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ABSTRACT

In this paper we present a survey of results on the Schrodinger operator with Inverse Square
potential, £, = —A + pE 02 —(%42). We briefly discuss the long-time behavior
of solutions to the inter-critical focusing NLS with an inverse square potential (proof not
provided). Later we present spectral multiplier theorems for the operator. For the case
when a >, we use Hebisch [12] as a template for our attempt at a proof using estimates and
results from [1], Sikora [3], [18] and [19]. The case when 0 > a > —(%) was explored in
[1], and their proof will be presented for completeness. No improvements on the sharpness

of their proof as been obtained.
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CHAPTER 1
INTRODUCTION

1.1 THE OPERATOR

The operator

a d—2\2
= — [ ) > - — .
L, A+x with, a ( 5 ) (1.1)

in dimensions d > 3. This operator was first introduced to us in [1] as defined below. The
following related results were proved in [1]. £, is the Friedrichs extension of the operator

L5, where L7 denotes the natural action of —A + 7 on C(RI\{0}).

1.1.1 L; IS A POSITIVE SEMI-DEFINITE SYMMETRIC OPERATOR

If we let

d—2 1
_tTe —9)2
o 5 5 (d—2)?+4a

[1] shows that £ can be seen to be positive via the factorization

Lo = (—v+ai><v+ai) — At = Atod-2-0)-

|z |2 ] x>
If we pick € C(R?\{0}), then by functional calculus and the previous factorization of

L,

0,£°0) = (6, ( V4 ai) (v + ai>9>

|| |z

= 10 (V + o) I

|z
_ /R

Hence, L is positive semi-definite as needed.

Vo) +o——0)| >o0.

|z




1.1.2 GENERAL THEORY OF SELF-ADJOINT EXTENSIONS

Below we present a version of Friedrich’s Extension Theorem and Kato’s Theorem from [§]
(without proof). The Authors in in [1] used similar theorems to find a self-adjoint extension

to the operator L (See [9, §X.3]).

Theorem 1.1. Friedrich’s Extension Theorem Let I be a symmetric, semi-bounded Oper-

ator with domain D(Ty) then, the quadratic form
QT()((I), @) = <<I>, T0@>, (I), CNS D(To)
is closable.

Theorem 1.2. Kato’s Representation Theorem Let Q be a closed, semi-bounded quadratic

form with domain D. Then it exists a unique, self-adjoint, semi-bounded operator T with

domain D(T') C D such that
Q(P,0)=(9,0) VO e D,VO € D(T).

The Theorems mentioned above guarantee the existence of a unique self-adjoint exten-
sion £, of £2, whose form domain Q(£,) = D§/L,) C L?(R?) is given by the completion

of C%°(R¥\{0}) with respect to the norm

VO + @] v ]@) d.

| 22|

I©ll m-/ vef + (1+ \x2|>‘®‘ dx_/Rd

2
Theorem 1.3. (Equivalence of Sobolev norms) Suppose d > 3,a > —(%) ,and 0 <

s < 2. If1 < p < oo satisfies 5% < }—17 < min{l,d%’}, then

I(=2)2 fllze Saps I1L2]Vf € CZ(RY). (1.2)
Ifmax{g, %} < ]lo < min{l, d?TU}, then

L3 flle S I1(=A)3 fllo, Vf € C(RY) (1.3)



1.1.3 HEAT AND RIESZ KERNELS

Theorem 1.4. (The Heat Kernel Bounds) Assume d > 3 and a > _(dT_Q). Then there exist

positive constants Cy, Cy and cy, ¢y such that for all t > 0 and all z,y € (R4\{0}),

t\° t\° _lz—y|?
Y (b e e

|z Y|

|y

< OQ(W%)OQ v\/g)gt—ie‘@?f (1.4)

Theorem 1.5. (Riesz Kernels) Let d > 3 and suppose 0 < s < dand d — s — 20. Then the

Riesz potentials

s ]_ o0 _ gdt
La 2(I7y) = m/o € La(x7y>t27
2

satisfy

_s s T Y -0
La2(z,y) ~ |z — y| d<|x’_‘y| A ’x|_‘y’ /\1) . (1.5)

1.1.4 HARDY INEQUALITY

Theorem 1.6. (IV Hardy inequality for L) Suppose d > 3,a < s < d,d — s — 20 > 0,

and 1 < p < oo. Then
|~ (@) Loray S 11£E f Lo ray (1.6)

holds, if and only if

d
s+o<—<d-—o. (1.7)
p



CHAPTER 2
TYPE-SETTING IN LATEX

2.1 LONG-TIME BEHAVIOR OF SOLUTIONS TO THE INTERCRITICAL FOCUSING

NLS WITH INVERSE SQUARE POTENTIAL

The results from this section originally appeared in [15], [16] and [17], which explored the

long-time behavior of solutions to the intercritical NLS with inverse square potential:
10w = Lou — |ulPu, 2.1

where u : RfzR? — C, § < p < 7% and d > 3.
2
For a € ( - (%) ,0] , equation (1) admits a global but non-scattering solution of the

form u(t) = ¢ P,, where P, (the *ground state*) solves the elliptic problem

—L,P,— P, + |P,|’P, = 0. (2.2)

2.1.1 SCATTERING / BLOW-UP DICHOTOMY

Theorem 2.1 (V). (Scattering/Blow-up Dichotomy) Suppose that d > 3, % <p< ﬁ, and

2
a > — (d—f> , and let ug € HY(R?). There exists a unique maximal-lifespan solution u to

(1) with u|i—g = ug. If ug is below the ground state threshold, in the sense that

4-p(d—2) 4-p(d—2)

M (ug) =1 E,(ug) < M(Pano) @7 Egno(Pano)s (2.3)

Then the following dichotomy holds: If

4—p(d—2) 4—p(d—2)

luoll 2™ Nuollary < [1Panoll ™" [1Faroll a2 (2.4)

Then u is global in time and scatters in both time directions, that is, there exist solutions

v+ to the equation 10;v+ = L, nov+ such that

lim ||u(t) — ve(t)|| g = 0.

t—+o0



Theorem 2.2 (VI cont’). If

4—p(d—2) 4—p(d—2)

luoll =" lluollay > [1Panoll 2 [[Paroll sz, .

and uy is radial or xuy € L?, then u blows up in finite time in both time directions.

2.1.2 LINEAR AND LOCAL THEORY

2
Theorem 2.3 (VI Strichartz Estimates). Let a > — (%) andd > 3. Let (q,7) and (§,7)
be such that
o d 2 d d

2<q¢,§<o0 and —+-=-+-=,
q r q r 2

with (q,q) # (2,2). suppose u : I x R? — C solves
(Zat — Ea)u =F
Then for any ty € I, the following estimate holds:

||u||Lng(1de) S ||u0||L:2E + ||F||Lg/L;'(Ide)'

Theorem 2.4 (VIII Local Well-posedness). Letty € R, ug € HY,

-There exist T = T(||uo||m,) > 0 and a unique solution u to (1) on (to — T;to + T') with
u(to) = ug. In particular, if u remains uniformly bounded in H' throughout its lifespan,
then u extends to a global solution.

-Furthermore, there exists 1y > 0 so that if

Heii(titO)EUOHLZ?I((to,OO)de) <.

The analogous statement holds backward in time and on all of R.
-Finally, for any 1) € H" there exists a solution to (1) that scatters to 1) as t — oo, and the

analogous statement holds backwards in time.



Theorem 2.5 (IX Stability). Let u solve
i = L0 — |aPu+ e
on an interval I for some function e. Suppose
[uollmr + lla(to)l[my < B, l[af| g0 (1pmay < L.

There exists ¢o(E, L > 0) so that if 0 < € < gy and

|uo — w(to) || mr + ||| V|*e

|N(I) <eg,

where s, =

g and N is a sum of dual Strichartz spaces, the there exists a solution u to

2
p
(1) with u(ty) = g satisfying

sc - 1
1(£a) 2 [u—a]llsy Se 1+ La)2ullsa) Spel

for any Strichartz space S.

2.1.3 HARMONIC ANALYSIS ADAPTED TO L,

The following set of tool-kits were developed in [1] and summarized in [15].

We present the Little-Paley projections defined via the heat kernel:
Py = e LalN? _ = 4La/NT - for N e 97,

Let
oo ifa >0,

2
it - (452) <a<0.

q:=
2

We write ¢’ as the dual exponent to . Using the previous definitions, we summarize the

needed tools in the following:

Lemma 2.1.1 (Harmonic Analysis tools). For ¢ < q <r < g,

f= Z Py f,as elements of L.

Neg2Z

Furthermore, we have the following Bernstein estimates:



1. The operators Py, are bounded on L.
2. The operators P§ map L4 to L, with the norm O(Ng’%)

3. Forany s € R,
S a % a
NP S ey ~ 11(£a) " P flns

Finally, for 0 < s < 2, we have the square function estimate

I > N )|~ 2

Ne2

Ly
2.2 MULTIPLIER THEOREM FOR THE CASE WHEN ¢ > 0

We present two multiplier theorems for the operator. We start with the case when a >
0. The theorem in part one was obtained from Hebicsh [12], we try to adapt the proof
presented in the same paper to our operator. Some of the estimates used in the proof were
obtained from [18] and [19]. For the purpose of completeness, we present a Mihklin-type
multiplier theorem as presented in [1] for the case when — (%)2 < a < 0. We offer a brief
restatement of the proof offered by [1].

Let F be the spectral measure of L,. If F'is a bounded Borel measurable function we

write

Let

Fi(a) = F(tz).

By the spectral theorem F'(L,) is bounded on L2

Theorem 2.6. (Hebisch[12]) If for some € > 0, a non-zero ¢ € C°(R.) and constant C,

we have
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|OF| (1) /240 < C, (2.5)

then T is of weak type (1,1) and bounded on L* for 1 < p < oc.

2.2.1 PROOF ADAPTED TO L,
From (2.5), we get that | F'|| L™ < C'C, then
| F(La)l 2,2 < C'C. (2.6)

By interpolation and duality argument,it is enough to prove that F'(L,) is of weak type

(1,1). Using the Trotter formula in [13] we obtain

0 < e (z,y) S pila,y), 2.7)

where p;(z,y) = C (1 Y ﬁ) 0 (1 Y ﬁyt_ge_ S (2.7) implied the following

|| ly|

/etﬁ“esla‘"ydm < Cels’t (2.8)
/ le™ e (2, ) [*de < Ct 202 (2.9
SUDyy e’“:a(x,y)‘ < Ot 2o (2.10)

for some constant C and all s, > 0,y € R%. We have

1Kl = mas{supe [ K Ge)l(1+ o = gl dsup, [ 1K@l + [0~ yl)de}.
Lemma 2.2.1. (see Hebisch [12] for proof) If suppF C [1,4],€ > 0,a > 0, then
1F(La)lle < ClIF|a((a+1)/24e40)

where C is independent of F' and L,.
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Proof. Set

We have that

—4

| K a1y /24e+a) < CllFllnga+1)/2+e+a), SuppK C ™", €].

Let K(\) = 3" K (n)e™, en = ¢ “*¢~La_ then

2.8 and 2.9 allows us to use (3.1) from [14] to obtain
lenlla < Co(1 + [n]) >+
SO

£l

IN

Cay \f?(n) L+ |nf)¥2te

o SIR@P+ =24) 7 (S 4y )

< C3||K||H((d+1+e)/2+a) < C4HFHH((d+1)/2+e+a)>

1/2

IN

which ends the proof of the lemma.

]

Lemma 2.2.2. (see Hebisch [12] for proof) For every m > 0 there exist N,C' > 0 such
thatif F € H(N), suppF C [—1,4], then

[F(La)(, )| < CllF |l + [z —y[)™™
forall x,y and L,

Proof. Let G(A) = F(A)e*, N = d/2+ m + 1. Of course ||G||gn) < Cil|F|lu(n)- By

G(La)|lm < Co||G||(ny and by 2.7 and 2.10,
(4o =P = | [ G s)e o)1+ — s

S/IG (L4 |z — s|)™eEo(s,y) (1 + |5 — y])™ds

< NG(La)llmsup pr(x)(1 + |z|)™.
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Then since, G(\) = F(\)e
[F(La)(2,y)] < CIF (T + |z —y[)™™
0

Let ¢ and ¢ be in C*°(R), where suppp C [1/4,2], > = 1 for every x > 0, and

suppy C [—1,1], with ¢(x) = 1 for z € [0,1/2]. Let

Fi(A) = 02N F(N), tn(A) = (2%N).

Choose a < €. There exists C such that

|k Fr(La) |l < C, (2.11)
[ 1Ll )1+ 2~ yl)de < 2.12)
[Ur(Lo)| (2, y) < C27F(1 4272 — )41 (2.13)

The proof for (2.11), (2.12) and (2.13) can be found in Hebisch [12], and has not been
reproduced here.
Let f be an integrable function. We use Calderén-Zygmund decomposition on f at

height A with functions f; and g and cubes (); such that

f :9+Zfi, suppf; C Qi, /|fz| < OAQil,
gl <CN QinQ;=0 for i#j Y Qi <Clf]u/X

Let )} be the ball with the same center as i and radius 2diam@);. We put k; = [logs(diam();)].

Let h be an integrable function such that supph C {z : |z| < 1} = B. We have



/||>2 Fu(La)hl(2)dz <

IN

IN

and

3 / Fu(L
k<0 |z|>2

With the use of dilation we get

>

@p)e

J<k;

il supyes /| IR
x|>2

Illsun, [ |R(C) (@ 5)da
le—y|>1

13

244 | o 1 sup, / FL(La)| () (1 + 27 — y])°da

C25||h|| 11

hl(@)dz < CY " 2M|[h)|p < Cy|lh|

k<0

|E5(La) fil (w)dz < O fil -

Lemma 2.2.3. There exists C such that

| S vnieasn|

< OISl

(2.14)

Proof. First observe that there exists Cy such that if ) = {z : maz|x;| < 1} then for all ©

yeEQ

sup(l + [z —y|) " < G Inf (1 4|z - y|)

As a result of this and using dilations we obtain for all ¢

sup (1 + 27"z — y) ™" < Co €yeq (1+ 27|z —y) ™.

YyeQ;

Keeping ¢ constant, let y, be the center of ();. By (2.15)

¥k, (La) fil ()

ININ A

IN

/ 2RI 4 2R — ) £ (y)dy
AC|Qi|27F (1 + 27Fi |z — gy )~
Ao [ 278414 2R = )12 (v)dy

AC5 (279 (1 + 275 )7« X, ) ().

(2.15)
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If h € L?, then

—d—1 —d—1

)(h,z—kid(1+2—ki|-|)) *XQZ.‘:)(2—kid(1+2—ki|-|)) ,h*XQi)‘§C4(Mh,XQi)

where M is the Hardy-Littlewood maximal operator. Following is the Hardy-Littlewood

maximal operator (Stein[11]). Since M is bounded on L2,

[CODAERE)

But || "\,

< Cy (Mh 3, ) < Gyl 1z

> AXQZ

22 = > AQi| < CAl| f|| 11, which ends the proof.
Clearly, if j < k, then 3 F; = 0 so ¢y (L,)F;(L,) = 0. Similarly, if j > £ then
Yu(La)Fj(Ly) = F;(L,). Therefore

F(L,) = ZF o) fi + F(La)g
_ Z(ZF] afi+ZF}(£a>fi)+F<£a)g

i J<k >k

= ZZE(@)MZFM ZFk L fi+ F(La)g
i <k i

- ZZF f+F (Zwk fl—i_g)_Zsz(ca)wkz(/:’a)fz
i <k, i

Putting S = UQ);, by (2.14) and the properties of the Calderén-Zygmund decomposition

we have

H ‘ZZF a)fi >A/3H < ||+ 3//\/

1 j<k; i j<k;

Cllf et /A+(C/A) Y N filles
< Clflle/A

IA

By lemma 2.23,
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| > vwa)fit gl < || fl

and by (2.6)

{r: [Feea(Zonteas +o)[ > va}]

IN

(C/A?)

> k(L) +9H;

< CMSllea /X = ClI Sl /A

A

By (2.8),

{o: | (X Ao Lo fi)| > M3} <3| 3 Fucavn(Laf] /x
< (/N Ifille < ClF I < CUF /A

This ends the proof of theorem 2.6. ]

2.3  MIKHLIN MULTIPLIER THEOREM FOR THE CASE —(%)2 <a<0

Below, we present a multiplier theorem, and summary of its proof for the case when
—(%)2 < a < 0 Both the theorem and the major results of the proof were obtained

from [1].

2
Theorem 2.7. (Mikhlin Multipliers) Fix — (%) < a < 0 and suppose that m : [0, 00) —
C satisfies

Om)| <A forall 0<j< ?{fﬂ +3. 2.16)

Then m{/L,) which we define via the L? functional calculus, extends uniquely from

LP(R?) N L*(R?) to a bounded operator on LP(R?) forall rg < p < r{ := 4.

Proof. We present the major results of the proof provided by [1], a more complete proof

can be found in said paper. By the Spectral theorem, the operator 7" := m/L,) is bounded
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on L?.)) Thus using the Marcinkiewicz interpolation theorem and a duality argument, it

suffices to show that 7" is of the weak-type (q,q)

o | Tf(2)] > B} S h9|If 1% (R forall b > 0.

The authors used Calderon-Zygmund decomposition to | f|? at height h? to obtain a family
of dyadic cubes {Qx}r, Q; (N Qr = 0, JQ; = Qif j # k which allowed the original
function f to be decomposed such that f = g + b, where b = ), by and b, = X Q. f and

|g| < h almost everywhere. By construction,

1

hq - ‘Id <2nhq
< o, W@
Q| < / F(@)|da < 27 Qi lh
Qk
1
Q< o | 1F@lde <270y 2.17)
Qk

Multiplying (1.2) by h, we get

HQu <1 [ |f(a)pds
k
By Holder’s inequality and (2.17),
L _
/ [f(@)ldz S |If 2o |Qkl” S hIQk < b q/ |f ()| *d (2.18)

k k

We further decompose by = gx + l;k according to the definition below

b == (1 — e_ri)“bk and gk :=[1—(1— eriﬁa)u]bk



Using the Binomial Theorem we get that

(1+ (—e ) = (’5)<—eﬁ%ﬁa>0+ (‘f)(—erﬁﬂam (g)<—er%ﬁa)2+....

(2 Jerer e Qe
_ XM: (5) (_e—wgza)

£ !
= Y (e

Then,

I
)
g =Y c,e iy
v=1

Where 7). denotes the radius of () and 1 := L%J + 1. Therefore,

f = g+b
= Q+Zbk
k
= g+zgk+zl~7k
k k

Applying the operator 7" to the above quantity, we get
Tf=Tg+» Tg+ Y Th.
k k
By the Marcinkiewicz Interpolation Theorem
T <|Tgl+ 1> Tgrl+ 1> Thl.
k k

Then

17



18

1 1 ~ 1
Tfl>h Tgl>-h,Uq|T >—-hoUS|T Y byl >=h
(51> 1) € {1791 g0 {0 > ghp U {IT S > g}
By Chebyshev’s inequality, and the boundedness of 7" in L?, and (2.17)

1 _
{iral> g0} < w02l < 072 < ool ool

Using an argument similar to what was used above we obtain that

1 _ _
(TS o> [ s i e S ol s a9
k k k

To control g,

(2.20)

| o
k

i
= / ;gk;gz
_ /Z S e e, 30N e e,
P T
_ /Z o Z emibapy, etk
.
_ chcu Z/b e~/ )Ly
_ Z e Z <bk, 6—(V7"k+u’rl2)£abl>
< % <bk, ek’(lm"iJrV’rlQ)[,a bl> 2.21)

k.l

Using the heat kernel in theorem 1.4 we obtain

1Y gklz. = chcy Z(b e~ (i) (2.22)
k

Ja—y)? o
e / / (v 1) oue)le” 7 (7w 1) Iy dady
Jo, Nzl ly|

N

Tk >'rl



19

Now, all that is needed is to show that the quantity on the far right is bounded. Integrating

over Q. and Q);, we get

2. // (V) ele o (557 V1) Wutw)ldzay (2.23)

Lirp>r

From here, we freeze k, and zc € (), so we can focus on

—yl? \z y|2
Z/ o7 —v1> by)ldy < Z/ Flny)ldy (24
Lr<ry L <rg
+ > / ’bz )|dy
1:Q;CB(0,2r)

(2.25)

We are assuming that Q; N B(0, 2ry) # () implies Q; C B(0, 2r) because r; < ry.
7, is the radius of @, and r; < 7y, then dima(Q;) < 2ry. x has been fixed in ();. Pick a

point y in J;, then |z — y| < 27y,

e —yl—2r, < 0
(lz =yl —2r)* = |z —y[> = 2r|z —y|+ 43 >0

lz—y> > 2rlz —y| — dr?

We find some 3/ € @, such that |z—y/|* < 2ry|z—y|. This is from the fact that |z—y| < 27y
for any y € @);, then

|z —y/|* — 4

N —

|z —y> >

forall y,y" € Q;. Then
bi(y)] = [lbi(y)]|1 S RhIQ



And
Iw*g 2 _ Iﬂnfy;\2
> / e “Elldy < > [ e *E |b(y)ldy
L <r Qi L <rg Qi
7\z*yél2
SO )l | e =T dy
l:rlgrk Ql
1 ey
S D )l e >k dy
L <ry ‘Q’ l
,\z—y;F
5 Z h e 2crk dy
L <r Qi
_\z—y;F
5 h Z e 2% dy
Lir <rp, @
S b
On the other hand
L, 1
< / m | T ]
'lQchom) Q 1Y lQlCB()Qrk)
S Z / | ‘ Z hq‘Ql’:|q
B(0,2ry,) y lQlCB(O:Q"'k)
1 1
sy Iy el
B(0,2rs) l—aq)|y\q B(0.2ry) L:QICB(0,2ry)
1 1
<[ X Y )
) B(0,2r) l:QlCB(0727’k)
4 g 1,1
< hrtrt = a7

20
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Using this new information, we obtain

[Zal.. hZ/ (a7 V1) st

AN

th/ qlz:/ﬂ);C |qu
|$| Qk
< h / dx q'h / by ()| %da ;
|35\ ka }
< h Z/ "qda: “h |f|qda;]
Qk
S B[S 1Qu]) flleydo
Tk
1
S hQkl (| f]le,dx
S R [f(a)|%de
Qk
S RIf

At this point all that is required is to estimate {|7'3", by| > sh}. Define Q; as the

2/d dilate of Q. As

7 1 * * 7 1

T o0l > 5|} cuQru{e e ROVUQ : [TY 0| > 50
k k
Using Chebyshev’s inequality
- 1 . B -
{[r2n] > 30} = Ziest+n Eirhls
k J k
S R + R D IT bl gy
k
In order to complete the proof, we need to show
ITBxll 1 rovgry S 210wl (2.26)

To do this, we divide the region R?\ Q; into dyadic annuli of the form R < dist{x, Q;} <

2R for r;, < R € 2%. The following will be proved:

~ TR\ —a(i—L
170l it S () B2 el o (2.27)
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Claim (2.26) follows

IToxllrevgyy = D IOkl (redistiz.@up<2m
R>ry

4 -
Z R2 || Ty || 2 (distz,001)> R

R>7ry

d (TE\2* —di-1
s X RH(R) B,

R>ry,

A

d
S i lbkllze

~

R by | 1a-

In order for the sum above to converge, we need % < 2u, which is guaranteed under the
hypothesis presented

To proved (2.27), we write

(Th@) = [ [m/Z1 = e 1) )by 2.28)

The function defined below is extended to all of R as an even function.
a(A) = m(\) (1 — e TR )H (2.29)
We need to show that

2p

@a)] S N (1 A7) (2.30)

To start the proof, we need to state the following lemmas.
2.3.1 FIRST LEMMA

Lemma 2.3.1. For s =1,2,3,4....

85 (e ) = APy (rA)e Y



Where P, ; is a polynomial of degree s.

Pi(a) = apz® + ap_ 2"+ 4 ayx + ag.

Proof. Induction If b = 0,
&) (e ) = e = age ", ag =1 LHS = RHS
Now suppose

as—l(e—ri)\Q) _ )\_(s_l)PZ(s—l) (7,,)\)6—7“]%)\2

Then,

as(e—rﬁﬂ) _ alas—l (e_T’%)\Q)

= o [/\_(5_1) * Pys—1)(TA) * e—ri/\2]

23

= —(5 = DX # Papa_py(rA)e Y 4 XD sr e Pyo_py oy (rA) % e

+ Ay Py(s—1)-1(1TA) * e_ri’\Q(—TQQ/\)

= APy (rA)e Y

2.3.2 SECOND LEMMA (LEIBNIZ RULE)

Lemma 2.3.2. (Leibniz rule)

s

ru=v) = Y (Z) U * 9 kY
k=0

= Ux0V+sxd' U0V + ... +0°U %V



Lemma 2.3.3.

Recall

Proof. Case 1:

‘We need to show

When s=0,

Suppose

2.3.3 THIRD LEMMA

aﬂ(1—e4%ﬁ”}gLMﬂ(1ArMM)%

J

OIS ()

=0
J IR 2p
(3070 (1 A
=0

Mr%lAmMD%

J

IN

N

Tkl)\| <1

o [(1- e )] Sl

242 21 2p
(1 — e i ) < (TkW)

85—1[<1 _ e—@p)%} < |/\|_(S_1) (7”14;!)\|>2#.

24



Then,

o =

25

857181 [(1 N e,ri/\2>/ﬁi|
2,2\ 41 242
8871 |:/1/<1 o e*TkA )M (+ efr‘k)\ 7,’%2)\)}
252 242 -1
2w"285‘1[Ae—’“M (1 — e )“ ]

242 -1 919
2/17’288_1 [A(l — e_TkA >M _ )\(1 _ e—rk)\ )M]

2ury (as_l [)\(1 — e—r,@\?)“_l} — o5t [/\(1 _ e—r%)ﬂ)“])

The first quantity in the RHS is then bounded by

951 [)\<1 - e—r,%Az)ul] = A <1 - e—m%v)ul 4 (s —1)02(1 — e_@z>

p—1

< AN ()T A ()

< |)\|—s+2 (rk|)\|)2(ul)

The second quantity is bounded by

So,

Case 2: 7 |A| > 1.

We need to show

When s = 0,

o A=) T s e ()

252 2(u-1)
o° [(1 — E—Tk)\ ),u:| S/ 2uri|/\|—s+2 <Tk|A|> ©

< A (Tk|/\|)2(rk|)\|)2(u—l)

S ()"

(i)

ol(1-e ™) s =1
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Then,

R )

= 2urp0* ! [)\e”"'%’\2 (1 e’"k’\Q)u_l}

- a4 o o))

To bound the first half of the quantity on the RHS we see that

S S G D G (GO ta (B

=0

s—1
—1

S Z(Sl )|A\_lpzl(7“k/\)€_rgk2W_(S_H)

=0
S |>\|_(S_1)P2(S—2) (TkA)e—rz)\Q

Similarly, the second quantity on the RHS can be bounded by
as—2|: —Tk)\2 (1 - G_Tk)\2> i| < ’)\| (s— 2)P2 (s— 2)<rk)\> —rk

Then the whole thing can be bounded. And we have

AN

,',,Z; |)\|—s+2P2(371) (Tk)\)e—r%)ﬁ

-y

AN

A7 (el Al Pags-1y (rih e

S AT Pas(rf A

N

AT
O

Define ¢ to be a smooth, positive, even function supported on [—%, %], and such that

(1) = 1for || < i. Then the Fourier transform of ¢ is



and,

Pr(A)

Il
=
3
oy
=

Letting T = Rt

on) = oo [o(F)m

Both a and ¢ are even by definition, then convolution

[e.9]

) = (ar@R)(\) = / a(T) PR — 7)dr

—00
o0

) (T)er(A — T)dT
_OO /_ h a(T)pr(\ — T)dre T d)

/

/

- /_ Za(T) /_ Z¢R( )dre {OTVT )
/_ Za(T) -iNF gy @ (7)dre=¥d3
/oo

a(r) ”\TdTgo( )

—0o0
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Now applying an inverse Fourier transform we get

R T A iNF T
= o . a(t)e d7g0<ﬁ> (2.31)
_ % /0 h cos(Ar)(r) (7 ) dr (2.32)

(2.33)

since the function is even, and letting 7 = 7.
[3] shows that the wave equation with inverse-square potential u;; + L,u = 0 obeys
finite speed of propagation. Noting that ¢(%) is supported on the set {7 : |7| < £}, the

following is obtained

supp <a1 (\/[,_a) 5y> C 3upp<cos (T\/ﬁ_a)5y> C B(y, %R)

T<

NIk

Thus, this part of the multiplier a does not contribute to (2.27).

The remaining part of a is shown to be bounded. Define

a(N) = ar(N) — a() = / a(8) — a(\)]@r(A — 6)d6

When |A| < B!
()| £ (1 Arku\)z”(yAyR)_Q“ (2.34)
and when |\| > R™!
2|5 [ 0] [ertr - 0)a0 5 (1anin) " (NR) . @3)

Combining (2.34) and (2.35) with the assumption that R > 7,

2pu—jg

(V)] < (1/\rk!)\|)2#((\A]R)‘2“+(])\]R)‘j) _ (%’;M)z“(umv) "~ (236)

2p
The first part of the quantity on the far right can be controlled by <%> , and the remaining

can be decomposed into the following
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2p—jg 00 J—2p
t 50 —t(1+R222) dt
1+R2)\2) : z/ (—) R
< 0 R? t

Combining the two gives equation (2.37)

1A Tk’)\| 2 - 2u27j e\ 2 © g j722u —(1+R202) dt
Sl ) U > <(—> / <—> T (@2
2] 5 ( AR ) (17 ~\r) ), @) oo 7 @D

By the spectral theorem (Appendix A.2) and the triangle inequality, we obtain the next

result.
—2u

oot/ Ellzer < ()" [ () ™ e e

We state the following quantity without proof. The proof can be found in [1]:

dt
—“aka @ (2.38)
2t

leeonel| St + D)3 Il (2.39)
L2

Which leads to

2 g1 st N\ t N2y __c dt
st/ Bl < () R Pl [ (35) T (14 ) e T

r —d(i-L
S PR b e

for any R > rj. This completes the proof of theorem 2.7.
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APPENDIX A
NOTABLE THEOREMS

Here we present a short selection of harmonic analysis theorems that were useful in our
work, either explicitly or implicitly.

Theorem A.l. (Calderon-Zygmund). Let f € L'(R"), and let h > 0. There exists a
countable collection of cubes with sides parallel to the axes, (); with disjoint interiors, such

that, for each j,

1
he — [ |flde <2,
‘QJ‘ Q;

Consider Q = |J @; and F' = R\ Q. Then,
Q] < 7| Fll o @n).

Moreover,
|f(@)| <h

holds almost everywhere for x € F'. There exist a decomposition

f(x) = g(x) + b(x)

such that |g(x)| < 2"h almost everywhere, moreover, for 1 < p < oo,

p=1 npy L .
19llzorny < hw (14 2") 2 || FI[ L1 ey

Theorem A.2. (Chebyshev Theorem) Let (X, >, 1) be measurable space, and let f be an
extended real-valued measurable function defined on X. Then for any real number / > 0

and 0 < ¢ < o0,

ple € X 7)) 2 by < / fledp

[fI>h
Theorem A.3. (Spectral Theorem) Suppose that L, is a self-adjoint positive definite opera-

tor acting on L? <TX , u) . Such an operator admits a spectral decomposition E; (\) and for
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any bounded Borel function F' : [0,00) — C, we define the operator F/(L,) : L*(TX) —
L*(T'X) by the formula

F(La) = / " F(\dEL (V)

Suppose that S is a bounded operator from LP(T'X) to LY(TX'). We write ||S|| Lr(1x)—Ls(7x)

for the usual operator norm of S. If S is of the weak type (1, 1), i.e., if

u(:ceX:|Sf(m)|>>\)§CHfHL¥ VA e Rt VfeLNTX),

where the least possible of C'is ||S|| 1 p1.ec.

Theorem A.4. (Marcinkiewicz interpolation Theorem, Stein 21) Suppose that 1 < r < oo.
If T is a sub-additive mapping from L' (R") + L"(R") to the space of measurable functions
on (R™) which is simultaneously of weak type (1, 1) and weak type (r,r), then T is also
of type (p, p), for all p such that 1 < p < r. More explicitly: Suppose that for all f,g €
L'(R") + L"(R")

G) |T(f + 9)(@)| < [T ()| + [Tg(x)]
Gy m{: [Tf(2)| > b} < 21f]l,, f € LR
(i) m{z < |Tf(2)| > b} < (&]1f|l), f € LR

Then

TS @)l < Apllfllp, f € LP(RY)

forall 1 < p < r, where A, depends only on A;, Ay, pand r.

Theorem A.5. (Holder’s Inequality) Let (.S, o, ;1) be a measure space and let p, ¢ € [1, 00]

with i + % = 1.Then, for all measurable real, or complex-valued functions f and g on S

£l < 111l lgllq-
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If in addition p,q € (1,00) and f € LP(u) and g € L%(u), then Holder’s inequality
becomes an equality i f f | f|P and |g|? are linearly dependent in L' (1), meaning that there
exist real numbers, «, 5 > 0, not both of them zero, such that «|f|? = |g|? on p almost

everywhere.
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