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Effect of angular momentum on the relaxation time in a

multicomponent gas mixture

Louis Biolsi

Department of Chemistry, University of Missouri- Rolla, Rolla, Missouri 65401

(Received 19 January 1976)

The effects of molecular angular momentum (spin polarization) on the bulk viscosity and relaxation time in
a multicomponent gas mixture are considered. Formal theoretical results are obtained, using the Wang
Chang-Uhlenbeck approach to the kinetic theory of gases with internal states. The results are given in
terms of integrals over the weighted quantum mechanical degeneracy averaged cross section.

The kinetic theory of a single component polyatomic
gas was developed by Wang Chang and Uhlenbeck® and
extended to gas mixtures by Monchick, Yun, and Mason.?
Since molecules possess rotational degrees of freedom,
there are two independent vector quantities associated
with the transport properties; the linear momentum and
the angular momentum.® Contributions to the transport
properties due to their dependence on the angular mo-
mentum vector are called spin polarization effects.
These effecis account for the polarization of molecular
angular momentum caused by the partial alignment of
the angular momentum vectors of the rotating molecules
owing to gradients in the gas.*

McCourt and Snider’ developed a formal quantum
mechanical approach to the spin polarization effect on
thermal conductivity for a single-component polyatomic
gas, Formal quantum mechanical results for the spin
polarization effect on thermal conductivity in a poly-
atomic gas mixture at uniform composition® and in a
steady state” and on thermal diffusion’ have also been
obtained.

Classical model calculations®® indicate that spin po-
larization contributes significantly to transport proper-
ties, such as thermal conductivity and thermal diffu-
sion, that depend sensitively on inelastic collisions.
Relaxation times in dilute polyatomic gases depend only
on inelastic collision processes and should exhibit a
spin polarization effect, Thus the purpose of this paper
is to obtain expressions for the spin polarization effect
on rotational relaxation times, using the Wang Chang-
Uhlenbeck approach! to kinetic theory.

I. THE SEMICLASSICAL BOLTZMANN EQUATION

The kinetic equation solved by Wang Chang and Uhlen-
beck is!

%—‘w,--}rf,, a;z[ f(f;;f,'q.,—fq,f,q,j)

ikl

XgI:; (g’ X, ¢) SinX dX d¢dvlq’ ’ (1)

where f,, is the singlet distribution function, E,, is the
internal energy of the gth chemical species in internal
quantum state i, and I3} (g, x, ¢) is the differential scat-
tering cross section for the process in which molecules
g and ¢’, initially in internal states i and j, respective-
ly, go to final internal states % and I, respectively.

The primes denote postcollision values and g is the ini-
tial relative velocity. Equation (1) is called the semi-
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/ dients, i.e.,
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classical Boltzmann equation because the translational
motion is treated classically and the internal motion is
treated quantum mechanically.

Equation (1) has been obtained by assuming the exis-
tence of symmetry between inverse processes. How-
ever such symmetry exists only if the internal states
are nondegenerate or if the cross section is degeneracy
averaged.® Since the primary motivation for this work
is to examine rotational relaxation times and, since
rotational states are degenerate, the degeneracy aver-
aged cross section will be used. Degeneracy averaging
does not appear to wash out spin polarization effects
since loaded spheres have inverse collisions but show a
definite spin polarization effect.*®

The Boltzmann equation is solved by a perturbation
technique. The distribution function is written as

fai:f:i(l+(bai+"') ’ (2)

where f; is the equilibrium solution of the Boltzmann
equation and &,; is the perturbation function, For a
system of rotating polyatomic molecules with zero net
macroscopic angular momentum and zero average in-
ternal angular momentum?®

3/2
o _MNaf Mg -tWBeey;)

fw' Qq(z‘lTkT> € w (3)

where
m E -

wq: Zk} va y €oi =k_;w1' ’ Qazze fat
and

Va'—'va_vo ’

where v, is the mass-average velocity.

The set of integral equations for ¢ ; is given by Eq.
(18) in Ref, 6. The form of this set of integral equa-
tions suggests that ¢,; should be expanded in the linear-

ly independent density, temperature, and velocity gra-
6

‘] ' [:]
By == Ay -E‘ln(T)—B“:S+nE (€% o) = Dgy 52 Yo,
G
(4)

where the various terms are defined in Ref, 6. The
last term in Eq. (4) is associated with the bulk viscosity
which is related to the relaxation time.2 When the last
term in Eq, (4) is substituted into the set of integral
equations for &, the following set of integral equations
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for D,, is obtained, In addition, the auxiliary conditions on D, are
¢, iat [(1 ~dwa (eq, -g )] IR IO Yrr [ 75 Dydv=0 , (10)
v Cin i
where I(D,,) is defined by Eq. (19) in Ref. 6. ZZTrf Mofey VD dV,=0 11)
e i
Il. THE BULK VISCOSITY
ZZTrff:iDai (%"70V5+E41)dva=0 ’ (12)
The pressure tensor is defined by a i
P=Znqmq(VaV¢>=ZZTrfmqVqqu“dvq ) ;ZTrff“D‘”Jﬂdva=o , (13)
q e i
where the symbol Tr indicates the trace over internal and
states. To first order in the distribution function, this .
becomes ’ ZZ Tr ffai Dg; I,V dV,=0 , (14)
e

p= T [ GUm, VA5 em Vo Vs & 80 4V,
¢ i

where U is the unit tensor, Upon using the fact that

pUtr ZZ Tl‘f m Vﬁfaz % ’

where U, is the translational energy/gram and p=nkT,
the expression for the pressure tensor becomes

p=pU+ Z;Trmqquv,,f:icbﬁdvq .
q

Upon using Eq. (4) for &,; and eliminating the terms in
A,; and C¢; by symmetry, this becomes

p=pU+ 2 D0Tr [ m V. Vors
q i

X [_ Bai : S- in or

9
- VU] dva .
The term involving B,,; is related to the shear viscosity
and the term involving D,; is related to the bulk viscos-
ity k. The bulk viscosity is the coefficient of

- Us/sr.v, i.e.,

kU= 2T [ M,V Vo s Dy av, ®)
e i

In order to find «, the function D ; must be expanded
in a complete set of functions. It is useful to write

Dy =Dy +D% 7)
where
E dhp S (WH R (e)) PO(m?) (8)
and
Z B I (WD R (e,) PR (m2) J2, (9)

n,p,¢

where J,, is the z component of internal angular momen-
tum operator, dl,, and 42, are expansion coefficients,
and the polynomials S} (W2), R®'(e,,), P{¥(m?), and
PM(m?), and their properties are described in Ref, 6.
Equation (8) leads to the result for the bulk viscosity
found in the absence of spin polarization and Eq. (9)
leads to a spin polarization contribution to the bulk vis-
cosity.

where J, is the internal angular momentum operator,

Upon substituting Egs. (7), (8), and (9) in Eq. (6) and
making use of the orthogonality properties of the expan-
sion coefficients, the result

K= kTZ 1o(= dayoq = 5 o100 + o0 + 5 doon0)
is obtained, subject to the auxiliary conditions
a0 + 5 deoon =0 (15)

and
2 [‘ 2 (dayo0 +3 d2y00) +_‘th};" (deo10 +3 dzqom)] =0. (18)
q

When auxiliary condition (15) is substituted into the ex-
pression for the bulk viscosity, the result

k== RT ) 1y (oo +5 dingg) amn
q
is obtained, subject to auxiliary condition (16).

i1l. CALCULATION OF THE EXPANSION
COEFFICIENTS

The expansion coefficients in Eq, (17) are obtdined
through the use of a variational principle.®® In order
to calculate the coefficients, a trial function for D, is

necessary. The simplest trial function is obtained by
taking
n=p=t=0 n=1; p=t=0 p=1;n=£=0 (18)

inEqgs, (8) and (9), i.e.,

_q 1 1 1
Dy =y Tgwo +dgg1g Tgom +dzaooo Toou0 +dﬁ1oo Ta100

+dasto Taono » (19)
where
T3 = S{AWE RO e,,) P (m?) , (20)
and
Tanse = STWQ R (eg)) PP (m*) J5, (21)
with
Thoo= PVm?)J2, -4 | (22)

Auxiliary condition (15) has also been used,

A set of five linear equations for the five unknown ex-

J. Chem. Phys., Vol. 64, No. 10, 15 May 1976



4088

pansion coefficients in Eq. (19) is obtained by taking in-
tegral moments of each term in trial function (19) with
Eq. (5). These equations can be written in the form

v=1,2 34,5 (23)

’

5

_ Mg w !

Ro=2.20 "% dy,. G
@ V=1 Xy
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_1 _1
Ru=35Ry , Ris=3Re ,
and

(24)

Aoy = dé'mo y» darg :di'om > dgrg =d§, 000
(25)
dM:dﬁ'xoo ’ dq'szdzzz'mo .

where Also, the G2, are evaluated in the Appendix,
Ry =%, Sim | Rg=-x,, Cunt Ry=0 The set of equations (23) can be solved for the expan-
Cy c, sion coefficients. Then Eq. (17) becomes
1
qu,l,,t XQC{M
XqCqint xq Cqint
o 1
G2, 0 +3 | G 0
X, Cine/3 Xy Cint/3
X, Caint/3 %4 caint/3
o |% 00000 000X, 00
K=~ —C—- - (26)
b
v | G2,
IF-
where relaxation time that remain. While Eqs. (28) and (28)
B Gl G2, B, G, G‘s.-} give the formal kinetic theory result for the relaxation
e e’ Ted e Tae time, including the contribution from spin polarization,
G4, G2, G2, G, G%, the associated problem of determining scattering cross
G, = | G g2 g%, gM G, @27 sections and integrals over scattering cross sections
a @ T 9’ T e has not been discussed. The complete numerical eval-
Gi, G, GB, G4, c%, uation of the G2, requires explicit expressions for the
cross section,
| G3L G, 63 G G |

Equation (26) is the formal result for the bulk viscosity,
including the effect of spin polarization.

IV. DISCUSSION

In the absence of spin polarization the results given
by Eq. (26) and in the Appendix reduce to those in Ref.
2, i.e., the second term in Eq. (26) does not contribute
to the bulk viscosity and the only nonzero matrix ele-

ments, G%., are GX,, G2, G2, and GZ,.

The relation between the relaxation time, 7, and the
bulk viscosity is?

7=(c3/kC i D)k (28)

in the limit of both easy and difficult interchange of in-
ternal and translational energy.

This work is motivated by the desire to obtain numer-
ical results for transport properties, including spin
polarization effects, using reasonable simplifying as-
sumptions and realistic intermolecular potentials, The
complicated formal results obtained for the spin polar-
ization contribution to transport properties indicates
that this is a very difficult task. However, there is
reason to believe that this is a tractable problem for
relaxation times.

In order to discuss this point, it is necessary to ex-
amine those aspects of the problem of evaluating the

The determination of explicit and computationally
useful expressions for scattering cross sections is usu-
ally difficult., As an example, formal results for the
cross section when rigid diatomic molecules collide in-
volve a great deal of notation because of the relatively
large number of angular momenta involved and the need
to couple angular momentum states.!® In particular,
these expressions involve a number of summations over
angular momenta and the summationspresentperhapsthe
greatest difficulty in the numerical calculation of trans-
port properties.

For inelastic collision processes, coupling between
states reduces the summations. Most transport proper-
ties depend on both elastic and inelastic collisions but
relaxation processes depend only on inelastic collisions.
Thus the reduced summations over internal states
makes the numerical calculation of relaxation times a
more tractable problem than the calculation of other
transport properties. Indeed Olmsted and Curtiss™
have obtained an analytical semiclassical result for the
rotational relaxation time, in the absence of spin polar-
ization, for a gas of rigid spheres with embedded point
dipoles.

Thus the numerical calculation of the spin polarization
contribution to the rotational relaxation times appears
to be a tractable problem and such a calculation is in
progress,

J. Chem. Phys., Vol. 64, No. 10, 15 May 1976
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APPENDIX

Explicit expressions for the G“. are obtained by taking integral moments of each term in trial function (19) with
Eq. (5). Upon using the first two terms in trial function (19), the result is

RG"P‘=Z_ng"Pt ZI(in)dva )
i q’

where n=1; p=t=0o0r p=1; n=1=0 and

Roppe=—1, CC"" [ﬁ(npt; 100) +£§‘"—’6(npt; 010)] .
v v
Upon using the explicit expression for I(D ), this becomes

Rape=2. Zf f7‘3,.,¢f‘;;f§’w(qu+Dw—Dék~D!,z) gl (g, x, ¢) (21, +1) (2, +1) sinx dx d¢ dv, dV,,

o 13kl
= Z g g U Tops; Dytlear +{ Tonpts Der shaart (A1)
where
(Taness Daihowr ===~ 2 f [ ToneasSes Dos = Dig) 8T15(2, X, 9) (2o + D) @ + D sIX A AP ¥ dVir , - (A2)

and the degeneracy averaged cross section, I} (g, %, ), is defined by*

1 1
7 - ] Ikl X,
H (&x, ) (zlq+1)(2lq’ +1)z oompogl;tatates (£x ).

The indices !, and [, represent the total angular momentum quantum numbers of molecules g and ¢’, respectively,
before collision,

Upon substituting trial function (19) in Eq. (Al), it can be written as

— 1 nptint p? t? npt;ntpr ¢
R ppe = Z Z (Agens poor T oge b0 +dgnmpe Togor © ') s (A3)

@ e
where the possible values of #’,p’, and ¥ are
n'=1; p'=t'=0, p'=1, n'=t'=0,
in the first term on the right and
n'=p'=t'=0, n'=1Lp'='=0, p'=l;n'=t'=0,

in the second term on the right. Also

Trbtintpres 0 , ma 8 ,ma
aq'éu = Z" n "{Gaq'[anph qn'ﬁ'f‘}aa" +5a’a“[anN’ Tq"n'p't'Jaa."} ’ (A4)
where a is 0 or 1.

Auxiliary condition (15) has already been used. Auxiliary condition (16) can be incorporated into Eq. {A3), i.e.,
Reppe =2 2 (@ oo TTEHROS" L GL, 0 TTOEGTRT8YY (A5)
ql ¢ ’
where
) 310 8(2'p"#';100) -, “EHL 527’ ,010)
Tnﬁt;n'.b't' _ T nM-n'p' LA k bt inpt
aq’ 00 - q’00 3 Caint e00
3n,6(npt; 100) - n, Té(npt‘, 010)

) (A6)

and

- - L nad(n'p’t';100) - £ nq, "‘"'5( 'p'#:010) .
Tnp it pe =Tq.:'6rltyt — T::&.)npt . (A7)

e’01
$n,6(npt;100) -7, “"' 8(npt,010)

The auxiliary condition has been incorporated into the set of linear equations in this particular way so that the re-
sults reduce to those of Monchick, Yun, and Mason® in the absence of spin polarization.

Upon taking integral moments of the last three terms in trial function (19) with Eq. (5) and using arguments simi-

J. Chem. Phys., Vol. 64, No. 10, 15 May 1976
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lar to those used to obtain Eq. (A3), the result

L nptin? pt e’ npi;ntpt ¢!
sR qnpt = Z Z (da ntpr et Tqa'io dz'n'p't' Taa"u ) ’ (A8)

@ npt
is obtained where the possible values of n, p, and ¢ are
n=p=t=0, n=1p=t=0, p=1, n=t=0
and the possible values of n’, p’, and ¢ are
=1; p'=t=0, p'=1;, n'=t'=0,
in the first term of the right and
n'=p'=t'=0, =n'=1 p'=t=0, p'=1; n'=t=0

in the second term on the right. Also
ngflz'p't' Z n na"{éqa' anptv Tan'b' ¢ ]au" +6w'a"[TanM’ Tt;“n'»'t']qq“} » (A9)

where ais 0 or 1.

Define
~ aiptyr Xq Xqt tpt 4t
G - g (10
Banpt Bqtneprte
and
syt Xy Xy npbint pt gt
e ek A (a1
ganMga'n'p't'
where
Zanpt = ~ Mo [6(npt,000) +6(npt;100) + 5 (npt,010)} . (A12)

Upon using these definitions, the set of equations given by Eq. (A5) can be written as

Ropi=2, 20 5

rhter 2 pt st
= (@ pogs G L R, s GO (A13)
¢ n'prtt ot

and the set of integral equations given by Eq. (A8) can be written as

%anﬁt = Z Z

ql n’t-"lpl tl "" -nl’ltl
7 e X, (da‘n'b't' Gaq' iO +de'n'ﬁ’ t’ an‘ il ) . (A14)
q k3 e

<

Upon using Egs. (24) and (25), Eqs. (A13) and (A14) can be written in the form of Eq. (23) where the expressions
for the G¥, are given below.

1t is easily shown that the results in the absence of spin polarization; i.e.,

1

2

7100, 100 _ 11 7100, 010 _ ~12 010,100 _ 21 ;010,010 _ ~22
qu'bo “an' Gaq"oo -qu" qu'c'm —quu’ qu'bo "qu'

are the same as the results obtained by Monchick, Yun, and Mason.“ However, when the degeneracy averaged
cross section is used, then results should also include the statistical weights (2, +1) (27, +1).

Now consider the expressions for G™¢%*'*" Using Eqs. (A4), (A7), (A10), and (A12),

~100,000 _ ~13 1
Gogtor =Gagr —): % %go o] 8 [T 31005 T 3o00eer + O are L T 1005 T bevoooleass } -

Upon using Eqs. (20), (22), and (A2), and integrating over the velocity of the center of mass, this becomes

2 2 ”°
¥ qXgrt f o~ it egre g) [ < m'? __m > (mu" rdl )
—4;62 Q,..J " & f S R Be+1) i(i+1) +Oqqre T+ jG+1)

X'yaf’;;('y;)(y ¢)(21+1)(2]+1)51nxdxd¢dy , (A15)
where
M Magee
=7n—qg-’7nf;—: A€“u=€qk+€a,,,_Eq,_equk=ya_y,z ,
and

m Wigte U
M =—— oz e (B
¢ m o amy, M, M+ Mgy 4 2kT B -
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Each of the sums over ¢, j, k, and ! involves a sum over the total angular momentum quantum number and the z
component of angular momentum quantum number. However the degeneracy averaged cross sectiondoes not depend
on the z component of angular momentum quantum numbers, Thus equation (A15) can be written as

c,,,,._ o Q‘:'", / M,,Zf...fe""z'eqrequl’Acw,,'ya[.’:}(y,x,¢)(2i+1)(2j+1)sinxdxd¢d'y

ijkl

X Z {5“' [m’zP(‘,“(m'z) —maPé”(mz)]+6¢,qu[ m'2, P(l) (mrz') m P(‘,“ (m? ”)]}

mym! ymg?t,mles

where the indices ¢, j, k, and I now denote only total orbital angular momentum quantum numbers. Upon using the
orthogonality properties of the polynomials, this becomes

G¥. =7 }: Xy Kgrs Myre (B€qre [0 (2R +1) = 80 0oL+ DD e (A16)
q ’
where
k -
(Flgr =g o= 25 [ .. [ e 3 B, x, ) (26 +1) (2 + 1) sink dk dp dy F
Q (Qqrr V 2Tl 4551
The other G, are evaluated in a similar manner. The results are
aq" L Rat A

G4, = Zx Xgro Myrs (A€ gqoo [Bgqe (3 =3 My = Mptu v?) (28 +1) 48 0 qs (3 =3 Mo = My "2) (20 + 1) 00
3%

16 . .
+?Z'xq Xqre M q" ((‘)’2 -y COSX) [ aa’ (21 + 1) - 6qlqu (2] + 1)])qq” - % xq Xqe <A€3q>qq
q

4 Xqt Xqer
—3 el (m q_’_n: Ve g[mqu <A€q°u>qqn +4m e Mgeer Qééi,l)] . (A1)

8 _ — 4x Xy oC gt
G;g; =§Z'xa Xgre Mqu <A€qqn [éqql(qu - €q) 2k + 1)+ ()q :qu(iqul - €qn)(21 + 1)]>qa" +__q_a__¢_‘ﬂ<A 2
q

gk 9’ qq
8x¢Cqri Xgre
~°—9k“—‘"‘ww (———°-——, {2, (A€ ) gqrn +4mym . QLP} (A18)
8
G, =§Z; Xy Xgor (A€ {Boqr (2B +1) 4840 (2L + DD qer (A19)

Gs:: =—Z Xy Xges <A€ ql(% - %Ma - Mqu ‘y'z) (2k+ 1) + Gq:qu(%—%Mqu - Mq')/lz) (2l + 1)]>qqu

kx . 2%,

e (A )+l D Kgur (B dges (A20)
Qint a‘int PLLE "]
and
8 < = 2X, X Cqr
Gig. =§Z xq an <A€q [6qql(€qh - Gq) (Zk + 1) +6q1qu (Equl -— Eq:,) (21 + 1)]>qq,, -~ __E_:#iq_iﬂ <Aiﬁq>qq

ql' A "t

_WrCqtint Z Kyor (A€ 0us) qrr (A21)

3calnt e’ #q

where A€, =€, - €,; and 21} is defined in Ref. 2.

Also

G, = Z Xy Xges Mo (A€ gor [60qr (28 + 1) +840qen (2 + DD ors (A22)

qlt
G, =2 qu Koo (A€ [80q0(2F+1) 4840 o (201 + 1) Dygrr (A23)
G%, -SZx Xgre (28 + 1800 [(26 +1) = R+ 1) 4040000 [(27 4+ 1) = (2 + D D yrr (A24)

8 .

Gl = Z %q Kqoo {[(26+1) = (2B + V)] [800(3 =2 My = Myor ) (26 +1) 460000 G = 3 Ms = M%) (25 4+ 1) Dgqer (A25)

G"

and

G%, = Z % e {[(28+1) = (2R + 1)] [8,q0 (€ gy — €) (2 + 1) 840 oo (€grry = €oe) (27 + D)]gqrr (A28)

J. Chem. Phys., Vol. 64, No. 10, 15 May 1976
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In addition

8
G:qlc =§‘ Q'Z' xq xqu qu <A€qau [qu:(% - % Mq - Mqu 'y'a)(Zk + 1) + ﬁq:qn(% - % Mqu - Ma')/'a) (2l + 1)]>qqu

16
+3 2 F Kars M My (0P =7y €0SX) [0 20 +1) = ggos (2 +1) g
q

GE, :32 XoXgr (A€ [8000 G =3 My = My, v'2)(2k +1) + 6,
Lo

43 _ o3
G =Gy

(A27)
G-3Mp -MY @+ D Deerr (A28)

(A29)

GY, =4§; %, %0 {20 4+1) = 2B+ 1)1 (1 = M) + 2M,00 [y2(2k + 1) = 2(26 + 1)]}

X[Boqr(3 =3 My = My v2) (26 +1) 46400 (3 - $Mu - M y?) (25 + 1))

g’

4
- -3-2 Xq Xgre My (28 +1) = (28 + 1)} [0, 00 M (28 +1) +0 40 q0e Myor (20 + 1) 000
qll

16 , .
Ly 20 %o Xn My Mo {28+ 1){8 10 [/2(20 41) = 2+ 1)y OS] +8 1 [(2L 4 Lyy’ cosy =132 + DlPgeer . (A30)

qll
and
8 . — . -
G%, =§Z X Xgo (B =2 My = My, v?) (20 + 1){0,0 [(€gs — €,) (26 +1) — (€4 — €,)(2k +1)]
qll
+0qrqrr [(€grrs = €uo )25 +1) = (€gury = €ro) (21 + 1) Pyrr (A31)
Finally
Gl =§Zxx M (D€ g [8 e €y ~ €) (2R +1) 45 4 0n (€ €.:) (20 + 1)) A32
e’ 3 pry q gt gt aq'? Pqa’\Rak ] qtqt?\€qrry — €qu + et ( )
G2 BZx {ag, [ €,) (2k €
qql=§q“ qqul Aiq qql(qu—iq)(z +1)+6q:qu(€qn1—'€qu)(zl+1)]>qq: , (A33)
G3,=G%, | (A34)
G =Gaxr (A35)
and
55 82 =\ oz —\as -
Goar=3 2 ¥ €ai =€) (28 + D {00 [(€ =€) (28 +1) = (€, - €,) (2 + 1)]
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