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Temperature and supersaturation dependent nucleation rates
of heterogeneous water by molecular cluster model calculation

Chen K. Lutrus and Donald E. Hagen
Cloud and Aerosol Science Laboratory, University of Missouri, Rolla, Missouri 65401

Sung Ho Salk
Department of Physics, Pohang Institute of Science and Technology, Korea

(Received 29 March 1993; accepted 23 August 1993)

A statistical mechanical method to evaluate the energy of formation of water clusters attached
to a foreign particle surface is described, with the binding energy being evaluated on a molecular
level, using semiempirical modified neglect of diatomic overlap (MNDOQ) theory. The model is
applied to water nucleation on a silicon oxide surface. The binding energy contribution, which
represents the energy of formation at T=0 K, is found to slightly (but not negligibly in the
thermal sense) increase with the number of hydrogen bonds between the water cluster and the
condensation nucleus whose surface is made of silicon oxide. An analytic expression is developed
to fit the binding energy contribution as a function of cluster size. At lower temperatures, a
linear relationship is found between the log of the nucleation rate and reciprocal temperature for
fixed saturation ratio. However, at higher temperatures, this relationship deviates from linearity.
The deviation is sufficient to suggest the existence of a critical temperature for which the
nucleation rate reaches a maximum. Furthermore, another kind of critical temperature is found,
which corresponds to a minimum cluster critical size (at fixed saturation ratio). These are found

to almost coincide for the cases of heterogeneous and homogeneous nucleation.

1. INTRODUCTION

A study of the interaction between the silicon oxide
surface and water may have important implications to
semiconductor fabrication technology. Furthermore, de-
spite a longstanding need for basic understanding of gas-
to-particle conversion, present knowledge of the role of
heterogeneous nucleation in the initiation of gas-to-particle
conversion is severely deficient. As an example, cloud'™
and aerosol®® formation in the atmosphere are initiated by
heterogeneous nucleation and condensation processes on
foreign particles. Cloud droplets and aerosols thus formed
are subject to further growth by coalescence. Foreign par-
ticles enhance nucleation with varying degrees of effi-
ciency. An understanding of this heterogeneous nucleation
requires basic {microphysical and chemical) knowl-
edge,’ ¢ e.g., about the interactions between vapor phase
molecules and the surface of the foreign particle. Due to its
intrinsic nature, such a fundamental study requires a mi-
crophysical (molecular level) treatment.

A successful first principles treatment of water cluster
properties and their interactions with foreign surfaces is
necessary for a microphysical model of water nucleation. A
computationally efficient semiempirical effective Hamil-
tonian method'™!® for treating molecular clusters was re-
cently developed and applied to pure water for homoge-
neous nucleation studies.!”?®?! This treatment led to
reliable intermolecular binding energies and electronic
properties for hydrogen-bonded water clusters in agree-
ment with ab initio calculations,”? while other semiempir-
ical methods failed.? Physical properties such as ionization
potentials, dipole moments, and normal mode vibrational
frequencies were found to be in good agreement with ex-
periments?*?” and theory.?>?® In the present study, this

9962

methodology is extended to the case of heterogeneous wa-
ter nucleation.

The contents of the present work are divided into three
categories: (1) a statistical mechanical description for the
energies of formation for heterogeneous clusters; (2) the
use of a molecular level effective Hamiltonian approach to
compute the electronic binding energy involved in the sta-
tistical mechanical treatment; and (3) a report on the com-
puted results for both energies of formation and nucleation
rates.

Ii. STATISTICAL MECHANICAL DESCRIPTION OF
THE ENERGY OF FORMATION AND NUCLEATION
RATE FOR HETEROGENEOUS CLUSTERS

Earlier, we presented a classical electrothermodynamic
description for the free energy of formation of hydrated ion
clusters.?’ Here, we would like to study the energy of for-
mation and nucleation rate for heterogeneous clusters at
finite temperatures based on both quantum and statistical-
mechanical treatments. In the multistate-kinetics approach
to nucleation,*® the energy of formation at critical size is
needed for the evaluation of nucleation rate. Such a model
had been developed earlier for the case of homogeneous
nucleation'?%2! and had been used to calculate the energy
of formation and nucleation rate for homogeneous water
clusters. Here the model is adapted to the case of hetero-
geneous nucleation.

We consider a system composed of a molecular gas and
suspended foreign particles. Gas phase molecules (water
monomers) W,; and the foreign particles (silicon oxide,
which act as condensation nuclei) X are subject to inter-
action to form heterogeneous clusters of size 7. The
multistate-kinetics processes of interest are X+ W, =2XW,
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and XW,_;+W,=2XW,; with i=2,3,4,... . For simplicity,
the distinguishability of configurations for the clusters is
ignored.

The law of mass action for the process above is written

N/(Ni_\Ny)=q/(q;_191).

Here, N, is the total number of the heterogeneous cluster
XW;, and g, is its partition function. ¥, is the total number
of the vapor phase monomers W, and g is its partition
function. Applying successive substitution, expression
(2.1) leads to

N:=(Nx/qx) (N\/q,)'q:,

where Ny stands for the total number of foreign particles
X, and gy is its partition function.

Unless the temperature is exceedingly high, coupling
between the electronic and nuclear (translational, vibra-
tional, and rotational) motions is negligible. Thus, we
write

9i=8£&1,

where &7 is the ground state electronic partition function.
In the limit of weak coupling between nuclear motions, &;
can be approximated by the product of translational (£°),
rotational (£”), and vibrational (£¥) partition functions

E=EEE]. (2.4)

Denoting Ey, E,, and E| as the electronic ground state
energies of the foreign particle X, monomer W,, and het-
erogeneous cluster XW,, respectively, for the electronic
part of the partition function, the substitution of Eq. (2.3)
into Eq. (2.2) above yields

N;=NxNi[£/(ExE}) ] exp(—AE/KT),

(2.1)

(2.2)

(2.3)

(2.5)

where AE; is the total binding energy of cluster i corre-
sponding to T=0 K,

AE,=E;— (Ex+iE)). (2.6)

We now rewrite the expression (2.5)

N;=NyN;exp{—[AE,—kT(In §;—iln & —In &)
—(i—1)kT In N1]1/kT}. (2.7)

Denoting the number concentration of cluster i by »;
=NV, with V being the volume, and writing

In(N,/V)=In(N/NJ) +In(N3/V) =In S+In 5,

with nJ denoting the number concentration of the mono-
mer at equilibrium (at given temperature) and S the sat-
uration ratio, we obtain from Eq. (2.7) above

n;=nxn, exp{ — [AE;—kT(In & —iln & —In &y)

— (i—1)KT(In S+In n%) 1/kT}, (2.8)
with §'=¢&/V and n=N/V.
We now cast Eq. (2.8) into a form
n;=nxn; exp(—A®/kT), (2.9)

where A®; is defined to be the energy of formation of the
heterogeneous clusters

A®;=AE;—kT(In£;—iln & —1n &) — (i—1)kT In n®

—(i—1)kT In S, (2.10)
or simply,
A®,=AE;—kT(In & —iln £, —In &)
— (i—1V)KT In(P/kT), (2.11)

where P is the water monomer partial pressure.

It is now clear from Eq. (2.10) or Eq. (2.11) that at 0
K, the formation energy of cluster J is simply reduced to
the electronic energy AE;. The second term in Eq. (2.10)
or Eq. (2.11) represents the change of free energy from the
vapor phase of the monomer to the cluster of size i, due
solely to a change in the contribution of nuclear (transla-
tional, rotational, and internal vibrational) motion at a
finite temperature 7540. The last term in Eq. (2.11) plays
the role of enhancing order for the stability of clusters at
finite temperatures. The intensive parameter S or P acts as
an “‘external field” to stabilize the cluster.

The ultimate goal of nucleation theory is to evaluate
the nucleation (droplet formation) rate at which gas-to-
particle phase transition occurs. The nucleation rate J
is given by*°

J=a exp(—AP/kT). (2.12)

Here, i* is the critical cluster size for which A® reaches a
maximum; « is the prefactor

a=PokFn,Z, (2.13)

where [ is the sticking coefficient; o is the critical size
cluster surface area; F = n;8kT/mwm is the monomer
flux; and #, is the concentration of the monomer. Here, z is
the Zeldovitch factor™

—(PADP/IP) i\
- ( 27kT ) )

(2.14)

In the next section, we discuss the energy of formation
and nucleation rates in more detail in order to cast them
into calculable forms.

1ll. COMPUTATIONAL TREATMENT OF THE ENERGY
OF FORMATION AND THE NUCLEATION RATES
FOR HETEROGENEOUS WATER CLUSTERS

Here, we discuss computation of the formation energy
(binding energy) AE; at 0 K and other terms that appear
in Eq. (2.10). First, for the formation energy of the heter-
ogeneous water cluster at 0 K, we express the total binding
energy of cluster 7 as

AE;=AEy w+AEw.w, (3.1)
where

AEy w=Exw,— (Ex+Ew), (3.2)
and

ABy_w=Ew —iEw,. (3.3)
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This is to express the energy AE; in terms of an interaction
energy between the (pure) water cluster and the foreign
particle in the heterogeneous cluster AEy y, and an en-
ergy representing water-water intermolecular interactions
in the homogeneous water cluster AEw_w .

We use an effective Hamiltonian method®' modified
neglect of diatomic overlap (MNDO) to calculate binding
energies for the heterogeneous cluster (Exwi), the homo-
geneous water cluster (Ey ) the foreign particle (Ex), and
the water monomer (Ew,). Earlier we reparametrized the
method to suit systems involving water.'® The reparame-
trization involves the parameters for hydrogen and oxygen
atoms only. Using this version of the computer code, here-
after called HMNDO (hydrogen bond corrected version of
MNDO), we had predicted the energy, ionization poten-
tial, and other physical properties of the water cluster very
well.'® Furthermore, we had included the electronic energy
in the calculation of the energy of formation and the nu-
cleation rates for homogeneous water clusters and found
good agreement with experimental results.!**?! However,
up to that point, we were only able to treat systems involv-
ing pure water. Here, the HMNDO parametrization has
been incorporated into an improved version of MNDO,
called AM1,3’2 which is well suited to treat systems con-
taining silicon. Details concerning our modifications are
given in the Appendix.

In our earlier work on homogeneous water clusters,’!
we found that a function of the form

Bi=B_(1-i"% (3.4a)

could be used to fit the binding energy per bond as a func-
tion of cluster size. Here we use this same functional form
to represent the water—water interaction term AEw_w . The
adjustable parameters take on the values B =—0.58 eV
(—13.4 kcal/mol) and 6=0.5. Now assuming that the
structure of the water cluster is open (no rings), i.e., the
number of bonds in the cluster is equal to the number of
monomers minus one. With this, the energy between water
molecules in the homogeneous water cluster becomes

AEy_w=(i—1)B_(1—i"%). (3.4b)

The determination of nucleation rates requires a focus
of attention at the cluster critical size, where the energy of
formation A®; reaches a maximum. Since the water cluster
critical size is assumed to be small compared to the con-
densation nucleus, we treat the heterogeneous water—
silicon oxide cluster as a system consisting of a water clus-
ter and a silicon oxide surface. In Fig. 1, we display a 3D
perspective of a particular water cluster (five water mole-
cules) on a silicon (111) oxide surface. The circles with
letter o represent oxygen atoms, circles with H represent
hydrogen, circles with S represent silicon, and the small
unmarked circles represent siligen, respectively. Else-
where®3 % we have shown the validity of using a limited
size silicon cluster to represent a real silicon surface. Sili-
gens,® artificial atoms, are used to saturate the dangling
bonds, which would otherwise be occupied in the bulk.
Oxygens are placed 0.6 A above the surface at bridge (be-
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water on Sy (111)

with bridge oxygens

FIG. 1. A three-dimensional perspective of a particular water cluster on
a Si (111) surface.

tween two nearest top-layer silicons) sites, to which the
water cluster makes hydrogen bonds (indicated by dashed
lines) as the bridge sites are known to be stable configura-
tions.>*3¢ In this model, the silicon surface with the sili-
gens, and the oxygens on the bridges represent the foreign
particle X, the silicon oxide. We examined several clusters
where we maintained the silicon oxide fixed and varied the
number of water molecules. We also varied the number of
bonds between the water cluster and the surface (the num-
ber of dashed lines in Fig. 1). Using.the modified AMI1-
HMNDO version of MNDO, we calculated the energies of
the water clusters, the silicon oxide (surface), and the
combined systems (the heterogeneous clusters). The bind-
ing energies between the water cluster and the silicon oxide
surface were calculated following Eq. (3.2). The results
are shown in Fig. 2. They showed a slight increase with the
number of water—surface bonds. The octagons denote clus-
ters with one water—surface bond, the triangles are for two
bonds, and the squares are for three bonds. At /=0, the
energy should be zero. At i= 0, it should converge to a
certain value, since it should not change when a molecule
is added to a large cluster. The analytic function of cluster
size i,

AEx w=a[l—(i+1)7*] (3.5)
with a=—4.56 eV (—105.16 kcal/mol), and b==0.5, is
found to fit the results very well and also satisfies the con-
ditions at i=0 and infinity. Nishijima et al.,>” using vibra-
tional electron energy loss spectroscopy on the Si(111)(7
X 7)~-H,0 system, estimated the O—H bond energy to be
4.2 eV. Their estimation was based on the Birge-Sponer

J. Chem. Phys., Vol. 99, No. 12, 15 December 1993
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FIG. 2. Electronic binding energy between water clusters and a silicon
oxide surface as a function of number of water molecules /.,

extrapolation.®® Thus, our prediction of an asymptotic
value of 4.56 eV agrees reasonably well with the experi-
mental value.

Dynamic effects associated with translational, rota-
tional, and vibrational motions, which are depicted in the
second term of Eq. (2.10) will now be discussed. Since the
nucleating water cluster is attached to the surface, we as-
sume that the nucleus is in a stationary condition com-
pared to the fast moving water molecule in the vapor phase
and so is the product heterogeneous cluster. With this as-
sumption, the translational and rotational partition func-
tions of both the heterogeneous cluster XW,; and the for-
eign particle X are removed from the second term of Eq.
(2.10). The translational and rotational partition functions
for the water monomer are computed from*

£ =V Qumkt/h*)%? (3.6)

and

El=(al I 1,)"*(8akT/h*)**/y, (3.7)

respectively. Here, m is the water molecule mass; 4 is the
Planck’s constant; /,, I,, and I, are the components of
principal moments of inertia; and 7 is the symmetry num-
ber; it is 2 for a water molecule.

Assuming that the intramolecular vibrational frequen-
cies of the clusters are relatively unchanged compared to
those of the water molecule and likewise for the silicon
oxide surface, we write the vibrational contribution of the
second term in Eq. (2.10)

F'= —kT(In&—iln & —1In &) =F% _w+F% w
(3.8)
with
wow=—kT In £y y (3.9)

and
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xw=—kT In &% w, (3.10)

where £y_w denotes the product of partition functions for
the intermolecular vibrational motion between any two wa-
ter molecules in the pure water cluster, and & % _y is that
for the vibrational motion between the water cluster and
the surface. In our earlier treatment of homogeneous water

nucleation!”?%?! we used an analytic function of the form
—4/T
FYy w=(—1)|—kT In (Te:m) (3.11)

with 4=1.55% 10> K and B=2.0 K, in place of Eq. (3.9).
Its use in the energy of formation calculation predicted the
nucleation rate of homogeneous water cluster very well.
For the current calculation (heterogeneous nucleation),
we use the same functional form with the same numerical
values for coefficients 4 and B.

Ibach er al.> reported a vibrational frequency of 3420
cm ™! in their vibrational study of water on Si (111). It was
associated with the hydrogen bond. We use this frequency
in our calculation of £%_w,

Gw= 1l (;—=r (3.12)

mode o~ ©j/2T
!
j=1

where w;=3420 cm ™. In our current model, we only use
one vibrational mode in Eq. (3.12). An increased number
of vibrational modes could be included as the cluster size
increases. However, we do not currently have any a priori
argument to define the correct number of modes for a given
cluster size.

The water vapor equilibrium concentration n%, which

appears in the third term of Eq. (3.10) is given by

P

T’ (3.13)

ni=

where P is the equilibrium vapor pressure of pure water.*
We now rewrite Eq. (2.10) in a calculable form

A®;=a[l—(i+1)7?1+(i—1)B,(1—i%)

g

1%
—(i—DKTInnd— (i—1)kT In S.

+ikT In ( ) +ikT In &+ Foy_—kT In £%

(3.14)

To calculate the nucleation rate J in Eq. (2.12), we set
B the sticking coefficient to unity. The water cluster (crit-
ical size) surface area o is that corresponding to a sphere
containing /* water molecules. This assumption of using a
spherical pure water cluster model will affect the magni-
tude of the nucleation rate only by a multiplication factor.
As the predicted nucleation rate is presented in the log
scale, the effect of the multiplicative factor will be to shift
the entire curve up by some fixed amount. Errors in this
factor therefore will not alter the qualitative discussion we
are presenting.

The Zeldovitch factor, defined in Eq. (2.14), takes the
form

J. Chem. Phys., Vol. 99, No. 12, 15 December 1993
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, ab(b+1)(i+1)=5"2—B_6i=®~1[1—0+(0+1)i~1]) /2
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2akT

for the A®; shown in Eq. (3.14).

IV. COMPUTATION RESULTS

Using Egs. (3.1)-(3.15), the energies of formation
and nucleation rates are calculated for various conditions
and the results are plotted. In Figs. 3, 4, and 5, we show
the dimensionless formation energy A®P/kT for water—
silicon oxide clusters as a function of number of the water
molecules i, for various saturation ratios, at fixed temper-
atures 220, 270, and 320 K, respectively. The maxima
(corresponding to critical size) consistently show decreas-
ing magnitude as the saturation ratio increases. For a given
temperature, saturation ratio is related linearly with the
number concentration of the water monomer. Thus as the
concentration increases, it takes less energy to form the
clusters. It is also observed that the critical size (indicated
by vertical dashed lines) decreases as saturation ratio in-
creases. The critical sizes are listed in Table I. For S>1,
A®/kT vs i exhibits a minimum at very small cluster sizes.
This will lead to small stable clusters forming at this size at
surface nucleation sites. This same type of energy mini-
mum was observed in a previous study of hydrated ion
cluster nucleation.”® For the ranges of temperature and
saturation ratio used here, these energy minima occurred
at cluster sizes between 6 and 12.

For the sake of comparison, we plotted the energy of
formation for both homogeneous water clusters and heter-
ogeneous water clusters in Fig. 6. We chose the tempera-
ture 300 K and saturation ratios 2 and 3. As expected, the
homogeneous clusters’ critical size and energy are higher
than those for the heterogeneous cluster. Both the smaller

150
—
-
~
c 100
o
€
[
o
< 50
o
Q
>
[
LM
w 0
-25 i ; . : ;
0 100 200 300 400
Number of water molecule

FIG. 3. Dimensionless energy of formation as a function of the number of
water molecules / for saturation ratios 1, 2, and 3 at temperature 220 K.

(3.15)

critical cluster size and lower energy barrier imply higher
nucleation rates for the heterogeneous path to nucleation.

Figure 7 shows the dimensionless energy of formation
(total energy) and its contributive energy terms as de-
scribed in Eq. (2.10) as functions of cluster size. In order
to magnify the change of the total energy of formation
[marked (f)], we use a smaller plot scale (right-hand
scale) for it. The water monomer’s translational and rota-
tional motion terms, which are positive (dissociative) con-
tributions to the energy of formation increase linearly with
size, and are indicated by (a). The water—water intermo-
lecular vibrational motion term also increases linearly with
size, and is indicated by (b). The water—silicon oxide vi-
brational motion term is indicated by (c). It is a constant
as we account for only one bond between the water and the
silicon oxide surface (by bond, here we mean the hydrogen
bond between the oxygen of the silicon oxide and the hy-
drogen of the water cluster). The three energy terms just
mentioned are positive (dissociative) energy terms. They
represent the change of free energy from the water cluster
to the monomer vapor phase. There are two negative en-
ergy terms that tend to associate molecules to form a clus-
ter. The first is the formation energy at 0 K [electronic
energy term (3.1)], indicated by (d). It includes the bind-
ing energies of both the water—water and the water—silicon
oxide interactions. The electronic energy term or the for-
mation energy at O K by itself is not enough to cause the
formation of the cluster at finite temperature. Another neg-
ative energy term is the water vapor concentration term,
indicated by (e). It acts as an “external field” to stabilize
the cluster. At small cluster sizes (lower than 12 water
molecules), the negative energy terms are dominant, lead-

2007 1-270k
—
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c 150
e
s 100
G
> 50
W
0 »
-10 —t + b e —
¢ 200 400 600
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FIG. 4. Dimensionless energy of formation as a function of the number of
water molecules / for saturation ratios 1, 2, and 3 at temperature 270 K.
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FIG. 5. Dimensionless energy of formation as a function of the number of
water molecules / for saturation ratios 2, 3, and 4 at temperature 320 K.

ing to the minimum?®® shown in the total energy of forma-
tion [curve marked (f )]. As the cluster size increases, the
contributions from the dissociative energy terms become
dominating, causing the total energy to increase. Eventu-
ally, the electronic binding energy and concentration de-
pendent stabilization term take over and cause the total
energy to decrease with further increases in size, leading to
a peak total energy at a critical cluster size.

In Fig. 8, we display the log of the calculated nucle-
ation rates (J) using Eq. (2.12) vs reciprocal temperature.
We find (1) a linear relationship between log(J) and 1/T;
(2) for a given T, nucleation rate increases as the .S in-
creases; and (3) the lines get closer together as the satu-
ration ratio increases, i.e. (3S/9T) for fixed J increases as
T decreases. These same propensities were found ear-
lier'?%2! for homogeneous nucleation. As expected, com-
pared to the homogeneous case, heterogeneous nucleation
at a fixed rate and supersaturation occurs at a much lower
temperature, i.e., for fixed conditions, the heterogeneous
nucleation is easier than the homogeneous one.

We now investigate whether the linear log(J) vs 1/7T
characteristic holds for higher temperatures. At lower tem-
peratures, as temperature increases, the last two terms in
Eqg. (2.10), which are monomer concentration related and
tend to promote cluster binding, dominate over the second
term, which is the positive (dissociative) contribution to
the formation energy from vibrational, rotational, and

TABLE 1. Critical sizes (number of water molecules) of the water—
silicon oxide system for some selected temperatures and saturation ratios.

T=220K 270 K 320K
S=1 345 560
2 89 90 169
3 48 42 63
4 30 20 33
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FIG. 6. Dimensionless energy of formation of heterogeneous and homo-
geneous water clusters as a function of the number of water molecules /
for saturation ratios 2 and 3 at temperature 320 K.

translational motions. This is evidenced by the slope of the
line shown in Fig. 8. However, at higher temperatures
there are deviations from linearity in the log (J) plot as
shown in Fig. 9. This suggests a stronger effect from the
dissociative contributions. In fact, for S=2 and 3, at tem-
peratures above 230 K, the nucleation rates start to de-
crease with increasing temperature. This phenomenon can
be seen more clearly in Fig. 10. Here we plotted the log (J)
against the saturation ratio for different temperatures.
There is inversion of the trend as the temperature in-
creases. For a given saturation ratio, e.g., S=3, we see that
the nucleation rate reaches a maximum ~230 K. Note that
in Fig. 9 we did not draw the curves beyond certain tem-
peratures for S=35, 7, 10, and 13 because there are no
energy of formation barriers with respect to the cluster
sizes beyond those temperatures, thus no critical sizes

25
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FIG. 7. Dimensionless contributive energies to the total energy of forma-
tion as a function of the number of water molecules /. The right hand scale
is particularly for the curve marked (f), the total energy of formation.
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FIG. 8. The log of the nucleation rates of heterogeneous water cluster as
a function of temperature inverse for saturation ratios of 2, 3, 5, 7, 10,
and 13.

available for us to calculate the nucleation rates. In Fig. 10,
we also have some of the curves cut beyond a certain sat-
uration ratio for the same reason.

It is also useful to investigate the behavior of critical
size as the temperature is increased for fixed saturation
ratio. In Figs. 11, 12, and 13, we plotted the dimensionless
energy of formation for saturation ratios of 2, 3, and 4,
respectively. In each plot, we included energy of formation
curves corresponding to temperatures 220, 270, and 300 K.
As listed in Table I, for §=2, M increases with tempera-
ture, i.e., the ™’s are ordered in the sequence * (220 K),
™ (270 K), and * (320 K). However, for $=3 and 4,
the order is changed to * (270 K), /#* (220 K), and /*

40
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250 2007 1507

Temperature inverse

FIG. 9. A log of the nucleation rates of heterogeneous water clusters as
a function of temperature inverse for saturation ratios of 2, 3, 5, 7, 10, and
13 with a larger range of temperature and nucleation rate than Fig. 6.
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FIG. 10. A log of the nucleation rates of heterogeneous water clusters as
a function of saturation ratio for temperatures of 160, 175, 230, 275, and
350 K.

(320 K). We also found the same feature for the homoge-
neous nucleation case. This is shown in Fig. 14 for §=35.
This suggests that for a given saturation ratio, there is a
minimum critical size corresponding to a certain tempera-
ture. Using interpolation, we found those temperatures.
These are plotted against the saturation ratio in Fig. 15.
The line with octagons depicts the heterogeneous nucle-
ation case, and the one with squares depicts the homoge-
neous case. The second is close to a continuation of the
first. Note that in the region of overlap, e.g., at S=3, the
temperatures corresponding to minimum critical sizes for
both heterogeneous and homogeneous nucleation are al-
most the same. Hence, the water monomer concentrations
are about the same. There appears to be almost no effect on

of formation / kT

AN

0 100 200

Number of water molecule

Energy

-20

FIG. 11. Dimensionless energy of formation as a function of the number
of water molecules / for temperatures of 220, 270, and 320 K at a satu-
ration ratio of 2.
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FIG. 12. Dimensionless energy of formation as a function of the number
of water molecules / for temperatures of 220, 270, and 320 K at a satu-
ration ratio of 3.

the temperature (and thus on the concentration) to mini-
mum critical cluster size associated with the existence of
the nucleus in the case of heterogeneous nucleation. It
would be interesting to see in the future if this feature holds
for different nucleus materials. In Fig. 16, we plotted min-
imum critical sizes (corresponding to the temperatures in
Fig. 15) against saturation ratio. Although at fixed satura-
tion ratio (e.g., at S=3 and also at 4) they occurred at
almost the same temperatures, the magnitudes of the min-
imum critical sizes between the two cases are quite differ-
ent, with the heterogeneous case being smaller.
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FIG. 13. Dimensionless energy of formation as a function of the number
of water molecules / for temperatures of 220, 270, and 320 K at a satu-

ration ratio of 4.
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FIG. 14. Dimensionless energy of formation of homogeneous water clus-
ters as a function of the number of water molecules / for temperatures of
220, 270, and 320 K at a saturation ratio of 5.

V. CONCLUSION

In this study, a statistical-mechanical treatment was
made to evaluate the energy of formation and the nucle-
ation rate for heterogeneous nucleation at finite tempera-
ture. The formulation has been cast into a form suitable for
microscopic treatment. The interaction and vibrational
motions between water molecules has been treated in a
manner similar to that used previously for homogeneous
water clusters. The electronic binding energies between a
water cluster and the silicon oxide surface was found to
increase sightly with the number of the bonds between the
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FIG. 15. Temperatures correspond to the minimum critical size of het-
erogeneous and homogeneous water clusters as a function of saturation
ratio.
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FIG. 16. Minimum critical size of heterogeneous and homogeneous water
clusters as a function of saturation ratio.

water cluster and the surface. Furthermore, a simple ana-
Iytic function was found to fit the binding energy vs cluster
size relationship.

Encouragingly, the energies of formation and the crit-
ical sizes for heterogeneous clusters are well predicted to be
smaller compared to the homogeneous case for given tem-
perature and saturation ratio. Heterogeneous clusters ex-
hibit a minimum at small cluster sizes, smaller than 12
water molecules. This is a property previously observed
from an analytic theory? in the case of hydrated ion clus-
ter nucleation.

At lower temperature for fixed saturation ratio, a lin-
ear relationship was observed between log(J) and 1/T.
Interestingly, at higher temperatures, deviations from lin-
earity are observed. For saturation ratios around 2 and 3,
maxima are observed in the log(J) vs 1/T curves, with
maximum nucleation rates at temperature about 230 K.
Unfortunately, to the best of our knowledge, there exist no
measurements for comparison.

For a given saturation ratio, there is a temperature that
corresponds to a minimum critical size. Furthermore,
when the temperatures were plotted against saturation ra-
tio, there is a region where the heterogeneous and homo-
geneous cases almost overlap. This suggests the occurrence
of a minimum critical size, dependent on the water vapor
concentration condition, not on the existence of the con-
densation nuclei.

It is of great interest in the future to have experimental
verifications regarding various observations in the first-
made study of heterogeneous nucleation based on a micro-
physical cluster approach.
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APPENDIX: MODIFIED AM1 METHOD

In order to computationally treat water nucleation
onto silicon, we incorporated our HMNDO adaptation of
the MNDO method into the current AM1 semiempirical
program. The HMNDO adaptation, developed for water
clusters alone, allows the water—water interactions to be
properly handled, a feature lacking in the original AMI.
The HMNDO method introduced a new parameter set for
hydrogen (H) and oxygen (O) atoms, and this parameter
set was position dependent in the sense that two parameter
sets were used—one for intramolecular interactions and
one for intermolecular interactions (Ref. 18).

The HMNDO technique is incorporated into AM1 for
treating the water on the silicon system, i.e., systems con-
taining hydrogen, oxygen, and silicon. It is important to
note that practically all the hydrogen and oxygen param-
eters in HMNDO are different from those of AM1, includ-
ing both the one center parameters and the two center
terms. Any alteration in the one center parameters, i.e., the
one center, one electron energies between s and s shells,
and between p and p shells (USS and UPP), does not
directly change the two center interactions, but through
their contributions to the F matrix and thus to the eigen-
value problem, they will alter the wave functions (density
matrix) and hence indirectly affect the two center interac-
tions. Hence much care must be used in choosing the pa-
rameters and in their treatment in the computations. All
interactions between water elements (H and O atoms) are
calculated using the HMNDO parameter set. Interactions
involving other atoms, i.e., silicon, are handled using AM1
parameters. For the hydrogen and oxygen one center, one
electron energy terms (see Ref. 31), USS and UPP,
weighted values between the HMNDO and AMI1 values
are used, with the weighting based on the environment in
which the particular atom finds itself. The parameter val-
ues are more water-like (closer to those of HMNDO)
when the atom is surrounded by mostly hydrogen and ox-
ygen atoms; they are weighted towards the AMI1 values
when the atom is mostly surrounded by silicons.

Subroutines are added to the modified AM1 program
which (1) store the electronic interaction energies for Si-H
and Si-O from AMI1; and for H-H, O-0, and O-H from
HMNDO for a range of interatomic distances; and (2)
determine a multiplicative “scale” factor for the USS and
UPP of each water element (H or O). Then we use this
scale factor in the main AM1 program. Whenever they
appear, USS and UPP are muitiplied by the scale factor
scale defined below. For example, for a given atom W (ei-
ther H or O) in the system, we define an environment
function

Sy E (rwwe)
env(W) = w' Lumnpo,w,wr \U'w,w

2, Eamiws(rws) +Zwr Envnoow,w (rww)
(A1)

where 2y runs over all H’s and O’s, excluding atom W;
and Z; runs over all Si’s. Eyynpo,w,w’(7w,wr) denotes the
total energy (electronic and nuclear) for the two atom
W-W’ cluster, calculated using the HMNDO parametri-
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zation, separated by distance rw w+; Eapi,w,s(7ws) denotes
the total energy for the two atom (W-Si cluster, calculated
using the AM1 parametrization, separated by distance
rws. Env(W) tends to unity when atom W is surrounded
by H’s and O’s; it tends to zero when it is surrounded
mostly by Si’s. Note that env(W) depends clearly on the
cluster’s geometry. We determine the scale factor as

gi,W,HMNDO _

(A2)
Siw,am1

scalef(i,W):I—f—( l)env(W).

&iwamnDo is the corresponding HMNDO value for USS
for UPP of atom W, and §;wam; is the corresponding
AM1 value. Then in the main AM1 program, we include
this scale factor in every appearance of USS and UPP. The
scale factor is adjusted as the geometry changes, if geom-
etry optimization is envoked.
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