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Density of resonant states and a manifestation of photonic band structure in small clusters
of spherical particles

Alexey Yamilov* and Hui Cao
Department of Physics and Astronomy, Northwestern University, Evanston, Illinois 60208, USA
(Received 25 October 2002; revised manuscript received 12 June 2003; published 25 August 2003

We introduce a numerical recipe for calculating the density of the resonant states of the clusters of dielectric
spheres. Using truncated multipole expansi@®neralized multisphere Mie solutipwe obtain the scattering
matrix of the problem. By introducing an infinitesimal absorption in the spheres we express the dwell time of
the electromagnetic wave in terms of the elements of the scattering matrix. Using the parameters in recent light
localization experimenttPhys. Rev. Lett87, 153901(2001)], we demonstrate that the density of the resonant
states, related to the dwell time, shows the formation of the photonic band structure in small clusters of
dielectric spheres as the small as five particles. Density of resonant states of a cluster of 32 spheres exhibits a
well defined structure similar to the density of electromagnetic states of the infinite photonic crystal. Our
results suggest that, due to the formation of small ordered clusters, a significant modification of the density of
electromagnetic states can occur in a random collection of monodisperse spheres.

DOI: 10.1103/PhysRevB.68.085111 PACS nuniderd2.70.Qs, 42.25.Bs, 42.68.Mj

The idea of employing photonic crystals, structures with asions of the order of the wavelength has been a challenge.
periodically modulated dielectric constant, to manipulate théeNVhen the distance between scatterers is comparable to their
density of state$DOS) of electromagneti¢EM) waves?led  size, analytical methods, such as single scattering approxi-
to an explosion of interest, both academic and practitah. ~ mation, dipole approximation become invafidéNumerical
a photonic crystal, in a given crystallographic direction, lightmethods tailored for calculation of transmission through a
can propagate only for frequencies within photonic bandsslab?3cannot be applied because it requires the lateral size
described by a dispersion relatien=w(k), similar to elec- of the slab to be larger than all characteristic lengths. The
tron de Broglie waves in crystals. If the gaps between thdinite difference time domaifFDTD) method is used exten-
bands overlap for all directions in the crystal, the photonicsively in photonics desigh Obtaining the density of states
crystals possesses a complete photonic band® dap.fre-  with the FDTD-based ONYX methdd requires a time-
guencies inside the complete gap, the density of EM statedependent solution. Combined with deng20 spacial grids,
turns to zero, which leads to new phenomena such as thie makes the problem computationally demanding in 3D,
suppression of spontaneous emission, light localizationeven for the smallest structure considered in this paper.
zero-threshold lasers, all-optical transistors and circuitry, and For small truncated photonic crystal structures, scattering
anomalous nonlinear propertits"® For theoretical consid- language becomes appropriate. It has been proposed to use
erations, the size of the crystal is usually assumed infinite. Imultipole expansions as a means of simplifying the numeri-
practice, however, one always deals with finite structurescal solution of the electromagnetic problém’In Ref. 17,
Naturally, a question arises. How large should a photoni@D Green’s function was calculated in terms of multipole
crystal be, in order to exhibit photonic band structure? In thiscoefficients, which, in turn, allowed the calculation of the
paper, we show that the modification of the density of EMlocal DOS. In our paper we calculate the total density of
states may begin for a cluster of five spheres. This suggestesonant statedORS of the entire cluster in 3D, with the
that scattering of light by ordered aggregates of spheres carelp of the generalized multisphere Mi@MM) solution*®
be important in the problem of light propagation in denseThe obtained quantity corresponds to the local density of EM
random media. Indeed, an ensemble of monodispersed resstates integrated over the volume of all scatterers. First, we
nant scatterer¢e.g., sphergsis considered one of the most obtain the elements of the scattering matrix for the collection
favorablé for satisfying loffe-Regel criterion for Anderson of dielectric spheres. Then, the density of resonant EM states
localizationkle,=1,° "' wherek is the wave number in the of the cluster is expressed in terms of the scattering matrix.
medium and ¢is the scattering length. Closely packed faceWithin this approach, one only needs to evaluate vector-
centered cubic(fcc) arrangement often appear in self- spherical-function expansion coefficients, there is no need, as
assembled structures and it is shown to have lowest frem the FDTD method, to find EM fields at every spacial
energy. This fact points to a high probability of formation of point. The method requires considerably less memory and
ordered clusters in a collection of spheres. Even though theomputation time. An important class of photonic crystals,
complete photonic gap can never be realized in an fcc strumpals, can be treated in this framework as an example. We
ture of dielectric spheres in air, for some parameters, the totalhould note that the maximum number of particles, which
density of EM states can be significantly suppressed in ceican be treated numerically decreases with the increase of the
tain frequency regions. Our results suggest that such suppresize parametex=Kk-r and refractive index. Herk denotes
sion can occur due to the presence of the clusters even witlhhe wave number andis the sphere radius.
out long range order. Recently, the propagation of microwaves through a col-

Treatment of photonic structures, with all three dimen-lection of spherical scatterers was studied in Ref. 9, where
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light localization has been observed. To illustrate our apthe resonance’sDwell time corresponding to the time spent
proach we will use the parameters from this reference. Wénside the scatterers can be readily found in terms of scatter-
demonstrate that in the considered systémthe signatures ing coefficients as follows:

of the photonic band structure can appear for aggregates as

small as five particles(ii) in a cluster of 32 particles the N

density of(resonant states can show strong resemblance to E f W(r, w)dV

that of an infinite structure, with a pronounced depletion in To(w)= L -8 7 (5)
the region of pseudogafiji) the photonic band structure of COscaf @)

the finite clusters is tolerable to a certain degree of random 5 9 2. .
displacements of the particles off their lattice sites, & WhereW(r, ) =n"(r, w) E*(r, w)/E; is electromagnetic en-

the region with depleted density of states coincides with th&'Y density normalized so that it is 1 for the incident plane

region where the light localization in Ref. 9 was observed.\"""“’(:"(In vacuum, oscetiS the total scattering cross section,

The latter suggests that the localization may have been f:flndc is speed of light. The integral in Eqs) is taken over
cilitated by the photonic bandgap effect due to short rang(I,\he volume of each scgtterSf_. The_ nominator of the above
ordering in the collection of spherical scatterers. expression forry _has d|mens!onallty of the vqlu_me, so that
The cluster is an open system that does not support stab pe total expression ha; a unitrgt. When m“'t'p"?F’ by the
modes, quasistates of the EM field are leaky, and the densityeduencye the time given by Eq(5) at the position of a
of the states cannot be specified. For the related problem gfSonance coincides with its quality factor The expression

electrond’ in a stochastic cavity with an opening the Wigner 0F the dwell time can be understood physically as a ratio
between the energy stored in a scatterer divided by outgoing

delay time
energy current.
2In(detd) 58 Strictly speaking the time measured by E5).is the time
Tw(E)= _iﬁ—E: —ihtr §+_E (1)  spentinside scatterers comprising the cluster. In general the
d JE’

multipole solution of the scattering problem would allow one

i i N to obtain the energy density even in between the scatterers.
expressed in terms of scattering matgixcan be shown to be This, however, is not possible for the computer c8dbat

proportional to the density of resonant motfe$" we used in our numerical simulations. The dwell time given
by Eg. (5) is nevertheless of direct physical importance for
jl2 the random lasers with gain concentrated in the partf@les.
Tw(E)OCE =AY 2’ 2) The dwell time defined by Eq5) can be found by using
T (E-Ep)°+(v/2)

the trick used in Eq(4). IndeedeiW(r,w)dr can be found

whereE; and y; are the energy and the linewidth of tha by introducing an infinitesimally small absorption in the re-
resonance. tr in Eq1) represents the trace operation. For anfractive index of the spheras+ix’

infinite system, the poles of the scattering maﬁ;iapproach

the real energy axis and the stationary modes are formed, J’ Wr w):(4—wr3>§n i Qabsi ©
becomes zer&’ Then one can define a mode counting func- s 3 '8 XK

tion N(El,EZ):fEiTW(E)dE, which represents the integral

_ 2y - -
density of states in the energy interva,(E,). Analytic ~ WN€réQabsi=oapsi/(r7) is the absorption efficiency, and

property of the scattering matrix allows one to obtain a conXi =27 I\ is size parameter of theth sphere. This ap-
venient expression for the delay time in Eg).”1%2223Fol- proach is similar to using the “nonunitary clockto mea-

lowing Ref. 23 we introduce a weak absorptianin the ~ Suré the time spent by the light inside a one-dimensional
scattering region, then perturbatively chain. The problem of finding DORS for the finite sized
cluster is now reduced to finding the absorption and scatter-

98 iNg Cross sectionsr,,si,0scarr This step can be done by
1+iaSt _) (3)  evaluating the expansion series of GMM solutt8iThe ob-

JE tained dwell times depends on the particular orientation of
the cluster with respect to the incident plane wave. To obtain
a measure of the total density of resonant staﬁés expres-
sion (5) has to be averaged over different orientations.

k—0

S(E+ia)=S(E)
This leads to a simple expression for the time delay matrix

IMmSE+ia)

7 (E)=—ifi lim tr & ' (4) A§ was already mentioned we useq the parameters of Ref.

oo a 9 to illustrate our approach. We considered the clusters of 5

and 32 spheres, with diameter 0.95 cm and refractive index

which does not contain the energy derivative. n=3.14. For both clusters we assumed fcc ordering with the

Implementing the above procedure for a chaotic cavity isdistance between nearest neighbors of 1.9 cm. Smaller clus-
straightforward?® However, it is not so for the ensemble of ter is comprised of three planar layers perpendicular to the
scatterers we would like to consider. At this point we return111 direction, with 1, 3, and 1 sphere in each layer as shown
to the original expression in E@l). For EM waves, one can on Fig. 1a). In the larger cluster, particles were arranged in
define dwell timerq which closely follows EM version of 5 layers with 3, 7, 12, 7, and 3 spheres in each layer, with the
the Wigner time, giving asymptotically the same result onsame stacking as in the first clusfétig. 1(b)]. The system
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FIG. 2. The photonic crystal band structumiddle) is com-
pared to the dwell times obtained for scattering from a single sphere
(bold solid ling, a cluster of five spherdglashed ling and a cluster

of 32 spheresthin solid ling. The upper graph corresponds to EM

] plane wave incoming in the 10X) direction, and the lower graph
considered here should be contrasted from the slab geometfy the—111(L) crystallographic direction.

(infinite plane$, which has a quasi-1D nature.

The choice of these clusters was motivated for the follow-ections. However, it is more pronounced for theirection,
ing reasons. The shape of the clusters was chosen to léhere six resonant states between 12 and 16 GHz can be
spherical. Such clusters have the smallest “surface” éasa traced toL modes of the infinite photonic crystal. The shift of
compared, e.g., to the particles arranged in a planar)layermodes can be ascribed to the coupling between different
and it would correspond to the least free enefiipe highest modes owing to the finite size of the system. Indeed, in the
packing configuration of the particles in a random medium. infinite structure the conservation of momentum of EM
Moreover, to fully demonstrate the flexibility of our method wave, due to periodicity, would decouplemodes, whereas
we will consider the effect of disorder on the optical proper-the finite coupling in truncated crystal leads to the shift and
ties of the clusters. As mentioned above, to determine thwidening of the resonances. Based on symmetry consider-
density of resonant states one needs to average over angu@iions, we can understand the strongenodes as compared
orientations of the clusters. When the size of the cluster into X modes. The former are formed due to Bragg reflections
creases the angular size of a resonance should becorff@m 3 or 5(for the smaller and larger clusters, respectiyely
smaller, which will require more orientations to be taken inlayers formed by adjacertbearest neighbors in the 111 di-
the average. When performing the angular average for afection, while in theX direction, Bragg planes are formed
ordered cluster one can take advantage of the symmetry ¢hly by next-nearest neighbors, which would make them
the cluster. For the chosen clusters nine symmetrically nonmore susceptible to the truncation.
equivalent orientation@ltogether 108 directions, accounting ~ We note that our calculation scheme does not allow us to
for symmetry sufficed to get the convergence. Such symme-compare the relative values of the peaks. It gives only the
try reduction is not possible however in for disordered clus-contribution to DOS that comes from the scatterers. Never-
ters, so one needs to take all 108 orientations into accounteless we can clearly identify the modes of the clusters with
Since we also take average over 10 disorder realizations, tifee modes of the infinite structure. Moreover this allows one
computation time limited the maximum size of the cluster toto find the dispersion curves similar to Figb2but in finite
32 spheres. clusters.

One characteristic property of a photonic crystal is spacial 74" and angularly averageg.,in the region of the first
dispersionw (k). On Fig. 2 we compare dispersion curves of two single sphere Mie resonances are shown in Fi¢s, 3
the infinite photonic crystal, obtained using MIT photonic 3(c). For comparison we included DdS8ig. 3@)] calculated
bands codé® to the dwell times for two clusters, described for the infinite crystal using the method described in Ref. 26.
above, calculated for two different incident angles corre-Judging from scattering cross section only, one cannot com-
sponding toX and L crystallographic directions. It can be pare a finite cluster to the infinite structure, wI*rHﬁt allows
easily seen that even for smaller cluster of five partielgs a straightforward comparison with DOS of the photonic
shows the formation of the resonant modes at the positionsrystal.
of photonic modes in thé& direction. For the cluster of 32 Figure 3b) shows twofold decrease af.,;at Mie reso-
particles, a well defined mode structure appears in both dirances in the cluster. This suppression of the scattering effi-

FIG. 1. The arrangement of spheregan 5- and(b) 32-particle
ordered clusters.
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1 new peaks. The later effect can be related to the new reso-
(a) nances introduced by the defect spheres. The effect of the
topological disorder on photonic bandgaps was studied in
(finite but comprised of large number of partigl@D (Refs.
29,30 and infinite 3D photonic crystaf&:*> Our conclusion

on stability of the band structure to the topological disorder
seems to be in line with Refs. 29,31. However, contrary to
our case of small clusters, in large systems there may exist
long-range on-average periodicity.

It is worth noting that fcc opal structures are not usually
considered as a good candidate for potential applications
connected to complete photonic banddapiowever, as it
can be seen from our example, for some parameters, DOS
can be significantly suppressed in a wide spectral region.
Figure 3 also suggests that such structures can be tolerant to
strong topological disorder.

As was already mentioned in the Introduction, our results
are relevant for the problem of light propagation in a dense
random media made of particles with a narrow size distribu-
tion. Topological disorder does not prevent the occurrence of
ordered clusters. In Ref. 9, random displacement of scatterers

g o 12 11 s off their I_attice positions did not have a significant effect on
f (GHz) the densny of _EI\_/I states. Our.calculatlons.performed for the
clusters with similar random displacemeffsgs. 3d), 3(e)],

FIG. 3. (a) Density of EM states in the infinite photonic crystal. confirm small effects on the formation of the photonic band
(b) Normalized scattering cross section for a single spkd@oéted,  structure. This also suggests that the light localization ob-
and clusters of fivédashedland 32(solid) spheres(c) Normalized  served in Ref. 9 may have been facilitated by depletion of

dwell time for the same as ifb). (d) Normalized scattering cross the density of electromagnetic states due to the presence of
section for a cluster of 32 spheres, displaced by a half radius in g, pseudogap.

random direction off their lattice positiofashed ling and a clus-
ter of 32 spheres, where 5 spheres were replaced by the small%r
0.85 cm diameter, spherésolid ling). (e) Delay time for the same
as in(d).

The presence of clusters may significantly reduce the scat-
ing lengthl ;... Indeed, the scattering inside the clusters is
dominated by the Bragg mechanism, whilg,44 can be as
small as a few lattice constants for high index contrast struc-
) ) o ) tures. Furthermore, in Ref. 34 it was shown that the period-
ciency can be attributed to the hybridization of the singlejqir, of a photonic crystal may also exhibit itself in coherent
particle resonancéSdue to multiple scattering. The dwell back-scattering effects. The modification of coherent back

time Is closel_y related 1o the nearf|_élm3|de the clusters, scattering due to the presence of ordered clusters is an inter-
where formation of the Bragg standing modes leads to sub-

stantial modification of the spectrufifig. Ac)]. For a 32- esting problem that deserves a detailed consideration.

In conclusion, we calculated the scattering cross section
sphere cluster one can see a strong resemblance between 5he

. i nd density of resonant states in small 3D ordered aggregates
QenS|ty of thg resonant.modes exprgssed(ﬁyand the DOS of dielectric spheres within the framework of the rigorous
in the photonic crystdFig. 3a)]. I.t IS Interesting to compare 5\ solution. In contrast with previous studies we made no
our re_sult_s to the 1D case considered in Ref. 28. For a stag sumptions about the strength, size, or separation between
of periodically arranged quantum wells it was argued thai;:_’C

ith an i in th . h bradiant EM mod atterers. All multiple scattering effects were automatically
with an increase in the system size, the subradiant EM modegaine in the solution. The results suggest that the photonic

fF’m.‘ed stqblg modes of the photonic 'pass.band W'.th IargBand structure of the infinite crystal can show up for clusters
lifetimes, similar to our result for dwell times in the finite 3D as small as five particles. The density of resonant states is
cIu_T_ters. th itivity of its to disorder in th significantly perturbed compared to single particle case. In

0 assess the sensitvity ot our results to disorder In Ngpe considered example, a cluster of 32 particles the density

cluster, we performed the calculations@?atandrgm, Figs.  of resonant states can show a close resemblance to the DOS
3(d), 3(e), for the cluster of 32 spheres displaced by the halfyt ihe infinite system.

of the particle radius in random directiofdashed linesoff

their initial positions and the cluster of 32 spheres where five A.Y. gratefully acknowledges numerous insightful discus-
spheres are replaced by defect spheres of a different diametgions and comments by A. A. Chabanov, A. A. Lisyansky,
(0.85 cm (solid lineg. One can see that these two types ofand L. |. Deych. This work was supported by the National
disorder had different effects on the spectra. While positionaScience Foundation under Grant No. DMR-0093949. H.C.
(topologica) disorder led only to smearing of only sharp acknowledges the support from the David and Lucile Pack-
resonances, the defect spheres also introduced a humberafl Foundation and Alfred P. Sloan Foundation.
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