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Inelastic cross sections for molecules interacting through
dipole and/or quadrupole potentials

Louis Biolsi

Department of Chemistry, University of Missouri-Rolla, Rolla, Missouri 65401

(Received 9 March 1976)

Formal expressions for the lowest order inelastic contribution to the degeneracy averaged total cross section
for both distinguishable and indistinguishable rigid diatomic molecules are obtained for molecules
interacting through a multipole potential. Explicit expressions for the inleastic cross section are obtained for
molecules interacting through permanent dipole—dipole, dipole—quadrupole, or quadrupole—quadrupole
potentials. These results require the summation over only a single quantum number; the relative angular
momentum quantum number. Thus, they are useful for analytic or numerical calculations.

1. INTRODUCTION

Consider a collision between rigid diatomic molecules
a and b, separated by intermolecular distance 7. The
rotation R makes the intermolecular axis parallel to the
space fixed z axis and, in a body fixed coordinate sys-
tem, S, and S, are the rotations that bring the internu-
clear axes of molecules a and b, respectively, parallel
to the intermolecular axis after the rotation R has been
performed. A complete set of functions in the space of
r, R, S,, and S, is provided by the spherical harmonics.
Thus, the intermolecular potential can be written as

VrS,Sy) = 2. WL Lyw| MY (Lyy = 01]SHY(Ly,|Sy) .
Lgly»y
(1)
Gioumousis and Curtiss® found certain restrictions on
the expansion coefficient for a potential of this form.
In particular,

if L, is odd , (2)
d

UL Lyvy|7)=0

when molecule ¢ is a homonuclear diatomic molecule.
An exactly similar restriction holds if molecule b is
homonuclear.

A restricted distorted wave expansion is obtained by
considering a perturbation potential in which the unper-
turbed potential is taken to be the spherical approxi-
mation, Thus the expansion coefficient of the potential
can be written as®

A LoLywy | 7) = v (7)8(L,Lyvy 5 000) + v (L, Ly | 7)), (3)

where v‘9(#) is the spherical term in the expansion.
Also, if the interaction is between two electrostatic
multipoles, the nonspherical expansion coefficient has
the form?®

V'L, Loy | 7) = L, Lyvy)o(v) . (4)

For such potentials there are restrictions on the poten-
tial and the possible quantum states for the lowest order
nonspherical elastic and the lowest order inelastic con-
tributions to the scattering cross section.?

Consider the interaction between two rigid diatomic molecules possessing permanent dipole and/or quadrupole

moments,

A general expression for the lowest order contribution to the total inelastic cross section for potentials

having the characteristics defined by Egs. (1), (3), and (4) is given by Eq. (43) in Ref. 4. However, this expres-

sion also accounts for nuclear spin.

ark

2, = A(NAL)A(LL, L) A1y L, )A(L,L,L) =
Lol g ALXA
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where

FOX|#R) =~ (=P 2 [ (el rIotoia (6l n) Par .

2 @)A1

L

0 0O 0 —-uy v J\O -]

If nuclear spin is ignored, the result is

(21,+1)(21,+1)
(2L, + 10(2L,+ 1)

L L, L =
¢ © TN AL,Lywy) AL Lypl)*F(AA] BR) F(AX| BRYX,

(5)

4

(6)

The notation is explained in Ref, 4. This expression is somewhat simpler than the corresponding result given in

Ref. 2; i.e., Eq. (83).

The interaction between two nonoverlapping permanent charge distributions is discussed in Ref. 5(a).

those results, it can be shown that®%?

Upon using

(L Lywy) =[(Lo+ | 1) 1 Ly = [V 1Lyt |01 [) 1Ly = |0 ) 1 T7V2

and, using the relation between the Jacobi polynomials and the irreducible representations® and the relation be-
tween the 3-j coefficients and the irreducible representations, it can be shown that

L, L, L,+L,
L Lyvs) = g >
-V vy 0
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where

_ (- l)La*Lb (2La+2Lb+ 1) (2La+ sz) ! (8)
0T (L, +Ly)! (2L,) 1 (2L)! ’

When this is substituted into Eq. (5) and the summation properties of the 3-j coefficients are used, the result is

Q% = A3 Lo+ L)AL LL)ALLL,) 4Ek(21 +1)(20,+1) > o2[(2L,+1)(2L,+ 1)(2L,+ 2L+ 1)]™!
Loly
_ 2 — -
L I L\ (! Lot Lo\ S o) fOR | b
% a ‘ta e 1] 2(2)\+1)(2>\+1) AoA e f()\)\'kk)f(xlikk)*‘ (9)
0 0 0 0 0 0 0 0

Notice that the number of summations has been reduced from seven to four,

1. DIPOLE-DIPOLE INTERACTIONS

For dipole—dipole interactions, L,=L,=1, Thus, using Eq. (2), both molecules must be heteronuclear, It is
possible that L,=0 and L,=2 or vice versa. However, then one of the molecules would have a spherically symmet-
ric charge distribution. This situation would represent an induced interaction between a spherically symmetric
charge distribution and a permanent dipole, not an interaction between two permanent dipoles.,

The properties of the 3-j coefficients® constrain the values of Ato A+ 2, A, and A =2, Condon and Shortley’ tab-
ulate the 3-j coefficients with one index equal to 2. When these values are substituted into Eq. (9), the result is
— 2 — 2
W( 5 1 Z()L(}ti- DX+ 1)

22 ALY 7 71y 27k / AT AI\GAT 2
Qality, 1y)=a(M2)A(1,7,1) A(7,7,1) s (27,+ 1 (27,+1) =1 (217 3)

0 0 O/ \0O O 0o

3)\(A—1)

X F(A] B FOX| RR)* + 2En

[f()\ 2, M| kE)F(A -2 x\kk)*+f(x A= 2| kR) f(X, A — szk)*> (10)
Only one summation remains. This is essentially the same result as that obtained by Olmsted and Curtiss,® ex-
cept that they calculated the moments of the degeneracy averaged differential cross section.

Il. DIPOLE-QUADRUPOLE INTERACTIONS

Consider the interaction between the permanent dipole moment of molecule a with the permanent quadrupole mo-
ment of molecule b. Thus, L,=1 and L,=2 and, using Eq. (2), molecule a must be heteronuclear, In this case X
is restricted to A+3, x+1, A—1, and A -3, The 3-j coefficients with one index equal to 3 are tabulated.® When
these values are substituted into Eq. (9), the result is

Q% (g, Q) = A(M\3)A(lll)A(l,,lz)lBk(ZZ+1)(Zlb+1) o o/\o o0 o

(A —1)(A -2 - - _ -
XZE((‘;%:T%((Z‘);__‘:;)} [F(x =3, x| RR) F( =3, | kR)* + £(x, A = 3| k)£ (A, X = 3| BR)*]

Iar+ (A =-1)

+m [f()\—l,)\‘kg)f()\—l,X]kE)*+f()\,)\—llk];)‘f(h,)\—llk;)*]) . (11)

Also consider the interaction of the dipole moment of molecule a with the quadrupole moment of molecule  and
the dipole moment of molecule » with the quadrupole moment of molecule . The summation over X in Eq. (11) is
unchanged, but the term in front of the summation is replaced by

- 2 - 2 — 2 - 2
L, 1\ /(1 1, 2 L I, 2\t I, 1

la a —_ —_
A(W3) o (21,+ 1) (22,+ 1)| AGL1DAGT,2) o 0 o/\o o of *AUL2BGHLIN o o o M\o 0 o

18%

(12)

V. QUADRUPOLE-QUADRUPOLE INTERACTIONS

For quadrupole—quadrupole interactions, L,=L,=2 and, using Eq. {2), both molecules can be either heteronu-
clear or homonuclear. In this case X is restricted to x+4, x+2, A, A—2, and x—4. The 3-j coefficients with one
index equal to 4 are easily evaluated.® When these values are substituted into Eq. (9), the result is
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Ia l_a ) lb Z; 22

2
QDA(Qa’ Qb) A()\)\4)A(l l Z)A(lbl 2) 0 0 0 0 0 0

'720k (21,+1)(27,+1)

8 Z(fé;(i\ ;)1()2(;-_32))(?21__?:5)) [F (0 A= 4| RE)F (3, X = 4] RRY* + £ (x = 4, 3| RR)F (1 — 4, 2| £E)*]

Saa+ (A -1){(a~2) - - - _
*ar3)(2A-1) (21 - 5)[f(>t,7\—2’kk)f(>\, X=2|kRY* + F(X =2, x| BR) F(X = 2, x| kR)*]

M+ 13+ 2)(x-1){(2x+1) =Tl Ty
+ 2(2>\-1)(2x—3)(2x+3)(2x+5)f(”‘|kk)f(nlkk)) - 19

V. INDISTINGUISHABLE MOLECULES

The Pauli principle must be invoked when indistinguishable molecules collide. In this case the lowest order in-
elastic contribution to the degeneracy averaged total cross section {(including nuclear spin) is given by Eqgs. (16) and
(17) in Ref. 10. If nuclear spin is ignored, these equations reduce to

QEIUP) - A(s L+ L)~ z Tk (21,4 1) (21, + 1) Z 0 [(2Ly+ 1) (2L + 1) (2L g+ 2Ly + 1]

Loly
- 2 - 2 - 2 - 2
la La lb lb Lb — — lb lu La Za lb Lb
o stz zIs@nIN, o o1l o o) FAWELAERIN g o o) \o o o
_ XX L+ L\® — - = ek
x 2@ nexe| FOX| BBV FOX| #B) (14)
A

and

. - - - ~ =\ Ark
QELIPY = 8(Lo+ Ly L+ LA Lo+ L) ATl L)ALyl L) AL L)AL L) —— =L (21,+1)(27,+ 1)

o~ .

la a La lb .l-b Lb Zb _l-a L; la 71’ L;J
1\, +1 +La0L' ’ -1
XLLZ,,L:'L'( Dierhorerteapag 2L+ 2L+ V™o 5 oflo 0 o/\o o o/\o o o
la ‘l_a La la l_b Lc’x _ by 'X La+L 2 o 3 .
W, I, L, vt L, Ly S |2(-1Meas1)(@he1) o o FOX| KB FOX| £BY
A
L, Ly L,+L,) (L, L, L,+L, (15)

respectively, where € =+ 1 for bosons and € =— 1 for fermions, and the quantities in braces are 9-j coefficients,

The first term in Eq. (14) is the “normal” result for the collision of distinguishable molecules; i, e., molecules
in initial state la, l,, go to final states [,, 7,, and the second term is the exchange term; i, e., molecules in initial

states l lb go to final states 7,, 7,. Equation (15) is a purely quantum mechanical term and leads to quantum sta-
tistics effects, ' Classically, this term oscillates rapidly with zero average value, *2

Notice that the summation over x and X in Eq. (14) is the same as in Eq. (9) and the summation over » and X in
Eq. (15) is the same as in Eq, (9), but multiplied by (- 1)*>. Thus, the summations over X in Egs. (10), (11), and

{13) for the various multipole interactions between distinguishable molecules are also applicable when indistinguish-
able molecules collide,
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