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ABSTRACT

A general equilibrium-stiffness method of matrix
structural analysis was adapted and applied to the
solution of the member end forces and moments of each of
the members in & curvilinear structural grid system. A
structural system of this nature is commonly used as the
supporting framework for & "steel-framed dome", in addition
to being s basic structural component in many aerospace
applications.

An integral part of the development of the analysis
was the development of a computer program to perform the
many complex operations required to obtain the solution.
The engineer, by supplying the appropriate structural
data and losd dats to the computer program, is able to
obtain the forces and moments at the ends of each of the
members in the structural system corresponding to the
six possible degrees of freedom of each one of the Jjoints,

or nodal points as they are referred to.

David Leon Fenton
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Chapter 1
INTRODUCTION

The appearance of the dome structure in today's
modern space age society is as accepted and as appro-
priate as it was hundreds of years ago. Today's modern
materials and advancements made in construction methods
have made the dome structure one of the most economical
space-structure systems in use today.

There is an ever growing trend to enclose larger and
larger areas and in so doing man is endeavoring to control
his environment in order to eliminate the influence of
weather on his daily activities. By enclosing large areas
such as shopping centers the loss of business due to
unfavorable weather can be reduced. The same is true of
athletic stadiums, civic centers and auditoriums, green
houses, opera houses and a multitude of other applications.
The present demands, in addition to demands of the future
where domes spanning & mile or more may be desired, present
today's engineer with a tremendous challenge. The analysis
of these structural systems will require talented and
creative engineers with more than average ability, and,
in addition, there will be a continuing need for the
development of more efficient and sophisticated methods of

analysis.



Modern matrix anslysis of large structural systems
together with the use of the high speed computer is
becoming as common to the structural engineer's world
today as the slope-deflection and moment-distribution
methods have been in the past. The analysis of space
frames, as well as flat grids, consisting of straight
members has been well documented.l’e’3 On the other
hand it is felt that there is & definite need for a clean
straight forward approach to the anslysis of space-
structure systems composed of curved members.

Much of the work that has been done with curved
members desals with two dimensional structure such as arch
and multi-arch frames.5 In the area of members curved in
space the following approaches have been taken, a matrix
procedure using a trisl and error approach was suggested
by, Baron,7 in the paper by Eisemann, Woo, and Namyetl,
it is suggested that curved members or members with
varisble cross-sections could be approximated by the
introduction of asdditional rigid joints along the length
of the member resolving the member into a series of
straight segments. This approach, however, would greatly
increase the number of equations required to solve and
would be highly inefficient for large systems. Another
approach to the solution of "curvilinear grid frames"
has been suggested4, which involves the use of trigono-

metric series to approximate moments and deflections.



In a paper on "Mettalic Dome-Structure Systems,"
by Shu-t'ien Lig, it is suggested that any surface of
revolution supported on a horizontal thrust ring may,
if symmetrically loaded by distributed loads, be regarded
as supporting itself directly by tension or compression.
This paper then suggests that by adapting the established
theory of thin-shell spherical domes, the analysis of the
lattice dome can be made quite simply. The compressive
stresses toward the pole snd around lines of latitude
when multiplied by the rib spacing will give the rib
stress. The shell approach, however, does not include
the bending and torsion taeking place in the lattice
structure, which is necessary in order to describe more
accurately the behavior of the structure.

10’ a general

In 8 recent paper by J. Michalos
approach to the analysis of '"space networks' is described.
The method of snalysis described, employs the use of both
the displacement and force methods of matrix analysis,
however, the method of formulation still uses an
iterative approach. The resisting forces and moments in
each branch of the network are first computed by the
force method, while the rotations and displacements of
the ends of a branch are prevented. Correction moments
and forces resulting from rotstions and displacements of
the nodes are then computed from the displacement method

and finally the correction moments and forces are added to

the resisting moments and forces previously determined.



The number of operations and steps required by this
analysis would still encourage the development of a
more straightforward and simplified approsach.

In view of the preceding discussion, & need for =a
more direct method of analysis for the curvilinear space
structure still exists. The fact that a given matrix
method of formulation has been developed does not
eliminate the posaibility of the existence of a more
efficient and more direct method of matrix formulation.

The majority of the structures built are not
designed with unususl assortments of member shapes and
cross-gsectional patterns, for the obvious reasons of
economy. In most cases the members are either all
straight or all curved and in some cases there may be a
combination of straight and curved members. In structures
where curved members are used, they are usually of the
same type, (i.e. all segmentes of circles or parabolas,
etc.).

It is for these reasons that this author favors
deriving the equations for the member flexibility
coefficients directly from energy considerations, in
terms of the geometric and elastic constants of a typiceal
member and then substitute the appropriate geometric
and elastic constants of each individusl member into
these equations to obtain the member flexibility matrices.
The member stiffness matrices are then obtained simply by

inverting the member flexibility matrices.



It was with this philosophy that the following
method of analysis was developed. The method used to
formulate the analysis was a general equilibrium-
stiffness formulation in which the load-displacement
equations for the individual members are used to
generate directly the sysfem stiffness matrix for the
entire structure, from which the nodal displacements
are obtained. These displacements are then substituted
into the member load-displacement equations to obtain
the final member-end loads.

Finally, & computer program was developed to
effectively carry out the necessary computations, and

an experimental model was build to correlate the results.



Chapter 2
GENERAL FORMULATION

2.1 Method of Formulation

The equilibrium (or displacement) method has been
chosen as the most suitable approach to the formulation
of the curvilineasr space grid. The load-displacement
equations asre first derived for a single segmental cir-
cular element, (or in general any other element for that
matter) in terms of the most convenient element coordinate
system, which in most cases is different from the coordi-
nate system chosen to represent the entire structure.
Similar equations for all the elements of the structure
are then combined to form a set of load-displacement
equations for the structure, the details, of which, will
be described later.

The elements of a structure may be oriented in any
manner relative to the structural system. It is, therefore,
necessery to express the member equations in terms of the
gsystem coordinates before conditions of compatibility and
equilibrium can be applied. The following equations
(2-1), for example, are illustrative of the equations
which contain & complete description of the load-displace-
ment characteristics of & single element in system

coordinates.



KL & &
Kj; O + X, 9}

(2-1)
= K3 O] + Ky &3
Where P' and &' represent end loads and displacements
respectively, K' represents the appropriate stiffness
matrix and the primes indibate that these quantities are
expressed in system coordinates.

One important advantage of this method is that
equations (2-1) can be derived for a single element with-
out regard to how this element will be oriented in the
structure. The formulation of the problem can be separated
into two separate parts, (1) developing the equations
(2-1) for a single element using the elastic properties
and geometry of the element, (2) applying the conditions
of compatibility and equilibrium which are concerned with
the topology of the structure. Each of these parts are
entirely independent of one another which is & tremendous
advantage in the formulation of complex structural systems.
It is assumed in the formulation which follows that the
theory of small deflections holds true.

2.2 TFlexibility and Stiffness Matrices for a
Single Element

It has been found in the case of & curved member,
that it is much easier to derive the flexibility matrix
and invert it to obtain the stiffness matrix than to

derive the stiffness matrix directly as would be the case



for a straight member. The inversion can be done quite
efficiently and rapidly on the computer since the maximum
size of an element flexibility matrix would be 6 X 6.

It will be necessary to consider a member &s having
direction. As shown in Figure 2.1 the direction of =

member is from its l-end to its 2-end.

End-1 End-2

Figure 2.1 Fundamental member load-displacement.

The flexibility matrix will be derived by fixing
the 1l-end of the member and computing the general
deformation vector "a" resulting from the general applied
load vector "p2". Each of these vectors will contain
six elements, the deformation vector having three trans-
lations and three rotations and the load vector having
three forces and three moments. The relationship between
the deformation and the load vector can be expressed in

terms of the flexibility matrix, ¥, as follows,

a = Fp, (2-2)



Since the l-end of the member is completely fixed against
any deformation, the deformations at the 2-end can be
expressed uniquely in terms of P5 thereby establishing the
validity for the existence of the inverse of F. Ps can
then be written in terms of "a" and F~' which equals K,

the stiffness matrix, as
p, = F "a = Ka, (2-3)

where both K and F are symmetric matrices.

If p, can be expressed uniquely &s in (2-3) it is &
simple matter to obtain Pq from equilibrium considerations.
Figure 2.2 shows a segmental circular member with forces
and moments at each end directed in a positive sense,

followed by the equilibrium equations for the member.

End Loads
PY" F&a
P> My Mye
m
Py ——Gx‘—a-K | i Px2
Mz S Mz2
Pzi B a Pre

Figure 2.2 Member end load coordinates
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Pyl * Pyp < O Byl 7 Byp T O
Py * Py = O Bgy + Byp =25p,5 = O (2-4)
P,y + P,o = O m o + W, +ZSpy2 =0

The equilibrium equations can be written in matrix form

as follows,

p,] [1 o o o o o] BN

DLy o 1 0 0 0 o0 P

D, ©o o 1 0o o0 o D5
+ X = 0 (2-5)

n, o 0o 0o 1 0 o n_,

my 0O 0 -28 0 1 O n

m,] [025 0 0 0 1] B0

or,

P, + Hp2 = 0. (2-5a)

In equation (2-5a) the matrix H is introduced and
will be referred to as the '"equilibrium matrix". H is a
function which depends entirely on the geometry of the
member, therefore, if the force vector at one end of the
member is known, the force vector at the other end can be
1

computed from simple matrix multiplication of H or H~

by the appropriate force vector.
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(2-5b)

or, b, = ~-H

The inverse of H can be obtained directly by matrix
inversion, or it can be obtained more easily from physical
considerations. This is accomplished by interchanging
the l-end and the 2-end, which only reverses the signs of
the coordinates. This affects the H matrix simply by

reversing the signs of the off-diagonal elements.

End Displacements

The equilibrium matrix, H, can also be used to relate
the displacements at one end of the member to the displace-
ments at the other end.

Let, é;l’ é;e equal rigid body end-displacements
of a particular member. Since rigid body displacements
by definition do not affect the equilibrium of the member,
the total work resulting from the rigid body displacement

is equal to zero. This can be expressed as follows,

t * t *
P 61+p2 62"‘0, (2-6)

where pt1 and pt2 are the transpose of the force matrix.
Eliminating ptl from equation (2-6) by using (2-5b)

results in the following,

if, p, = -Hp,

then, ptl = —pt2Ht.



Substituting into (2-6) then yields,

t t t . _
-p2H 6*l+p2(52—0.

Finally,
&, = B & (2-7)

If the rigid body displacements are now superimposed
on the displacements in Figure 2.1 of &, = O and 62 = a

the results are,

él—

i
Q
"

(2-8)
<52

0

6*2+a

If the rigid body displacements are now eliminated from

equations (2-7) and (2-8) the following results are

obtained,
t
Oy =H O,
<52 = H ébl + a
or, £
a = 62 -H 61’ (2-9a

where equation (2-9a) expresses a measure of the amount
of elastic strain associated with any srbitrary end
displacements (51 and <52. Finally, if equation (2-9a)

is substituted into equation (2-3) the equation for p,

12

)



13
becomes,

D, = -KH® S + K&,

Using equation (2-5b), (p1 = -HPQ)’ p; can now be defined

as,

t
p, = +HKH é)l-HKég.

This results in a set of equations in member coordinates,

i}

D, HKH® O, -HK &,

(2-10)

]

t
b p2 -KIi 61+Ké2,

which are similar to equations (2-1) in system coordinates.

These equations can be written in matrix form as follows,

Py Kp Ko S,
P2 | | a2 | Oz
or, p=K&
t . ot
where, K11 = HKH", h12 = HK, K21 = KH" and

K = K, remembering that K = the inverse of F.

22

It can also be shown that if K is symmetric that K12 = Kt2l.

The symmetry of K can be verified by considering Maxwell's

Law.
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Because individual members of a structural framework
can be connected in any orientation relative to the system
coordinates, member forces and displacements must be
expressed in terms of system coordinates before the condi-
tions of compatibility and equilibrium can be applied in
assembling the complete stiffness matrix of the structure.

It therefore becomes necessary to derive a trans-
formation matrix to transform both p and & in member
coordinates to p' and &' in system coordinates. This
can be accomplished with a general three dimensionsl,

rotation of axis transformation matrix of the type,

Yy, Y
\
\
\ x
\ -
\| - ,
X
/
/
/
, /
F /
'z
A1 Al A1z O 0 0
Aol Az2 A23 O 0 ©
Azl Azz A3z O O O
T = (2-12)
0 0 O A1l A2 Als
o 0 0 A2l A2 A2z
0 0 0 A2l Az 7\334
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where, represents the cosines of the angles between

the appropriate member and system axis. Since T is an

t -1

orthogonal matrix it follows that T = T =, After T has

been defined,p' and &' can be written sas,

p' = Tp

(2-13)

Té‘

and,

S

Using (2-13), the equations (2-11) can be re-written as,

3
P{ _ qg_ . TF

' _ t 1
11 S 1 TKIZT éb2

(2-14)

and,

. t
defining TKijT =
form of Eq. (2-1)

Pl
P

e TE L TY & b oa
ph o= ~TE, TV &) + TK 17 &2

Kij results in an expression of the

1 ) ]
S, + K, O

@
I\‘ll

il

K51 61 + Kiy Ofe

The general form of the four system stiffness
matrices can now be written from equations (2-11) and

(2-14) as follows,

o £ ¢
Ky, = THEH'T
&
' = -
K!, = -THKT
(2-15)
R
Ki, = -TKH'T
= TKTY.

[}
Koo
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t '
15 and K21 are equal thereby

meking K' symmetric. If K' is symmetric,

It can be shown that K'

| t
1 — 1
Koy = K'95
t t
and, K7 = -mkate,

(K is symmetric, K = Kt) and the symmetry is therefore
verified.
2.3 Assembly of System Stiffness Matrix and Solution

of Member Forces

The assembly of the system stiffness matrix from the
member stiffness matrices makes no further reference to
the elastic behavior of the material, but depends only
on the way the members are connected together along with
considerations of equilibrium and compatibility. Figure 2.3
illustrates a simple curvilinear grid which will be used to

illustrate how the system stiffness matrix is assembled.

Figure 2.3 Simple curvilinear grid.
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The principles involved are exactly the ssme for any
space frame. Consider any member "I" connecting nodes

Jl1 and J2, the member equations being,

(K'.) 6' + (K!'2)

p 1
1I 1171 12°1 21

(2-16)

]

por = (K3y)p Opp + (KD &4y

Considering compatibility,

611 = O

] = 1]
21 J2
Equations (-~16) cen be re-written in terms of the displace-

ments of nodes Jl and J2 sas,

pir = (K01 O 5 + (K101 OF,

- ] ]
and, pyr = (K31 Oy + (Ki)p OFs

which expresses the forces and moments at each end of
member "I" in terms of nodal displacements. From
equilibrium considerations applied nodal loads can be

equated in terms of member end loads at a given node as,

Pyp = Pyp ¢ the contributions of any other
member at node "J1",
and, Pyjp = Pop + the contributions of any other

member at node "J2".
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The load-displacement equations can be written for nodes

J1 and J2 as,

= 4 ' ' v
pyy = (Kip)p Oy + (Kj)1 &)

+ contributions of other members,
and prp = Ba)p O + (Kho)p OFp

+ contributions of other members.

From the preceding equations the assembly scheme for
system stiffness matrix can be deduced.

Consider for example the structure in Figure 2.3.
Iach node is capable of six degrees of freedom which
procduces a displacement vector &' having three trans-
lations and three rotations, & load vector p, having
three forces and three moments, and a 6 X 6 nodal stiff-
ness matrix, K'. The size of the system stiffness matrix
necessary to describe the four node structure in Figure
2.3 equals six times the number of nodes square or
24 X 24,

As an example, the load-displacement equation will

be written for node 1;

[(K92 1t (Bopdy v (Kppdy + <K:'L1)6] S
*EK )dé' o[y 6]
Similarly the equations for the other nodes are
Py = EKél)QJ Sy BKez)e (Ko + (Bjp)g
+ (&) &5 +[®]5),] S
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P3 2[(K'1>6J 01 + [(K22 ) * (B3p0g + (Kjp)q
+ K30y, ) O3 (@12 ) 64
o = [(K3,),] 63 +[E)g) 65+ [xa0),
+ Ehplg + (Bp)yg + (Ko, | O

The preceding equations written in matrix form would

appear as,

7 B 1., 7

Py Kh Ko Ky O Sy
P> Ky K O K5, &2
P3 00 00 K3z K| g3
Py O K Ky Ky &4 |
or as,
P=EK'®S '

b

where K" is the system stiffness matrix. The contri-
bution that a single member makes to system stiffness

matrix can now be geen more easily from the preceding

equations. Consider member |6 . The direction of

member [ 6] , &8s well as all other members, is considered

to be from the smaller node number to the larger node

number. Member [5: y, therefore, has its l-end at

node (:) and its 2-end at node (:) . The contribution

of member |[6] then to the system stiffness matrix will

be as follows;



(1) (Kil)G will be added to K!"., the direct stiffness

11°
of node <:) R

(2) (K..)_ will be added to K"

2276 239 the direct stiffness

(%) (Kie)6 = (K}, )¢ will be added to the appropriate

. " tr
off diagonal stiffnesses K13 and K}l’

which demonstrates the symmetry of the K" matrix. The
systematic nature of the method of assembly of system
stiffness matrix lends itself well to computer

programming.
2.4 Pinned-End Rigid Foundation Attachment

The discussion thus far has been concerned only
with the fixed-end rigid foundation attachments with
no reference to the pinned-end or other types of
foundation attachments. The following discussion
explains the modifications in formulation, necessary
for the treatment of the non-fixed rigid foundation
attachment. The more common case of the pinned-end
rigid foundation attachment will be explained in detail.

The pinned-end case could be handled in a manner
similar to what is done in slope deflection solutions,
where modified end equations are developed by presolving
the general slope equations of a member so as to
eliminate the unknown displacements of the pinned-end.

This reduces the number of unknowns which one has to



solve for and simplifies the solution. In the case of
matrix methods, however, such as the equilibrium method
where the high speed computer is being used to solve
the problem it is desirable to preserve the genereal
nature of the solution as much as possgible so that the
programmning of the method of solution can be accomplished
in a straightforward manner. The load-displacement
equations (2-1) expressing the end-reactions of a member
in terms of the end-displacements of that member are
general in nature and are still equally valid even though
some of the end displacements and end reactions may be
zero, a8s is also the case in the general slope deflection
equations. With this in mind the following treatment of
the pinned-end foundation attachment can be seen more
readily.

In the equilibrium method the "system stiffness
matrix" is generated as though the pinned-end foundation
attachment was like any other node in the structural

system. Then the rows corresponding to zero joint

21

displacements are altered. This is done simply by placing

l1's on the leading diagonal of the system stiffness matrix

and setting all other coefficients in the rows equal %o
zero. The 1's on the diagonal are necessary in order to
prevent the equation solving routine from being upset by
zeros on the diagonal. Symmetry of the system stiffness
maetrix can be maintained by placing zeros in the appro-

priaste columns.
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Similar adjustments in the system stiffness matrix
can be made to handle other types of foundation attach-

ments.
2.5 Intermediate Span Loads

The treatment of loads applied at points other than
node points can be handled in a straightforward manner by
the use of the principle of superposition. It is, there-
fore, necessary to assume linear behavior of the structure
since the principle of superposition is only valid for
structures which behave linearly.

The analysis would procede in the following msanner,
the loaded span in question would first be considered
fixed at each end and the forces and moments necessary to
prevent any translation or rotation of the ends of the
member would then be computed as in Figure 2.4a. Next,
the sense of these forces and moments are reversed and
applied to the ends of the loaded member, thus replacing
the intermediate span loads with a system of "equivalent
fixed-end forces and moments™ as in Figure 2.4b. These
fixed-end forces and moments are then combined with any
other forces or moments applied directly to the nodes at
the ends of the member, resulting in the final nodal load
vector. It is necessary not to forget that before the nodal
load vector can be incorporated in the solution of the
structural system it must be transformed to system

coordinates,
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w K/st.

ERERETERENREEN

— 7
M, kf \)MZ
Vv, V.

2

Figure 2.48 Fixed-end forces and moments on the
loaded member.

HZ
—_——
Mk“’ \'-)Mz

VZ

2.4b Equivalent nodal loads

An additional assumption which can be made to simplify
the solution of the fixed end forces and moments is that
the intermediate span loads lie in the plane of the member,

however, the nodal loads may be applied in any orientation.
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Chapter 3
SEGMENTAL CIRCULAR MEMBER
3.1 Geometric Properties of a Segmental Circular
Member
Although the stiffness method will be used to analyze

the curvilinear system, the member flexibilities will be
derived first and then the member stiffness matrix will

be obtained by inverting the member flexibility matrix.

The geometry is as follows,

Pya

Figure 3.1 Geomerty of the segmental circular member

S = one-half member span
R = radius of member
e = vertical distance from focus to end of member

@ = one-half of the total angle subtended by the member



The variables x and y expressed in terms of geometric

constents are,

X =35 - R sin®© S =R sin @
vy = R cos® - e e = R cos @
ds = Rd4©

3.2 Load-Displacement Equations Derivation

The load displacement equations will be derived

using Castigliano's Second Theorem,

U - g
op.

1

i (3-1)

which says that the first derivative of the energy
expression, U , with respect to o equals the corre-
sponding displacement u, . Energy due to bending, torsion
and axial deformation will be considered in the following
derivation, neglecting the effects of shear since members
will generally be light and flexible.

The general expressions for moments at any point

along the member about an x, y and z axis are,

about the "x" axis, Mx = -p,y + @

about the "y" axis, M. = -p, X + my

about the '"z" axis, M = pxy + pyx + mz
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In order to be able to write the general energy

expression for the member, the forces and moments must

be expressed with respect to the major axes of the cross-

section at any point along the member.

N
M yN
c;:>y
\ h{d\x
€] X
l
M
) z N
z

(Figure 3.2)

yN

<P MyN

Figure 3.2 Forces and moments on major axes.

The moments &nd forces with respect to the axis in

Figure 3.2, are,

a) Axial Force,

N =p_ cos®

b) Torsion,

T

M. = M cos® -M
X y

sin®

sin®
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¢) Moment about "z" axis,

MZ = pxy + pyx + mz

d) Moment about "yN" axis,

M., =M sin® + M cos©.
yN X y

The previous equations can now be written in terms of
the end forces and moments, and the geometric constants
as;

a) N = P cos® -~ py sin®©

b) M‘I‘ =D, (S sin® + e cos©® -=-R) + m_ cos® - my sin®@
c) M, = Py (R cos® - e) + Dy (S -~ R sin® ) + m,
da) MyN =D, (e sin® - S cos® ) + m sin® + my cos®.

3.3 General Energy Expression

The general energy expression can now be written as,

2 2 2
2 M%ds M<ds M- _ds
0 = N-ds . T N Z + ZN
2EE ZGI'N ZET'Z 2EIyN

The deflections corresponding to the six degrees

of freedom are,

_ ou _ Qv . 9U
Oy * o, ’ Oy © ar,,’ S op, ’



e =

Z

ou

om,

The following Table 3.1 which tabulates the partial

derivatives of N, Mg, MZ

and M

yN

with respect to the

various coordinate forces and moments can be very helpful

in setting up the various integrals.
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TABLE 3.1
oM M
oN BMT . 3 9N
a3p cos® 0 (R cos®© 0
X - e)
Sp ~sin@ 0 (s 0
J - R 8in®© )
op, 0 (S sin®
+ e cos® - R) 0 (e sin®
- S cosO )
amx 0 cos® 0 sin®
amy o) -3in®© 0 cos®©
©m O 0] 1 0
z

3,4 Deflection Calculations

The deflections will now be calculated assuming

that members have constant cross sectional areas &and

that IN

the section.

is the equivalent polar moment of inertis for
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1) The deflection in the X-direction is,

5. - frex as oM, ds
X OPy iE + zapXETz ’

R 2 .
éx = 1% f(px cos"© - py sin® cose ) de

R .
+ EIZf[px(R cos® - e) + Py (S - R sin@ )

+m21]Elcose - ]de

after integrating and simplifying, the results are

p R pR5
§X=K§-<¢+§sm2¢>+E}1£;<¢-?2.sin2¢

> p R’ >
+ 2@ cos @) + ﬁ—- (2 sin“g - @ sin2@)
z

2
m———mZR (2 8in@ - 2@ cos@)
z

2) The deflection in the y-direction is,

NAN ds f oM, ds
= cs—— + M —
Oy ap, AE z &by, ET,
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R . .
6y = I3 (pX cos@ - py sin® ) (-sin® ) 4O

R .
+E—I-;-f[px(Rcose -—e)+py(S—Rs:Ln9)+m%]

[-_S - R sinej de ,

after integrating and simplifying, the results are,

3
p R 1. p R 2
6y=ﬁ_(¢-551n 2¢)+E}f—(2 sin“@ - @ sin2@)
z

2
3 m R
+ p§R (28 sin’g + @ - % sin2@) + p3—(2f sinf).
” z
3) The deflection in the z-direction is,

fMTaMT ds dM . ds
= v + M —_— ’
<Sz apz (zIN yN op, ) in

R .
&y = -G—I-I\—I f[?z (S sin® + e cos® - R) + m_ cos@

- my sine_] [S sin® + e cos® - RJ 4e

+ R__ [:p (e sin® S cos® ) + m sin®
EIyN Z X

+ my cose:] (:e sin® S cosO dae



after integrating and simplifying, the results are,

4)

o =Jnv aMT ds + M aMyN ds
X 7 amxfﬂg yN @m, EL

2
S = sz3(5Q) + % sin4@ - 2 sin2@) + ;:-}I{E—(ﬁ cos@
z G-I-——N N
m R

. 1 . .
-2 @ + = cos@ sin2@) - (8 72
sing + 3 ﬁN— sin

1 p R’
- = sing sin2@) + f§_(¢ - %T sin4@)
yN
me2 1 . m R2 ]
+ ETy_N(ﬁ cosg - 5 cosf sin2f) - ﬁ;};(@ sing

+ % sin@ sin2@).

The rotation about the x-axis is,

yN
= R_ p.(s sin® + e cose® - R) + m_ cose
ex GIN X X

- m sine_-] [cose_.] ae + gl f[pz(e sin®
J N

- 5 cos® ) + m  sind + m cose_-l [sine_] ae ,

31



after integrating and simplifying, the results are,

2
R
e EI—(QS cos@d - 2 sing + ? cos@ sin2@)

m R 1, p,R° 1 in20)
+ G.qu.(ﬁ + 3 sin2@) + m(ﬁ cosg - 5 cosf sin2y
m R 1
M E:XI (2 - 2 sin2@)
yN )

5) The rotation about the y-axis is,

- ~m ?
y Tom, iy yN amy Slow

R .
-G-Tgf pZ(S sin® + e cos® -~ R + m_ cose

- m, s1n9:] [—-51n6:] de + R fp (e sin®

- s cos®) + m_sin® + m_ cos9] [cose‘] iae ,

()]
ed
1}

after integrating and simplifying, the results are,

-szg , 1 . . m_R 1 .
Gy = W(ﬁ sing - 5 sing sin2f) + ﬁg(ﬂ - 5 sin2f)

pR2

m_R
EI—({J sin@ + 5 sinQ) sin2@ + ﬁy—N(ﬂ + % sin2@).

32



6) The rotation about the z-axis is,

aM
= z ds
S, - sz 5%, FT_

Z

)

R .
, = Ele]t?x(R cos®@ - e) + py(S - R sin® )

+ MZ] [1] @ ,

after integrating and simplifying, the results are,

p R p_R°
B, = FI-(2 sin@ - 2@ cos@) + &—(255 sing)
z z
m_R
- E%_(Qﬁ).
z

3.5 Flexibility Matrix

33

Now that the deflections and rotations of end 2 of

the member have been found in terms of the six degrees

of freedom, the flexibilities fij can be found, according

to definition, by setting the j¥ force equal to unity and

computing the it displacement (i = 1, 2, ... 6)when the

other forces and moments are set equal to zero. Flexi-

bility fij can also be found by,

f = _a.iU’_—-—
ij ~ 39, 00;

(3-2)



which is equivalent to the definition previously stated.

Now for simplicity let;

px= pl mx=p4 6){:61
Py = P2 "y ° Ps 5y =S
p, = P3 m, = Pg &, = O3

€3x =<34
Oy =65
O, =e6.

The elements of the resulting flexibility metrix will

then be;

2

b
£ _ R (@ + 1 sin@) + %I;(¢ - % sin2@ + 2¢ cosgg)

11 1E

R
22

1
)
R 1 . R 1
T = =—(@ + = sin2@) + =——(@ - =
44 GIN 2 EIyN 2
R 1 . R 1
£ = =—(f - = 8in2@) + —(f + =
55 GIN 2 EIyN 2
R
f66 = ET;(2¢>,

which are the diagonal elements of the

3
t0 = % (9 - 3 sing) %1;”’ - % sin2@ + 20 sin®p)

fo. = %;E(Bﬁ - 2 sin2f + 7 sin4f@) + %I;E(ﬁ - %-sin4¢)

sin2@)

sin2@)

flexibility matrix.
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The off

are;

fip =

le

6l

32

26

26

34

35

35

diagonal elements of the flexibility matrix

21

31

16

23

62

63

43

53

EI_(2 sin2¢ - @ sin2@
2
Ty = fyy = fgy = £30=0
22
(2 sing - 2@ cos@)
Z
f  =f. =f__=f__ =0

42 — 24 52~ 725

R® .
m;@ﬂ sing@)

ys = Tou = fug = Tgy = fog = fig5 = 0

B> (4 cosp - 2 sing + L cosp sin2@)
E-I-I:I- coOSs - sin +2 s sin

R° 1 .
+ m(ﬂ Cosg - '2" COSg Sln2g)
J

Re 1. .
- GIE(g sin@ - 5 sin@d sin2@)

R2 1 . .
- Eﬂf_(ﬁ sin@ + 5 sin@ sin2@).
yN

As can be seen a considerable number of the off diagonal

elements of the flexibility metrix are equel to zero,

which makes finding the inverse of the six by six much

easier than if the matrix was completely full.
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Finally, the assembled member flexibility matrix

written in matrix form would be,

ESUE 0 0 0 16 |
£y T 0 0 0 foe
0 0 S . 0
0 0 fus  Tuy 0 0
0 0 fos 0 foc 0
fer Teo 0 0 0 fee |

and it is evident a@lso that the flexibility matrix is
symmetrical. The K matrix in equation (2-3) can now
be computed by inverting F. This K corresponds to

K,~ in Equation (2-11). If the equilibrium matrix is

22
known, Kll’ Kl2’ K can be computed. These K's, how-

21

ever, are still in member coordinates and before they
are transformed into system coordinates, the trans-
formation matrix T must be derived.
3,6 Three Dimensional Axis Rotation Transformetion

Matrix

In order to keep the formulation of system stiffness
matrix general in nature, the transformation matrix, T,

will be derived for s member whose axis is skewed to all

three system axes, as indicated in Figure 3.2.



N
Y
y X
\%/f/
I
I
z | | ‘
— ! X
i 1
L |
\\\ l
\\ '
\\\ |
~

Figure 3.3 Typical member orientation

From equations (2.13) for example,

p' = Tp
and, A = T
or in matrix form,
7 [ ] 7]
Px A11 Ao A13 Px
Py | = Ao Az Aoz Py
Py Azl sz As3 P,

37
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where 7\11, ?\12, -..etc. are direction cosines. It can
be shown that T is an orthogonal matrix thereby making

L ¥ so that

(3-1)
and, &- s,

The derivation of the transformation matrix T can now
procede in a systematic manner by considering Tt as the
product of three individual rotation transformation
matrices Ty , Tg and Ty corresponding to the three
rotations which must be performed required to transform
from member to system coordinates &s shown in Figure 3.3.
In each row of Tt is located the direction cosines of the

corresponding member axis.



Y5 Ys

Figure 3.4 The three required rotations

Let &, ay and az equal the direction cosines of x.
b'e

where,

T = 7
g - Jd2 " Yn1 ., _Zi2 T %n

. _ 2
S =’\/(XJ2 X1

2
+ (F50 = 5107 + (255 = 259

39



Row 1 of ’I‘t equals 8 ay and a, which are the
direction cosines of the x axis and can be found directly
from the end coordinates of the member. The last two
rows can be found by consideringla » ¢ and & rotations.

Consider first the,s rotation and Tp where,

B ]

cosB8 0 sinB
Tg = 0 1 0 (3-2)
-sinA 0 cospB

The elements cosg8 and sinB8 can be expressed in terms

of a_, 8 and a_as follows,
X y z

a a
X . Z
2 2
a + a a + &
X 2 X z

The system forces have now been transformed to the axis
where,

plg = y- ] p'
Next the & -axis will be rotated to the F -axis or

i.e., the B -forces will be transformed to 7" oriented

forces.
B cos 7T sin7T 0
TT = -sin7 cos? 0] (3=3)
o) 0 1
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where,

2 2 .
cos 7 = ,\/aX +a,, sin¥ = ay,

s0 that the system forces have now been transformed to

the T -axis as,

Py = Ty ig
OI‘, pT=TrT,5P.

Finally, the K -transformation, where o« is the rotation
of the y-axis of the member with respect to Yy -axis

about the member x-axis and is part of the input data.

B 1 0 0]
To = 0 cos o sinx (3-4)
0 -sino coso(_l

The member forces can now be expresses as,
P = T Py

or, using Equations (3-2), (3-3) and (3-4),

P =Tx Ty Tg P’
t
where, T = Tx Ty Tg
and, P = Ttp'
or, p' = Tp .



In a similar manner the member stiffness matrix can be

transformed to system stiffness matrix by,

X' = TKTt.

Now if the appropriate terms for cos4, sing, cos?,
sin¥ are substituted into the eppropriate matrices and
the indicated multiplications of Ta T Tﬂ are carried

out the final form of Tt will be as follows,

B A1l Aoy Azl B
. A2 Ao2 Az2

A13 A23 A33

N

————

where,
ll=aX
a 8 cos - a sino
}\ . - Xy Z
12 /\/ 2 2
a + a
X z
a a sinx - a_ cos
,}\ - _XJ z
12 /\f2 >
a + a
b'e 7
?\21=ay

&2 =/\/8X2 + az2 cosX

2 2 .
>\23 = 7\Fx + az sin®

42



a 8 coso¢ + & sino
v X

a

,\/ 2 2
a_ + &
X z

a sinx + aX coOSK

y z
\/2 2

a_  + a
x z
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Chapter 4
APPLICATION OF ANALYSIS

In this chapter the information obtained from
Chapters 2 and 3 will be applied to the snalysis of
"curvilinear space grids". The details of the computer
program, which performs the necessary calculations, are
discussed in the following chapter. The objective of
the material in this chapter is to demonstrate the vealidity

of the solution and to develop confidence in the analysis.

4,1 Procedure

Three different mathematical models were chosen to
demonstrate the analysis. These models are circular
framed dones having height to span ratios, (h/L), of one-
sixth, one-~fourth and one-half respectively, with each
one having a span of 72.0 inches.

Each of the structures were analyzed under the
influence of symmetric &and unsymmetric loads. In one
case, all foundation attachments were fixed, while in
the other case half of the foundation attachments were
fixed and helf were pinned. The details of the mathe-
matical models can be seen clearly in the diagrams

which follow in (4.2).

Finelly, an experimentsl model was build and tested

in order to provide the necessary correlation between the
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analytical solution of the mathematicsal model and

experimental results from the physical model.
4.2 Mathematical Models

Each of the mathematical models are composed of
twenty-four segmental circular members, whose topological
arrangement describes a "lattice dome". All of the
members lie on the arc of a great circle. The model
dome has nine interior nodal points and twelve foundation

attachments.

a.) Mathematical Model 1 - The computations involved

in obtaining the geometric data will be shown in
detail for this model as an example of the required
hand calculations, and subsequently deleted from
the remaining models as they are handled in the

s&me manner.

1.) Basic Geometry:

_é_ = 72.()1! , h 12.0"

T
R=%[l+m]

R = 60.0"
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2.) Plan View - Figures 4.1 and 4.2 illustrate the
node and member numbering scheme used in the
analysis of the model with fixed foundation
attachments and combined fixed and pinned

foundation attachments.

+ X

ho 1
Figure 4.1 Mathematical Model-l (i’ = -6-) , 8ll

foundation attaechments fixed.



+Z
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Figure 4.2 Mathematical Model-l (% = %) , with

both pinned and fixed foundation

attachments.
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3.) Model profile:

et T‘E— Bt — dz —tp rds
Y
h=12.0 )
Y
% 7
a, N
c-480" 2P a, '
o
4
o\
B
(@)
— b| p————
r‘ bz —y

Figure 4.3 Basic coordinate dimensions

© - gin~t -I-Jl@ - 36.87°

h1 = R sin (90° - 2¢) = 56.92 in.

d1 = d2 + d3

dl = R cos (90° - 2¢) = 18.97 in.
dl .

d3 = (hl - e) HI = 2.97 in.

= -4 = 16.0 in. (See Fig. 4.1)
dy = d; - 9y
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4.) General coordinates of nodes 1, 3, 7, 9

Y X

"

/ﬁV
o L&

Figure 4.4 Geometry of 1, 3, 7, 9 node points.

OAB = 60.0 in.
oA =42(16)2 + (48)2 = 55.066 in.

AB = 60.000 - 53.066 = 6.934 in.

Ax = Az =  6.934 5%?665 - 2.09 in.
Y = 6.934 z3iozz = 6.27 in.

The resulting coordinates of B without regard to

sign sare,

z = 16.0 + Ax = 18.09 in.

o]
[

6.27 in.

ed
[



5.)

6.)

50
General coordinates of nodes 2, 4, 6, and 8 are,

18.97 in. (See Fig., 4.3)

»

#

W]

]
B

#

y = hl - e = 8,92 in,

Member - @ - Calculations

_ 9 36.87 _ o
¢l = = —4-2 902175

0.160877 rad.

=
it
1

¢2 - Members 5, 6, 8, 10, 15, 17, 19, 20

S
1)
Pp = 810" 5575

where, 82 = one half the chord length of the

member.

Then,

2 2 2
28, =»\ﬁ88) + (2.65)° + (18.091)" = 18.305 in.

- Sin-l 18. 20 2!2 - 8.7740

€0

=
n
L

0.153135 rad.

Q
n
]

¢5 - Members 1, 3, 4, 7, 18, 21, 22, 24

S

¢3 = sin-l 6876 )
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where, S, equals one half the chord length of

3

the member.

Then,

285 = ‘\/(14.16)2 + (6.27)° + (2.09)° = 15.625 in.
- ,v"'l 120622428 [o]

g, = sin c0.0 - /48

¢3 = 0.13055 rad.

7.) Member - &~ computations

dl uz

BWA
//)\
' v

Figure 4.5 Required geometry for X.



Computations continued,

£y = 81.23°: (See Fig., 4.3)
8y = 60 sin (81.23°) = 59.30 in.
b, = 60 cos (81.23°) = 9.15
¢y = 59,3 sin (18.43°) = 18.75
r! - 4/(9.15)2 + (18.75)2 = 20.864
x, = sin™h 2T - 20.35°

&, = .35517 rad.

42 = 54,97°:
a, = 60 sin (54.97) = 49.13 in.
b. = 60 cos (54.97) = 34.44 in.

= 49,13 gin (18.43) = 15.53 in.

=4\[(54.44)2 + (15.53)2 = 37.727 in.

-1 37,727 _ o
oy = B A

= o67998 I‘ad.

R




4.3 Example Computer Analysis

The computer solution of Mathematical Model-1l, with
fixed foundation attachments and symmetrically loaded is
presented here to illustrate the computer output.

The input data, such as coordinates, member
properties, nodal data and nodal loads is printed first.
The input data is followed by the computed data such as
the "Link" array, a semple flexibility, stiffness and
transformation metrix, the nodesl displacements and the
member-end forces and moments in both system and member

coordinsates.

The computer solutions for the other mathematical

models are presented in Appendix A.
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4.4 Experimental Model

For simplicity the experimental model was designed
with four interior nodes and eight foundation attachments,
while consisting of twelve members.. The dimensions given
for the experimental model are the true measured
dimensions, as, there was some discrepancy between the
original design dimensions and the finished model. This

can be expected, however, from & model of this nature.

a.) Material and Member Properties -~ The model was made

from one fourth inch square steel rods. The

geometric properties of the members are as follows:

l1.) Polar moment of inertia, Ix*, is

3
1 b b
where B A= - 0,21 = (l - ) N
3 h %

and since b = h for a square section it follows that
~.1418 ,

eand if h = 0.25 in.,

I = .00055 in %,

*(See appendix C, of reference 2) Here I is the
equivalent polar moment of inertia end is the same &as

the previously defined, IN'



2.)

3.)

4,)

5.)

Moment of inertia about the y and z axis is
v

4
= T = = . in,
Iy z W) 0.000326 in. .,

Cross-sectional area equals b2, or
2

Area = 0.0625 in. .

Young's modulus, E, was determined from a
tension test of the material. The results of

this test are as follows:
gtrain = 0.00061 in./in.,

load p = 1200.0 1bs.

therefore,

= 31,475,000 psi

E = strain x area

The shear modulus, G, was assumed as,

12,000,000 psi.
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b.) Geometry snd Numbering Scheme for the Model

!

T e

6| | 7

Figure 4.6 Experimental model with pinned
foundation attachments.

The coordinates for each of the members are given

in Table 4.1.
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4.5 Experimental Results

Three tests were run on the experimental model in
which it was subjected to both symmetric and unsymmetric
loads, for both pinned and fixed end foundation attach-
ments., In each of the tests the strain in member-12
at 6.5 inches from node 4, and the vertical displace-
ment at each of the nodes were measured. Because of the
difficulty encountered in measuring the true vertical
displacement of the node, these values are not too

accurate. The following is a summary of the three tests.

a.) Test No., 1

Foundation attachments: 8ll pinned
Load: 30.0 lbs. at each node
-6
Strain in mem.-12: 175.0 x 10 in./in., ten.
Nodasl displacement: 0.027 in. aVe.
2.) Theoretical calculations:

Member end forces on member-12 at End-1,

in member coordinates are

= = 0.0
Py 34,05 1bs. m_

2 =l . i1 = 1008 ino-lbso
py 1.32 1lbs 5

= “00071 le. n = "20.06 ino-lbso [ ]

pz 2
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and at End-2,

p, = =54.05 1bs. m_= 0.0
p, = 1.32 lbs. m_ = 0.0
y y

p_ = 0.071 1bs. m = 0.0
Z Z

Nodal displacements: 0,022 in. ave.

3.) Correlation of experimental stress in member-12,

to the theoretical stress, neglecting P, and

Figure 4.7 Free body diagram of Member-12.

v oS .82 . 1857 = 10.6°
& =3 3c 57
g -6 = 12,51 - 10.6 = 1.91°

h' = 35 cos (1.91°) = 34.98 in.



35 sin (77.49°) = 34,17 = 0.81 in.

®
]

R sin (12.51°) - sin (1.91°) = 6.41 in.

»
i

The moment at the strain gage is,

M = 20.06 - 34,05 (.81) - 1.32 (6.41)

M 15.98 in.-1b.

]

Axial

34,05 cos (1.91°) - 1.32 sin (1.91°)

Axial 34,0 #, compression.

The resulting stress are,

4 .
Axial stress = T5é§§ = 544 psi, C

* *® 2 k3
Bending stress = 125%%3551_22 = 6127 psi, T

Total stress = 6127 - 544 = 5583 psi, T

4.) % - Deviation between experimental and

theoretical stress:

- 6
175.0 x 10 6 (31.475 x 107)

Exp. stress

1" 1t

]

5508 psi,

Therefore,

% Dev. = 2285%5@5299 x 100 = 1.3%6%



Table 4.1 Member Coordinates

Mem. X(I,1)

-20.97
-20.97
-6.06
-7.29
-7.23
-7.29
~7.23
6.06
7.22
7.19
7.22
7.19

O o a3 O W F W v+

I =
n = O

o’
.
A

Y(I,1)

0.0
0.0
0.0
6.25
6.25
6.25
6.25
0.0
6.25
6.25
6.25
6.25

z(I,1)

5.87
-6.62
20.97

7.22
-7.33

7.22
-7.33
20.97

7.29
-7.19

7.29
-7.19
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X(I,2) Y(I,2) 2Z(1,2)

-7.29
-7.23
-7.29
=7.23
-6.25
7.22
7.19
7.22
7.19
6.12
20.97
20.97

6.25
6.25
6.25
6.25
0.0
6.25
6.25
6.25
6.25
0.0
0.0
0.0

7.22
~7.33
7.22
~7.33
-20.97
7.29
-7.19
7.29
-7.19
-20.97
6.31
-6.31

Summary of Tests - A summary of the experimental

results for Test No. 1, as well as Test No. 2 and

Test No. 3 are given in Tables 4.2, 4.3 and 4.4

respectively.



Table 4.2 Summary of Test No. 1 - Pinned-End Foundation
Symmetric Loading

- Experimental -
Nodal Displacements
Load/node 1 2 3 4
30.0 lbs. -0,027 -0.029 -0,027 -0.027
- Theoretical -
30.0 lbs. -0.021 -0.023 -0,022 -0.022

-6 :
Mem.,-12 - Strain = 175.0 x 10 = in./in., T

Experimental Stress = 5508.0 psi., T

Computed Member-12 End Forces

m m m
End Py py P, x y 2z

1 24,05 -1.32 -0.07 0.0 1.08 -20.06
2  -34,05 1.32 0.07 0.0 0.0 0.0

Theoretical Stress = 5585.0 psi., T

% Deviation = 55855;03508 x 100 = 1.36%




Table 4.3 Summary of Test No. 2 - Fixed-End Foundation

Symmetric Loading

- Experimental -
Nodal Displacements
Load/node 1 2 3 4
31.08 1lbs. -0.015 -0.017 -0.017 -0.014
-~ Theoretical -
21.08 1bs. -0,012 -0.013% -0.012 -0.012
|
Mem.-12 - Strain = 135.0 x 10~° in./in., T
Experimental Stress = 4280.0 psi.
Computed Member-12 End Forces
m m m
End P, Py PZ - v z
1 38,32 -0.15 -0.11 0.69 0.85 -21.06
18.76

2  -38.32 0.15 0.11 -0.69 -0.80

Theoretical Stress = 3729.0 psi.

% Deviation = 42825%53729 x 100 = 12.9%
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Figure 4.8  Photographs of Experimental Model
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raple 4.4 Summary of Test No, 3 - Fixed-End Foundation
Unsymmetric Loading, Load Node 4 Only

PP
. ~ Experimental -
o Nodal Displacements
S : N
31.08 1vs. ~0.0240 +0.030 +0.028 -0.051
]
o ~-Theoretical -
31.08 1vs, ~0.020 +0.024 +0.024 -0.041
N — ]

Mem,-12 - Strain = 55 x 10-6 in./in.

EXperimental stress = 1731 psi, T.

Computed Member-12 End Forces

Rt}

1 20.45 1.55 ~-0,14 0.0 1.06 -4.4
2  =~29.45 <1.55 0.14 0.0 1l.08 27.87

Theoretical Stress = 1800 psi

% Deviation = 18001551 1 % 100 = 3.98%

The computer solutions for the experimental model

i8 pregented in Appepdix B,
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Chapter 5
COMPUTER PROGRAM FOR
CURVILINEAR GRID SYSTEM
The computer program which performs the complex

computations required by this or any matrix solution to
a large structural system is an integral and extremely
important part of the development. This chapter contains
a detailed description of the development of the computer
program including & complete documentation of the progranm
including user instructions, flow disgrams, summary of
program identifiers, and a complete listing of the pro-

gram and subroutines.
5.1 Introduction to the Program

Matrix Analysis of Curvilinear Systems (MACS), is
written in Fortran IV for IBM System 360/40. The
formulation of MACS is fundsmentally an equilibrium-
stiffness formulation. The program has been developed
in two main parts; first the main line which consists
of a general formulation of the equilibrium-stiffness
method adaptable to the solution of any space freme,
and second the subroutine package which consists of the
hecessary routines for performing the required repeti-
tive calculations as well as those routines which enable
The

MACS to be quite flexible as & space frame solver.

details of these routines will be discussed in (5.4).



In order for the engineer to use MACS it is only
necessary that he provide MACS with the appropriate
input data such as, Node data, geometry data, member

properties and loading data as described in (5.2).
5.2 Input Data

The following is a detailed description of the

necessary input data.

a) System Indices - NN, NB, LL (Fixed pt. no.)

NN - Number of nodes excluding fixed and
foundation attachments.

NB - Number of members in the structure.

LL - Maximum number of members per node.

b) Member Indices

Nodeil - Node number &t l-end of member I.

Nodei2 - Node number &t 2-end of member I.

¢) Member Coordinates

X.., Y.., Z.. - Coordinates of the l-end of

il il + member I in system coordinates.
X.., Y.., Z.. - Coordinates of the 2-end of

12 12 i2 member I in system coordinates.

d) Member Properties

IX., IY., IZ. - Moments of inertia about the
* * member X, Y and Z axis.
Ares, — Cross sectional area of member
i

e)  Geometric Properties

Ry — Radius of curvature of member



£)

g)
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¢i - One half of central angle
described by the member

ALPHi - The rotation of the member sbout

the member x-axis with respect
to a vertical plane through its
end points.

Elastic Properties
E - Youngs Modulus

G - Shear Modulus

Nodal Loads

D, - Six element vector which desc?ibes

J pxa pY’ pz’ mxa my, mz, the Slx.
possible components of the applied
nodal load vector.

Output Data

The output data from MACS was designed to give the

engineer all the information necessary for establishing

the validity of the solution.

a)

Input Data - Before any structure cen be analyzed

correctly the correct input data must be used.
This is & common source of error in an analysis
of this type where large quentities of data are
assembled, coded and finally key punched onto
data cards. As a result it is quite easy for
human error to be a significant factor. For this
reason all of the input data is printed out in a
convenient form to enable the engineer to verify

that the data read by the computer is the correct

data.



b)

d)

. 6 :
Link Array - The first computation performed by

MACS computes,

Link (J, L) = % I, where I is the L% member to
be attached to node J. The
plus sign indicates that the
l-end of member I is at
node J, the minus sign
indicates that the 2-end of
member I is at node J.

Link (J, L) provides MACS with the necessary member
to node reference required for computing which
members contribute to the stiffness of & particular

node.

Member Flexibility, Stiffness and Transformation

Matrices - The flexibility, stiffness and trans-
formation matrices for each member are printed out
to provide the engineer with information necessary
for developing a better understanding of the
behavior of the system. The member stiffness
matrix, for example, will show the contribution

of each of the quantities such as axial, torsional

and bending deformations to the overall member

stiffness.

System Stiffness Matrix ~ The system stiffness

matrix furnishes additional information on the
structurel system as a whole, being the coef-

ficients of the load-displacement equations for

the structural system.
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e)

£)

5.4

Nodal Displacements - After the system stiffness

matrix has been generated, the nodal loads and the
system stiffness matrix are then solved simul-
taneously by S@LVE to obtain the nodal displace-
ments. The six components of the displacement of

each node are written out as follows,
6){ éy 6z ex ey eZ

Member End Forces - The resultant force vector at

each end of the member are first printed out in
System Coordinates to facilitate checking the

statics of the structure and then printed out in
member coordinates which is more convenient for

stress analysis.
MACS Subroutine Package

The following discussion describes the subroutines

required by MACS to perform the necessary repetitive

calculations. These subroutines have been appropriately

named STIFMA, MATRAN, MTXMUL, TRIPR@ AND SELVE.

a)

STIFMA -~ The member gtiffnesses are computed by
calculating the member flexibilities from the
equations derived in Chapter 2 snd inverting the
resulting flexibility matrix. STIFMA also computes
the equilibrium metrix H, which 1is described in

Chapter 2.
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b)

c)

72

MATRAN - The 3-axis rotation transformation
matrix T is computed by MATRAN from the member
end coordinates and ALPH which was described

earlier in this chapter.

MTXMUL - Matrix multiplicetion is performed by
MTXMUL; given two matrices A and B. MTXMUL
premultiplies B by A and places the resultant

AB in the B array making efficient use of storage.

TRIPR@ - Matrix Triple Product, premultiplies B

by A and then post multiplies AB by the transpose

of A to form ABAt. The resulting array is then
returned to the B array storage location which again

makes efficient use of storage.

SPLVE - This subroutine is a "simultaneous

equation solver". SPLVE uses 8 Jordan Elimination
and pivots on the largest element in the coefficient
matrixg, thereby, reducing the roundoff error to &

minimum and preserving the accuracy of the solution.

As was mentioned previously in (5.1) this subroutine

package enables MACS to be quite flexible as a space

frame solver. For example, if a space frame 18 composed

of straight members instead of segmental circuler members,

the STIFMA which computes the stiffnesses of the circular

embers can be replaced by & new SPIFMA which ¢

omputes the
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stiffness of a straight member. In fact, as long as one

can derive the flexibility or stiffness metrix for a member,
regardless of its shape, and substitute the appropriate
STIFMA routine, MACS is capable of anslyzing a system
composed of these members. In addition, there is also

the possibility that a structural system may be composed

of both straight and curved members. In this case a
stiffness subroutine could be included for each type of

member and properly labeled for ready reference.

5.5 MACS User Instructions

It is impossible for any computer program to obtain
the correct results unless the correct input data is
supplied to the program, For this reason the engineer
must be meticulous and systematic in preparing the input
data for the computer program.

The data can be divided into two main parts,

structure data and load data.

a)  Structure Data - It is advisable to begin the

preparation of the gtructure data with a
convenient sketch of the gtructural system. Next,

the nodes and members can be pumbered in any

arbitrary fashion, except that fixed-end foundation

attachments are labeled zero. Pinned-end foundation

attachments are labeled the same 88 &1y other node.
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The location of the system coordinate axes can
now be placed at any convenient location. The data
cerds can now be listed in the order in which they

appear in the data deck as follows:

1.) 1 Card - contains the system indices NB, NN

and LL respectively in an I10 Format.

2.) ©2NB/12 Cards - Node (I,1) end Node (1,2) are
placed in a 1216 Format. All values of

(1I,1) are read first followed immediately by

the values of Node (I,2).

3.) NB Cards - The next NB cards contain the
joint coordinstes at each end of a member
and ALPH (I) for each of the members. The
order of the deta is X(I,1), Y(I,1), z(I,1)
x(L,2), ¥(1,2), 2(I,2) and ALFH (I) written

in a 7E10.2 Format.

4.) NB Cards - The next NB cards contain the

member properties IX(1), I¥(I), 172(1),
AREA(I), R(I) and PHI(I) respectively for

each member in & 6E10.2 Format.

5.) 1 Card - This card contains E and G in a

2E10.2 Format.



75

b) Load Data - The preceding data cards were concerned

entirely with the structure data, next the load

data will be read.

l.) NN Cards - The last NN cards of the data deck
contain the nodal loads. There must be one
card for every non-zero node with the six
components of the ioad vector entered on the
card in & 6E12.4 ¥ormat. If a node is not
loaded a blank card can be used to represent

a zero loed vector.

If a member is loaded between nodes the fixed end
forces and moments must be computed and then their
signs reversed and superimposed on the applied nodal loeds

8s explained in Chapter 2.
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5.6 Flow Diagrams and Computer Program

In the development of large, complex computer programs
the flow diagram is a necessary and valuable tool. The
flow diagram presents to the progremmer, in the appropriate
order, the various operations and decisions that the com-
puter must make during the execution of the program.

The first flow diagram is & block diagram and
represents schematically the major operations performed

by the computer.

a.) Block Diagram

/T Write:

Read > Input

Datsa Data

Y
Solve For Generate Generate
Nodal L <«— System ——‘—_—Eﬁi
{ Displmnts iztiiiess Linf{J,L)

Solve For Write:
Member e %;gber
IE:rolg ds Loads
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b.) Main Line Flow Diagram.,

REAL:T(6,6),%(100,2),Y(100,2),Z(100,2) ,ALPH(100)
R(loog,IX(loog,IY(loo) Izgloog,AREA(loo),
H(6,6).5T(6,6).PRI(100),F(6,6)4K(6,6),D(100),
A(100,100),A1(6,6),PP(6),P(6)

INTEGER:NODE(100,2) ,NBEN(25) ,LINK(25,6)

COMMON: X,Y,A,ALPH,H,T,R,PHI,IX,IY,IZ,AREA,E,G,ST,F

Write: (Read: [Read:
Input —<—1 Load Data <] Structure
Data Data

[

| Generate Set All

! ﬁgla{y NBPN(J)
Z

! Link(J,L) to Zero

' \

Jl=
Node(I,1)




———>— NBPN(J1)=NBPN(J1)+1 —>—{L1=NBPN(J1)

J2=NODE(I,2) ’*—@——‘__ LINK(J1,L1)=+I

NBPN(J2)=NBPN(J2)+1

LINK(J2,L2)=-I | ——<—{ L2=NBPN(J2)

@ continue

Write:
LINK(J,L)




Generate
System
Stiffness

—— — v

Matpix |
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_ ~
Clear D¢ 69
A(I,J) y—=—t J=1 NN
Storage /’ \\ /

!
 T=TABS(LINE(J,L))
| Compute
! Member(I)
‘ Flexibility
{ Stiffness
]
I
‘ *
Write: Call
F(1,J) & STIFMA(I) ~

L——»——@——’- AK(M1,M2)=ST(ML M2)




Compute
Transfor-
mation
Matrix

T

80

N=K+6*(J-1)

Nd=1

D@ 41
Kl=1,6

| MeK14+6*(J-1)

A(N,M)-AK(K,K1)+A(N,M)




___(:::>_<?_M=K1+6*(JJ-1)

N=K+6*(J-1)

81

A(N,M)=AK(K,K1)+A(N,M)

D@ 51
Kl=1,6




| JJ=NODE(I,NJ)

DO 54

K1=1,6

M=K1+6*(JJ-1)

82

N=K+6*(J-1)

A(N,M)=-ST(K,K1)

(G

Gp 19
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DZ 65
K=1,6

| M=K1+6*(JJ-1)

A(N,M)=-ST(K1,K)

Modify
IF NODE IS
Pinned-End

83

N=K+6*(J-1)

|
|
|
|
I
L
1
|
i

—- cgntinue

D@ 65
K1=1,6




DP 66
I1=1,3

| N=I1+6*(J-1)

@ ' A(I2,N)=0.

A(N’12)=O. —@

D¢ 66
I2=1,KKK

M=I1+6*(J-1)

A(M M)=1.0

Write:

o

System

nEtfigess




85

l

{ Solve For

——— | Nodal So—
:Displmnts
-
|
[7 .
| Solve For W?lte:
— { Member e Displmnts
| End D(J
Forces -~__—/’/"d

g

Dg 81 J1=NODE(I,1‘
I=1,NB J2=NODE(I,2] —

Call
STIFMA(I)




D@ 84

86

- Bl g PP(K)=0 —

J=L+6*(J2-1) 1]33182
b

‘ PP(K)=PP(K)-AK(K ,L)*D(J)




J=L+6*(J1-1)

P(X)=0

Dg 85
L=1,6

PP(K)=0

D@ 87
L=1,6

DZ 85
K=1,6

PP(K)=PP(X)+ST(K,L)*D(J)

Write: 1
PP(J),in
- System

=

85

87
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P(K)=P(K)+T(L,K)*PP(L)

D@ 87
K=1,6

Write: 1
P(K),in

| Member

—~Zoord:

J=L+6*(J2-1)

PP(K)=PP(K)+AI(X,L)*D(J)
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g
PP(K)=PP(K)"A-K(L,K)*D(J) 86 J=L+6*(Jl—1)
Wr%tiz 2
PP(K),in
Ol pee N -
Df 88 -~
1=1,6 P(K)=0
Y
Write: 2
P(X),in
P(X)=P(K)+T(L,K)*PP(L) |—>] Member
Coord.
\—/

Gg TP
END 999




C.)

Subroutine MTXMUL Flow Diagram

DIMENSION A(6,6),B(6,6),8(6)

Dy 2
I=1,N

/
g 1
J=1,N

@(J)=0.

Dg 1
K=1,N

P(J)=8(J)+A(J,K)*B(K,I)

2
B(J,I)=¢(J)M

89



d.)

Y

Subroutine TRIPR@ Flow Diagram

DIMENSION A(6,6),B(6,6),8(6)

g(J)=0.

' B(3)=0(3)+A(J,K)*B(X,I)

Dg 3

J=1,N

#(3)=0. -

B(J,I)=p(J)

90

@(3)=p(J)+B(1,K)*A(J,K)

B(I,d)=¢(J)

Return
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e.) Subroutine MATRAN (I)

REAL T(6,6),%(100,2),Y(100,2),2(100,2),ALPH(100),
R(100),PHI(100),IX(100),1Y(100),I2(100),
AREA(100) ,H(6,6),87(6,6),F(6,6)

COMMON X,Y,Z,ALPH,H,T,R,PHI,IX,IY,IZ,AREA,E,G,ST,F

T(M,N)=0.

SX=XgI,23-XEI,1% ] —
SY=Y I,g ’Y Ial =
e e nan SX°+5Y°+52

CX=8X/5

- C= /V CX~+C2Z CZ=SZ/S

Y T(1,1)=...
T(1,2)=...

T(3,3)=...
See Chpt. 3

n(M,N)=T(M-3,N-3)




\

H(JJT,JT)=1.0

sagas
—~
[N ]

-

NN
NN~

H(JJ,KK)=0.

92

D@ 25
JJ=1,6

Return
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f.) Subroutine STIFMA (I)

REAL T(6,6),X(100,2),Y(100,2),7(100,2),
ALPH(IOO) R(lOO) PHI(lOO) IX(lOO) I1Y(100),
17(100),AREA(1003,H(6,6),37(6,6)

DIMENSION F(6 6),NN(6), MM(6)
COMMON X,Y,Z, ALPHA H,T,R,PHI,IX,IY,IZ,AREA,E,
G,ST,F
F(M,N)=0.
(l 1)=-oo
F(l 2)"..0

F(5,4)=...

F(6 6)=ces
Deflned in Chpt.Z2

*Machine loaded subroutine




Write:
Singular
Matrix

Call Exit
Return
End

94



g.) Subroutine SPLVE Flow Diagram

DIMENSION A(100,100),B(100),IR(100) ——
Y
D@ 10 D 10
Igl N B(I)=B(I)/100. | J=1,N
PN=N
! A(I,3)=A(1,3)/100—> S0S=0.
D@ 20 _ Dg 20
I=1,N IR(J)=0 J=1,N
- S0S=S0S+A(I,J)**2 > S0=SQRT(S0S)/PN M
[ D@ 110 -10-10
XLARG=0. Lgl,N TOL=10
\—*—_
e




XLARG=A(I,J)

96



continue

97

IR(J1)=J1

I=11
J=J1




D 68
K=1,N

iéia§)=A(J ,K)+A(I,K)
A(J9 )”A(I sK)'A(J aK)
,K)=A(J,K)+A(I,K)

98

BB=B(J)

 B(J)=
B(r)-8p’




A(K,I)=A(X,I)-A(J,I)*A(K,J)/XLARG

continue

99



D@ 90
J=1,N

A(K,J)'Oo

DTM= l .

continue

100



101

> DTM=DTM*A(J,J) G82T¢

- Call Exit

T

— DTMBO . '-‘_@

B(J)=B(J)/A(J,J)

Ca =" |




Table 5.1 Table of Symbols

Program Problem
Symbol Symbol

Main Program

NN
NB

LL

NLC

NODE
X,Y,Z

ALPH

IX, Iy, 1z S N o

Netyno
AREA A
R R
PHI s
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Definition

Number of nodes
Number of members

Maximum number of
members per node

Number of the loading
condition

Name for node numbers
Geometric Coordinates

Rotation of members
about member x-axis

Principle moments of
inertia

Cross-Sectional Area
of member

Radius of curvature
of member

One-half central angle
of member

Modulus of elasticity



Table of Symbols (continued)

Program
Symbol

Main Program

G

PP

NPPN

Jl

J2

11

LINK

Problem
Symbol

P'

103

Definition

Shear modulus

Dimension of system
matrix

Used both as a label
for nodal displacements
and applied nodal loads

Member and forces and
moments in member
coordinates

Member end forces and
moments in system
coordinates

Counter used to count
nunmber of members
attached to & node

Node number at end-l
of & member

Node number at end-2
of a member

The L# member
attached to node

Name of member to
node reference
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Table of Symbols (continued)

Program Problem
Symbol Symbol Definition

Main Program

A K" System stiffness matrix

Member stiffness matrix
in member coordinates

ST,AK K=F

F F Member flexibility
matrix

T T Transformation matrix

H H Equilibrium matrix

NJ Member and reference

PP Member end forces in

system coordinates

P Member end forces in
member coordinates

o
A A general six by six
matrix
B A genersl six by six
matrix
@ An operating vector

used to store rows of
AB back into the used

columns of B
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Table of Symbols (continued)

grogram Problem
ymbol Symbol Definition

TRIPRZ

A T A general six by six
transformation matrix

B A general six by six
matrix
¢ An operating vector

used to store rows of

ABAY back into the
used columns of B

MATRAN

SX The difference in X-
coordinates of the 1l-
end and 2-end of the
member

SY The difference in Y-
coordinates of the 1-
end and 2-end of the
member

52 The difference in Z-
coordinates of the 1-
end and 2-end of the
member

S Square root of the sum
of the squares of SX,
SY and SZ

CX a CX,CY,CZ are the

CY X direction cosines of

a the member X-axis
nr y
Cz a
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Table of Symbols (continued)

grogram Problen
Symbol Symbol Definition
C
Square root of the
sum of the squares
of CX and CZ
T
T Transformation matrix
H H Equilibrium matrix
SPLVE
A K" System stiffness
matrix
B P! Applied nodal loads
IR Operating vector
N Size of system stiff-
ness matrix which
equals six times the
number of nodes
S0S Sum of the squares of
the elements in the
gystem stiffness matrix
SO Square root of the
sum of the squares.
TOL Tolerance

XLARG Largest element in
gystem matrix at

beginning of each pivot

D™ Determinant
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AR TS
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/1S JOR CEXN3IG, 'FENTON D | * OT/0R/6T EORT ANNZ NN4N NNON
REAL Y6461, X100, 2),Y1100,2),70100,2),ALPHIYON},R{1NN),PHTI(]INN),
XIYLIADY, T2UIN0Y, APEATINOY JHIA, 53 STUA,K) TXIINN,FL6,5)
REAL AK(6,A),DLINNYLAL100,100),A1(6,6),PP(&) ,P(A)
INTFRFR NNDEEION, 2 ) NRPNE28] | INK{ 25 ,4)
COMMON X Yo7 g ALOH, Hy ToRPHT,IX, 1Y, 17 ,ARFA,F,6,S7T,F
999 READ(1,10NINA NN L, NIT
100 ENRMAT(ST10)
HQYTc(a' ZQI)NNQNQ"\“(.!LL
201 FAORMAT(Y 1 NIMRFR NF NNNESY {3/t NUMRER OF MEMAFRSITI/t  NIUMRER NF
XLIANING CONDITINNY Ta/9  MAXTMUM NIJMRER NE MEMRFRS DER NANF S {13
QFAN(14 20N INANF{T 1), T=1,NR)LININF(T,2),T=1,NR)
NN 2 J=1,N8
T ATAD( L, TITHIXC o 0) oYU o 0Y o701 ,3),0=1,%),ALPH{T)
N 4 I=1,NR
G RFANLL G TTTIINCY LIV, T7L YL ARFALTY,2(1),PHTLT)
AFAN{1,TTTIF,
777 FORMAT{TFION,?)
KK K= 6 ENN
PEAN[T,241)(N{ INK) 4 TKK=1,KKK)
241 SARMAT(6F12.4)
WeITr(3, 207}
707 CORMAT(//45X? MEMRED NOANTNANTSH/SXIMEMBFO-TIAX X T, 1) 80X X (1,2}
HONIVIL 1 IYOXIY LT, 200X 7 (1,1} 7(1,2)/)
207 FNRMAT(T1N, TF15,4)
Ny N4 T=1,NR
N4 WRTTE(3 203 T, XU Ty 1) o X T 42 g YTy 1, Y{T,2) 7 {141} 701,7)
WP TTF(3, 705)
NS FAPMAT (1 1 V54X P MEMRER PRNADERTIFESY/ qxoqpungq_yoaxc]XO!ileYv]ix-vvo
ATIXTAREATIAXIRANTISII2XIDHT I TIXALPHA/)
DN 2Nk Tz NR
06 NI TTE( R, 2020 T, IX(T), 1YCT) [7 (T, ARFALT}RET},OHTITI ALPHIT)
WeITeE(1, 207
207 cw»»a§¢3??«lx-aon.;pn NODAL [ NANS®/AX CNANFITY I OX 12X DY I]IXERTI]AY
HIMYTTAX MY LTI EMT /)
NN 208 T=1,MN
K=hkT
P08 WRTTE (3, 2] T, NIK=5) N (K=4),NIK=3),D(K=21,N{K=1},N{K)
WRITE(3, 30n)
WRITF (3, 500)
7 R §=1 ,NN
Ny p tL=1,110
R OLINKC),1 )=0
N1 9 f=1,NN
9 NABPM{Y=n
\ MmN 1=y ,Nn
D WRITE(R, 6001 T, NNNE(T, 1) ,NONF(T,2)
THE ENLLWING 164 STATEMENTS DETFPMINE wHICH T "
STOLCTUR AL NETWNOK ARE TNFINENT AN A GIVEN NONE.  TRPTT.
NINE (T, 1}ad1 ANN MANE(T,2)=7, WHERF ) AND J2 AP TH
AT THE NEAR AND FAR FNNS NF THFE MEMAFR RESPFOTIVELY,
N 20 1=y,Nn
NM=MNE[T,1)
TRLI1Y12,12,11

15235~
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(RN R LN AN B I I AR B B IR I
| P=2aoN( j1)
(AL B I IS B IR
12 13 -sne (1, 7))
'l’(("‘?f\QT(\""
172 NADME ) =NRDONT 1Y) e
P 2=ranNg 1)
lv'l'v(")'!7)~-!
REANEESRALLE SR AVIR] S
WRITr (A, 2Ny
WRIYO (2, TN
H"\YYVI'I'Q'\’\)
Y AIN - ae
LRANE LA R AL B SRR RaTATS BN RPULALARAL AN NS 10 RO O IO ALYE OF U IO R IS -3 BPQVAR |
24N TIRMAT (714
INA CADMATY [ 14] )
[ ¥ala} rﬂouav(gy'o'c(u:x"wv'vu"'\r(y'|yv'7v'ua;qqc(y"))0//)
LN r"\nuqy(l\v't1.;.1"1'ny.v1)
REals! r'\')ul\v(t,y'on'\'\s LY L IRDGE A T TNK )
AN FAPMAT (VI 111 C¥ 120 0¥ 838 Y 1LIGYIRITYIRT/ /)
AINY TAPMAT ey 1Y Yy 1t nY T ATA)
CILOAD QVOTEM CTIFEMECT (A QCTN2ANE LNCATTINNS
VY A jr}wvy
Y R o) VY
A AL, YN
CEBRTIRNEDATFE CVOTru CYIFOMrCe MATD T Y kkkk
N e f= 1,2
AR B B S
T=VAanc g yuve g,1 40
1IFt1yen 9 ka
CAUPPTE MEMAFD (1) STIFCMOCQ MATATY
AQ f‘\'l (Y'f“\")
AP ITCOP Y Yoy
AN FNAMAT (1A I MDD I T Y FEAYIETEXINTL ITY MATOTIX//)
AT ) S
T AR B B I A R O B R I |
WP YITO (2, 21Ny
P10 TADMAT (£ /GAYICTIEEATCC MATOT Y /)
NOTTE LA, 040 1 LOT IV M) 0021, A), KT=1,5)
440 TAPMAT (AF e, a)
1Y 0y M1y,
N 21 Mo-y,e
AV [MY M2 )=CT (™ vy
I"'\MD”';F :‘run:;oz;‘ AY TS PNTATINN TOANCSENPMATINN MATRT X
TATL MATRANI I
WRTTCra, 211
P11 FNRMAT (7 /8AYITOANCEADMATINY MATR]X Y/ /)
nn o o1e “:,'A
TS WP TTE( R, 4401 (T (%, 2} a1 ,A)
WHTICIE ONN AF Mrwnen (1Y 1S AT yONT (Y
Te 0 g, 4n, nn,en _ , .
15 ENne e Mpena 1) T4 AT NAOE(I) COMDITE, KH(242)= TRK(247)aT
NIDEFT CYIFrapqn AMA ARNG TT TN THT ADGRAPRTATE 4XA 100

THE QVETry MATATY OFAROMAL

2

21



40

41

5N

51

2
51

63

54

h4

A8
61
A0

67

7N
Aéb

EA|
1>
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CALL TYRIPROIT,AK,5)
Ni=1

0NN 413\ K=’96
N=K+h%{J-1)

Ny 41 Kl=1,¢

M=K|+6%{ J-1)
A{NMIZAK(K,K1)+AIN,M)
RN TN §2

IF FNN-1 OF MEMRFR (T} TS AT NANF(J) CAMPUTE K () ,1)=THKH!'TIAND
ADNS 1T T THF ADPONPRIATF AX5 LNCATINN NN THF SYSTFM MATQTYX
NDTACNNAL

CALL TRIPRNIH,AK,&)
CALL TRIPRN(T,AK,5)
NJ=?

JJ=)

NN &Y K=1,k
N=K+pk{J~1)

NT S1 Ki=1,F
M=K1+6®(JJ-1)
AINyMYI=AK{K, K1 +A N, M)
THF'r;LLn&léG 16 QT;TFMFMTR INCATE THE £NN NF MEMREP(T) NOT
TNLINENTY NN NNNL () AND FOMPLHTE THF APPRNRTIATF NFF NTAGANAL AY6H
STIFFENESS MATRTYX,
TEAMONELTLNJYIIB3, AT, 52
JI=NF (T ,N))

CALL MTXML (H,ST,4)
CALL TRIDPRN(T,SY ,6)

G TN(K54,63),N1
COAMPHTE —THNTY?

N R4 K=1,6
N=K4+h®(J-1)

nn sy K1=1,44

M=K1+h%( })J=-1)
AlNgMY=—-ST(K,¥ 1)

TNOTA RY

CAMPUYTE _TKHIT

NN K5 K=} ,h
N=K4a(g-1)

N AR K1=1,4
M=K1+hk(JJ-1)

MM MY=—gT(K],K)

CANT IAIE

CONTINDE

N T2 J=1,MN

TEU INK(U,2)1)72,67,72
N1 AR T1=1,7
N=T1e6%(g-1)

NY AR 17=1,KKK
ALY2,N¥=n,

MN, T2Y=0,

"M 7 11=1,1
M=TYr+n%(J-1)
\(M,M):l.r)

CANT TNYF



213
214

AR

217

1R

77

3
75
180

ag

1”7

110

WP ITFE{3,7212}

FAPMAT (T 1#A7XISYSTEM STIFRENFSS MATRIXY//)

NN 213 T=1,KKK

WRITFI3, 2147, (AT 1) ,.0=1,4KK)

FARMAT (/Y RANWYIS/{AF1IT,. 7))

%k SOLVFE FOP MNANAL NTCSOLACEMENTS %%

CALYT SOLVFIA,D KKK

WOTTF{3,216)

FARMAT (40X TNNNAL DISPLACEMENTS //AXINANE STY IO TA-XtQYINFE] TA-Y QY
KINTETA-7 ¢RI THETA-XTAY tTHETA—Y Y AX I THETA-T 4/}

NN 217 T=1,NN

J=A%TY

WXITEL3, 2007, N =S) e N{J=4Y DU I=3V,N{J=-2V,D03-11,N{ ]}

THE DEMAINNER € TUE DRANRRAM £OMDITES THE MEMIED ENN RFEACTTANS

FI2ST IN SYSTEM FONRNINMATES ANN THEAN TOANSENRMS THEM TN MrMagp

CANDINATES,

WRITE(3,0]1R)

CARMAT (¢ 117X VMCMAED FNN FNPCES AND MOMINTSE//24YEPDYT1IYIDDYE DY
XIDPTIIIYIMDY ] IX EUDY IIDYIMD7 /1 MEMA,  FNNEINYINDYTIAYIOY I3y INTY
t]iY'MY']lxivv']ﬁY'M7'//)

(AL 8 | Y:l,Nn

JI=NMME( T, 1)

SEELUAUIE S D

TALL STEIFMALT)

MM % g=1,Ff

a1y 27 K=1,~A

AL J4K¥=STt,K)

AT{,v)=ST () ,x)

CALL MATPAN({T)

CALL TRIDAN(HW, ST, 7)

TAL] TRIDPRNIT,ST, A0

CALL MTXMUL {4y AK 4 4)

CALY! TRIRPON({T,AK,A)

CALL YOYPDN{T AT A)

N 84 K=1,4

MMI(KY=N,

N a4 L =1,4

J=t 462 J2-1)

OB (W )=PP () —AK (¥ 1 )&EN( |}

TS1d1V 7R, 76,77

N e K=,k

nn o2 1L=1,%

J=t+ax(g1-1)

POIKI=PPIK)I+STIK L YAN())

WP ITEL3, 180 (PP 1) ,4=14A)

CARMAT PHTY ,14XAELS,A/)

nﬂorPQ(lger;_;1gr uguqrntyy TN MFMAFQ FANONTNATES,

N a5 =1,

2(vy=n,

N1 RS =1,k

PIK)=P (K ) 4T (| ,k)}%OO(L}

WOTTEE3, 187H(P (Y, 0=0,40,F

COIPMAT(INXTII1AF18, 6/ T8}

NN oy ‘(2"‘1
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PO{K)=0,
na R7 L=1,6
J=L+h¥{)7-1)
RT OO (K)=PP{K}+AT (K, 1 ) eD( )
IF(I1)Y78,7R, 70
70 ) RA K=1,A
NN 26 1L.=146
J=L+Ax(J1-1)
ah DOD(U)=PP(K)—AK (| (¢ V&EN{ ])
TR WPTITR(3,190H(PP{ J),J=1,A)
190 FARMAT{IOXPH? Y ,14XAF15,6/)
FARCES AT FNND=-2 NF MEMARER (1) TN MEMRFR CNANRNDINATFS.
NN e’ K=1,4
n(v)-_-f\.
N RA 1 =1,A
aQa Q(V):D(K){.T(L,K)#n"([)
21 WRTTF(2,128)Y(P(J),J=1,A)
198 EARMATIIOXY2V4F 15 A/ /)
n% TN ooaqo
AN
SHRPOUTINE MTYMULIA,R,N)
NIMENSTINONM AR, A),R1A,A),HAH)
NN 2 1=1,N
N1 J=1,N
MH)=n,
NN 1 K=1,N
VNI =Y +A{J, K R (¥, T}
na 2 J:]'N
2 S, )=n(3)
RETLION
D
SHAOOTIME TOIPPN{A,R,N)
DIMENSTINN A(K, 61 4N (A,A),N{A)
nn oy Y=19'\1
AN \|=1"\l
MIy=n,
oo K:],\]
"‘(J)=ﬁ(\l)+h{J,‘()*WIV,Tl
M1 J=1,N
T alg,11=n1y)
nn o2 !=1'M
M 4 g=1,N
MIy=n,
NN g K:!'N
G NNI=N0IY 4R (T, K )%ALY,K)
T3 g=1,N
T AT, y=n( 1)
RETIIDN
N
SHARONTINE MATPAN( T) nny
fcay T(ﬁ,‘)),\((10"'7)1Vllnn’7)’7(1(‘0’?"ALDH(::::'gz“”""
*YY(]OO),]7(\00),AD?A(1ﬂﬂ)'H(4vﬁ)'<T("6)":(r qT'F
T AMMN X,Y,?,A[_T’H,H'T,Qyn”'v‘Y',v"7’ApFA'~;”‘; p;nr’
USTNZ THE FANPNINMATES AT FACH F A MEMRFR T

pPuTINNY,

QAM OMDIITEC
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2N

25

11

112

THE THREF DIMENSTNNAL ROTATION TRANSENRMATION MATRIX WHICH
TRANSFNRMS FLFMENT CNNRNINATES TN SYSTEM CANRNINATES,

NN 10 M=1,6

o 1IN0 N=1,6A

TIM,N)=0.0

SX=X{T42)-X{T,1)

SY=Y(1,2)=Y{T,1)

ST=7{Ty2)=70T,1)

S=SORT(SXAX?4CYRXD+ST %D )

rX=SY/S

CY=SY/S

£71=%7/%

C=SNRTICYRE?2 40 78D )

T(1,1)=CX

TV, 2 = {(—CXEOYXCNSIALPH{T) ) =C 7 4STNIALPHITIY ) /7
TU1a2)=(CXECYRSTIN(AL PHIT) ) =C7.CNSCALPHITYY) /1
TU2,1)=CY

T{2,2)=CROAS(ALPHIT))

T2, ) == CASTINIAL PHITY)

T(3,1)=07
TIA,2)=(~CVEC7RCASIALPH{ T Y )40 XASTNIALPHIT) )Y /C

T3 )= (CYRCTHESTIN(ALPHIT)) O X&CONSTALPHITY) Y /C

NN 12 M=4,6

na 17 le”‘ﬁ

TIM, NI =T {M=2,N=2)

0N 2N Jd=1,6

N 20 KK =1, 4

H{JJ,KK)=n,n

N 28 Jd=1,6

HiJd.Jd)=1.0

Lq(q'—z)__._,;

HIA,?)=¢%

DCTIRN

FyN

SNPRNTIMNE STTFEMALT)

REAL T(hyh) g X{100,21,Y(100,2),71100,7) A1 PHLIN0N,PH
FTYLINNY), T7E1NNY) ARTALTINN) qHIA,6),STLA, ) TXTIND)
NIMENSINN T (A, 4) yMN{R) MMLA)

COAMMNN X,Y'7'A'_pH.14,T'D,DH‘,‘Y'TVQ'7'ADFA'F’C'§T'F
NN 1N M=1,4

JAla N Na N=1, A

FIMyMYI=0 N CIN{7 APHTTTI)
CUVV1)=(R(TY/APEALT) /FIR{PHI(T )+ SF .
F""l=F(l.!)+(P(V)*#1/F117(1))*(PH!(1&—1.q*§lNl7.*°::::ll;'
FUY 1V =F (1,1 )4 (RITYR$R/E/ 1711 1R(2 #PHT(T) £(COSIPHTI
r(?,-))z(Q(",AQ‘:A",/F,*(pH‘fr)-.‘;*Q'N(’.*nH‘(',,‘ DTN
F(7'“\=F(?,’)+(°(T)**’/¢/¥7(Y)’k(DHY(I)—.9*<V“(7-‘$(:’“",‘
U D) =F (2,2 )e (0 (1) 8s2/E/T7 (1)) K(2 APHT(T)*(STNIOY N
c(’97)=(°(T)*t?/ﬁ/TY(T))*(?.*0“'("‘7"q'N(7"Du"’;
FUA,A)=F (3,3)¢ (P T)x3/6/TX(T) 1 #(25#SINCa.2OHTITN) o
°17.1)=r(3,1)+(n(1)**1/r/wv(l))*(OHY‘I“-’“'<'N'°‘
Fl4y4)=(RITY/A/TX(TYIA(OHT (T4, SRSTNOHPRTLTTN]
FlayAVSF (4,4 )4 (P (1) /F/TIVIT)I&(OHT (1) =, S*CINITLE
“(*v<!=1°(1»/C/!xfr))*(DH!(I\—.5*<‘N"-*°”"””

171) ,PHTLTINO0Y,
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550

10

20

6A
12
12

113

FISySI=F (S5 S) (P ATV/E/TYIT))®R(PHI(T) 4, 5%SIN(?,#PHI(])})
FIasB)=(RUTVY/E/T7UTY IR, %PHI{])
FI142)¥=(R{IVEX/F7I7 (1) IR D ®(SINIPHI(T)))*x%x2)

FOLe2)=F 0Ly 24 {RITYREA/E /U7 (TN 0-PHTI(T)XSIN(D? . *PHT(T)))
Fl(24,1)=F (1,2}
FlI461=(RUTI*%2/F/7T7 (1) VR( D *SIN(PHT{I)I=2,%PHT (T} ®CNS{PHI(T) )
Fibe11=F (1,6}
FIU248)={R{TIXD2/F/17(1)) (2, *PHTITYRSIN{PHT(T) )
Flhe?2)=F(2,6)

F 3,4 )=(R(T)V%X2/G/IX{IVYR(PHI{TIRCOSIPHIIT) ) =2 . *STIN(PHTI{T)))
FI3s4)1=F (3,4 )¢ (RITIRXD/G/IXUTIIR{ . SRCOASIPHI(T) IRSTIN(2%PHTI(T)))
FU3,4)=F (3,4 )+ (RITY222/C7TIVIT) )R (PHT (TV*COS(PHI(TI)))
FU3,34)=F (3,4 )14 (P {T)R¥D/F/IV{ I VIRE~.SECOSIPHTI(TI)®SIN(? . ®PHTI(T)))
Fl4a,3)=F(3,4)

FUA,8)=(~R{T x>/ /IXTTI)R{PHT(T)RSTN(PHI(T) ) -, SeCTN(PHTI(T})
¥ESIN(2,&#PHTI(T) ))

FL338)=F ({3,814 {-RETIRED/E/TIY{T))R(PHI(TYRSIN(OHI(T)))
FURy85)=F (3,814 (=R (T )*«x2/F/IV{T)V&{ SASTIN(PHT(T) ) RSIN(?,#PHT(T}})
FIS,2)=F(3,5)

NN 2] M=1,4

NM 2t N=1,6

STIM,N)=F(M,N)

CALL MINV(ST,A,PFT NN,MM}

IFINFT) 1,241

WRITF({3,550)

FARMAT (Y STNGHL AP MATP XY

CALL FXTITY

PETURN

NN

SHRRNUTINE SN VF{A,RN)

MATRIY INVFRSYINMN ay JNRDAN FLITMINATION

PERFARMING A CNMPLETF PIVYNT

NIMENSTON A{1NN,1NN) ,AR{1NN), IR{1NN)

MM 10 T=y,N

RITYI=R{TI)/1ND,

NN 10 J=1,N

A(er‘=A(!vJ)/‘(‘0,

DN =M

sns=n,

na 20 g=1,N

I(Jj)=n

NN 20 1=1,N

SAS=SNS+A(T, ) %%

SN=SQART(SNS) /PN

THt=1,.F-10

M o110 L=1,N

!'_ﬁo(;:f).

nn 11 T="M

M1y J=1,N

TFUT-T1R (1) )6k, 11,65

TE(I=TRIJI)I12,11,17

TE(ARS X ARG )—ARS(A(T,J)))13,11,11
YLADQ:A(T'J)
"2‘
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32

At

AD

AT
N5

7

A5
A8

Eial
110
111

an

a1

N

218

59
24

J1=3

CONT INTIF

A SRR ENRE

TOLARSIXLARGYI-SNETH V111,272,272
T=71

J=11

TELI-0YARY 62 /0

N AN Kz .M

Al KI=ACT, KY+A( [, %)

AT MI=ALT  KY-AT 0, %)

AT A=A, 1+A0T K]

an=0{ |1

U HY=R11)

B{TYy=—PR

N AR K1, N

I {M—1)20A, 2NY, 276

AWI=R{K y-REJIRATK, J)/XLARA

N7 AT T=1,%

TRAIN = JIR T 60, ¢7
TF{I=-)1Ee6, A8, 5

AIK g FY=ALK, TY=AR{ 3, TYEA{W, Y /XLARR
CORT TN

MY 110 kE=t,M

TEMK-JIT, 110,70

MMy 1¥Y=n,

rONTINIE

nrYM=1.N

R Ta T Ta TN Fol A Y
IF4ASSIAT Y, 1 )-SN#TNL) 0T, 00,00
ATY=NTME AL |, .J)

(ke TR R T O ]

T M=,

TAE FATY

W JTELR, 21R)TT

FAPMAT (1] AFTETMIRANT AT SYSTIY STTERNMSS WATRTY SAET T TS
A4 Tz 14 M

T RO (AL, P =Cn&Ta 24,275,725
SN ELNWR PR Y NERE

FANT far

QrTIInN

Fan

114



115

Chapter ©
CONCLUSIONS AND FUTURE INVESTIGATIONS

6.1 Conclusions

A method of analysis for space frameworks composed
of segmental circular members has been developed in this

paper slong with the computer program to perform gll the

computations required by the analysis. This anslysis

is fundamental to a number of noteworthy investigations

that could be made in the future, which are discussed

in (6.2).
An analysis of this nature would be highly

impractical without the aid of the computer, however,

with the computer, the analysis of structures such 8&s

those described in this paper can be analyzed in 8

relatively short time. Since analysis described in this

Paper reflects more closely the true benavior of the

' i of
structure, a more efficient and economical design

should be expected.
d in order

the "curvilinear space grid"

An experimental model was built end teste

the
that the theoretical solution could be correlated to

observed and measured physical results.
i asuring
Because of the difficulty encountered 1n me

f the node points, the

the true vertical displacement O
; displece-
correlation between the computed vertical nodsl P
i ment is
ment and the messured vertical modal displace
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rather poor, however, the measured stress at a given

point in a member correlates very closely with the stress
in that member calculated from the member-end loads
computed by the theoretical asnalysis. It can be concluded
from these results that the theoretical analysis does
compute the member end loads properly and if the nodal
displacements had been measured more accurately the
correlation between them would have been much closer.

The analysis of curved structures other than circulsr,
could be made by approximating the curves with circuler
segments, which would increase the number of node points.
This procedure, however, is suggested only in the case
where the derivation of the actual flexibility is not
feasible, since the addition of nodal points incresses the

Dumber of equilibrium equations which must be solved end

reduces the efficiency of analysis.

6.2 Topics for Further Investigation

8.) Temperature Affect - The affect of temperature on

luded in the analysis with

the structure can be inc

little difficulty. If the change 1D tempersture

i a member
is equal to "t", the change 1D length of

he
from its unstressed length and consequently t

if the
change in internal stress cen be computed 1

i aterisl
coefficient of thermal expansion for the m

i this
is known. The internal forces resulting from
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change in length can then be included in the member

load-displacement equations in general as,

- K
Py 1191 * K156, + vy
(6-1)

D, = K._.6. + K22c52 + P

21 "1 2’

where Pyq and pt2 are the member end-loads resulting
from the thermal expansion when the end-displacements
are prevented.

The load-displacement equetions for the structure
can be assembled as was explained in Chapter 2 if
equations (6-1) are first transformed into system

coordinates as follows,

1 ] t t
Py = K], O] + K50, * Py

- 1 1 .
K1, 61 + K50, * Prp

and pé

Tt is often desired to study the affects of
temperature independent of any externally applied

loads. This can be done in &8 straightforward menner

from the following equation;

er-
The results of equation (6-2) cen then be sup

imposed on the normal solution.
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Foundation Movements - The effects of foundation

movements on the curvilinear space grid can easily
be taken into account in the analysis by modifying
the appropriate displacements in the load-displace-

ment equations.

Optimum Design - It would also be interesting to see

an optimum design study made for the lattice dome.
Since the method of analysis described in this paper
neglects only the shear energy in the general energy
derivation, more efficient use is being made of the
structural fremework and the engineer is able to
preduct its behavior more accurately. It is there-
fore possible to study the effect of the grid
spacing on the size of the material and arrive at 8

more efficient, economical design for the lattice

dome.

Dynamic Loading - The problem of dynemic loading on
w be studied. The

the curvilinear space grid can no

generation of the systenm stiffness matrix is 8s

fundamental a step to the formulation of the equations

i he
of motion for the dynamic system &S it was to t

i bri i he
formulation of the equilibrium equations for t©

i ion of
static system. The loading vector 18 a functi

ated
time and the mass of the structure c&n be tre

g and rotational inertias

8s a series of lumped masseé
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concentrated at the node points. The problem can
finally be reduced to the general eligenvalue

problem.

Computational Problems - A discussion of the com-

putational problems involved in analysis of this
type are discussed in reference (3). There is,
however, additional work needed in developing methods
by which very large structural systems can be
handled effectively such as by the substructure
method, where the larger systems are divided into

smaller units which cen be handled more efficiently.
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APPENDIX A
COMPUTER SOLUTIONS FOR THE MATHEMATICAL MODEL
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NIUMBER ()F NODES 9
NIIMRFR NF MEMRERS 24
NUMRER NF I NADTNG CONDITION
MAXTMUM NUMRFR OF MFMBRFRS PFR NANF 4 -
MEMAFR CONRDTNANTS
MEMBER-I X{1s1) X{1.2] Yil,1} - YU142) It1,1) 2{1,2)
b e nmsm 2 mmE
- -25. . A .
3 —1%.1)00000 -=20 ],gl.ggn 8 a 20.7849RA =20 7R49AR _ _
% =70, 784989 .0 70.78498A 36.000000 70 TRadRR
5 -20.7p409498 -25.455994 20.7849RR ?5.455904 2n. 794088
~ -26.455004 -20.7R49R8 25.455994 20.7940984 _,0 n‘wqq
7 0.0 —20 7849ﬁ‘% 0.0 20.784988 -36.000000 -20.7R493R
1o grien Gigeens smeen it
1o -%0.7r498R 201784988 25455994 ~201794988 _75i455004
1] 0.0 0.0 25.655994 _36.000000. _ . 25.455974
"3 $2Ih0R000 321499094 R 221055904
kY . - - - .
la 0.0 75.455994 -36 nnoono —75.455094
15 o 20 25.455994 20.7849PA 2 70,794989
e 0 2 341000000 55455994 a:d
17 0 2 25.655994 20.7R4987 —zs.asmo& ~20.7849249
1o n 2 n.n 20.TR4Q9R 14, 0000N0N0 20, 7849827
o 20 ) 20.784988 25.459994 20,7864988 0.0 .
A 25 ? 75, 455996 7. TR4928 0.0 270740900
i3 n 2 n.0 30.7849R8R -36.070000 -2n.784900
> 3% 2 0.0 20.T7269RA n.o 720.784983
21 s 2 0.9 25.4559% 0.0 -
4 34 ? 0.0 P0,.TR498"7 n.n -20.784729
MEMRER PRNDERTIFS
MEMarp -1 Ty tv ARF A PANTUS L] AL DHA
0.062500 . . 316.002020 0.477670 1.282000
- 1 2 922:22 2 2%2:?)2 2 ggg;;f 15.09H000 n.3q2700 nLn
K nIanossN 0.000374 02000356 3600 0N nI4778T0 —Virarye,
- - N - 2a7r1nnn
. 02000880 NION03I24 0.000324 16,0N0NNA N.477670 1,002
3 0550 0000326 0.000326 34.1700099 0.307742 EONSIRES
A:383235 N-0N01%4 0.000126 3600000 fnI307762 RIS RIVES
7 0 nrr:gaan 0.0N0324 0.000326 A&, nAnNnn N.a77470 )‘.g“;'\g;\
. n S E] N.0003136 YA A09900 A307740 L2
a gggg:;m g'nngv: 0.000326 0.0682500 _ . 14.000000 02392709 20
T (. N0NE6N N.00N326 A.N00326 0.0k2500 3A.0NA0AYY AT3NTT40 SnlEnens
11 a.0np08sN 0.000334 0,000326 n,06250N u.nngg‘qg 2-:2;;2: e
RS 4 AR 315 O o 1/ G A I 50 .
12 0.000550 Da . . -ananag 9-39217 an
Vi A eANAR S0 026035, N.ANN338 n.o62500 A nI30774> SESTIER
16 n.annssa 0.0NN324 N.NONA2A N.062500 6. ,-’:” n n.3a2701 LN
e asneARRA G LLERYS nN.ONNIIA Nn.0K250N A6,.001000 -3 ey
- -— 13 85058 ~GLARS e ”’% AGNIZA %‘22%222 %E'%%%Q%Q 2:2971% aataid
(K AL, 00ARR0 OO0 of . . ) T laon
1o m.nmw‘n nlonninA nanngae Q.0e2800 MAPAANUAN nnTe ISP PEN
i LONNERN N.0NNA2A . . . y N FORRON
I LangREQ 01000328 2.200326 n.062300 ISR ‘2 Tlisaiana
- ’) nn N R ) - - - -
- Aionneen AlANeAA n.NnNn3ze N.N62800 BRI e 1S nan
‘4 N.NNAS &N n.0NN3IA N, 0024 nLNKRIENN A,
MEMR O ONODE (T, 1) NANFET, )
o 7 Q) 1
» n 2
¥ ) a
4 7 1
s i >
“ ? 1
v sl i
- A 1 4 e =
777777 ) k] L
1 3 -
t n 4
12 4 5
1o 5 .
LA n £
1~ o 7
R KA 5 8 R .
[ s a
I n 7
1o 7 n
L) q 9
51 N 2
22 0 7
3 n a
28 ) N U R
Lty NADPN . 7! TNK A o . “
_ -4 3 f
) 4 B - ; :
1 4 -3 -6 -7 1A
4 4 -8 -1 12 ts
5 4 R 4 1 16
. 4 10 -1 -4 17
7 -1 - 17 a =~ — e -
7 # 5
n 4 17 -0 =N -4




APPUTED NADAL Tnans
NONE X
Y P7 X My N7
% g g Qa0 0.0 0.0 0.0
7 . () 0.0 0.0 [0
0.0 -402000000 0.9 0.0 0
4 0.0 a0 0.0 0.9 3h
s 9:9 0.0 82 . 0:0 0.0
4 : 0.0 9% 8.0 0.0
7 n%0 9.0 4.0 0.0 0
4 0.0 0.0 9.0 0.0 §:0
0.0 8.0 0.0 0lo a8 _
NFTEPYINANT NF SYSTEM STIFFNESS MATRIX = 0.1567867€ 61
NONAL DISPLACEMENTS
NNNF DELTA-X DELTA-Y DELTA-Z THE TA-X THETA-Y THETA-Z
1 Nn,NE88a0n 0016225 -0.05R} 59 -0.000824 - 01359 - 2
2 A.NTHA] -0.081N99 ~0.07250R Zol009tas _g:gn}n;o 0.001427
3 -0.Q7897} 02292373 -0.078972 0.019052
Z B ATANAK 0, 015378 0, 026737 0.002409 TI0.002674
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APPENDIX B
COMPUTER SOLUTIONS FOR THE EXPERIMENTAL MODEL
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