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ABSTRACT

In this dissertation, the recently discovered concept of time scales is applied to
probability theory, thus unifying discrete, continuous and many other cases. A short
introduction to the theory of time scales is provided.

Following this preliminary overview, the moment generating function is derived
using a Laplace transformation on time scales. Various unifications of statements and
new theorems in statistics are shown.

Next, distributions on time scales are defined and their properties are studied.
Most of the derived formulas and statements correspond exactly to those from discrete
and continuous calculus and extend the applicability to many other cases. Some theorems
differ from the ones found in the literature, but improve and simplify their handling.

Finally, applications to finance, economics and inequalities of Ostrowski and Griiss
type are presented. Throughout this paper, our results are compared to their well known

counterparts in discrete and continuous analysis and many examples are given.
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1. INTRODUCTION

Two of the main objectives in mathematics are simplification and unification. In
1988, Stefan Hilger introduced the concept of time scales in his dissertation “Ein Maflket-
tenkalkiil mit Anwendung auf Zentrumsmannigfaltigkeiten” [41]. In order to provide the
reader with the necessary definitions and theorems of time scales, this thesis summa-
rizes important concepts in the second section, following the books of Martin Bohner
and Allan Peterson “Dynamic equations on time scales” [22] and “Advances in dynamic
equations on time scales” [23].

The main goal of this thesis is to establish the basics of probability theory on time
scales and apply those results to finance, economics and inequalities. Thus, well known
definitions, properties and theorems for discrete, continuous and many other cases will
be unified. With the help of the Laplace transformation, the moment and cumulant gen-
erating functions are derived, setting the stage for concepts like expected value, variance,
independence and entropy.

Furthermore, uniform, exponential and gamma distributions are defined and studied
within the theory of time scales. The results are put into context with existing discrete
and continuous distributions. The time scales exponential distribution corresponds to
the known exponential distribution in the continuous and to the geometric distribution
in the discrete setting. The time scales gamma distribution has the continuous Erlang
distribution and the discrete negative binomial distribution as its counterparts. Due to
the new definition of moments on time scales, some properties of distributions do not
coincide with the ones found for discrete cases in the literature, but have the advantage
of stating an easier and more approachable result for all time scales.

Next, the basic concepts of interest rates and net present value are presented. Fi-
nancial applications also include hazard rates and the pricing of credit default swaps.
The latter has become of great interest during the last decades, due to the increased risk
of default for countries on the one hand and companies on the other. Throughout, the
theory is derived on time scales and several examples are provided.

In 1938, Alexander Ostrowski first proved a formula to estimate the absolute devia-

tion of a differentiable function from its integral mean. The so-called Ostrowski inequality



holds and is shown in [55]

-1 [ ] < s rwio-o | CEE 4

The time scales equivalent was shown by Martin Bohner and Thomas Matthews [19].
In 1935, Gerhard Griiss introduced an inequality describing lower and upper bounds for
the difference of a the integral of the product of two functions from the product of the

integrals. As shown in [40], we have

< — (M —mq)(My —my),

N

'bia/abf(x)g(x)dx— (b—la)z /abf(x)dx/abg(x)dx

where

m < f(s) < My, ma < gls) < M.

In [18], Martin Bohner and Thomas Matthews derived the time scales version of that
inequality.

The last sections of this thesis discuss Ostrowski type inequalities on time scales
using the previously derived properties from probability theory. Multiple inequalities
involving expected values are presented. In addition, joint work with Martin Bohner
and Adnan Tuna is given, exploring the concept of diamond-alpha theory on time scales
for Griiss inequalities. Furthermore, collaborative work with Martin Bohner and Adnan
Tuna, discussing Ostrowski—Griiss like and Ostrowski inequalities for two functions, is
provided. Finally, research together with Martin Bohner and Elvan Akin—Bohner on

Ostrowski—Griiss like and Ostrowski inequalities for three functions is presented.



2. TIME SCALES ESSENTIALS

In 1988, Stefan Hilger introduced the theory of time scales in his Ph.D. thesis “Ein
MaBkettenkalkiill mit Anwendung auf Zentrumsmannigfaltigkeiten”. Since then many
authors like M. Bohner, A. Peterson, R. Agarwal and G. Guseinov have extended this
theory and various results can be found in recent books and papers. Time scales unify the
fields of discrete and continuous analysis and extend them to numerous other cases. So
one could say that unification and extension are the two main features of the time scales
calculus. Moreover, the time scales theory has an incredible potential for applications in
economics, finance, physics and biology.

This section is meant to be an introduction to time scales. Summarizing the books of
Bohner and Peterson [22, 23], basic definitions, properties and theorems will be presented,
which are needed throughout this paper. Various examples to different time scales will

be provided.

2.1. BASIC DEFINITIONS
Definition 1. A time scale is an arbitrary nonempty closed subset of the real numbers.

The most important examples of time scales are R (continuous case) and Z (discrete

case). Other examples of time scales considered in more detail in this thesis, are
¢" :={¢"| k € No}, where ¢>1

(the quantum calculus case) and
hZ = {hk|k € No}, where h > 0.

On the other hand, Q, R\Q and (0, 1) are not time scales since those domains fail to be

a closed subset of the real numbers.

Definition 2. If T is a time scale, then we define the forward jump operator o : T — T

by

o(t):=inf{seT| s>t} forall teT,



the backward jump operator p: T — T by

p(t) :==sup{s € T|s<t} foral teT,

and the graininess function p: T — [0,00) by

u(t) :=o(t)—t forall teT.

Furthermore, for a function f: T — R, we define

fo@t) = f(o(t)) forall teT

and

fP(t) = f(p(t)) forall teT.

In this definition we use inf ) = sup T (i.e., o(t) = ¢ if ¢ is the maximum of T) and
sup® = inf T (i.e., p(t) = ¢ if ¢t is the minimum of T). Moreover, this definition allows us

to characterize every point in a time scale as displayed in Table 2.1.

Table 2.1. Classification of Points

t right-scattered t<o(t)
t right-dense t=o(t)
t left-scattered p(t) <t
t left-dense p(t) =t

t isolated p(t) <t<ol(t)

t dense p(t) =t=o0o(t)

The following example applies these first definitions to the important time scales

mentioned after Definition 1.




Example 1. Let us consider these four cases.

(i) For T =R, we have

o(t)=inf{s e R| s >t} =1,

p(t) =sup{s e R| s < t} =t,
u(t) =t —t=0,
allt € R are dense.
(ii) For T =7Z, we have

o(t)=inf{s€Z| s>t} =t+1,

p(t) =sup{s € Z| s <t} =t—1,

plt) = (t+1) -t =1,

all t € Z are isolated.
(iii) For T = ¢™°, we have
o(t) =inf {s € ¢'"°| s > t} =qt,
N t
p(t) =sup{se€q®ls<ty=- for t>1,
q

pu(t) =gt —t=(q— 1),
all t € g™ are isolated.

(iv) For T = hZ, we have
o(t)=inf{s € hZ| s >t} =t + h,

p(t) =sup{s € hZ| s <t} =t —h,

pt) = (t+h) —t=nh,

allt € hZ are isolated.



2.2. DIFFERENTIATION AND INTEGRATION

Definition 3. The set T" for a time scale T is defined as follows: Ift has a left-scattered

mazximum m, then T% = T\ {m} and otherwise T* = T. In summary:

T — (p(supT),supT] if supT < o0
T if supT = .

T =

Definition 4. Let f : T — R and t € T®. Then we define f2(t) to be the number (if it
exists) such that for all € > 0, there exists U = (t —0,t+ ) N'T for some 6 > 0 such that

(o) = ()] = PO [o(t) = s]| < clo(t) —s|  forall seU.

We call f2(t) the delta (or Hilger) derivative of f at t. Furthermore, f is called delta
differentiable on T if f2(t) exists for allt € T*, and f* is called the delta derivative of

f.
Theorem 1. Let f: T — R be a function and t € T*.

(i) If f is differentiable at t, then f is continuous at t.

(ii) If f is continuous at t and t is right-scattered, then f is differentiable at t with

(iii) Ift is right-dense, then f is differentiable at t iff the limit

L L0 = £

s—t t— s

exists as a finite number, and in this case

(iv) If f is differentiable at t, then
Fla() = [ (&) + pt)f2(2).

Proof. See [22, Theorem 1.16]. O



Theorem 2. Let f,g: T — R be differentiable at t € T*.

(i) The sum f+g:T — R is differentiable at t with
(f+9)2() = f2(t) + g2 (1)
(ii) For any constant c, cf : T — R is differentiable at t with
(c/)2(t) = cf2(1).
(iii) The product fg: T — R is differentiable at t with
(f9)2(t) = [2(W)g(t) + f(o(t)g™(t) = F(1)g> () + [2(t)g(a(1)).

iv) If g(t)g(o(t)) # 0, then L is differentiable at t and
g

NS A0 — 1)
(E) 0= ey

Proof. See [22, Theorem 1.20]. O

Theorem 3. Let ¢ be a constant, m € N and f(t) = (t —¢)™. Then

m—1
A8 = (o) =t =o'
v=0
Proof. See [22, Theorem 1.24]. O

Therefore for f(t) = t, the derivative is f2(t) = 1 and for f(t) = t?, we get the
derivative f2(t) = o(t) +t.

Example 2. Let f be differentiable.

(i) If T =R, then

(ii) If T = Z, then

o) = AL,



where the backward difference operator A is defined as usual by Af(t) = f(t+1)—

f(t).

(iii) If T = ¢, then

(iv) If T = hZ, then

flt+h) = £
pan = =

Definition 5. A function f : T — R is called regulated if its right-sided limits exist
(finite) at all right-dense points in T and its left-sided limits exist (finite) at all left-dense

points in T.

Definition 6. A function f : T — R is called rd-continuous (denoted by f € Cyrq) if it is

continuous at right-dense points of T and its left-sided limits exist (finite) at left-dense

points of T.

Theorem 4 (Existence of Antiderivatives). Let f be rd-continuous and to € T. Then f

has an antiderivative (denoted by F') defined by

F(t>=/tf(T)AT for teT.

Proof. See [22, Theorem 1.74].

Therefore for rd-continuous functions f, we have

/fUMTIHM—F@,

where F2 = f.
Theorem 5. Let f be rd-continuous and t € T*. Then

o(t)
FDAT = p(t) f(2).

t

Proof. See [22, Theorem 1.75].



Example 3. Integration for the most important time scales is done as follows. Let

a,beT and f € C,q4.

(i) If T=1R and if f is Riemann integrable, then

b F(HAL = b F(t)dt.
[ sae=

(ii) If T =Z, then
b b1
/ ft)At = Zf(t), where a < b.

(iii) If T = ¢, then

[ 50t = Y w1 = a- D)X d 5@, where m<n

(iv) If T = hZ, then
b m-l
/ FOAt =" f(th)h, where a <b.
a t:%

(v) If [a,b] consists only of isolated points, then

/abf(t)At =)

tela,b

pu(t)f(t), where a <b.
)

Proof. See [22, Theorem 1.79]. O
Theorem 6. Let f, g be rd-continuous, a,b,c € T and o € R. Then
(i) [J1F@) +g®At= [} FOAL+ [} g(DAL,
(ii) [ laf(O]A=a [} f(B)AL,
(iit) [} F()AE =~ [} F(H)AL,
(iv) [ F(t)At= [C )AL+ [ f(H)AL,
(v) [, Fo(@)g ()AL = (fg)(b) = (fg)(a) = [, FA(Dg(D)AL,
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(vi) [2FOgAOAL = (Fg)(b) — (fa)(a) — [* FAB)g(o(t))AL,
(vil) [ f(H)AL =0,

(viil) if [f(#)] < g(t), then

/:f@)m‘ < /abg(t)At,

(ix) if f(t) >0 for alla <t <b, then [* f(t)At > 0.

Proof. See [22, Theorem 1.77]. O

Definition 7. Lett € C and k € Z. We define the factorial function t£ as follows.

(i) If k € N, then

=ttt —1)---(t—k+1).

(ii) If k=0, then

%=1,

(iii) If —k € N, then

1

= t+0)(t+2)--(t—k)

fort#£—-1,-2, ... k.
For all ¢,k € C, we have

T(t+1)

th=—
It—k+1)

Since the antiderivative of ¢ is not necessarily %, we try the approach of defining

the following functions.

Definition 8. Let g, hi : T? = R, k € Ny be defined by

go(t,s) =ho(t,s) =1 forall s,teT



and then recursively by

t
gas(t.s) = [ ou(o(r)s)AT forall steT

and

t
hiy1(t, s) :/ hi(1,8)AT  for all s,t€T.

Therefore, we have

he(-,s) = hy_1(-,s) forall k€N, seTx

and similarly

gkA(-, s)=gp_4(,s) forall keN, seT"

Moreover, we can state the properties
gi1(t,s) =hy(t,s) =t—s forall steT

and

92(t,8) = /St(a(T) — $)AT,  ho(t,s) = /:(7' — 8)AT.

Example 4. Let us consider the following examples.

(i) If T =R, then

gz(t, S) = hQ(tv S) = / (T—S)dT = 5

More generally, we have

(=)

gk(tv S) = hk<t7 8) = k!

(ii) If T =Z, then

(t—9)*

ha(t, s) = /:(T—smT

11



since

((T—s)(;—s—l))A _ <72—275—27+82—|—s

T+o(1)—2s—1
2

21 — 2s
2

= T —S.

More generally, we have

=)

(t—s+k—1)>*
k! '

and

gk(tv S) =

(iii) If T = ¢™o, then by [22, Example 1.104]

k—1 t— s
hk(t’s) - H v
v=0 > q"
n=0
and thus
(t —s)(t —gs)
ho(t,s) = .
2(t, ) 1+4

Table 2.2 gives a short summary of the considered topics.

2.3. EXPONENTIAL FUNCTION

Definition 9. For h > 0, we define the Hilger complex numbers as

1
Cp = {ZE(C:z#——}
h
and the strip

Zh::{zeC:—%<Im(z)§%},

y

12
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Table 2.2. Examples of Time Scales

Time Scale T R 7 g
Forward jump operator o(t) t t+1 qt
Backward jump operator p(t) t t—1 é

Graininess () 0 1 (q— 1)t
a5 e | (7 | o

where Zy, := C for h = 0.

Definition 10. For h > 0, we define the cylinder transformation &, : C,, — Zy, by
1
&n(z) = - Log(1 + zh),

where Log is the principal logarithm function.

Definition 11. We define a function p : T — R to be regressive provided that for all
teT"

L+ p(t)p(t) # 0.

The set of regressive and rd-continuous functions f : T — R will be denoted by
R =R(T) = R(T,R).

Moreover, we define the set R of all positively regressive elements of R by
Rt={peR:1+pult)plt) >0 VteT}.

Definition 12. Let p € R and &, the cylinder transformation. Then we define the

exponential function by

ep(t,s) == exp (/ fu(T)(p(T))AT> for s,teT.
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Definition 13. If p € R, then the first order linear dynamic equation

15 called regressive.

Theorem 7. Suppose (4) is regressive and fiz to € T. Then ey(-,to) is the solution of

the initial value problem

y* =pt)y, ylto) =1

on T.
Proof. See [22, Theorem 2.33]. O

Definition 14. Let p,q € R. We define the circle plus addition & by

(p @ q)(t) == p(t) +q(t) + p(t)pt)q(t) for all teT",

the circle minus subtraction © by

(roqt) = (q)(t) foral teT",

and

p(t)

©n)®) =1 aom

for all t e T".

Theorem 8. Let p,g € R andt,s,r € T. Then
(i) eo(t,s) =1 and ey(t,t) = 1;
(i) ep(a(t),s) = (1 + u(t)p(t))ep(t, s);
(i) gy = een(t )
(V) e(t,s) = s = eoy(s.1);
(v) et s)ep(s, ) = eplt,7);

(Vi) 6P(t> S)€Q(t> S) = ep@Q(tv S),’
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o\ eplt,s) .
(vii) % = epeq(t, s);

A
1 _ _p®
(viii) <—ep(.7s)> = ()

Proof. See [22, Theorem 2.36]. O

Theorem 9. Let p € R and ty € T.

(1) If 1+ p(t)p(t) > 0 on T*, then ey(t,tyg) > 0 for allt € T.

(ii) If 1+ p(t)p(t) <0 for some t € T", then
ep(t,to)ey(o(t), to) < 0.

(ili) If 1+ p(t)p(t) <0 for all t € T, then ey(t,to) changes sign at every point t € T.
Proof. See [22, Theorem 2.44 and 2.48]. O
Example 5. Let « € R be constant and t,t, € T.

(i) If T =R, then

ealt,tg) = et~
(ii) If T = Z, then

ealt,to) = (1 4+ ).
(iii) If T = g™, then

calt,to) = J] (1+(¢—1)as).

sE[to,t)

(iv) If T = hZ, then

t—tg

ealt,to) = (1 + ah) 7",

2.4. LOGARITHM
To define an inverse function of the previously introduced exponential function on

time scales that still has most of the desired properties from the well known logarithm
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in the literature is difficult. In 2005, Martin Bohner suggested two different approaches
to the topic, see [14]. Later, Billy Jackson defined the logarithm on time scales in the

following way, compare [43].

Definition 15. Let g : T — R be a differentiable, nonvanishing function. Then the

logarithm on time scales is defined as

g2(t)

g(t)

Remark 1. Note that

logr g(t) = (5)

A
g 1.5) = (CAE - PGS

and therefore the logarithm is a left inverse of the exponential function.

2.5. DYNAMIC INEQUALITIES
Next, we consider some basic inequalities, which will be useful in the upcoming

sections.

Theorem 10 (Hoélder’s Inequality). Let a,b € T and f,g : [a,b] — R be rd-continuous.
Then

/ (0] At < { b|f(t)!pAt}; {/ b\g(t)lth};, (6)

where p > 1 and}%—l—%:l.
Proof. See [22, Theorem 6.13]. O

Theorem 11 (Jensen’s Inequality). Let a,b € T and ¢,d € R. If g : [a,b] — (¢, d) is

rd-continuous and F : (¢,d) — R is continuous and convezx, then

F (fcf’bf@m) < Lrlatyar

Proof. See [22, Theorem 6.17]. O
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2.6. SHIFT, CONVOLUTION AND LAPLACE TRANSFORM
The following definitions and examples can be found in the paper [17] by Bohner

and Guseinov.

Definition 16. Let T be a time scale, supT = oo, to,t,s € T and tg < s < t. For a

given f : [tg,00) — C, we call the solution of the shifting problem
ut(t,o(s)) = —u(t,s), ult,to) = f(t)

the shift of f. We denote the shift by f
Example 6. We compute the shift for the following time scales.
(i) If T =R, then the shifting problem

du(t,s)  Oult,s) B
ot - ds U(tato) - f(t)

has the unique solution u(t,s) = f(t — s+ to).

(ii) If T = Z, then the shifting problem

u(t+1,s4+1)—u(t,s+1) = —u(t,s+ 1) +ult,s), u(t,ty) = f(t)

has the unique solution u(t,s) = f(t — s+ tg).
(iii) If T = hZ, then the shifting problem

st th) —ulls b h) _ culls 2R 2ults) g

has the unique solution u(t,s) = f(t — s+ to).
(iv) If T = ¢, then the shift of f: T — R is given by [17]
. &
fldtn) =) (1 —t)g " fd"),

v=0 v

where we use the following notation
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m _ [m]!
o | = Wl
(t— sy = [t~ o).

where a € R, myn € Ng and t,s € T.

Definition 17. Let f,g: T — R be two functions. Their convolution f * g is defined by
t —~
(e = [ Fto)as)ds, te.
to

where f is the shift of f.
The convolution on time scales has the following properties.

Theorem 12. The shift of a convolution is given by

(Fx9)(t,s) = / b, o(w)d(u, s)Au.

Proof. See [17, Theorem 2.6]. O

Theorem 13. The convolution is associative, that is
(fxg)xh=fx(g*h).

Proof. See [17, Theorem 2.7]. O

Theorem 14. If f is delta differentiable, then
(f*9)% = 2 xg+ f(to)g-
If g is delta differentiable, then

(fxg)®=f*g™+ fy(to).
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Moreover,

/t: F(t, o(s))As = /t: F(5)As.

Proof. See [17, Theorem 2.8, Corollary 2.9]. m
We now introduce the notion of the Laplace transform.

Definition 18. Assume f : Tog — R is requlated. Then the Laplace transform of f is
defined by

L{f} () = / " een(o(t), 0 f(H)A

for z € D{f}, where D{f} consists of all complex numbers z for which the improper

integral exists.
The following property is given in [22, Example 3.103].

Lemma 1. Assume f : Ty — R is requlated. Then

L{9f} () =~ L1} () for =ED(f)

where

o(t) 1 A
t) = — AT.
9(t) /0 1+ pu(r)z g

Theorem 15. If f,g: T — R are locally A-integrable function on T, then

L{f g} (2) = L{f}(2) - L{g} (2),

where z € D(f) ND(g). We will refer to this property as the convolution theorem.

Proof. See [17, Theorem 2.7]. O
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3. MOMENT GENERATING FUNCTION

Let a moment generating function be defined, with the help of the Laplace trans-

formation [39, p.181], as follows

N

o0

where f(z) is a continuous probability density function. This function allows us to

compute the moments by

B(x) = M (0) = X 0),

compare [11, Section 2.5].

The following definition introduces the modified Laplace transform on time scales
(see Definition 18). We assume that the time scale Ty is such that 0 € Ty and sup Ty = 0.
Moreover, note the slight change from Definition 18 as we replace o(t) with ¢ and ©z
with z in the exponential function. The main reason for this change is to derive a more

approachable formula for the moments and especially for the expected value.

LU} () = / et 0)f(1)A.

Throughout this section, we assume that z is positively regressive and that interchanging

the order of differentiation and integration does not cause any problems.

Lemma 2. Assume f : Tog — R is requlated. Then

Lo - /O T e (L0)f (B (=),

where

Lo
0= [ Tt

Proof. Using [22, Example 2.42], we have

1

d t
—e,(t = t — AT,
dzez( 0) = ex( ’0)/0 1+ p(7)z T
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As interchanging the order of differentiation and integration is possible, we get

LEe) = et o

dz Jy

~q
_ /0 e (t,0)f (DA

= /Ooo ez(tao)f(t)/o 1 —i—;(T)ZATAt
_ / T el (E.0) f(B)a(2) A,

This completes the proof. n

Example 7. First moment on time scales. Computation yields

Lo = [ [1ar)a
- /ootf(t)At

0

- / b4, 0)F(1) AL,

Example 8. Second moment on time scales. Using the usual product rule and Lemma

2, we get
LLHE = [ eosnge
+ / e.(t,0) f()g2(2) At
_ / (b0 (1) [R(2) + ()] At

As

oy = [T AL

000 =~ [
we have

Lewno - [Cro(f w)z at= [" g0 [ wryaeas
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The last equality holds as

(tz—/ot,u(T)AT) = t+o(t)— ut)
= t+o(t)—o(t)+t
= 2t

Moreover,
(2ho(t,0))™ = 2Ry (¢,0) = 2¢,

and for t = 0, both expressions are 0. Equivalently, this fact could have been shown by

the string of equations

t t t t
tz—/ w(T)Ar = /tAT—/ U(T)A7'+/ TAT
0 0 0 0

_ [%ﬂﬂ—ﬂAT+@@ﬁ)
— go(0.8) + Ba(t,0)
— (1, 0).

More generally for an arbitrary function H(¢, z), denoting by H'(¢, z) the derivative

of H with respect to z, we have

oo

%Zgﬁﬂa 22%0 e=(t,0) f(1) H(t, 2) At
-/ T el (L) f(OH (L, 2) A
- T e (L 0) (D) H(E )AL
_ / " el (6,00 £(1) [H(t,2) + H(t, 2)gu(2)] At
— CAf(H'+ H)} (o)

Theorem 16. Let g4(z ———A7 and define Hy recursively by

f() 1+zu(7’)
H()(t, Z) = 1,

Hyii(t,2) = Hi(t,2) + Hi(t,2)g9:(2), k € No.
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Then for a; =k + 1, we have

! Hk(Ta Z)

Hi 1 (t,2)=a —
b (t, 2) k o 1+ zu(r)

Proof. We will prove this theorem by induction. From the derivation of the first moment,
we know that Hi(t, z) = ¢:(2), ag = 1 and Hy = 1. Thus the claim holds for £ = 0. Now,
assuming that the claim holds for k£ € Ny, we get

Hk+2(ta Z) - Hl;—&—l(ta Z) + Hk-i—l(tv Z)gt(z)
d ! Hk(Tuz) ! Hk(Tvz)
= L T4 ou(r) ZM( )AT + ay, / T 2000 ATg(z)

S ST ECLYCE N
(1+ zp(7))?

tHk(TZ) )

o L+zu(r)
tH/TZ

- o 1+zu(r) /
tHk(TZ) o)

0 1+Zﬂ( )
= : H(t).

+ak ATgt(

+(lk

Now, we have H(0) = 0 and

apH(t,z)  app(t)Hiy(t, 2)

HA(1) 1+ zu(t) B (14 zu(t))?
aka(t, Z) Qg o(®) Hk(T7 Z)
12000 7 T T / T+ o)
ay /
= 1700 [H}(t, 2) + Hi(t, 2)g:(2)]
a - o(t) H(T, 2) o(t) Hy (1, 2)
+ 1+ zu(t) [ /t 1+ zu(T)AT - /o 1+ zp(T) AT]
B ay . ag " Hy(T, 2)
= T G AT T | T
a. 1
= H—/A()H’Hl(t ,2) + msz+1(t7 z)
ap + 1
= mHk—H(tv z)

Qg+1
= — _Hia(t 2
1+ zu(t) et 2)
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asap+1=k+1+1=k+2=ax;. Thus

" Hya (T, Z)AT

Hi »(t,z) =a
palt ) = )

which completes the proof. O

Theorem 17. Let Hi(t, z) be defined as in Theorem 16. Then
Hy(£,0) = Ky (t,0).

Proof. Again, we will prove this theorem by induction. As Hy(t,0) = 1 and hy(¢,0) = 1,
the claim holds for £ = 0. Now, assuming that the claim holds for £ € Ny, we have

! Hk(TaO)
o 1+0p(7)

— (k+ 1)/tk’!hk(7= 0)AT
= (/{7 + 1)!hk+1(t7 0)7

Hia(t,0) = (k+1)

and the proof is complete. O
Some interesting properties regarding the functions h; and g result from here.

Corollary 1. We have
ha(t,0) + g2(t,0) = hi(t,0).

Proof. With the Hy(t, z) as defined in Theorem 16, we have
Hi(t,2) = Hy(t, 2) + Ho(t, 2)g:(2) = g:(2)

and

Hy(t,2) = Hi(t,2)+ Hi(t, 2)a(2)

= 61(2) +9/(2)

- ‘[%M (/ot Tlumm)g'



25

Therefore

Hy(t,0) = —/Otu(T)AH(/OtmT)Q

-~ [etn—nar+ o

= —/Ot(U(T) —0)AT + /Ot(T — 0)AT + hi(t,0)
= —go(t,0) + ho(t,0) + h3(t,0).

By Theorem 17, we also have
Hj(t,0) = 2hy(t,0)

and thus
ha(t,0) = hi(t,0) = ga(t, 0),

which completes the proof of the corollary. O

Remark 2. With the help of the previous results, we can define the moments on time

scales by

Er(X*) := /OO K'hi(t,0) f(t)At.

Example 9. Let T =R. Then

Eg(X%) — AwkMAmmﬂﬂAt

tk

_ 4 R F(r)ar
:!/wﬁﬂw&,

0

which corresponds to the continuous definition found for example in [11, 2.3.9] for con-

tinuous distributions with positive support.

Example 10. Let T = 7Z. Then

By (XY) — /mkMAumﬂﬂAt
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Ht—1)-- (L k+1)f (D),

Mo 1M

which is slightly different from the discrete definition found in [11, 2.2.14], applied for

discrete distributions with positive support

o0

E(X*) =Y t"f(t).

t=0
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4. CUMULANT GENERATING FUNCTION

Definition 19. f is called a time scales probability density function if
1. f() >0 VteT,,
2. [ f(H)At =1.

Definition 20. Assume f : Tg — R is a requlated time scales probability density function

and let the moment generating function be defined as
M(z) = /0 e (0 (DAL,

Then the cumulant generating function C(t) is the logarithm of M (z)
C(z) =log M(z).

Definition 21. Let f be a time scales probability density function of the random variable

X.

1. The ezxpected value Er(X) is defined as

Ex(X) = S0)

2. The variance Vary(X) is defined as

d*C
Varp(X) := @(O)

Remark 3. The expected value and the variance correspond therefore with the first and
second cumulant. Moreover, the expected value matches the definition of the first moment

of a random variable on time scales.

Computation yields

dc 1 dM
= WE(O)
_ —foofl(tw 07
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= /oo hi(t,0)f(t)At

_ /Ootf(t)At

and
_dre, o MM(0)  (M(0)
Varr(X) =720 = 0 ~ Q)

2

= /OOO 2ho(t,0) f(t) At — </OOO hl(t,O)f(t)At) .

Remark 4. Note that, as in the usual definition, we have

Var(X) = E(X?) - (E(X))”
see [39, p.51], and therefore on time scales

Varp(X) = Ep(X?) — (E¢(X))*.
Example 11. For the continuous and the discrete cases, we have the following.

(i) If T =R, then
Er(X) = /OOO tf(t)dt

and

Varg(X) = /OOO 2 f(t)dt — (/OOO tf(t)dt)z.

Note that, as previously mentioned, the expected value corresponds to the known def-
inition, and due to the matching definition of the second moment, also the variance

coincides.

(ii) If T =Z, then

[e.e]

Bz (X) =) tf(t)

t=0
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and

Varg (X) = #(t —1)f(t) - (Z tf(t)) .

t=0 t=0

Note that the expected value is the same as the one for usual discrete distributions,
but due to the different definition of the second moment, the variance is slightly

different.

Theorem 18. Assume f : Tog — R is a requlated time scales probability density function,

then

Varg(X) > — /0 T /0 () ATAL

Moreover, if X = c for c € R, ¢ > 0, then the variance is minimized with value

Varp(X) = — /000 f(t)/o w(T)ATAL = 2hy(c, 0) — h3(c, 0).

Proof. We have

and

Varp(X) — /0 " 2ha(t,0) f(£)AL — ( /0 T ha(t,0) f(t)At)2
_ /0 2 (t,0) f(£) Al — 2Ex(X) /0 T, 0) (DA
+(E00) [ e
= /0 h [2R2(t,0) — 2Ep(X)ha (2, 0) + (Ex(X))*] f(t)At
_ /0 " [2ha(t,0) = K2(6,0) + (a8, 0) — Ex(X))?] F()A.
f{t)=0

(hi(t,0) — Ep(X))? > 0,



and with Corollary 1

2hy(t,0) — h3(t,0) = hy(t,0) — ga(t,0)

we get

V() 2 = [ 70 [ utmara
If X = ¢, then the entire density is distributed at ¢ and
Er(X) = /OOO ha(t,0)f(t)At = hy(c,0) /OOO f)At = hy(c,0) = ¢,
and similarly
/OOO ho(t,0) f(t) At = ha(c,0).
Therefore, we have
Varr(X) = 2hy(c,0) — hi(c,0)
and
| 0~ Bx()) f0)80 = [ u,0) = o 0t =0

This results in

Varr(X) = /0 " [2ha(t,0) — B2(8,0) + (1, 0) — Ex(X))?] f(1)At

- /OO (2ha(t,0) — (2, 0)) f(t)At

_ _/Doo £(1) /Ot,u(T)ATAt

and concludes the proof of the theorem.

30
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Remark 5. Note that, in comparison to the classical definition of variance, the new
quantity Vary is not necessarily greater or equal to 0. Only in the continuous case is that
property necessarily achieved. Nevertheless, we get a lower bound for the variance. This
new definition will yield great advantages in the computation of variance and moments

for the upcoming new time scales distributions.

Remark 6. We have Er(X) = E(X). The relationship of Vary(X) with the classical
variance Var(X) and expectation E(X) is

Varr(X) = /0 " [2ha(t, 0) — B2(t,0) + (a(t, 0) — Ex(X))?] f(£)AL
_ / " [2ha(t.0) = B2(5,0) + (t — Eo(X))?] £(£)

— Var(X) + / " [2ha(t,0) — B2(1,0)] F(£)AL
— Var(X) + EQ2H(X)),

where H(X) has the time scales probability density function f(t) = ha(t,0) — %
Example 12. We apply the previous properties to different time scales.

(i) If T =R, then

Varg(X) > —/Ooo £(#) /Ot,m)mm: —/OOO £(#) /OtOdet:(),

and if X = c, then
C2
Varg(X) = 2ha(c,0) — hi(c,0) = 25 - =0.

(ii) If T = Z, then

Vars(X) > — / ") / () ATA

= =2 fH 1
= —) /W)



and if X = c, then

clc—1) 2 .

Varp(X) = 2hy(c,0) — hi(c,0) = 2
(i) If T = hZ, then

Vane(X) = — [ 1) [ niriaras

- —/Ooof(t)/othArAt

- —h/ootf(t)At
L hE(X),

and if X = c, then

Varpz(X) = —hEpz(X) = —he.

32
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5. DISTRIBUTIONS

5.1. UNIFORM DISTRIBUTION

Definition 22. Let a,b € Ty and a <t < b. Then we define the time scales probability

density function of the uniform distribution by

;_(17 Zfa' S t S b
fity=4°Y

0, otherwise.

Remark 7. Clearly we have f(t) > 0 and

oo 1 o(b)
/of(t)At:a(b)—a/a At =1,

and therefore f(t) is a well-defined time scales probability density function.

Theorem 19. Let a,b € Ty, a <t < b and the time scales probability density function
of X be

ft) = somar fast<b
0, otherwise.

Then

Ea() = 22 (5)
and

o _ 5Na(0(b),0) — hs(a,0)  (ha(o(b), ) a 2

Varp(X) =2 o(b) —a ( o(b) —a o ) o)
and

Er(X*) = 1y P (0(0),0) = iy (a,0) (10)
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Proof. We have

Ex(X) = /Oohof O)f( At

B hg(a(b),a) a o(b) — a
_ halo(b).a)
o(b)—a

and (8) is shown. Moreover, we have

Varp(X) = /OOOZhg(t,O)f(t)At—( /Ooohl(t,o)f(t)At)Z

_g@{ [m@@mm_(%%@%+az

)
_ 0(6)2_ > (/Og(b) ha(t, 0) At — /0 hg(t,O)At> - (—h;((z)(b_z) +a>2
0

— hs(a,0) (hz((z)(b_)s) N a)i

Q

which is the desired equation (9). Finally

Ex(X*) = /0 " kha(t, 0) F (DAL

,0)At

)
D,
o
®

k!
) —a
k! )
o(b) —a
hk+1<0( )7 ) _ hk+1(a> O)
k! ) =

completing the proof of (10). O

Y

f
S

o(b
(t
/ Bt 0)AF — / Bt 0) A
0 0
0
a

Example 13 (Continuous case). Let T = R. Then the probability density function is

f) = =, fa<t<b

0, otherwise.
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Hence

ER<X) = ————+a

b—a a+b
+ .

This is the expected value for the continuous uniform distribution that can be found in

[11, p.110]. Moreover,

3 3 2
Varg(X) — bfab 3'a —(“;b)
B 2 b —a® a?+ab+ b
 b—a 6 B 4
_a*4ab+b* @’ +ab+ b’
- 3 B 4
V¥ —=2ab+a®  (b—a)
N 12 12

This is the variance for the continuous uniform distribution, which can be found in the

literature for example in [11, p.110).

Example 14 (Discrete case). Let T = Z. Then the probability density function is

A dfa<t<b
f(t) _ b+1—a f

0, otherwise,

which corresponds to %, where n represents the number of points having density greater

than zero. Furthermore,

Ez(X> = +a

This 1s exactly the expected value for the discrete uniform distribution withn =b+1—a,

which can be found in [11, p.108]. Moreover,

Varz(X)

2 (b+bb—1)—ala—1(a—2) [a+Db\>
b+1—a 6 _( 2)
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b — a® + 3a%b — 3ab® + 94> — 3b*> — 6ab — S8a — 4b

12(b+1—a)
B (b+1—a)2—1_a—|—b
N 12 2

This is not exactly the variance for the discrete uniform distribution from the literature,

”21;1, compare [11, p.108], due to the slightly changed definition of the variance. As
expected, we get Var(X) — E(X), as in the probability density function of 2H(X), we

have

f(t) = 2hs(t,0) — 2? =tt—1)—t* = —t.

Now, the moment generating function will be derived for the uniform distribution
on time scales.
Theorem 20. Let a,b € Ty, a <t < b and the time scales probability density function

of X be

A= ifa<t<b
fy=4°""

0, otherwise.

My(z) = = : (11)

and (11) is shown. O
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Example 15. We apply (11) to different time scales.
(i) If T =R, then

1 6bz — %
Mxl&) = e

Note that this is exactly the formula of the moment generating function of the

continuous uniform distribution, see [48, Example 10.1].

(ii) If T =Z, then

1(1+4 2" — (14 2)°

Due to the different definition of the Laplace transform and exponential function,
the moment generating function differs from the discrete case, but still follows the

same structure. In the literature, we find

(b+1)z _ Laz

€ (&

Mx(z) = e —1)

where nequals the number of points with density different from 0, i.e., n = b+1—a,

compare [13, p.72].

(iii) If T = hZ, then

114 h2) = (14 h2)h
; .

—a

The diagrams in Figure 5.1 represent the time scales probability density function
(pdf) and the time scales cumulative distribution function (cdf) for an uniformly dis-
tributed random variable, with support [1,4]. The diagrams include continuous, discrete,
hZ (with h = 1) and ¢" (with ¢ = 1.1) time scales cases. A formal definition of the
cumulative density function will be presented in Section 6. Note that the cumulative

distribution function is equal to one at o(4), due to the slightly different definition.



A A

11 17

0 . —> 0 . . —>
0 4 6 0 2 4 6
A A

11 17

0 . —> 0 . . —>
0 4 6 0 2 4 6
A A

11 17

0 . —> 0 . . —>
0 4 6 0 2 4 6
A A

17 11

0 . —> 0 . . —>
0 4 6 0 2 4 6

Figure 5.1. Uniform distribution

38
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5.2. EXPONENTIAL DISTRIBUTION

Definition 23. Let A > 0, ©X be positively regressive and t € Ty. Then we define the

time scales probability density function of the exponential distribution by

ft) = —(BN)(t)eaa(t,0), ift>0
% if t < 0.

Remark 8. Note that

A A

—(OM)(H)ean(t,0) = meeA(ta 0) = Aeea(a(),0) = ex(co(t),0)’

and therefore the time scales probability density function is equivalent to

A .
F(t) = { 2O ift>0

0, if t < 0.

Remark 9. Clearly, we have f(t) > 0 as A > 0 and e(c(t),0) > 0 due to the fact that
O\ is positively regressive [22, Theorem 2.44 (i)] and

/OOO fH)At = /OOO—(@)\)(t)eeA(t’O)At
- _/ooeéx('ao)(t)At

QGA(ta 0)|80 = 17

and therefore f is a well-defined time scales probability density function. The last equality

holds, as for nonnegative, rd-continuous \, we have

t
6)\(t,t0) Z 1 +/ AMu=1 + )\(t — tg), t 2 tg,

to
compare [15, Remark 2], which goes to infinity for t — oc.

Theorem 21. Let A\ > 0 and S\ be positively regressive, t € Tg, and the time scales
probability density function of X be

—(GN)(t)eaxr(t,0), ift>0
£y = | OV Weent0), o
0, if t < 0.
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Then
(12)
and

Varp(X) = ek (13)

Proof. Integration by parts yields

Er(X) = /OO tF(H)AL

0

- / oot(@)\)(t)eeA(ta())At

= —teeA(t,0)|8°+/ ean(o(t),0)At
0

1 [ A
= — | ——ean(t,0)AL

_ _i/ooo(@/\)(t)eeA(tvo)At

1 o

= — t)At
VR
1
A?

and (12) is shown. Moreover, we have

2

Varg(X) — /0 OOQhQ(t,O)f(t)At—( /0 Oohl(t,o)f(t)At)

> 1
S /O (1, 0)(EA)(D)enl, 0) — 5
0 > 1
= —2hy(t,0)ecn(t,0)[F +2 /0 (1, 0)ecn(o(1),0)A — 55
2 [ 1
= —X ; t(@)\)ee)\@,O)At—p
2 1
RS
_2r 1
P PP
1
— ﬁ’

which is the desired equation (13). O
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Theorem 22. Let A > 0, t € Ty and the time scales probability density function of X be

—(©A)()ean(t,0), ift =0
0, if t < 0.

ft) =

Then the k-th moment of X 1is given by
Er(X*) = = (14)

Proof. This can be shown by induction. Note that Ep(X) = % by Theorem 21, so the
statement holds for £ = 1. Now, assume that the statement holds for £ — 1. Then we

have

Ep(X%) — /Oook!hk(t,o)f(t)At
_ / " Rha(t,0) (O N emn (£, 0) At

— kU(t, 0)en(t, ) + / Kl 1 (1, 0)en (o (t), 0) At
0

1 oo
- ‘X/ ki1 (2, 0)(©X)ean(t, 0) At
0

k
— X]ET(Xk_l)
k (k- 1)!
!
k!

Ak

This completes the proof of (14). O

Example 16 (Continuous case). Let T =R. Then f(t) = e . This is the eract defi-
nition of the continuous exponential distribution. Also expected value (3 ), variance (5z)
and k-th moment ()'\“—IL ) match with results found in the literature. Moreover, considering
O\ as positively regressive, gives 1+ u(t)(SA) > 0 and therefore 1 > 0, which is true for
all A € R. So with the initial restriction of A > 0, we get the exact definition from the

continuous case, see [64, Section 5.2].
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Example 17 (Discrete case). Let T = Z. Then

A A A\
f<t>:(1+A)t+1:1+A(1_1+—A> '

If we let p = 1+>\’ then

f(t)=p(1—p)".

This is the exact definition of the geometric distribution, which is the discrete equivalent
of the continuous exponential function. p represents here the probability that a success

occurs. Therefore f(t) represents the probability of a success aftert failures. Considering

that ©X is positively regressive yields 1 4+ u(t)(©X) > 0 and therefore 1 — HLA > 0 or

p < 1. So with the initial restriction of X\ > 0 follows also p > 0 and we get p € (0, 1),

the property from the geometric distribution. Moreover, we have A = ﬁ and

1 (1-p)p?
VarZ(X) = ﬁ = p2 ,
which slightly differs from the variance of the geometric dzstmbutzon . Moreover,
k! K1 — p)*
k —

For the known corresponding discrete version of the geometric distribution, see [25, 39]

applied to f(t) = p(1 — p)’.

Example 18. Let T = hZ. Then

Mo (b g
1+ M\ 1+ Ah '

This is a new discrete distribution. Considering that S\ is positive regressive yields

f(t) = 4 S . —
(M) 1+AN\I+AR) R

1— > 0 and therefore

1+>\h < 1, which is true for all \.

1+)\h
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Now, a closed formula for the moment generating function for exponentially dis-

tributed random variables will be derived for all time scales.

Theorem 23. Let A > 0 be constant, z S A < 0, t € Ty and the time scales probability
density function of X be

—(©N)(t)ean(t,0), ift>0

ft) =

Then

My (2) = . (15)

Proof. First, note A > 0 implies

(oM = (z@(©A)F)

A w(t)Az
Tl a1+ p(oA
24 pu(t)Az — X — p(t) Az

14 pu(t)A
B Z— A
1+ p(t)A
and
)
( oA >(t) _ Teaox A
T z=X :
ZOA T+p(t)x A=z

Using this identity, we have

My(z) = /D " (t)en(t, 0)A
= —/oo(@)\)(t)eg)\(t, 0)€z(t70)At
_ / T (@0 (t)eson(t, 0) At

- _ /OOO (296/\)\(2 o )\)) (t)e-en(t, 0)At
A

AR W /OOO(Z S A)(t)ezen(t, 0)At
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A
= - _ Zeze)\(tv O)

which is the desired property (15). O
Example 19. Computation for the continuous and discrete cases yields:

(i) If T =R, then

This corresponds to the known result for the exponential function, see [64, p.66].

(ii) If T = Z, then

>

>

—Z
_p_
1-p
_p__
1-p <

]

p—z+pz
p
I—(1-p)(1+2)

Note that this corresponds to the structure of the moment-generating function of

the geometric distribution ;=5 , compare [25], again for f(t) = p(1 —p)*.

(iii) If T = hZ, then

The following three diagrams in 5.2 represent the time scales probability density
function (pdf) and the time scales cumulative density function (cdf) for an exponentially
distributed random variable with A = % The diagrams include continuous, discrete and

hZ (with h = 1) time scales cases.
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Figure 5.2. Exponential distribution

5.3. GAMMA DISTRIBUTION

Definition 24. Let A € R, A > 0 and define

Ao(t,to) =0, Ai(t,tg) =1

45
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and then recursively

Apia(t,tg) = — /t<@>\)(T)Ak<O'(T),tO>AT for keN.

to
Remark 10. Note that

AR (t,to) = —(©X) () Ak(0(t),t0)  for k€N.

Definition 25. Let A > 0 and k € N and t € Ty. Then we define the time scales
probability density function of the gamma distribution by

(t) = ex(UA(t):O) k(o(8),0), it =0 (16)
Ji(t) =
0, if t < 0.

Moreover, we define

Fi(t) == — (Z Ay(t,0)> ean(t,0).

If X is a random wvariable, which is gamma distributed, we write X ~ Gam(k, \).

Lemma 3. Let f;, and F}, be as in Definition 25. Then

Proof. Using the definitions, we have

Fi(o(t) = — (ZAV(U(t)a0)> eor(a(t),0)

v=1

which completes the proof. O
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Lemma 4. Let fy and F} be as in Definition 25. Then
Ff=fi on [0,00), keN.

Proof. Using the time scales product rule, we have

FkA(t) = <_ <ZAV(7O)> 69)\(',0)> (t)

= (©NB)eex(t,0) Y A (0(1),0) = (SN (Deer(t,0) Y Au(a(t).0)
= (@A) (t)ean(t,0) ) Au(a(t),o)—ZAu(U(t),0)>

= (BA)()ean(t,0) (Mo(a(t),0) — Ax(a(t),0))
= —(BA)(H)eax(t, 0)Ak(a(t), 0)

which completes the proof. ]

Remark 11. The function fi, defined in Definition 25 is a valid time scales probability

density function. Note that, as S\ is positively regressive, we have

W = — O Aega(t,0) >0

and inductively A(o(t),0) > 0. For k =1, we have A1(c(t),0) =1 > 0 and moreover,
a(t)
Mea((,0) = = [ (©NMA(r),0)A7
0

o(t) A
- /O ). 0Ar

> 0.

Therefore fi(t) > 0 for k € N. Finally, using Lemma 4, we have

/OOO fr®)At = /OOO FA(H)AL
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o0

_ (Z Ay(t,0)> eax(t, 0)

k
= — lim <Z Ay(t, O)) 6@)\(25, 0) + A1(0, 0)

t—o00

0

= 1.

Now we apply the definition of the gamma distribution to the first three cases.
Example 20. If k=1, then

A A
M= e = S

Note that this is the exact time scales probability density function of the exponential

distribution. If k =2, then

A

A o(t)
Rll) = o ha(o(0.0) =~ / (©))(r)Ar.

If k =3, then

f3(t) = ——~—=As3(0(t),0)

A

a(t) a(r)
- ) IO [ Enmme.0asar

€x ,0
o(t) o(7)
i | e [ Exe)asan

Lemma 5. Let the graininess u(t) be constant p. Then

Meas(ol).0) = (127) 0ot
Proof. First note that
o(t)
Apii(o(t),0) = —/0 (ON)(T)Ax(a(7),0)AT

o(t) A A A
- [ 04
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This can be shown by induction. If £ = 1, then

Aa(o(t),0) = — /a(t)m— A o) = —g(o(0),0)
2T DA 7__1+/¢/\0 _14—/0\910 T

Therefore

o(t)
Api1(o(t),0) = /0 Ag(o(7),0)AT

and the proof is complete.

Example 21. Let us consider the following time scales.

(i) If T =R, then

Y A k-1 th—1
filt) = Ae™ (1+0)\> =1

/\ke—)\ttk—l
(k)

This corresponds exactly to the definition of the density function of the continuous
gamma distribution for k € N. This is also known as the Erlang distribution, see
[38, p.15]. In Figure 5.3, the probability density function and the cumulative density
function of a random variable, which is gamma distributed with \ = % for different

values of k, is presented.
(ii) If T = Z, then

A

) = Ty <1+/\

B 1 ( A )k(t+k:—1)kl
VAN EDY (k—1)!

WL+ k)
= (L=p)p Tkt

AN T E+1-04(k—1) — 1)kt
) (k—1)!




0.27

Figure 5.3. Gamma distribution (continuous case)
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Note that this is equivalent to the definition of the density function of the negative

binomial distribution, where t represents the number of failures until getting k suc-

cesses, see [25, p.95]. The diagrams in Figure 5.4 represent the probability density

function and the cumulative density function of a random variable, which is gamma

distributed with A = % for different values of k.

0.15 -

1- ....ooo

[ XX ]
00°

Figure 5.4. Gamma distribution (discrete case)
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Theorem 24. Let A > 0, t € Ty, k£ € N and the time scales probability density function

of X be
fe(t) =
0,
Then
k
Erp(X) = X
and
k
Varp(X) = VL

m‘/\k(a(t% 0)7 ift >0

if t < 0.

(17)

(18)

Proof. Using Lemma 3 and Lemma 4, we have

Er(X) = /Ootfk(t)At:/OOtFDeltak(t)At

0 0

= tFk(t)go—/OooFk(a(t))At

This completes the proof of (17). Furthermore,

Vary(X)

/0 " Oha(t,0) ) At — (Ep(X))?

—/0002h2(t,0) > A 0)ear(0) | ()AL~ (;)
k o0
—2hy(t,0) > A, (t,0)ec(t,0)
% k K\
+/0 2h1(£,0) ) Au(0(t), 0)ecn(a(t), 0)AL - (;)

_/Ooo 21 Fy(o(£)) At — <§>2
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2 v [k 2
A A
O 2%k(k+1) (k)
C2n A
k
e ﬁ’
showing (18). O

Example 22. We apply the expected value and variance result of Theorem 24 to the

continuous and discrete time scales case.

(i) If T =R, then
k
Er(X) = N
and

k
Varg(X) = bek

Those are the same results that can be found in the literature for the continuous

gamma distribution, compare [48, p.196].

(ii) If T = Z, then

k k k(1 —p)
EX)=—=— =
and
k
Varz(X) = ¥
k
= 2
D
(%
k(1 —p)?
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Note that the expectation matches exactly the case of the negative binomial distri-

bution, whereas the variance is slightly different from k(;;p), see [25, p.96].

Theorem 25. Let A > 0, t € Ty, k,p € N and the time scales probability density function
of X be

>\ .
TAk(O-(t)7 0)7 th >0
fk(t) _ A(a(t),0)

0, if t < 0.
Then we have the recursive formula for the p-th moment
) k
p 1
(X)) =3 ; T(XP~ (19)
Proof. We have

Er(XP) = / mp!hp<t,o>fk<t>m

which completes the proof. O]
Similarly as in Definition 24, we define A(t,0).

Definition 26. Let A € R, A > 0 and define

Ay(t,0) =1
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and then recursively
~ t ~
Api1(t,0) = —/ (z & N)(T)Ag(o(7),0)AT  for ke N.
0
Remark 12. Note that
A2 (1,0) = —(2 © N (t)Ax(o(t),0) for keN.

Lemma 6. The relation between Ay(t,0) and Ay(t,0) is

Au(t,0) = (A;Z) A(L0). (20)

Proof. This is shown by induction. Clearly the claim is true for £ = 1. Now assume the

claim holds for £k — 1. Then

Ag(t,0) = —/O(Z@)\)(T)Akl(0'<T),O)AT

- _/Ot(z@A)(T) (A T Z)H Ap—1(o(7),0)AT

_ (A - 2)“ /Ot(@x)(T)Ak_l(a(r),O)AT

_ (A - Z>H Ax(t, 0),

completing the proof. O

Lemma 7. Let Ay(t,0) and Ag(t,0) as previously defined.

& A
[—(X%;>6@A»®§:&&ﬂi (1) = —(EN(ewont, 0A(o().0). (1)

Proof.

k

[_ (%)kez@(-,m ;M(»O)] ) ()

— —(/\iz) (z@)\)(t)eze,\(t,O)Z]\k(ff(t),())

+(Afz)<ze»@w@mumggﬂmddﬂﬂ>



- (32)  ©Vea 00,0
= — O At)e.en(t,0)Ax(o(t),0),

which completes the proof.

5}

]

Now, a closed formula for the moment generating function for gamma distributed

random variables will be derived for all time scales.

Theorem 26. Let A > 0 be constant, zo\ < 0, andt € Ty and the time scales probability

density function of X be

¥ (t) WA’C<U@)>O)7 ift >0
k pu—

0, if t <O.

Then

i ()

Proof. Using the previous lemmas, we have

M() = /Omez<t,o>f<t>m
_ /OOO (
A

e.(t,0)

S
)
)
> )

>

A41(0,0)

>

k
k
k

J

>

>

<
g
<

The proof is complete.

k

[_eze)\('7 0) Z ]\k(a O)

v=1

(—(
(t))ezonw (t, 0)Ak(a(t),0)At
(

—(SA()))eax(t, 0)Ax(a(t), 0)At

(t)At

(22)

]

Now, we apply the previous results to examine the chi-squared distribution with

even degrees of freedom.
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Definition 27. Let A > 0, ¢ € N and t € Ty. Then, we define the time scales probability

density function of the chi squared distribution by

ooy (a(t),0), ift>0
(23)

0, if t <0,

where A is defined as before.

Remark 13. Note, that if X is a chi-squared distributed random variable, then
v 1
X ~G 500/
am(2 2)
where v is an even positive integer, representing the degrees of freedom.
Theorem 27. Let X be a chi squared distributed random variable. Then

—A——Av(0(t),0), t >0
f,/(t) _ 26%(0‘(15),0) )

0, t<0
s a proper time scales probability density function and
Er(X)=v
and
Varp(X) = 2v.

Proof. As X ~ Gam(%,3), we have k = % and A = § in Theorem 24. Therefore f, is

well defined as time scales probability density function and

A%
Er(X)=~=2=v
Ay
and
k3
Varp(X) = v (1)2 = 2v,
2

which completes the proof. O
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Example 23. We apply the definition of the chi squared distribution to the continuous

and discrete time scales case.

(i) If T =R, then

O = 5T (1% ) gs 1(o(2),0)

=

[\
[ —_
[
o~
oY TN
N | —
. SN—
N
|
—
—
NIR |
| [SIN
|
[a— —
N—

®

SIS NS
~

~+

[\
)1
—~
[NJAN
S~—

Moreover,

Er(X)=v and Varg(X) = 2v.

This is the same result that can be found in the literature for the chi squared dis-

tribution, see [48, p.196].

(ii) If T =Z, then

1 5 )\’
fl/(t) = % (U(t),O) (1"‘“%) %‘1<0-(t)70)

Moreover,

Ez(X)=v and Varg(X) = 2wv.
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6. CUMULATIVE DISTRIBUTION FUNCTION

Definition 28. Let f be a time scales probability density function. Then we define

F(x):= /OJC f()At  forallxz €T (24)

to be the cumulative distribution function (cdf).

Definition 29. Let f be a time scales probability density function. Then we define
p(X <z):=F(x) = / f)At  forallxz €T (25)
0

to be the probability that X is less than a given value x.

Remark 14. Note that this definition differs slightly from the one found in [25, p.35],
as we have p(X < z) instead of p(X < z). This is due to the fact that the upper bound

of the integral has density 0 in the time scales theory.

Remark 15. Note that we also have

F(x):p(X<a:):/Ozf(x)szl—/oof(x)Aa::1—p(X2:c).

Definition 30. Let A, B C T. Then, we define the conditional probability by

p(AN B)

p(A|B) == o(B)

(26)

Lemma 8. We have

/0 ) / :)f<:c>A:cAy= /0 N /O ' fla)AyAz. (27)

Proof. Let us define the two functions F' and G by

re- [ ;) f(w)Azay

and

G(z) = /0 /Oxf(x)AyAm.
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Clearly F'(0) = G(0) =0 and

-/ Cf(2)Ay = 21(2)

Letting f(z,y) = f:(y) f(x)Az and therefore F(z fo z,y)Ay in [22, Theorem 1.117
()] and applying [22, Theorem 1.75], we get

FA(z) = / T () Ay + flo(2), 2)

z o(z)
= [ o [ raa

Therefore F(z) = G(z) for all z € Ty. This completes the proof of (27). O

Theorem 28. Let [ be a time scales probability density function and Fx be the corre-

sponding cumulative distribution function. Then we have

Ex(X) = / T (1= Falo(y) Ay. (28)

Proof. Using the fact that f is a time scales probability density function and Lemma 8,

we get
/Om(l—Fx(U(y)))Ay = /Ooo (1 / f= Am) Ay

= /000 /oo f(z)AzAy
= /000/0 f(z)AyAz
= / f(x) / 1AyAx
[
= Eg(

which completes the proof. O]

The following theorem considers some basic properties of the cumulative distribu-

tion function.
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Theorem 29. Let f be a time scales probability density function and Fx be the corre-

sponding cumulative distribution function. Then the following properties hold.
(i) Fx(0) =0,
(ii)) Fx(oc0) = 1.

(iii) If z,h(x) € T and x < h(x), then

Fx(z) < Fx(h(x)). (29)

Proof. To see (i) and (ii), note that

-/ NN

and

T—00 T—00

Fx(o0) = lim Fx(z) = lim f At—/ £(2)

To see (29), note that f(t) > 0 and therefore

T h(z)
:/0 f(t)AtS/O Ft)At = Fx(h(z)).

The proof is complete. O
Remark 16. Moreover, it holds, that

o(b)
pla<x<b)= [ fO)AE=Fx(o®)) - Fx(o)

Similarly, we get

pla<X <b)= [ F(OM = Fx() - Fx(a)

pla <X <b) = ()f() Fx(b) — Fx(o(a))

and

o(b)
pla< X <b) = / 0= Fx(o4) ~ Fx(o(@)



61
Note that in the original probability theory p(a < X < b) was given as
pla < X <b)=Fx(b) — }Li{‘r(l)FX(a —h),
where

}}{%FX(G— h) = Fx(a) — p(X = a).

Due to the slightly changed definition on time scales, we need to deal with o(a) and o(b).

We apply the definition of the cumulative distribution function to the uniform and

the exponential distributions.

Theorem 30. Let a,b € T, a <t < b and the time scales probability density function of
X be

fty=<°"
0, otherwise.
Then
r—a
Flx) = ———.
(@) = o (30)
Proof. Using the definition, we have
P )—/xf(t)m—/m LY VR
U T o o) —a” T o)~
which shows (30). O

Theorem 31. Let A > 0, t € Ty and the time scales probability density function of X be

£ = — O Xean(t,0), ift>0
0, if t < 0.

Then

F(z) =1—esa(z,0). (31)
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Proof. Using the definition, we have

F(z) = /0 ft)At = /o — O Xeaa(t,0)At = —exn(t,0)|g = 1 — ean(z,0),

which shows (31). O

Definition 31. Let X and Y be two random variables. We say fxy(x,y) is a joint time

scales probability density function if
1. fxy(z,y) >0 Va,yeT,
2. fooo fooo fxy(z,y)AyAz = 1.

Moreover, we define the joint time scales cumulative distribution function by

oy
Fxy(z,y) =pX <z,Y <y) = / / fxy (s, t)AtAs.
o Jo

The following theorem considers some basic properties of the joint cumulative dis-

tribution function.

Theorem 32. Let fxy be a joint time scales probability density function and Fx be the

corresponding cumulative distribution function. Then the following properties hold.
(i) Fxy(x,0)=Fxy(0,y) =0,
(ii) Fxy(oco,00) =1,

(ili) Fxy(z,00) = Fx(x) and Fxy(co,y) = Fy(y),

<1V) ]f'I?yvhl(‘T)?hZ(y) € T7 T S hl(x) and Yy S h?(y); then
Fxy(z,y) < Fxy(hi(z), ha(y)).
Proof. We have

T 0 T
F)@y(l’, 0) = / / fX7y(S, t)AtAS = / OAS =0
0 0 0

and

0 ry
Fxy(0,y) = / / Ixy(s,t)AtAs =0,
0o Jo
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which shows (i),

Fyx y(00,00) / / fxvy(s,t)AtAs =1,
which shows (ii),

Fxy(x,00) =p(X <2,Y <00) =p(X <z)=Fx(z)
and similarly

Fxy(00,y) = p(X <00, Y <y) =p(Y <y) = Fy(y),
which shows (iii), and

xz pry
Fxy(z,y) = //fxy(s,t)AtAs
0 0

z  rha(y)

/ / fX7y(S, t) AtAS
hi(x ha(y

/ / fXY S, t AtAs

= Fxy(hi(z), ha(y)),

IN

IN

which shows (iv). O

Theorem 33. Let X, Y be two random variables with joint time scales probability density

function fxy(x,y). Then, we have

= /OOO fxy(@,y)Ay (32)

and

y) = / ey (o)A, (33)

Proof. To show (32), we use the cumulative density function

/oIfX(S)AS:FX() Fxy(x,00) = // Fry (s, D) AtASs.
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Therefore

Ifx(s) = /000 fxy (s, t)At.

Finally, (33) is shown in the same way. O
Remark 17. Note that fx and fy are called the marginal time scales density functions.

Now the bivariate weighted uniform distribution is considered on time scales, see

[10, p.41] for the nonweighted version.

Example 24. Let XY be two random variables with joint time scales probability density

function

(hg(b,a)i%(bfa))% ifa<mzy<b

fxy(z,y) =
0, otherwise.

Clearly as 0 < a < b, we have fxy(z,y) > 0 and moreover,

b b b
/tAt = /(t—a)At+/aAt

= hy(b,a) + a(b—a).

Therefore

b b b b
//stAtAs = /tAt/ sAs

= (ha(b,a) +a(b—a))*,

which results in

laliﬁy@JﬁMAs:: AaébMA@a%iﬂb—anﬁAs

= BB / / SIAAs
1

= Tl a)+alp—ay et ralb-a)

= 1
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So fxy(x,y) is a valid joint time scales probability density function. The marginal density

functions are given by

fx(r) = /0 fX,Y(x7y)Ay
b s

. )
- / (hab.a) + alb —a)p-Y

= Unlb.a) +alb—a)? / yAY

ho(b,a) + a(b — a)

and

Yy
M) = van—a)

The next example applies the previous result to different time scales.

Example 25. We compute the joint and marginal time scales density functions.

(i) If T =R, then

fX,Y<x7y) - (b—a)?

(ii) If T =Z, then

Ty
(("37) +alb - a))
Ty
(e + alb — a))?
4y
(b—a)b—a—1)+a(b—a))?
dxy
(b—a)(b+a—1))%

fxy(z,y)
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2x 2y

fx(x) = (b—a)(b+a—1) and - fy(y) = (b—a)b+a—1)

(iii) If T = ¢"°, a = ¢™ and b = ¢", then

e
fxy(@,y) (g"—q™)(q"—qq™) ’ m(n m)\2
(T (et —am)
(g7 — gm)(TFE= + gm))?
(1+q)zy
(g™ = ¢™)(q™ + q™))*
(1+q)%xy
<q2n _ q2m)2’
(1+q)z (1+q)y
fx(z) = e and  fy(y) = 2 — g@m

Definition 32. We say that two random variables X and Y are independent if
Fxy(z,y) = Fx(x)Fy(y),

or equivalently
p(X <2,Y <y)=p(X <z)p(Y <y).

Theorem 34. Let X andY be two linearly independent random variables with marginal
probability density function fx and fy, respectively, and joint probability density function

fxy. Then we have

fxy(@,y) = fx(@)fy(y) (34)

Proof. We have

/Ox/ony,Y(S,t)AtAs — Fyy(ny) = Fx(@)Fy(y)
[ rstns [Cr
/0””/0 Fx(s)fr () AtAs,

and therefore (34) is shown. O



67

Definition 33. Let X and Y be two random variables with marginal probability density
function fx and fy, respectively, and joint probability density function fxy. Then the

time scales conditional probability density functions are defined as

fxy(z,y)
x 22 where >0
fX‘Y y( ) fY(y) fY(y)
and
fxy(z,y)
— =" h >0
fY|X— (y) fX ($) where fX (':E)
Example 26. Considering the bivariate weighted uniform distribution from Example 24,
we have
oty firtn) _
! fr(y) moatasa  helba)+alb—a)

and similarly

Y
Frx=l) = o s ab—a)

Note that here the conditional density functions are equal to the marginal density func-

tions. Moreover, X and Y are linearly independent.

Theorem 35 (Markov inequality). Let a € To. Then

Er(X)

X >a) <
p(X >a) < "

(35)
Proof. We have

Ex(X) = /OOO (DAL

- /Oatf(t)At—i—/aootf(t)A
> /mtf()
> /f

= ap(X >a)

This completes the proof of (35). O
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Remark 18. As we consider random variables with positive support, this version of the

Markov inequality matches exactly the one given in the literature, see [39, p.311].
Theorem 36 (Tschebycheff inequality). Let ¢ > 0. Then

Varp(X) —Er(2H(X))

> p((X — Ep(X))* > &%), (36)
where the density function of H(X) is hy(t,0) — £.
Proof. To prove (36), just note that

Varp(X) — Ex(2H(X)) = Var(X)

and

where E(X) and Var(X) represent the usual expected value and variance. Then applying
the usual Tschebycheff inequality [64, p.77]

Var(X)

e2

> p(|X —E(X)| =€)

yields the desired result. O
Example 27. For different time scales, we derive the following inequalities.
(i) If T =R, then note that the density function of H(X) is % - % =0, and therefore

Varg (X)

= > p((X —Er(X))?* > ¢

= p(X —Ex(X)| 2 2).
This matches exactly the Tschebycheff inequality found in [64, p.77].

(ii) If T = Z, then note that the density function of H(X) is t(t;) — % = —L and

therefore

Val"z(X) + Ez(X)

> p((X —Eg(X))* > ¢°)
= p(IX —Ez(X)[ = ¢).
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Note that, due to the new definition of the variance, this is a slightly different
Tschebycheff inequality for the discrete case, compared to the one, that is found in

the literature.
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7. FURTHER PROPERTIES AND ENTROPY

7.1. THE SUM OF INDEPENDENT RANDOM VARIABLES
Let XY be two independent random variables. Then the density function of Z =
X +Y can be expressed by the convolution of the density function of X with the density

function of Y. In the discrete case, we have

pz(2) = (px *py)(2) = Y px(k)py(z — k).

k=—o00

Equivalently, for the continuous case, we have

f2(2) = (fx * fr)(2) = / Y (@) fo (s — 2)da.

Proofs of these theorems can be found in any standard probability theory book, see
[39]. For the time scales equivalent, we will take a different approach. First, we will
examine some convolution properties, which will lead to a joint time scales probability
density function representing the sum of two independent random variables for certain

time scales.

Lemma 9. Let f be a time scales probability density function and F(t) = ffoo f(u)Au.
Moreover, let f be the shift of f and lim;_, f(t, o(s)) =0. Then

F(t,s) = /_ Flu, s)Au. (37)

Proof. First, define

Now
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and
G (t,s) = / f2 (u, 5)Au
_ / 2 (u,0(s)) Au
= —f(t,o(s) + lim f(t.0(s))
= —f(t.o(s))
= —G™(t,0(s))
Therefore
G(t,s) = F\(tv 8)7
proving (37). :

Theorem 37. Let fx, fy be time scales probability density functions and Fy the joint
time scales probability density function, where Z = Z(X,Y'). Moreover, let

Fz(2) = (Fx * fy)(2).
Then the time scales probability density function of Z is

fz =[x * [fr. (38)
Proof. We have

| s = [ Rotinaste
= [ Rwonneaus

- / / fy(s) (Fr(u.o(s)du) As

_ / fr () Fx (2, 0(5)) As
= (Fx* fy)(z)
= Fz(2),

completing the proof of (38). O
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Example 28. For different time scales, we derive the following joint distributions, if

Fz(2) = (Fx * fy)(2).

(i) If T =R, then

Fz(z) = (Fi(o*fY)(Z)
_ /_ Fx(z —s)fr(s)ds

o

= [ [ osanas

— / fX,Y (t, S)dtds
= // fX,Y (t, S)dtdS
{(9)ls+e<a)

So we can conclude that the unknown random variable Z is Z = X +Y.

(ii) If T =Z, then

Fz(z) = (Fx=* fy)(z)

= Z Fx(z—s—1)fv(s)

_ (Z fX<t>> fi(s)

co  z—s—2

= Z Z Ifxy(t,s)

§=—00 t=—00

- Z fX,Y(ta 3)

{(t,s)|s+t+1<2}
= pX+Y+1<2).

So we can conclude that the unknown random variable Z is Z = X +Y + 1.

(i) If T = hZ, then

Fz(2) = (Fx* fy)(z)
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= Z Fx(z—s—h)fy(s)h

s=RNT

> S O] Sl

s=RNT \ te[—o0,z—s—h)NT

= Z Z fX,y (t, S)h2

s=RNT t€[—00,z2—s—h)NT

= > fxy(t,s)

{(t,s)€T?|s+t+h<z}
= p(X+Y +h<2).

So we can conclude that the unknown random variable Z is Z = X +Y + h.

7.2. THE MEMORYLESS PROPERTY

Definition 34. Let X be a time scales random variable, t,7 € To and T > t. Then we

say that X satisfies the memoryless property if
pX = 7[X >1) =p(X >)(7,1). (39)

Remark 19. Note that, because of

p(X>mNX>t) pX>71
X>7lX >t = =
X 27X 21 =" s WX > 1)

~—

(39) is equivalent to

p(X =2 7) =p(X = t)p(X = )(7,1).

Example 29. For the continuous and the discrete cases, we have the following represen-

tations of the memoryless property (39).
(i) If T =R, then

pX>7) = p(

If we let s € RS and 7 =t + s, then

pX>t+s) = pX>t)p(X >t+s—1)
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This is also equivalent to
p(X >t+5|X >1t)=p(X >s),

which is the well-known memoryless property found for example in [64].

(ii) If T = Z, then we get similarly

pX>7) = p(

This is also equivalent to
p(X >t+s|X >1t) =p(X > s),

which is the well-known memoryless property found for example in [64].

Theorem 38. Let h: Tg — Ty, h(t) >t and the time scales probability density function
of X be defined by

—O\ ;
f(t) _ © €9A(t7 0)7 th 2 0
0, if t < 0.

Then
p(X = h(t)[X = 1) = ean(h(t),1). (40)

Proof. First note that

p(X <t) = /Ot —(OA)(t)eaa(T,0)AT



5

= _69>\(7—7 0)|f)

= 1 — 6@)\(t7 0)
Therefore, we have
p(X >t) = ecn(t,0).

Now, we have

p(X >ht)|X >t) =

which is the desired memoryless property for the exponential function (40). O]

Remark 20. Note that, with the help of [17, Example 2.3], Theorem 38 matches the

memoryless property from (39), as for constant ©X, i.e., constant graininess

e = X =
— eor(-0)(r,1)
= 69)\(7',t>.

Replacing T with h(t) gives the desired property.

Example 30 (Continuous case). Let T = R, ¢t € R and h(t) = t + s, where s € RT.
Then

P(X >h(t)|X >t) =p(X >t+s|X >t) =eap(t +s,t) = e T = o725,

This property is independent of t and matches exactly with the memoryless property for

the exponential distribution, found in [64, p.284].

Example 31 (Discrete case). Let T =7, t € Z and h(t) =t + k, where k € N. Then

p(X>h(t)X>t) = p(X 2t+k|X >1t) =ean(t+k,t)
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1 1 A\ i
- u+wwkﬁ:u+AV:(l_TIX>:41_m'

This property is independent of t and matches exactly with the memoryless property for

the geometric distribution, compare [35, p.48].

Example 32. Let T = hZ, h >0, t € hZ and h(t) =t + hk, where k € N. Then

P(X > h(W)|X >1) = p(X >t+hk|X >t) = eor(t + hk, 1)
1 1

(14 M) S5 (L AR
(Y
B 1+h\)

This property is independent of t and represents a memoryless property for T = hZ.

Example 33 (Quantum calculus case). Let T = ¢"°, ¢ > 1 and h(t) = ¢*t, where k € N.
Then

p(X >ht)|X >t) = p(X >t X >1t)

= eeA(qkta t)
1

ex(q*t, t)
1
Hse[t,qkt) (1 + )\S(q - 1))
1
[1+Xt(g = D] [1 4+ Agt(qg — 1] -~ [T+ Agt=t(g — 1)]

This property is not independent of t, and therefore does not match the known definition

of the memoryless property.

Remark 21. The memoryless property in the old sense, i.e., that p(X > h(t)|X > t) is
independent of t, holds for all time scales with constant graininess p. In order to get the

result for all time scales, we can redefine the memoryless property to be
p(X = h(@)|X = t) = ecn(h(t), 1).

A further property of the exponential distribution with constant graininess is com-
puting the probability that X; < X5 for two exponentially distributed random variables
X1 and XQ.



Theorem 39. Let the time scales probability density function of X; be defined by

— 6 Neon, (£,0),  ift>0
in<t> =
0, ift<0

fori=1,2 and constant graininess u(t) = p. Then

_ M4 pr)
)\1 + )\2 + ,u)\l)\g ’

p(X1 < Xy)

Proof. First note, that

-\ —Aa
BA1) B (8XA) = D
(OA1) & (6X2) T ST,
-\ -y A2

- -
)\1 + )\2 + /J)\l)\z
(L+ pA)(1+ pAz)’

and therefore by using conditional probability

(X, < Xy) = /Ooop(xl < X[X; = ) fx, (DAL
_ /Ooop(t < Xo)fx, () At
— Amu_pu5<wx—@Aw@At®Mﬁ
_ Am%wuﬂx—eh%kwmﬂﬁ

() M\
= / . 6(@)\1)@(@)\2)(25, O)At

- A1 AL+ Ao+ A
L+ pAr (T4 pAn) (1 + pAs)

< [ (M) @ (M) eieneon (t:0)A
0

M1+ o) /w N
- t,0 At
)\1 + A+ ,U)\l)\g 0 (6(6)\1)@(@/\2)( ) ))
M1+ o)

A1+ A2+ A

which completes the proof.

Example 34. For different time scales, we have the following.
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(i) If T =R, then

A
MXﬁSXQZX:iE7

which can be found in [64, p.292] with < instead of <. As p(X; = X5) =0, we get

the same result.

(ii) If T =Z, then

A1+ A)
X, < X,) = .
p(X = X5) M+ A+ Mo

(i) If T = hZ, then

A(1+ hXg)
X < Xy) = .
p(Xi < Xo) A1+ Ao+ hAt A

7.3. ENTROPY

In information theory, the quantity entropy describes the uncertainty of a random
variable. The word itself refers to the Shannon entropy (“A Mathematical Theory of
Communication” [68]), which measures the average information one is missing if the
exact value of the random variable is unknown. As in information theory most of the
computation is done in bits, it is not surprising that we find a base 2 for the logarithm in
the definition of the entropy. In other papers and books, see [27], the natural logarithm

is used, which will be done in this thesis as well.

Definition 35. Let f be a time scales probability density function of the random variable

X. Then we define the entropy as follows

H(X) = — /0 7 F(t)log F(DAL (42)

We assume here that the integral exists.
Example 35. For different time scales, we derive the following entropies.

(i) If T =R, then

) == [ roos oy



(iii)
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This matches the definition of the differential entropy for a random variable with

positive support found in [27, p.243].

If T =27, then

== f(t)log f(t)
t=0

This is the entropy of a discrete random variable, found in [27, p.14]

If T = ¢"°, then

H(X m—1§:qf )log f(q").

Note that the time scales integral starts at 1 as this is the first possible point having

a density greater than zero in the quantum calculus case.
If T = hZ, then
H(X) ==Y hf(ht)log f(ht).
t=0

This is now slightly different from the previously defined entropy of a discrete ran-

dom variable. In time scales theory, we have an additional factor h in the definition.

Next, the entropy for different distributions will be considered. We start with the

uniform distribution.

Theorem 40. Let a,b € Ty, a <t < b and the time scales probability density function
of X be

ifa<t<b

0, otherwise.

H(X) =log(a(b) — a). (43)



Proof. Computation yields

) = [ f)o f0A¢

® N
= — 1 t
/a o(®) —a 2olb)—a
1 1 o(b)
o(b) —a ©8 ob)—a J,
1

which shows (43).

80

]

Remark 22. This corresponds to the entropies for T =R and T = 7Z. In the first case
we have log(b — a), see [27, p.244], and in the second logn, see [28, p.440], where n is

the number of points where the density is larger than zero. However, for other isolated

time scales this result is different from the entropy of a discrete random variable, as it

depends now on the length of the interval, instead of the number of points with positive

density.

Now, the exponential distribution will be considered.

Theorem 41. Let A > 0 be constant, t € Ty and the time scales probability density

function of X be

o '
i) = O Aeaa(t,0), ift>0
0, if t <O.

Moreover, assume that u(t) # 0. Then

14 u(t)A)
p(t)

o 1
H(X)= —log)\—l—/o ean(t,0) og(

If the graininess p(t) is constant p # 0, then we have

(14 ) log(1 4 uX)

H(X)=—log A+ >

At.

(44)

(45)



Proof. Note that

(logex(-0)" (1) =

Using this and the integration by parts formula, we have

H(X) = —/Ooof(t)logf(t)ﬁt
- / OO(@)\)(t)e@,\(t,O)log(—(@)\)(t)eeA(taO))At

0

- - wwom >bg< <<xm>

(
o0 )\ [o.¢]
- _/0 NEOX)] log AAt + 0 logex(d(t),O)At

= —log)\—i—/ —eon(- (t)loge)\(o(t),O)At
0

OF

~ —log)\+{—€ext010gex(t 0)[5° / eo(t,0) (log ex(-, 0))> (1) At
0

= —log)\—i—/ een(t, 0) (log ex(-, 0))> (t) At

log (1+p(H)N)

pu(t) A

— —log)\+/ ee)\to
0

This proves equation (44). If p # 0 is constant, then

o log(1 + pA
H(X) = —log)\—i—/o eeA(t,O)w&f
log(1+pA) [ —6 A
= —log)ﬂ—w/ °© eon(t, 0)At
o —OA
log(1 + pA)
= —logh+ ———2
AT (e
log(1 + pA
— _loga4 o8t id)
[EenY
1+ pA) log(1 + pA
_ _logAJr( + ) log(1 + pA).

UA
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which completes the proof of (45) and therefore is the conclusion of the proof of Theorem

41. [l

Example 36. For different time scales with constant graininess function, we have the

following.

(i) If T =R, then using the definition, we have

1) = = [ o far

= —/ e Mlog(Ae™™M)dt
0

= —/ )\log()\e_’\t)dt+/ Nte Mdt
0 0

= log de ™M|5° — Ate ™| + / e Mdt
0

= —log\—e X

= —logA+1.

Also note, that this matches the statement of Theorem 41, as we consider the limit

as |t approaches 0

(1 + pX)log(1 + )

H(X) = lim—log\+

pn—0 ,u/\
(1+pA)A
222 4 Alog(1 + pA
= —log A+ lim —2 8l +4d)
pn—0 A
= —logA+1.

This matches the definition of the differential entropy for a random wvariable with

exponential distribution, see [45, p.6G1].
(ii) If T =2Z, then p =1 and
1 log(1
H(X) = —logh+ LEN ;)g( +A)

—Alog A+ (14 A)log(1+ )
A

—15 log 12 + (1 + 1) log(1 + %)

_D_
1-p

—plog ﬁ + log >
p

=




83

—plogp + plog(1 — p) — log(1 — p)
p
—plogp — (1 — p) log(1 — p)
p

This is the entropy of a discrete random wvariable with geometric distribution, see

[44, p-210].
(i) If T = hZ, then = h and

(1+ hA) log(1 + h\)

H(X) = —log\+ 5\
~ —hXlog A+ (1 4 hA)log(1 + hA)
N hA '
Note that, similarly to the discrete case, if p = m or equivalently A = h%p, we

have

—h B log 75— + (14 hits) log(1 + hit)
h—P_
h—hp

_ﬁ;plog hfhp (14 & )10g(1+h )

H(X) =

1-p
h—h,
_ —plog £~ " + log = ’,’;p
p
_ —plogp — (1 —p)log(h — hp) +log(h — hp + p)
p

The next definitions and theorems unify some properties of entropy from [27], using

time scales theory.

Definition 36. Let X and Y be two random variables with density function fx and fy,

respectively, and joint density distribution fxy. Then we define the joint entropy by

H(X)Y):=— /0°° /000 Ixy(x,y)log fxy(x,y)AzAy (46)

and the conditional entropy by

H(X]Y) = — / N / " fe () 108 fxy oy (2) Ay, (47)
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Theorem 42. Let X and Y be two random variables with density function fx and fy,

respectively, and joint density distribution fxy. Then

H(X|Y)=H(X,Y)— H(Y).

If X and Y are independent, then

H(X,Y)=H(X)+ H(Y).

Proof. Using Definition 36, we have

nxy) - -/ ) / " (@, y)log fxiy—y(@)AcAy
= / / fxy(x y)longY( ; )A Ay

frly

B _/o /o fxy (@, y)log fxy(z,y)ArAy
+/0 /O Ixy(z,y)log fy(y)ArAy

= HXY)+ [ fl)log frn)Ay
0
and if X and Y are independent, then
H(X)Y) = —/ / Ixy(z,y)log fxy(x, y)AzAy
0o Jo

_ - / " / " @) f () os(fx () (9) Ay
= [ 5 | sxle)lo fxa)dety
-/ " ) / " Fe()log fr () AyAc

— H(Y) / " fx(@)Ax + H(X) / )y
H(Y) + H(X)

which completes the proof of (48) and (49).

(48)

(49)
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Definition 37. Let f and g be two time scales probability density functions. Then we
define relative entropy by

D(fllg) = /0 " F(t)log %At,

where we assume that we have Ologg =0 for f=0.

Definition 38. Let X and Y be two random variables with density function fx and fy,

respectively, and joint density distribution fxy. Then we define the mutual information

by

frr(@y) o
I(X,Y) : //nyxy)logf<)fy(y)A Ay. (50)

The previous definitions match exactly the definitions for relative entropy and mu-

tual information given in [27].

Theorem 43. Let X and Y be two random variables with density function fx and fy,
respectively, and joint density distribution fxy. Then the following relationship between

mutual information and entropy holds:
I(X,)Y)=HX)+ HY)-H(X,Y). (51)
Proof. Using the properties of the logarithm and marginal densities, we have

I(X,Y) = / / fxy(@,y)log fX(Y)(Jz’f(Jy))A:cAy
=[] terlemos e pacay
[T Ferteog felo)aaay
- /0 N /0 ) fxy(z,y)log f,(y) AzAy

= —H(X)Y) - /OOO fx(x)log fx(z)Ax — /OOO fy (y)log fy(y)A
= —H(X,Y)+ H(X)+ H(Y),

and (51) is shown. O
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Theorem 44. Let X and Y be two random variables with density function fx and fy,

respectively, and joint density distribution fxy. Then, we have

I(X,Y)

Proof. To see (52), note that fxy = fy.x and therefore

I(X,Y) = /OO /°° fX,Y(l",Z/) IOgMAQJA?/

fx(@) fy(y)

- / / Fox( 2)log XA n

fy() fx(z)

Equation (55) follows from Theorem 43. Finally as

H(X,Y)=H(X|Y)+ H(Y),

we have

I(X)Y) =

H(Y) - H(X,Y)
HY) = (H(X]Y) + H(Y))

H(X) - H(X|Y),

and 54 follows. Similarly, we can show (53).

(52)
(53)
(54)
(55)

]

Next, we consider a time scales probability theory version of the Jensen inequality.

Theorem 45 (Jensen’s inequality). Let f be a time scales probability density function.

Let g : T — R be rd-continuous and ¢ : R — R be continuous and convex. Then

0 ( | f(t)g(t)At) < [ foetaenat

(56)
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Proof. We define zy € R as follows

Ty 1= /UOO f(t)g(t)At.

As ¢ is a continuous and convex function, the existence of subderivatives is guaranteed,

compare [25, p.190]. Therefore there exist a and b such that
ar+b<p(xr) VreR

and
axg + b= p(zo).

If we let x = g(¢), then

ag(t) +b < o(g(t)),

and we have

/0 T i elg)Ar > / " F() aglt) + b At
_ a/ooof(t)g(t)Ater/ooof(t)At

= axg+b

= ¢(x0)
o[ rawar).
proving (56). O

Example 37. For the continuous and the discrete time scales cases, we get well known

results.

(i) If T =R, then

0 ( a f(t)g(t)dt) < [ setatene
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(ii) If T =Z, then

w(ijf%h%OfEEZﬂMw@%»
k=0 k=0
Note that these properties in the original probability theory translate to

v (E(g(1)) < E(e(g(t))),

see [25, p.190)].
Next, we use the Jensen inequality to prove the information inequality.

Theorem 46 (Information inequality). Let f and g be two time scales probability density

functions. Then

D(fllg) = 0, (57)

and
D(fllg) =0 (58)

if and only if f =g.

Proof. Let A :={t € T|f(t) > 0}. Using that the logarithm is a strictly concave function

and applying the Jensen inequality, we have

e £(t)
—Dumn-—-iﬁ Fiotog T

[ i 90

- A ) log SR A

T e 0

—(Af@lgﬂwAt

< g [ s )
~ log ( /A g(t)At)
< bg(ﬁwﬁﬂﬁo

= logl =0,
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and therefore, (57) holds. To achieve equality in (57), we need to have equality for both <

in the previous proof. Equality in the first estimation holds if and only if %)) is constant,
) _
t

say % = c¢. Therefore g(t) = cf(t) and

/Ag(t)At:c/Af(t)At:c.

Equality in the second estimation holds if and only if

/Ag(t)At _ /OOO g(AL = 1.

Now it follows that ¢ = 1 and therefore f(t) = g(¢). The proof of (58) is complete. [
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8. ECONOMIC APPLICATIONS

8.1. INTEREST RATES AND NET PRESENT VALUE

Definition 39. We define the nominal rate of interest to be the interest that is paid
before accounting for effects of inflation or compounding. This interest rate is usually
given in the basic time unit (per annum). We denote the nominal rate of interest by
r. The interest rate that accounts for compounding is called effective rate of interest,
denoted by rg, and the one accounting for inflation is called real rate of interest, denoted

by rr. If i is the rate of inflation, we have

147r
1—'—7’R: 1+Z

Note, that this is considered after exactly one year without compounding. A common

approzimation for the real interest rate is

TR=1T—1,

see [42, 2/].

Definition 40. Let K (to) be the initial wealth at time t =ty and let there be no inflation.
Then we define the wealth at time t, denoted by K(t) to be

K(t) :== K(to)e(t, o),

and the effective interest rate over the time interval from ty to t can be computed by

rE = et to) — 1.

Example 38. Let K(to) be the initial wealth at t = t.

(i) If T =R, then
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and

rp =ttt _ 1,

(ii) If T = Z, then
K(t) = K(to)(1+r)tfo
and

TE = (1 +T’)t_t0 — 1.
(iii) If T = g™, then

K(t) = K(to) [ (1+(g—1rs)

sE€|to,t)

and

re = H (1+(¢g—1)rs) —1.

s€to,t)

(iv) If T = =Z, then

r

K(t) = K(to) (1+ E)m(t_m)

and

r\ m(t—to)
TEp = (1 + E) —1

This corresponds to periodic compounding with frequency m.
For time scales with constant graininess, similar results can be found in [42, 24].

Example 39. Letto =1,t =2, K(ty) = 100 and r = 0.05. Then, we get the following

wealths for different time scales.
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(i) If T =R, then
K(2) = 100"~ ~ 105.1271.
Here the compounding is done continuously. The effective rate of interest over this
one year time period is 5.1271%.
(ii) If T = Z, then
K(2) =100(1 + 0.05)*"" = 105.

Here the compounding is done once a year. The effective rate of interest over this

one year time period is 5% and therefore equal to the nominal rate of interest.

(iii) If T = Z, then

2—1

1 T
K(2) = 100 (1 + EO'O5> ¥~ 105.1162.

Here the compounding is done monthly. The effective rate of interest over this one

year time period is 5.1162%.

(iv) If T = 5= Z, then

[un

1
) * ~ 105.1267.

M

1
K(2)=1001+ —=0.05
) ( + 365
Here the compounding is done daily. The effective rate of interest over this one

year time period is 5.1267%.
Definition 41. Let K(t) be the wealth at time t and let there be no inflation. Then we

define the present value at time ty, denoted by PV (ty), to be

PV (ty) := K(t)ec,(t, o).
Example 40. Let K(t) be the wealth at t and ty € T.

(i) If T =R, then

PV(to) - er(t—to)
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(ii) If T =Z, then

PV() = i i f ff;)t_to.

(iii) If T = g™, then

K(t)

PV o) = [ 0 (= Drs)

(iv) If T = hZ, then

K(t)

(14 hr) 7w

For time scales with constant graininess, equivalent results can be found in [42, 24] for

the present value.

Definition 42. Assume that p(t) # 0 for allt € T (x). Let K(t) be a fived stream of
payments over a given time period T, called annuity. Then we define the accumulated

value of this annuity at time t, denoted by V (t), by

B PK(T)e (t,T) -
_/to SOt ar (59)

Remark 23. Note, that T =R or any continuous part of our time scale does not make
sense in the economic setting. This would mean that you constantly receive or make
payments. Therefore the accumulated value of the annuity would be infinity. This could
be fixed by letting the stream of payments equal zero for any continuous part of the time
scale. So we consider time scales where pu(t) # 0 for all t € T. Consequently, without

loss of generality we only consider isolated points. Therefore, we can rewrite V (t) as

Ve = /OKT)eT(t,T

u(7)
_ w(T)K(T)e,(t,7)
N Te%t ()
= Z K(1)eq(t,7)
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Example 41. Let K(t) be a fized stream of payments, r the nominal rate of interest and

to e T.

(i) If T =12Z, then

V(t) = ZK (147)7

T=tg

= Kto)(1+r)'+ Ko+ DA +r)"" "+ + K(t—1)(1+7).

(ii) If T = hZ, then

V() = K(r)(1+ hr)%

Te[tot

= K(to)(1+hr) 5" + K(tg+ h)(1+ hr) 5
+. +K(t—h)( 1+ hr) "
= K(to)(1+hr) " + K(to + h)(1 + hr) 7

+...+ K(t—h)(1+ hr).

Example 42. Let us consider the following payment structure. At times t = 0 and
t =1, we receiwe the amounts of 100 dollars each. From year 2 on, we receive quarterly
payments of 30 Dollars. The interest rate for the entire time is 5%. How much is the

money worth at t = 3¢ Solution:

. 3 K(T)€0'05<3, T) -
V() — / E

= Y K(7)eoos(3,7)

TE[to,t)
1 3T
= 1 05)3°" ~0.05) °
> 100(1+ 0057+ > 30 (1+4005)
7€[0,2) T€[2,3)
-1 3-71
1 7 1 ;*r
= 100(1 4+ 0.05)*7 + Y 30 (1 - —0.05) !
P R
%
1 11
= ) _100(1+0.05)*7 + > 30(1+0.0125)"*"
7=0 T=8

Q

$349.81.
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Theorem 47. Assume (x). Let the stream of payments K, the interest rate r and the

graininess (i be all constant. Then we have

67«<t, tO) -1

Vt) = %(1 T ur) (60)

Proof. First, note that as r and p are constant, so is Or = —5 J:W. Moreover, we have

t t
/ e (t, T)AT = / eor (T, t) AT
to to

1 t
= — or)eq, (T, t) AT
= [ @neatrn

1
= — * KT eefr(T, t)
r

t

to

14+ ur
= et 1)

r

Therefore

which is equation (60). O
Example 43. Using (60), we get the following.

(i) If T =Z, then

(1+r)t—1

V(t) = K(1+7m)——=

This property can be found in [42, 24] for annually paying annuities.

(ii) If T = hZ, then
1+ hr) " —1

V(t) :K(l—l—hr)( e
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This property can be found in [42, 24] for periodically paying annuities, where hr

represents the interest rate in the period, i.e., daily, monthly or quarterly.

The accumulated value of an annuity defined in (59) considers a fixed stream of
payments, independent of the time scale in the sense that the payable amount at time
t is fixed from the beginning. That amount does not depend on the gaps between the
points in time when an amount is due. If this gap is also included in our consideration, we
can derive a time scale adjusted value, denoted by V,(t). Note that this payable amount
would be p(t) K (t).

Lemma 10. The time scales adjusted value of an annuity is
t
_ / K (Fes(t, 7)AT (61)
to
Proof. Note that (59) holds now with u(¢)K(t) instead of K (t). Therefore

V(1) = /t: “(T)K;(T &(t,7) / K()en(t, 7)

which shows (61). O

Example 44. For simplicity, let K(t) = K be a fived, constant stream of payments, r

the nominal rate of interest and ty € T.

(i) If T =R, then

ﬁ

(ii) If T =Z, then

Va(t) = iK(Hr)f—T
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= K(1+7) (1_ (ﬁ) 1= (1+1r) O)

- - L
_ Ku+n7 47: A (T+r) =1+
K(1+7)

= 7 ((1 + r)t_to - 1) .

r

(iii) If T = hZ, then

t
t

Vat) = > hK(1+hr) 5"

=t

T=%

z

Ly
= hK(1+ hr)x (
_0

h

%071 T
1
_ WHM( (! ) > (i)
— h (1 ‘I‘ hT’) (l—ﬁ-hT)E 1 - (m)T
- 1+hr L= 1+hr
,+ 0 .
_ hEQ ZT’”")*L ((1+m«)—w — (1+hr) )

=B (g )

r

Remark 24. Note that this time scales adjusted definition of the accumulated value of

an annuity also allows continuous consideration.

Similarly to the definition of an annuity in (59) and (61), we can define the net
present value and the time scales adjusted net present value of a stream of payments

conducted at t € T.

Definition 43. Assume (x). We define the net present value of a stream of payments

K(t) by

B " K(T)ea (T, t0) -
NPV = / T lar (62)
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Definition 44. We define the time scales adjusted net present value of a stream of

payments K(t) by

NPV, = /tt K(7)es,(T,t9)AT. (63)

8.2. HAZARD RATES

In this subsection, we will be considering a component, which may be part or
even the entire system. After putting this component under some sort of stress, let X
be a random variable representing the life time or time to failure of the component.
Examples of these components could be fuses, light bulbs or more interesting in the light

of economics, credits, compare [48].

Definition 45. For the random variable X, we define the reliability R by
R(t) = p(X > 1) (64)

Note that we have the following equivalent expressions for the reliability:

R(t) = p(X >1)
_ / fr
= X<t)
= 1—F(t).

Definition 46. For the random variable X with time scales probability density function

f and cumulative distribution function F', we define the failure or hazard function a by

f(t) f(t)
=50 "1 F) (65)

Remark 25. Note that

P (R { ) M
1-Ft) 1-pX<t) pX>t)

and if X is exponentially distributed, then

f@) =N B)ean(t,0)

W R T T e OV
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Example 45. Applying Remark 25 to different time scales yields the following

(i) If T =R, then

which can be found in [64, p.289].

(ii) If T =Z, then

(iv) If T = q5 and q > 1, then

a(t) A

T 1+ M(g—1)

Note that for constant graininess, we have constant hazard functions, whereas this is not

necessarily true for other time scales, for example, the quantum calculus case.

Remark 26. Using the definition of conditional probability, we have

pt< X <o(t)|X >1)

pt< X <o(t),X >1t)
p(X >1)
pt< X <o(t))
p(X =1)
S fmar
1-F(t)
(1) f (1)

where p(t)a(t) represents the proportion of items failing in [t,o(t)) among items func-

tioning before time t. Note that this property also holds for u(t) = 0, as left and right

hand side compute to 0.
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Remark 27. Let X represent a random variable describing the time of failure (default

event). Then the probability of surviving up to time T given survival until time t is

pPX 2T, X>t) pX=>T)
S ) ST AT Y

and if X s exponentially distributed, then

p(X >T) eaT,0)
PXZTIX 20 =0 S0 = en®0)

= 69/\(7_’7 t) .

Theorem 48. Let X represent a random variable describing the survival time and a the

hazard rate. Then we have

p(X > 1) = e_,(t,0).

Proof. First, consider the case, where p(t) > 0. From Remark 26, we know

a(t) =

p(t)
_ pt<X <o(t)
(X =t

Therefore, we have
RA(t) = —a(t)R(t)
and R(0) = 1, which yields the unique solution

p(X > 1) = R(t) = e_a(t,0).
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If pu(t) = 0, then from the definition

A lim £&)=E1)
a(t) _ f(t) — F (t) — s—t s—t
R(t)  R(t) R(t)
and therefore
F(s)— F(t — R(t
R(ya(t) = tim L = FO oy RO Z RO pagyy
s—t s —t s—t s —t

As in the first case, the claim follows. O

Remark 28. Note that this result is independent from the actual distribution of X.

Example 46. Applying Theorem 48 to the continuous and the discrete cases yields the
following.

(i) If T =R, then
(X > 1) = e_y(t,0) = ¢~ JoalDdr,

This can be found in the literature in [64, p.289].

(ii) If T = Z, then

p(X >t) =e_4(t,0) = 1:[(1 —a(7)).
Note, that here
f&) _ f@)
TR S

which 1s necessary in the discrete representation of the exponential function.

Theorem 49. Let Er(X) be finite. Then we have

Er(X) = /0 " Rlo(t)At.
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Proof. Integration by parts yields

/OOOR(a(t))At - /OOO/U:f(T)ATAt

_ t/oof(T)AToo+/ootf(t)At
ET2X>7 t

which completes the proof. O]

Remark 29. When considering economic applications, we will have changing hazard
rates over time. So it would be useful to define the exponential distribution with varying

A. Let A(t) > 0 and t € Tyg. Then we define

—(BAN)(t)ean(t,0), ift>0
0, if t <O0.

ft) =

Note that this still represents a time scales probability density function, p(X > t) =
eon(t,0) and a(t) = —(&X)(t). Calculation of the expected value will now not yield a nice

closed formula.

8.3. PRICING OF CREDIT DEFAULT SWAPS

The dictionary defines default as “the absence of something needed” or “failure to
do something required by duty or law” [1]. In economics and finance, default describes
the state where one party fails to fulfill its obligations according to a debt contract, which
was set up with at least one other party. The event of default can occur for example to
countries, companies and single individuals, compare [42]. In the last 25 years, several
countries in the world had to default due to different reasons. The most prominent in
recent time was Argentina in 2002, when defaulting on part of its external debt, see
[37]. One measurement of judging the solvency is the bond credit rating conducted by
credit rating agencies like Moody’s, Standard & Poor’s and Fitch. The ratings range
from AAA (S&P [71], Fitch [62]) as best rating to D describing default. In the beginning
of August 2011, S&P cut the rating of the United States of America from AAA to AA+
as a reaction to the debt crises [71]. Greece in the European Union is rated with CC

by S&P, as of August 2011, causing tremendous problems in refinancing on the bond
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markets [71]. Usually a low credit rating increases the interest rates a country has to
offer to sell bonds on the financial market.

Possible instruments in order to secure the portfolio from the event of default of
particular assets are credit default swaps (CDS). A CDS is the most fundamental credit
derivative. It is a contract between two parties, enabling the bond holding party to
isolate the default risk of the obligator (see [67]). Based on [9], we make the following

assumptions to simplify the model:
1. Default and interest rate are two independent processes.

2. Default can occur at an arbitrary ¢ € T between start and maturity of the contract.

Note that these dates are not necessarily discrete, as it was assumed in [9].
3. The default payment is paid immediately upon default.

During the term of the contract, the protection buyer pays a certain amount, depending
on the time scale, at time ¢t € T, whereas the protection seller is obligated to make a
contingent payment in the default case. The term “default” is here defined in the contract
between the two parties. That might be bankruptcy or failure of the bond/asset seller
to make an interest or the principal payment. Figure 8.1 explains the payment structure
of a CDS for a particular time scale containing the discrete points {0, 1,3,4,7,8}. The
first part shows the premium payments in case no default occurs. All payments will be
conducted at the beginning of a time period. This will coincide with the premium leg
of the credit default swap. The second part, describing the default leg, represents the
payment structure in the case default occurs. Note that here the premium payments are
paid as in the first case until the event of default. Once the event of default occurs, the
insuring party has to pay 1 — ¢ to the protection buyer, where § represents the recovery
rate of the underlying asset. Often these recovery rates are low (see [66]) so that the
insurance has to compensate for almost the entire amount of the asset. However, in
some cases the defaulting party might be able to pay a more substantial portion after
restructuring its debts.

First we will price the premium leg. Premium payments of the amount of Apu(t)
are made at any point ¢ € T. The random variable X represents the time of default
with hazard rate a(t), p(X > t) is the probability that the default event did not occur
until time ¢, 7" is the maturity of the CDS contract and B(0,t) is the discount factor for
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Case 1: no default

3A
2A
A A A
0 1 3 4 7 8 time
Case 2: default
2A
A I A
P | {4 .
0 1 3 time
Y
1—-9¢

Figure 8.1. Premium payments of a credit default swap

payments done at time t. Moreover, we know, that the risk-free discount factor is
B(0,t) = ex,(t,0),
where r is the risk-free interest rate. Therefore, the present value of the premium leg is
T
PV(PL) = / AB(0, )p(X > t)At
0
T
) / e (£, 0)p(X > t)At
0
T
_ 4 / et 0)e_o(t, 0)At
0
T
- 4 / e-alt0) 5y
0 Er (tv O)
If the default event is exponentially distributed and therefore a(t) = —(©A)(t), then we

have

T A
PV(PL :/ — At
( ) 0 ek@T(tO)
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Second we will price the default leg. The probability that the event of default occurs

between t and o(t), using Remark 26, is

p(t < X <o(t)) = a®)u(t)p(X = 1) = a(t)u(t)e—q(t,0).

In case the default event occurs, the insuring party has to make a payment of 1 — 4.

Therefore, the present value of the default leg can be computed by
T
PV(DL) — / (1= §)B(0, H)alt)e_o(t, 0)AL
0

— (1-90) /0 ' e (t, 0)a(t)e_q(t, 0)AL

— (1-9) /0 —“(tgf(t‘jg)’mm.

If the default event is exponentially distributed and therefore a(t) = —(©A)(t), then we

have

PV(DL) = (1 —5) /T —(ENW) 5,

0o C€xor <t7 0)

We can also compute the present value of the swap as

PV(swap) = PV(DL)— PV(PL)

B Ta(t)e_q(t,0) Te_o(t,0)
- (1_5)/0 e (t,0) At_A/o o)

e—a(t7 0)

At
e (t,0)

- / ((1— )alt) — A)

and if X is exponentially distributed, then

At.

- [ A0

Finally, if we assume the equilibrium state, where

PV(DL) = PV(PL),
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then we get a closed formula to compute the premium payments A

T a(t)e—_q(t,0)
L Q0 o A

T e_q4(¢,0) ’
I o At

0 er(t0

and if X is exponentially distributed, then

A _ fO 6)\@74(150

fO 6)\@, tO At

Example 47. We apply the previous derivation of the price of a credit default swap
to the continuous and the discrete time scales. The present value for the premium leg,

default leg, swap and the amount of the premium payments will be given.

(i) If T =R, then

T
PV(PL)= A / et Jo alwdu gy,
0

T
PV(DL) = (1 6) / a(t)e—ri—l awaugy
0

T
PV (swap) = / [(1—=9)a(t) — A] el a(u)du gy
0

. 5) f()T a(t)efrtffg a(u)dudt

A=
fOT e—rt—fg a(u)du 4

If X is exponentially distributed, then

T
PV(PL)= A / et o Awduqy,
0

T
PV<DL) = (1 —_ (5)/ )\(t)e_Tt_fo A(u)dudt7
0

T
PV (swap) = / [(1—=0)A(t) — A el Alwdu gy
0

fOT e Tt fO )\(u)dudt

A=
f() et fo dudt
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If \ is constant, then

PV(PL) . /OT et g — - f T (1 . 6—T(r+)\)) ’
PV(DL) = (1-9) /OT Ae VAt = ’\E}J:f) (1= e TNy
PV (swap) = (1 — e TU) )Q;L#,
A=(1- )
(ii) If T =Z, then

T-1 ili(l —a(u))

PV(PL) = A > S
-1 a(0) 1 (1 - a(w)

PV(DL) = (1-9) 3 E] ,

Tt - a(w)
PV (swap) = 2 (1 =0)a(t) — A) TS

T—1
A
PV(PL) = — ,
=0 (14+7) TT (14 Au))
u=0
T-1 A(t)
PV(DL) = (1 —9) 1HA®) ,
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T-1 6)

V(swap) = Z )
=0 (1+r) H(1+A(U))

u=0

T-1 _A®)
(1-8) ¥ —50
t=0 (14r)? H (14+A(w))

T-1

A:

=0 (1+4r)t ;]i[:(l-&-)\(u))

If \ is constant, then

~
L

A AL+ 7)1+ A) 1
e = L+ I+ A TEA+TA (1 ICERE +)‘)T) |
PV(DL) = tZ 1+r1+A1+A)
AM1=98)(1+7r) 1
rA+TA (1_(1+T)T(1+A>T)7
R (L+r)(+)) 1
PV (swap) = (m(l —9) —A) AN ( (1 +7°)T(1+)\)T) ’
(1—8)A
o14x

8.4. CREDIT SPREADS

In this section, we will compare the prices of two bonds of the same structure, one
being risk-free and the other one being risky in the sense that the probability of default
is greater than zero. We already derived today’s price of a risk free zero coupon bond of

face value 1 and maturity time 7" by

B(O7 T) = Cor (Tv 0)7

where r represents the risk-free interest rate. Following [9], a compensation of ¢ has to
be paid in order to sell a bond that is risky, i.e., that might default before time 7. We
define the new interest rate of the risky bond by r @ ¢ and therefore get today’s price of
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that asset of face value 1 and maturity time T' by
Brisky<0a T) = €o(r@c) (Ta 0)

Let X be a random variable that describes the time of default, and therefore p(X > T)) is
the probability that the default event does not happen until maturity of the underlying
bond. Finally ¢ will again represent the recovery rate in the default case and a(t) the

hazard rate. So the fair price of a risky bond is therefore

Biiag(0,8) = p(X >T)B(0,T) + (1 - p(X > T))0B(0,T)
= e_o(T,0)ear (T, 0) + (1 — e_o(T, 0))decy (T, 0)
e@r(T7 0) (6—a(T7 0)(1 - 5) + 5) :

If X is exponentially distributed, then
Biisky (0, T) = ex, (T, 0) (esa(T,0)(1 —9) +9) .

Now we derive the credit spread ¢ in terms of the default probability. Note that

Brisky<0>T) _ 66(r®c)(T7 O)
B(0,T) ear (T, 0)

If X is exponentially distributed, then

Brisky<0a T)
B(0,T)
= ecn(T,0)(1 - 6) + 4.

Using the definition of the logarithm from (5), we get for the credit spread

1
e_o(T,0)(1—0)+¢’

c = logp
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and if X is exponentially distributed, then

1
6@>\(T, 0)(1 - (5) + 5

c = logy

Usually exact hazard rates are unknown, and therefore getting a good estimate for the
default probability is achieved by using historical data, see [9]. If our time scale is
for example Z, then one could use the annual transition matrix and raising it to the
appropriate power. That matrix is published by rating agencies like Moody’s [51]. If a
bond has a particular rating right now, that matrix gives all transition probabilities to
have any other rating in one year. Most importantly it gives an estimate of defaulting
during the one year time period. Of course going from an Aaa rating to default is almost
impossible. As those probabilities are not risk neutral (see [9]), this method gives a close
estimate for the computation of the credit spread but is not a valid way of pricing risky

bonds.

Example 48. Next, we apply the previously derived results to the continuous and the

discrete time scales cases.

(i) If T =R, then
Brisky(oa T) = 6_(T+C)T>
Biisky (0,T) = e T <e_ Iy “(t)dt(l —0)+ (5)

and

log <e‘ Iy a®dt(] — §) + 5)
_ = _

CcC =
If X 1is exponentially distributed, then
Brisky(O, T) = B_TT <€_ fOT )\(t)dt(l — (5) + 5)

and

log <e‘ I ABE(] — §) + (5)
_ = ‘

C =
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If \ is constant, then
By (0,T) = e (e (1 —6) + )

and

log (e (1 —6) +0)
7 :

c=—

Similar results can be found in [9, p.180].

If T =7, then we have the price of a risky bond given by
Brisky<07 T) = (]- +r+c+ TC)_T = (]. + 7’>_T(1 + C)_T

where we note that this definition is slightly different from the intuitive assumption
of just adding the spread to the risk-free interest rate. This occurs as we deal with

r & c in the time scales case. Moreover,

T-1
Biigky (0, T) = (1 + 1) T(H 1—af(t 5)+5>

t=0

and

Si=

(ﬁl—a 5)+5> — 1.

t=0

If X is exponentially distributed, then

1—90
Brisky(O, T) = (1 + T)_T T—l— + (5
[T(1+A®))
t=0
and
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If \ is constant, then
Biigy (0.T) = (L+7)"" (1 +A)""(1—8) +9)

and

Sl

c=(1+XNT"(1-6)+6) T -1
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9. OSTROWSKI INEQUALITIES INVOLVING EXPECTED VALUES

This section is motivated by the paper “Some Inequalities for Probability, Expecta-
tion, and Variance of Random Variables Defined over a Finite Interval” by N.S. Barnett,
S.S. Dragomir and R.P. Agarwal (see [12]). We will apply the definitions of previous sec-
tions in this thesis to theorems in [12], and, therefore, generalize the results for arbitrary

time scales. Throughout, multiple examples will be provided.

Definition 47. Throughout this section, let X be a random variable with support on the
interval [a,b], a,b € Ty, i.e., the time scales probability density function f(t) > 0 on [a, b

and f(t) = 0 elsewhere. Moreover, we use the cumulative distribution function

Flt) = / CHr)Ar

and we have

Lemma 11 (Montgomery identity). We have

/ p(t,s)f(s)As = (b—a)F(t) — / F(o(s))As, (66)

where

s—a, a <s<t

p(t,s) =
s—b, t<s<h.

Proof. Using the integration by parts formula, we have

/p(t,s)f(s)As = /(s—a)f(s)As—F/t(S—b)f(s)As
~ (=P [ Flel)as
(s —b)F(s) — / Flo(s))As
! b
— (= a)F(t) — (L — b)F(1) — / Flo(s))As
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= (b—a)F(t)— / F(o(s))As,
which proves (66). O

Theorem 50. The following inequalities hold

_ b
F(t) — %Tix)‘ < 5 i - ((275 —(a+b))F(t) + / sgn(s — t)F(cr(s))As) (67)
< bia« DP(X 2 1) + (= a)pl(X < 1)
O \
=3t b—

where all inequalities are sharp.

Proof. First, using the definition of the expected value and integration by parts, we have

b
Er(X) = /Sf(s)As

= <>r—/ Flo(s)As
= bF(b) —aF(a /bF

- b—/a F(o(s))As.

Applying (66) leads to

b b
/p(t,s)f(s)As = (b—a)F(t)—/ F(o(s))As (68)

and therefore

b—Ex(X) 1

R -2 = / plt,5) f(5)As.

Now we have

/a Dt ) F()As
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:ufw—wﬂ@A&hfw—Qﬂ@As

= -aFE) - [ Pt
+w—aﬂﬂﬁﬁ+LwF®@»As

= (=P - k- 0F0) - | Flo(s)As + / Flo(s))As

= (2t—(a+0b))F(t)+ / sgn(s —t)F(o(s))As,

a

showing the first inequality of (67). As F'(t) is monotonically increasing for ¢t € [a, b], we

have

/atF(o(S))As > /atF(a(a))As > /atF(a)As _0

and

/tb F(o(s))As < /tb F(o(b))As = /tb F(b)As=b—t.

Then

T ((215 —(a+0b))F(t) + /absgn(s — t)F(g(s))A5>
1
~ b—a

- hi#“‘““‘F“”+“‘”F@)

_ bfa«b—t)p(X2t>+<t—a>p<x<t>>,

(2t —(a+b)F(t)+b—1)

finishing the second part of (67). Finally, we have

bia((b—t)p(X > 1) + (t — a)p(X < 1))
1

< 7 amax{b—t,t—a}(p(X2t)+p(X>t))

1 (b-a a+b 1|t — 2
= +lt———|) =5+,
b—a 2 2 2 b—a
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showing the last inequality of (67). To show the sharpness, let t = ¢;, a = t1, b =t and

0, 1ft:t1
F(t) =
1, ift€ (t,ta].

Then, on noting that

Er(X) = /ﬂg@as

t1

= tF(t) if - /t 2 F(o(s))As

= 1oF (ta) — t1F(t1) — (t2 — t1)

= tla

we have

Cb=Eq(X)]
b—a N

F(t)

On the other hand

LI U ol IO O L s s N SO s (O R QO
2 b—a 2 tQ — tl 2 tQ — tl 2 2 ’
which completes the proof of the sharpness of inequality (67). O

Remark 30. Note that in the derivation of the sharpness, the function f is not rd-
continuous, thus causing problems in the proof of Theorem 50 with the integration by

parts formula. If ty is right-scattered, there is no problem, as

oA,y Flot)—F(t) 1-0 1
f(t) = FA(ty) = ey = = wi <

For ty being right-dense, it would be necessary to use the Riemann—Stieltjes definition for
integrals on time scales, see [52]. Here the expected value would be defined as Ep(X) =

fab tAF, and a corresponding integration by parts formula holds, compare [52, Theorem

44/

Example 49. We apply Theorem 50 to different time scales
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(i) If T =R, then

or 5200
b
< b% ((Qt —(a+b)p(X <1) +/ sgn(s — t)F(S)ds)
< bia ((b—t)p(X > t) —+ (t—a)p(X < Zf)) < %—l— ‘tb—_a?:b}’

which corresponds exactly to [12, Theorem 6].

(i) If T=Z,a=0,b=n andt € Ny, then

\MX@)_%M'
= % <(2t—”)p(X <t) +zn:sgn(s —1-tp(X < S))
S %((”—t)p(XZt)+tp(X<t)) < %+ ‘t;%h

which s a new version of an Ostrowski type inequality in the discrete case.

Remark 31. Note that the left-hand side of (67) can be replaced by

P -5 s - o)
= Z:Z—p(XZt)——b_bﬂiTiX)'
_ w()@tﬁ%
- p(th)——ETé)?a_“.

In the continuous case, we get [12, Remark 1].

Corollary 2. The following upper and lower bounds for the cumulative distribution func-

tion hold:

R < s [ R (FREE) (69)
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and

Plt) > — /abF(a(s)) (“LM) As. (70)

t—a 2

Proof. Using the properties of the absolute value in the first inequality of (67), we get

the following equivalent statements

b= Ep(X) < 1 ((Qt — (a+b)F(t) + /b sgn(s — t)F(a(s))As)

F) b—a “b—a

b
& (b—a)F(t)— (2t — (a+b)F(t) < b—Ep(X) + / sgn(s — t)F(o(s))As

& (20— 20)F(t) <b—Ep(X) + /b sgn(s —t)F(o(s))As.

Moreover,

b
b—ET(X):/ F(o(s))As,

and therefore

F(t) < 2<bl_t) (/abF(a(s))As+/absgn(s—t)F(a<s))As>

= o [ Fey (R A

showing (69). Similarly, we have

Cb-Er(X) 1

F(t
(*) b—a — b—a

b
& (2t —2a)F(t) > b—Ep(X) — / sgn(s —t)F(o(s))As,

and therefore

R 2[Rt () A ()

t—a

completing the proof of (70). O

Remark 32. Note, that in the continuous setting, this result coincides with [12, Corollary

2.
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Theorem 51. We have the inequality

_b —blﬁTéX )| < b]‘f ~ (halt,0) + (1, 1)), (72)

F(t)
where

M = sup f(t).

te(a,b]

This inequality is sharp, in the sense, that the right-hand side cannot be replaced by a

smaller expression.

Proof. From (68), we know

/ p(t, $)F(s)As = (b— a)F(t) + Ex(X) — b
and if

s—a, a<s<t

p(t,s) =
s—b, t<s<hb,

then

IN

b
M / p(t, 5)| As

_ M(/at|s—a]As—|— tb|s—b|As)
= M /:(s—a)As—i-/tb(b—s)As)

b
/ plt, 5)f(s)As

implying (72). To show the sharpness of (72), let F(t) = =, a = t1, b= t, f(t) = =
and ¢t = ¢;. Then

1 t
F(‘[,‘) _ b— ]Eqp(X) _ tl — tl _ t2 - ta—t1 t12 SAS
b—a to — ty ta — 11
1 t2
_ b sAs
to — 11
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and
M 1
5 (ha(t,a) + ha(t,0)) = t;it;l (ha(t1, t1) + ho(t1, t2))
1 h
= — s —1ta)As
(t2 — 1) /tz (&~ )
1 b2
= —— (t(ta—t1)— | sAs),
o (=t = [ )
completing the proof of the sharpness. O

Remark 33. Also note that we can, as previously done, replace ’F(t) — %Tflx)‘ with

p(X >t) — Bl iy (72),

a

Remark 34. As

we have

M
b—a

<

‘F(t) _ bia /abF(a(s))As

(hQ(tv a) + h?(t> b)) 5

which corresponds exactly to the Ostrowski inequality on time scales in [19].
Example 50. We apply (72) to different time scales.

(i) If T =R, then

where

M = sSup f(t)a

te[a,b]

which corresponds exactly to [12, Theorem 7.



(i) If T=2Z,a=0,b=mn andt € Ny, then

pX <t) = ——

n—Ez(X)’ M [( n+1>2+n2—1

S
| I |

where

M= 0ten1 1 ().

Corollary 3. Let a,b € Ty. Then we have the inequality
b— th(a, b) S ET(X) S a+ th(b, CL),
where

M = sup f(t).

te[a,b]

Proof. First note that

and similarly

Ex(X) = | f(5)As > / “of(s)ns = a

If we pick ¢t = @ in (72), then

b— Er(X)| b—Ep(X) M
— = <

resulting in
b— MhQ(a’a b) < ET(X)7

and if we pick t = b, then

b— Ep(X Er(X)—a M
SRR E B

121
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resulting in
Er(X) <a+ Mhy(b,a).

The proof is complete. O]
Example 51. We apply Corollary 3 to different time scales.

(i) If T =R, then

M M
b— ?(b—a)z S ER(X) S a —+ 7(()— CL)2,

where

M = sup f(t),

t€la,b]
which corresponds exactly to [12, Corollary 3].

(ii)) IfT=7Z,a=0 and b=n, then

Theorem 52. Let f be the time scales probability density function of a random variable
X and F' the corresponding cumulant distribution function. Then, we have the following

inequality

(73)

’m) . b—ET(X)'

b—a

< sl - o) [(%m)
() (2) - ()]

q 1 (o(b)—o(a)) «
< 1Ll 6- o (FO=2) T
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where

[un

i1, = ( [ b par)’

1,1 _
and5+5—1.

Proof. First note that, if we apply [22, Theorem 1.90] for v > 1, g1(x) = 27, ¢2(t) =t —3s,
then we get g5 (t) = 1 and (g1 0 g2)(t) = (t — s)7, and therefore

(910 0)5(t) = / gt — s+ hyu(t))dh
— /01 y(t — s+ hu(t)) " 'dh

1
[
0

= qt—s)"
So we have
[(t—s)]% =yt — )7,

Shifting t to o(t) and integrating ¢ from a to b yields

' v-1 L[ _ A
/a CURDIIE / (o(t) — 577> At
1 T —(o(a) — s)7
= o) =9~ (ofa) = 5P,

Similarly for g;(z) = 27, g2(t) = s —t, we get g5*(t) = —1 and (g, 0 g2)(t) = (s — )7, and

therefore

(Grom®(t) = — / di(s — t — hyu(£))dh
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So we have

(s — )% > (s — )7
Shifting ¢ to o(t) and integrating ¢ from a to b yields

b b
—/(s—a(t))v—lm < 1/ (s — o)) At

v

L T—(s—o(a))
= ;[(S—U(b)) ( (a))].

Now, note that Holder’s inequality (10) implies

Fla) - Fy)| = /“ﬂmu—[fﬂWM\

/|f(t)|pAt‘p / 1%15“1
Y Y
_ / ﬁmA4|x—mq

Yy

b ? )
< / P®A4|x—mq

IN

1
= |fllplz =yl

Shifting y to o(y), integrating y from a to b and dividing by b — a yields

rw -  [ Fes] < 7 [ 1Fe) - e sy

< gl [l = oty

= ol ([ = ownise+ o) -nis)

- g}yvm(—Lﬁx—dwﬁAy+L7dw—xﬁA@

q

1 d T — (v — o(z)) T
< gmalflory (@ = o@)™ (= o)

+(o(b) — @)™ — (o(2) — 2)7)
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g 1| fx—o(a) o
= s, -0 [( —

1+q 1+q

()G (m) )

As

1

‘F(:E) e /abF(a(y))Ay‘ _ ‘F(m) b Ex(X)

b—a

Y

the first part of (73) holds. As it can be shown easily, if z,y > 0 and v > 1, then
27 +y7 < (x+y)?, we have

A LGSO [<%<>>
(R ()
1Al (- ' [(x—a(azjjz))—x)? i (M)]

1+g

q 1 (o(b) —o(a)) «
< P e- o (T20) T

IN

finishing the proof of the second inequality of (73). O

Remark 35. Note that for all time scales different from T = R, we have the more

accurate inequality

e - S < ([ apiar+ o - nisy).

Example 52. We apply (73) to different time scales.

(i) If T =R, then

‘p(X <) - %RELX)’

q Llfx—a B b-w -
S L Lk [(b_a) (=) ]

q 1
G b_ q
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where

i1, = (| b fp(t)dt>; ,

which corresponds exactly to [12, Theorem 8.

(ii)) fT=2Z,a=0,b=mn andt € Ny, then

n

1 1+q b 1 1+g 1 14q 1 14q
q 1 T — q + 11—z q — q q
< — q _ — | — — | —

< TgMlm [( n ) +( n ) <n) <n) ]

q 1
< 1
< TSl

’p(X<x)—%‘

where

1l = (2 fp(t)>p-

t=0

Corollary 4. Let a,b € Ty. Then we have the inequalily

1+q 1+gq

q Ltg q 14g
b~ (H—lllfllp(d(b) —o(a)) e <Ep(X)<a+ mllfllp(a(b) —o(a)) .

Proof. First note that, if we pick ¢t = a in (73), then

E (a)_b_bb:TiX) - b_bb:TéX)
q s (o) = ola))
< ph e (TE0) T

resulting in

1+q

q L+q
b—ﬁ—lllfllp(d(b)—a(a)) + < Ep(X),

and if we pick ¢t = b, then
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resulting in

q 14q
Er(X) <a+ mllfllp(a(b) —o(a) ",

which completes the proof. n
Example 53. We apply Corollary 4 to different time scales.
(i) If T =R, then

1+q

q ltg q 14g
el (- @)+ < Er(X) Sat =l —a)

where

i = f”(t)dtf ,

which corresponds exactly to [12, Corollary 8.

(ii) If T=7Z, a=0 and b=n, then

q 1+q
P <EBy(X) < —— q
||f||p S Eo(X) < =l

where

3=

1/ llp = (Z MU )

Theorem 53. Let a,b € T and X be defined on [a,b). Then the inequalities

(b—a)?
4

Varp(X) < (b — Ex(X))(Ex(X) — a) < (74)

and

b
(b—Ex(X))(Ex(X) —a) = Vary(X) < |[f]] / ((b—1)(t — a) + hi(t,0) — 2ha(t,0)) At
(75)
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hold, where

If1l' = sup [f(?)].

tela,b]

Proof. First note that

0 < /(b—t )t —a)f At+/a/0 PATF()

_ / [(b— £)(t — a) + h2(£,0) — 2hs(t,0)] F(t)AL
= [0 B0 4 B5(0) )0 Be(X) 4 Bx(X) — ) A
- /b(2h2(t, 0) — £2)f(1)At
¢ b b
= (b—Ep(X))(Er(X) —a) / f(t)At + (b — Ex(X)) / (t — Ex(X))f(t) AL

(Ex(X) —a) / (Ex(X) — 1) f() At — / (t — Ex (X)) (1) A

_ / ' (O(£.0) — ) () At
— (b En(X)(Ex(X) — a) — Vare(X),

and therefore
Vare(X) < (b — Ep(X))(Er(X) — a).

To show the second part of (74), note that for all o, 5 € R, we have

Setting @ = b — Eqp(X) and § = Eq(X) — a completes the proof of (74). From the

derivation of (74), we have

(b —Ep(X))(Er(X) —a) — Varg(X)

_ / 1= )t — a) + B(E,0) — 2ha(t,0)] ()AL

< I / ((b— £)(t — a) + h3(1,0) — 2hs(t,0)) At,
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and therefore inequality (75) is shown. This completes the proof of both parts of Theorem
53. [

Example 54. We apply Theorem 53 to different time scales.

(i) If T =R, then

Varg(X) < (b= Ba(X))(Ex(X) —a) < L=
and

(b— Er(X))(Ex(X) — a) — Varg(X) < || f]| w,
where

11 = sup [f(£)];

t€la,b]
which corresponds exactly to [12, Theorem 25].

(ii) If T=2Z,a=0 and b=n, then
n2
Vary(X) < (n — Ez(X))Ez(X) < T
and

(0~ B2(X)B5(X) ~ Vars(X) < | "= D),

where

If]l = max [f(Z)].

0<t<n—1
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10. DIAMOND-ALPHA GRUSS TYPE INEQUALITIES

This chapter contains material from a collaborative work with Martin Bohner and
Adnan Tuna, which appeared in 2011 in the International Journal of Dynamical Systems
and Differential Equations with the title “Diamond-alpha Griiss type inequalities on time
scales”, see [20]. We study a more general version of Griiss type inequalities on time scales
by using the recent theory of combined dynamic derivatives on time scales. In the case
a = 1, we obtain delta-integral Griiss type inequalities on time scales. For a = 0, we

obtain nabla-integral Griiss type inequalities. We supply numerous examples throughout.

10.1. INTRODUCTION
M. R. Sidi Ammi and D. F. M. Torres [7] have established the diamond-a Griiss

inequality on time scales as follows.

Theorem 54 (see [7, Theorem 3.4]). Let T be a time scale and a,b € T with a < b. If
f,9 € C(T,R) satisfy ¢ < f(z) < ® and v < g(x) <T for all x € [a,b]N'T, then

ﬁ/a f(z)g(z)Oax — ﬁ/a f(x)(}ax/a 9(2)Oaz| < 411((1) — )T — 7).

S. S. Dragomir [29] gave some classical and new integral inequalities of Griiss type,

for example, the following two results.

Theorem 55 (see [29, Theorem 2.1]). Let f, g : [a,b] — R be two Lipschitzian mappings
with Lipschitz constants Ly > 0 and Ly > 0, respectively, i.e.,

[f(@) = f)l < Lale =yl and  [g(x) = g(y)| < Lz |z —y]

for all x,y € [a,b]. If p:[a,b] — [0,00) is integrable, then

/ ' () / (@) f()a(e)de - / ' (@) () / ’ @)l

< LiL, [ / (@) / ’pla)a’da - ( / bp(a:)xdx) ] ,

and the inequality is sharp.
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Theorem 56 (see [29, Theorem 4.1)). Let f,g : [a,b] — R be two integrable mappings
on [a,b] such that

|f(2z) = fw)] < M |g(z) — g(y)]

for all x,y € [a,b]. If p:[a,b] — [0,00) is integrable, then

/abp(x)dx /abp@)f(ﬂf)g(x)dﬂf - /abp(x)f(x)d:r /abp(x)g(x)dx

<M [/abp(x)dx /abp(x)g2(x)d$— </abp(x)g(x)dx) 2] ;

and the inequality is sharp.

In 2006, Q. Sheng, M. Fadag, J. Henderson, and J. M. Davis [69] studied a com-
bined dynamic “diamond-alpha” derivative as a linear combination of A and V dynamic
derivatives on time scales. The diamond-a derivative reduces to the standard A deriva-
tive for @« = 1 and to the standard V derivative for & = 0. Since then, many authors have
established diamond-a inequalities on time scales [6, 7, 16, 36, 56]. We refer the reader
to [47, 53, 63, 70, 69] for an account of the calculus with diamond-a dynamic derivatives.

This section is organized as follows: In Section 10.2, we briefly present some general
definitions and theorems connected to the time scales calculus. Next, in Sections 10.3—
10.5, we generalize Theorem 54, Theorem 55, and Theorem 56, respectively, for general
time scales by using the recent theory of combined dynamic derivatives on time scales.
In the case @ = 1, we obtain delta-integral Griiss type inequalities on time scales, while
for @« = 0, we obtain nabla-integral Griiss type inequalities. In order to illustrate the

theoretical results, we supply numerous examples throughout.

10.2. GENERAL DEFINITIONS
For the general theory of calculus on time scales we refer to [3, 22, 23, 41]. We now
introduce the diamond-« integral, referring the reader to [6, 7, 36, 56] for more on the

associated calculus.

Definition 48. Let 0 < o <1 and f € C(T,R). Then the diamond-alpha integral of f
15 defined by

b b b
/ f(2)Onx = a/ flx)Az+ (1 — a)/ f(z)Vz, where a,beT.
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Theorem 57. Let 0 < a <1 and f,g € C(T,R). Ifa,b,c € T and 3 € R, then
(i) 1 (@) + g(@)]Oar = [ f(@)0a + [, g(x)Gat;
(i) S8 (@) 0ax =B [) f(2)Oat;
(ii)) [} F(2)0a = = [} F(2)Oat;
(i) [} f(@)0az = [{ f(@)0az + [ f(2)Oat;
v) [, f(2)Qaz = 0;
(vi) if f(z) >0 for all x € [a,b], then [ f(x)daz > 0;
(vil) if f(x) < g(x) for all x € [a,b], then [} f(2)0az < [} g(x)Oat;

(viii) |2 £ 0az| < [215(2)] Gut.

Example 55. If we let T = R in Definition 48, then we obtain

b b
/f(w)oaxz/ f(z)dz, where a,b€ R,

Example 56. If we let T =7 in Definition 48 and m < n, then we obtain

n n—1
/ f(2)Onr = Z lafi + (1 — ) fit1], where m,n € Ny,

and where we put for convenience f; = f(1).

Example 57. If we let T = ¢"° in Definition 48 and m < n, then we obtain

/i f(2)Oar = (¢ —1) iqi [af(¢)+ (1 —a)f(¢™)], where m,n € N.

Example 58. Let t; < t;yq for alli € Ny. If we let T = {t; : i € Ny} in Definition 48

and m < n, then we obtain

[ @00 = Yt — 1) [af (0) + (L= ) (b)), where m,n € N,

=m

~

and from here we may obtain Fxample 56 by letting t; = i for all © € Ny and Example 57
by letting t; = ¢* for all i € Ny.
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10.3. THE WEIGHTED DIAMOND-ALPHA GRUSS INEQUALITY
We first extend Theorem 54 to the weighted case.

Theorem 58. Let T be a time scale and a,b € T with a < b. If f,g € C(T,R) and
p € C(T,[0,00)) satisfy ¢ < f(z) < P and v < g(z) < T for all x € [a,b]N'T and
f:p(x)oax > 0, then

b

/abp(x)Oax /abp(:t)f(x)g(x)oax - /bp(m)f(x)oax/ p(2)9(2)Oaz

a a

2

(@ — )T —) ( / bp(x)%x) - (70)

<

] =

Proof. We have

1

2 p(@)ar
1 1

Sy (@) 0oz ! p()0un
b b

- [ [ o)) = 16D 0() — 6 0atas ()
Q(fap(:v)%:v) a Ja

| p@f@)g(@)0n

/ @) ()0 / ' o)) Ous

Applying the two-dimensional diamond-a Cauchy—Schwarz inequality from [8, Theorem

3.5], we get
2

(78)

L ( f;p(; T [ [ r@m ) - )66 - s6)0ur¢a
2 (/. p(i:)oaxf /ab /abp(””)p@)(f (2) = F(1)*Carday
S (; o] [ [ remse - o) ourou
i { . p(; i /abp(m)f ()00 - ( f:p(; o / bp(95)f($)<>aa:)2}

I, p(x)$
X {fbp(xl)O x/ p(2)g* (1) O — <fbp(fi)<> x/ p(x)g(;c)oagg> }

IN
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We also have

b X )
e A (f T A (m)m> (79)

1 b 1 b
= ¢ — x T)Val b x T)Val —

( ffp<x><>ax/a P09 ) (fa p(x)()ax/a PRI 9")
e | @ S~ 0w

= (q)_ fbp(xl)o $/ p(:c)f(:c)(}ax> (fbp(i)o x/ p(a:)f(a:)@w:—gp) .

Similarly, we have

fbp(;)o x/ p(x)QQ(x)an— (fbp(;)o x/ p(]:)g(x)(}am)

1 b 1 b
I' - 2)g(2)Oar - 2)g(2)ut — ‘
S < fabp(a:)<>o¢x/a p( )g( )<> ) (]‘a p(x)oaw/; p( )g( )<> 7)
(80)

Using (79) and (80) in (78), (77) implies

L p@)f@)g@) ez [ p(@)f(@) 00z [} p(2)g(x)Gaz
Ji p(@)Oar P p@)Oar [P p(@)0az
1 b 3 1 b 3
<|P— z) () > z)f (1) Dax —
_( T / pla) f (2)0 ) ( o / pla) f(2)0 w)
1 b 2 1 b %
I — z)g(z) z)g(x)0r — .
" ( ffp(a:)<>ax/a pl)g(x)0 ) (f;’p(x)oam/a plelg(e)¢ ”)
(81)

Applying the elementary inequality
4By < (B+7)? forall B,y €R,

we can state

fbp<x>f<x><>ax> (f"p<x>f<x><>aas ) )
41— La a — o — 82
( [ (@) 0nt Pomom ) =077 )
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and
f, p@)g(a <>ax) (f;’p(x)g(x)oax ) :
41T — - < (I' =)~ 83
( P p(e)our P p(e)our v <=7 (83)
Combining (81) with (82) and (83), we obtain (76). O

Example 59. If we let p(x) =1 on T in Theorem 58, then we obtain Theorem 54.

Example 60. If we let T =R in Theorem 58, then we obtain the inequality

/abp(x)dx /abp(x)f(x)g(x)dx — /abp(x)f(x)da: /abp(x)g(x)dx

<q@-ar-n(/ bp(a:)dx)Q.

This result can be found in [29, Theorem 1.1], where the constant i is also shown to be

=~ =

the best possible.

Example 61. If we let T = R in Example 59, then we obtain the inequality

‘b i a /abf(x)g(x)dx — (b——la)Q /abf(x)dx /abg(m)d

Example 62. If we let T =7 and o« =1 in Theorem 58, then we obtain the inequality

1

< (@) - ).

szfzgz Zplfl szgz >

<I> P) (T =) (Zn)

Example 63. If we let T = 7Z in Example 59, then we obtain the inequality

n—1
1
Z [afigi + (1 — a) fiz19i41]
n—m &
n—1 n—1
m—m)y Z lafi+ (11—« fz+1] [ag; + (1 — a)git]
) . 1
< (@ =9 =)
If, additionally, o = 1, then we obtain the inequality
1 n—1 1 n—1 n—1 1
9 — T i —(@ —p)(I' -
S - s 3 Y < o)
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Example 64. If we let T = ¢"° and oo = 1 in Theorem 58, then we obtain the inequality

S dnla) Y dnla) F(@ola’) — S apla ) F(a) Y dvlalo(a)

n—1
q— 1 i i i i i
prar > ¢ [af(q)glg) + (1 —a)f(g)glg™™)]
q— 1 2 n—1 n—1
( ) Zq af(q) + (1 —a)f(g™™)] D q'[ag 1—a)g(¢™h)]
. 1
< (@ =9 =7)
If, additionally, o = 1, then we obtain the inequality
q— 1 n—1 2n—1
A Y i) - () > sl Zq oq
B 1
< (@ =) =)

10.4. THE CASE WHEN BOTH MAPPINGS ARE LIPSCHITZIAN

We now extend Theorem 55 to time scales.

Theorem 59. Let T be a time scale and a,b € T with a < b. Let f,g € C(T,R) be two

Lipschitzian mappings with Lipschitz constants Ly > 0 and Lo > 0, respectively, i.e.,
[f(@) = fWl < Lilz—yl  and  [g(z) —g(y)| < L |z —y| (84)

for all x,y € [a,b]NT. If p € C(T,[0,00)), then

/abp(a:)oa:v /abp(x)f(x)g(x)oax — /abp(x)f(x)oax /abp(g;)g(x)oal-

< LiL, [ [ v [ w0 - (/ bp(x)xoax) ] ()
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and the inequality is sharp in the sense, that the right hand side cannot be replaced by a

smaller expression.

Proof. Using condition (84), we get

(f(z) = fW)(g(z) — 9(¥))| < LiLa(z — y)*

for all z,y € [a,b] N T. Multiplying this inequality by p(z)p(y) > 0 and integrating over

la,b] x [a,b], we have

/ / p(@)pW)(F(@) = F1))(9(5) — 9(1)Oatay

b b
< /a / p(@)p(y) [(f(z) = f(y)(g(z) — 9(y))]| Carday

< b | b / (@) — ) OurOuy.

We also have

: / / p(@)p(y)(f(@) — F)(9() — (1) Oatduy

_ /abp(:v)oax/abp(:x)f(:r)g(z)Qaar—/abp(m)f(x)oax/a p(2)g(7)Oaz
and

1

s [ [ ponwe - v ouou

= [ 100 [ titous — ([ viareoer) |

which completes the proof of inequality (85). Moreover, if we choose Ly, Ly > 0, f(z) =
Lix and g(x) = Loz for x € T, then f and ¢ are Lipschitzian with Lipschitz constants
Ly > 0 and Ly > 0, respectively, and equality holds in (85) for any p € C(T, [0,00)). O

Example 66. If we let p(z) =1 on T in Theorem 59, then we obtain the inequality

‘b i - /abf(x)g(x)oax — ﬁ /abf(x)oaxﬁ /abg(l’)<>a$

b b 2
< LlLQ [bia/ J;2<>a{,(]— (ﬁ/ J]<>al') ] .
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Example 67. If we let T =R in Theorem 59, then we obtain Theorem 5.

Example 68. If we let T =R in Example 66, then we obtain the inequality

‘ _a/f dm——/f )do / g(z)da

which can be found in [29, Corollary 2.2].

(b—a)?

< LyLy o

Example 69. If we let T =7 and o = 1 in Theorem 59, then we obtain the inequality

n—1 n—1 n—1 2
< LyLy | > pi Y pit® — <Zp2>

n—1 n—1 n—1 n—1
‘ Z pifigi — Zpifi sz‘gi

Example 70. If we let T = Z in Example 66, then we obtain the inequality

n—m Z [afigi + (1 — a) fiz19i41]

‘ n—1

,_.
3
|

—

n—

1

~ T Do lfi+ (1= a)fia] D7 lagi+ (1= a)gin]
(n—m)? )

)
3
I}
3

m)? —1

(n —
S L1L2 |:1— + Oé(l - Oé)

2

If, additionally, o = 1, then we obtain the inequality

n—m)?—1

< L1L2( B

1 n—1 1 n—1 n—1
‘m;ﬁgi - m;ﬁ;%

Note also that we have in the discrete case the same bound on the right-hand side than

1 1 1 1 -1 _ 1 14 1
in the continuous case if and only if a = 3 5 ora=g5+ g5

Example 71. If we let T = ¢"° and o = 1 in Theorem 59, then we obtain the inequality

iqu(qz) iqu(q )~ iqip( z_:qp(qz)g(qz)
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Example 72. If we let T = ¢"° in Example 66, then we obtain the inequality

n—1

Sjlmzq [of (@)9(@) + (1 — ) flg™)gla™)]
_( q—1 ) Zq af(q (1—a)f z‘+1 Zqi ag(q i 1—a)g(qi+1)]
q "+ q"q" “‘(] q"+q™

If, additionally, o = 1, then we obtain the inequality

>2nzqu qu

(¢" = q" ) (" —q™)
(*+q+1)(g+1)

q—l n—1
pr quf <

< LiL,

10.5. THE CASE WHEN F IS M-G-LIPSCHITZIAN

Theorem 60. Let T be a time scale and a,b € T with a <b. Let f,g € C(T,R) be such
that f is M-g-Lipschitzian with M > 0, i.e.,

|f(@) = fy)l < M |g(z) — g(y)| (86)

for all x,y € [a,b) N'T. If p € C(T,[0,00)), then

/abp(x)oax /abp(:c)f(:c)g(x)oax — /abp(:r)f(x)an /abp(x)g($)<>aa;

< [ / @)Suc / (@) (@) S — (/ bp<x>g<x><>ax) ] C#7)

and the inequality is sharp.

Proof. Using condition (86), we get

|(f (@) = FW)(9(x) = 9(y)| < M(g(z) — g(y))”
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for all 2,y € [a,b] N'T. Multiplying this inequality by p(x)p(y) > 0 and integrating over

la,b] x [a,b], we have

— fW)(g(x) = 9(y)Carday

< / / (2) — F1))(9(z) — 9(1)] GatOay

Y / / PP ((9(2) — 94))* Gty
_ M [ [ r@1¢ar [ g - (/ bp<x>g<x><>ax) ] ,

which completes the proof of inequality (87). Moreover, if we choose f(x) = Mz with

IN

M > 0 and g(z) = z, then f is M-g-Lipschitzian and equality holds in (87) for any
p € C(T, [0, 00)). O

Example 73. If we let p(z) =1 on T in Theorem 60, then we obtain the inequality

‘bia/abf(w)g(x)oax—ﬁ/bf( )Oa b% b 9(2)Our

Example 74. If we let T = R in Theorem 60, then we obtain Theorem 56.

Example 75. If we let T =R in Example 73, then we obtain the inequality

o [ st dx__/f e

which can be found in [29, Remark 4.2].

Example 76. If we let T =7 and o« =1 in Theorem 60, then we obtain the inequality

n—1 2
szszfzgz szszngl <M szszgl (me)
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Example 77. If we let T = 7Z in Example 73, then we obtain the inequality

n—1

Z [afigi + (1 — a) fiz19i41]

_m {O‘f% (1 - O‘)ferl] _ [agi + (1 - a)giJrl]

1

n—im

—

¥
3
¥
3

n—

—m

1 = 2
agz 1 - Oé gz+1j| - ( — [agl + (]- - a)gl-i-l])

i=m

If, additionally, o = 1, then we obtain the inequality

1 1
‘m;ﬁgi— m_Zszgz

n—1 n—1 n—1 n—1

> dan(d)d a'pla) f(a)ald) = a'p(a)f(d) apla)a(d)
n—1 n—1 n—1 2

<M | dvlg)) dp(a)g(q) - (Z CfP(QZ)g(ql))
Example 79. If we let T = ¢"° in Example 73, then we obtain the inequality
q— 1 n—1
P D d [af(@)g(d) + (1= a)f(g)g(g™)]
q— 1_ 2 n—1 n—1
~(A55) T s+ (-] Lo lagla) + (1 - a)o(a'™)
q—1 —~ i 2 i 2 i1
<M g 21 lag?(q") + (1 — )g* (¢ )]
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If, additionally, oo = 1, then we obtain the inequality

— : iqif(qi)gwi) - <q3:;m> iqif(q")iqig(qi)

q" qm i=m

=m

n—1

n—1 2
q— % ) q_l i i
<M — E qg2(61)—< qmi qg(q))

qr qm - i
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11. WEIGHTED OSTROWSKI-GRUSS INEQUALITIES

This chapter contains also a collaborative work with Martin Bohner and Adnan
Tuna and appeared in 2011 in the African Diaspora Journal of Mathematics with the title
“Weighted Ostrowski-Griiss Inequalities on Time Scales”, see [21]. We study Ostrowski-
Griiss and Ostrowski-like inequalities on time scales and thus unify and extend corre-
sponding continuous and discrete versions from the literature. We present corresponding
inequalities by using the time scales L*°-norm and also by using the time scales LP-
norm. Several interesting inequalities representing special cases of our general results are

supplied.

11.1. INTRODUCTION
In 1938, A. Ostrowski (see [55, Formula (2)]) presented the following interesting

integral inequality.
Theorem 61. If f : [a,b] — R is continuous on [a,b] and differentiable on (a,b) such
that f' € L>((a,b)), i.e.,

1/l = sup [f'(s)] < oo,
s€(a,b)

then for all t € [a,b], we have

b
; i a/ f(s)ds

In 2007, B. Pachpatte (see [60, Theorem 1 and Theorem 2|) established new general-

o) - < §+<;fj) b—a)lf .. (35)

izations of Ostrowski-type inequalities involving two functions, whose derivatives belong

to LP-spaces.

Theorem 62. Letp > 1 and q:=p/(p—1). If f, g : [a,b] — R are absolutely continuous
such that f',g" € L*([a,b]), i.e.,

b % b %
171,= ([ 1reras) <o ad g, = ([ wores) <
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then for all t € [a,b], we have

0900 - g7 |90 [ s 50 [ atopas
_ (B} 0171, + SO,

= b—a 2 (89)
and
00t - 2 (o0 [ s6nas+500 [ teras]
T (bia/abf(s)ds) (bia/abg(s)ds)
< (<§(f>f)2\rf'|rpug'up, (90)
where
B(t) := q% [t — a)™ + (b — 1))

In 1988, S. Hilger [41] introduced the time scales theory to unify continuous and
discrete analysis. Since then, many authors have studied certain integral inequalities
on time scales, see, e.g., [2, 22, 23, 18, 19, 46, 54, 20, 65, 72]. In [19], M. Bohner and
T. Matthews established the time scales version of Ostrowski’s inequality, hence unifying
discrete, continuous and other versions of Theorem 61.

This work is organized as follows: In Section 11.2 and Section 11.3, we obtain time
scales versions of weighted Ostrowski-Griiss and Ostrowski-like inequalities using the
L*-norm and the LP-norm, respectively. Our proofs utilize generalizations of so-called

Montgomery inequalities, see [49, page 565] and [50, page 261].
11.2. OSTROWSKI-GRUSS INEQUALITIES IN L*-NORM
Throughout, we use the following assumption.

Assumption (H). From now on, until the end of this paper, we assume that T is a time
scale and that a,b € T such that a < b. By writing |a,b], we mean [a,b] N T. Moreover,
w € Cua([a,b],[0,00)) is such that

m(a,b) := /bw(t)At < 00,
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and we also define

/ w(T)AT for a<s<t
Pwl(t,s) == as
/ w(T)AT for t<s<0b.
b

Theorem 63. Assume (H). If f,g € CL([a,b],R) such that f*,g> € L>((a,b)), i.e.,
HfAH = sup ‘fA(s)| < oo and HgAHOO = sup ‘gA(s)‘ < 00, (91)
s€(a,b) s€(a,b)

then for all t € [a,b], we have

b

1 ) [g(t) /abw(S)f(a(S))As+f(t)/ w(s)g(g(s))As}

t - =
2m(a, b a
9@ + @197

< (m(a’ 5 / (0(5) — t)u(s) sens — t)As) : (92)

and

{g@) / w(s) Flo()ds + 11 / bw<s>g<o<s>)As]

(i [ w8 (s [uintotnas)

1 b 2 .
: <m<a,b>/a (“(3>‘t>w(3>sgn<s—t>A8) 172 ol - (93)

Proof. Using integration by parts formula twice, we have

[rateorons = [ [[umar) e
+/tb (/:w(T)AT) 2 (s)As

= f(t)/ w(T)AT—/ w(s)f(o(s))As
—f(t)/b w(ﬂm—/t w(s)f(0(5))As
= mla b0 - [ wls)f(o(s)As
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and thus
1 b 1 b A
1) = s [ w0 A = s [t () (94)
Replacing f by ¢ in (94), we obtain
1 b 1 b A
o) = moos [ wlalo)as = — s [ pu(ts)gt (s (95)

Using a similar calculation, we find

/ab ]pw(t,s)]ASZ/at (/:w(T)AT) As—/tb (/:w(T)AT) As

:t/a w(T)AT—/a w(s)a(s)As+t/btw(T)AT+/tbw(s)a(s)As
b

_ / ’ o(s)w(s) san(s — H)As — ¢ / w(s)sgn(s — )As

b
_ / (o(s) — tyw(s) sen(s — ) As.
Now multiplying (94) by g(t) and (95) by f(t), adding the resulting identities, rewriting,
and taking absolute values, we have

000 - 5 o) [ w180+ 50) [ wisiatotsna

1

b b
B 2m(a,b) ‘g(t)/ Pult, S)fA(S)A3+f(t)/ puw(t,s)g™(s)As

(97)

1 b A b N
< Sm(a D) {\g(t)l/a Pu(t, )| | f (s>\As+\f(t)|/a pu(t,s)| |g <S>\A8]-

Using now (91) and (96) in (97), we obtain (92).
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Next, multiplying the left and right sides of (94) and (95) and taking absolute

values, we get

1 b

000 - = [oto) [ w185+ 50) [ wtstatotna

+ (m /abw(s)fza(s))A'S) (m(i’ b) /abwa(s)g(a(s))As)

- ] ( / bt s)fA(S)A8> ( / . S>9A<S>AS> ™
< i ([t 1720601 86) ([t lo*o)] ).
Using now (91) and (96) in (98), we obtain (93). O

Corollary 5. In addition to the assumptions of Theorem 63, let w(t) = 1 for allt € [a, b].
Then for all t € [a,b], we have

000~ 5 [0 [ ston85 10 [ stotsns]

<h(ta)+gzbt|9 A2l + 1F O 9]

- b 2 (99)
and
IO {g<t> [ totas s [ sotad
<b—a/ UG ) ( /abg(a(s))As>
< (ML EBDY a0

Proof. We just have to use Theorem 63 and

/ab(a(S) —t)sgn(s — t)As = — /:(U(s) —t)As + /tb(g(s) —)As

_ /t “(o(s) — H)As + /t (o(s) — )As

= 92(a7 t) + 92(b7 t) = h2<t7 a) + 92(b7 t)v

where we also applied [22, Theorem 1.112]. H
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Example 80. If we let g(t) =1 for all t € [a,b], then (99) becomes

-5 [ tnad <

which is the Ostrowski inequality on time scales as given in [19, Theorem 8.5]. If T =R
n (101), then we obtain (88) in Theorem 61. If T =7, a =0, and b=n € N in (101),

then we obtain
1(n2-1 n—+1\°
<= t—
_n[ 4 +< 2 )

an inequality that is given by S. Dragomir in [31, Theorem 3.1].

(t a)—l—ggbt
b—

174 (101)

1Al

Example 81. If we let T =R, then (99) and (100) become

. [i . (f_?) ] - 2O e + OIS

and
o) - - (o0 [ 015450 [ o]
ACARCOIEIRED
< ([} (tb_” <b—a>)2|f'oog'oo,
respectively.

Example 82. Ifwe let T =7, a =0, and b=n € N, then (99) and (100) become

‘f(t)g(t) -5 [g<t> ™)+ 703 (s) ‘

1(n2=1 n+1\>
< = t—
_n[ 4 +( 2)

gOAf e + [FOIAY] o
2
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and

3

v (%Zf(s)) ( g<s>)|
< (% [”2;1+(t—”§1) ) 1871 1291,

respectively. This is the discrete Ostrowski—Griss inequality, which can be found in [59,

Theorem 2.1].

¥oZ e

11.3. OSTROWSKI-GRUSS INEQUALITIES IN L”-NORM

Theorem 64. Assume (H). Let p > 1 and q :== p/(p —1). If f,g € Cly([a,b],R) such
that f~, g~ € LP([a, b)), i.e.,

b % b %
”fAHp = (/ |fA(3)‘PAs) < oo and HgAHp _ </ ‘gA(S)‘PAs) < 00,

then for all t € [a,b], we have

b b
10900 - 5 o0) [ wrtee)as s 10 [uutenas
polt || L9070, + 1512
< |mwnl, 5 (102)

and

# (o [ w8 (s [uistotnas)

< | S0, e, a0

Proof. As in the proof of Theorem 63, we obtain (97) and (98). From (97) and (98),
using Holder’s inequality on time scales (see [22, Theorem 6.13]), we obtain (102) and

(103), respectively. ]
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Corollary 6. In addition to the assumptions of Theorem 64, let w(t) = 1 for allt € [a, b].
Then for all t € [a,b], we have

00l0) — 57 [at0) [ oo+ 500 / do()]

= U(Z:a) A”/t (2:2) AS) i ;’f M7, 10

and
‘f(ﬂg(t b_a{ /f As+f()/ab (a(s))As}
# (i [aenas) (71 [ atotnas)
([ (Y s [ (222) ) 100, e, 0
Proof. We just have to use Theorem 64. 0

Example 83. If we let g(t) =1 for all t € [a,b], then (104) becomes

1 b
10— 525 [ ratonas
L s —a\1 brh— s\ A
([ ey oo [ (2 a) 1l oo
which is a new time scales Ostrowski inequality. If T =R in (106), then we obtain

b—a t—a\'"! b—1t o+ s /
’ b—a/f <+1) [(b—a) +(ﬂ) ] 171,

an inequality that is given by S. Dragomir and S. Wang in [34], see also [30, Theorem
2. If T=7Z,a=0, and b=n € N in (106), then we obtain

Q|

n t—1 n—t %
‘f(t) - %Zlf(s) < (Zl s¢ +Z_;sq> [Lv][
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which turns into, e.q., when p=q = 2,

S1\/(1t—1)75(275—1)+(n—t)(n—H1)(2n—21t+1)

: 1Af,.

|f(t) — 3 s)

Example 84. If we let T =R, then (102) and (103) become

000) ~ g [0 [ w1505+ 510) [ wisiotonas
_ el || LI, + 0191,
~ ||m(a,b) . 2
and
00) - = [oo) w0 [ wiontoras]
(o [ w160) (5 [ o)
< e zuf'up 191,

respectively, and (104) and (105) become (89) and (90), respectively, in Theorem 62, and
by choosing t = (a + b)/2, we obtain the inequalities given in [18, Remark 2].

Example 85. If we let T =7Z, a =0, and b=n € N, then (104) and (105) become

FB90) ~ 5 [g<t> > £5) + f) Zg<s>] ‘

and

s=1 s=1 s=1 =t
1 2
1 t—1 n—t q
< (E <qu+28q> ) ||Af||p ||A9||p,
s=1 s=1

respectively, which are new discrete Ostrowski—Griiss inequalities.
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12. OSTROWSKI AND GRUSS TYPE INEQUALITIES

This chapter contains a collaborative work with Elvan Akin-Bohner and Martin
Bohner and appeared in 2011 in Nonlinear Dynamics and Systems Theory with the title
“Time Scales Ostrowski and Griiss Type Inequalities involving Three Functions”, see [5].
We present time scales versions of Ostrowski and Griiss type inequalities containing three
functions. We assume that the second derivatives of these functions are bounded. Our

results are new also for the discrete case.

12.1. INTRODUCTION

Motivated by a recent paper by B. G. Pachpatte [61], our purpose is to obtain time
scales versions of some Ostrowski and Griiss type inequalities including three functions,
whose second derivatives are bounded. In detail, we will prove time scales analogues of

the following three theorems presented in [61].

Theorem 65 (See [61, Theorem 1]). Let f,g,h : [a,b] — R be twice differentiable
functions on (a,b) such that f",g" " : (a,b) — R are bounded, i.e.,

1Ml = sup [f'(0)] < oo, lg"lle <00, (A"l < o0
te(a,

Moreover, let
b b b
Alf,g,h] == gh/ f(s)ds + fh/ g(s)ds+fg/ h(s)ds
and

B[f,g,h] == 1ghl [l /"ls + [FRI 9"l + [Fal IP"]] -

Then, for allt € |a,b], we have
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Theorem 66 (See [61, Theorem 2]). In addition to the notation and assumptions of
Theorem 65, let

fla) + f(b)
2

(a) +g(b)
2

L{f,9,h] :== gh + fh?

Then, for allt € |a,b], we have

FOSON0) ~ 35 Al 1l — 5 (o= S50 ) (Fany @) + G170
1

2
< sy B ) /ab p(t,s) (3_ a;b)

where p(t,s) =s—a fora<s <t andp(t,s) =s—0b fort <s<b.

ds,

Theorem 67 (See [61, Theorem 3)). In addition to the notation and assumptions of
Theorem 65, let

f(b) = f(a) +fhg(b) —g(a) bt h(b) — h(a)

M =

Then, for all t € |a,b], we have

FOUONE) - g Al 0 - (1= “57) M1F9,0000)

b b
< e PUa ) [ [ (e ) dsa

where p is defined as in Theorem 66.

Our time scales versions of Theorems 65-67 will contain Theorems 6567 as special
cases when the time scale is equal to the set of all real numbers, and they will yield new
discrete inequalities when the time scale is equal to the set of all integer numbers. Special
cases of our results are contained in [19, 18, 20, 21, 65, 46, 54] for the general time scales
case, in [57, 26, 32, 33] for the continuous case and in [58, 4] for the discrete case. One
can also use our results for any other arbitrary time scale to obtain new inequalities, e.g.,
for the quantum case.

The set up of this chapter is as follows. Section 12.2 contains some auxiliary results
as well as the assumptions and notation used in this paper. Finally, in Sections 12.3-12.5,

we prove time scales analogues of Theorems 65-67. Each result is followed by several
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examples and remarks. We would like to point out here that our results are new also for

the discrete case.

12.2. AUXILIARY RESULTS AND ASSUMPTIONS

We start with the following auxiliary result.

Lemma 12. The time scales monomials satisfy the following formulas:

92(t,a) — g2(1,0) = ga(b,a) + (£ — b)(b — a), (107)
ga2(a,b) + ga2(b,a) = (b — a)?, (108)
93(ta CL) - 93(ta b) = 93(b’ a) + (t - b)g2(b> (I) + (b - a)g2(t7 b) (109)

Proof. The function F' defined by F(t) := go(t,a) — g2(t,b) — g2(b,a) — (t — b)(b — a)
satisfies F'2(t) = o(t) —a — (o(t) —b) — (b —a) = 0 and F(b) = 0. Hence F = 0 and
so (107) holds. Next, (108) follows by letting ¢ = a in (107). Moreover, the function G
defined by G(t) := g3(t,a) — g3(t,b) — g3(b,a) — (t — b)ga(b,a) — (b — a)ga(t, b) satisfies
GA(t) = ga(a(t), a) — ga(o(t),b) — ga(b,a) — (b—a)(a(t) —b) = F(o(t)) = 0 and G(b) = 0.
Hence G = 0 and so (109) holds. O

Throughout this chapter we assume that T is a time scale and that a,b € T such
that a < b. Moreover, when writing [a, b], we mean the time scales interval [a,b]NT. The

following two Montgomery-type results are used in the proofs of our three main results.

Theorem 68. Suppose f € C}{(T,R). Let t € [a,b] and uy,uy € CL4(T,R). If

ui(o(s or a<s<t
uo(s = { ) (110)
us(o(s)) for t<s<b,

then

/ u(o())f2(s)As = (ur(t) — uz(t)) (1) = wi(a) f(a) + uz(b) f ()
@ (111)

- [werns- [ereas
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Proof. We split the integral into two parts, each of which is evaluated by applying the

integration of parts formula, i.e.,

[ uteenr@as = [CuerAeas+ [ o)t mas
— (1) () — wr (@) fa) — / WD (5)f(s) As
T us() £ (b) — ua(£) £ (1) — / W3 (s) () As,

from which (111) follows. O

Theorem 69. Suppose f € C%(T,R). Let t € [a,b] and u;,v; € CL4(T,R) be such that
u?(s) = vi(0(s)) for all s € [a,b], where i € {1,2}. If u satisfies (110), then

)

/ u(0(5)) 22 () As = (ua(t) — ua(t)) f2 (1) — (vi(t) — va(t)) f(2)
—uy(a) f2(a) + vi(a) f(a) + uz(b) f2(b) — va(b) f(b)  (112)
+/ v2(s)f(s)As —i—/t v2(s)f(s)As.

Proof. Using (111) with f2 replaced by f2* and subsequently applying integration by

parts twice, we obtain

from which (112) follows. O

Assumption (H). For the remaining three sections of this chapter, we assume that T

is a time scale and that a,b € T such that a < b. We assume that f,g,h € C%(T,R) are
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such that
[ e e N L

and define

b b b
Alf.gt)i=gh [ 18+ fh [ g6)as+ fg [ his)as

B(f,g.h] == |ghl||f22| . + [/l ]|g22 ]| + | fal ||P22]| . .
Clf,g,h] :== ghf® + fhg® + fgh®,

o= (oo ([ 105)
(o))
([ omos) ([ ).

L. g.h] == th (b,a)f(a) + ha(b,a)f(b) thz(b La)g(a) + ha(b, a)g(b)
(b — a)? (b —a)?
n fggz(ba a)h(a) + ha(b, a)h(b)
(b—a)? '

12.3. PACHPATTE’S FIRST THEOREM ON TIME SCALES

Theorem 70. Assume (H). Then, for all t € [a,b], we have

Atz 0 - g (1= 0+ 22D cir 0000

a)
< % (hg(b, t)+ (t— b)gz<i,z> n gz(f,(j)) Blf, g, B](t) (114)

F9(0n0) - 55

and

‘—/f ( : a)? D(f,g,h]
3(b—a)/a(t_b+¥) Clf,9.h(HA ’

o ga2(b,a) . gs3(b,a)
§3(b—a)/a <h2(b,t)+(t—b) i e >B[f,g,h](t)At. (115)
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Proof. Fix t € [a,b] and define u by (110), where
ul(s) = g2(87 CL), UQ(S) - h?(ba S)'
With the notation as in Theorem 69, we have
UI(S) =s5—a 02(8) =S5 b7 UIA<S) = U2A(S) =1
and u(a) = vi(a) = uy(b) = va(b) = 0. Moreover, we have
(107)
ur(t) —ug(t) =" (t —=0)(b—a)+ ga2(b,a), wvi(t) —ve(t) =0b—a.

By (112), we therefore obtain

b b

/ u(o(s))f22(s)As = (¢t = 0)(0 — a) + ga(b,a)) f2(t) — (b= a) f(t) + / f(s)As

and thus

7 /"f A8+(t—bkgﬂba>)fA@)—gj—‘ZTUQﬂS»fAA@QA& (116)

b—a —a

Similarly, we get

o(t) = bia/ g(s)As+(t—b+%) gA(t)—ﬁ/ w(o(s))g>2 (s)As (117)

h(t) = — /h(s)As+(t—b+g2(b’a))hA(t)—bia/ u(o(s))hA2 (s)As. (118)

b—a /, b—a

Multiplying (116), (117) and (118) by g(t)h(t), f(¢t)h(t) and f(t)g(t), respectively, adding

the resulting identities and dividing by three, we have

FO9ON) ~ gl a0 - 3 (¢ 04 28D ) cif, g0

1 b -
(= / u(o(s)) BIf, g, H](t, 5)As, (119)
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where

B[f,g.hl(t, s) := g()h(t) f23(s) + F(1)A(t)g*>(s) + F(1)g(D)h*(s)

~ (120)
sothat  |BIf,g.h(t.)| < BIf.g.h)(t).
By taking absolute values in (119) and using (113) and
b ¢ b
/ lu(o(s))|As = / g2(0(s),a)As —|—/ ha(b,0(s))As (121)
a a t

= 93(t7 a) - 93(t7 b)
=" g3(b,a) + (t = b)g2(b,a) + (b — a)ha(b, 1),

we obtain (114). Integrating (119) with respect to ¢ from a to b, dividing by b — a, noting
that

b
/ Alf.g.hl(s)As = D[f, g, h], (122)

taking absolute values and using (113) and (121), we obtain (115). O
Example 86. If we let T =R in Theorem 70, then, since C[f,g,h] = (fgh),

_ g2(b,a) b_(b—a)QZb_b—a_a—i-b

b—a 2(b—a) 2 2

b

and

hz(b,t)+(t—b)gz<f’z) +gz(faz) :%{(t—b)2+(t—b)(b—a)+(b—3a)2}

(et )
Sy Rt

we obtain [61, Theorem 1], in particular, Theorem 65.

Example 87. If we let T =7Z and a =0, b =n € N in Theorem 70, then, since

g2(b, a) (b—a)b—a+1) b—a+1 a+b—-1 n-1
b—a 2(b—a) 2 2 2
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and

ha(b,t) + (t-_.b)g2(b7a) n g3(b,a)

b—a b—a
%{ —)b—t—1)+ @—m@—a+1y+®_“+4¥b_“+m}
1 b—a+2 (b—a+2)? (b—a+1)(b—a+2)
T2 (t_b B 4 * 3 }

12

{G+1_a+b w—a+mw—a_m}
{

and
%;f(t)g(t)h(t) o Dlfg b - o ; (t - 1) C1f, g, h)(t
S%t;o{(tﬂ—%f " } BIf,g, h)(t).
where

Alf, 9. Bl =gh Y f(s)+ fh>_g(s)+ fg ) _ h(s)
s=0 s=0 s=0
Blf,g,h] = |gh| max [A*f(s)| +[fh] max |A%g(s)]
+‘f9h<m<ax1!A2 )]

Clf.9.1] = ghAf + fhg + oAb,
D[f.g,h] (Zg > (Z f(8)> + (Z f(S)h(S)> <Zg(8))
¥ (Z f(S)g(S)) (2 h<s>> .
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Furthermore, note that these inequalities are new discrete Ostrowski—Griss type inequal-

1ties.

Remark 36. If we let h(t) =1 in Theorem 70, then (114) becomes

00t0) — s {ato) [ 19 As+f<)/b<>A{}
%Q_m- D) 020 + 5020}
<3 (v - w%@?+zﬁg){MMW%ww+uwaﬂ@}

and (115) turns into

—/bf(t)g(t)At - % </abf(t)m> (/abg(t)At)

b(t—b+ Z)) {9 f2@®) + ft)g }At’

/b ( (1 b)gz(fa Z) N 92(&2))

{aOH 23 + 17O} At

| N

If, moreover, we let g(t) = 1, then (114) becomes

05 [ rns— (1m0 200 o)

< (b -2y DO oy

From these inequalities, special cases such as discrete inequalities can be obtained.

12.4. PACHPATTE’S SECOND THEOREM ON TIME SCALES

Theorem 71. Assume (H). Then, for all t € [a,b], we have

2
3(b—a)

FO9O0) ~ 557 AL 10 + S50

5 (1= 0+ 22D i hio)] < g5 s Bl OO (29
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and

i /ab(t‘“M)O[f,g,h](t)At’

3(b—a) b—a
1 b
< e / BIf.g H(I(®)AL, (124)
where
1) = = [ 120~ a)ga(o().0) ~ (o1) — a)galb )] As
1 C
+ P /t 12(b — a)hg(b,0(s)) — (b — o(s))ha(b,a)| As.

Proof. Fix t € [a,b] and define u by (110), where
ul(s) = 2(b - a)QQ(Sa a’) - (S - a)QQ(b7 a)a u2(8) = 2(b - a)hQ(ba S) - (b - S)hQ(b7 CL).
With the notation as in Theorem 69, we have

vi(s) =2(b—a)(s —a) — ga(b,a), vo(s) =2(b—a)(s—b)+ ha(b,a),
vi(s) = vy (s) = 2(b — a)

and uy(a) = ug(b) = 0, vi(a) = —ga(b,a), va(b) = ha(b,a). Moreover, we have
uit) —us(t) = 2(b—a)(ga(t,a) = ha(b,1))

_|_
WO 9(h — a) (ga (b, a) +
+

= 2(b—a)* — (b—a)* = (b—a)’.

By (112), we therefore obtain
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/ w(o(5) P35 (3)As = (b — a) (ga(ba) + (¢ — B)(b— a) FA(2)
— (b= a)£(t) — g2(ba) f(a) — ha(b,a)f +2b—a/f

and thus

_ 2 [ pas - 200 (@ b a)f(0)
S LG T

(t—b+ b< ))fﬁ() (b_la)2 /abu(a(s))fM(s)As. (125)

Similarly, we get

o) = 2 [ otoyns - 200l b))

b
4 (t—bﬂz(%g)) g2 (8) — (b_la)2/ w(o(s))g>2 (s)As  (126)

and

M) = 2 - / ns)hs 920 a)h((c;) jaf;z(b, a)h(b)

+ <t —b+ gz(f, Z)) hA(t) — C —1a)2 / u(o(s))h22(s)As.  (127)

Multiplying (125), (126) and (127) by g(¢)h(t), f(t)h(t) and f(t)g(t), respectively, adding

the resulting identities and dividing by three, we have

P00 = s AL 0. 1)0) + 3L 0.0
3 (o 2O etpgin = g [ oBlfg e o)A
(128)
with B as in (120). By taking absolute values in (128) and using (113) and
— / lu(o(s))|As = I(t (129)

we obtain (123). Integrating (128) with respect to ¢ from a to b, dividing by b — a, noting
(122), taking absolute values and using (113) and (129), we obtain (124). O
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Example 88. If we let T =R in Theorem 71, then, since C[f,g,h] = (fgh),

ga(bya) a+b
b— =
b—a 2

and (with p as defined in Theorem 66)

i
+bialb
:/: (s —a) <s—“;b)

= [lea(-+3)

we obtain [61, Theorem 2/, in particular, Theorem 606.

(b—a)*

ds

(b—a)(s—a)*—(s—a)

(b—a)*
2

(S—@(s—a;bﬂds

(b—a)(s —b)*— (b—s)

b
ds—i—/
t

ds,

ds

Example 89. If we let T =7 and a =0, b=n € N in Theorem 71, then, since

_ g2(bja) n-—1

b b—a 2
and
I<t>=bia§; -t 1-a)s+2-a) - s+ 1 -0 ==L
+bia§(b_a><b_s_1><b_s_2>_<b_5_1><b—a><b2—a—1>‘
:g<s+1_a><s+1_L‘2’—1)‘
Eferoaen)
:;) (s+1) (5+1—”T‘1)'+§ rt-m(s1-"30)|
we have

9O ~ A1) + 5200 — 3 (1= "5 ) Clhgnlt)
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s=1 s=t+1
and
Ly Dg(Oh(t) — —=DIf, g, h
7 2SO0 = £ DIf .M
+3in L[fgh](t)—gin (t—” 1)C[f,g,h]<)
= iss—”_1\+i<n—8>s—"_l\
o t=0 o s=1 2 s=t+1 ’ |

where in addition to A, B,C, D defined in Example 87,

(n+ 1)f(a)24;(n —Df®) | fh(n + 1)9(@);;(71 —1)g(b)
(n+ 1)h(a) + (n — 1)h(b).
2n

L[f,g,h] = gh

+ fg

These inequalities are new discrete Ostrowski—Griss type inequalities.

Remark 37. If we let h(t) = 1 in Theorem 71, then (123) becomes

‘f(ﬂg(t)—b—{ /f As+f()/abg(s)As}

oy DI+ O 1 il o) + ol

5 (t —b+ 9;<f’j>) {a()f5(t) + f<t>gﬂ<t>}]

1 AA AA
_mﬂg @22+ @972 (@)

(observe (108) when calculating L) and (124) turns into

i s (o) (o)

/ {g(t)gz(b )f((2)+hz(b FC) | i 920, 0)9(@) + ha(b,a)g ()} N
’ b

- a)2 Q(b_ a)
(t —b+ 9;(_72)) {g(t)f2 (1) +f(t)gA(t)}At’

b—a
1
2(b—a)
< g | @115+ 0 422} 10

2(b—a)? J, > >
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If, moreover, we let g(t) = 1, then (123) becomes

‘ / £(s a)f(a ((b) jal;2(b ,a)f(b)

(t‘“ ne )>fA<>\ 22 1)

From these inequalities, special cases such as discrete inequalities can be obtained.

12.5. PACHPATTE’S THIRD THEOREM ON TIME SCALES

Theorem 72. Assume (H). Then, for all t € [a,b], we have

F09(On0) - Al 0 - 3 (1= 0+ 20D i g, 1)

< 3(b— a)QB[fagv R)(t)H(t) (130)
and
b
‘b i a /a f@)g(t)h(t)At — ﬁD[ﬁgj h)(t)
1 ’ gg(b, CL)
_S(b_a) /a (t_b+ b—a ) M[fagvh]<t>At'
b
= ﬁ/ Blf,g,h](t)H(t)At, (131)
where o
H(t) ::/ / Ip(t, 7)p(T, 5)| AsAT
and

o(s)—a for a<s<t
p(t,s) = {
o(s)—b for t<s<0b.

Proof. Fix t € [a,b]. We use Theorem 68 three times to obtain

// (1, P)p(r, ) P24 )Asm_/ ot ){/abp(T,s)fAA(s)As}AT
- [en{o-arm- [ Poadas

b b
—(b—a) / plt, )12 (5)As + (f(a) — £(D)) / p(t,5)As
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:w—a{b—a (/f A%> ﬂmﬂ@—aﬁ—L?A%

=w—ayﬂw—w—ﬂy/f@ﬂm+«ﬂw—fwnlﬂs—wAs
=w—ﬂﬂﬂﬂ—@—@/ NwM+QMwﬂ—%wﬁXﬂw—f@)

and thus (by using (107))

b—a/f AS+(t_b+g2ba) b—a
b—a // A2(s)AsAT. (132)

ft) =

Similarly, we get

g(t) = ! /abg(s)As+<t—b+g2(b’a)> g(b) — g(a)

b—a b—a b—a
b b
+ ﬁ / / p(t, 7)p(T, s)gAA(s)AsAT. (133)

and

0 = 5 [ (10 2L0) MO~

—i—ﬁ//p(t,r)p(T,s)hAA(s)AsAT. (134)

Multiplying (132), (133) and (134) by g(¢t)h(t), f(t)h(t) and f(t)g(t), respectively, adding

the resulting identities and dividing by three, we have

1
3(b—a)

202) Mif,g.h10)

3
— ﬁ/ / p(t, 7)p(T, S)B[f g, h](t,s)AsAT (135)

F(OgOR(E) — Am%mm—l(ww+

with B as in (120). By taking absolute values in (135) and using (113) and the definition
of H, we obtain (130). Integrating (135) with respect to ¢ from a to b, dividing by b — a,
noting (122), taking absolute values and using (113) and the definition of H, we obtain
(131). O
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Example 90. If we let T = R in Theorem 72, then, by the same calculations as in
Ezample 86, we obtain [61, Theorem 3], in particular, Theorem 67.

Example 91. If we let T =7 and a =0, b =n € N in Theorem 72, then, by the same

calculations as in Example 87, we obtain

n

r9(0n) - At 10 - 3 (¢ 5 ) Mlfg 00

[f, 9, hl(t)H(t)
and
1 ol 1 n—1 n 1
- ;f(t)g(t)h(t) 9.0 = 5~ 3 (t - > M(f, g, h](t)
1 n—1
S 33 2 Blf, g, h|(t)H(t),
where in addition to A, B, D defined in Example 87,
g - ghf“i - ZT“) ; fhg“i A0 MO
n—1 n—1
= In(t,
7=0 s=0
s+1 if 0<s<t
p(t, S) =

s+1—n if t<s<n.

These inequalities are new discrete Ostrowski—Griiss type inequalities.

Remark 38. If we let h(t) = 1 in Theorem 72, then (130) becomes

00) — s {ot0) [ 585+ 50 [ 1)

L (10 00 fy JOS0) o) st}
1

< sare U 122+ 1700 1923 ) 710

and (131) turns into



i f oot ([ 0s) ([ o)

2(b1— a) /ab (t bt %) {g(f)f(bl), S, f(OW} At‘

168

1
20— ) / {g@O1 123 + 7@ g2} H(n)Ae

If, moreover, we let g(t) = 1, then (130) becomes

- o= (10 2L0) 10 S0
1

=-a)

2 1722 H (@),
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