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STATISTICAL ANALYSIS OF INSTANTANEOUS VELOCITIES IN TURBULENT FLOW OF DILUTE 
VISCOELASTIC SOLUTIONS

A. L. Rollin, Ecole Polytechnique de Montreal

2500 Avenue Marie-Guyard, Montreal 250, Quebec, Canada

F. A. Seyer, Department of Chemical Engineering, University of Alberta,
Edmundton,Alberta, Canada

ABSTRACT

An experimental study, based on streak photo

graph determination of instantaneous velocities, 

was directed at determining the structure of turbu

lence within the boundary layer and core regions 

of circular pipes. The measurements lend support 

to the ejection phenomenon as the mechanism control
ling drag reduction.

A correlation factor, defined as the ratio of 
the observed number of positive instantaneous radi
al velocities, to the observed number of negative 

instantaneous radial velocities, suggests accelera
tion in the radial direction as the elements of 
fluid move through the sublayer. The correlation 
factor also provides information about the thicken

ing of the boundary layer for drag reducers relative 

to the Newtonian case.

Radial turbulent intensity data for 0.01% 

aqueous solutions of Separan AP-30 were found to be 

markedly lower, at all radial positions, than the 

intensities for Newtonian fluids. The lowering of 

the radial intensities being ordered according to 

the amount of drag reduction.

INTRODUCTION

Since Prandtl developed the Boundary Layer 

Hypothesis in 1904 many studies of properties of 

Newtonian turbulence (10,12,5,15,26,7,9,23) have 

indicated that the character of the flow in the wall 

region was responsible for most of the creation and 

dissipation of the turbulent energy.

It is only recently that a detailed physical 

picture of the mechanism has been obtained and

presented by Bakewell and Lumley (1), Kline, et al.

(14), Corino and Brodkey (2) and Nychas (19). 

Bakewell and Lumley indicated that the dominant 

large scale structure of the flow in the boundary 

layer consists of randomly distributed, counter

rotating, longitudinal pairs of eddies elongated 

in the flow direction. The structure of these ed

dies was inferred from space-time correlation func

tions of the fluctuating velocities. The picture 

of streamlines of these eddies resulted in pushing 

of low momentum boundary layer fluid toward the 

core region, resulting in a renewal of fluid by 

flow in the circumferential direction.

Qualitatively similar patterns of flow in the 

wall region were visualized by Kline et al. using 

a dye injection technique, and more detail was ob

tained from tracer photograph techniques by Corino 

and Brodkey and Nychas. Ejections of fluid, orig

inating from a low velocity region adjacent to the 

viscous sublayer, were responsible for extracting 

energy from "lumps" of fluid originating in the 

main flow and converting it into turbulent energy. 

They observed that these ejections were of large 

scale and moved through the boundary layer until 

broken down by mixing with the main flow.

The mechanism of turbulence, then, is apparent

ly that the turbulent shear stress is generated by 

the radial transport of low momentum fluid by the 

eddies or "bursts". The magnitude of the stress is 

determined by the rate of radial fluid transport as 

well as its axial momentum. The rate of the radial 

transported fluid in turn, depends on the frequency
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of occurrence of the eddies as well as their size. 

Thus, visual studies of turbulence near the wall 
provide a starting point for interpreting turbu

lence measurements in drag reduction systems.

Various mechanisms have been suggested in or

der to explain drag reduction for flow of viscoelas

tic fluids in pipes (20,26). Generally, it is 

agreed that the elasticity of the fluid is respon

sible for drag reduction. Furthermore, the Wells 

and Spangler (30) technique of injection of polymer 

in the boundary layer showed that drag reduction is 

controlled by the flow in the wall region. It is 

believed that the fluid elasticity directly affects 

the turbulence near the wall.

It is difficult to predict what the effect of 

viscoelasticity is on the wall eddy structure. For 

example, the eddies may be increased in size which 

would result in a thickening of the boundary layer. 

Alternatively a reduction of their frequency, would 

have a similar result. These points of view have 

resulted in dimensionless groups (4,28) which are 

basically the same as obtained for the stretching 

arguments (16,11), but which do not show conclusive

ly what changes in the structure have occurred.

PROBABLE MECHANISM

The recent physical interpretation of turbu

lence, presented by Corino and Brodkey, based on 

the observation of a "bursting phenomenon" in the 

wall region, can serve as a basis to analyze the 

data of this work. Figure 1 shows schematically a 

portion of fluid originating in the main flow and 

entering at a small angle into the boundary layer.

It has an axial velocity component corresponding to, 

or greater than, the average velocity of its origin. 

A second lump of fluid located in the boundary layer 

and possessing a lower velocity (lower than the in

coming lump velocity) is then accelerated by the 

intrusion of the first lump, and momentum is trans

ferred until one or more ejections occur. Because 

ejections are assumed to originate in a region of 

low momentum situated approximately at a Y+ of 10 

in a Newtonian fluid, the axial velocity components 

of the ejections are expected to be smaller than 

those of the incoming lumps. Corino and Brodkey 

observed that the ejected fluid, although accelerated

in the axial direction, never reached the axial 

velocity of the main flow adjacent to the boundary.

Denoting u  ̂ and u ^  as the velocity compon

ents of the portion of fluid entering the boundary 

layer and u ^  and u ^  for the ejection velocity 

components, one should expect to find

ux] (r) > lTx2 (r), (1)

1 nwhere ux (r) = -  Z (ux(r))..

is the time-average velocity at a fixed radial posi

tion if sufficient readings are taken (of instan

taneous velocities) at random times.

Each positive (directed toward the wall) radi

al velocity is associated with a u ^  while a nega

tive radial velocity is associated with ux2- The 

velocity measurements can then be ordered according 

to whether the instantaneous radial velocity is 

positive or negative. According to the bursting 

model, instantaneous negative radial velocities 

should be larger in magnitude than the positive 

components. Thus to obtain a zero time-averaged 

radial velocity (the sum of all observed components) 

the positive components must be observed more often 

than the larger negative components.

Defining Rq = n+/n , (2)

where n+ is the observed number of u ,rl
n" is the observed number of ur2

then Rq is expected to be greater than unity in the 

boundary layer and approximately equal to unity in 

the core region. Also, if the ejection velocity is 

dependent on radial position, as Corino and Brodkey 

observed, then an acceleration of the fluid to a 

radial position where it is broken up by the main 

flow, implies the presence of a peak in the plot of 

R versus dimensionless radial position. This peak 

should occur in the vicinity of the edge of the 

boundary layer.

In summary, an analysis of the axial and radial 

components of the instantaneous velocities at a 

radial position in the boundary layer should pro

vide information about the mechanism of ejection.
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Figure 1. Illustration of Bursting Process
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For drag reducers the available data, although 

doubtful quantitatively, show that the turbulence 

is similar to Newtonian fluid turbulence. The drag 

reduction, therefore, is probably a result of modi

fications to the ejection process. For example, 

if the boundary layer is thickened appreciably, 

then the peak in R ought to appear at greater
-f* .

values of Y than in the Newtonian case.

Earlier studies (5,27) suggest the increased 

resistance to stretching of viscoelastic fluids 

causes the radial fluctuations to decrease. Al

though one of these studies (27) treated the ideal 

case of steady stretching, the same conclusion fol

lows from a consideration of the transient motion. 

Referring to Figure 1 it is seen that an increase 

of resistance to sudden deformations would: a) de

crease u ? at a given point, b) not affect appreci

ably u^i and u ^ , because the direction of these 

larger lumps of fluid is nearly parallel to the 

flow direction (negligible stretching in the axial 

direction), c) implies a lower radial variance from 

a combination of a) and b) (u^ not affected and 

u^g decreased). One cannot predict the change in 

ux2 but if a decrease results, as might be expected 
if the sublayer thickens appreciably, then a higher 

axial intensity would result.

Similarly the data of Donohue, et al. (6),
Meek and Baer (16) and Fortuna and Hanratty (9), 

show the frequency of ejection occurrence decreases 

in polymer solutions. This would also decrease the 

radial intensity of turbulence. Unfortunately, the 

data obtained in the present work are not extensive 

enough to distinguish directly whether a change in 

frequency is effective in altering the intensity 

or whether it is due to marked reductions in the 

magnitude of the fluctuations themselves.

EXPERIMENTAL

Instantaneous velocities were obtained by 

photographing small air bubbles (approximately 0.002 
in. diam.) in 1-in. and 2.75-in. tubes for water 

and 0.01% by weight of aqueous solutions of Separan 

AP-30. The apparatus used was an improved version 

of that used in a similar study (28) and allowed 

measurements to be made significantly closer to the

wall and also to obtain significantly larger statis

tical samples of the fluctuating velocities (23).

Test Sections and Optical Assembly
The two test sections consisted of 30ftof 1-in.

ID precision bore pyrex tube and36.1 ft.of 2.75-in.

ID Plexiglas pipe. Fluid from a 300 gal. stain

less steel tank was supplied to the test sections 

with a 2L10H Moyno pump and metered with a 2-in. 

Foxboro magnetic flow meter. Entry lengths of 187 

L/D and 114 L/D were provided for the small and 

large tubes,respectively. Pressure drop measure

ments over successive sections of pipe which were 

obtained with ordinary manometers, indicated the 

flow was well developed at the position where veloc

ities were measured.
The optical assembly employed a 300 Watt high 

pressure Xenon arc lamp as a light source. The 

light source was interrupted with a slotted timing 

wheel which provided streaks of known duration of 

about 1/2400 sec. This speed was sufficiently high 

to ensure that all components of the fluctuating 

velocities were sampled (23). The view section of 

the 1-in. tube consisted of a Plexiglas box sur

rounding the pipe and filled with a mineral oil in 

order to match refractive indices.
For the Plexiglas pipe, the square view sec

tion approximately 12-in. long, was machined from 

a solid piece of Plexiglas and mounted between 

two sections of pipe. After the view section had 

been connected, the upstream joint between the two 

sections was polished smooth to remove any discon

tinuity that would disturb the flow. Streak photo

graphs were obtained on 35 mm Tri-X film using var

ious lenses as determined by the test section and/or 

portion of the tube cross-section under considera

tion. The magnification on the film was approxi

mately 2X and 8X for the core and wall regions, re
spectively. The film negatives were subsequently 

back-projected on a glass screen to an overall mag

nification of from 40X to 160X. Streak lengths in 

the axial direction at known radial positions were 

then measured using a X-Y facility which automatic

ally converted the information and provided a punched 

card (digitizer). Overall magnification of the 

system in the axial direction was defined by photo

graphs of a precision steel rule projected onto the
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screen. Radial magnifications which include any 

effects owing to optical distortion, were deter

mined in a similar fashion by photographing the 

tip of a fine needle that could be positioned rela

tive to the wall with a precision micrometer.

For each of the runs in Table I, a series of 

approximately 300 photographs was obtained with 

a high magnification lens combination to define 

the flow in the wall region. The field of view ex

tended from the wall to radial positions somewhat 

in excess of y+ = 30. Calibration photographs in 

the radial direction and axial direction were then 

obtained. The lenses were changed to a lower (2X) 

magnification such that the field of view extended 

to the centerline, and another series of approxi

mately 200 photographs defining the flow in the 
core region, was obtained. The calibration pro

cedure was repeated for the low magnification sys

tem. Each photograph contained several streaks at 

random radial positions. Streaks crossing pre

selected radial positions were then measured as 

described in the following section. This procedure 

resulted in roughly 30 to 40 observations for each 

radial position in the wall region and roughly 50 

to 100 observations for positions outside the wall 
region. A more complete description of the experi

mental apparatus can be found elsewhere (23). 

Analysis of Streak Photographs

All photographs were analyzed using the digi

tizer. Figure 2 shows schematically a projected 

photograph containing a single streak. The large 

arrows represent the interrupted streak and its 

direction for a period corresponding to the time 

taken by three spokes of the timing wheel to cut 

the light. The lines parallel and perpendicular 

to the wall represent the axial and radial compo

nents of the velocity for one time period of the 

streak.

In order to determine the streak length in the 

axial and radial directions for a known period, 

readings of four coordinates relative to the fixed 

frame of the digitizer were needed. Points 1 and 

2 represent the beginning and end of a streak-spoke, 
respectively, and points 3 and 4 locate the line 

determining the pipe wall and consequently the 

axial and radial directions of the pipe. With

these readings and the appropriate calibrations, 

the resolution of a streak into a radial and an 

axial component follows directly.

The dashed lines represent the band defining 

a radial position where the streaks were classified 

as acceptable. The true radial position for each 

acceptable streak was taken to be the location of 

the center of the band. In the core region, where 

the velocity and intensity gradients are small, the 

width of the band is of little consequence. How

ever, this is not true near the wall. For the aver

age velocity near the wall, since the profile is 

essentially linear over the width of the band, the 

average is not changed. However, the calculated 

intensity will be slightly higher than the actual 

intensity as discussed below.

Generally, if two or more correlated streak 

patterns were observed in the band on the same 

photograph, only one reading of the velocity was 

taken. This was done to eliminate the bias of too 

many readings of the same instantaneous velocity.

Knowing the time scale and length scale for 

each streak-spoke, the axial and radial instantane

ous velocities could be found:

u (r) = Ax/ T (3)

u (r) = Ar/ T

The mean velocities could then be calculated, at a 

radial position

n
<u > = 1 Z (u ). 

x TT 1 x 1
(4)

_  n
<u > = 1 2 (u ). r — r l n 1

and the Root-Mean-Square values calculated from

\ - Ux>i
n - 1 (5)

5 (ur - ur }i

n - 1
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Figure 2. Interpretation of Streak Photograph
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Error Analysis

As discussed by Seyer (27), the influence of 

the air bubbles on the intensity measurements will 

be negligible if their size is smaller than the 

scale of the energy containing eddies (approximate

ly 0.006 in.). In this work the average bubble 

diameter was 0.002 in. and no influence is expected.
The fact that velocities were taken over a 

band of position rather than a single radial posi

tion causes the calculated intensities to be too 

high. This occurs because the mean velocity gradi

ent causes the observed velocities (streak length) 

at the bottom of the band (nearest to wall) to be, 

on the average, slightly smaller than the observed 

velocities near the top. Thus there is a fluctua

tion in velocity owing to variations in the radial 

position of the streaks. The magnitude of the 

error depends on the velocity gradient as well as 

the width of the band.

A conservative estimate of the error in the 

calculated intensity can be obtained by assuming 

the streaks are located either at the center or 

top or bottom of the band. In fact there will be 

a distribution of positions which peaks at the 

center of the band. In the following sketch the 

positions y + Ay and y - Ay represent the limits 

of the band for a radial position y. Acceptable 

streaks were:

y + Ay u + Au

y u
y - Ay 17 - aT7

Suppose that n streaks are observed in the band. 

Roughly n/2 streaks will have a velocity character

istic of position y, while n/4 streaks will have 

velocities reflecting the top position and n/4 re

flecting bottom. Thus the variance owing to veloc

ity gradient will be:

1
n - 1

n
z
i

(u - u)2 }

i n/2 _  _  ? 3/4n _  ?
= ■=---r { 2 (u - u) + Z (u - (u + Au) r

n ' 1 1 n/2 1

n _  _  _  o
+ £ (u + (u - Au))f }

3/4n 1

~ 1  (AU)2 (6)

If Sm and S are the measured and true variances 

then

S2
m (7)

or S, _  ? 1/2
s; [1 - (AU/4S n  
m m

(8 )

Equation 8 shows the influence of the velocity gradi
ent on the true velocity.

As an example we will consider the first three 

data points of Run 3. Consideration of the velocity 

profiles shows this case will have the largest error 

owing to the above considerations. The Au for a 

band width of 0.0024 inch have been determined dir

ectly from the slope of the velocity profile at the 

indicated radial positions. In the following table, 

the appropriate data for use in Equation 8 are tabu
lated.

Table I
Intens ity Error Due to the Measurement Technique

No Y Au S S./Sm t m

inch ft/sec ft/sec
1 .0040 .18 .567 .95
2 .0073 .13 .508 .97
3 .0102 .04 .535 .97

It is evident from the tabulated S./S there is
t m

little difference between S and S.. For the radialm t
position nearest the wall, where the velocity gradi

ent is the largest, the error would be approximately 

5%. In view of the conservative nature of this cal

culation, it is concluded that for all runs in this 

work error in intensity because of velocity gradient 
is negligible.
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RESULTS AND DISCUSSION

The summary of the operating conditions of the 

photographic runs are presented in Table II. The 

range of values reported for the friction velocity
•k
u correspond to pressure drop measurements taken 

at the beginning and end of each photographic run. 

Pressure Drop Measurements
Figure 3 represents the friction factor- 

Reynolds number data obtained for both water and 

polymeric solutions in the 1-in. and 2.75-in. dia

meter pipes. Viscometric measurements on the poly

mer solutions indicated it behaved as a Newtonian
-5 2

fluid with kinematic viscosity of 1.2 x 10 ft / 

sec at room temperature (23). The experimental 

values of the friction factor for water were ob

tained in order to check the experimental equip

ment as well as the Newtonian form of the similar

ity law. The large triangles indicate the photo

graphic runs. As noted from the triangles, drag 

reduction of up to 60% could be obtained in the 

1-in. pipe and of 44% in the 2.75-in. pipe. The 

available flow rate of the system prevented runs 

at NRe 114000 in the 2.75-in. pipe while degrada

tion caused by high shear of the system limited 

readings in the 1-in. pipe. The prediction of 

drag reduction in the 2.75-in. pipe from the 1-in. 

pipe data points using a logarithmic similarity 

law (24) agreed well with the experimental fric

tion data.

Instantaneous Velocities and Analysis of Histograms

In order to show that the number of instantan

eous velocities used to estimate the mean veloci

ties was adequate, the cumulative means of axial 

and radial velocities were considered for each run. 

As an example, Figure 4 shows the decrease in vari

ability as the number of readings is increased.

Large fluctuations of the cumulative mean are ob

served when less than 10 velocities are used, but 
become negligible for 30 or more observations. Sim

ilar results are predicted from simple statistical 

analysis.

Typical cumulative axial and radial intensi

ties (normalized with respect to centerline veloc

ity) are plotted in the same manner and shown in 

Figure 5. It is seen that the curves tend to a

stationary value rather slowly as shown, in particu

lar, by the top curve in Figure 5. Consideration 

of other runs with as many as 200 observations shows 
that the change in the intensity after 70 observa

tions is insignificant. Again, simple statistics 

predict that many more observations are necessary 

to estimate a variance than a mean. Uncertainty 

limits for the time average velocities were estimated 

to be within less than 5% at 95% confidence for the 
bulk of the measurements. The confidence interval 

for variance is substantially larger as shown by 

the x -95% confidence intervals in the last column 

of Table III.

Histograms of instantaneous velocities for both 

water and 0.01% Separan solution (Run 4 and Run 5), 

at approximately the same Reynolds number, are given 

in Figure 6 and Figure 7 for axial and radial veloc
ities, respectively. Although some of these suggest 

a binodal structure as observed by Popovich (21), 

insufficient observations have made made to clearly 

define the distributions. Recent laser measurements 

equivalent to the ones reported herein but with a 

larger sample size do not suggest a binodal struc

ture (5).
In order to show the detailed nature of the 

axial instantaneous velocity distributions inside 

the boundary layer the distributions of axial veloc

ity have been split according to the sign of the 

radial component and are shown in Figure 8 for Run
5. Statistics of the conditionally sampled axial 

velocities are tabulated in Table III for Runs 4 and

5. Thus, for example, for Run 5 at the position 

nearest the wall 43 observations of velocity were 

made. Ten of these were streaks moving toward the 

center (negative) with mean in the axial direction ■ 

of 1.69 ft/sec and 33 were moving toward the wall 

with mean of 2.41 ft/sec. In general, although the 

statistical significance is low, the mean of obser

vations with positive radial velocity is the larger 

of the two. This is in agreement with the arguments, 

in Figure 1 that the ejections originate from re

gions of low momentum fluid (2,7,13,14). Splitting 

of the distributions for flow in the core region 

did not show a systematic difference between the 

means of the axial velocities associated with posi

tive and negative radial velocities.
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Table II

Summary of Photographic Runs

Run
No.

Fluid Pipe
ID
in

<Ux>

ft/sec

U*

ft/sec

NDRe f

x 105

%
Drag

Reduction

1 water 1.00 4.83 0.259-0.259 38123 550 0
2 water 1.00 3.07 0.175-0.175 23785 620 0
3 0.01% 1.00 4.36 0.189-0.189 - 380 34.5
4 water 1.00 4.98 0.261-0.261 42229 540 0
5 0.01% 1.00 4.98 0.183-0.195 34377 297 48.3
6 water 1.00 13.26 0.624-0.624 104299 450 0
7a 0.01% 1.00 11.62 0.346-0.346 80354 179 62
7b 0.01% 1.00 11.62 0.361-0.361 80354 193 61.2
8 water 2.75 5.00 0.233-0.233 114083 435 0
9 0.01% 2.75 5.07 0.183-0.183 97774 258 43.7

Table III

Conditional Sampling of Axial Velocity

Run Y+ Number of 
Observations

(n) u
X

s
X

ft/sec ft/sec

4 13.5 total 22 2.99 0,65 < 0.85 < 1.2]
positive radial 16 2.78

negative radial 6 3,07

4 23.3 total 31 3.57 0.48 < 0,60 < 0.80

positive radial 19 3,58

negative radial 12 3.57

4 32.2 total 34 3.60 0,37 < 0.45 < 0.575

positive radial 14 3.69

negative radial 20 3.53

5 10.2 total 43 2.24 0.62 < 0,74 < 0.92

positive radial 33 2.41

negative radial 10 1.69

5 22.3 total 48 3.35 0,61 < 0.72 < 0.90

positive radial 36 3.49

negative radial 12 2.92

5 32.9 total 79 3.88 0.61 < 0.71 < 0.84

positive radial 46 3.95

negative radial 33 3.78
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Correlation Factor

Values of the correlation factor Rq, defined 

in Equation 2, are presented as Figure 9 for Runs 

3 and 5 of the dilute polymer and Run 4 for water. 

Data for the other runs, which have been omitted to 

clarify the figure, show similar behavior. Al

though there is considerable scatter in the data, 

there are distinct trends with radial position.

As discussed earlier, the bursting arguments coup

led with simple continuity considerations, imply 

Rq should be greater than unity in the vicinity 

of the edge of the sub-layer. The data points for 

the water (connected with the dashed line) al

though not extending deeply enough into the sub

layer, suggest this trend. To map the trend com

pletely, one would like measurements fob Y+ < 10 

(the position where the ejection originates). For 

example, for water, the data point closest to the 

wall (Y+~l4) has an Rq of approximately 3. At this 

position positive radial fluctuations are observed 

three times as often as the larger negative fluc
tuations, while the mean of all the observed fluc

tuations is zero within the statistical uncertainty 

of the calculations.

For the polymer solutions there is a distinct 

peak in values of Rq at £ T 0.05. The values be

come constant at about £ = 0.1. Consideration of 

the velocity profiles shown in a previous publica

tion (24), indicates, as expected, that this peak 

is within the sublayer and the end of the peak 

(E, Z 0.1) coincides with the outer edge of the sub
layer which has been shifted to about Y =100. 

Qualitatively the bursting arguments suggest that 

R , in addition to being greater than unity, should 

show a peak owing to the acceleration of the fluid 

element as it moves through the sublayer. The value 

should decrease to unity at the edge of the sub

layer as the fluid mixes with the core fluid.

For the remainder of the cross section, for 

all the runs, Rq scatters around unity, except 

over a narrow range of radial position near to C ~

0.65, where it is consistently less than unity. 

Seyer's earlier data (27) show exactly the same 

trends. However, no explanation can be offered for 

this behavior.

Turbulence Intensities

The root-mean-square values obtained for each 

set of the axial and radial instantaneous veloci

ties are used to estimate the relative turbulence 

intensities. As indicated in reference (23), a 

survey of the measured relative intensities in 

drag reducers leads to confusion owing to the un

certain accuracy of the results and how to scale 

or compare them for the different systems.

Figure 10 shows the intensity data (relative 

to the maximum velocity) for the water Run 4 and 

Figures 11 and 12 show the velocity and intensity 

profiles for the polymeric solution Run 5. The 

solid curves on the intensity figures represent 

Sandborn'sdata (25) for air at the indicated Rey

nolds numbers. In each case the lower curve is 

radial and the upper is axial intensity. For the 

water run, the data show reasonable agreement with 

Sandborn's curve over the entire cross-section.
The 0.01% Separan relative intensity with the 

uncertainty intervals shown for Run 5 in the 1-in. 

tube are compared at approximately equal Reynolds 

numbers to the air curves. Since the water and the 

polymer viscosities are about the same, the compar

ison could also be viewed as one at the same flow 

rate or bulk average velocity.

For the data shown and other runs the radial 

intensities are markedly lower, at all radial posi

tions, than the intensities for Newtonian fluids.

The amount of lowering of the intensities is ordered 

according to the amount of drag reduction.

Although the statistical significance is low, 

axial intensities for the low Reynolds number run 

shown are not altered significantly from the New

tonian values until y/R values are greater than 0.5. 

At high Reynolds number, however, the data indicate 

some lowering of the axial intensity in the core 

region (23).
In Figure 12 it is of interest to note the in

crease of radial intensity, associated with the 

edge of the boundary layer for Newtonian fluids, is 

shifted toward large radial position. This suggests, 

in agreement with the velocity measurements, a sig

nificant thickening of the boundary layer. This 

trend was observed with all of the radial intensity 

data.
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CONCLUSIONS AND SUMMARY

A series of measurements of instantaneous 

velocity from streak photographs have been obtained 

in Newtonian and drag reducing fluids. Based on a 

comparison with available Newtonian data of velo

city profiles and axial and radial intensities, 

the quantitative usefulness of the technique is 

verified. Since the streak photograph technique 

does not suffer from the serious limitations of 

probe devices, it is suggested that the measurements 

in drag reducing fluids are also quantitatively 
correct.

By ordering the set of instantaneous veloci

ties according to the sign of the radial component 

it is found that, in the boundary layer, on the 

average, the fluctuating velocities toward the cen

ter of the tube are larger than those toward the 

wall. This observation agrees with the visual ob

servations of "bursting" described by Brodkey and 
others.

For a given radial position, the largest 

fluctuations in radial histograms for polymer solu

tions are less than those for Newtonian fluids at 

similar conditions. A similar conclusion follows 

from a consideration of the root mean square of 

the velocities made dimensionless with respect to 
the maximum velocity.
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SYMBOLS

D diameter of the pipe

f friction factor defined as x / 1 /2  p<IT
w x

L length between pressure taps

M number of divisions on the "timing wheel"

n total number of observations of instan
taneous velocities

+
n number of positive radial instantaneous

velocities

n number of negative radial instantaneous
velocities

NRe Reynolds number
r radial position from center of the pipe
R radius of the pipe
R0 correlation factor defined in Equation 2
S .,S x r standard deviation of the instantaneous 

velocities
t time
T time scale of a streak [60/M W], in sec.
u ,ux r instantaneous velocity components

u1 ,u'x r fluctuating components of the velocity

bulk velocity

u* friction velocity defined as / xw/p
W rotational speed of the "timing wheel" 

in RPM
X , Y coordinate axis on projection screen of 

digitizer

y radial position from the wall

y dimensionless distance from the wall de
fined as y u*/v

p fluid viscosity

5 dimensionless distance from the wall de
fined as y/R

P density of the fluid
T shear stress
V kinematic viscosity

< >i indicates the i ^  observation of instan
taneous quantity

r radial direction
X axial direction or direction of flow in 

pipe

w referred to the wall
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DISCUSSION

M. M. Reischman, Oklahoma State University: I have 

two comments to make. First of all two years ago at, 

this same conference Eckelmann in conjunction with 

Reichardt presented a paper that showed quite an ex

tensive histogram distribution throughout the flow 

in an oil channel that showed no binodal distribution 

that I recall. We have shown the same thing in very 

recent experiments at Oklahoma State and as a matter 

of fact for y less than 50, Reynolds numbers less 

than 50,000, we show with 400 samples no binodal dis

tribution at all. There appears to be a contradiction. 

Secondly, the fact that the dilute polymer solution 

does not have binodal distributions could be the re

sult of the fact that it has a narrower band -- that 

is, a narrower spread in the histogram itself. The 

number of data points per unit width of the histogram 

is then higher and you have less chance of having the 

kind of scatter that would give you a binodal distri
bution.

R. S. Brodkey, The Ohio State University: How many 

points do you actually use? You used about 20-30 for 

the mean, which is reasonable. I thought 70 was 

pretty low for an intensity, but how many were actu

ally used in the histogram plot? I would venture to 

say that the number is an order of magnitude low for 

a probability density distribution. I would think you 

would need several thousand. There are two works of 

interest - Gupta and Kaplan have the probability den

sity distribution for the U- and V- velocities mea

sured with large sample sizes and there is no indica

tion of binodal characteristics. Eckelmann had only 

U-data and there was no binodal indication. Eckelmann, 

Wallace, and Brodkey had U- and V-velocities and con

firm once again that there is no binodal distribution. 

In this later work, 128,000 data points rather than 

300 or 400 were used. This is the same criticism that 

was made of the original Popovich and Hummel work.

W. G. Tiederman, Oklahoma State University: Two com

ments, one is related to this question, of how many 

points you need. We do individual-realization laser 

anemometry at our place and about 18 months ago in 

the Physics of Fluids there were some estimates of how 

many statistically independent realizations you need 

in order to get a certain uncertainty in a mean. For 

example, at a y+ of 10 for plus or minus 5% at the 
95% confidence interval you need 144 points. This is

based on standard statistical techniques and is rela

tively straightforward, and you need quite a bit more 

than that if you're going to do intensity, so I would 

also criticize this technique of looking for when the 

additional realization no longer effects your accumula

tion up to that point. It, of course, won't affect it 

very much at all if you start out having some realiza

tions right at first of what is eventually going to be 

the mean. This is very dramatic because when you go 

to the center line the number drops to two. So it also 

depends on how you split up that horizontal axis when 

you do the histograms. I suspect the binodal thing is 

not statistically significant.

Rollins: I agree with you on the number, but if the 

mechanism proposed is O.K., we should have a longer 

actual component from the loop of fluid coming in rela

tive to the one going into the center.

Tiederman: I think that would only be true if you were 

conditionally sampling in an appropriate way. I don't 

think it is true if you sample over a long time.

Seyer: I agree with the general criticisms of the 

weak statistical significance in a formal sense of most 

of our results, especially near the wall. In particu

lar the suggested binodal nature of the histograms has 

no statistical significance. On the other hand the 

ordering of the data that we have done by separately 

looking at velocities associated with flow towards and 

away from the wall consistently show effects which are 

in agreement with the simple physical picture. Since 

the observations have been done at several flow rates, 

several radial positions, and in two different tubes 

it would be nonsense to argue that the effects we ob
serve are statistical accidents. *

*Comment added in press.
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