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ABSTRACT

Completions and a strong completion of a guasi-
uniform space are constructed and examined. It is shown
that the trivial completion of a T, space is T;. Ex-~
amples are given to show that a T; space need not have a
T, strong completion and a T, space need not have a T,
completion. The nontrivial completion constructed 1is
shown to be T, if the space is T; and the quasi-uniform
structure is the Pervin structure. It is shown that a
space can be uniformizable and admit a strongly complete
gquasi-uniform structure and not admit a complete uniform
structure.

Several counter-examples are provided concerning
properties which hold in a uniform space but do not hold
in a guasi-uniform space. It is shown that if each mem-
ber of a quasi-uniform structure is a neighborhood of the

diagonal then the topology is uniformizable.
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I. INTRODUCTION

Let (X,U) be a gquasi-uniform space. The primary
problem in Chapter III is to construct a completion
for (X,U). It is shown that it is impossible in general
to construct a completion which preserves the Hausdorff
separation property. A trivial completion for any (X,U)
is given which preserves the T, separation property, but
the trivial completion is not T,. Several nontrivial
completions are given for special classes of quasi-uniform
spaces. One of these constructions preserves the T,
separation property when U is the Pervin quasi-uniform
structure. A parallel discussion of strong completions
is also considered, and an example is given to show that
not every T, space need have a T, strong completion. A
sufficient condition for the concepts of complete and
strongly complete to coincide is given. An example of a
uniformizable space which does not admit a complete uni-
form structure is shown to admit a strongly complete gquasi-
uniform structure.

In Chapter IV we consider some well-known properties
of uniform space which fail to carry over for quasi-
uniform spaces. It is of interest to have conditions
on U that will guarantee that U is compatible with a uni-
form structure. It is shown that if each U ¢ U is a neigh-
borhood of the diagonal in X x X then U is compatible

with a uniform structure. A necessary and sufficient con-



dition for U A.U_l to be a quasi-uniform structure is pre-
sented. A class of separation properties which is depend-
ent on the particular quasi-uniform structure under con-
sideration is defined and some of their properties are
studied.

Finally, an example is given to show that a sequence
of quasi-uniformly continuocus, (continuous) functions
may converge gquasi-uniformly to a function g and g not
be gquasi-uniformly continuous, (continuous).

The topological terminoclogy found in this thesis is
consistent with the definitions found in Gaal [11]. The
definitions of concepts related to quasi-uniform spaces
can be found in Murdeshwar and Naimpally [1l6], with the
following exception. By U o V we mean { (x,y) : there
exists z ¢ X such that (x,z) ¢ U and (z,y) ¢ V}. This

is the definition of U o V found in Gaal [11].



IT. REVIEW OF THE LITERATURE

In 1955, Krishnan [14] essentially showed that every
topological space admitted a compatible quasi-uniform
structure. 1In 1960, Csdszar [3] showed this more explicit-
ly and in 1962, Pervin [19] gave a useful and simple con-
struction of a compatible quasi-uniform structure for a
given topology. Fletcher [7] gave a construction for a
family of compatible quasi-uniform structures.

In 1960, Csaszir [3] extended the notions of a Cauchy
filter and completeness to a guasi-~uniform space. Isbell
[13] noted that the convergent filters were not necessarily
Cauchy, so Sieber and Pervin [20] in 1965 proposed the def-
inition of Cauchy filter which is now in use. They defined
a space to be complete if every Cauchy filter converged.

We will call a space strongly complete if it has this pro-
perty. In this paper, they showed that every ultrafilter
is Cauchy in a pre-compact space. They obtained the
following generalization of the Niemytzki-Tychonoff
Theorem [18}. A topological space is compact if and only
if it is strongly complete with respect to every com-
patible quasi~-uniform structure.

In 1966, Murdeshwar and Naimpally [16] continued
to use the definition of Cauchy filter proposed by Sieber
and Pervin [20] but defined a guasi-uniform space to be

complete if every Cauchy filter had a nonvoid adherence.



By making use of the fact that every ultrafilter in a
pre-compact space is Cauchy, the corresponding generali-
zation of the Niemytzki-Tychonoff Theorem carried over
for this new definition of completeness.

Sieber and Pervin [20] proposed the question, does
every quasi-uniform space have a completion? Stoltenberg
[22] in 1967 showed that every quasi-~uniform space had a
strong completion. However his construction left open the
question of whether every Hausdorff quasi-uniform space
had a Hausdorff completion. The technhiques used by Liu [15]
motivated the completions developed in this thesis.

In 1965, Naimpally [17] showed that if (X,U) and (Y,V)
were quasi-uniform spaces and Y is T, and V the Pervin
structure then U and C are closed in (F,W), where F = YX
and W is the quasi-uniform structure of guasi-uniform con-

vergence and U (C) is the set of all quasi-uniformly con-

tinuous (continuous) mappings from (X,U) to (Y,V).
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ITI. COMPLETIONS OF A QUASI-UNIFORM SPACE
A. TRIVIAL COMPLETION AND SOME EXAMPLES

DEFINITION 1. Let X be a nonempty set. A quasi-uni-
form structure for X is a family U of subsets of X x X
such that:

(1) o ={ (x,%x) : X ¢ X}Z U for each U ¢ U;

(2) if U ¢ U and Uc V, then V ¢ U;

(3) if U, V € U, then UN V ¢ U;

(4) for each U ¢ U there exists V ¢ U such that

V o V &€ U.

DEFINITION 2. If U is a quasi-uniform structure for
a set X, let t, = { ACX : if a ¢ A there exists U e U such
that Ula] € A}. Then tu is the quasi-uniform topology on
X generated by U.

DEFINITION 3. Let (X,t) be a topological space and

let U be a guasi-uniform structure for X. Then U is com-

patible if t = tu'
If (X,t) is a topological space and O ¢ t, let
S(0) = 0 x O Y (X-0) x X.
In [19], Pervin showed that { S(O) : O ¢ t} is a subbase
for a compatible guasi-uniform structure for X. We will
refer to this as the Pervin structure. The following def-
inition is due to Sieber-Pervin [20] and is eguivalent to

the usual definition of a Cauchy filter in a uniform space.

DEFINITION 4. Let (X,U) be a guasi-uniform space



and F a filter on X. F is U-Cauchy if for every U ¢ U
there exists x = x(U) such that U[x] ¢ F.

DEFINITION 5. A gquasi-uniform space (X,U) is
strongly complete if every U-Cauchy filter converges.
(X,U) is said to be complete if every U-Cauchy filter has
an adherent point.

DEFINITION 6. Let (X,U) and (Y,V) be quasi-uniform
spaces and f a mapping from X to Y. The mapping f is said
to be quasi-uniformly continuous if for each V & U there
exists U ¢ U such that (a,b) € U implies that (f(a),f (b))
e V.

DEFINITION 7. Two quasi-uniform spaces (X,U) and
(Y,V) are said to be guasi-uniformly isomorphic relative
to U and V if there exists a one-to-one mapping f of X
onto Y such that £ and f"l are quasi-uniformly continuous.

DEFINITION 8. A completion of a guasi-uniform space
(X,U) is a complete quasi-uniform space (Y,V) such that
X is quasi-uniformly isomorphic (relative to U and V)
to a dense subset of Y.

In [22], Stoltenberg proved that every quasi-uniform
space has a strong completion. The proof is long and in-
volved and it is not clear if any separation properties
the space may possess carry over to the completion. The
following construction shows that every guasi-uniform

space has a rather simple completion.



CONSTRUCTION 1. Let (X,U) be a quasi-uniform space
and put X* = X U {8} where B ¢ X. For U ¢ U, let
S(U) = U U { (B,x) : x & X*},
Then B = { S(U) : U ¢ U} forms a base for a quasi-uniform
structure U* for X*. Note that S(U)[B] = X* for each
U e U, and S(U) [x] = U[x] if ® ¢ X. Clearly, every filter
F on X* converges to B. Hence (X*,U*) is strongly complete.

Also, U = { U*¥MN X x X : U* ¢ U*} and

i (X, U) > (X*,U*)
is a quasi-uniform isomorphism. Since X is dense in X*,
(X*,U*) is a completion of (X,U). In fact, X* is compact

and t 4, = t, U {X*].

Fletcher [7], working independently, also discovered

the above construction. If X is T,, then X* is T,. X¥* is
never T, since the only open set containing 8 is X*. Thus
the following question naturally arises. Does a T,(T;)

quasi-uniform space have a T, (T,;) completion or strong com-
pletion?

EXAMPLE 1. We give an example of a Hausdorff gquasi-
uniform space that does not have a Hausdorff completion
and consequently does not have a Hausdorff strong comple-

tion. Let X denote the real numbers and A = { 1/n : n =
1,24...+. Set

t = { E~-B : BC A and E is open in the usual topology!.
(X,t) is Hausdorff but not T,. Let U denote the Pervin

quasi-uniform structure generated by t. Suppose (X*,6U¥*)



is a completion for (X,U). We may assume that X = X*
and U = { U* N X x X : U* ¢ U*}. Let F be the filter on X
generated by { A,{1/2,1/3,...}, 11/3,1/4,...},...}. Then
there exists an ultrafilter M »n X such that M D F. Since
U is pre-compact, M is a Cauchy filter. Let i be the ul-
trafilter on X* generated by M. If U* ¢ U*, U* VX x X =
U e U so that there exists x € X such that U[x] e M.
Clearly U*[x] =« ﬁ. Hence M is Cauchy. Since (X*,U*) is
complete, there exists x* ¢ X*¥ such that ﬁ converges to x¥*.
Thus every open neighborhood of x* must meet every set of
the form { i1/n,1/(n+1),...}, (n ¢ N). We show that o and
X* can not be separated by disjoint open sets. Let
U = (X-A x X-A) U (A x X).

Then there exists U* e U* such that U = U* 1 X x X. Now
U*[o] N A = @. Therefore, o #¥ x*. Suppose 0;,0, ¢ t* such
that o € 0, and x* ¢ 0,. Then 0, N X e t so there exists
€ > o such that ((-e,e) - A) C Ollﬁ X. Now there exists
positive integers N and k such that

1/N < ¢ and 1/k ¢ 0, 0V X A { 1/N,1/(N+1),...}.
Since 1/k ¢ 0>, N X ¢ t there exists &§ » o such that
(1/k - 8§,1/k + §) — A C 0, N X. Clearly

[(~e,e) = AT N [(1/k - &, 1/k + 8§) - A] # .
Therefore, 0, N 0, # @ and (X*,U*) is not Hausdorff.
EXAMPLE 2. We give an example of a quasi-uniform

structure U for the set N of natural numbers such that:

(L) t, is the discrete topology, and



(2) (N,U) does not have a T1 strong completion. Let
Un ={ (x,y) : x =y or x >n}, B ={ Un :n e N}, and let
U denote the quasi-uniformity generated by the base B.
Suppose (N*,U*) is a strong completion for (N,U). We may
assume that N = N*¥ and U = U* N N x N. TIf F = {N}, F is a
Cauchy filter on (N,U). Let ; cenote the Cauchy filter
on (N*,U*) generated by F. Since (N*,U*) is strongly
complete, there exists n* ¢ N* such that F converges to
n*., Clearly, n* ¢ N* - N. Let 0* be any open set in N*
containing n*. Then 0% ¢ F and 0* M N ¢ F. Thus

0* M N = N. For each n ¢ N, we have n € 0* for every open

set in N* containing n*. Thus N* is not T,.
B. CONSTRUCTIONS OF A COMPLETION

LEMMA 1. Let (X,U) be a quasi-uniform space and S
a subbase for U. Then a filter F converges to x if and
only if for each S ¢ S we have S{x] = F.

Throughout this section we will let (X,U) denote a
quasi-uniform space with a base B such that for any Vv ¢ B
we have that V o V = V. If U has a subbase with this
property then the base generated by the subbase also has
this property. It is clear that the Pervin quasi-uniform
structure has such a base as well as the class of quasi-
uniform structures introduced by Fletcher in [7]. We
will say that two Cauchy ultrafilters M, and M2 on X

1

are equivalent provided U([x] ¢ Ml if and only if U[x] ¢ M2.



Certainly this is an eguivalence relation on the set
of all Cauchy ultrafilters on X. We will denote the
equivalence class containing M by ﬁ.

Set A = { & : 4 1s a nonconvergent Cauchy ultrafilter
on X} and X* = X U A. D(V) will denote the set of all
mappings & from A to X such that V[d(ﬁ)] e M where V ¢ B.
Since M is Cauchy, D(V) # g for each V ¢ B. For V ¢ B
and § € D(V), we set

S(V,8) =V U AU (/‘:4,y) : M e A and y ¢ '\/[6(.‘:{)]}.

LEMMA 2. S* = { S(V,8) : V ¢ B, § ¢ D(V)} forms a
subbase for a quasi-uniform structure U* on X*.

PROOF. It 1is clear that S* # @g. Let S(V,8) « S*,
Then S(V,8) D A and we show that S(V,8) o S(V,8) C S(V,8).

Suppose (x*,y*) ¢ S(V,8) and (y*,z*) ¢ S(V,d8). Case (a).

If x* = x ¢ X, then y* = y ¢ X and z* = z ¢ X. Thus
(x,y) € V, (y,z) € V and since V o V =V, we nare (x*,z¥*)
(x,2) ¢ S(v,8). Case (b). x* = ﬁ e A, If y* o= ﬂ we
have (x*,z*) = (y*,z*) ¢ S(V,8). If y* = v ¢ X, then

z*¥ = z ¢ X, y ¢ V[d(ﬁ)], and (y,z) ¢ V. Hence (&) ,v)
e V and conseguently (6(&),2) e V since V o V = V. Then
2% = z ¢ V[s(M)] and (x*,z*) = (M,z) ¢ S(v,8). Therefore,
S(V,8) o S(v,8) C sS(V,8).//

THEOREM 1. (X*,U*) is complete.

PROOF. Let F be a Cauchy filter on X*. Then F C M
where M is an ultrafilter. If M converges, F has an

]

adherent point and U* is complete. 3uppose ! 1s not

10
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convergent. We show that X € M. Let S(U,8) ¢ U*.
Since M 1s Cauchy, there exists x* ¢ X* such that S(U,§) [x*]
e M., If x* = Ml e A, then
S(U,8) [x*] = {M,} g Uls(M)].

M does not converge to Ml implies there exists S(V,8§) ¢ S*
such that S(V,é)[ﬁl] # M. Since M is Cauchy, there
exists z* # ﬁl such that S(V,y)[z*] € M. Now if z* ¢ X
there is nothing to show; so we suppose that z* = My, e AL
Then ﬂl # ﬁz and we have

(VIv(M)1 U 9,1 N (UIs ()] U (H1}) e M.
Thus X ¢ M since

X DVIv(M)T N UL (M) ] e M.

Moo= { MeM:MCXK} is an ultrafilter on X.
We show that MO is U-~Cauchy. If U ¢« U, there exist V ¢ B
with VC U, Let § ¢ D(V). Tnen 5(V,8) € U* so there
exists x* ¢ X* guch that S(V,8)[x*] ¢ M. If x* ¢ X we
have V{x*] ¢ M and thus U[x*] ¢ MO. If x* =4@ € A, then
V[é(ﬁ)] U {ﬁ} e M and since X ¢ M, we have V[é(ﬁ)] e M.
Consequently, U[&(ﬁ)] e Mg. Thus My is Cauchy on X.
Either M, is convergent on X or it is not. Case (1) MO
converges to x. Let 5(V,§8) ¢ S*. Then S(V,8)[x] =
Vix] € My. Thus S(V,8)[x] ¢ M and we have that M con-
verges to x which is a contradiction. Case (2). M,

is nonconvergent on X. Then M, ¢ A and we show that M

converges to MO. If S(v,8) ¢ S*.

~ ~ ~

S(V,8) [Mg] = VIs(Mg)] U {M;}.



Now V[6(&O)] e M, and consequently S(V,8) [My] « M.
Therefore, M converges to &O and this is a contra-
diction.//
THEOREM 2. (X*,U*) is a completion for (X,U).
PROOF. By theorem 1, (X*,U*) is complete. Let
M e A and U* ¢ U*. Now there exists S(Vys87)renn,

n
S(V ,8 ) e S* such that N S(Vi,d_) C U*. We have
N 1

n n
S(V,,8.)[M] = (MY uUv.[6. ()] for i =1,2,...n.
i7740 i i
Since Vi[di(M)] e M for eacn i = 1,2,...,n, we have

AV L5 ()] # #. Now
1 1 1

i - n .
*MINDY X DN SV,,s.))IM N X

1 1 1
n A~

= N S(V,,s )M N X
1 i 1
n R

= M V,[6.(M)] # g.
1 1 1

Thus M ¢ X and X = X*., Let U' denote the induced quasi-
uniform structure of U* on X. If U e U there exists

Ve Bwith v 2 U. Let § € D(V). Then S(V,8) ¢ U* and

V = S(V,8) N X x X. Thus V € U' and hence U ¢ U'.
Suppose U ¢ U'. Then there exists U* ¢ U* such that

U =U*MN X x X. Since U* ¢ U* there exists S(Vl,él),...,

n
S(Vn,d ) € S* such that U* DN S(V_,éi). Consequently,

n 1 i
n
NSV ,6)) N X x XCU*N X x X = U.
1 i i
n
Therefore, N V. C U and hence U ¢ U. Thus we have shown
1
that U = U'. From this it follows that the identity
mappring i: (X,U) » (X,U* N X x X) is a quasi-uniform

isomorphism.//



One can let A = { F : F is a nonconvergent Cauchy
filter on (X,U)}. Then using the same construction we

(e} (e}

get a strong completion of (X,U). Denote it by (X,U).
It is clear that (§,&) is not in general the trivial
strong completion given in construction 1.

EXAMPLE 3. A space (X,U) may be T, and (X*,U*)
not T,. Consider the space (N,U) described in example 2.
It is clear that Un 0 Un = Un for each Un in the base B.
Thus we may construct the completion (N*,U*). There
exXists an ultrafilter M containing the filter base
{ {n,n+1,...} : n ¢ N}. Since U is pre-compact, we have
that M is a Cauchy filter. Since M is nonconvergent,

~ ~

M e N*. Let S(Un,é) e S*. C(Clearly, &§(M) > n. There-

Il

U [s(M)] U {M
n

N U {M}.

S (U ,6)[&]
n

i

Hence (N*,U*) is not T, .

THEOREM 3. Let (X,t) be a T, topological space and
U the Pervin guasi-uniform structure. Then (X*,U*) 1is
a T, completion for (X,U).

PROOF. If x,y & X, x # y, there exists O,W e t such
that x ¢ O, vy ¢ W, x ¢ W, and y ¢ O. Since X & t*, we

have O,W ¢ t*. Let M, # M2 be points in A and S(U,$8) ¢

S*. Then

S(uU,s) [M,] = (M} U ULs(M)] and,

S(U,8) [M,] = (M,} U ulsil,)l.

13
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Suppose x ¢ X and & e A. Since M does not converge to
X, we have {x} { M. Now X - {x} ¢ M since M is an ultra-
filter. Set
U= (X - {x}) » (X - {x}) U {x} x X.

Let x; ¢ X and x; # x; if X = {x} we would have X* = X.
Define § by 6(&) = x, for each & e A. Clearly, U[xl] =
X - {x} ¢ N for each nonconvergent ultrafilter N. Thus
§ ¢ D(U) and S(U,8) e S*. Now S(U,8)([M] = (M} U (X - {x})
and X is a neighborhood of x that does not contain &.
Therefore, (X*,U*) is T,.//

DEFINITION 9. (x,u)y 1is R3 if given x ¢ X and U e u,
there exists a symmetric V & U such that (V o V) [x] € U[x].

The above condition was introduced in {16}. It might
be described as a local symmetric triangle inequality.
In [16, p.41l], it was shown that if (X,t) is regular, then
the Pervin structure is R,.

THEOREM 4. Let (X,U) be a T; and Ry guasi-uniform
space. Then (X*,U*) is a T; space.

PROOF. 1t suffices to show that for each x ¢ X and
M ¢ A there exists 0;, O, ¢ t* such that x ¢ O, M e O,,

x ¢ 0,, and M ¢ O0,. Let x and M be given. Since M

does not converge to x, there exists U ¢ U such that

Ulx] ¢ M. There exists a symmetric V ¢ U such that (V o V)
[x] € U[x]. M is Cauchy implies that there exists xp ¢ X
with V[x,] « M. We show that x ¢ V[x,]. Suppose X ¢
V[XO] and let a ¢ V[x,]. Then (X,XO) ¢ V and (xo,a) e V.



Hence a ¢ (V o V) [x] € U[x]. But this implies that Vix,1 C
Ufx] which is impossible since U[x] ¢ M. There exist
§ &€ D(V) with ¢ (ﬁ) = X43. Then

% Vixgl U (M} = s(v,s) (1]

while M ¢ X, an open neighborhood of x. Thus (X*,U*)
is T,.//
THEOREM 5. Listed here are some easilv verified

broperties of (X*,U*).

(1) X is an open dense subset of X*,
(2) (X,U) is Ty if and only if (X*,U*) is T,.
(3) If (X*,U*) has property P and P is an open

hereditary property, then (X,U) has property P.
(4) A is closed in X* and the subspace topology

on A is the discrete topology.

th

(5) If (X*,U*) is pre-compact and Hausdorff,

then (X,U) is completely regular.

These properties also hold for (X,U).

PROOF. (1). By theorem 2, X = X*. Let x ¢ X

and S(U,s8) ¢ U*x. Then S(U,§)[x] = Ulx] & X. Hence X
is open in X*,. (2). Since T, is a hereditary property
the sufficiency is clear. Suppose (X,U) is T,, then since

X is open in X* it suffices to consider the case where

x* # M e A, x*,M e X*. Let S(U,8) ¢ U* and we have that
i f S(U,s)[x*]. Hence X* is T,. Statement (3) follows
from (1). (4) . A is closed in X* by (1), and for any

S(U,8) ¢ U* we have that {M} = A N S(U,8) [M] for any



M ¢ A. Therefore the subspace topology on A is discrete.
(5) . If (X*,U*) is pre-compact and Hausdorff then since
it is complete it must be a compact Hausdorff space.

Therefore the subspace (X,U) must be completely regular.//

C. A COMPLETION FOR A PRE-COMPACT STRUCTURE AND FURTHER

EXAMPLES

Let (X,U) be a pre-compact quasi-uniform space.
Define X* as before and set S(U) = U U A U { (ﬁ,y) : ﬂ e A
and y ¢ U[x] ¢ M for some x ¢ X}.

LEMMA 3. B*¥ = { S(U) : U ¢ U} forms a base for a
quasi~-uniform structure for X*. Denote it by u.

PROOF. B* % 4 and A < s(U) for each S(U) ¢ B*.
Suppose S(U) and S(V) belong to B*. Then S(UMN V) ¢ B
and we show that

S(UN V) C s(u) N s(Vv).

Let (x,y) ¢ S(UuMNvVv). If x e X, then (x,y) ¢ UN V and

H

thus (x,y) ¢ S(U) N s(V). If x = M ¢ A, then y = & , 1n
wiiich case (x,y) ¢ S(U) N S(V), or there exists z ¢ X
such that y ¢ (U N V)[z] ¢ M. Thus y = Ulz] ¢« M and

v £ Viz] ¢ M. Hence (x,y) e S(U) N s(V). Let S(U) ¢

B*. Then there exists V ¢ U such that V o VC U. We
show that S(V) o S(V)CS(U), let (x,y)e S(v) and (y,z)

e S(V). If x ¢ X then (x,y, € V and (y,z) ¢ V and there-
fore (x,z) ¢ V o Vv CUC s(U). Now if x = h ¢ A& and

~

y = M then (x,z) = (Y,2)e S(V) € s(U). If x = M and
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y ¢ X, then there exist s ¢ X such that v ¢ V{s] : M and
(y,2) € V. Hence (s,z) ¢ V o VC U, that is, z . U[s] D
V(isl. Thus U[s] ¢« M and we have that (x,z) = (ﬁ,z) . S(U).
Therefore S(V) o S(V) € S(U) and we have that B* is a base
for a quasi-uniform structure on X*.//

THEOREM 6. (X*,ﬁ) is complete.

PROOF. Suppose (X*,U) is not complete. Then there
exists a nonconvergent Cauchy ultrafilter M* on X*. Using
the same argument as in the proof of theorem 1 we have that
M= { MeM : MC X} is an ultrafilter on X. Since (X,U)

is pre-compact it follows that M is Cauchy [16, p. 51].

Case (1). M converges to x & X. Let U ¢ U. Then there
exists S(V) such that S(V) C U. Since x ¢ lim M, Vv[x] « M.
Hence V([x] ¢ M*, and U[x] D S(V)[(x] = V[x] implies that
U{x] € M*, Thus x € lim M* but this is impossible. Case

~ "

(2). lim M = 4. Then M e X. Let U =« U, then there exists

S(V) C U. Now S(V)IM] = {M} U (U ( Viy] : Viy] « H1).
Hence S(V)[&] ¢ M and therefore U[&] = M. Consequently
& e lim M which is a contradiction. Thus there are no
nonconvergent Cauchy ultrafilters on (X*,ﬁ); that is,

Y
(Xx*,U) is complete.//

Y

THEOREM 7. (X*,U) is a completicn for (X,U).

-
Y]

PROOF. By the previous theorem (X*,U) 1s complete.

d . Let U «
X

It is clear that X = X*. We show that U =
U , then there exists V ¢  such that U = VD X x X. Now
X

there exists W ¢ U such that S(W) C V, hence WC U and we
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have that UX < U. Let U ¢ U, then S(U) ¢ U and U = sS(U)N
X x X ¢ UX. Thus U < UX. Thus the identity mapping i :
(X,Uy - (X,ﬁx) is a quasi-uniform isomorphism.//

We note that the Pervin quasi-uniform structure is
pre—-compact. A proof similar to the proof of theorem 4
shows that i1f (X,U) is T, and R, then (X*,a) is T, .

THEOREM 8. Let (X,U) be a pre-compact guasi-uniform
space.

v

(1) (X*,U) is pre-compact if and only if A is

finite if and only if (X*,a) is compact.

(2) X* is T, implies that X* is compact.

PROOF'. (1) follows from the definition of U and
the fact that completeness and pre-compactness are equi-
valent to compactness. Since every ultrafilter on X is
Cauchy, it must converge to a point in X* and hence
(2) follows from theorem 4.17 in ([1l6}.//

EXAMPLE 4. Let N = {1,2,3,...} and let U denote the
quasi-uniform structure generated by the base B = { U,

n ¢ N}, where U, = { (x,y) : x = y or y > X > n}. Let Mo
be an ultrafilter containing {N,{2,3,4,...}, {3,4,5,...},
«<.}. Then MO e N. We show that A = {QO} and {H*,tu*) is
homeomorphic to (N_,t_), the one-point compactification
of (N,t).

Let }f be a nonconvergent Cauchy ultrafilter on N.
Note that Un[k] = {k} if k < n, and U_[k] = {k, k+',...}

if Xk > n. It follows that U,[k] ¢ 4 if and only iZf



U,lk] € My. Therefore, M ~ My and A = {Mg}. Let i : N*
>+ N_ be the identity on N and i(ﬂo) = ». Now i and i~?
are continuous at each n ¢ N. We show that i is continu-

ous at Mp. Let O_ = (X - 0) U {=} ¢ t_. Since O is com-

pact, there exists k such that n ¢ O implies n < k. Now

there exists 6§ ¢ D(Uk) such that S(Uk,é)[ﬁol {k,k+1,...1}

~

U{Mpl. & is defined by 6(M) = k for each 4 ¢ A. ©Now 1i(S

(Ukrﬁ)[Mo])= {k,k+1,...} U{=} € O_. We show that [t

~

is continuous at «. Let S(Uk,é) be given. Now §(My) > k,
so let 0 = {1,2,...,8(M )-1)}. (If 6(,«71()) =1, then k = 1
and S(U,,6) [Myj] = N* and there is nothing to show.) Let

O, ={=}) W(N -0). Then O_ e t_and i"'(0) = (M I U

O

(N = 0) = s(U_,8) [M,].

EXAMPLE 5. Let I denote the set of integers and U, =
AU { (x,y) : x =y, ¥y >X>n, or y < x < -n}t. Let U de-
note the guasi-uniform structure generated by the base
{ U, : n-= 0,1,2,...}. Then I has the discrete topology
and U is pre—-compact. Let Moo be an ultrafilter contain-

ing the filter base {{2,3,4,...},{3,4,5,...},...} and M_

be an ultrafilter containing the filter base {{-2,-3,...},

19

{-3,-4,...},...}. Then M_ and M__ are nonconvergent Cauchy

ultrafilters. Now U,[2] ¢ M while U,[2] ¢ How-
Hence Mm # M_w. Now by considering the various cases, as

}. Thus (I*,U*) 1is

~
/
-

in example 3, we have that A = {Mw,M
compact. Now we show that I* is Hausdorff. Since I is

discrete and open in I*, it is clear that distinct points
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in I are separated by disjoint open sets in I*. Now let
k e I. Choose n > k and -m < k. There exists & e D(U)
and ¢, e D(U_ ) such that Sl(ﬁm) = n, él(ﬁ_w) = -n, 52(Mw)
= m, and Sz(ﬁ_w) - m. Now

(K} N S(U,,8) M ] = g and

(k3 N s(U,8,)IM_ 1 = g.

fee]

There exists & ¢ D(UZ) where é(ﬁ ) = 2 and 6(} ) = =2.

Then

S(U,,8) [H_1 N SU,,8) [H__]

= ({Mp} U {2,3,4,...10 N ({M__} U (=2,-3,-4,...1)

i
=

Hence I* is Hausdorff.

D. CAUCHY FILTERS

In a uniform space the adherence of a Cauchy filter
equals its limit. The following example shows that this
is not necessarily the case in a gquasi-uniform space.

EXAMPLE 6. Let X = {1,2,3,4,5} and W ={ (x,y)

X < ¥Y}. Since W o W = W we have that {7} forms a base for
a quasi-uniform structure. Denote the structure by U.

Set F = {X,{2,3,4,5}}. Then F is a Cauchy filter since
W[2] ¢ F. It is clear that lim F = {1,2} while adh F = X.
Hence we have a Cauchy filter whose limit is not equal to
its adherence.

It is natural to wonder if there are guasi-uniform
spaces, that are not uniform spaces, in which the limit

of every Cauchy filter equals its adherence. The follow-
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ing theorem shows that such spaces do exist.

THEOREM 9. Let (X,U) be a R, quasi-uniform space.
If F is a Cauchy filter then lim F = adh F.

PROOF. Let F be a Cauchy filter. It suffices to
prove that adh F € 1lim F. Let x € adh F and U ¢ U.

Since (X,U) 1is R; there exists a symmetric V ¢ U such that
(V.o V o V) [x] € U[x]. Since F is Cauchy there exists

a ¢ X such that v[al] ¢ F. We will show that Vv[al] C U[x].
Since x ¢ adh F there exists b ¢ V[x] N V[a]. Hence (x,Db)
e V and (a,b) ¢ V. ©Let ¢ ¢ V{al. Then (a,c) € V. Since
V is symmetric, (b,a) € V. Thus (x,b) ¢ V, (b,a) ¢ V, and
(a,c) € V. Therefore c ¢ (v o V o V)[x] C U[x]. Hence
V{al] € U[x], and we have U[x] ¢ F. Thus x ¢ lim F.//

COROLLARY. Let (X,U) be a R; quasi-uniform space.
(X,lU) is complete if and only if it is strongly complete.

PROOF. The result is obvious by theorem 9. and the
definitions.//

In a complete uniform space if lim F ¥ g then it
follows that F is Cauchy. It is natural then to ask if in
a complete guasi-uniform space we have a filter F such that
adh F £ &4, does it follow that F is Cauchy. The follow-
ing example shows that such a filter need not be Cauchy.

EXAMPLE 7. Let X denote the set of positive integers.
Set U, = { (x,y) : x =y, or x = 1 and y = 2n + 2k, or x =
2 and v = 2n + 2k + 1, where k = 1,2,...}. For example,

U3 = A U{(l,g), (l,lo),---}U{(zlg)/ (2111),---}0
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Let B = { Un :n=1,2,...}. To show B igs a base for a
quasi-uniform structure it suffices to prove that Un o Uy
CfUn for each n = 1,2,... . Let Un be given, and (x,y) ¢
Un and (y,z) e Un. . x =y, then (x,2) = (y,z) = Un' If
X ¥ y then either x = 1 or x = 2. Suppose x = 1, then y >
2n + 2 > 2. Hence z = y and we have that (x,z) = (x,y) ¢
Un. On the other hand, if x = 2 theny > 2n + 2 + 1 > 3
and therefore y = z. Thus (x,z) = (X,y) ¢ U,- Therefore

B generates a quasi-uniform structure which we will denote
by U. The topology generated by U is compact since given
any open cover there exists 0, containing 1 and a 0, con-
taining 2. Clearly 0; U O, contain all but at most a
finite number of members of X. Hence (X,U) is compact and
therefore strongly complete.

The sets of the form { n,n+1,...} (n ¢ X) generate
a filter F and 1 ¢ adh F, but F is not Cauchy.

In a uniform space it is well known that the neigh-
borhood filters are minimal among the Cauchy filters.
This does not hold in general for quasi-uniform spaces
as the following example indicates.

EXAMPLE 8. Consider the space in example 6. Let
N (4) denote the neighborhood filter of 4. Clearly N(4)
is the collection of super sets of {4,5}. N(5) is the
collection of all super sets of {5}. ©Now N(4) C N(5)

*

and thus N(5) is not minimal among the Cauchy filters.
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E. A COUNTER-EXAMPLE

The following theorem shows that:

(1) A uniformizable space can admit a strongly com-
plete guasi-uniform structure and not admit a
complete uniform structure.

(2) A space can be uniformizable and admit a strongly
complete guasi-uniform structure and not be real
compact.

(3) A countably compact space may admit a guasi-
uniform structure that 1s not pre-compact.

(This can not happen with uniform structures.)

Let W denote the ordinals less than @, the first

uncountable ordinal. t will denote the order topology for
W. It is well known [12, p. 74] that (W,t) is normal,

countably compact, not metrizable, and not real compact.

Dieudonne [5] showed that (W,t) admits a unigque compatible

uniform structure U and (W,U) is not complete.

THEOREM 10. (W,t) admits a strongly complete gquasi-

uniform structure.

ture

U ¢

PROOF. Let P denote the Pervin gquasi-uniform struc-
for t. Set L = { (x,y) ¢ x > y}. Let S ={UNL:

P}. If A ¢ S, then A Da. IfUMNL e Sand VNL ¢ S,

then UNV ¢ Pand (UNL) N (VN L) = (UNAV) L e« S.

Suppose U M L ¢ S, then there exists V ¢ P such that V o V

Cu.

Thus VN L ¢« S and (VNAL) o (VAL CUNL. For
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suppose (a,b) ¢ VN L and (b,c) ¢ VN L. Then (a,c) ¢ U.
Also (a,b) ¢ L implies a > b and (b,c) ¢ L implies b > c.
Hence a > c¢; that 1is, (a,c) € L. Therefore (a,c) ¢ UM L.
Thus § 1is a base for a quasi-uniform structure. Denote

the generated quasi-uniform structure by U. We will show

w- Let O e t,

that t = tu' Since P < U we have that t < t
and x ¢ O. Then there exists L MU ¢ U such that x ¢ (L N
U) [x] € 0. Now U[x] is a neighborhood of x with respect to
t. Lix] = [1,x] = [1,x+1) is also a neighborhood of x with

respect to t. Thus

Lix] n ulx] = (L NU) [x]

is a neighborhood of x with respect to t. Hence O ¢ t and
we have that t = tu‘
We now show that (wW,U) 1is complete. Let W* = [1,:]

and let M be a Cauchy ultrafilter on W. Let M* denote the
generated ultrafilter on W*. Since W* is compact there
exists w € W* such that w ¢ lim M*. Case 1. If w ¢ W,
then w ¢ 1im M. Case 2. Suppose w = Q. Since M is Cauchy
and L ¢ U, there exists x ¢ W such that L{x] = [i,x] « M.
Hence [1,x] € M*. Now (x,9)] is a neighborhood of ¢ and
since M* converges to @ we have that (x,9Q] ¢ M*, but this
i1s impossible. Hence w ¢ W and by case 1, we have that
w £ lim M. Therefore (W,U) 1is complete.

An alternate proof that (W,U) is complete can be

given. Let M be a Cauchy ultrafilter on W. Since L ¢ U

there exists x ¢ W such that [1,x] = L{x] ¢ M. Let Ml
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be the trace of M on [1,x], then M1 is an ultrafilter on
[1,x]. Since [1,x] is compact there exists z =« [1,x] such
that z ¢ 1lim Ml. Hence z e 1lim M.

We now show that (X,U) is R3. Let T NU ¢ U and w «

W. Then there exists x ¢ W such that (x,w] C (L N U) [w].

Let 0 = [1,x], S = (x,w], and T = (w,9). Then O, S, and T
are open. Set

v, =0 x0 U (W-0) x W

V2 =5 x 5 U (W-5) x W

V3 =T x T U (W~-T) x W
Then V,, V,, V; belong to P and hence to U. It is easy to
see that

z=vlhv2r\V3

(O x O) U (S x 8) U (T x T).

Thus Z ¢ U, Z is symmetric, and Z o Z = Z. Now Z[w] = (x,w]
C (L N U)[w]. Therefere (W,U) is R; and by the corollary to

theorem 9 we have that (W,U) is strongly complete.//
F. GENERAL PROPERTIES FOR A COMPLETION

It is apparent that not all of the properties of a
completion for a uniform space carry cver for a guasi-uni-
form space. In this section we note that irregardless of

1

the definitions of "Cauchy" filter and "completeness" not
all of the pleasant properties of a "completion" are going
to be preserved in a gquasi-uniform space.

We would like a definition of "Cauchy" filter and
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"completeness" that would satisfy the following conditions.

(a) The definitions would reduce to the ordinary
definitions on a uniform space.

(b) There exists at least one completion for every
quasi-uniform space.

(c) If (X,U) is T,, then there exists a T, completion.

(d) If (X,U) is compact, then (X,U) is complete.

(e) If £ : (X,U) - (Y,V) is quasi-uniformly contin-
uous where (Y,V) is complete and T,, then there
exists a guasi-uniformly continuous extension
% : (X*,U*) - (Y,V) where (X*,U*) is any comple-
tion of (X,U).

(f) If (X,U) is pre-compact then (X*,U*) is compact
where (X*,U*) is any completion of (X,U).

(g) Every convergent filter is Cauchy.

It is clear that each of these conditions hold in a

uniform space.
THEOREM 11. (c) and (f) can not both hold (for all
spaces (X,U)).

PROOF. Let (X,t) be a T, space that is not T, and
U the Pervin quasi-uniform structure for t. By (c) there
exists a T, completion (X*,U*) for (X,U) and by (£) (X*,U*)
is compact. Hence (X,U) is T, which is impossible.//

THEOREM 12. (d) and (e) can not both hold (for all

space (X,U)).

PROOF. Let X = (0,1] and U the Pervin guasi-uniform
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structure associated with the usual topology. Let Y =
[-1,1] and let V be the Pervin structure associated with
the usual topology on Y. (y,V) is T2 and compact and by
(d) it is complete. Define f : X > Y by f(x) = sin 1/x.
Now f is continuous and since U and V are the Pervin
structures it follows that f is guasi-uniformly continuous.

Now X* = [g,1] 1s compact with the usual topology.
Let U* be the Pervin structure for X*. By (d) we have
that (X*,U*) is complete, hence it is a completion of (x,l).
Now by (e) there exists a gquasi-uniformly continuous exten-
sion % : X* > Y, but this implies that f has a continuous
extension to [g,:] which is impossible. Therefore (d) and
(e) can not both hold.//

THEOREM 13. If (d) holds then (k) holds.

PROOF. The trivial completion is compact and by (d)
it is complete.//

Considering our usual definition of Cauchy filter we
obtain the following summary.

Complete (or Strongly Complete)

(a) holds

(b) holds

(c) does not hold

(d) holds

(e) does not hold (See theorem 12.)

(£) does not hold

(g) holds
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To see that (f) does not hold consider the space in
example 2. Since every filter is Cauchy in this space it
is clear that there are infinitely many nonconvergent
Cauchy filters. Let A denote this collection. Now the
construction of the strong completion (%,&) carries over
with A redefined as above. If (%,&) is compact then it
must be pre-compact and hence A would be finite, which it

is not.



29

IvVv. GSOME THEOREMS AND EXAMPLES REGARDING

QUASI-UNIFORM SPACES
A. NEIGHBORHOODS OF A

One of the points of interest is the following. Given
a quasi-uniform structure U for a set X, when is U compat-
ible with a uniform structure? By definition U is compat-
ible with a uniform structure if and only if the topology
generated is uniformizable. Other sufficient conditions
will be obtained.

DEFINITION 1. A gquasi-uniform space (X,U) is said to
have property P if each U ¢ U is a neighborhood of A in
X x X with respect to the product topology.

It is well known that a compact uniform space has prop-
erty P. The following example shows that this need not be
the case in a quasi-uniform space. It also demonstrates
that a quasi-uniform structure may be compatible with a un-
iform structure and not have property P.

EXAMPLE 1. Let X = [0,2] with the usual topology and
let U denote the Pervin quasi-uniform structure. Now O =
(%,%) £ £t so U =0 x OU (X-0) x X ¢ U. Suppose that U is

a neighborhood of A, then there exists € > 0 such that

1o 1 i .1 = (L4 l_gy o (1. 1
(2 E,2+5) x (2 e,2+e) c U. Now p (2+2,2 2) £ (2 e,2+e)
x (%—g,%+c), but p ¢ U. Hence U is not a neighborhood of A.

The following example shows that a guasi-uniform

structure can have property P and not be a uniform struc-
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ture.

EXAMPLE 2. Let N denote the positive integers and
set U, = { (x,v) : x =y or n=<x < v}. Then { Uy, = n =
1,2,...} forms a quasi-uniform base. Let U denote the
guasi-uniform structure generated by this base. It is clear
that U is not a uniform structure and the topology generat-
ed is the discrete topology. Hence A is open in X x X, and
therefore each U ¢ U is a neighborhood of A.

In the above example we note that U is compatible
with a uniform structure. The following theorem shows that
if U satisfies property P then this is always the case.

DEFINITION 2. Let (X,U) be a quasi-uniform space.
Then U~! = { U‘1 : U ¢ U} is a guasi-uniform structure on
X and it is called the conjugate quasi-uniform structure of
U. U V U™' denotes the smallest quasi-uniform structure
which contains both U and U7'.

THEOREM 1. Let (X,U) be a guasi-uniform space satis-
fying property P. Then U is compatible with a uniform
structure.

PROOF. Let t and s denote the topologies generated
by the quasi-uniform structures U and U V U_l, respective-
ly. It is clear that U V U~! is a uniform structure and

t. It is

A

that t < s. Thus it suffices to show that s
clear that sets of the form U () U"], where U ¢ U, form a
uniform base for U V¥V U~!. Let O ¢ s and x ¢ O. Then there

exists U N U_1 such that x ¢ (U N U—l)[x] C 0. Since U 1is
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a neighborhood of A with respect to t x t, there exists
Q ¢ t such that x ¢ Q and Q x Q C U. Hence Q x Q C U™},
Therefore,
x e QCU[x] N U t[x]
= (UNUhIx]
co
Hence O ¢ t and thus t = s.//

COROLLARY. Let (X,U) be a complete quasi-uniform
space with property P. Then there exists a compatible
complete uniform structure.

PROOF. In the above proof we showed that U V u=t is
a compatible uniform structure. Since U is complete and
U - Uwv Ut it follows that U V u"t is complete.//

Every closed subspace of a complete gquasi-uniform
space is complete. A complete subspace of a Hausdorff
uniform space is closed. The following theorem gives an
analogous result for a complete Hausdorff quasi-uniform
space that satisfies property P.

THEOREM 2. Let (X,U) be an arbitrary lausdorff
guasi-uniform space with property P. If Y C X, and (Y,UY)
is strongly complete then Y is closed in X.

PROOF. Let a ¢« Y. Now Ulal N Y # g, and B = { UlalNn
Y : U ¢ U} forms a filter base on Y. Let F denote the fil-
ter on Y generated by B. If U e U, then V. =UNY x Y e U,.
Since U is a neighborhood of A, there exists O ¢ t such that

a¢« Oand 0O x OCU. NowOo NvY g and ONY x ON YC V.,
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Let b ¢ OMN Y. Then V[bl D 0N Y and hence F is Cauchy on
Y. Since Y is strongly complete there exists ¢ € Y such
that c ¢ 1lim F. Let F' be the filter on X generated by F.
Then ¢ ¢ lim F' and a ¢ lim F' and since X is Hausdorff we
have that a = ¢ ¢ ¥. Hence Y is closed in X.//

DEFINITION 3. Let (X,U) be a quasi-uniform space. We
will say that (X,U) has property S if for each X, the col-
lection { V[x] : V ¢ U, V is symmetric} forms a fundamental
system of neighborhoods for x with respect to the topology
generated by U.

The following guestion arises naturally. If U has
property P, then does u~! have property P? Since this type
of question will be of interest later, we make the follow-
ing definition.

DEFINITION 4. A property Q will be called a guasi-con-
jJugate invariant if a quasi-uniform structure U has property
Q implies that U~! also has property Q.

The space considered in example 2, Chapter III, clearly

has property P since its topology is discrete. Now Ugl €
tu~'. suppose UT' is a neighborhood of A with respect to the
product conjugate topology. Then there exists O =« tu_1 with
» ¢« 0 and 0 x 0 C U:l. Thus tnere exists positive integer

k - 2 such that {2,k,k+1,...} & O. Hence (2,k) ¢ U5 which
is impossible. Therefore ™! does not have property P, that

is property P is not a quasi-conjugate invariant.

THEOREM 3. Let (X,U) be a quasi-uniform space satis-
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fying properties P and S. Then u=! satisfies property P.
PROOF. Let U™! ¢ U~!. since U has property P, we
have that for each x ¢ X there exist V{(x) ¢ U such that

V(x) [x] x V(x)[x] C U. Hence V(x)[x] x V(x)[x] C U~! for

each x ¢ X. By property S there exists a symmetric T(x)
U such that T(x)[x] © V(x)[x] for each x ¢« X. Since T(x)
is symmetric it follows that T(x) ¢ u-! for each x ¢ X.

Thus WUW{ T(x){x] x T(x)[x] : x ¢ X1 C U{ v{x)I[x] x V(x)[x]
: x ¢ X} €U”'. dHence U7} is a neighborhood of A with res-
pect to the product conjugate topology and therefore u=!
has property P.//

COROLLARY. Let (X,U) be a quasi-uniform sprace. If U
satisfies properties P and S then u=?! is compatible with a
uniform structure.

PROOQOF. The result is an immediate conseguence of
theorems 1 and 3.//

Theorem 1.47 in [16] shows that if t 1is weaker than
the conjugate topology then the conjugate topology is uni-
formizable . Since U = (U”!')~! it follows that if t  is
stronger than the conjugate topology, then t, 1is uniformiz-—
able.

THEOREM 4. Let (X,U) be a quasi-uniform space. If U

(U 7)) has property S then t _ (tu) is uniformizable.

0=
PROOF. Suppose U has property S. Then t is weaker
than the conjugate topology, for let O ¢ t, and x ¢ O.

Since U satisfies property S we have that there exists a
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symmetric V ¢ U such that x ¢ V[x] C O. Hence V ¢ U~' and

O e tu—l' Then by theorem 1.47 in [16] we have that tu—l

is uniformizable. Now suppose that u~! nas property S and

let O = t, -1 with x ¢ 0. Then there exists a symmetric

-1 . . . .
vV e U with x ¢ V[x] C O. Since V is symmetric we have
that V ¢ U and thus O ¢ tu' Therefore tu—l < t, and conse-

gquently we have that tu is uniformizable.//

COROLLARY 1. If (¥X,t) is T3 then it has a uniformiz-
able conjugate topology.

PROOF. By theorem 3.17 in [161 U, the Pervin quasi-

uniform structure, has property S. t is uniformizable by

u=1
theorem 4.//

COROLLARY 2. Let (X,U) be a gquasi-uniform space such
that U and U~ ! have property S. Then t, =t -1 and t, is
uniformizable.

PROOF. Since U has property S we have tu < tu—l and
since U~! has property S we obtain ty-1 £ t,. Hence t, =

t,~1 and thus t = tu'V t,., = ¢t Therefore t,  is

u v u—-t°

uniformizable.//

B. U A U

DEFINITION 5. Let U and V be gquasi-uniform structures
on X. Then UA V = { U :U¢eUNV}.

THEQREM 5. Let U and V be quasi-uniform structures
on X. If U AV is a gquasi-uniform structure on X then

U AV is the greatest lower bound of the guasi-uniform



structures U and V.

PROOF. It is clear that UA V - U and U A V - V. Now
suppose that $ is a gquasi-uniform structure such that S§ - U
and S < V. If S ¢ §, then S ¢ U O V. Hence S - UAN V.//
It is well known that if U, and U, are guasi-uniform struc-
tures for X then u1 A u2 need not be a guasi-uniform struc-
ture. The following example shows that even U A u~? need

not be a quasi-uniform structure.

EXAMPLE 3. Let X denote the natural numbers and set

u, = { (x,y) : x =y or x =1 and y z n}. Let U be the
quasi-uniform structure generated by { Un cn o= 1,7,...10.
Now

U=4{ (x,9) ¢+ X =y or x=1and y > k&

or y =1 and x 2 4} ¢ U A TR
Suppose there exists V ¢ U A t™' such that Vv o V C U. Since
V ¢ U there exists n € X such that (1,k) ¢ V for each k = n.
Similarly, since V ¢ U~! there exists m ¢ X such that (k,1)
¢ V for each k > m. Let t = max{m,n}. Then t - 4 since
VCU. Now (t,1) ¢ V and (1,t+1) e V and therefore (t,t+1)
¢ U which is impossible. Hence U A " does not form a
quasi-uniform structure.

LEMMA 1. If U A u"! is a gquasi-uniform structure then
U AU is a uniform structure.

PROQOF. Let U ¢ U A U~'. Then U ¢ U and hence U™~

- - - . =1
u-t Also, U ¢ U ! and thus U P Therefore U £

unut.//
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DEFINITION 6. A guasi-uniform space (X,lU) is said to
have property * if for each symmetric U ¢ U there exists a
symmetric V ¢ U such that V o v C U.

It is apparent that each uniform structure possesses
property *. ©Not every quasi-uniform structure has property
* as the space in example 1 demonstrates. It is clear that
property * 1is a quasi-conjugate invariant property. It is
an easy exercise to show that property * does not imply and
is not implied by any of the usual separation properties.
However, as the next theorem shows it does characterize
those structures U for which U A Ut is a gquasi-uniform
structure.

THEOREM 6. Let (X,U) be a quasi-uniform structure.

Uu AUl is a guasi-uniform structure if and only if (X, U)
satisfies property *.

PROOF. Suppose (X,U) satisfies property *. Clearly
UAUY % g and if U e UA U™ then U Da. Now U ¢ U A UT!
and V D U implies V ¢ U and V ¢ U='. Hence V e UA U,
Now U, V¢ UA U™ impiies UMV e U and UN V ¢ U™'. Thus
UNV e UAUTT. Let U e UA u='. Then U™ ¢ U, and T =

1

UNU™ " ¢ U and T is symmetric. By hypothesis there exists

a symmetric V e U such that V. o VC T. Since V is symmet-
- . -1 -1

ric, we have V ¢ U ! and thus V ¢ UA U”". Hence UA U

is a guasi-uniform structure.

Now suppose that U A u=! is a gquasi-uniform structure.

Let U € U and U be symmetric. Then U ¢ U A U~! and there
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exists Ve U A U™ such that V o V C U. Now V ¢ U and

V e U!'. Hence v-! ¢ u, v-l ¢ u-l, and therefore v-! ¢
U AUu"!'. Let Ss=vANVl., Then S ¢ U and S is symmetric
and more over S 0 S = (VA V™) o (WNAV-Y)YC V oV C U.

Hence (X,U) satisfies property *.//

THEOREM 7. Let U, and U, be gquasi-uniform structures
on X. Suppose U; A U, is a quasi-uniform structure, and
denote the topology it generates by t. Then t = t, At
where t, and t, are the topologies generated by U, and u2
respectively.

PROOF. Let x € O ¢ t; A t,. Then there exists U & U,
and V ¢ U, such that x ¢ U[x] € 0 and x ¢ V[x] &€ O. Then
UUV e Uy A Uy and x ¢ (U U V) [x] C O. Therefore O e t.
Now suppose x € O € t. Then there exists U e U; A U, such
that x ¢ U[{x] € 0. Since U ¢ U, and U ¢ U,, we have that

O e t; and O ¢ t, and hence 0 ¢ t; A t,. Therefore, t =

1
t1 A tr.//

COROLLARY. Let G denote the family of all quasi-uni-
form structures which generate the topology t on the set X.
Then if U, and U, are in G and U; A U, is a quasi-uniform
structure, then U; A U, & G.

THEOREM 8. Let (X,U) be a quasi-uniform space satis-

fying property *.

1

(i) If U A U ° generates t, then t _, is uniformiz-

able.

(1ii) TIf U A U”' generates t,_1 then t, is uniformiz-
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able.

PROOF. (i) By hypothesis tu <t and from theorem

u-1
1.47 in [16] we have that t,-1 is uniformizable. (ii). By
hypothesis t,-1 = t, and by the remark following theorem 3
we have that t, is uniformizable.//

THEOREM 9. Let (X,U) be a quasi-uniform structure.
uwv u! generates tu if and only if there exists a compat-

ible uniformity stronger than U.

PROOF. The necessity is obvious. Suppose there exists

V. Let u”!

A

a compatible uniform structure V such that U

1

e UT!', then U ¢ U and thus U~' e V. Hence U uwv u - < v.

i A

Now let t denote the topolog: generated by U V u~!'. Then

t, =t = g, since V generates tu‘ Hence U v U1 generate

ty-//
THEOREM 10. Let (X,U) be a guasi-uniform space satis-
fying property *. Then there exists a weaker compatible un-
iform structure if and only 1if U A u-! generates t .
PROOF. The sufficiency 1s clear. Suppose V 1s a com-
patible uniform structure such that V = U. If V ¢ V, we

: ¢ V and hence V ¢ U and '\7‘1 ¢ U. That is,

have that Vv~
Ve U and Vv ¢ U™t Thus V ¢ U A u-—+* and we have that V < U

Ayt Denote the topology generated by U A u=! by t.

Then £t =< t < tu since V < U A u-t < U and the hypothesis
u

that V generates tu' Thus U A U} generates t,.//

C. SATURATED QUASI-UNIFORM SPACES
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DEFINITION 7. A topological space (X,t) is called sat-
urated if for each x ¢ X there exists a minimal open set
containing x. That is, for each x ¢ X there exists an open
set Oy containing x such that if O ¢ t and x ¢ O, then Oy, C
0.

It is clear that a topological space (X,t) is saturated
if and only if every intersection of open sets is open.

DEFINITION 8. A guasi-uniform space (X,U) is called
quasi-saturated if N{ U : U ¢ U} ¢ U.

LEMMA 2. A gquasi-uniform space (X,U) is guasi-satu-
rated if and only if there exists a unique base for U con-
sisting of a single set.

PROOF. The sufficiency is clear. Let V= N{ U : U
e U}. By hypothesis V ¢ U. Set B = {V}. It suffices to
show that V ¢ VC V., Since V ¢ U there exists U ¢ U such
that U o U C V. But VCU and thus V o VC U o U C V.
Hence B is a base for U. The unigqueness is obvious.//

LEMMA 3. If (X,U) is quasi-saturated then tu is a
saturated topology.

PROOF. Let B = {W} be the base for U developed in
lemma 2. Let x & O, where O ¢ tu’ Then x ¢ W[x] &€ O, and
W[x] is the minimal open set containing the point x.//

THEOREM 11. If (X,U) is quasi-saturated then (X,U)
is strongly complete.

PROQF. Let F be a Cauchy filter. Let B = {W} be the

base for U consisting of a single set. Then, since F 1is
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Cauchy, there exists x e X such that W[x] ¢ F. Hence for
each U ¢ U we have U[x] D W[x], and therefore U[x] ¢ F and
X ¢ lim F.//

THEOREM 12. Let (X,t) be a saturated topological
space. Then there exists a strongly complete compatible
quasi-saturated quasi-uniform structure.

PROOF. Let O, denote the minimal open set containing
X. Set W= { (x,y) : ¥y e Oy, X ¢ X}. Then {W} forms a
base for a guasi-uniform structure which we will denote by
U. It suffices to show that W ¢ W< W. Let (a,b) ¢ W and
(b,c) ¢ W. Then b ¢ O, and ¢ € Op. Since Oy is the mini-
mal open set containing b we have that c = Ob(: O5- Hence
(a,c) ¢ Wo If O ¢ t and x ¢ O then x = Oy & O, but 0Oy =
wWix]. Thus t < tu‘ If O ¢ tu and x £ O then x ¢ Oy = Wix]
C O and hence t, £ t. By theorem 11 (X,U) is strongly com-
plete .//

Fletcher has shown in [7] that if a topological space
has property Q then it admits a compatible strongly complete
gquasi-uniform structure. Fletcher's theorem is a clear gen-
eralization of theorem 12.

The following example shows that metacompact and para-
compact are not necessary conditions for a topological space
to admit a strongly complete structure.

EXAMPLE 4. Let N denote the natural numbers and t =
(N,@g,{1},{1,2},{1,2,3},...}. (N,t) is a saturated topolog-

ical space. Set 03 = {l,2,...,i}, then { O; = i = 1,2,...]}
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is an open cover for (N,t). Let { Q,  a € o} be an open
refinement of { O0; ¢+ 1= 1,2...}. Suppose that 1 is con-
tained in only a finite number of the Qyur say Qal,..., Qa .
Clearly each Qa + N and further the set @ Qai has a maxi_n
mum element, say r. Now r is contained in some Qg + Qai
for i = 1,...,n. Then {1,2,...,r} C Qg that is 1 ¢ Qg
which is a contradiction. Hence (I,t) is a saturated

space that is not metacompact.

THEOREM 13. Quasi-saturated is a gquasi-conjugate in-
variant.

PROOF. Suppose (X,U) is a quasi-saturated gquasi-uni-
form structure. Then there exists W ¢ U such that if U ¢

U then WC U. It is clear that {W '} forms a base for U™’
and hence by lemma.z,u_1 is quasi-saturated.//

THEOREM 14. Let (X,U) be a quasi-saturated quasi-
uniform space with a base {W}. Let O, denote the minimal
open set in t, containing x. Then W is a neighborhood of
A; that is, U has property P if and only if W = U{ O, *
O, * x e X}.

PROOF. The sufficiency is evident. If W is a neigh-
borhood of A then W2 U{ 0, x Oy, + X € X}. If (a,b) € W,
then b ¢ W[a] € 0,. Hence (a,b) e Oy x 0, C Ul 04 x 0y =
x e X}y.//

THEOREM 15. Let U and V be compatible guasi-uniform

structures on X. If V is gquasi-saturated then U < V.

PROOF. Let U ¢ U and {V} the base for V. If (x,y) =
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V, then y e V[x] C U[x]. This follows since V[x] is the
smallest open set containing x. Hence (x,y) ¢ U and we
have V C U and thus U ¢ V.//

COROLLARY. If (X,t) is saturated then there exists
one and only one compatible guasi-saturated quasi-uniform
structure.

PROOF. The result is an immediate consequence of
theorems 11 and 15.//

Fletcher [6] working independently has obtained simi-

lar results for finite topological spaces.
D. O-COMPLETE

DEFINITION 9. A filter F will be called an open filter
if it has a base consisting of open sets.

DEFINITION 10. Let (X,U) be a guasi-uniform space.
(X,U) will be called o-complete if every open Cauchy filter
has a nonempty adherence. (X,U) will be called strongly
o-complete if every open Cauchy filter has a nonempty limit.

DEFINITION 1l1. A topological space (X,t) 1s called
generalized absolutely closed if every open cover {Oa}

has a finite subcollection Oal,...,Oa such that X =
n

¥is
0%

DEFINITION 12. A filter F in a gquasi-uniform space
(X,U) is said to contain arbitrarily small open sets if for

each U & U there exists X ¢ X and OX € tu such that x ¢ OX

C u[x] and 04 ¢ F.
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It is clear that if (X,U) is complete, (strongly com-
pPlete), then it is o-complete, (strongly o-complete) .

LEMMA 4. Let (X,U) be a quasi-uniform space such
that every Cauchy filter contains arbitrarily small open
sets. Then (X,U) is strongly o-complete implies that (X,U)
is strongly complete.

PROOF. Let F be a Cauchy filter and let B = { O : O
e F and O is open}. ©Let G be the filter generated by B.
Since F contains arbitrarily small open sets we have that
G is an open Cauchy filter. The result follows from the
fact that lim G = lim F.//

It is an easy observation that if (X,t) is a general-
ized absolutely closed topological space and U is any com-
patible guasi-uniform structure then (X,U) is o-complete.
This is true since in a generalized absolutely closed space
every open filter has a nonempty adherence.

LEMMA 5. If (X,U) is pre-compact then every open ul-
trafilter is Cauchy.

PROOF. Let M be ar open ultrafilter on X; that is, M
is a maximal element in the class of all open filters on X.
Let U ¢« U, then there exists V & U such that Vv o V C U.
Since U is pre-compact there exists x,,...,X, ¢ X such that

n
g VIx;1. Let 0y = int U [x;]1. Then V[xi] C 0; for

It

X
n - B

i=1,2,...,n. Hence {§ 0, = X and so there exists 0O, ¢ U
1

since M is an open ultrafilter. Now U[xk]fD Oy and there-

fore U[Xk] e M. Consequently M is Cauchy.//
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LEMMA 6. Let (X,U) be a gquasi-uniform space. If
(X,U) is pre-compact and o-complete then X is generalized
absolutely closed.

PROOF. It suffices to show that every open ultrafil-
ter has a nonempty adherence. Let M be an open ultrafilter,
then since U is pre-~compact M is Cauchy by lemma 5. Since
(X,U) is o-complete we have that adh M ¥ g.//

THEOREM 16. Let (X,U) be a uniform space. (X,U) 1is
generalized absolutely closed if and only if (X,U) is pre-
compact and o-complete.

PROOF. Lemma 3 1is a generalization of the sufficiency.
Suppose (X,U) is generalized absolutely closed, then (X,U)
is o-complete by a previous comment. We now show that
(X,U) is pre-compact. Let U e U, then there exists a sym-
metric V ¢ U such that V ¢ Vv C U. Now { V[x] : x ¢ X} is
a neighborhood cover of X. Since X is generalized absolute-
ly closed we have that there exists Xj,...,Xy € X such that

X = G V[xi]. If v ¢ V[Xi], then Viy]l] N V[xi] + g. Let

1
z ¢ Viyl r\VIxi]. Then (y,z) ¢ V, (xi,z) ¢ V and since V
is symmetric we have that (x;,2z) ¢ V and ( ) € V. Thus

Ulx: and

(%;,y) ¢ Vo V CUory e Ulx;]. Hence X ;]

zZ,Y
n
= U
1
therefore (X,U) is pre-compact.//
Fletcher and Naimpally [10] working independently ob-
tained analogous results to those found in this section.

They call o-complete, almost complete and generalized ab-

solutely closed, almost compact. They defined a guasi-un-
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iform space (X,U) to be almost pre-compact if for each U ¢

n o
e X such that X = U U[xi]. Using
1

these definitions they obtained the following generaliza-

U there exists XireeorXy
tion to lemma 6. A topological space is almost-compact
if and only if every compatible quasi-uniform structure

is almost complete and almost pre-compact.
E. q—Ti SEPARATION AXIOMS

Let (X,U) be a gquasi-uniform space. X is ty if and
only if given x % y there exists U ¢ U such that either
x ¢ Uly] or v ¢ U[x]. X is T, if and only if given x # y
there exists U ¢ U such that x ¢ Uly] and v ¢ U[x]. Simi-
larly, X is T, if and only if given x F y there exists U ¢
U such that U[x] N U[y]l] = g. The following example shows
that this characterization does not carry over for an ar-
bitrary T3 gquasi-uniform space.

EXAMPLE 5. Let X denote the natural numbers and let
U be the guasi-uniform structure generated by the base con-
sisting of all sets of the form u, = { (x,y) : x =y or

x > n}, for n ¢ X. Now t, is the discrete topology, so

F

{2,4,6,...} 1s closed in X. If U ¢ U, there exists
u, € U. Un[zn] = X, so U[F] = X. Thus (X,U) is T,, but
there does not exist U ¢ U such that U[1]1 N U[F] = #4.
DEFINITION 13. A guasi-uniform space (X,U) is called

q-T, if given x ¢ F, F closed, there exists U e U such

that U[x] N U[F] = d.



It is clear that if a space is g-T, then it is T;.
Example 1 showed that a space can be T3 but not q-T,. We
will show that every uniform space is q-T,.

THEOREM 17. Let (X,U) be a R, quasi-uniform space.
Then (X,U) is q-T3.

PROOF. Let F be closed in X and x ¢ F. Since X - F
is open there exists U ¢ U such that U[x] N F = g. Since
(X,U) is R3 there exists a symmetric V ¢ U such that
(V.o V) [x] € Ulx]. Suppose a ¢ V[x] N V[F]l. Then there

exists £ ¢ F such that (f,a) € V and (x,a) € V. Since V

is symmetric we have (x,a) € V and (a,f) € V. Thus f ¢
(V o V) [x] € U[x]. But this is impossible since U[x] N
F = g. Hence V[x] N VIF] = ¢g.//

COROLLARY. Every uniform space is g-T;,.

DEFINITION 14. A gquasi-uniform space is called q-T,
if for every pair of disjoint closed sets F and G there
exists U € U such that U[F] N U[G] = 4.

It is clear that every q—Tu space 1is T, and moreover

every q-—TL+ + T space is a q—T3 space; that is, guasi-

0
normal implies guasi-regular.
LEMMA 7. Let (X,U) be a q—Tu guasi-uniform space and

F closed in X. Then (F,UF) is a g-T, space.

PROOF. Let G and H be closed disjoint subsets of F,

then G and H are closed and disjoint in X. Since (X,U) 1is
g-T, there exists U ¢ U such that U[G] N UfH] = g. Let
V=UMNFx F. Then V e Uy and VI[G] N V[H] = @. Hence
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(F,UF) is g-T,.//

A space can be T, and not q—Tq; consider the space in
example 5 with F = {2,4,...} and G = {1,3,...}.

DEFINITION 15. A quasi-uniform space (X,U) is called

gq-T; if for every pair of separated sets F and G there

exists U ¢ U such that U[F] N U[G] = #.
Clearly every g-T. space is T5;. The space in example
1 is T, but not q-T.. It is also evident that each space

is a q-T, space.

LEMMA 8. If (X,U) 1is g-T. then every subspace is
g-Ts.

PROOF. Let Y C X and F and G separated in (Y,UY).
Now (ch F) N Y = cly F. Since F and G are separated in Y
we have that (clY FY 1" G = g. Now (ch FY N G Ci(ch FY N
G NY = (clY F) N G = g. Similarly (cly G) N F = g. Thus
F and G are separated in X and hence there exists U ¢ U
such that U[G] N U[F] = g. Let V=UNY x Y. Then V ¢
uY and V[{G] N V[F] = g. Hence (Y, Uy) is g-Tg.//

THEOREM 18. Let (X,t) be a topological space and U
the Pervin quasi-uniform structure for t. If (X,t) is Ti’
then (X,U) is q—Ti for i = 3,4,5,

PROOF. For i = 3 the result follows by theorem 17,
since the Pervin structure of a T; space is R;. Let i = 4.
Let F, G be disjoint closed sets in X. Then there exists

0O, O ¢ t such that FC 0, G C Qg and 0N Qg = @. Let S =

O x Ol (X-0) x Xand T = Q x QU (X-Q) x X. Then set
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U=8sNT
= [0x0UQxQlUIX - (0uUQ) x Xx].
Now U[F] = 0 and U[G] = Q, hence U[F] N U[G] = g. Hence
(X,U) is g-T, . The proof for i = 5 follows in the same

manner.//

LEMMA 9. Let (X,U) be a saturated quasi-uniform space.
If X is T; then it is g-T; for i = 3,4,5,

PROOF. If U is quasi-saturated then there exists a
base consisting of a single set W. Suppose X is T, and x ¢
F where F is closed. Then there exists open sets O and Q
such that x ¢ ¢, FC Q, and O N Q = g. Now W[x] C 0O and
W[F] € Q. Hence (X,U) is q-T,. The proofs for g-T, and
g-T: follow in a similar manner.//

EXAMPLE 6. Let X denote the natural numbers. Let U

be the uniform structure generated by the base consisting

of the sets U, = { (x,y) +: x =y or x 2 n and y 2 n}. The
topology generated is discrete and hence T, and T,. (X,U)
is clearly not g-T, and hence not g-T;. Thus we see that

a uniform space may be T, (Tjy) and not g-T, (g-Tjg).

THEOREM 19. Let (X,U) be a compact g-T, quasi-uniform
space. Then (X,U) 1is q-T, .

PROOF. Let F and G be disjoint closed sets. Suppose
that for each U ¢ U we have U[F] N UI[G] £ g. B = { U[FI N
U[G] ¢+ U ¢ U} is a filter base. Since X is compact there
exists x ¢ adh B. We may suppose that x ¢ F, since clear-

ly x ¢ F N G. By hypothesis X is g-T, so there exists
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U e U such that U[x] N U[F] = @g. Then U[x] N (U[F] N UIG])
= @, but this is impossible since x ¢ adh B. Therefore
(X,U) is g-T,.//

COROLLARY. Let (X,U) be a compact uniform space.
Then (X,U) 1is q-T, .

The following characterization of g-T, seems compli-
cated but it proves a helpful tool in the following theorem.

LEMMA 10. (X,U) is g-T, if and only if for each open
set O and x ¢ O there exists U ¢ U such that U[x] € X -
Uu[x - 0].

PROOF. The proof follows immediately from the defini-
tion of ¢g-T,.//

THEOREM 20. (HXi,HUi) is g-T, if and only if (X;,Uy)

1

is q-T, for each i.

PROOF. Let X = JX; and U = Hui. Sufficiency. Let

i
x € O where 0 is open in X. Then there exists 7;0; where
O4f is open in t; and O is X; except for 1 = i],...,ik and
X ¢ 1.0, € 0. For each i = 1i,,...,1i, there exists U; ¢
11 1 k lk
U; such that U, [x; ] € X3 - U; [X; - 05 1. Let U= U,
Tk 'k Tk x 'k Tk X 1
where Ui = Xi x Xi for 1 + Iyseeerlp. Then U ¢ U. Suppose
that v ¢ U[x] M U[X - O0]. Then there exists a ¢ X - O such
that v ¢ Ulal. If a ¢ O then there exists i, such that 2y,
¢ Oik. Thus yik £ Uik[xik] and yik £ U[aik]. Thus yik 3
Us [x: ] C X. - U, [X. - 0; 1. But vy e Ula. ] C U.
1y PPy i, RV i iy iy i,
[Xik - 03 ] which is impossible. Therefore U[x] N U[X - O]
k

= g and hence U[x] C X - U[X - O] and by lemma 10 we have
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that (X,U) 1is g-Ts.

Necessity. Let X; € O3, where O; is open in X;. Let

X be any point in X with the ith coordinate equal to xj.

Then there exists U ¢ U such that U[x] & X ~ U[X - nzl(Oi)].
There exists 0 U € U where U = X x X) except for a fi-
nite number of indices and Uk £ Uk for each k.

Then
(HkUk) [x] € Ulx]

-1
cX - UlX - Ts (Ol)]

_ !
CX = (U [X - 77 (0,)]

(X

1

We will show that Ui[xi] C Xy - Uy

- 0;]. Suppose y; €

l]. Then there exists aj; € X - Oi such

that (a;,y;) ¢ U;. Choose yj = %y for all j % i. Then y =

_1
(yk) € (HkUk)[x] and therefore y ¢ X - (HkUk)[X -y (Oi)].

Define a = (aj) by a. = y. for each j # i. Then a ¢ X -

J J

] i) since aj € Xi - Oi‘ Now (a,y) € M Uy since for
i

each k # i (a)r¥y) = (yp,¥y) ¢ Up and for k = i we have

(a;ry;) e Uj;. Therefore (a,y) ¢ I, Uy where a ¢ X -

-1 . .
(Oi). Hence y ¢ HkUk[X -y (Oi)] which is a contra

diction. Therefore

U=

1[X'

l]ﬂUl[X “‘O] =ﬂ.

i i
Thus Uj[x;] © X; - U;I[X; - 0;] and by lemma 10 we have that
each factor space is g-T3.//

It is easy to see that the product of a family of a

family of g-T, spaces need not be g-T,. Let (X,,t,) be a

family of T, topological spaces such that (N x,,0,t,) 1s not
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Tq. Let Ua be the Pervin structure associated with t .
o
Then each factor space (Xu,ua) is q-T, by theorem 18. Hence

if n U, were g-T, then I _t would be T, which is impossible.
F. A COUNTER-EXAMPLE 1IN (F,W)

DEFINITICON 16. Let (X,U) and (Y,V) be guasi-uniform
spaces. Let F denote the set of all functions from X to
Y. For each V e V we let
W(v) = { (f£f,9) ¢ F x F : (f(x),g({x)) € V for each x & X}.
The collection of all such W(V) forms a base for a guasi-
uniform structure which we denote by W. (F,W) is then a
quasi-uniform space and W is called the quasi-uniform
structure of gquasi-uniform convergence.

The following example shows that neither the set of
all continuous mappings from X to Y nor the set of all
guasi~uniformly continuous mappings from (X,U) to (Y,V)
need be closed in (F,W).

EXAMPLE 7. Let X and Y denote the integers. Let

U. =1{ (x,y) ¢ X x X : x =y or x =1andy z nt.

n

Set 8= { Uy, :n=1,2,...}. Then b is a base for a quasi-

uniform structure on X, which we will denote by U.

The set of all

v, = { (x,y) € Y x ¥ : x =y or x > n}
where n = 1,2,..., forms a base for a quasi-uniform struc-
ture for Y, which we will denote by V. The topology on Y

is discrete. Define f : (X,U) » (Y,V) by f(x) = x for each
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X e X. The function f is not continuous since £ ' (1) =
{1} ¢ ty. and hence not quasi-uniformly continuous.

For each natural number n, define

fn = X,U0) > (¥,V) by,
fn(x) = x for x < n
= 1 for x z n.

We will show that each f,, is quasi-uniformly continuous.
Let £ and vV, e V be given. It suffices to show that if
(a,b) e U, then (fn(a),fn(b)) € Voo If a = b, then f (a) =
fn(b) and thus (fn(a),fn(b)) € V- If a # b, then a = 1
and b > n. Therefore (fn(a),fn(b)) = (1,1) ¢ V- Thus
each £ is quasi-uniformly continuous and by theorem 1.24,
in [1l6] it is continuous.

Let F denote the set of all functions from X to Y and
W the quasi-uniform structure of gquasi-uniform convergence.
Let U C F denote the set of all guasi-uniformly continuous
functions from (X,U) to (Y,V), and let C &€ F denote the col-
lection of all continuous functions from (X,U) to (Y,V).
We have shown that each f, ¢ UC C, and £ ¢ C. We now show
that £ ¢ U. Let V, be given. We claim that £ e W(V,)[f].
Consider (f(x),fp(x)); if x < n then (£(x),f/ (X)) = (x,%x)
€ V. and if x 2z n then (f(x),fn(x)) = (x,1) € V,. Hence
£ ¢ W(Vn)[f] and since vV, was arbitrary, we have that f ¢

n

U< C. But f ¢ C. Hence neither U nor C is closed in (F,U).
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V. SUMMARY, CONCLUSIONS AND FURTHER PROBLEMS

We noted that a quasi-uniform space need not have
a T} or T, strong completion nor a T, completion. It is
of interest to know if an arbitrary space has a T, com-
pletion. Our construction showed that for certain classes
a T; completion exists. ©No one as yet has exhibited a
topological space that does not admit a complete or strong-
ly complete guasi-uniform structure. Our example demon-
strates that a space can be uniformizable, admit a strong-
ly complete structure and not admit a complete uniform
structure.

It seems that the present definition of Cauchy
filter may admit too many filters. 1In Chapter III, ex-
ample 2, we saw that F = {X} was a Cauchy filter. Since
the topology on X is discrete this seems a bit unreason-
able. Thus the study of other classes of "Cauchy" filters
would appear to be worthwhile. Since Section ¥, Chapter
IIT showed that regardless of the definition of "Cauchy”
filter and "completeness" not all of the pleasant prop-
erties of the completion of a Hausdorff uniform space
could be preserved for a quasi-uniform space, it seems
logical for one to decide which of these properties
should be preserved, if possible, before a new defini-
tion of "Cauchy" filter is proposed.

On the other hand it can be noted that for special

classes the completion constructed in Chapter III, Section



B, has many of the desired properties.

In Chapter IV several topics were considered. Many
other areas in quasi-uniform spaces also remain open to
investigation. No one has as yet characterized the uni-
versal guasi-uniform structure associated with a given
topology, and no necessary and sufficient conditions are
known for when a topology admits a minimal gquasi-uniform
structure. Necessary and sufficient conditions were
given for U N u=? to be a guasi-uniform structure. We
showed that U and C need not be closed in (F,W#) and
Naimpally [17] showed that if (Y,V) is T, and V is the
Pervin structure then U and C are closed in (¥,W). More
general conditions to insure that U and C be closed or
complete seem desirable.

The q—Ti separation properties seem to this author
to at least be an interesting concept when one is more
concerned about the particular guasi-uniform structure

than the generated topology.
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