be obtained in the original system coordinates

through Eq. (41).

B. General Solution with Initial Conditions

Free vibrations of a structure are usually the result of some
known initial conditions. 1Initial conditions define the position and

velocity of the structure in space at a known time t =t The

0
equations of motion for a conservative elastic structure undergoing

free vibrations are given by:

(.. N
%1W £ 0

™. ol l: o o || :
~ . N : _ >

0 \m . 0 \K . .

N NILS
XN XN sOJ
L J L /
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in which it is assumed that the structure is divided into N substruc-
tures and that [m]i and [KJi are the mass and stiffness matrices for
the ith substructure.

It is noted that Eq. (79) 1is in the unconnected form. Let the
initial disp]acementsvat time t = t0 be represented by {xo} and the
initial velocities by {io}. Vectors {xo} and {&0} are also given in
the unconnected form and can be partitioned for each substructure as

follows:

xgr = § %;(tg)

' g

(80)

{>'<0} = 4 >‘<.(t0)

N

(81)

Using the transformation,

{x} = [THaq}

in Eq. (79) and premultiplying the result by [T]T yields:
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SN 0 e 0
(1" ey (OTH@ < I Yk 0T = (03, or
0 “my, 0 Ky (82)
M1{gY + [Kl{q} = {0}, (83)
where:
P~ -
m1\\ 0
[M] = [T]T ‘mi [T], and
0 N
L N,
SR 0
T ~
(K] = [T] < |
| © Ky

Equation (83) contains a much smaller set of equations of motion
in the reduced coordinates {q}, since not all substructure normal modes
are retained. This reduced equation is solved for its eigenvalues
and eigenvectors. The modal matrix [q] of Eq. (83) is obtained by put-

ting together the eigenvector columns in the ascending order of eigen-

values, i.e.,
lal = [qy ap -+ a3 ---- q.). (84)

Assuming the standard superposition of normal mode solution,

{q} = [qlip}, (85)
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gives from Eq. (83):
[MI[qJ{p} + [KI[ql{p} = {0}. (86)
Premultiplication of Eq. (86) by [E]T yields:
(91" IMICa1ER} + [al' (KILalp} = {03 (87)
The orthogonality relations of modal matrix [q] are given by:

g1 IMICq]

[~1<], and (88)

it

[@1' (K11 = [wid, (89)

where [~I.] is an identity matrix and f‘w?,] is a matrix of system
eigenvalues.

Using equations (88) and (89) in Eg. (87) gives:
(Y + Fuidipy = (03 (50)

Eq. (90) contains the uncoupled equations of motion which can be
readily solved. It may be noted here that the number of uncoupled
equations in Eq. (90) 1is much reduced since not all substructure

normal modes are retained in the transformation,
{x} = [T1{q}.

The total solution of Eq. (90) is found by superposition of all solu-
tions of Eq. (90) , i.e.,

{p} = [ cos wi(t—t0)~3{a} + [ sin w; (t-tg) N{b}, (91)
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where @} and {b} are vectors of constants to be evaluated from the

initial conditions.

At time t = to,

{po} = {a}, and (92)

{bo} = [Cuydibl, or

-1
b}y = [Fw,d {pgy}- (93)
From Eq. (41), at time t = tO
{xo} = [T]{qo}, and (94)
{XO} = [T]{qo}. (95)
Premultiplying Eq. (94) by
RN 0
[T’ Ty
0 My
yields:
. m]\\ 0 . ml\\ 0
[T] ms {xg} = [T] mi\\ [T]{qo}, or
0 My 0 my
T N °
[T] mi\\ {XD} = [M]{qo}, (96)
0 -
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since: m

M1 = [T m; [T]

as defined earlier in Eq. (54).

Again, using Eq. (85) at time t = tgs gives:
{ag} = [alipy?- (97)

Substituting Eq. (97) into Eq. (96) and premultiplying the result by

[E]T gives:

@7 Tm |ixgh = Q1T IMIETR ) (98)

The orthogonality relations of [q] defined in Eq. (88) simplify Eq.
(98) to give:

Q1T T’ “m; {xg}= {pg}- (99)

Thus from Eq. (92),

a} = (3171’ m, {xg}- (100)
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Similarly, it can be shown that vector {b} is given by:

My, 0
{b} = E~wi\]‘][E]T[T]T S m. {x.}. (101)

The transformation matrix may be partitioned for each substructure to

give: T

[Tl = (7.,

where [T]1 is the transformation matrix for the ith substructure.

The above partitioning of matrix [T] simplifies the product

- 0
T .
[TJ mj\ {XO} s
0 My,
in Eq. (100) to yield:
4 N
x1{tg)
T ™ 0 T T T s O1)-es
S ] ] | \\
[Tl m;_ Ixgd = [Tyi--oiTyi 0Ty M <f1£§92>
N ~
0 my 0 My
xN(tO)
. P

s Or



_rel T T

= [T1m]x1 (to) + e+ T_lm_l)(_i(to) toeeee F TNmNXN(tO)]’ or
_ T
= [izg’NTimixi(tO)].

Similarly,

it | e, kgt = [

\\ 'l

S
=%’MTimiXi(t0)]'
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(102)

(103)

Substituting for vectors {a} and {b} from Eqs. (100) and (101) -dinto

Eq. (91) gives:

m
1. 0
tp} = [Meos wy(t-ty) Q1 [TY | m, ixg)
0 my,
™. 0
- 1 =T T ~
+ f sin wi(t’to) \]r w.i\] [q] [T] m'i\ {)‘(0}

0 o

The total system solution, {x}, is given by:

{x} = [Tl{q}, or

{x} = [T1[ql{p}, or

(104)
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™. 0
{x} = [T1[q] | D cos wi(t—to)'ﬁ[ajT[T]T \\mi\ {xqy}
| 0 \‘mN
™. 0
# Dsin o (t-t) ITw 07 @I | e kgt - (105)
0 \‘\'"N

Equation (105) gives approximately the structure response for all time
t > ty due to the given initial conditions {x,} and {xy}.

The objective of the above analysis has been to show the applica-
bility of substructures method to obtain solutions to initial con-
ditions problems. It may be noted that at time t = tgs Eq. (105) does
not reduce to the aiven initial displacements, {XO}’ and the initial
velocities, {ko}, because of the modal truncation allowed in the
substructures technique. This suggests that the number of substructure
normal modes retained, may have to be large to obtain system response

within the Timits of engineering accuracy.

C. Solution with Initial Conditions Applied to Impulsive Loadings

In many instances, structures are subjected to impulsive type of
loading. The result of such a loading is that points in the structure
develop initial velocities. The loading time, e, needs to be small |
such that displacements are zero while initial velocities are
achieved. The initial velocities of the structure can be determined
as follows:

Consider a structure subjected toasetof impulses at time t = to
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which are represented by vector {g}. The change in momentum, at time

t = to, must equal the impulsive loading, i.e.,
ImJ{x(t)} = (93, (108)

where [m] 1is the structure mass matrix in the connected form and can
be obtained by treating the structure as a whole. Premultiplying Eq.

(106) by [m]—1 gives:

{i(to)} = [m]-1{g}. (107)
The initial ve]ocities'-&D]»in the unconnected form can now be obtained
from Eq. (107) by considering each substructure separately.

Since initial displacements of the structure at time t = to are

zero,
’{xo} = {0}. (108)

The total solution is available from the free vibration solution with

initial conditions, i.e.,

(x(£)) = [TIGIE sin w, (t-ty) Iw<7 @711 | (-

(109)

Equation (109) gives the structure response due to impulsive
Toading for all time t > t. The advantage of the substructures
approach, utilized to obtain solutions to impulsive loadings, lies in

the fact that smaller order matrices are treated in the computations.
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This gives the necessary saving in storage required for problems in-

volving Targe structures.

D. Principal Mode Error Analysis

Any discrete analysis of a continuous system results in an approx-
imate solution. If the number of coordinates used are enough and
proper, the solution may be considered to be accurate or for all
practical purposes "exact". A substructure type analysis which gives
the total solution in parts would result in an "exact" solution if
the transformation from the discrete coordinates {x} to the set of
coordinates {q}wereone to one or, in other words, if all of the sub-
structure fixed constraint normal modeswere retained. Since the pur-
pose of this analysis is to obtain a much smaller set of equations of
motion to be solved through modal truncation, only approximate system
eigenvalues and eigenvectors are obtained.

Hurty (10) has derived a method for approximating the eigenvalue
error based on a Tlinear perturbation of system eigenvalues and eigen-
vectors. The basic assumption is that the eigenvalue error is small so
that higher order terms in the perturbation are negligible. The
technique is applied to substructures analysis and yields a criterion
that indicates which system modes are accurate and which system modes
are inaccurate.

A similar error analysis is presented by Bajan and Feng (11) and
as an extension they provide a method to improve upon system eigenvalues
and eigenvectors. The approximate error derived in this way provides

a good estimate of the error as long as the error remains small. In
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the present study an approximate eigenvalue error analysis presented
by Bajan and Feng is repeated only for the purpose of illustration.

System strain energy in the principal modes is in error since
system eigenvectors obtained through modal truncation are approximate.
An expression for an error estimate to the system strain energy in the
principal modes caused by the omission of certain substructure modes
is derived. Strain energy errors give an indication of the errors in-
volved in the system eigenvectors without actual calculation of such
eigenvector errors. Strain energy errors, like eigenvalue errors,
involve only one-number comparisons. This motivates their comparison
with the eigenvalue error from the reduced number of equations of
motion. This comparison will be discussed in Chapter V.

1. Estimation of System Eigenvalue Error

The system eigenvalue problem obtained by eliminating the deleted
coordinates is compared, using a linear perturbation technique, with
the one obtained by omitting substructure fixed constraint normal
modes. This yields the desired expression for estimating the system
eigenvalue error.

Rewriting Eq. (77) gives:
e R S P S DA SR a3 (110)
in which r refers to retained coordinates while d incidates deleted

coordinates.

Assuming or taking a principal mode,
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Eq. (79) becomes:

' !
1 0 y 0
2 |_r_1rdf r r
W |am"icTml T NS - = - s .l-l-l
© E\I 03\)\ { (1)

where wz represents eigenvalues of the total structure.
In the above equation, since {yd} are not known, these are
eliminated as follows:

Expanding Eq. (111) gives:

~? M1y, - WM Ty + [K iy} = {03, and (112)
~w?[M, My }- 2y 1+ AL Jly,r = {0} (113)
© ety 0 Yy i~"d :

Equation (113) yields:

2
w M Hy 3
tyy} = dror or
l:‘).js] - W [-_\I\]
| N2
ygd = | —=| My dy,.3- (114)
xj - m\
Using Eq. (114) in Eq. (112) yields:
2 2 W2
- (Y] _
-w [Mr]{yr} - W [Mrd] ;T—:—gi' [Mdr]{yr} + [Kr]{yr}_ {01,
J N

or

[k Jty b= o2 (I + TNy 1y, (115)
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where:
N w2
[Mrdr:] - [M\r‘d:| N [Mdr]' (116)

A. -
i

Eq. (115) defines an eigenvalue problem with an effective mass matrix

of,

[T+ DM

in which [Mrdr] is defined in Eq. (116).

This eigenvalue problem is the consequence of eliminating
coordinates {yd}. The eigenvalue problem obtained by the omission of
coordinates {yd} may be defined by:

2
TRIARE-NURICAR (117)

in which {y}} and 52 are approximate system eigenvectors and eigen-
values obtained through an eigensolution of Eq. (78).

An "exact" eigenvalue error may be defined as:

A = G2 - wl. (118)

In the ensuing paragraphs an estimate, §x, of the above exact error,

§x, will be obtained.

Assuming a linear perturbation of the system eigenvector, i.e.,

{yr} = {y.} + d{yr}, (119)
and substituting in Eq. (117) along with Eq. (118) gives:

2
Ky} + [KJsly, b = (@ -aA) (M. + M4 D) (Ly + sly,}).
(120)
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Subtracting Eq. (115) from Eq. (120) and disregarding higher order terms

yields:
| 2 _ 2 2
(K Jsly,} = @ Mg diyd + @ Mg Jdely ) + o TM dedy,
- o (IMD + M 1Y (121)
2 2
In Eq. (115), approximating »“ by w and replacing {yr} by §{y,.} gives:
2

[Krjﬁ{yr} ~ w‘([Mr] + [Mrdr])s{yr}. (122)

In view of Eq. (122), Eq. (121) becomes:

2

0 = @ [My, J0¥. - ex(IM.T + M. DD (123)

rdr rdr

in which s\ has been replaced by s§x, since Eq. (122), used in Eq. (121),
is only an approximate result.

Premultiplying Eq. (123) by ¥} gives:

_ 2 _ _
SEIMI+ M, DT =5 G M, 153 (124)

The orthogonality relation of {y}} with respect to [Mr] is given by:

3.1, = 0. (125)

Using Eq. (125) in Eq. (124) yields:

2
X =T Y, Mg J0,3s (126)

in which the term §x[M_, ] has been neglected since,

rdr
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This restriction on Eq. (126) is justified since substructure eigen-
values, kj,are much greater than system eigenvalues wz.

Rewriting Eq. (126) in terms of original nomenclature gives:

— 2T —
_2ly M N 2 y
6)\ =y ..9— _gng S [M ’O] ...C__ or
y 0 A - wz ndc; v. |
ynr J N ynr
_2_ 1 N 2 _
§3 = w {y_} [Mcnd] ;T—j~;§ [Mndc]{yc}, (127)
J N

in which w2 is approximated by & to give an estimate, &1, of the "ex-
act” eigenvalue error, &), which is introduced because of the

omission of higher frequency substructure fixed constraint principal
modes .

2. Error Estimation of System Principal Mode Strain Enerqy

An estimate of the difference between "exact" and approximate
system strain energy in principal modes is obtained as an in-
dicator of the errors involved in the system eigenvectors. If {xi}
is a system eigenvector in the ith principal mode, strain energy in this

mode is given by:

, T
i = 3 oy [y, (128)
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where U represents system strain energy in the ith principal mode
and [K] is given by Eq. (49).

Through the coordinate transformation,

ix'y = [T14q'},
Eq. (128) becomes:
i1 i T i
U = 5fq 1 [T] [K1[T1{q }. (129)

Use of Eq. (55) in Eq. (128) yijelds:

T R IR
U =7 {9'} [Kl{q }. (130)
Svstem strain energy in the ith principal mode for the "exact" case
is obtained by premultiplying the left hand side of Eq. (115) by
1y, e
2 \yr. s 4 .9

vl =1 i}TFK Tiyly
yY‘ =r yY'

- N

.i

2 .
= 5o Wyl (T g DD, (131)

where {yi} represents the "exact" ith mode eigenvector obtained by
eliminating coordinates {yd}.

Omission of coordinates {yd} gives an approximate solution de-
fined by Eq. (117). Premultiplying the left hand side of Eq. (117)

.7
by %-{?1} yields the approximate system strain energy in the ith
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principal mode, i.e.,

. T .
o 1 = =i
U = 5 (y.} [K. 1y}, or

L1 L AL
F o 1) M1, (132)

where {yl} represents "approximate" ith mode system eigenvector and
2

o gives the corresponding eigenvalue. Subtracting Eq. (132) from
fg. (131) gives the required system strain energy error in the ith

principal mode, i.e.,

syt =y -1, or

i

2 T : 2 T .
=g ) (M M D F e ) I, (133)

.2 .2 . .
Rpproximating o by ©' and {y;} by {yl}on the right hand side of Eq.
(133) gives an expression for estimating the system strain energy in

the ith principal mode, i.e.,

T

. 2 . .
57 = %—Zﬂ T} Mg, VL, or (134)

1 —i
U =5, (135)
where Eii approximates the system eigenvalue error in the ith prin-
cipal mode and is given by Eq. (127) with {Ei}rep1acing {}E} and o'
replacing w.

Having obtained system eigenvalues and strain energy in the prin-

cipal modes and estimates of various error indicators, the substructures



50

technique will now be applied to systems under forced excitation. This

will be discussed in Chapter IV.
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CHAPTER IV
FORCED UNDAMPED VIBRATIONS OF SYSTEMS

In Chapters II and III a free vibration solution of systems has
been obtained in terms of principal modes. To continue the application
of the substructures approach the response of systems under forced
excitation is obtained. It is assumed that damping is small and can
be neglected. The solution of the forced vibration depends intimately
on the results of the free vibration by virtue of the fact that the
normal modes established for the system lead to the possibility of
expanding arbitrary forcing functions. Also, the orthogonality re-
lations of these normal modes help in uncoupling the equations of mo-
tion.

In the present chapter systems under forced excitation are ana-
lyzed for system response, incorporating the substructures method of
analysis. A survey of the literature on substructures analysis shows
1ittle has been done to obtain solutions of the forced vibration pro-
blem through the method of substructures. This approach results in
a transformation which can be used to yield a much smaller set of
approximate equations to be solved. It transforms the equations 1in
such a way that accurate solutions can be obtained more efficiently.
The approach also allows direct use of modal test data and economizes
on computer time and storage since the problem size to be solved is
much smaller.

System response solutions for the following types of forced ex-

citation arederived:
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(i) General Time-Varying Displacement Excitation
(ii) Harmonic Force Excitation

(iii) Base Acceleration type of Excitation

(iv) General Time-Varying Force Excitation,

A. General Time-Varying Displacement Excitation

In some cases the excitation may be given as a prescribed motion
at a prescribed location on the system. Some examples, which are
typical of this type of excitation,-are motion of automobiles on roads,
machinery where cams give definite displacements, etc. In the finite
element model of the given system, nodes on which displacements are
specified are eliminated and motion of the rest of the structure studied.
Since the substructure boundary nodes yield constraint modes which
cannot be eliminated, care should be taken that the substructure boun-
dary nodes do not coincide with those at which motion 1is prescribed.

The given structure is divided into several substructure regions
in exactly the same way as described for the free vibration solution,
so that the transformation matrices developed for the free vibration
solutioncan be directly utilized in the forced excitation solution.

The differential equations of motion for the total structure in the

unconnected form are given by:

s ) ’ W
X X
m 0 J K]\ 0 g
mi\ i X; 0+ K1\ 4 §1> = {f(t)}.
0 “Nm ot 0 K :
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Eq. (136) is partitioned to group the specified displacement together,

i.e.,
SR ¢ 1 R
> ] X W ] X 0
m]\ 0 E 21 K]\ 0 : J
\\ . \\ ' * _
" |SF o+ K5 st 4 LT o0 -
0 \‘\m I < _; < 0 \\\K : : X
___________ NI e L ! 2
1 . ] - -
es  1Mer Xf Kes 1Kes | %] ft]
(137)

where [m]i and [K]1 are modified mass and stiffness matrices of the
ith substructure obtained by fixing those coordinates of the ith
substructure on which displacements are specified; {f¢} are the un-
known forces required to produce the known displacements {xc}.

Rewriting Eq. (137) with condensed notation gives:

m_. _im X K_ 1K X 0
szpsf ) Josl | ssloef ] G e O S )
MesiMer | 1%, KesiKer Xf fs
in which,
M 0
[m ] = ms , and
0 s
Kyo 0
[Kss] - Ki\
.‘o Ky

Expanding Eq. (138) yields:
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[me Itk + Im JiXe} + [K x> + [KpIxe} = {0}, and (139)

Ing XY + Dmeelixed + [Ke Jixd + [Keedixe) = {f (140)

£l

Since {xf} are specified, Eq. (139) is rearranged and solved for dis-
placement {xs}, i.e., the system response due to the prescribed
motion {xf}.

Rearranging Eq. (139) gives:
Lmss]{xs} + [KSS]{XS} = —([msf]{if} + [st]{xf}). (141)
Equation (141) is a nonhomogeneous equation in which
"( [msf]{xf} + [st]{x.‘:})

is the forcing term. Using the substructures approach, a principal
mode analysis of each substructure by itself with coordinates on which
displacements are specified as being fixed, yields a transformation
matrix [TS]. Matrix [TS], in general, is not a square matrix and its
columns consist of substructure constraint modes and substructure
fixed constraint normal modes. The higher modes of the substructure
fixed constraint normal modes can be deleted since these contribute
very little towards a free vibration solution or sclution of systems
under a low frequency excitation or other excitations where lower

modes are shown to be most important. Using the transformation,

{xs} = [TS]{qS}, gives: (142)
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[mSS][TSJ{qS} + [KSS][Ts]{qS} = -[msf]{kf} - [KSfJ{xf}.
Premultiplication of the above equation by [TS]T yields:
(7.3 Im_ I0T 3663 + [T 370K, LT J6q, )
S SsS S S S sS S S
= - [T ]T[m 1{x,} - [T ]T[K J{x,;}, or (143)
[ sf f S st f'?

M 163 + [K g = - ([T Im 160, + [TITIK (1ixc}).  (144)

Equation (144) is the reduced set of equations of motion in which,

M] [TS]T[mSS][TS], and

;
[k = [T 1T[K T 1.

Matrices [M_] and [K ] are symmetric since [Ms]T = M1, and [KSJT =
[k 1.

A free vibration analysis of the homogeneous part of Eq. (144)
yields its modal matrix [Eg]. Equation (144) is uncoupled through

the transformation:
{ag} = [a 1{pg}- (145)

Using Eq. (145) in Eq. (144) and premultiplying the results by [q.1'

gives:

[a,1" M 105, 16p ¢} + [0, K Ilag1ip )

= - [ 1" 1" Im J6ed - [a1TIT T IR T0x ) (146)
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The orthogonal relations of [ag] are given by:

[ES]T[MX][ES] = [F1d, and (147)
[3,1'IK a1 = uld, (148)

where w; is the system circular frequency in the ith principal mode
with the points of excitation taken to be actually fixed during the
homogeneous part of the sclution, i.e., with {xf} = {0}.

In view of Eqs. (147) and (148), Eq. (146) becomes:

By + [wddipg) = [0, 17 [T 2 Im 1) - tas][TS]T[KSf]{xf}; -
1

Equation (149) 1is of the form,

. 2
(B} + Fufdipgd = (F(1)1,

whose solution with zero initial conditions is given by Duhamel's

integral as:
: t

{ps} = [\wi\]_1 J P sin wi(t-T)Q{F(T)}dT. (150)
0

Thus, solution of Eq. (149) with zero initial conditions is given by:

: t
T I o J [ sin w, (t=) (G IT I Img 16k (x)} +
0

[0, 1 0T 1T IR 1% ()} )dr. (151)
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The total solution {x .} is obtained through the use of Egs. (142), (145)

and (151), i.e., with zero initial conditions:

t
{XS} = '[Ts][-c_ls][\m.i\l—] { |_\ sin w.i(t""f) J([as]T[TS]T[me]{Xf(T)} +
0
[ﬁg]T[Ts]T[st]{xf(r)})dT. (152)

Usually the size of matrix [TS] is large and its partitioning at
the substructure's level helps reduce computer time. Matrix [TS] is

partitioned as follows:

[r1= |7 ,

where [TS] is the transformation matrix for the ith substructure.
i

The forms of matrices [msf] and [st] are given by:

sf 1 0 ms f] 0
N ~
N ~
N _ N
[stJ - st.i ’ [me] - Mef
~ ~
0 Nk 0 N
i st N sf N
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and vectors {xc} and {XcImay be partitioned as:

{Xf} = < Xf. L ] {Szf} = < Séf. > 3

where {xf} are the specified displacements at the interior joints of the
.i

ith substructure. Thus the matrix product
T3 Im_ 105}
3 sf-"f
in Eq. (152) simplifies to:

T

T o o =T . . .
[7.] [msf]{xf} = [T1msf1xf1 + + Timeini +
T .e
-+ Tm . Xz 1, or
N st fN
= Y THmee X ] (153)
i=in §OosHTRTT
Similarly, the matrix product
(T 17K Tix,}
S st f

simplifies to:

T , T
[T 1 [Kgplixgd = [1=§ i stixfi]. (154)

2
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Use of Egqs. (153) and (154) allows working with one substructure at a
time and thus matrices of much smaller sizes are handled in the
digital computer. This results in a saving of computer time and
storage.

For completeness it may be noted that forces {ff} required to
produce the displacement excitation {xf} can be obtained through
Eq. (140) in which structure response {x} is obtained by using Eq.
(152).

B. Harmonic Force Excitation

Frequently vibrations of a structure are the result of harmonic
forces acting at various points of that structure. An excitation

~ which is sinusoidal in nature may be termed harmonic excitation, e.g.,

{f(t)} {f'} sin Qt, or

{f(t)}

{f'} cos qt,

where {f'} is a vector of constants and @ is the forcing frequency,
each forcing function having the same frequency. Phase angles may

also be associated with this type of excitation, i.e.,

[ ., . )
f1 sin ﬁQt + w])L
(£(t)} < f sin (qt + vs) , or

-
f, sin (ot + wn{
r A
fi cos'(ﬂt + ¢])

24 f cos’(nt + wi)L

{f(t)}

, :
f, cos (ot + ¥)
- 4
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In addition harmonic forcing functions with different frequencies

may be treated.

r “

fi sinz(n1t + wl)

It
SN\
—h

{f(t)} sin‘(Q.t + y.) r , or
: 1 1
f! sin (Qnt + wn))

b

+

(fi cos‘(Q]t w1)

: cos:(Qit + Y. )

{f(t)}

i
-\
—+
-y -

1

f' cos (Qnt + wnl

where n represents the number of structure points excitated.

Since this study is restricted to linear systems, total structure
motion due to harmonic excitations with different frequenciess,as
illustrated by the above equations, is obtained by superimposing the
structure motion caused by each excitation separately. Furthermore
excitations not in phase can be simplified to those in phase. Hence
it is sufficient to present solutions to harmonic excitations with
arbitrary phase relationships to complete the general case. Finally
it is shown that a periodic excitation which repeats itself in equal
intervals of time, can be represented by a Fourier Series. Thus solu-
tions obtained for harmonic excitations can also be applied to yield
system response to periodic excitations.

1. Harmonic Excitations of the Same Forcing Fregquency

Excitations of this type are assumed to have a common forcing
frequency and an arbitrary phase relationship. It will first be shown

that this type of excitation reduces to simpler
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forms of sine and cosine excitatiqns. The given structure is again
considered to be divided into several substructures to yield the
necessary transformation matrix [T]. Forces located at the boundaries
of substructures are shared equally among all substructures which

meet at those given boundary points. Partitioning the forcing vector,

r Y
f1(t)

(o = R0

£, ()
. J

where {fi(t)} represents harmonic forces acting on the ith substructure

and can be written as:

,

a; sin (2t + wl)W

A4

(F;(£)) = Qay sin (at + w) (155)

Lan sin (ot + wn)'
In Eq. (155), sine functions may be replaced by cosine functions, but
no loss in generality is made if sine functions only are treated.
Solutions for cosine functions will be given directly.

Considering the forcing vector of the ith substructure defined in

Eq. (155) and expanding the sine functions gives:

{fi(t)} = (aj cés wj) sin ot + (aj sin wj) cos Qt, or
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= {aj} sin at + {33} cos at, (156)

where:
a, cos w]

{aj} . cés P

¢’ and

1}

I\

jo}]
[

a_ cos y

(a] s?n w]

{al} =

a_ sin Y

It is obvious that vectors {aj} and {ag} are constant vectors since

sin .

; and cos by are constants. Equation (156) gives the simpler form

of Eq. (155) and consists of sine and cosine forcing functions. To
obtain solutions to excitations given by Eq. (155) for the ith sub-

structure, superposition of solutions for excitations given by
{aj} sin ot, and (157)
{ag} cos ot (158)

is required. Solution for excitation of the type given in Eq. (157)
is now required.
The equations of motion in matrix notation for the total structure

in the unconnected form are given by:
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P ’ - r \
w
X X fo(t)
my_ 0 .1 Ko 0 .1 1.
\\ u‘. \\ . _ .
™. < %i} ¥ Ki. %0 = St
0 \\m : 0 \K . .
N .XNJ . N ~XN4 .fN(t)J
(136)

in which the vector'{fi(t)} gives the harmonic forces acting on the
ith substructure. Using the coordinate transformation particular to

the substructure approach, i.e.,
{x} = [THHa3,
gives:
[MILTI4qy + [KI[TI{q} = {f(t)3,

where [M] and [K] are given by Eqs. (48) and (49), respectively and
£1(¢)]

(1) = JFy(t)

-
.

)

Premultiplying the above equation by [T]T and using Eqs. (54) and (55)
[M1G) + [KItq} = [TITCF(E)}. (159)
Equation (159) gives the reduced equations of motion for the total

structure under any general excitation f(t) . When no forces act on

the structure, i.e., when

{f(t)y = {0},
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Eq. (159) reduces to its homogeneous form as given by:
[MI{g} + [Kl{q} = {0 (83)

which has been solved in Chapter III. Grouping together the eigen-
vectors of Eq. (83) in the ascending order of eigenvalues gives the

modal matrix, [q], of Eq. (83), i.e.,
[q] = [ay a5 -... g; .... q.]. (84)
Modal matrix [q] satisfies orthogonality relations given by:

(91" IM1q]

1], and (88)

[q1T[K1q]

i

[uids (89)

where ws is the system frequency root in the ith principal mode.
To uncouple the equations of motion of Eq. (159), a transforma-

tion of coordinates,

{q} = [q1{p}, (160)
which amounts to superposition of principal modes, is used in Eq. (159),
i.e.,
[MIG1ep} + [KI[altpd = [TITCF (1)1
Premultiplying the above equation by [EJT and using the orthogonality

relationships of [q] yields the uncoupled equations of motion in {p}

coordinates,

{p} + [‘wf\]{p} = [q1'[TITeF (2D, (161)
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Equation (161) is valid for any general excitation, {f(t)}, and can be
solved by the use of Duhamel's integral. This would be similar to

the solution provided in section A when considering the displacement
excitation. However, the case of harmonic excitations will be solved
in a different manner. It has been shown that a solution to excitation
of the type given in Eq. (155) can be obtained by adding solutions to
excitations of Eqs. (157) and (158). In view of this, the form of

{f(t)} may be assumed to be:
{f(t)} ={F} sin at, (162)

where constant vector {F} is given by:

Fy = <{F.% (163)

in which N represents the number of substructures.

Thus, Eq. (161) becomes:

(B3 + Couidipy = [@1'[T1 (F} sin at. (164)

Assuming a steady state solution which follows from the classical

solution of differential equations with constant coefficients, i.e.,
{p} = {A} sin qat, (165)

gives:
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(p} = - a%(A} sin at. (166)

Using the particular solution assumed and substituting back into the

differential equation gives:

-2f(Ay + [uiJ0AY = [q1'[T1TeF3, or (167)
(A} = -2 37 [q1' 11T eF . (168)
L (py = o-a? 371 EITITeR) sin at. (169)

Use of Egs. (41) and (160) thus gives displacements {x}, i.e.s
{x} = [T]EE]E‘wf—n%_]'][E]T[T]T{F} sin at. (170).

The product [T]T{F} in Eq. (170) can be simplified through

partitioning of matriceé as under: ’E]’
[T1T¢Fy = (7)o {TH e Ty 4 éi, , or
.ﬁ%
= [TIF, + + TR, + + T 1, or
- [1=;’NT§FNJ. (171)

Equation (170) gives the steady state solution for a harmonic excitation

of the type given in Eq. (162). For a forcing function of the type,

{f(t)} = {F} cos qt, (172)



67
the solution becomes:
tx} = [TIEIwi-0207 [q1" (11T 4F 3 cos at. (173)

Superimposing solutions given by Eqs. (170) and (173) yields solu-
tions for harmonic forcing functions with a common forcing frequency

but having a phase difference between the point forces, i.e.,
2 27 T T
{x} = [T1[q][Tw;-2<1[q] [T] ({ai} sin ot + {a{} cos qt).

2. Harmonic Excitations with Different Forcing Frequencies

In the preceeding section harmonic forcing functions had a
common frequency Q. If the forcing frequencies are different, solution
is obtained for each of the forces acting individually on the structure.
Since the structure is linear, the total solution is formed by super-

imposing all individual solutions, i.e.,

{x} = {x}.,, or (174)
i=§,z !
00 = F IMECeg-01 @I sinoge,  (175)
i=T,¢

where Qi is forcing frequency for the ith harmonic force and & is the
total number of forces applied to the structure. For excitations

given by Eq. (172), the above solution modifies to:
el 2 2 -1—
{x} = % [T1q1w;-a5-] Q1 [T1 ¢F} cos .t (176)
i=T,8

Having discussed solutions to harmonic excitations, it is now
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shown that the above solutions can also be applied to periodic ex-

citations.

3. Periodic Excitations

An exciting force which repeats itself in equal periods oftime,
t, is referred to as a periodic force. A periodic exciting force has

the property that

f(t) = f(t+r). (177)

A periodic function can usually be represented by a Fourier Series

having the form:

L

Bn cos(nat). (178)
n=1

f(t) = nz] A sin(nat) + By

The frequency @ is called the fundamental frequency, related to the
period by @t = 2w. It is customary to refer to the terms with n =1
as the fundamental and the nth terms as the nth harmonic. Given a
periodic function f(t), the evaluation of the constants A, and B is

simplified by the orthogonality of the functions of the series, i.e.,

JT sin(nat)dt = 0 (179)

0

T

[ cos(nat)dt = 0 (180)
0 .
T

f sin(met) cos(nat)dt = 0 (181)
0
T

J sin(mot) sin(net)dt = 0, m#n (182)
0
T

J cos(mat) cos(net)dt = 0, m#n . (183)
0
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In view of the above relations, the constants Am, BO, and Bm are

given by:
T
A, = %- f(t) sin(met)dt (184)
‘0
] T
B0 = f(t)dt (185)
o
(T
B, =% | f(t) cos(mt)dt. (186)
/0

The utility of a Fourier series representation rests on the
convergence of the terms in the series. Very often the convergence
is rapid and only a few terms are needed to represent adequately the
function. Solution to each term in the series can easily be obtained
by treating it as a harmonic excitation. Then the steady state re-
sponse to the given periodic excitation is given by superposition of

the separate responses.

C. Base Acceleration Excitation

Forced vibrations may also result from a motion of the constraints
on the given structure. Structure motion resulting from motion of
the supports or the base will be of prime interest in this study. This
formulation is practical, for example, when calculating the response
of a tall buildings to earthquake movement. Other cases, when the input
excitations to structures can be easily measured by accelerometers,
are directly amenable to this approach.

The equations of motion for the total structure in the unconnected
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form are given by:

r 3 r N r 3
m B K B B
Bm 0 X3 BK 0 X1 9
1. 1o :
A Y ~
m; 4 X (o K1\ ) X = 30 ?
AN . 0 ~ < . ?
~ . ~ .
ke 0 mN-A sta - N—J ~XN, .O o
(187)

where [mB] and [KB] are the mass and stiffness matrices of the base,
respectively, and are unknown quantities. {UB(t)},{UB(t)} are known
base displacements and accelerations, respectively. For six degrees of
freedom, {Ug(t)} or {UB(t)} would be of 6 x 1 size. Vector {fg} re-
presents forces applied at the base or supports to produce base
displacements {UB(t)} or accelerations {UB(t)}.

Due to the base displacements the structure equilibrium position
experiences a time-varying rigid body motion. It is about this equili-
brium position that the structure vibrates. The location of the time-

varying equilibrium position at any time 't' may be given by
(s (t)} = [AIWUG (1)}, (188)

in which matrix [A] is the coefficient matrix defining motion of the
structure equilibrium position due to unit base displacements in the
direction of {UB(t)}.

If the structure motion is measured relative to a frame of
reference fixed to the base, the transformation between the absolute

coordinates {x} and the relative coordinates {Xx} becomes:
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{x} = {x} + [A]{UB(t)}. (189)

As shown in Appendix C, Eq. (187) is transformed by use of Eq. (189) to:

3..2 N ';< A
m o | |- o 0 1 ™. 0
N < \\K - _ o
N e T i, \ %ir - i
h . RN . RN
[N LN
x [AJ{U(t), or (190)
in general matrix notation,
[M1{x} + [K}{x} = - [MI[AX Ug(t) (191)

where [M] and [K] are the structure mass and stiffness matrices in the
unconnected form with the structure base held fixed and are defined

in Egs. (48) and (49), respectively. Evidently the forced vibration
problem with applied forces or with base motion are identical, if the
forces applied at mass points are equal to theinertial forces created,
due to the base acceleration {UB(t)}.

Using the transformation
{x} = [THql, (192)
where matrix [T] is obtained as described in Chapter II, results in:
(%) = [T1(q). (193)

In view of Eqs. (192) and (193), Eq. (191) becomes:

[MICTIq} + [KILTIG) = - [MI[A{Ug(t)). (194)
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Premultiplication of Eq. (194) by [T]T and use of Egs. (54) and (55)

gives:
[MI¢G} + [K1@} = - [T1IMILATC(t)). (195)

An eigensolution of the homogeneous part of Eq. (195) yields a
modal matrix [q] and frequency roots &1 of the total structure with
its base held fixed. To uncouple the equations of motion given by
Eq. (195), the following transformation of coordinates, based on

superposition of principal modes, is defined:
{q} = [ql{p}. (196)
Using Eq. (196) in Eq. (195) and premultiplying the result by [E]T yields

[Q1'IMI[Q1t) + [a1'[KILalp) = - [q1' [T IMIIATCUg ()3, or

(197)
z SRy gy g -
{p} + Coydipt = - [q] [TI [MI[AT{UR(t)], (198)
since [q] satisfies the orthogonality conditions given by:
[q17[MIfa] = [~1-J, and (199)
[q1'K1la] = [~a5d. (200)

i

Eq. (198) gives the uncoupled equations of motion in matrix notation.
The right hand side represents the forcing term. This equation with
zero initial conditions can be solved through Duhamel's integral

solution given by:
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t
{pt = E‘&i‘J—] { [Msin &i(t-r)~q{f(r)}dr, (201)
0
where:
(F(t)1= - [q1' T3 IMIAT (g (1)), (202)

and the initial conditions are assumed to be zero.

Thus Eq. (201) becomes:

t
$}=-r@44{ B sin G;(t-1) @1 71T (M (ATl (x) b
0 (203)
The total solution {x} with zero initial conditions is given by:
t
&}=-Unar@4”{ Bsin &y (t-1) @1 (13T (MILATClig (<) M.
0
(204)
If matrix [A] is partitioned at the substructure's level, i.e.,
™
M
1= Al (205)
—AN—-

the product [T]Tfﬁ][A] in Eq. (204) simplifies to:
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(]
] ™. 0 .1
[T DAIAT = [Ty dTgde - T Al s or
0 \\m :
v |Ay
= [T'm. A, + + TImLA, + + TIm A T, or
™A M5 A; N"NAN
T
= [ Z] WRELIGIRE (206)
i=1,

Equation (204) gives the motion of the structure relative to its base.
Use of Eq. (189) would yield absolute motion of the structure but the
vibratory system strain energy is obtained through the use of struc-
ture motion relative to its base. Also to find stresses in the
structure, it is the relative displacement which is of primary interest
and not the absolute displacement.

D. General Time-Varying Force Excitation

Consider the system when subjected to time-varying forces {f(t)}.

To complete the study of most structural dynamics problems, through the
substructures approach, this general case is of interest. Equations of

motion in the uncoupled form, as obtained in section B, are given by:
- -~ 2 _ = 9T
{p} + [CwiJdtpt = [ql [T] {f(t)}. (207)

Duhamel's integral solution, assuming zero initial conditions, gives:
t

{p} = [‘wi\]'] J Bsin wi(t-T)\][a]T[T]T{f('c)} dr.  (208)
0
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The total structure solution in its unconnected form thus becomes:

t
x} = [TIQIw, ™" J M sin w (t-1) I LTI7CF (x) 3
0 (209)

If the duration of {f(t)} is finite and given by tps solution for
time t, 0 <t < t; is given by Eq. (209). For time t > tg the above
solution modifies to:

to
x} = [TIQIw; 0" [ Nsin w(t-1) I[q1 [TI7 (F(x) 3.
0 (210)

Solutions through the substructures method, to four different
types of excitations have been obtained in this chapter. Numerical
verification of these results with a comparison to the classical direct

matrix approach is treated in Chapter V with several example problems.
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CHAPTER V
COMPARISON OF RESULTS

Comparisons of results obtained through numerical computation of
equations derived in Chapters II, III and IV are presented in this
chapter. Numerical examples have been investigated to verify the
theoretical derivations contained in this study and provide a basis for
comparing the various error indicators.

For the purpose of comparison, solutions obtained through the
substructures approach with no modal truncation are verified by the
usual direct method. Appendix D gives equations of motion obtained
directly for example problems worked in this study and presents their
corresponding displacement solutions. Use of an IBM-360-50 computer

has been made to establish all numerical work.

A. Free Vibrations Results

The objective of this investigation has been to obtain a consistent
basis for truncation of substructure fixed constraint normal modes in
the vibratory analysis of a complex structure when using the method of
substructures. Retention of only certain of the substructure normal
modes results in a much smaller set of equations of motion to be solved.
Truncation of these modes is equivalent to imposing constraints on the
motion of a structure thereby introducing a measure of error in the
system eigenvalues and eigenvectors. Two bases of retaining these
modes are discussed in Chapter II. One of the bases is founded on
substructure fixed constraint normal mode frequency roots and under

this criterion only a given number of principal modes below a frequency
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1imit are retained. The other criterion is based on the substructure
fixed constraint normal mode strain energy. Modes associated with
lower strain energy are retained under this criterion.

To evaluate the results of the above two criteria and to determine
if levels can be found which tend to give valid trends, system eigen-
values and strain energy in the principal modes are computed. System
eigenvalues are obtained by solving an eigen problem of the reduced
equations of motion while system strain energy in the ith principal mode

is given by:

(e
1}

1. 4.7 i
5 {x'} [K]{x'}, or (97)

. T .
T 19" Kl (99)

Strain energy is indicative of displacements and stresses in the system,
independent of their spatial dependence within the system. Furthermore,
this basis of comparison of results should give a better measure of total
system distortion than any one particular parameter, e.g., maximum dis-
placement or maximum stress.

Estimates of errors in the system eigenvalues and strain energy in
the principal modes as a function of the number of retained principal
modes from the substructures can be obtained through Eas. (127) and (135)
derived in Chapter III. For the numerical evaluation of trends from
the various criteria and error indicators contained in this study, an
example is presented. Simplicity and generality are the foremost con-
siderations in the formulation of this example.

Consider a uniform cantilever beam divided into two substructures
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at boundary cc as shown in Fig. 1. The beam is subdivided into six
finite elements. Substructure 1 is comprised of the first three iden-
tical elements while the remaining three identical elements constitute
substructure 2. Properties of a typical element from each substructure
are given.

Each modal point has two degrees of freedom, i.e., the transverse
displacement and rotation in the plane. The complete structure has a
total of twelve degrees of freedom. Two of these are associated with
the common boundary cc of the substructures. Substructure 1 has four
interior coordinates while substructure 2 has six of them. For sim-
plicity, element mass matrices used are diagonal and are given in
Appendix B.

Tables I and iI give the substructure fixed constraint normal mode
frequency roots and strain energy in the principal modes, respectively.
Reduced sets of equations based on several combinations of substructure
normal modes retained from the two substructures are solved on an
IBM-360-50 digital computer. In each case, system eigenvalues and
strain energy in the principal modes is obtained. Selection of
Tower order substructure normal modes is based on substructure fre-
quency roots and substructure strain energy criteria. Table III gives
the combinations of substructure normal modes, retained from each
substructure, based on the substructure frequency roots criterion.
Table IV gives the above combinations based on substructure strain
energy in the normal modes. In addition to these normal modes, the two
substructure constraint modes which describe the total structure motion

must also be retained. Size of the reduced problem is obtained by
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Fig. 1. Finite Element Model of a Uniform Cantilever Beam - Two
Substructures
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Table 1

Substructure Fixed Constraint Principal Mode
Frequency Roots

Mode

Mode
No. Rad/Sec No. Rad/Sec
1 1357.717 1 31.90236
2 3229.496 2 167.2321
3 5129.852 3 409.8979
4 6469.953 4 692.1104
5 933.1514
6 1101.468
Table 11
Substructure Strain Energy in the Fixed
Constraint Normal Modes
Mode Mode _
No. Lb—In NO- Lb In
1 10842.10 1 9.18108
2 59640.90 2 368.198
3 989095. 00 3 3080.94
4 2072210.0 4 36225.20
5 67337.80
6 57668.80
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Table II1

Number of Substructure Normal Modes Retained
Through Substructure Frequency Roots Criterion

Substructure 1 - Substructure 2 Reduced Problem
Modes Retained Modes Retained Size

- O O O O O O
O oy O W N A
W 0O N O 1 W

Table IV

Number of Substructure Normal Modes Retained
Through Substructure Strain Energy Criterion

Substructure 1 Substructure 2 Reduced Problem
Modes Retained Modes Retained Size

NN - = 0O O O
A A~ B W w N =
W 00 N O o1 W
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adding the total number of substructure normal modes retained, to the
total number of substructure constraint modes. A computer program

whose flow chart is presented in Appendix A generates the transformation
matrix [T]i and yields system eigensolutions. Table V gives a compar-
ison of system eigenvalues obtained through the usual direct approach
and those obtained by the substructures method with no modal truncation.
Table VI presents a similar comparison for the System strain energy in
the principal modes. A negligible difference in the numbers must be
attributed to different numerical processes used in the two methods to
obtain the eigensolutions.

Figures 2 through 5 show percent errors in system frequency roots
and strain energy in the principal modes. These errors are plotted for
four lower modes against the number of reduced equations of motion
solved. The criterion of retaining substructure normal modes in these
errors is based on substructure fixed constraint normal mode frequency
roots. In this criterion as many modes from each substructure, below
a specified frequency level, are used. It should be noted that, while
the errors do cohverge, their convergence is not monotomic. It can
also be seen that percent errors in system frequency roots and strain
energy in the principal modes follow a similar pattern of convergence.
The magnitude of strain energy errors is usually higher than that of
frequency root errors, when the number of reduced equations of motion
is small and becomes lower than or comes close to the magnitude of
frequency root errors, as the number of equations of motion is increased
from 3 to 9.

Figures 6 through 9 show the behavior of the above errors obtained
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Comparison of System Eigenvalues

83

Mode Substructures Approach .

No. with no Modal Trugcation Direct Approach
1 293.099433 293.43786
2 9564.70 9574.590
3 62318.095 62371.75
4 185343.50 185491.42
5 423079.14 423150.43
6 785256.81 785511.59
7 1179943.40 1180335.10
8 1238719.00 1238995.60
9 2998270.90 3000077.50

10 11739793.00 11751012.0

11 27270790.00 27274562.0

12 42181632.00 42184530.0

Table VI
Comparison of System Strain Energy in the Principal Modes
Mode Substructures Approach .

No with no Modal Truncation Direct Approach
1 146.548 146.71893
2 4782.68 4787.295
3 31159.10 31185.875
4 92671.40 92745.71
5 211539.0 211575.215
6 392628.0 392755.795
7 589971.0 590167.55
8 619359.0 619497.80
9 1499130.0 1500038.75

10 5869820.0 5875506.0

11 13635300.0 13637281.0

12 21090700.0 21092265.0
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on the basis of substructurg fixed constraint normal mode strain energy.
In this case, only those Tower order substructure normal modes are
retained from all substructures, which have strain energies below a set
level of system strain energy. Here again, convergence of the percent
errors is not monotonic. The pattern of convergence of the two errors
is about the same and is similar to the pattern for the percent errors
based on the substructure fixed constraint normal mode frequency roots
criterion. The magnitude of the strain energy error is higher than
that of the frequency root error, when the number of equations of
motion solved is small, but becomes lower than the magnitude of the
frequency root error, as the number of equations of motion is increased.
The criterion using substructure strain energy for retaining of sub-
structure normal modes usually gives lower frequency root percent errors
in the higher system modes as compared to the criterion which uses sub-
structure frequency roots. This situation prevails if the number of
equations of motion solved is large. A similar characteristic is noticed
for the system strain energy percent errors.

In Figs. 10 through 15, &x represents the exact system eigenvalue
error between the substructures approach with no modal truncation and
the substructures approach yielding approximate eigensolutions; &x re-
presents approximate system eigenvalue error caused by the omission of
certain substructure normal modes and is obtained from Eq. (127). &P
indicates exact system strain energy error between the substructures
approach with no modal truncation and the one with modal truncation;

P approximates &P and is obtained from Eq. (135). Error indicators

for three lower modes are plotted against the number of equations of
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motion solved. Errors in Figs. 1Q through 12 are based on the sub-
structure frequency roots criterion for retention of substructure nor-
mal modes. The error convergence is not monotonic and the estimation
of 8x given by &Xx improves considerably in the higher modes. The
pattern of convergence in all three modes is about the same for both
types of error indicators considered in this report. The estimation of
6P by 8P is much better than that of &\ by §x in all three modes.

Errors in Figs. 13 through 15 are based on the substructure fixed
constraint normal mode strain energy criterion for retention of sub-
structure normal modes. Again, the error convergence is not monotonic.
The magnitudes of §x and 6P are usually higher in comparison to those
obtained by the substructure frequency roots criterion, when the number
of equations of motion is large.

It is noted from the various data collected, that those system
frequency roots which are below the highest substructure frequency root,
from that substructure from which the maximum number of normal modes
are retained, are well within engineering accuracy. In the case when
equal, but largest, number of normal modes are retained from several
substructures, the smallest of their highest fixed constraint frequency
roots, gives the upper limit for the system frequency roots expected
to be within the engineering accuracy.

It is also seen that a particular overall system mode obtained by
solving the reduced eigenvalue problem defined in Eq. (78), may be com-
pletely omitted due to truncation of substructure normal modes. This
may mean that a particular system mode may be dominated by certain

substructure normal modes and if these normal modes are deleted from
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the analysis, that particular system mode may be deleted too in the
final solution. This omission of system modes occurs for system
frequency roots greater than those which are expected to be well within

the engineering accuracy for a given set of conditions as stated earlier.

B. Initial Conditions Solution

Having presented the results of free undamped vibrations in sectionA,
the initial conditions solution obtained by the substructure method in
Chapter III is now verified through numerical examples.

The cantilever beam of section A is divided into six identical
elements as shown in Fig. 16. Properties of a typical element are
given. Substructure 1 consists of the first three elements while the
remaining three elements constitute substructure 2. Again, the number
of degrees of freedom at any node is two, transverse displacement and
the corresponding rotation. Thus, the total number of degrees of free-
dom is twelve.

The two substructures are assumed to be given the following initial

displacements with zero initial velocities:

X
03 L , or (211)
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{xo}] = < > . and (212)

X
{xg} = <04} , or (213)
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Substructure coordinates are numbered beginning from the constraint
coordinates at boundary cc since constraint modes are placed first in
the substructure transformation matrix [TJi. Initial displacements of
substructures 1 and 2 are given in the same order in Egs. (212) and
(214), respectively. The displacement solution presented in Eq. (105)
is numerically evaluated. First, displacement solutions were obtained
with no modal truncation so that the substructuring technique solution
can be verified against the displacement solution obtained through the
ususal direct approach. Direct solutions are derived in Appendix D and
Eq. (A.55) gives the direct initial conditions solution. The substruc-
tures method with modal truncation gives an approximate displacement
solution for the initial conditions described in Egs. (212) and (214).
The reduced problem size is nine for the example considered and is not
varied. Three Tlower normal modes from substructure 1 and four lower
normal modes from substructure 2 along with two constraint modes are
retained. Two bases of comparisons of the above results are used in
this study. Transverse displacements of the free end of the cantilever
beam are studied and plotted against time 't'. The other basis is the
system strain energy since it is indicative of system behavior as a
whole. It also gives a better description of total system distortion.

In Fig. 17, the transverse displacements of the free end of the
cantilever beam are plotted. Since these displacements are time de-
pendent, they are plotted against time 't'. To show a direct comparison,
free end displacements obtained through the direct method are superim-
posed on those obtained through the substructure method with, and

without modal truncation. It is seen that the direct approach solution
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verifies the substructure method solution when all substructure normal
modes are retained. The approximate solution solved through modal
truncation is very accurate as can be seen in Fig. 17.

From the data of the approximate solution it is noted that re-
presentation of system strain energy is accurate, see Fig. 18. Three
strain energy solutions; direct, substructures method with no modal
truncation, and substructures method with modal truncation are plotted
in Fig. 18 to show a direct comparison. Again, the direct solution
verifies the substructure solution, when all substructure normal modes
are retained and the approximate solution coincides with it.

In the study of a case in which the cantilever beam was given
more severe initial conditions, it was found that the modal truncation
is sensitive to the type of initial conditions applied. Higher order
substructure modes cannot be eliminated if the applied initial condi-
tions excite higher order system modes. This is due to the fact that
the higher order system modes are largely dependent on the higher

order substructure modes.

1. Comparison of Computer Time for Free Vibration Solutions

In order to complete the comparison between the substructures m
method and the direct method, a study of required computer time for the
eigenvalue problem is made. It is assumed that the computer time for
generating the mass and the stiffness matrices in both the techniques
involved is nearly the same. Thus, the computer time taken to solve

an eigenvalue problem through both techniques provides a good basis
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to compare the required computer time for the two methods. The number
of multiplication and addition operations required to obtain the final
initial conditions solution through both the techniques is also pre-
sented. Computer times required to obtain eigenvalues are quoted for an
IBM 7090 computer system and an eigenvalue routine, BIGMAT, developed
at Union Carbide Corp., Nuclear Division, Central Data Processing
Facility, Oak Ridge, Tennessee. This routine is basically the
Householder tri-diagonalization method (17) and is one of the most
efficient eigenvalue routines for real symmetric matrices.

The size of an eigenvalue problem to be solved is assumed to be
102. Computer time required to obtain all eigenvalues and eigenvectors
through the usual direct approach is given in Table VII. Computer
time for calculating the 20, 32, 52, and 72 lowest eigenvalues and
their corresponding eigenvectors is also included, since in many appli-

cations, the Tower order eigenvalues only are obtained.

Table VII

Computer Times for Solving Directly
An Eigenvalue Problem of Size 1R

No. of Lowest

Eigenvalues and Computer Time

Eigenvectors In Seconds
102 (A11) 167.0
72 134.06
52 112.10
32 90.14

20 76.96
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To obtain eigenvalue computer time using the substructures method,
it is assumed that the given structure is split into two substructures
and that substructure 1 has forty interior coordinates yielding

forty normal modes while substructure 2 contains sixty interior coor-
dinates giving sixty normal modes. Using this approach requires
basically three eigenvalue problems to be solved. Two of these are at
the substructure's Tevel and thus much smaller in size. The final or
third solution is of the reduced set of equations for system eigen-
values and eigenvectors. Computer times for the three eigenvalue
problems are added and presented in Table VIII, for various sizes of
the reduced problem. This, then, gives some comparison of the time re-

quired for a classical single large order matrix solution versus the

multiple smaller order approach.

Table VIII

Computer Times for Solving an Eigenvalue Problem
of Size 102 Using Substructures Method

Computer
Substructure 1 Substructure 2 Final Problem Computer Time Time for
Modes Retained Modes Retained Size for all System 20 Lower
Modes in Sec. Modes in
Sec.
40 60 102 226.8 136.76
35 35 72 115.0 77.86
40 30 72 113.9 76.76
10 60 72 120.5 83.36
40 10 52 65.3 50.22
0 50 52 70.3 55.22
25 25 52 68.6 53.52
30 0 32 23.6 20.6
0 30 32 38.2 35.2
15 15 32 38.7 35.7
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It can be seen from Tables VII and VIII that retaining all sub-
structure normal modes in the method of substructures is not profitable.
Since this method with modal truncation still yields accurate solutions
in the lower modes, its computer time economics are studied when only
some substructure normal modes are retained. As for example, when
the reduced problem size is 52, with equal number of substructure
normal modes retained from each substructure, a saving of approximately
30% of computer time results, in comparison to the direct approach
computer time for calculating 20 Tower system eigenvalues and eigen-
vectors. If the substructure frequency roots are known, the accuracy
of these 20 modes may be predicted through the trends stated in section
A. Since the substructure frequency roots are not known in the present
example, the consensus of past experience (10) may be utilized. In-
dications are that at least 50% of the total number of degrees of
freedom in {q} coordinates may be expected to have converged to within
the Timits of engineering accuracy of the untruncated solution. This
means that at Teast 25 Tower modes may be expected to be described

accurately.

2. Comparison of Multiplication and Addition Operations

For a comparison of multiplication and addition operations re-
quired to calculate the initial condition solution through the sub-
structures and the direct methods, consider two matrices [A] and [B]
of sizes m x n and n x &, respectively. If the two matrices are

multiplied the total number of multiplication and addition operations
are given by:

Total number of multiplication operations required
to obtain the product [A]-[B]l =m x n x 2, and (215)
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Total number of addition operations required to
obtain the product [A]-[B] = (n-1) xm x 2. (216)

Using Eqs. (215) and (216) the total number of multiplication
and addition operations involved in obtaining initial conditions
solution through direct approach and given by Eq. (A.55), in Appendix
D, are now calculated. If all system eigenvectors are available, the
size of the modal matrix [¢] in Eq. (A.55) is given by m x m. In this
case total number of multiplication operations required are 7m2, and
the number of addition operations are given by m(7m-6). If only r
lower modes are available in matrix [¢], its size becomes m x r and
the corresponding multiplication and addition operations required to

solve for vector {x} in Eq. (A.55) are given by:

2

Total multiplication operations = 3mr + 2(m +r2), and

Total addition operations=2(m-1)(m+r) + (r-1)(2r+m) + r.

Table IX gives the number of multiplication and addition operations
required to solve an initial conditions problem, directly. The value

of m is assumed to be equal to 100 and that of r is varied over the
range 30 to 100.

Table IX

Multiplication and Addition Operations Required for a
Direct Initial Conditions Solution

Value of Value of Multiplication Addition
m r Operations Operations
100 100 70000 69400
100 70 50800 50290
100 50 40000 39550

100 30 30800 30410




m

In Eq. (105) of Chapter III is given the initial conditions solu-
tion obtained throughthesubstructuresmethod.Asgmﬁng that the size of
structure transformation matrix [T] is given bymxvr,m>r, the
total number of multiplication and addition operations required to
solve for displacement vector {x} become:

Total multiplication operations = 2me + 5r2 + 3mr, and

2 2

Total addition operations = 2m“ + 5r° + 3mr - 6r - 3m.

Assuming, for the purpose of comparison, that the number of sub-
structure constraint modes is 2 and that the total number of interior
coordinates is 100, the value of m becomes 102. The value of r is
varied, for comparisons, from 30 to 100. Table X gives the total
number of multiplication and addition operations required for obtaining

displacements {x} in Eq. (105) through the method of substructures.

Table X

Multiplication and Addition Operations Required
for Initial Conditions Solution Through Substructures Method

Value of Value of Total Multiplication Total Addition
m r Operations Operations
102 100 101408 100502
102 70 66728 66002
102 50 48608 48002
102 30 34488 34002

Comparisons between Tables IX and X show that the substructures

method does not economize on the multiplication or addition operations
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in the solution of an initial conditions problem. Thus, the major
advantage of substructuring a given complex structure lies in the
solving the eigenvalue problem economically and accurately. In other
operations it is comparable to the usual direct approach.

Having established the behavior of various error indicators for
the substructures method in section A, and its usage in the initial
conditions problem in section B, an investigation of systems under
forced excitations is made. Forced excitation solutions obtained
through the substructures approach are derived in chapter IV. For
‘the types of excitations considered in this study, displacement solu-
tions of systems through the usual direct approach are included in
Appendix D.

The cantilever beam of Fig. 16 is used for the numerical evaluation
of equations. For each excitation case considered, displacement
solutions are obtained through a direct matrix method, the substructures
method with no modal truncation and the substructures method with modal
truncation. The direct matrix solution is obtained via the usual
superposition of principal modes and uses complete system matrices at
one time. In all cases, when all substructure principal modes are
retained, in using the substructures approach, the displacement solu-
tion is 'exact' in comparison to the solution obtained through the
usual direct approach. When using modal truncation with the substruc-
tures approach an approximate solution is obtained which is super-

imposed on solutions obtained through the other two methods to show a

direct and meaningful comparison.
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C. General Case of Time-Varying Forced Displacement Excitation

The equations of motion for a structure with imposed known time-
varying displacements was treated in section A of Chapter IV. A
system displacement solution {xs(t)} is given by Eq. (152) in Chapter
IV. The numerical example of Fig. 16 with forced displacement applied
at two locations, one in each substructure, is used here to show the
applicability of the substructures method of systems under forced dis-
placement excitation.

Figure 19 shows the two known displacements forcing the cantilever

beam to vibrate. Vectors {xf} and {xf} for the two substructures

1 2

are given by:

i
>

{Xf}1 = 1° or

]
>

sinw,t, and (217)
{Xf} = h29 or

= hg, Sin wet, (218)

where the values for h01’ h02 and W are assumed to be as follows:

h = -1 1in.

O

h. = 1 in.

0y

Wg = 50 rad./sec.

A solution was obtained through the usual direct method given by Eq.
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@.82) in Appendix D. This displacement solution is numerically computed
for the two forced displacements specified in Egs. (217) and (218).

The substructures method with no modal truncation yields an 'exact'
solution which is verified by the direct solution. The approximate so-
lution obtained by substructuring and retaining only a few lower
frequency principal modes is compared with the one where all modes are
retained. Two lower normal modes are retained from substructure 1 and
three Tower normal modes are retained from substructure 2. Since the
two constraint modes cannot be omitted, a total of seven equations of
motion are solved in the reduced set. The transverse displacements of
a given point, e.g., mid-point of the cantilever beam, are plotted in
Fig. 20 as a function of time 't'. Fig. 20 shows that the approximate
solution obtained by modal truncation is very accurate.

The other basis of comparison of results is the system strain
energy obtained as a function of time. Figure 21 shows system strain
energy behavior as a function of time 't'. Discontinuity of the
curve at certain points is due to the fact that system strain energy
reduces to zero at these points and cannot be plotted on the log scale.
It can be seen that the substructure method with no modal truncation is
exact in comparison to the direct solution. However, the approximate
system strain energy obtained through modal truncation does not com-

pare too closely with the exact one, although it does follow the

same pattern of behavior.

D. Harmonic Force Excitations

A cantilever beam with two harmonic excitations is used for a
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numerical evaluation of Eq. (170) in Chapter IV. These equations give
a steady state solution for harmonic excitations through the method of
substructures. Figure 22 shows the two excitations acting on the
cantilever beam. For convenience, the cantilever beam used in this
example is the same used for the numerical example in section C.

The two excitations imposed within the two substructures are

assumed to be:

{F(t)}, = < sin w t, and (219)

0
0
(F(t)3, = g sin(ut + 7, (220)
0
0

in which Wo is the common forcing frequency and takes the values 10
and 25, the former being less and the latter being greater than the
fundamental system frequency root. The values of F, and F2 are

assumed to be unity.

The excitation in Eq. (220) is composed of a sine and a cosine

function, i.e.,
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{F(t)}2 =<

~
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0

0

Fo/v2

? sSin wet + J

J

.

S O O O O

0

0

Fz//f

& cos wet .

s

(221)
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The total system solution for displacements is obtained in two parts.

In the first case the applied excitations are given by:

{F(t)}] = 4 0 ?  sin wet » and

F(t)}, =

Fz//f
L 0 ]

L in gt
SN wg

(219)

(222)

Solution due to the above excitations is superimposed on the one

obtained for the following substructure excitations:

{F(t)}] = {0}, and

(223)
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{F(t)}2 = ¢

o O O O O

r cos wet. (224)

0
Fol/v2

L 0 )

Since it is assumed that the types of structures under investigation
are linear, the above superposition yields a total system displacement
solution through the method of substructures. 1In obtaining a solution
to substructure excitations defined in Eqs. (214), (222), (223), and
(224) two lower normal modes from substructure 1, and four lower
normal modes from substructure 2 are retained. Including the two
constraint modes, the size of the reduced problem becomes eight.

A displacement solution to the above excitations was first ob-
tained through the method of substructures with no modal truncation.
This establishes the numerical accuracy of solutions obtained through
substructuring with no modal truncation, in comparison with the
solutions obtained through the usual direct method. Direct solutions
~ to harmonic excitations are presented in Egs. (A.62) and (A.64) in

Appendix D. The forcing function, {F(t)}, in this case is given by:
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F1 SN wot

{F(t)}= ﬁ >, or (225)

O O O 0O O O o

0
. s
Fy 51n(wet +-Z)
0

ad s

1
—”
N
-’

Fl 0
0 0
0 0
0 0
0 0
Fen= § % p sinegt+ 0 P cos ugt, (226)

0 0 e
0 0
0 0
0 0

F ol VZ Fol V2
0 0

. 7/ L /

in which, F] =F, = 1.

Solution of system equations of motion, due to the excitation
described by the first term of Eq. (226), is superimposed on the one
due to the excitation defined in the second term. Since this study is

limited to linear structures only, the result of the above superposition
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yields a direct displacement solution for the given system.

System displacements are obtained for two values of wg 1.

Wa less than the system fundamental frequency root and 2. we greater

than the system fundamental frequency root. The two values of we Were
taken to be 10 and 25, since the system fundamental frequency root s

17-4179.

Transverse displacements of the mid-point of the cantilever beam
are plotted as a function of time 't'. For a direct comparison,
transverse displacements, obtained directly and through the substructures
method, with and without modal truncation, are plotted on the same
graph. Direct solution verifies the substructures method when all
substructure normal modes are retained. This verification is obtained
for the two cases of W The approximate solutions for both values
of wy are very accurate, as can be noticed in Figs. 23 and 24. Except
for a few points, the approximate displacement solution turns out to
be the same as the exact solution.

System strain energy in the steady-state is plotted as a function
of time 't' in Figs. 25 and 26. Discontinuities in these curves are
due to strain energy being small at these locations and cannot be
included in the chosen log scale. Again, the substructures method
with no modal truncation is verified by the direct strain energy
solutions. However, the approximate system strain energy solution,
when modal truncation is used, gives a poor representation of the
exact solution, although the general behavior for both the exact and
approximate solutions 1is nearly the same. It can be seen from Figs.

25 and 26 that the approximate system strain energy for Wa greater
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than system fundamental frequency, has Targer error content in compari-
son to the case when Wg is less than system fundamental frequency.
Thus a change of forcing frequency may have some effect on the approxi-

mate solutions.

E. Base Acceleration Excitation

The fixed end of the cantilever beam in Fig. 16 is given a con-

stant base acceleration as follows:

. Ag
{Ug(t)} = , (227)

%
in which values of AO and 90 are assumed to be unity.
Assuming zero initial conditions, Eq. (204) in chapter IV gives
system displacements relative to the base through the method of

substructures.

Matrix [A] in Eq. (204) defines the motion of structure equilibrium
position due to the given base motion. If the fixed end of the can-
tilever beam is given a known transverse and rotational motion, dis-

placement of the rest of the structure is given by:
{sp(t)} = [AT{UR(t)}. (188)

For the two substructures of the cantilever beam under investigation,

matrix [A] in its partitioned form becomes:

[A] = == s
A

where:



129

32

1

0

1 29

[Al, = 0 1 , and (228)
1
0

(1 3¢
0 1
1 4q
_ 0 7

LA, — , (229)

0

:

0

1

62
0 1
in which 2 represents element length and equals 25 inches in this
example.

In Eqs. (228) and (228) the boundary constraint coordinates are
placed first followed by the substructure interior coordinates. This
arrangement of ordering of substructure coordinates is followed
throughout the study, since the substructure transformation matrix
[T]i is ordered in the same manner.

The exact solution through the method of substructures, when no
modal truncation is used, is verified by the usual direct approach.
Equations of motion and their solutions for a base acceleration type
of excitation are presented in Appendix D. Equation (A.94) in Appendix
D gives system displacement obtained directly, relative to a given base

motion. Matrix [A] in this equation is given by:
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K 2]
0 1
1 2%
0 1
1T 32
(a1-% T, (230)
1 4y
0 1
1 52
0 1
1 62

in which 2 equals 25 inches.

Approximate solutions through the substructures method are obtained
by retaining two lower modes from substructure 1, four Tower modes from
substructure 2 and the two constraint modes. Figure 27 shows the
transverse displacements of the free end of the cantilever beam obtained
through the two exact solutions and the one approximate method when
modal truncation is used. It can be seen that the direct displacement
solution verifies the solution obtained by the substructures method,
when all substructure normal modes are retained. This establishes a
check on the numerical evaluations and the computer program. It is
evident from Fig. 27 that the approximate solution is fairly accurate
in comparison to the exact solutions.

Figure 28 shows the system strain energy as a function of time 't'.
Again, system strain energy solutions obtained by three approaches
listed above are plotted on the same graph for a direct and meaningful

comparison. The direct solution confirms the validity of the substructure
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method, when all substructure normal modes are retained. The approxi-
mate system strain energy in this case gives an accurate representation
of the exact solution. Based on this simple investigation of a canti-
lever beam, it is noticed that the substructures method with modal
truncation yields satisfactory results for a base acceleration type of
excitation. This conclusion can be justified since a step base ac-
celeration, in essence, is equivalent to a uniform acceleration lcad
applied to the entire beam. The displacement solution is nearly a
static deflection case under uniform load. The accuracy of the solu-
tion, thus, should be good as the first principal mode is probably

90% of total dynamic solution

F. General Time-Varying Force Excitation

A half-sine pulse force, shown in Fig. 29, is applied to the
cantilever beam of Fig. 16. This force acts on the central part of
the beam as shown in Fig. 30. The applied half-sine pulse at any one

node is given by:

F(t) sin(t/t1), 0 <t <ty (231)

Fo
=0 t> t]’

in which mty gives the pulse duration time and is assumed to be equal
to two seconds for this investigation. The value of F0 is assumed to
be unity.

The one force acting at boundary cc is divided equally between
substructure 1 and 2 as shown in Fig. 30. It is assumed that the
motion of the cantilever beam starts from rest and, thus, the displace-

ment soluion through the substructures method can be obtained by using the
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equations derived in section D of Chapter IV. Equation (209) yields
displacements for 0 < t < vty while Eq. (210) gives system displace-
ments for t > =t,. The forcing function vectors for the two sub-
structures are given by:

r 4\

F0/2

H’(t)}.| = ﬁ 00 sin(t/ty), and (232)

{f(t)}, = < > sin(t/t]). (233)

[0 )

Thus, the product [T]T{f(t)} in Eqs. (209) and (210), for this numeri-

cal example, becomes:

. A
FO/Z 0
0 Fo
[T17TeF(£)3 = ([T1] 4 ;0 b+ [T} ﬁ 8 ) sin(t/t)), (234)
0 0
L0 0
- o 7
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where F0 is assumed to be equal to unity and [T]] and [T]2 are
transformation matrices for the two substructures, respectively.
Substituting Eq. (234) into Egs. (209) and (210) and performing the

integrations yields:

For 0 <t <t

'l’
e
_ 1] @ sin(t/t]) - 1/t1 sin(wit) T
{x(t)} = FylTIQ1w, <] > > gl
(m.i - ]/t] ) \
i (Fo/2]
Fo/2 0
0 F
T T
x (LT, 9 0 +[T], 9 . » ) , and (235)
0
0 0
0 0
L o
for t > Tl‘t], —
_1] sin(w;t) + sin w-(t-wt]) T
x()} = FoTIIw; J7' e 1/{“1) [q]
1\ © 17~
rFO/Zs
F0/2 0
0 Fo
T F T o\ _ 236
(T g o v g ) (236)
0 0
0 0
\ P ‘O J
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A displacement solution obtained through the direct approach for
a general time-varying forcing function is derived in Appendix D. 1In

Eq. (A.71) of Appendix D, the forcing vector for this example becomes:

701
0
Fo
0
Fo
()= 4% ¢ sin(t/t), 0 <t < nty (237)
Fo
0
0
0
0
0
=0 gtz_ﬂt]’

in which F0 equals 1 and wt] js the half sine pulse duration time,
which is assumed to be two seconds.
Performing the integration in Eq. (A.71) in Appendix D yields

cantilever displacement solution, i.e., for 0 < t < Tty

3 ) in(w;t) T
_ 1 ws sin(t/t] - 1/t] sin(w;t (o]
x[0o01010100000]1, (238)

and for t > nty,
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~—
_ sin(w.t) + sin w.(t-nt
(x(1) = -Fylellay! | ZhP T e ety
x[001010100000]. (239)

A displacement solution, obtained by numerically computing Egs.
(235) and (236) with all substructure normal modes retained, is
verified against the direct solution given by Eqs. (238) and (239).
Transverse displacements of the free end of the cantilever beam are
plotted as a function of time 't' for three different cases, the direct
approach solution, the substructures method with no modal truncation
and the substructures method with modal truncation. The size of the
reduced problem, when modal truncation is used, is eight. The substruc-
tures method, with all substructure normal modes retained, and the
direct method yield theoretically exact solutions for the assumed lumped
parameter model of the cantilever beam. Figure 31 shows the transverse
displacements of the free end of the cantilever beam when 0 < t < mty.
The two exact displacements are the same in the range of time 't'
shown, and the approximate solution represents these displacements
very accurately. Figure 32 shows the transverse displacements of the
free end in the range t > wt,. The two exact solutions in this range
differ slightly. The total solution in this range of time may be
regarded as an initial conditions solution with certain initial con-
ditions imposed on the system at time t = nt]. Since the initial con-
ditions solution was not described too accurately through the sub-

structures method as seen in section B, the slight difference in the
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two exact solutions of the half sine pulse excitation may be attributed
to that. Again, the representation of these displacements by the
approximate solution is accurate in the range t 3_nt].

Comparisons are also made on the basis of system strain energy.
Three strain energy solutions as obtained by the direct approach, the
substructures approach with no modal truncation and the substructures
approach,with modal truncation are plotted as a function of time 't'
for both cases viz. 0 < t f»ﬂt] and t > mty in Figs. 33 and 34, re-
spectively. The direct approach solution verifies the substructures
approach solution with no modal truncation in the range 0 < t < mty.
In the same range of time, the approximate system strain energy
solution gives a very accurate representation of the exact solution.
However, the two exact solutions differ slightly in the range of time
t 3_wt] and this, as explained earlier, may be due to the discrepancies
noticed in the initial conditions solution. Approximate system strain
energy obtained through modal truncation of substructure normal modes
is fairly accurate in comparison to the exact solutions.

Having established the system behavior in Figs. 31 through 34
resulting from a half sine pulse type of excitation force, it can be

seen that modal truncation through the substructures method yields

satisfactory results.
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CHAPTER VI
SUMMARY AND CONCLUSIONS

The objective of this study has been to clarify and give some
unified treatment to the use of a substructures method for solving
complex structural dynamics problems which include the common types of
excitations encountered in practice. The approach has been applied
to obtain system eigenvalues and eigenvectors and response solutions
via the classical superposition of principal modes approach.

In Chapters II and III a systematic approach for the derivation
of substructure modes was presented. A compatability matrix to ensure
compatible displacements at substructure boundary connections was
derived. Two criteria, based on substructure principal mode frequency
roots and substructure normal mode strain energies, are presented for
a judicious selection of which substructure principal modes or the
approximate number to use, when truncation of normal modes is utilized
to obtain a reduced size problem. A long thin cantilever beam divided
into two substructures is used throughout for the numerical verification
of solutions obtained. The size of the transformation matrix, [T], is
varied when studying the two criteria of selection of substructure
principal modes. A standard use of partitioned matrices and vectors
is made throughout the work. System frequency roots and system strain
energy in the principal modes and their error estimates from modal
truncation are obtained for each size of matrix [T] considered. On

the basis of this investigation several conclusions are drawn con-

cerning free vibration solutions:
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1. A systematic approach for a free undamped vibration solution
of complex structures has been developed using partitioning of
matrices to its fullest extent. This economizes on computer

time and storage. A comparison of eigenvalue computer timings
and multiplication and addition operations, required for initial
conditions solutions, between the usual direct approach and the
substructures method with modal truncation shows that the latter
method is economical if too many substructure normal modes are
not retained. Maximum economization of computer time is a result

of the reduction of the size of the eigenvalue problem.

2. While the percent errors in system frequency roots, and in
strain energy in the principal modes in the four lower system
modes do converge, yet the mode of convergence is non-monotonic.
The pattern of convergence for both types of erros, as the reduced
number of equations was varied from 3 to 9, is similar. However,
the errors based on substructure normal mode strain energy con-
verge in a slightly different manner (Figs. 2-9) than those based
on substructure frequency roots criterion. The former has two al-
most flat steps while the latter has only one in the range of the

number of equations considered.

3. The magnitude of errors in system strain energy in the
four lower modes is usually higher than that of errors in
system frequency roots, when the number of equations solved is

small. However, the two errors close in as the number of
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equations solved is increased from 3 to 9. This behavior is
observed in the two errors obtained through both types of sub-

structure modes selection criteria.

4. In the higher system modes when the number of equations
solved is large, substructure normal mode strain energy
criterion for modal truncation yields lower errors in system
frequency roots, compared to the criterion which uses sub-
structure frequency roots. A similar characteristic is noticed

for errors in system strain energy.

5. In the Tower three modes plotted for each criteria of re-
taining substructure normal modes, convergence of error
indicators §x and P is non-monotonic. The patterns of con-
vergence are found to be similar to those of percent errors
in system frequency roots and system strain energy in the

principal modes, respectively.

6. Estimation of 8\ by Sx and that of 8P by 6P improves con-
siderably in the higher»system modes. Estimation of &P

by SP is much better in comparison to that of &\ by &x in all
three modes considered. This suggests that system strain
energy may provide a better measure of system response, since
errors in system strain energy due to the omission of certain
substructure normal modes are better approximated in com-

parison to estimates of errors in system eigenvalues.

7. It is found from the data collected with the cantilever
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beam example that system frequency roots, below the largest
substructure normal mode frequency root of the substructure

from which the maximum number of modes are retained, are well
within the engineering accuracy. If there are two or more
substructures with an equal but maximum number of modes re-

tained, the smallest of the largest frequency roots from these
substructures appears to provide an upper limit for system frequen-

cy roots to be within engineering accuracy

8. It is noted that a particular system mode may be completely
omitted in the final solution when modal truncation is allowed.
This may be caused by omission of certain substructure normal
modes which dominate the missing system mode. This omission

of system modes occurs for system frequency roots greater than
the largest system frequency root, expected to be well within

engineering accuracy through paragraph 7.

9. In the initial conditions solution, the free end transverse
displacement of the cantilever beam and the total system strain
energy are described accurately by the approximate solution
obtained through modal truncation. However, modal truncation in
the case of severe initial conditions, has been found to be
sensitive to the type of initial conditions applied. Thus
further study of the method proposed for retaining substructure
modes is warranted.
In Chapter IV results for displacement response of systems under
forced excitation are obtained. These solutions depend directly upon

the results of the homogeneous solution in the work developed herein
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as the methqd of superpositiqn of principal modes has been used to
uncouple the governing differential equations.

Examples which feature a cantilever beam as the structure and
divided into two substructuresare presented in Chapter V for the
verification and evaluation of solutions discussed in Chapter 1IV.
Comparisons of systems displacements and system strain energy are
shown for general time-varying displacement excitation, harmonic force
excitation, base acceleration excitation and general time varying force
excitation. Based on these investigations the following conclusions

are drawn:

1. Displacement and system strain energy solutions obtained
through the substructures method with no modal truncation

are verified by the corresponding solutions obtained through
the classical direct approach in which superposition of prin-
cipal modes yields the uncoupled equations of motion and
complete structure matrices are used directly. Both analyses
are thus inherently theoretically exact for the assumed lumped

mass model of the cantilever beam.

2. Transverse displacements at the mid-section of the cantilever
beam for the forced displacement solution and harmonic exci-
tations treated are very accurately described by the approxi-
mate solution obtained through modal truncation. In the case

of constant base acceleration and half sine pulse type of
excitations, free end transverse displacements plotted for

comparisons are represented almost exactly by the approximate
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solution. In all cases treated, the final size of the re-

duced problem was about two thirds that of the original.

3. System strain energy solutions in the case of constant
base acceleration and half sine pulse type of excitations
are well approximated, within the engineering accuracy
1imit, by solutions using modal truncation. However, the
approximate representations for strain energy, in the case
of forced displacements and harmonic excitations, are poor.
Again, the final size of the reduced problem was about two

thirds that of the original.

4. From the comparison of results it is seen that the

dynamic substructures method provides a rational procedure

for reducing the number of equations to diminish the size

of matrices treated in the computer analysis of structures,

since some of the higher order substructure normal modes,

which contribute 1ittle to the final solution for low fre-

quency excitations and step excitations considered in this

study, are eliminated.

The work presented herein has by no means completed the study on
using a substructures method for complex structural dynamics analyses.
The size of problems which have been investigated numerically for
solution verification and comparisons has been kept small to allow for
treatment of all the cases considered with reasonable scope and com-

puter time cost.

The criteria presented for selection of substructure principal
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modes need checking under larger analyses and need extension for gener-
alization into some rule or guide line. The solutions have been

verified, but modal truncation will also need further investigation.
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CHAPTER IX
APPENDIX A

STRUCTURES PROGRAM FLOW CHART

A flow chart of the computer program used with the IBM-360-50
computer for generating substructure mass and stiffness matrices, the
transformation matrix, [T]i’ and system eigenvalues and eigenvectors
by the method of substructures as discussed in Chapters II and III is
presented in this appendix. In this program, Fortran language was used
throughout and no special routines were needed.

Information obtained from this computer program was used to com-
pute estimates to errors in system eigenvalues and system strain
energy in the principal modes due to a partial retaining of substructure
normal modes. Further, system eigenvalues and eigenvectors and other
pertinent information generated were used to obtain solutions to the

jnitial conditions problem and for systems under forced excitations.
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Structures Program

F1ow‘Chart
Number the Constraint
" Coordinates First and
Read & Print Input - .
Data (Element Properties the Unconstrained Last, i.e.
Nodal Corrdinates, etc.) X
{X}i = '—g
X
u)
NODE (I) = -1, for Rod
Identify Type of _ Element
" Lyfor tesn
= 0, for Plate
Element

Generate the
Direction Cosine Matrix
Between Local & Global

Coordinates

Generate Substructure
Mass and Stiffness
Matrices in the Global

Apply Boundary Conditions
if any to Substructure
Mass & Stiffness Matrices

Coordinates
Generate Constraint Modes Generate Fixed Constraint
=~ Normal Modes [4 ] by
6] =|---I== n7y
€y —K']K Solving_the eiEenva1ue Problem:
uu uc [muu]i{xu}i + Kuu]i{xu}i = {0}

Generate Substructure
Strain Energy in Nor-
mal modes through:

Lo, 170K 1l ]




(continued)

Assemble [¢]i as:
_ 1
[e1; = [¢ci¢n]i

Generate Partitioned
Compatability Matrix
[C]. and Obtain
the Transformation
Matrix [T]i = [¢]i[C]i

Delete Certain Fixed
Constraint Normal Modes
Using Substructure
Frequency Roots or Strain
Energy as a Criterion

Generate the Reduced
Substructure Mass and
Stiffness Matrices Through
[T17[m]; [T} and

:
(717K, [T,

Repeat Above Steps
For all Substructures
and Generate:

(Ml = § [T3i[m];[T15, and
i=T,N

1

[K] = J [TI]0K3,[T];
=1,N

Call an Eigenvalue Routine
To Get System Eigenvalues
and Eigenvectors Using:
[M1{g} + [Kl{q} = {0}
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(continued) |
Generate Eigenvectors
in System Coordinates
Through
{x} = [Tl{q}

Obtain System Strain
Energy in Principal
Modes Using:

1.7
>{q} [Kl{a},

Print System Eigenvalues
Eigenvectors, Strain
Energy in Principal
Modes and Other
Relevent Information For
Error and Forced Excitation
Analyses

Call Exit
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CHAPTER X

APPENDIX B
FINITE ELEMENTS

Three types of finite elements, the most common components of
aerospace structures, were used in the computer program developed for
this study. These finite elements are discussed briefly in the following
paragraphs and their mass and stiffness matrices are given in local
element coordinates. The elements used are:

(i) One-Dimensional Rod Element

(ii) Beam Element
(iii) Plate Element.
Before assembiing substructure matrices, element matrices are trans-
formed into a common set of substructure global coordinates. For
simplicity, modeling of structure inertial forces is done by lumping
mass at discrete points resulting in diagonal element mass matrices.

A. One-Dimensional Rod Element

The one-dimensional rod element represents those parts of a
structure in which the displacement is unidirectional and along the
element's longitudinal axis, e.g., longitudinal vibrations of a rod,

a bar element in a stringer, shear panel type structure. Such a finite
element is shown with its local coordinates (x'y'z') in Fig. 35. The

stiffness matrix for this type of finite element (18) in coordinates

x'y'z' is given by:

k'] = 2E , (A.1)



161

Fig. 35. One-Dimensional Rod Element
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in which,
A = Area Qf Cross section of the rod
E = Modulus of elasticity of the material of
the rod
2 = length of the element.

The Tumped mass matrix for the one-dimensional rod element is

given by:

m'd = %? . (A.2)

where p is the mass density per unit length of the material of the rod.
The transformation of above element matrices into substructure

global coordinates can be obtained through the following relations:

[R1'[k'I[R], and (A.3)

[k]

[m] = [R]'[=m'<JIR], (A.4)

where matrix [R] is the rotation matrix and when considering six degrees

of freedom at nodes 1 and 2 of the rod element, it becomes:

[R] = : (A.5)

o O O O
o O g o
o o O O
O O O O

in which matrix [D] contains the direction cosines of the element

coordinates defined from local axes to global axes.

Since moments are not considered in the one-dimensional rod

elements, the transformation matrix [R] reduces to:
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[ww)
)

[R] =

The stiffness and mass matrices of Egs. (A.1) and (A.2) are expanded
to the size of matrix [R] by filling them with zeros at coordinates
not considered for the element. If the unit vectors in the local
coordinates (x'y'z') are represented by ey» €, and e, and those in

y

the global system by ey ey and e,, the matrix of direction cosines, [D],

for the in plane rotation can be formed, see Fig. 35, as follows:

{e'} = [D]{e}, or

X coSs Gy sin ay 0 e,
<ey} = |-sina, cosa, 0 <ey> , (A.6)
eéJ 0 0 1 fz‘

where ¢y is the angle of rotation.

B. Beam Element

Figure 36 shows a typical Bernoulii-Euler beam finite element (19)
with its local coordinates at nodes 1 and 2. Six degrees of freedom
are considered at each node of such elements. The stiffness matrix in
local coordinates when the effects of shear are neglected is given by:

K919,
[k'] =] -22i-08 1, (A.7)

1 | t
koqikoo

in which
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Fig. 36. Finite Beam Element with Local Coordinates
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]ZEIzz 0 0 -6EIZZ
3 0 5
£ 2
12E1 6E1
3 0 ? ! 0
[ky,T- ' :
7 0 0
4g1
Symmetric ._EZX 0
4EIZZ
[ L]
(A.17)

where:

second moment of area of the beam cross section about its
P lTongitudinal axis

—
1}

I = Second moment of area of the beam cross section about
Yy y' axis
IZz = Second moment of area of the beam cross section about
its z' axis

A = Area of cross section of the beam

¢ = Element length

E = Modulus of Elasticity

G = Modulus of Rigidity

The Tumped mass matrix is obtained by lumping half of the total
element mass and other inertial properties on each end of a massless

elastic beam. The element mass matrix in local coordinates becomes:
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. . 1
=D 4
Cm'U 1agonal 5 [p2 Jx pf J  pl JZ ol JX 08 Jy oL Jz],

Y
(A.12)
where:
p = Mass density per unit length of the material of the beam
J, = Mass moment of inertia of the beam element about x' axis
Jy = Mass moment of inertia about y' axis
J, = Mass moment of inertia about z' axis.

Matrices in Egs. (A.7) and (A.12) can be transformed into global

coordinates through the relations:

[k] = [R1'[k'I[R], and (A.13)

[m]

[R1T~m' J[RI, (A.14)

where rotation matrix [R] is given by Eq. (A.5) for six degrees of

freedom.

C. Swept Plate Element (in-plane forces)

Figure 37 shows a plate finite element (20) in plane stress with
its local coordinates and corner nodes 1 through 4. Such an element
is used to idealize skin members in a structure. Two degrees of
freedom in the plane of the plate are considered at each node. The
thickness of the element is assumed to be constant. The stiffness

matrix in Tocal coordinates for such an element, assuming linear edge

displacements, is given by:

=~
| =—

- - —————
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o

1

21

(A.15)

k
k'3 =]
k

~ 1
N -
N



Fig.

37.

YV
b -
I

X4

168

Ya

XU

4 3 X3
F ! 2
X e — i
| 1
F

Swept Plate Finite Element



169

where:
r“Ew G'aB B E'vy G'oB E 6'g, |
1 o "o .B .B
1 Ve L2 (L 3, - P4 2
(g+—3) GE+eg i T
E'aBy G'y uE's, G'B E'aB, G'y
. 1 2 4 3
\ 3 + 3 )( 4 + 4 6 3
[kyqd=
El‘P G'u’BS 84
Symmetric (-f;-+ 3 ) -(uE'4-G')7r
E'aBS G'y
(—=—+ 5
(A.16)
—-E'w E'aB 87 E'y G'aBB uE'Bg G‘B;T
) GE e (e—g) )
E'aB, G'yvy uE'B, G'B E'aB, G'w
(B ) (D) ()
6 6 4 4 3 6
ks, 1=
[ 2]] Symmetric E'v G'“810 L
4 '( 6 + 6 ) (UE +G )_Zr
_E'O‘B]O+E_l£)
6 6 _J
(A.17)
RENISY A.18
[kip] = [k5q]  and ( )
[ky,] = [k}q1,
in which:
Y3
_%a
B_
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56 + g°)
48/3)

262)

48/3)

1.56 + g2)
38 + 62)
28/3)

82/2)

28/3)

38 +32) , and

(x],y]), (X2’y2)’ (x3,y3) and (x4,y4) represent the coordinate locations

of the four corner nodes of the element in substructure global coordin-

ates.

A fourth of the total element mass is lumped at the four corner nodes

of the massless elastic plate element. The mass matrix of the element

in Fig. 36 is given by:

where:

[n'J = Diagonal 7c [ 11111111, (A.20)

W = weight of the plate element

g = Acceleration due to gravity.
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Element stiffness and mass matrices in substructure global coordinates

are obtained from:

[k] = [R]'[k'J[R], and (A.21)
[m] = [R]'[>m'J[RI, (A.22)
in which,
D 0 0 O
0O D 0 0
[R] = O 0 D 0 , and (A.23)
0 0 0 D

[D] is the matrix of direction cosines from local axes to global axes.
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CHAPTER XI

APPENDIX C
RELATIVE COORDINATE FORMULATION FOR BASE EXCITATIONS

Sometimes forced excitations of a structure result from a motion
of its base or its supports (21,22). The structure equilibrium position
varies with time for such an excitation. The total solution may be ob-
tained by adding the motion of thestructure equilibrium position to the
structure vibratory motion about this equilibrium position. However,
it can be shown that in a dynamic stress analysis of a structure,
vibratory motion of the structure relative to its base motion or
structure equilibrium position is of prime importance. It is the pur-
pose here to formulate the equations of motion, of a structure with
known base excitations, in coordinates expressed relative to the base.
Solution of these equations can then be used directly in the structural
dynamic stress analysis.

The equations of motion of a structure with known base motion are

given by:

where E‘mBB~J and [KBB] are unknown base mass and stiffness matrices;
{UB(t)} and {UB(t)} define the given general time-varying base motion.

The vector'{UB(t)}, for six degrees of freedom, is given by:
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[xg(t))
yg(t)
zp(t)
{UB(t)}=ﬁug(t)
Bg(t)
0,(t)

~ o

W

Expanding Eq. (A.24) gives:

[mggJtUg} + [KgpliUpd + [Kyglix} = {fggl, and  (A.25)

CmJixy + [K gliUg}t + [KI{x} = {03, (A.26)

where {fBB(t)} represents unknown forces producing a known base motion,

{UB(t)}; [m<] and [K] are structure mass and stiffness matrices with

the base fixed.

Rearranging Eq. (A.26) yields:
mJxr + [KIix} = - [Kglug). (A.27)

The time-varying motion of the structure's equilibrium position
caused by a base motion, {UB(t)}, where there are no elastic deformations
can be defined by:

{5E(t)} = [Altug(t)}, (A.28)

where [A] is a coefficient matrix defining static rigid body displace-
ments of the structure caused by unit base displacements. The structure

force-displacement equation for static equilibrium is given by:
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{f} = [K]{s}, or (A.29)
in partitioned form,
]
f§ = -§§§=§§§_ 95 . (A.30)
0 KsBi K Sg

where {fB} is the vector of external forces applied to the base resulting
in a base displacement, {Ug}. External forces at structure nodal points

other than those at the base are zero. Expanding Eq. (A.30) gives:

{fB} [KBB]{UB} + [KBSJ{SE}, and (A.31)

{0} [KSB]{UB} + [K]{éE}. (A.32)

Defining coordinates, {x}, relative to the base motion, i.e.,

{x(t)} = {x(t)} - [AJ{Uz(t)3, (A.33)

gives:

I

(%(£)} = X(t)r - [AlEUg(t)}, (A.34)
Using Egs. (A.33) and (A.34) into Eq. (A.27) yields:
FmJix + EmJ0AlUg} + [KIGX} + [KI[AT{Ug}
= - [Kpl{Ugl, or (A.35)

FmJix} + [KIX} = - [~mJIATU} - ([KggItUg) + [KILAT(Ug}).

(A.36)
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Combining Eqs. (A.28) and (A.32) yields:

[KSB]{UB} + [K][A]{UB} = {0}. (A.37)

In view of Eq. (A.37), Eq. (A.36) becomes:
Fmdix} + [KI(&} = -T-mJ[AT{Ug}. (A.38)

If the structure mass matrix with its base fixed is non-diagonal, Eq.

(A.38) modifies to:
[m1eX} + [K1tx) = -[m[AI(UgY, (A.39)

where [m] represents the non-diagonal structure mass matrix when the

structure base is fixed.
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CHAPTER XII

APPENDIX D
DIRECT SOLUTIONS

For the purpose of comparisons, solutions of system equations of
motion are derived through the usual direct approach (21-24) in this
appendix. The most important step in matrix structural analysis is
the formulation of a discrete-element mathematical model which replaces
the actual continuous structure. This model is in general necessary
in order to have a system with a finite number of degrees of freedom
upon which matrix algebra operations can be performed. The formulation
of such amodel is usually referred to as structural idealization- The
most commonly used idealized structural finite elements are described in
Appendix C with special emphasis on their elastic and inertia matrix
properties.

Consider an idealized elastic system subjected to arbitrary time-
varying excitations. Viewing the dynamic problem from the standpoint
of D'Alembert's principle, there are inertia forces - [M]{x(t)} in
addition to the applied forces {f(t)} acting on the structure, where
[M] denotés the mass matrix. The forces {f(t)} and the inertia forces
-[M]{x(t)} are balanced by the elastic reactions -[KJ{x(t)} induced by

the displacements {x(t)}, where [K] is the stiffness matrix. Hence the

equilibrium equation becomes:

S[K]Ix(£)) - [MI{x(t)} + {f(t)} = {0}, or (A. 40)

[M)Ek(t) + [KI{x(t)} = (F(t)}. (A.41)



177

Equation (A.41) gives the equations of motion in matrix notation
of the idealized linear, conservative, elastic structure. A homo-
geneous solution of this equation results in system eigenvalues and
system eigenvectors, while a complete solution of Eq. (A.41) gives
system response due to the arbitrary excitation {f(t)}.

A. Free Undamped Vibrations

For free vibrations,
{f(t)} = {0}, (A.42)
and Eq. (A.41) becomes:
[MIix} + [K]{x} = {0}. (A.43)

The above differential equations in matrix notation are solved by

assuming a solution of the form:
(x(t)} = {Are'et, (A.44)

where the column vector {A} is referred to as the amplitude matrix.

Using Eq. (A.44) in Eq. (A.43) and rearranging gives:
(K] - «2[M1){A} = {03, (A.45)

where wz represents system eigenvalues. In order for Eq. (A.45) to have

a non trivial solution it is necessary that,
det ([K] - «2[M]) = O . (A.46)

. . .2
Upon expansion Eq. (A.46) gives a polynomial in »~, the roots, Wy of

which are the natural circular frequencies of the system. For each
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value of ws s it is possible through Eq. (A.45) to compute an amplitude
matrix {A}i that is referred to.as the normal mode corresponding to ws -
The normal modes when grouped;together in a single square matrix in the
ascending order of mode number give the systemmodal matrix [¢]. The
normal modes or columns of matrix [¢] are so normalized that they

satisfy the following orthogonality conditions:

[61[MI[$] = [F1-J, and (A.47)

[617[KI[4] = [l (A.48)

1. 1Initial Conditions Solution

Let the initial displacements, at time t = tO’ be represented by
{xo} and the initial velocities by {ko}. Then solution of Eq. (A.43)

is found by superposition of all n solutions given by:
k{xi(t)}= [A; sin w;(t-tg) + By cos w;(t-tg)] Lo (A.49)

where i takes the values from 1 to n and amplitudes Ai and Bi depend on
the initial conditions prescribed at time to.

Thus the total solution becomes:

{x(t)}‘= [6]([sin wi(t-to)~J{Ai} + [Pcos wi(t’to) J{Bi}).
| (A.50)

Evaluating Eq. (A.50) at t = tg gives:

{x0}= [¢]{Bi}’ and (A.51)

(g = [olTwid A (A.52)
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Premultiplying Eq. (A.51) by [¢]T[M] on both sides and using Eq. (A.47)
yields:

_ T
Similarly using Eqs. (A.52) and (A.48) gives:
(A} = o d 61T IMI 1%} (A.5
i i* 0" -54)

Equation (A.50), which describes the free vibrations with initial con-

ditions {x,} and {ko}, then becomes:
(1)) = [oI(sin w(t-tg) 0w, 37 o1 M1t

+ [eos v (t-tg) o1 TMItxy)). (A.55)

B. Forced Undamped Vibrations

The various types of excitations discussed in Chapter IV are now
considered in Eq. (A.41) and total system solutions are obtained.

1. Harmonic Force Excitations

Assuming that the applied forces {f(t)}, are given by:
{f(t)} = F} sin at, (A.56)

then the steady-state solution has the form:

{x(t)} = {X} sin at, (A.57)
where @ denotes the forcing frequency. Using Eqs. (A.56) and(A.57) in
Eq. (A.41) and simplifying gives:

- o? [MItX} + [KIOX} = (F}. (A.58)
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The cq]umn vectqr {X} can be expressed as a linear combination of

the modal vectors according to the relation:

{X} = [¢1{d}. (A.59)

Substituting Eq. (A.59) into Eq. (A.58) and premultiplying the result
by [¢]T gives:

- @°To1 IMIs Ted}+ [61TIKILeTd} = [41TeF 3. (A.60)

Using in Eq. (A.60) the orthogonality conditions defined in Egs. (A.47)

and (A.48) and solving for vector {d} gives:

1) = a2 3 [e17eFy. (A.61)

Substituting Eq. (A.61) into Eq. (A.59) and in view of Eq. (A.57), the

total solution becomes:
2 271 1 .
x(t)} = [61[Tws-2°d [s1 (F} sin at. (A.62)
In case of an applied forcing function of the type given by:
{f(t)} = {F} cos at,
the total solution becomes:
2 2 71 1
{x(t)} = [p1[Twi-2'] [$1 {F} cos at. (A.64)

2. General Case of a Time-Varying Force

To uncouple the equations of motion, a coordinate transformation

defined below is used in Eq. (A.41) to give:
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x(t)} = [eMp(t)h and (A.65)

[IMILe1p} + [KI[e{p} = {f(t)}. (A.66)
Premultiplying Eq. (A.66) by [¢]T and simplifying gives:

(Y + Fuidipd = [e1T1F (L)), (A.67)
Equation [A.67) is of the form defined by,

((6)3 + [Faf Jir(t)} = Q1)) (A.68)

whose solution is given by Duhamel's integral solution, i.e., for zero
initial conditions,
t

{r(t)} = [‘wi~3-] J Nsin wi(t-T)‘J{Q(T)}dT. (A.69)
0

Thus solution of Eq. (A.67) becomes:

t
(p(t)} = [Nugd" [ Rsin u,(t-7) Lo (f(x)Hdr.  (A.70)
0

The total solution can now be obtained through Eq. (A.65), i.e.,
t

{x(t)} = [4>]l_‘mi.1’1 ‘ [ sin wi(t—r)\—l[d)]T{f(T)}dT. (A.71)
0

Equation (A71) gives the systemsolution starting from rest due to time-

varying forces {f(t)}.
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3. General Case of Time-Varying Forced Displacements

Assuming that f of the displacements are forced to vary in a defined
manner, Eq. (A.41) can then be partioned so that differential equations
of motion for the remaining s displacement (n = s + f) can be deter-

mined. Thus,

M M X K, 1K X f
__1:_2_ :f + --l:-g- i G f > (A.72)

w
®
I
x
v

where {ff} are the unknown reactions at f points in the directions of
{xgl.
Expanding Eq. (A.72) leads to:

[M ket + [MpJMXGY + K JUxe} + [Kplxg) = (fd, and  (A.73)

[MI05e) + [MyTexg) + [Kglixgd + [KgJixg} = {OT. (A.74)
Rearranging Eq. (A.74) gives: |
[My 4%} + [Kglixg) = ~[Mglixed = [Kglixgds (A.75)

in which the right hand side is a given function of time.

In Eq. (A.75) [M4] and [K4] are symmetric mass and stiffness
matrices for the reduced system that is obtained from the original sy-
stem simply by introducing additional constraints so that {xf} = {0}.
The natural frequencies and the associated normal modes are found from
these matrices according to standard practice, and it is assumed that

this has been done, i.e., the modal matrix [¢S] for the reduced system

as well as the frequency matrix E‘ws.J are known.
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Using the coordinate transformation,
{xg} = [ogdip 3, (A.76)
in Eq. (A.75) and premultiplying the result by [¢S]T yields:

T .
[o41 My 100 1B} + Log1'TK, Lo Ttp } = ~Lo I (MgTCkD + [Ky1ix D).

(A.77)
The orthogonality relations of the modal matrix [¢s] are:
[6.37IM,100,] = 11, and
s FRIE ~l, an (A.78)
[6. 17 [Kg100 ] = [’ A.79
S 4 ¢S ws . ( . )
In view of Egs. (A.78) and (A.79), Eq. (A.77) simplifies to:
(b1 + [widipgd = -[o 1T (IM16) + [Kglixg)).  (A.80)
Assuming zero initial conditions, Eq. (A.80) can be solved by
Duhamel's integral solution given by Eq. (A.69), i.e.,
t
(pgt = - [ugd™ [ B sin o (t-1) JLog]  (Mg15ie (1) + [Kglixp(x))dr.
0
(A.81)

The total solution for the remaining s displacements thus becomes:
t

Ix (t)} = —[¢s][‘m54'] [ Msin wg(t-7) \][¢S]T([M3J{3€f(r)}
0

+ [K3]{xf(r)})d1. (A.82)
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4. Base Acceleration Excitation

The differentia1 equations of motion in matrix notation for a
system, whose base or supports are given a known acceleration type of

excitation, are given by:

s (A.83)

where [MB] and [KB] represent the unknown base mass and stiffness
matrices. Furthermore, {fB(t)} are unknown forces applied to the

base to give it a desired motion, {UB(t)}. [M] and [K] are system
mass and stiffness matrices obtained by keeping the base fixed. {x(t)}
represents system discrete coordinates giving absolute system displace-

ments. The second of Eq. (A.83) on expanding is given by:
[MI{x} + [KglUg} + [KI{x} = {0}, or (A.84)
[MI{x} + [K]{x} = - [KSEJ{UB}. (A.85)

As shown in appendix C, formulating Eq. (A.85) in terms of coordin-

ates relative to the base yields:
tx(t)} = {x(t)} - [AJ{Ug(t)}, and (A.86)
[MI{X} + [KIGx) = - [MI[AJ{UG(t)3, (A.87)

where [A] is the coefficient matrix defining the time varying structure
equilibrium position through the relation:

{sg(t)y = [AT{Ug () (A.28)
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An eigensolution of the homogeneous part of Eq. (A.87) gives its fre-

quency matrix, E‘wi~J, and the normalized modal matrix [¢] so that,

[61T[MI[e] = [~1-J, and (A.88)

T
[61TIKI[8] = [~ufd. (A.89)
Defining a coordinate transformation,

(x(t)1 = [oI{p(t)}, (A.90)

and using it in Eq. (A.87) with a premultiplication of results by [6]"

yields:
[617IMILeT(p (1)} + [o17[KILs 1R (t))
= - [ MILATcUg (1)} (A.91)
In'view of Eqs. (A.88) and (A.89), Eq. (A.91) simplifies to:
By + [ ol 16(e)} = ~[61 IMITATLU (83, (A.92)

whose solution through Duhamel's integral solution becomes:

t
{p(t)} = - rwi;l'l [ Rsin wi(t-r)\'I[tb]T[M][A]{UB(t)}dT.

0 (A.93)

Thus, using Eq. (A.90), the total solution relative to the base motion
is given by:
g Y :

() = ~Lolluyd [ R sin g (t-c)NICe]" IMILATCUp(t) e
0 (A.94)
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C. System Strain Energy

Solutions obtained above define the system displacements either
in discrete coordinates or in relative coordinates. The system strain
energy in the ith principal mode (25) is given by:

_ 1.7

where {¢}i are the ith mode system eigenvectors and [K] is the system
stiffness matrix.
Under forced excitations, system strain energy may be obtained

through the relation
1 T
u(t) = —2—{x(t)} [o1{x(t)3}, (A.96)

in which {x(t)} are time-varying system displacements in discrete

coordinates. In case of relative coordinates, {x(t)} are replaced by

(x(t)} in Eq. (A.96).

237267
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